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ABSTRACT i

Abstract

This thesis deals with arithmetic aspects of 1-motives. We introduce I-motives with torsion
generalizing Deligne’s 1-motives and establish arithmetic duality theorems for them, generalizing

earlier work of T.Szamuely and D.Harari.

We generalize results and techniques developed by J.-P.Serre in his work on the congruence
subgroup problem for abelian varieties and a theorem of K.Ribet on Kummer fields associated with
abelian varieties over number fields. We also generalize G.Faltings’s theorem on homomorphisms
of abelian varieties over number fields to 1-motives.

Combining duality theorems with Kummer theoretic results, we manage to prove that in some
interesting cases the Tate-Shafarevich group ITI%(k, M) of a 1-motive M over a number field k is
finite, answering thus partially a question of Harari and Szamuely.

Finally, we present an application of our techniques to the problem of “detecting linear depen-
dence in a Mordell-Weil group”.
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The most exciting phrase to hear in science,
the one that heralds new discoveries, is not
”EBureka!” — but "That’s funny...”.*

saac Asimov

Introduction and Overview

The idea of motives was introduced more than 40 years ago by A. Grothendieck as “a systematic
theory of arithmetic properties of algebraic varieties as embodied in their groups of classes of cycles”
[And04]|. Motives should be invariants attached to algebraic varieties that are of cohomological
nature, in the sense that all cohomological features that are not specific to a single cohomology
theory continue to exist for motives, and with respect to this property, motives should be universal.
Such features that are not specific to one single cohomology theory include for example the existence
of a cycle class map. Because this exists for deRham, for {—adic and for crystalline cohomology, it
must also exist for motives. Others are the existence of a weight filtration and a notion of purity,
cup products, and homotopy invariance. To smooth proper varieties are associated pure motives,
to general varieties mixed motives.

All this is what motives are supposed to somehow provide. Grothendieck gave a construction of
a category of pure motives, and several constructions of categories of mixed motives which should
be nontrivial extensions of pure ones have been suggested (e.g. by Voevodsky, Levine and others).
However, at present no unconditional construction of mixed motives over a general base with all
the expected properties exists.
Although this central problem remains unsolved, many partial steps towards this category have been
taken and led to exciting, unconditional results. The most prominent being probably Voevodsky’s
proof of the Milnor conjecture in 1996, for which motivic cohomology is essential.

Already back as far as in 1974, P. Deligne [Del74] made with the introduction of I-motives
literally a first step towards mixed motives: A 1-motive in the sense of Deligne should be an object
of level < 1 in the hypothetical category of mixed motives. And indeed, a theorem of Voevodsky
(worked out by Orgogozo and later refined by Barbieri and Kahn, see [KBV08], Theorem 2.1.2)
states that over a perfect field and up to inverting the exponential characteristic, Deligne’s 1—
motives generate the part of Voevodsky’s triangulated category of mixed motives coming from
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varieties of dimension at most one. Compared with other more recent constructions, Deligne’s is
very concrete:

DEFINITION ([Del74], 10.1.10). Un I-motif lisse M sur un schéma S consiste en:

a) un schéma en groupes Y sur S, qui localement pour la topologie étale est un schéma en
groupes constant défini par un Z—module libre de type fini, un schéma abélien A sur S, et
un tore 1" sur S;

b) une extension G de A par T

¢) un morphisme u: Y — G

Over a field k with algebraic closure k, the group scheme Y in the definition corresponds to
a finitely generated commutative group with a continuous action of the absolute Galois group
Gal(k|k). One attaches cohomology groups to a 1-motive M simply by looking at it as a complex
of group schemes [Y — G] put in degrees —1 and 0. Abelian schemes, tori and locally constant
free Z—modules of finite rank can be seen as special cases of 1-motives, by choosing the other
components respectively to be trivial. These are the pure 1-motives.

The conjectures on the relations between special values of L—functions and regulators of Deligne,
Beilinson and Bloch—Kato, all formulated in the 1980’s in terms of motives, are natural generaliza-
tions of the Birch—Swinnerton-Dyer conjecture, and of classical results on zeta functions going back
to Euler, Riemann and Dedekind. Thus, arithmeticians and number theorists have good reasons to
be interested in motives, and particularly in 1-motives, since they present a handy testing ground
for these conjectures (see section 4 of [Jan94)).

Arithmeticians have found two more reasons (at least) to be interested in 1-motives: First,
they provide a natural way to unify and generalize duality theorems for the Galois cohomology of
commutative group schemes over local and global fields. Secondly, 1-motives are a natural tool
for studying Kummer theory on semiabelian varieties over a field. My thesis deals with these two
aspects of 1-motives, which I shall describe now in some more detail.

Duality theorems. Duality theorems are among the most fundamental results in arithmetic,
and the mother of all duality theorems is the theorem of Poitou and Tate for finite groups over a
number field ([Mil08] Theorem 1.4.10a or [NSWO00] Theorem 6.8.6). It states that if F' is a finite
commutative group scheme (Galois module) over a number field k& with Cartier dual F'V, then there
is a perfect pairing of finite groups

I (k, F) x I3~ (k, FY) — Q/Z
where IIT¢(k, F) is the group of those cohomology classes in H'(k, F') that become trivial over every
completion of k. In place of the finite group scheme F' one can also take other commutative group

schemes. For instance, if T is an algebraic torus over k with character group Y then there are
canonical perfect pairings of finite groups

I (k, T) x I3 %(k,Y) — Q/Z

(INSWO00], Theorem 8.6.8 for i = 1, and [Mil08], Theorem 1.4.20 for ¢ = 2) For an abelian variety
A over k, only the group ITI'(k, A) is interesting. It is a torsion group of finite corank, and it is
widely conjectured that it is finite. There is again a canonical pairing

It (k, A) x I (k, AY) — Q/Z

A theorem of Cassels (for elliptic curves) and Tate (for general abelian varieties) states that the left
and right kernel of this pairing are the maximal divisible subgroups of IIT'(k, A) and III'(k, AY)
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respectively ([Mil08], Theorem 6.26). In particular, the above is a perfect pairing if IIT* (%, A) and
II(k, AY) are finite.

We have now stated duality theorems for all cases of pure 1-motives, namely for a torus 7,
for a locally free and finitely generated group Y and for an abelian variety A. The question that
naturally arises, and which has been studied at large by D.Harari and T.Szamuely in [HS05a] is
whether these duality theorems can be merged to one single duality theorem for 1-motives.
Indeed, for a 1-motive M, Deligne constructs a dual 1-motive MY which in the pure cases gives back
the duality between tori and character groups, respectively duality for abelian varieties. Theorem
0.2 of [HS05a] (see also [HS05b]) states that there exist canonical pairings

T (k, M) x 1127 (k, M) — Q/Z

and that these pairings are nondegenerate modulo divisible subgroups, provided one replaces
HI°(k, —) by a certain modification. It is shown in loc.cit. that IT1I°(k, M) is finite, that ITI*(k, M)
is finite provided this holds for the abelian variety coming with M, and it is conjectured that
the group II1%(k, M) is finite. From this theorem one recovers the duality theorems for tori and
character groups, as well as the Cassels—Tate duality theorem.

What is slightly unsatisfactory about the pairings for 1-motives is that they do not generalize
the pairings for finite groups, because 1-motives as introduced by Deligne do not contain the class
of finite groups. To overcome this, one might try to introduce a category of 1-motives with torsion
that contains Deligne’s 1-motives as well as finite groups, and to generalize the duality theorem of
Harari and Szamuely to this context!.

This leads to my first main result. I propose a category of 1-motives with torsion M over a
(noetherian regular) base scheme S containing Deligne’s 1-motives as well as finite group schemes.
I associate with every such 1-motive with torsion a dual 1-motive MV so to obtain a contravariant
functor (—)V : My — M. This functor extends Deligne’s construction of the dual of torsion free
1-motives, as well as Cartier duality for finite flat group schemes?. Barbieri and Kahn also suggest
a category of 1-motives with torsion in [KBVO08], different from ours but certainly not unrelated
(see [Rus09]). I show (Theorems 4.2.6 and 4.3.1)

DUALITY THEOREM. Let M be a 1-motive with torsion over a number field k, with dual M .
There are canonical pairings

LI (k, M) x T2 (k, MV) — Q/Z

These are nondegenerate modulo divisible subgroups and trivial for i # 0,1, 2.

This duality theorem generalizes and unifies all arithmetic duality theorems I mentioned so far
by making suitable specializations. The proof of the duality theorem is split into two parts, the
case ¢ = 1, and the case ¢ = 0,2. In the case ¢ = 1 it follows classical arguments I have taken over
from [HSO05a], with only a few technical adaptations by myself. The proof in the case i = 0,2 is
new.

That II1°(k, M) is finite is easy to prove as I already mentioned, and finiteness of IIT*(k, M) follows

1o perform this was the task with which this work originated. Besides, the question arised several times whether
one could not generalize the whole theory to Laumon l1-motives, containing an additive factor. Probably this can
be done, however, from the arithmetic standpoint this seems not to be very interesting since the additive group has
trivial cohomology.

2Besides that these new 1-motives with torsion provide good duality theorems in arithmetic, this is what they are
designed for, they are certainly of independent interest. For example if one studies the largest sub—Hodge structure
of type (0,0),(0,1),(1,0),(1,1) of Hig(X,C), where X is a complex surface, 1-motives with torsion naturally arise,
due to the fact that the Neron—Severi group of X may have torsion (see [Car85]).
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from finiteness of IIT!(k, A) where A is the abelian part of M. That ITI'(k, A) is finite for all abelian
varieties is widely conjectured, as a part of the Birch—Swinnerton-Dyer conjecture. The question
remains whether IT1?(k, M) is finite. This is well-known to be the case for pure 1-motives. We
shall set up a machinery that permits us to show finiteness of IIT1?(k, M) also in some interesting
mixed cases, for instance

DuaLiTy THEOREM (BIS). Let M = [Y — G| be a 1-motive over a number field k. If G is
either a simple abelian variety, or else a 1-dimensional torus, then the canonical pairing

O (k, M) x 11%(k, M") — Q/Z

is a perfect pairing of finite groups.

This is new, even for classical 1-motives. The general case however remains open for the time
being, we do at present not even know whether for a general semiabelian variety G the group
12(k, G) is finite or not. Our method for proving finiteness of I11%(k, M) heavily relies on methods
developed by Serre in his work on the congruence subgroup problem for abelian varieties. In [Ser64|
and [Ser71]3, Serre shows that if A is an abelian variety over a number field &, then every subgroup
of A(k) of finite index contains a subgroup which is defined by finitely many congruence relations.
The link between this seemingly unrelated result of Serre and Tate—Shafarevich groups in degree 2
appears in [Mil08] (Theorem 6.26 and the remarks preceding it), where it is shown that triviality
of II?(k, A) follows from the validity of the congruence subgroup problem for AV, the dual of A.
This also works for 1-motives.

Going through Serre’s arguments with a 1-motive instead of an abelian variety, “mixedness
phenomena” cause trouble at nearly every step. For mixed motives, endomorphism rings are not
semisimple, Tate modules are no longer semisimple, the eigenvalues of Frobenius have different
absolute values, and so on. These problems can often be handled using the nice interrelation
between 1-motives and Kummer theory on semiabelian varieties. This leads us to Kummer theory.
Step by step, the results I am about to present will lead to a criterion for IUQ(k, MY) to be finite.

Kummer theory. To give a rational point P on a semiabelian variety G over a scheme U
is the same as to give a 1-motive of the form u : Z — G, setting u(1l) = P € G(U). Studying
rational points on semiabelian varieties can be translated in studying l-motives with constant
lattice Z. That is of course just a matter of formulating things, but it can be very useful as we
shall demonstrate. Probably for the first time this aspect of 1-motives was successfully used by
K.Ribet and O.Jacquinot in [JR87] and [Rib87] in order to investigate so called deficient points
on a semiabelian variety over a number field.

To explain what is really behind the connection between 1-motives and Kummer theory I
need to introduce the f—adic Tate module associated with a 1-motive, also known as the /—adic
realization of the given 1-motive. The construction is due to Deligne ([Del74] 10.1.10 and 10.1.11)
and fits nicely into the big picture of motives and realizations. For a torsion free 1-motive M over
a field k of characteristic # ¢, the {—adic Tate—module is a finitely generated free Zy,-module, and
the Galois group of k£ acts continuously on TyM. If T, A and Y are the pure pieces of M, then
Ty M is a twofold Galois module extension of the ordinary Tate modules T,T" and T/A, and Y ® Z,.
In chapter 6 we shall prove

3the all-important suggestion to read this material came from David Harari.
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TATE PROPERTY. Let My and My be torsion free 1-motives over the number field k. Let k be
an algebraic closure of k, set T' := Gal(k|k), and let ¢ be a prime number. The natural map

Homk(Ml, Mg) R Ly — Homp(Tng, TgMQ)

18 an isomorphism.

This theorem generalizes Falting’s theorem on homomorphisms of abelian varieties over number
fields ([Fal83]). Of course there will be a problem for our new 1-motives with torsion, for what
should be the Tate module of a finite group scheme? We will define Tate modules for 1-motives
with torsion, and show that the Tate property holds in this context as well. Let us stick to torsion
free 1-motives for the introduction.

The relation between Tate modules and Tate—Shafarevich groups in degree 2 is again given by
a duality: A simple application of the Poitou—Tate duality theorem for finite Galois modules shows
that there is a perfect pairing of topological groups

T (k, ToM) x T2 (k, MY)[0°°] — Q/Z
Thus, showing finiteness of ITI%(k, M") is essentially the same as showing finiteness of ITI*(k, T, M)
for all ¢ (and triviality for almost all £). We need thus to understand action of T' := Gal(k|k) on
the Tate module TyM, and that is what Kummer theory is all about. Naively, let us choose a
Zy-basis t1,...,tp,a1,...,024,Y1,--.,Ys of T¢M such that the ¢;’s form a Z,basis of T,T, the a;’s

a Zy—basis of Ty A and the y;’s a Z,—basis of Y ® Z,. Using this basis, the effect of an element o € I'
acting on TyM is given by a 3 x 3 upper triangular block matrix

ar % *

o= 0 |oa| * * = something
0] 0 |oy

On the diagonal blocks, we see the action of I' on the pure parts of M. The extension data is
encoded in the strictly upper triangular blocks. For instance, if for a 1-motive M the strictly
upper triangular blocks are zero for all o € T', then T,M splits into T,T, T¢yA and Y ® Z; as a
Galois module, hence M itself splits, as you can see from the Tate property.

Let us write LM, L¢ LA, ... and so on for the image of the Galois group I in the groups of
Zg¢-linear automorphisms of T,M, T,G,TyA,... and so on. Then, write Lg for the subgroups of
LM consisting of those elements which act trivially on TG and L%\p/{ Ay for the subgroups of M
consisting of those elements which act trivially on T,T', TyA and Y ® Z;, and so on. Elements of
Lé{ y for example are then block matrices as above with o = id, 04 = id, oy = id, and where the
middle block in the top row is zero. Such matrices correspond to Z,—linear homomorphisms from
Y ® Zy to TyG. We find the so called Kummer injection

0 Lty — Hom(Y ® Zy, TyG)

It should of course be the case that, in a certain sense, the less M is split the bigger is the image
of the Kummer injection. The following theorem indicates that such a principle indeed holds

ALGEBRAICITY THEOREM. Let M = [u: Z" — A] be a 1-motive over k, where A is an abelian
variety. Consider u as a rational point on the abelian variety Hom(Z", A) = A", and let Hﬁ/f be the
smallest abelian subvariety of A" containing a nonzero multiple of u. The image of the Kummer
mjection

9 : LA — Hom(Z}, T,A) = T A" D T, HY!
is contained and open in TZHA/[. In particular, the Lie group L]X[ 1s algebraic and its dimension is
independent of the prime £.
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Essentially this theorem is due to K.Ribet [Rib76, Hin88]. We prove it here for split semi-
abelian varieties, making heavy use of Faltings’s results on the semisimplicity of the Tate module
associated with an abelian variety over k. The statement for a nonsplit semiabelian variety in place
of A is wrong in general.

The proof of this Theorem uses besides Faltings’s results a powerful theorem of Bogomolov,
stating that the group L4, i.e. the image of T in GL Ty A contains an open subgroup of the group
of scalar matrices. Together with Bogomolov’s theorem on the structure of L4, we understand
sufficiently well the group H'(L™,T,M) in order to compute the following object,

HY LM TyM) := ker <H1(LM ,TM) — [ H'(C, TgM))
CSLA{
the product ranging over all monogenous subgroups of L™ (i.e. those topologically generated by
a single element). The explanation what this group H}(LM,T,M) is good for brings us back to
Tate—Shafarevich groups. Let .S be a set of places of the number field & of density 1, and consider

HL(k, TyM) := ker (Hl(k, ToM) — [[ H' (k. TgM))
vES
In the case S is the set of all places of k, the group H é(k‘, T M) is nothing but the Tate—Shafarevich
group of the Tate-module TyM. As Serre shows in [Ser64], it follows essentially from Frobenius’s
density theorem that there is an injection

HY(k, TyM) = HN LM, T M)

As O. Gabber pointed out to me, if S does not contain a finite list of “bad” places, this injection
is even an equality. This injection is at the heart of Serre’s solution to the congruence subgroup
problem, and makes things work also for us. We see from it that finiteness of H} (L™, T,M) implies
finiteness of Hx(k, T¢M), hence of II1*(k, TyM). Knowing L sufficiently well, we manage under
some technical conditions to compute more or less explicitly the group H} (LM, T,M), and to give
reasonable criteria under which it is finite. For example:

THEOREM. Let M = [Y — G] be a 1-motive, where G is either a simple abelian variety
or the multiplicative group. For every prime £, the group Hi(LM,TgM) is finite. Hence so are
1 (k, T,M) and Hé(k:,TgM), and the pairing

I (k, Ty M) x % (k, MY)[(*°] — Q/Z

is a perfect pairing of finite groups.

This leads to the additional statement to our duality theorem. The bad news is that working only
with sets primes of density 1 and not with all places can not lead to a finiteness theorem valid for
all 1-motives. Indeed, we shall give an example of a 1-motive M and a set of places S of density 1,
for which HZ(k, T,M) is not finite. For this special 1-motive we check by hand that nevertheless
I (k, T,M) is finite and even trivial for all £, showing that ITI?(k, M) is trivial as well.

But there is also an advantage in working with sets primes of density 1. As a pleasant side
result, we can solve to some extent an interesting problem in Kummer theory, often described
(for instance in [BGKO05, GGO09] and [Per08]) as the problem of “detecting linear dependence
in Mordell-Weil groups by reduction mod p”. This is the following question asked by W. Gajda:
Given an abelian variety A over a number field k, a subgroup X of A(k) and a rational point
P € A(k), is it true that P belongs to X if and only if the reduction of P belongs to the reduction
of X for almost all primes of k7 As we shall see, the answer is negative in general. Together with
Antonella Perucca we have constructed a counter example, which we shall present it in section 8.3.
However, if A is simple, this works:
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THEOREM. Let k be a number field and let A be a simple abelian variety over k. Let X C A(k)
be a subgroup and let P € A(k) be a point. The point P belongs to X if and only if for almost all
primes p of k the point (P mod p) belongs to (X mod p).

That such a thing might be true has been conjectured by several people, and the literature on
this problem is quite vast. I give a short historical overview in section 8.1.

Description of the chapters

Chapter 1. We define a category of I-motives with torsion over a noetherian regular base
scheme S and study its elementary properties. This new category of 1-motives with torsion contains
the category of 1-motives in the sense of Deligne, and it also contains the category of finite flat
group schemes over S. Moreover there exists a canonical duality functor extending both, duality
for classical 1-motives as well as Cartier duality for finite flat group schemes.

Chapter 2. One of the very central objects in this work is the /—adic Tate module associated
with a 1-motive. In Chapter 2, we provide the necessary foundations that permit us to associate
with any reasonable complex of group schemes a complex of /—adic sheaves, which in the sim-
plest cases gives back Tate modules as they are known. We check that these complexes of f—adic
sheaves feature what one naturally expects of them, for instance, some exactness properties and
the existence of a Weil pairing.

Chapter 3. This chapter is to review some well and not so well-known material on cohomolore.
We recall what we need about the interrelation between étale cohomology and Galois cohomology,
the construction and elementary properties of compact support cohomology, some structure results
for the cohomology of 1-motives, and the definition of Tate—Shafarevich groups and related local-
to—global obstructions.

In section 3.5, we generalize duality theorems which are classically known for finite group schemes
to bounded complexes of sheaves, whose homology groups are finite group schemes. Among them
Theorem 3.5.9, the Poitou—Tate duality theorem for finite Galois modules over a number field.

Chapter 4. We prove the duality theorems. In a first section, we investigate local duality
theorems over a p-adic field, generalizing the classical duality theorems of Tate and Nakayama
for abelian varieties and tori over a p—adic field. In section 4.2 the duality theorem in the case
1 = 0,2 as explained, admitting for the time being the Kummer theory results. In section 4.3, we
prove the case i = 1 of the duality theorem, following the methods of [HS05a]. This uses only
the generalization of the Poitou—Tate duality theorem to complexes of finite groups, and the local
duality theorems.

Chapter 5. We introduce the various Lie groups mentioned in the introduction, and show
how they are related. These Lie groups (associated with a 1-motive M over a number field k) act
on the Tate module of M and its graded pieces, and we compute some of the arising cohomology.
These computations are based on Bogomolov’s theorem on the image of the absolute Galois group
of k in the automorphism group of T;A for an abelian variety A. In the last section, we link this
Lie group cohomology to Galois cohomology via the functor H! we also already mentioned.
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Chapter 6. We prove the Tate property for 1-motives over a number field, as stated in the
introduction. The proof makes of course heavy and repeated use of the Tate property for abelian
varieties proven by Faltings. It uses also some Lie group computations from Chapter 5 relying on
Bogomolov’s theorem.

Chapter 7. This chapter mainly deals with Kummer theory on semiabelian varieties and its
applications to finiteness theorems for 1-motives. In the first section we prove the algebraicity
theorem stated in the introduction (Theorem 7.1.3), and apply it in section 7.2 to answer some
Kummer-theoretic questions. In section 7.3 we use our algebraicity theorem to compute the group
H! (LM , T¢M) under some technical assumptions on M. In a last section we present a few reason-
able conditions under which the group H}(L™,T,M), and hence III'(k, T,M) is finite for all £.
This leads to the additional statement to our duality theorem stated in the introduction.

Chapter 8. We give a brief historical overview on the problem of detecting linear dependence
and prove the last theorem stated in the introduction. The last section is devoted to examples.
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CHAPTER 1

1-motives with torsion

Throughout the whole chapter, S is a noetherian regular scheme, and Fg or just F stands
for the category of sheaves of commutative groups on the fppf site over S. We write DF for
the unbounded, and DPF for the bounded derived category of F. We identify the category of
commutative group schemes which are locally of finite presentation over S with its essential image
in F via the functor of points.

In particular, we say that a fppf sheaf on S is an abelian scheme or a finite flat group scheme if
it can be represented by a such. By a lattice over S, we mean an object of Fg which is locally
isomorphic to a free Z—module of finite rank.

1.1. Definition, relation to classical 1-motives

In this section, we define the category of 1-motives with torsion, and discuss how it is related
to the category of classical 1-motives in the sense of Deligne.

DEFINITION 1.1.1. A 1-motive over S is a diagram

Y
M = uJ/
00— X >G—=A—0

in the category F where
(1) the sheaf Y fits into an exact sequence 0 — F — Y — L — 0, where F' is a finite
flat group scheme, and L is a lattice.
(2) the sheaf X fits into an exact sequence 0 — 7' — X — F — 0 where F' is a finite
flat group scheme and where T is a torus.
(3) the sheaf A is an abelian scheme.
(4) the sequence 0 — X — G — A — 0 is exact.

A morphism of 1-motives ¢ : My — M5 is a morphism between diagrams

Y1 Yo
\L PYHPXPGHPA \L
0—>X1» G1—> A1—>0 09X24> G24> A29O

I denote by M g or M the resulting category and call it category of 1-motives over S.

— 1.1.2. A 1-motive in the sense of Deligne ([Del74], Section 10) is defined as in 1.1.1, but
where Y = L is a lattice, and where X = T is a torus, so that G becomes a semiabelian scheme.
We will call such 1-motives torsion free, and write MP®! for the corresponding full subcategory in
M. In the literature ((KBV08, Car85, Ram98| and others), torsion—free 1-motives are often

1
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given by two term complexes [Y — G, and morphisms by commutative squares
Y1 = Gy

ey J¥a

Yo = Go

This is no problem, morphisms between semiabelian schemes respect automatically their extension
structures because there are no nontrivial morphisms from a torus to an abelian scheme. However,
there are nontrivial morphisms from finite flat groups to abelian schemes. A morphism between
1-motives with torsion is thus not described just by its effect on Y7 and G, and so it is essential to
us to distinguish between the 1-motive M and the complex [Y — G]. In a recent work, H. Russell
has introduced a category of 1-motives with unipotent part ([Rus09], Definition 2.10), containing
our category of 1-motives with torsion.

DEFINITION 1.1.3. Let M be a 1-motive over S, as defined in 1.1.1. The complex associated
with M is the complex of sheaves [M] :=[Y — G/, placed in degrees —1 and 0.
I denote [M;] the category of 1-motives up to quasi—isomorphism. Its objects are the complexes
[M] where M is a 1-motive, and its morphisms are morphisms of complexes modulo homotopy,
localized in the class of quasi—isomorphisms.

— 1.1.4. The class of quasi-isomorphisms is a localizing class in the sense of [MG96] Definition
I11.2.6. By Lemma II1.2.8 of loc.cit., morphisms f : [M;] — [Ma] in [M;] can be represented by

a “hat”
L b
N
[M;] [Mb)]

where f’ is a morphism of complexes, and where ¢ is a quasi-isomorphism. One usually writes
f =1¢"1f". The morphism ¢ or its formal inverse are isomorphisms in [M;]. Mind that the functor
[—] : M1 — [M;] is neither full nor faithful, and it happens that [M] = [M'] without M and M’
being isomorphic.

We usually look at [M;] as being a subcategory of DPFg. There is a subtle point to observe.
Morphisms [M;] — [M>] in D Fg are represented by hats of the form

C
X
[M] [Ma]
where C' is any bounded complex, not necessarily homotopic to a complex of the form [Mj]. Pre-

sumably [M;] is full in DPF, meaning that every hat as the above is equivalent to a hat where
C = [Mj] for a 1-motive M}, but we do not know this for sure.

DEFINITION 1.1.5. A morphism of 1-motives ¢ : My — My is called an isogeny if the kernels
and cokernels of the induced morphisms ¢y, px and @4 are all finite.

— 1.1.6. We say that a sequence of morphisms of 1-motives 0 — M; — My — M3 — 0
is a short exact sequence! if the induced sequences of sheaves 0 — Y} — Ys — Y3 — 0 and

Ior us, this is just a handy terminology. The category M is not an abelian category, and we are not going to
claim that this notion of exactness will lead to anything like an ezact structure on M;j.



CEU eTD Collection

1.1. DEFINITION, RELATION TO CLASSICAL 1-MOTIVES 3

00— X1 — X9 — X3 —0and 0 — A} — Ay — A3 — 0 are exact. Such a short exact
sequence of 1-motives yields then an exact triangle

[Mi] — [Ma] — [M3] — [M;][1]

in the derived category DPFg. With a 1-motive M over S are naturally associated several short
exact sequences coming from the so called weight filtration on M. This is a three term filtration
given by W,M =0 if ¢ < -3 and W;M = M if i > 0 and

0 0
W,QM = \L and WflM = i/
0 —=X=X—=0—0 0—=X—>G—=A—0

Remark that the filtrations are endofunctors W; : My — M such that W; o W; = W;. Even if
M is not an abelian category, the quotients W; M /WM for i > j make sense in an obvious way:

Y Y
M/W_1M := | and  M/W_oM := |
0—>=0—>0—>0—0 0—>0—>A=A—>0

Given a l-motive M, we will often write My for the 1-motive M/W_oM. There are natural
morphisms of 1-motives which fit into a diagram with exact rows and columns

0 0
! !
W oM ————— W oM
J )
0 W_1M M M/W_lM 0
| | f
0 — = WA M/W_oM — M/W_oM —= M/W_1M 0

|

0

O <—

These morphisms induce exact triangles [W;M] — [M] — [M/W;M]. However, it is not true
that the functors W; : M; — M induce functors [M;] — [M].

PROPOSITION 1.1.7. Let My and My be 1-motives, and let f : [My] — [M2] be a morphism
of complexes. There exists a 1-motive M} and a morphism ¢ : My — M} such that [Ma] = [MJ]
and f = [¢].

PrOOF. The 1-motives M; and M, and the morphism of complexes f yield altogether a com-
mutative diagram (with the obvious notation)

Y
u
< |
0 X1 G1 Aq 0
fY\L
fc Y5

Y s
0 X, G Ay 0
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The image of X; in Aj is affine and proper, hence finite. Write A/, for the quotient of Ay by this
image, and write X} for the kernel of G — A. Define M)} to be
Y,
M2 = u2\L
By diagram chase, there is a (unique) morphism of 1-motives ¢ : M; — M/ such that fy = ¢y
and fg = pg. O

PROPOSITION 1.1.8. The functor [—] : MY — [My] is fully faithful.

PROOF. Let M; and My be torsion free 1-motives, and let ¢ : [M;] — [M3] be a morphism
of complexes. All we have to show is that if ¢ is a quasi-isomorphism, then it is an isomorphism
of complexes. From ¢ we get a commutative diagram with exact rows and columns

0 0

| /

ker oy —— ker pg

! /

ul

0 — keruy Y Gy cokeruy — 0
=~ Wi Wc ¢%
0 — keruo Yo = Go cokerug — 0

| |

coker vy — coker g

/ }

0 0

To say that ¢ is a quasi—isomorphism is to say that it induces an isomorphism between the kernels
and cokernels of u; and us as indicated. By diagram chase, this is equivalent to saying that the
induced morphisms ker ¢y — ker o and coker ¢y — coker (g are isomorphisms. But this can
not happen unless these kernels and cokernels are trivial. Indeed, on one hand ker ¢y is a locally
constant sheaf locally isomorphic to a finitely generated free group. On the other hand ker ¢g is
a subgroup scheme of a semiabelian variety, so its connected component is a semiabelian variety
which has finite index in ker . Thus, the only possibility for ker ¢y and ker ¢ to be isomorphic
is that both are trivial. Also, coker ¢ is locally constant isomorphic to a finitely generated group,
whereas coker ¢ is divisible as a sheaf, since G is so. Again, the only possibility for coker ¢y and
coker ¢ to be isomorphic is that both be trivial. 0

1.2. On &zt—sheaves and the Barsotti—Weil formula

We shall recall the statement of the Barsotti—-Weil formula and present a mild generalization of
it. Then, we collect some useful facts about sheaves of extensions.

— 1.2.1. Let A be an abelian scheme over S, and consider an extension of commutative group
schemes 0 — G,, — G — A — 0 over S. We can look at G as being a G,,—torsor over A,
and get this way an element of H'(A, 0%) = Pic(A/S). The Barsotti-Weil formula states that this
procedure induces an isomorphism from Ext}(Ag, G,,) to Pic®(A/S) = AY(S).
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THEOREM 1.2.2 ([Oor66], I11.18.1). Let A be an abelian scheme over S. There is a canonical
and natural isomorphism of groups

Exty(A,G,,) — AY(S)

~

This isomorphism commutes with base change, hence induces a canonical isomorphism AV =
Ext' (A, G,,) of fopf sheaves.

Now if Z denotes the constant sheaf with value Z on S, then we have of course AV = Hom(Z, AY),
so that the above isomorphism reads Exty(A,G,,) — Hom(Z, AY). The generalization we have
in mind consists of replacing G,, by an extension of a finite flat group scheme by a torus, and Z
by its Cartier dual.

PROPOSITION 1.2.3. Let X be an extension of a finite flat group scheme by a torus, let XV
be the Cartier dual of X, and let A be an abelian scheme with dual AY. There is a canonical
isomorphism

Ext!(4, X) — Hom(X", A)
functorial in A, X and S. In particular, there is an isomorphism Ext'(A, X) = Hom (X", AY) of
frof sheaves over S which is functorial in A and X.

The proof is not very difficult once we have some more material at hand. We postpone it until
then. What we shall need not only for the proof of 1.2.3, but also on several occasions later is
some information about the sheaves of higher extensions Ext'(A,G,,). These sheaves arise as the
homology of the derived functor RHom(—, G,,), or alternatively by sheafifying the presheaf

(U ﬂ S) — ExtiU(AU,Gm,U)

on S. For i = 0,1 these sheaves are well understood. For ¢ > 2 we know from works of L.Breen
that these are torsion sheaves. We can easily handle their /—primary part whenever ¢ is a prime
invertible on S. In contrast, not much is known about their p—primary part when p is any of the
residual characteristics of S.

LEMMA 1.2.4. Let F be a group scheme over S which is locally constant isomorphic to a finitely
generated group. Then, Ext'(F,—) =0 for all i > 2. In particular Ext'(F,G,,) =0 for all i > 1.

PROOF. It suffices to show that the sheaf Ext*(F, H) is trivial on each fppf open U — S on
which F'is constant. We may thus suppose without loss of generality that F' is constant, defined by
a commutative group of finite type which we still denote by F. There exists a short exact sequence
of groups

0—Z 57" — F—0
which we can regard as a short exact sequence of constant sheaves as well. The functor Hom(Z", —) :
F — F is obviously exact. Therefore, we have Ext!(Z", H) = 0 for i > 0, hence Ext'(F,H) = 0
for i > 1. For the additional statement, we just need to see that Ext!(F,G,,) = 0. This is indeed
true for any finite flat group scheme F' by [Oor66] Theorem III.16.1, and we have already seen
that Ext'(Z",G,y,) = 0. O

200rt makes the additional hypothesis that either A is projective over S, or that S is artinian. The trouble is
caused only by Prop. 1.5.3 in loc.cit., where representability of the Picard functor T'—— Pic A/T is known just in
these cases. This problem has been overcome by M. Raynaud ([FC90], Theorem 1.9).
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THEOREM 1.2.5. Let X be either a finite flat group scheme, a torus or a lattice over S, and let
A and B be abelian schemes over S. The following holds:

(1) The sheaf Hom(X,G,,) is represented by the Cartier dual of X, and Ext'(X,G,,) = 0.
(2) The sheaves Hom(A, Gy,) and Ext?(A, Gy,) are trivial, and Ext' (A, G,,) is represented by
AY.
(3) The sheaf Hom(A, B) is a lattice, and Ext' (A, B) is a torsion sheaf.
For all i > 2, the sheaves Ext'(X,Gy,), Ext'(A,Gy,) and Ext' (A, B) are torsion. If £ is a prime
number invertible on S, these sheaves contain no £—torsion.

PROOF. In the case X is a finite flat group scheme, the statements of (1) can be found in
[Oor66], Theorem I11.16.1. For constant group schemes and tori, these follow from [Gro66a] exp.
XIIT cor. 1.4 and [Gro66b] exp. VIII prop. 3.3.1 respectively.

In (2), we have Hom(A,G,,) = 0 because A is proper and geometrically connected, and G, is
affine. The isomorphism Ext!'(A4,G,,) = AV is given by the Barsotti-Weil formula 1.2.2. It is
shown in [Bre69] that (over a noetherian regular base scheme, as we suppose S to be) the sheaves
Ext'(A,G,,) are torsion for all i > 1. Using the second statement of (1), we see that for n > 0, the
multiplication by n on £xt%(A, G,,) is injective, hence Ext%(A, G,,) = 0.

That Hom(A, B) is a lattice follows from the well known fact that over any field, the group of
homomorphisms between two abelian varieties is a finitely generated free group. That the sheaves
Ext'(A, B) are torsion for i > 1 is proven in [Bre69].

Now let ¢ be a prime number which is invertible on .S. Finite flat group schemes over S of exponent
¢ are then étale, hence locally constant. It follows then from Lemma 1.2.4 that Ext'(X,G,,),
Ext'(A,G,,) and Ext'(A, B) have no {-torsion. O

— 1.2.6. Recall (e.g. from [KS06], Definition 12.3.1) that for each n € Z there is a canonical
truncation functor (—)<, : DF — DJF and a canonical morphism of functors (—)<, — idpr

with the property that for each object C' of DPF
Hi(A) ifi<n
0 ifie>n

Hi(ASn) = {

Recall (e.g. from [GBH'66] Exposé I, following Proposition 1.6) that for every two objects A and
B of DF, there is a canonical and natural evaluation morphism

A — RHom(RHom(A, B), B)

We consider the functor (—)P := RHom(—,G,,[1])<o from the category DF to itself. Combining
truncation and evaluation, we find for every object A of DF a canonical and natural evaluation
morphism

€A L ASO — ADD
that is, a functor morphism €_y : (—)<o — (—)P o (—)P. Indeed, given an object A of DF, one
considers first the morphism

A — RHom(RHom(A, Gp[1]), Gu[1]) — RHom(AP,G,,[1])

where the first map is the usual evaluation map, and where the second map is induced by the
canonical morphism AP = RHom(A, G,[1])<o — RHom(A,G,,[1]). Then, one applies (—)<g
and finds €4.
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ProOF OF 1.2.3. We will construct in a canonical way two isomorphisms, inverse to each other.

Hom(XV, AY) Ext!(4, X)

\\

Let f : XY — AV be a morphism of sheaves, and let ¢ € Ext!(A, X) be an extension of sheaves,
represented by an exact sequence 0 — X — F — A — 0. We find exact triangles in DF

Npi=[AY — CO(f) — XV[1] — AV[1]]  and  Agi=[X — E — A5 X[1]]

where C(f) = [XV ER AV] is the cone of f, placed in degrees —1 and 0. We will now define ® and
W, and show on the way that the triangles (A )P and (A¢)P are exact as well.

Applying RHom(—, G,,[1]) to the triangle A yields the following exact sequence
- — 0 — Hom(X",G,,) — Ext (C(f),Gp) — Extt(AY,Gyp) — 0 — - -
—_—— —_———
=XVVarx =AVVA
By Theorem 1.2.5, the sheaves Hom(AY,G,,) and Ext} (XY, G,,) are trivial, whence the zeroes in
this sequence. The Cartier duality theorem, respectively the duality theorem for abelian schemes
states that the evaluation morphism induces isomorphisms of sheaves X = XVV and A = AV as
indicated. Truncating in degree zero, we remain with the exact triangle
(AP = [X —o(f)P — AL x[1]]
This way we got an extension of A by X, which we denote by ®(f) € Ext!(4, X), and one easily
checks that this procedure yields in fact a morphism of groups
® : Hom(X",AY) — Ext'(4, X)
On the other hand, if we apply RHom(—, G, [1]) to the triangle A¢, we find an exact sequence

s 0 — Hom(E, Gr) — Hom(X, ) —25 Ext (A, Gp) —> Ext' (B, Gp) —> 0 — - -
—XV :Xv
Again by Theorem 1.2.5, the sheaves Hom(A, G,,) and Ext! (X, G,,) are trivial, hence the zeroes.
We get an exact triangle

(8g)? = [AY — C(9) — XV[1] — AV[1]]

where C(0) is the cone of the connecting morphism 9. We write ¥(¢) := 9 € Hom(X", AY). This
yields a morphism of groups
T : Ext' (4, X) — Hom(X", AY)

It remains to show that ® and ¥ are isomorphisms, inverse to each other. By now, we know that
(Ap)P and (Af)PP are exact, because applying (—) once, and identifying X = X"V and A =
AYY yields the exact triangle Ag(s), and applying (—)P again yields the exact triangle ANy a(f))-
Similarly, the triangles (Ag)D and (Ag)D D are exact, because applying (—)? once to A¢ yields the
exact triangle Ay e), and applying (—)P again and identifying X = XVV and A = AYY yields the
exact triangle Ag(y(¢))-
Theorem 1.2.5 and the five Lemma show that the evaluation morphism gives isomorphisms of
triangles

Op— Dy  and D — Do)
Writing out the associated long exact sequences, the left hand isomorphism gives a commutative

diagram
f

XV AY

PR B
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showing that ¥ o ® = idygem(xv, Av), and the right hand side triangle gives a commutative diagram

with exact rows

0 X E A 0
H ¢ H

X — Ext'(C(9),Gp) — A

0 0

Here the top row represents &, and the bottom row represents ®(W¥(£)). Thus we find ® o ¥ =

idExtl(A,X)' |:|

1.3. The dual 1-motive

We shall associate with each 1-motive M a dual 1-motive M. Of course in a functorial way,
so that we get involutions in each of the categories M; and [M;]. The dual of a torus, a locally
free sheaf of a finite flat group should, if seen as a 1-motive, be the usual Cartier dual, and the dual
of an abelian scheme should be the usual dual abelian scheme. Furthermore, the duality functor
should be compatible with the weight filtration.

THEOREM 1.3.1. There exists a functor (—)Y : My — My, having the following three proper-
ties:
(1) The diagram of categories and functors

M, ©) My

(-] i [-]

(=) P=RHom(—,Gm[1])
[Mi] = M

commutes up to a canonical isomorphism of functors.
(2) Let M be a 1-motive. There are canonical and natural isomorphisms

ey M — MYV

such that [epr] = €qar) is the canonical evaluation morphism.
(3) Let M be a 1-motive. There are canonical and natural isomorphisms of 1-motives

M/Wi(M) = (Wi_y(MY))Y

for each i.

Furthermore, the above properties (1), (2) and (3) characterize (—) up to a canonical isomorphism

of functors.

REMARK 1.3.2. The theorem contains an implicit statement: That property (1) makes sense
implies that the functor (—)P sends the subcategory [M;] of DF into itself, i.e. restricts to an
endofunctor of [M].

Property (2) implies that (—)Y : M; — M as well as (=) : [M;] — [M;] are antiequivalences
of categories.



CEU eTD Collection

1.3. THE DUAL 1-MOTIVE 9

PROOF OF 1.3.1. We begin with the construction of a contravariant functor (=) : M; —
M. Let M be a 1-motive given by

V= N\

0—>X>G->4—0

Write YV := Hom(X,G,,) for the character group of X, write XV := Hom(Y,G,,) for the character
group of Y and write AV := Ext!(A,G,,) for the dual abelian scheme of A. Observe that YV is an
extension of a finite flat group scheme by a lattice, and that XV is an extension of a torus by a
finite flat group scheme. Consider the exact triangle

(%) YV — 0] — [y 25 4] — [0 — A]

Applying RHom(—, G,,) to this triangle and taking Theorem 1.2.5 into account yields the following
short exact sequence

o=V
s ANV

0— xV =70, Ext'([Y — A],G,,)

Writing GV := Ext}([Y — A],G,,), we get an extension of AV by XV which is, by definition, the
one coming from the morphism v € Hom(Y, A) via the Barsotti-Weil formula 1.2.3. Observe that
the sheaf GV is representable. Indeed, we may look at it as an XV -torsor over AV, and since X" is
affine, representability follows from [Mil80], Theorem III.4.3a. Next, consider the exact triangle

(0,7) (id,7)
_— —_—

() [0 — X] Y — ] Y — 4]

Applying RHom(—, G,,), it yields a long exact sequence part of which is
- — Hom([Y — G],G,,) — YV o=t v Ext'([Y — G],Gp) — -
We now may define MV to be the 1-motive
YV
MY = uV \L
TV 'YV
0—>XV—>GV—>AV—>O
A morphism of 1-motives ¢ : M} — Mj induces morphisms of triangles in (%) and (#x), hence a
morphism ¢¥ : My — M. We find a contravariant functor (—)". Let us now verify that this
functor satisfies the properties (1), (2) and (3).
(1): This is true by construction. Indeed, applying the functor (—)P to the exact triangle (**)
yields the triangle
Y — AP — [M]P — X7

which is exact, because Ext!(X,G,,) = 0. We know that XP is quasi-isomorphic to YV[1] via
HO%(—), and the same way [Y — A]” is quasi-isomorphic to GV. Thus we get an exact triangle

GV — MP — YV[1] 2 GV

Vv

But to say that this triangle is exact is precisely to say that [M]” is quasi-isomorphic to [V —

GV]. Thus [M"] = [M]P”, and this shows also the implicit statement of the theorem that the functor
(—)P sends objects of [M1] to objects of [M].
(2): Repeat the above construction in order to get a 1-motive

YV\/
MV\/ _ l

0 — xW— gV — AW —=
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There are natural isomorphisms ey : ¥ — YYY and ex : X — XYV, and also €4 : A —
AYY, induced by the derived evaluation map. The evaluation map e : G — GV, is also an
isomorphism by the five lemma. By naturality of these evaluation maps, we get as requested a
canonical and natural isomorphism of 1-motives exs : M — MY, The equality [eps] = €[5y holds
by construction.

(3): Is true by construction as well.

Now let ()" : My — M, be any other functor satisfying (1), (2) and (3), and denote by Y,
X°,G” and A” the components of M”. Tt follows from the properties (1), (2) and (3) that there are

canonical isomorphisms
V=YY  and X°=XY  and A" =AY
Indeed, using (all) three properties, we get canonical and natural isomorphisms (in the category
[Mi])
[Y* — 0] = [M"/W_y(M)] = [(W_2M)’] = [W_oM]” = [0 — X]"
and thus Y = HO([Y? — 0]) = H%([0 — X]P) = YV, and similarly we find X” = XV and
A® = AY. The unicity statement follows now by dévissage. O
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CHAPTER 2

Tate modules

For this chapter we keep fixed an integral noetherian scheme S and a prime number ¢ invertible
on S. As in the previous chapter we write F = Fg for the category of fppf-sheaves of commutative
groups on S and identify commutative group schemes over S with their associated sheaves. Recall
(e.g. from[KS06], Chapter 18) that F is an abelian category with internal homomorphism functor
Hom and tensor product ®, and that it has enough injectives and flats.

2.1. An /—adic formalism

The goal of this section is to introduce a good formalism of complexes of /—adic and /—divisible
sheaves on the base scheme S. The motivation is the following: Given, say, a commutative and geo-
metrically connected group scheme G over S, the {—adic Tate module and the (—divisible (Barsotti—
Tate) group of G are defined to be the formal limit and colimit

TG := lim G[¢"] and B¢G := colim G[("
n>0 n>0

The Tate module T,;G is an f-adic sheaf in the sense of [GBH166], and the Barsotti-Tate group
B¢G is a sheaf of /-divisible groups. We want to associate Tate modules and Barsotti-Tate groups
not only with group schemes, but rather with complexes of group schemes, for instance with
complexes coming from 1-motives. To give another example, C. Demarche is investigating in his
Ph.D. thesis (to appear) two term complexes of tori [T} — T3], to which one would like to associate
a Tate module. These of course will not be just /—adic sheaves or sheaves of /—divisible groups, but
rather complexes of such. This explains our need for a derived category of {—adic sheaves.

When considering a derived category of {—adic sheaves, two problems appear, as pointed out
in [Eke90]: On one hand, (-adic sheaves are not actual sheaves but rather formal limit systems of
such. On the other hand, one wants to pretend that one is dealing with complexes of sheaves and
not some more abstract objects.

The most simple minded approach works well for our applications. We will mimick the construction
of /~adic sheaves (cf. [GBH"66] exp.V). Instead of working with limit systems of sheaves, we work
with limit systems of complexes of sheaves up to quasi—isomorphism. As with /—adic sheaves, we
define morphisms between such systems in such a way that Artin—Rees equivalent systems become
isomorphic.

Most of this section is adapted, inspired or stolen from [FK87, Jan88, Eke90, Beh03, KS06|
and of course [GBH'66].

— 2.1.1. We will write “Z” for the constant sheaf with value Z on S, and for brevity we write
A; for the constant sheaf with value Z/¢Z on S.

11
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— 2.1.2. By a limit system in a category C we understand the following data: A collection of
objects (F;)°, and for each ¢ > j > 0 a morphism 7;; : F; — F}, such that

Tjk © Tij = Tik

for all ¢ > j > k. Put otherwise, a limit system is a covariant functor I — C, where [ is the
category having as objects the nonnegative integers. and where the morphism sets are either empty
or singletons {x} according to the rule

%} ifi>7
Hom(i, j) = {x} =/
g ifi<j
A colimit system in C is a limit system in the opposite category, or equivalently a contravariant
functor I — C. We will usually represent a limit or colimit system by a sequence (F;):2,, of objects
of C, the morphisms F; — F} for i > j being understood.

— 2.1.3. Given two limit systems F' = (F}):2, and G = (G;)2,, we let Hom;(F,G) be the
set of functor morphisms from F' to G, that is, sequences of morphisms (f; : F; — G;)2,, such
that the obvious squares commute. In particular, we can consider for every r > 0 the shifted limit
system Fly, = (Fj1,)2,, and the functor morphism (m4; : Fiqr — F;)52,. We define the set of
morphisms of limit systems from F' to G by

Hom(F,G) := coli}n Hom;(Fy,,G)
re

the colimit being taken in the category of sets. A morphism between limit systems f: F — G is
thus given by an integer r > 0 and a sequence of morphisms (f; : Fiy, — G;)2,. Two such data
(r, (fi)$2,) and (1, (f])$2,)) represent the same morphism of limit systems if there exists an integer
" > max(r,r’) such that f; o muwy;,yi = flommy;q; for all i > 0.

— 2.1.4. Let C be an additive category. A limit system F' = (F;):2, in C is said to be a null-
system if there is an integer r > 0 such that the maps F;,, — F; are zero for all 7. In other words,
F is a null system if it is isomorphic to the zero system. A morphism of limit systems f: F — G
in an abelian category, given by an integer r > 0 and a sequence of morphisms (f; : Fi1, — G3)32,
is an isomorphism of limit systems if and only if the systems (ker f;)72, and (coker f;)5°, are null
systems. Frequently, it is said that f is an Artin—Rees equivalence. Recall the following definition
([FK8T7], Definitions 12.6 and 12.9)

DEFINITION 2.1.5. A locally constant {-adic sheaf on S is a limit system F' = (F;)°, in F such
that all for all i the sheaf Fj is locally constant killed by ¢, and such that the morphisms

F1®A]—>F]

are isomorphisms. A locally constant {-divisible sheaf on S is a colimit system F' = (F})72, in F
such that all for all i the sheaf Fj is locally constant killed by ¢!, and such that the morphisms

Fj — Hom(A;, Fy)

are isomorphisms. A limit or colimit system in F which is isomorphic (Artin—Rees equivalent)
to a limit or colimit system having these properties is then called Artin—Rees ¢—adic, respectively
Artin—Rees ¢—divisible.



CEU eTD Collection

2.1. AN ¢~ADIC FORMALISM 13

— 2.1.6. In the sequel we will not make the distinction between /—adic sheaves and Artin—Rees
{—adic sheaves, and call all these limit systems just /—adic sheaves. Also, we will only consider
locally constant ¢-adic sheaves, and not repeat this all the time. Recall the following stability
property for /—adic sheaves ([FK87], Proposition 12.11)

ProproSITION 2.1.7. The kernel and cokernel of any morphism of {—adic sheaves on S, taken
in the category of limit systems, are again {—adic sheaves. Moreover, given an exact sequence of
limit systems in F

0—F—G—H—70
where F' and H are {-adic sheaves, the limit system G = (G;)2, is an {—adic sheaf as well provided
07 Gy =0 for some suitable v and all 3.

DEFINITION 2.1.8. A complex of locally constant £—adic sheaves or simply £—adic complex is a
limit system F' = (F;)$2, in the derived category DF having the following two properties:
(1) For all but finitely many integers r, the sheaf H"(F;) is trivial for all ¢ > 0.
(2) For all integers r, the limit system H"(F};)2, is an ¢-adic sheaf.
A morphism of /-adic complexes is a morphism of limit systems. We call the arising category
derived category of locally constant {—adic sheaves on S.
A complex of locally constant {—divisible sheaves or £—divisible complex is a colimit system in DF
having property (1) above, and:
(2’) For all integers r, the colimit system H"(F;)32, is an ¢-divisible sheaf.
A morphism of {—divisible complexes is a morphism of colimit systems. We call the arising category
derived category of locally constant {—divisible sheaves on S.

— 2.1.9. In summary, a limit system F = (F})2, in DF is a {-adic complex if the Fj’s are
uniformly bounded in length, and if for each r, the limit system (H"(F;))5°, is an ¢~adic sheaf. We
will often write

F =lim F;
i>0

The definition is well set, in the sense that if a limit system F' is isomorphic to an /—adic complex,
then F' itself is an f—adic complex. We will give now some justification for it. The upshot is that
this derived category of f—adic sheaves presents all features one would expect of a true derived
category.

— 2.1.10. Let F; be the category of {—adic sheaves, and let D, be the derived category of f—adic
sheaves on S as defined in 2.1.8. There exists for each integer m a shift functor (—)[m|: Dy — Dy
and truncation functors (—)<,, and (—)s,, induced by the shift functor and truncation functors
on DF. The natural functor § : F/ — DF sending a sheaf to a complex concentrated in degree 0,
and the functor H° : DF — F induce functors

b

Fe Dy

HO
It follows immediately from the definitions that the functor fj is fully faithful, and that the com-
position H o f is equivalent to the identity functor on F,. There is no need to talk about quasi—
isomorphisms, since these have already been inverted in DF. We will check that given a morphism
of f—adic complexes f : FF — G, the cone of f taken in the category of limit systems (i.e. “level
by level”) is also an ¢—adic complex, and we get canonical morphisms

Floa— o) — F
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Taking homology, these induce a long exact sequence of {—adic sheaves. This leads to a triangulated
structure on Dy, the exact (or distinguished) triangles being those isomorphic to a cone. All axioms
of a triangulated category ([MG96]|, IV.1) are immediately satisfied, with the possible exception
of the octahedron axiom (we do not care).

— 2.1.11. We now check several things. First, we show that the cone of a morphism of /—adic
complexes is again an f—adic complex. Then, we show that the derived category of /—adic sheaves
has a tensor product and an internal homomorphism functor, and that these behave as they ought
to. Then, we show that the category of /—adic sheaves is antiequivalent to the category of /—divisible
sheaves (so we don’t have to check everything for /-divisible sheaves again).

PROPOSITION 2.1.12. Let F' = lim F; and G = lim G; be £—adic complexes and let f : F — G
be a morphism of {—adic complexes represented by an integer r > 0 and a system of morphisms
(fi 2 Figr — G3)32 in F. The limit system

Cone(f) := Cone(f;)52,

depends only on the morphism f and not on the chosen representation. If moreover £7"Cone(f;) =
0 for some suitable r and all i, then Cone(f) is an £—adic sheaf as well.

Proor. We first check independence of the representation of f. Write m;; : F; — F} for the
transition maps that come by definition with the limit system F'. We only have to check that for
every integer r” > r the morphism given by (f; © Ty 1), yields an isomorphic cone. Indeed,
the composition Fj,» — F;1, — G; yields a triangle of cones (c.f. [Mil08], 11.0.10)

Cone(mjtp jyr) — Cone(f; o T jyr) — Cone(f;) — Cone(m;ppr jyr)[1]

But the limit system (Cone(m; ., i1r))72, is a null-system, hence the desired isomorphism of limit
systems. We have for all » € Z and ¢ > 0 a natural exact sequence

H"(F;) — H"(G;) — H"Cone(f;) — H™Y(F;) — H™™Y(&))

The first and last two terms in this sequence constitute morphisms of /—adic sheaves, hence the
middle term by Proposition 2.1.7. O

COROLLARY 2.1.13. Let F — G — H — F[1] be an ezact triangle of limit systems in DF,
where F;, G; and H; are killed by £t for some suitable r and all i. If two out of these three limit
systems are £—adic complexes, so is the third one.

PRrROOF. Suppose without loss of generality that F' and G are f—adic complexes. The limit
system H is quasi-isomorphic (noncanonically) with the cone of the given morphism F — G,
hence an /—adic complex by the proposition. O

— 2.1.14. Let C be an object of DF such that for all » € Z the sheaf H"(C) is locally constant
killed by some power of £. We can then consider the constant (co)limit system (C;):2, with C; = C
for all 4. This is easily seen to be an ¢-adic complex, respectively an {—divisible complex. We call
an f—adic of /—divisible complex finite if it is isomorphic to such a constant (co)limit system. There
is no danger in identifying finite complexes with such objects of DF and vice versa.
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PROPOSITION 2.1.15. Let F' = lim F; and G = lim G; be £—adic complexes on S. For alli > 0,
the limit and colimit

F @Y G, :=lim (F; oL Gy) and  RHom(F,G;) := colim RHom(Fj, G;)
Jj=0 Jj=0

exist in DF. The homology groups of these objects are finite locally constant sheaves killed by ¢*.
The limit systems

Feta = lim (Fe“G;)  and  RHom(F,G):= lim RHom(F, G;)

are £—adic sheaves. These are natural in F and G, and null-systems if either F' or G is a null-
system. Moreover, if H is another {—adic sheaf, then the adjunction formula

RHom(F @“ G, H) = RHom(F,RHom(G, H))

holds. If Z, denotes the constant £—adic complexr lim A;, then there are canonical isomorphisms
F®YZ,>=F and RHom(Z;, F) = F.

PROOF. Let us begin with the tensor products. Suppose first that F' and G are concentrated
in degree 0 only. The derived tensor product F} ®% G; is then concentrated in degrees —1 and 0,
and we have a canonical and natural triangle

HYF; @" G)[1] — F; " G; — H°(F;) ® H(G))

The limit system H ~(F; ®" G;);j>0 is a null system, and H°(F;) ® H(G;) & H°(F;) ® HY(G;) for
all j > 4. Hence the limit system (Fj o G; i)j>0 is canonically isomorphic to the constant system
with value H°(F;) ® H°(G;). From this we see that F' ®"“ G is concentrated in degree 0, and given
there by the f—adic sheaf

HY(F®Q) = lim (H°(F) ® HY(G)))

which viewed as a limit system of complexes concentrated in degree 0 is an f—adic complex. This
shows the claims for the tensor products in the case F' and G are concentrated in degree 0. The
general case follows then by dévissage (first on F' and then on G, say) and induction on the length
of the complexes. The statements about null systems and the isomorphism F @ Z, = F are clear.
On the way one finds that also the Kiinneth formula
H(Fe'G)= @ H*(F)® H(G)
s+t=r

holds (there are no Tor’s). The checking for the derived homomorphisms is similar. First one checks
that for F' and G concentrated in degree 0 the given colimit system is isomorphic to the constant
system with value Hom(H(F;), H°(G;)). Hence RHom(F,G) is equivalently given by the limit

RHom(F,G) = hmHom(HO( 2, H(GY))

which is an f-adic complex concentrated in degree 0. Then one proceeds by dévissage. The
adjunction formula holds as well, because it holds already on finite levels ([KS06], 18.6.9). O

PROPOSITION 2.1.16. The functor RHom(—, G,,) induces an equivalence between the derived
category of locally constant £—adic sheaves and the derived category of locally constant ¢—divisible
sheaves.

ProOF. Let ' = lim F; be a f—adic complex on S. Applying the contravariant functor
RHom(—, Gy,) to it yields the colimit system RHom(F;, Gy,)52,. It follows from Lemma 1.2.4 and
dévissage that this colimit system is an ¢—divisible complex. Slmllarly, applying RHom(—, G,,) to
an ¢—divisible complex yields an ¢—adic complex. For each i, there is a canonical morphism

F; — RHom(RHom(F;, Gy,), Gpy)
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which is an isomorphism by Cartier duality for finite flat group schemes, Lemma 1.2.4 and dévissage.
Hence, the functor RHom(—,G,,) is an equivalence in both directions. O

2.2. Tate modules of complexes

In this section, we show how to associate with a reasonably well behaving complex C' of sheaves
on S an f—adic complex T,C, which we call {-adic Tate module of C'. We check that these Tate
modules have the properties we expect, among them the existence of a Weil pairing (Proposition
2.2.7). This is what f—adic complexes are designed for. We continue working over a noetherian
regular base S and a prime £ invertible on S. We keep the notation A; := Z/#Z.

DEFINITION 2.2.1. Let C' be an object of DF. We say that C' is moderate if the kernel and the
cokernel of the multiplication-by—¢* map on H"(C) are locally constant finite group schemes for all
1> 0 and all r € Z, trivial for all but finitely many r € Z.

— 2.2.2. The interest of moderate complexes of sheaves is that these form a natural and essen-
tially best possible subcategory of DF on which the Tate module construction makes sense. We
will check that the full subcategory of moderate objects of DF is a triangulated subcategory, stable
under ® and RHom, and that finite flat group schemes, abelian schemes, lattices and tori, if seen
as objects of DF are moderate, hence so are all objects in [M;].

DEFINITION 2.2.3. Let C be a moderate object of DF. Its Tate module and its Barsotti-Tate
group are the (~adic complex, respectively the ¢-divisible complex?

T,C :=lim (C @V A)[-1]  and  B.C = colim (C @b Ay)[-1]

The transition maps are those induced by the canonical projections A; 11 — A;, respectively the
canonical injections A; — A4 1.

PROPOSITION 2.2.4. Let C' be a moderate object of DF. The limit and colimit systems given in
Definition 2.2.3 are indeed an {—adic complex and an {—divisible complez respectively. If H"(C') = 0
forr <a and r > b, then H (T,C) =0 and H"(B,C) =0 for r <a and r > b+ 1.

PROOF. The complex [Z £, Z|] supported in degrees —1 and 0 is a flat resolution of A;. Using
this resolution, we can represent C' ®" A; by the complex

["‘—%0—907’—1@07"—_707’@07’4-1 d—T>Cr+1@Cr+2—_>"']
degree r

the differential d, being given by d,(x,y) = (dz + (—1)"¢*y,dy). This complex is just the cone of
the multiplication-by—¢’ map on C. The additional statement in the proposition is now immediate.

1We need the shifts for the following reason: Our convention is to put the complexes associated with 1-motives
in degree —1 and 0. In particular, an abelian variety if seen as a 1-motive sits in degree 0, and we want its Tate
module also to be concentrated in degree 0. The shift ensures precisely this.
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It remains to check that lim H"(C ®" A;) is an f-adic sheaf. For all 7 € Z and all i > j > 0 we
have a morphism of short exact sequences of torsion sheaves on S

0 H'(C)®@ A; — H'(C @A) — H™(O)[] 0
0 H'(C)®Aj — H"(C@“A;) — HT(C)[H] 0

By definition of moderateness, these sequences are trivial for almost all . The first and last term
in each of these sequences is a locally constant sheaf killed by ¢ respectively ¢/, hence so are the
sheaves in the middle. The first vertical map is induced by the projection A; — A;, and the last
vertical map is multiplication by ¢#=7. It remains to show that the limit systems

ln(A'(C) @A) and  ln(H"(C)[€))

are {—adic sheaves. For the first one this is immediate because A; ® A; = A, for all : > j > 0. For
the second one, observe that there is an integer m > 0 such that for all integers i and m’ > m
the image of H™t1(C)[¢*+™'] in H™(C)[¢] is the same as the image of H"T1(C)[£'+™] just as it is
the case for ordinary groups instead of sheaves (mind that S is integral and noetherian). Writing
A = ("H"TY(C), the above limit system is thus isomorphic (Artin-Rees equivalent) to the limit
system lim(A[¢']). In this system, all transition maps £~/ : A[{‘] — A[¢’] are surjective, hence
induce isomorphisms A[(!] @ A; — A[¢’] as required. O

PRrOPOSITION 2.2.5. The following holds
(1) Let C; — Cy — C3 — C1[1] be an exact triangle of moderate objects. The induced
triangles

T,C; — T,Cy — T,C3 — T,C1[1] and B,Cy — B,Cy — B,C3s — B,C1[1]

are also exact triangles.
(2) For any two moderate objects Cy and Co the tensor product Ci QL Cy is moderate and
there is a natural isomorphism

Tg(Cl ®L Cg)[—l] =T,Ch ®]L T,Cy
(3) For any two moderate objects C1 and Cy the object RHom(C1,C2) is moderate and there
1 a natural isomorphism

’]I‘ER'Hom(Cl, 02)[1] = RHom(TgCl, TgCQ)

PROOF. In (1) we can suppose without loss of generality that C3 is the cone of the given map
f: C7 — (9 and it is enough to show that under this assumption T,Cj3 is naturally isomorphic
to the cone of the induced morphism T,C; — T;C5. This holds indeed because of the canonical
isomorphism

Cone(f : C1 — (C9) QL A; = Cone(f®1:Cq QL A; — Cp QL Ay)

The same argument works for the /—divisible complexes. For the second statement, it is enough to
observe that the limit systems

(C1 & Cy @ M), (C1 @Y Cy @ A; @ A,

are isomorphic by the last statement of Proposition 2.1.15. The first one is Ty(Cy ®“ Cy) shifted
by 1, the second one is T,C; ®" T;Cs shifted by 2. The same works for homomorphisms in place
of tensor products. O
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~ 2.2.6. We now come to the Weil pairing. Given moderate objects A, B and C in D"F and a
morphism A ®" B — C we get by statement (2) of Proposition 2.2.5 a morphism
T,A@" T;B — T,C[-1]

Using the adjunction formula from Proposition 2.1.15, this pairing induces morphisms of /-adic
complexes TyA — RHom(T,B,T,C) and TyB — RHom(T,A, T,C). We say that the above
pairing of /—adic complexes is perfect if these are both isomorphisms. We will write Z,(1) for the
Tate module of G,, put in degree zero.

PROPOSITION 2.2.7. Let C' be a moderate object of DF and set CV := RHom(C,G,,). The

natural “Weil” pairing
T,C ®]L TgCV — Zg(l)[—l]

is a perfect pairing of {—adic complezes.

PRrROOF. We first show that the adjunction map T,CY — RHom(T,C,Z(1)) is an isomor-
phism. This has to be checked on finite levels. We must show that for all ¢ > 0, the map

RHom(C, Gp,) @ Aj[—1] — RHom(C &@" Aj[—1], Gy @ Aj[—1])[—1]
is an isomorphism. All shifts cancel, and homomorphisms of C ®" A; into G,, ® A; are the same
as homomorphisms to G, because C @" A; is anyway killed by ¢*. Hence, the above map reads
RHom(C,Gy,) @ A; — RHom/(C % A;, G,p)

This is indeed an isomorphism, on both sides stands just the cone of the multiplication-by—¢* on
RHom(C,G,,). Now let us show that we can exchange the roles of C' and CV. For this, write
CYV := RHom(CY,Gy,) for the bidual of C. There is an evaluation map C — CVV (cf. 1.2.6). It
is enough to show that this morphism induces an isomorphism

T,C = T,CVV
Indeed, we have for all ¢ > 0
C &% A; =2 RHom(RHom(C @% Ai, G), Gm) = RHom(RHom(C, Gy),Gp) @ A; = CVY @ Ay

The first isomorphism comes from Lemma 1.2.4 and Cartier duality, and the second isomorphism
is obvious because both objects are the cone of the multiplication-by—¢* map on CVV. g

— 2.2.8. Let A be a commutative group. We introduce the following four operations on A
relative to the prime £

AR Zy:=lim A/l A TyA := lim A[¢]
>0 >0
A[l>] = C(Z)élén A[0] AR Qu/Zy := c?él(l]rn AJlPA

These are the f—adic completion, the /—adic Tate module, extraction of /—torsion and tensorization
with Q/Zy. Mind that A/{'A = A®Z/('7 and that colimits commute with tensor products. These
four operations are closely related, as follows.

Given a short exact sequence 0 — A — B — C' — 0 of commutative groups, there is a long
exact sequence of Zy—modules

0— TyA—TyB—T,C — A7) — BR7Z — C 7%y — 0
coming from the snake lemma, identifying — ® Z, with the first right derived functor of the Tate

module functor Ty(—) and vice versa. Similarly, there is a six term exact sequence of ¢-torsion
groups

0 — A[l*°] — B[{*°] — C[{*°] — A® Q¢/Zy — B @ Q¢/Zy — C @ Qy/Zy — 0
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identifying (—)[¢*°] with the first left derived functor of — ® Qy/Z; and vice versa. Given a bilinear
pairing of commutative groups A x B — Q/Z, these operations induce pairings

A®7Zyx B[t®] — Q/Z  and T Ax (B®Qu/Z) — Q/Z

If the original pairing was nondegenerate, these are nondegenerate pairings as well. Most of the
time we shall deal with commutative groups on which the multiplication—by—¢ has finite kernel and
cokernel. For such a group A, the Zy,-modules A ® Z; and TyA are finitely generated, and the
torsion groups A ® Qy/Z, and A[¢*°] are of cofinite type. In this context, nondegenerate pairings
of groups induce perfect pairings of topological groups.

PROPOSITION 2.2.9. Let F' : DPF — DAb be a triangulated functor. For every moderate
object C' of DPF, there is a canonical short exact sequence of Zy—modules
0 — H7'F(C)® Zy — H'F(T,C) — TH'F(C) — 0
and a short exact sequence of £—torsion groups
0— H7'F(C)®Qy/Zy — H'F(B,C) — H'F(C)[{*] — 0
both natural in C and F'.

PRrOOF. The short exact sequence of constant sheaves 0 — Z /SN A; — 0 induces a
long exact sequence of groups

H"'F(C) — HI'F(C & A;) — HIF(C) X HF(C) — H'F(C &" A;) — HMF(C)

From this long sequence, we can cut out the short exact sequences
0 — H'F(C)® L/ — H'F(C & A;) — HFF(C)[('] — 0

The short exact sequences in the proposition are obtained by taking limits, respectively colimits
over i > 0, considering that the limit system of commutative groups (H'F(C) ® Z/'Z), has the
Mittag—LefHler property. g

REMARK 2.2.10. This applies in particular to cohomology functors, that is, F' = RI'(S, —) and
H'F = H'(S,—). The first short exact sequence in the proposition reads then

0— H"7YS,C)® 2z, — H(S,T,C) — T,HS,C) — 0

and link thus the cohomology of an object C' with the cohomology of its Tate module. There is of
course a spectral sequence behind this.

2.3. The Tate module of a 1-motive

In this section, we specialize what we discussed about Tate modules of complexes to complexes
associated with 1-motives.

DEFINITION 2.3.1. Let M be a 1-motive over S. The ¢-adic Tate module associated with M

is the f—adic complex
ToM = Ty[M] = lim([M] &" A9)[-1]

/L_

on S.
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— 2.3.2. Because the complex [M] is supported in degrees —1 and 0, the Tate module of M has
homology in degrees —1, 0 and 1 by Proposition 2.2.4. However, we have always H}(T,M) = 0
because the torsion of H~1(M) is finite, and H'(T,M) is always finite. If H~1(M) is torsion free,
then H°(T,M) is torsion free as well, and if H°(M) is divisible as a sheaf, then H'(T,M) is trivial.
In particular, if M is a torsion free 1-motive, then the homology of T,M is concentrated in degree
0 only and is torsion free, hence TyM can be identified with an ordinary torsion free f—adic sheaf
on S. We will then usually write

T,M := H°(T,M)

The weight filtration on M introduces in 1.1.6 induces a filtration on TyM. The diagram given in
1.1.6, together with Proposition 2.2.5 yields a diagram of /—adic complexes

T, 7 =—— T,T

l i

T,G —> T,M — T,Y[1]

i i H

TyA — TyMy — ToY[1]

where all columns and rows are exact triangles. Here, My is the 1-motive M/W_oM, having
associated complex [V — A].

PROPOSITION 2.3.3. Let M be a 1-motive over S with dual M. There is a canonical, perfect
pairing of £—adic complexes
T/M ® ']Tng — Ze(l)

ProoF. This is an immediate consequence of Proposition 2.2.7 and Theorem 1.3.1. Observe
that truncating [MV] = RHom([M],Gn[1])<o — RHom([M],Gy,[1]) induces an isomorphism
on the level of Tate modules, since multiplication by ¢ is an isomorphism on Ext't1([M],G,,) =
H'RHom([M],Gp,[1]) for i > 1 by Theorem 1.2.5. O

— 2.3.4. Let M be a torsion—free 1-motive over a field k with algebraic closure k. The Tate
module of M is then an f—adic sheaf on k, corresponding to a Z;—module with continuous I' :=
Gal(k|k)—action. The above diagram becomes then a diagram of Zs,~modules with exact rows and

columns

0 0
! !
T,T — T,T

! i

00— TG —TM —-YQRZy —= 0

i | H

0 —— T A —=TiMy =Y ®RZ—= 0
! i
0 0

All of these Zy—modules are torsion free and of finite rank. The rank of TyM equals the sum of the
rank of Y as a Z-module, the dimension of T" and twice the dimension of A.
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— 2.3.5. Again for a torsion free 1-motive over a field k, the Weil pairing becomes a nondegen-
erate pairing of torsion free f—adic sheaves on k

T/M @ TeMY — Zy(1)

hence TyM" = Homy(T;M,Zy(1)). This means that in 2.3.4 the corresponding diagram for the
dual 1-motive is obtained by applying Homy(—, Z,(1)) to the given diagram and flipping it around
the diagonal.

— 2.3.6. We end this section with an explicit description of the Tate module of a torsion free
I-motive over a field k with algebraic closure k. Consider the complex of I'modules M (k) :=

[Y(k) — G(k)]. For i > 0, the homology of M(k) ®“ A; is computed by the cone of the
multiplication-by—¢* on M (k), which is

00— Yk — Y& e Gk — Gk) — 0 — - -

in degrees —2, —1 and 0. The first relevant map sends y to (¢'y,u(y)), the second one sends (y, P)
to u(y) — ¢*P. The homology of this complex is concentrated in degree —1, because Y (k) is torsion
free and G(k) is divisible. We have
{(y. P) € Y (k) X G(k) | u(y) = £'P}

{(ty,uy)) |y €Y}
which is a finite Galois module, depending naturally on M. For all j > ¢ > 0, we have a natural
map of Galois modules H~1(M (k) @ A;) — H~Y(M (k) @ A; sending the class of (y, P) to the
class of (y,#~7P). The limit with respect to these maps

T, M := lim HY(M (k) @"7/07)

I

H Y M%) " Ay)

is the f—adic Tate module of M, seen as a Galois module. Explicitly, an element = € TyM is given

by a sequence (y;, )2, where the y;’s are elements of Y (k), the P,’s are elements of G(k), and
where it is required that

u(y;) = 1P and that (P, — P_1 = u(z) and yi —yi—1 =01z for some z; € Y

Two sequences (y;, P;)2, and (y., P/)2, represent the same element if and only if for each i > 0,

there exists a z; € Y such that 2; = y; — ¢/ and u(z;) = P, — P/.
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CHAPTER 3

Cohomology

3.1. Galois cohomology and étale cohomology

In this section, we briefly review some features in Galois cohomology and étale cohomology over
“arithmetic” base schemes, and how these notions interact. By arithmetic base scheme, we mean
spectra of local fields, of number fields, or open subschemes of the spectrum of the ring of integers
of a number field.

— 3.1.1. Let us start with a p-adic field K, that is, a finite extension of @, for some prime p.
Let Ok be the ring of integers of K, and let x be the finite residue field of characteristic p. Recall
(e.g. from [Mil08], Theorem 1.2.1) that if F' is a finite group over K, then the cohomology groups
HY (K, F) are finite, and trivial for i > 2. For future reference, let us retain

PROPOSITION 3.1.2. Let £ be a prime number and let C' be a moderate complex on K. The
multiplication-by— map on H'(K,C) has finite kernel and cokernel.

This follows from the long exact cohomology sequence associated with C Lo ¢ Q% 7/07,
noting that the cohomology of C' ®" Z/{Z is finite.

— 3.1.3. Let again F be a finite group over K, let K be an algebraic closure of K, and write K"
for the maximal unramified extension of K in K. If the inertia group Gal(K|K"™) acts trivially on
F(K), then F is said to be unramified. This is the case if and only if F' extends to an étale group
scheme over spec O.

— 3.1.4. We now come to p-adic “Henselian” fields which we need for the global theory (this
will become apparent in the proof of Proposition 3.2.2). Let v be a finite place of a number field &,
corresponding to a prime ideal p of the ring of integers Oy of k. We write (’);1 for the henselization
of the localization of Oy at p, and k! for the field of fractions of OF. We write O, and k, for the
completions of (’)lk1 respectively k% with respect to v. So, we have inclusions

0, COyCO, C  kCkyCk,

Although the complete field k, is much bigger than kP (the former is an uncountable field and the
latter countable), the “cohomological behavior” of the two fields is almost the same. This similarity
stems from an approximation theorem of Greenberg, stating the following:

THEOREM 3.1.5 ([Gre66|, Theorem 1). Let V' be a variety (an integral scheme, separated and
of finite type) over k2. Then, the set V (kD) is dense in V (k,) for the v—adic topology.

In particular, if V is finite over kI, then the sets V(k?) and V (k,) are equal. This shows that k[
is algebraically closed in k,, hence that the two fields have isomorphic absolute Galois groups.

23
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PROPOSITION 3.1.6. Let C be a bounded complex of sheaves on k) such that H*(C) is a finite
group scheme for all i. The map H(kD, C) — H'(k,,C) is an isomorphism of finite groups for
all v € 7.

Indeed, we can look at C' as being a complex of Galois modules over k. The absolute Galois
groups of k" and k, being isomorphic, the desired isomorphism of Galois cohomology groups follows
(here, we consider an algebraic closure of k! embedded in an algebraic closure of k,). Moreover,
we know that the groups H'(k,,C) are finite by what we discussed in 3.1.1. In particular, note
that the statement of Proposition 3.1.2 holds as well over k. Tt follows also immediately from
the corollary that if T is an ¢-adic complex on kP, then the maps H*(kM, T) — H'(k,,T) are
isomorphisms. The same goes for ¢—divisible complexes.

— 3.1.7. We now come to the global case. Let k be a number field with ring of integers Oy and
let U be an open subscheme of spec O),. Write ki for the maximal extension of k in k& unramified
over U and set I'yy := Gal(ky|k). The group I'y is the étale fundamental group of U with respect
to the base point speck — U. There is an equivalence of categories

{locally constant Z-con- } {ﬁnitely generated dis- }
—

structible sheaves on U crete I'y—modules

given by the functor that sends such a sheaf F' on U to the I'y—module F(k) = F(ky). Let F be a
finite, locally constant group scheme on U of order invertible on U, then the canonical morphism

H{(U,F) = H(T'y, F)

is an isomorphism of finite groups by [Mil08] Proposition I11.2.9 and Theorem I1.2.13. The same
holds then of course for any object C' in DPFy; such that H?(C) is finite, locally constant and of
order invertible on U. For future reference we state

PRrROPOSITION 3.1.8. Let ¢ be a prime invertible on U C spec O and let C be a moderate complex
on U. The multiplication-by—{ map on H'(U,C) has finite kernel and cokernel.

Indeed, we already mentioned that finite complexes have finite cohomology groups ([Mil08],
Theorem I1.2.13), so the statement of the proposition follows then by considering the long exact
cohomology sequence associated with the Kummer triangle C — C — C ®@% Z/{Z.

— 3.1.9. Let k£ be a number field and let C' be a complex of sheaves on U C spec O such that
each H(C') is a finite locally constant group scheme on U of order invertible on U. Let S be a set of
places of k containing all places not corresponding to a point of U, in particular the infinite places.
We write kg for the maximal extension of k& unramified in S, and I's := Gal(kg|k). Composing
the isomorphisms in the preceding paragraph with the inflation map induced by I's — I'yy yields
morphisms

HY(U,C) — H'(Ts,C)
Let U be the family of those open subschemes V' C U that contain all closed points of spec Oy not
corresponding to a place in S. The field kg is the union of the fields ky for V' € 4l hence I'g is the
limit of the groups I'y. Group cohomology commutes with limits in the first argument ([NSWO00],
Proposition 1.1.2.6), so this yields isomorphisms

Hi(T's,C) = H(lim I'y, C) = colim HY(I'y, C) = colim H*(V,C
(I's,C) (¢£1V’)68éﬁn(v’)c8éﬁl(’)

In less fancy terms, this means that every element of H*(I's,C) is the image of an element in
H(V,C) for a sufficiently small V, and that every element of H'(U,C) that maps to zero in
H(T's, C') maps already to zero in H*(V, C) for a sufficiently small V. Of course, the open U does
not really play a role here, if U’ is any open in the family 4, we can replace U by U’ and C by the
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restriction of C' to U’ and compute H'(I'g, C) starting from these data. The way one usually uses
this computation is to start with a complex of I's—modules, to extend it to a complex of sheaves
on some suitable open U C spec Oy, and then compute H'(I's, C') by this limit argument. We just
remarked that the outcome will not depend on the chosen U and the chosen extension of C. Our
next lemma ensures the existence of such extensions.

LEMMA 3.1.10. Let S be a set of places of k containing all infinite places and let I's be the
Galois group of the mazximal extension of k unramified outside S. Let C' be a bounded complex of
discrete T's—modules such that each H'(C) is finitely generated as a group. Up to replacing C by a
quasi—isomorphic complex, there exists an open subscheme U of spec Oy, containing all closed points
of spec Oy, that do not correspond to an element of S and an extension of C' to a complex of locally
constant group schemes on U.

PRrROOF. We shall first show that there is a quasi-isomorphism of bounded complexes of discrete
I's—modules B — ', where each piece of B is finitely generated as a group, and then use the
equivalence of categories explained in 3.1.7 in order to extend B to a complex of group schemes as
claimed. The complex C' is given, say, by

O—>Cod—0>C'1d—l>-~~—>Cd—>0

Suppose that for some ¢ < d we have found a quasi—isomorphism of complexes C' — C of the

form
O—)CO%9 i_lacgaiBH_l—)-“—)Bd—)O
O—)CO%9 i—1%C¢%Ci+19"'4>Cd4>O

where B;i1,..., By are 's—modules finitely generated as groups. For i = d we can just take C' = C

and the identity morphism so we can go on reasoning by induction on 7. Let X be a finite subset of
C! such that the subgroup of B, generated by d;(X) is equal to im d}, and such that each element
of H'(C) is represented by an element of X. This is possible, since B;;; and hence im d} is finitely
generated, as well as H*(C)). Because I's is compact and acts continuously, the set

FsX:{U.%'laeps,.%'GX}

is finite. Replacing X by I's X we may suppose that X is I's—invariant. Let B; be the subgroup of
C! generated by X. Because X was I'g—invariant, B; is also a I'g submodule of C;. Let C}_; be
the preimage of B; in C;_1, so that we get a quasi—isomorphism

0—=Cy—>+—>Cip >Ci_| — B — Biy1 — -+ —> B ——= 0

S S R S B
d;

0—Cy — —Ci2 >Cy —C —By1 — - —C; —=0

This brings us one step further in the induction process, and so the existence of B is proven. Now,
since B is bounded, there exists an open U C spec O such that each B; is unramified in all places
corresponding to closed points of U, and since the B;’s are actually I's—modules we can take the
complement of S to be in U. In other words, the action of I'g factors over I'yy, the Galois group of
the maximal extension of £ unramified in U. Hence, the complex B extends to a complex of locally
constant group schemes on U. (|
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— 3.1.11. We have seen in 3.1.9 that we can commute Galois cohomology with limits. Similarly,
we can commute étale cohomology and limits in the base. If C is a bounded complex of étale
sheaves on U, then we have ([FK87], Proposition 4.18)

H'(k,C) = colim H(V,C)
VCU

where V' runs over the open subschemes of U. Again, this means that every element of H(k,C')
comes from an element of H'(V,C) for a sufficiently small V, and that every element of H'(U, C)
that maps to zero in H(k,C') maps already to zero in H*(V, C) for a sufficiently small V.

3.2. Compact support cohomology

In this section we review the construction and some basic properties of compact support coho-
mology, following closely Milne’s approach in [Mil08]. We fix a number field & with ring of integers
Oy, and let U be a nonempty open subscheme of spec O,. Recall that F = Fy stands for the
category of fppf sheaves on U. With “sheaf over U” we always mean a sheaf for the fppf topology.

— 3.2.1. Let C be a bounded complex of sheaves over U C spec O. For every finite place v of
k, let I(k,) := RI'(k}, C) be a complex of groups which computes étale cohomology of C' over k!,
and for infinite v, let I(k,) be a complex of groups which computes the Tate modified cohomology
(INSWO00], 1.2) of C over k,. We write

P(U,C):=[[I(ky) and  PY(U,C):=HPUC) =[] H(k:C)
vgU vgU
the products running over all infinite places of k and those finite places of k£ not corresponding
to a closed point of U. We regard P(U,C') as an object of the derived category of commutative
groups DAb, where it is well defined up to a unique isomorphism. One has a canonical morphism
of triangulated functors
a:RINU,—-) — P(U, —)

On factors corresponding to a finite place, this morphism is given by the natural morphism
RI'(U,C) — RI'(ky,C) induced by the maps speck, — U. On factors corresponding to an
archimedean place, it is given by composing the natural morphisms RT'(U,C') — RI'(k,,C) and
RI'(k,,C) — I(ky), the second one given (say) using standard resolutions. Following Milne, we
define cohomology with compact support of C' by

C(U, —) := Cone a]—1] and HY(U,C) := H'C(U,C)

The following proposition ([Mil08], Proposition I1.2.3) lists the basic features of compact support
cohomology. For the sake of completeness, and since it is constructive, we sketch the proof.

PROPOSITION 3.2.2. Let U C spec Oy, be an open subscheme. The following holds:

(1) There is an exact triangle C(U,C) — RI'(U,C) — P(U,C) giving rise to a long exact
sequence of groups --- — P YU, C) — HYU,C) — H'(U,C) — PYU,C) — ---
natural in C'.

(2) An exact triangle C; — Cy — C3 — O1[1] in DPFys gives rise to a long exact sequence
of groups -+ — HIN(U, Cs) — Hi(U,Cy) — Hi(U,Cy) — Hi(U,C3) — -

(3) Leti: Z — U be a closed immersion, and let C be a sheaf on Z. There is a canonical
isomorphism C(U,i.C) = RI'(Z,C)
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(4) Let V' be an open subscheme of U, write j : V. — U for the inclusion and let C be a sheaf
on V. There is a canonical isomorphism C(U, jC) = C(V,C).

(5) Let j: V. — U be an open subscheme of U with complement i : Z — U, and let C be a
complex of sheaves on U. There is a canonical and natural exact triangle

C(V,j*C) — C(U,C) — RI(Z,i*C)

in the derived category of commutative groups. In particular, the first map in this triangle
gives rise to canonical and natural morphisms HY(V, j*C) — H(U,C).

(6) Let m: U — U be a finite map, and let C be a sheaf on U'. There is a canonical and
natural isomorphism C(U,w,.C) =2 C(U’,C).

PROOF. Assertion (1) holds by definition of the cone, and the (2) stems from the elementary
fact that the cone of a morphism of triangulated functors is again triangulated (the snake lemma,
that is). For (3), observe that P(U,i.C) is trivial, since the stalk of j,C at the generic point is zero.
Thus, we have indeed isomorphisms

C(U, j.C) = RI(U, j,.C) 2 RI'(Z,C)
To show (4), let Z be the complement of V' in U, and consider the relative cohomology sequence
of the pair V' C U. This sequence comes from an exact triangle

RI'z(U,jiC) — RI(U, j:C) — RI(V,C)

where 'y is the functor of sections with closed support on Z. Now, Z is just a finite union of
closed points, so that by excision ([Mil80], I11.1.28) and ([Mil08], II.1.1) the above exact triangle
becomes the middle horizontal row in the following diagram

C(U,j1C) —= C(V,C)

[ RC(:C) . rrw, i) — ROV, C)
vEZ
H

HZRT(’%}?»C)% P(U,C) — = B(V,C)

which shows the claim. For (5), let C be a sheaf on U, write again j : V' — U for the inclusion and
1 : Z — U for the inclusion of the closed complement Z of V. We have then an exact sequence of
sheaves on U

0— jj°C — C — ,i"C — 0
Applying the triangulated functor C(U, —) yields an exact triangle. Taking (3) and (4) into account,
this triangle is the triangle we wanted. For (6) it is enough to observe that we have already natural
isomorphisms RI'(U, 7,.C') = RT(U’, C) and P(U, 7.C) = P(U’, C). O

— 3.2.3. If k£ has no real places, or else if one is morally prepared to ignore the prime 2, then
compact support cohomology is given by H:(U,C) = H'(spec Ok, jiC), where j : U — spec O, is
the inclusion. Indeed, we have in any case an isomorphism H{(U, C) = H(spec Oy, j1C) (property
(4)), and H!(spec O, jiC) is by definition the homology of the cone

C(spec O, 1C) := Cone (a : RT'(spec Ok, iC) — H I(k:v)) [—1]
v infinite
where I(k,) computes the Tate modified cohomology of C' over k,. If all infinite places of k
are complex then the I(k,) are homotopic to zero, hence C(spec O, jiC) is quasi-isomorphic to
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RT'(spec Ok, /1C) in this case. This, covariant functoriality and the existence of long exact sequences
explains why the construction is called compact support cohomology. The following diagram com-
mutes:

pP~YU,C) - H{(U,C) — H'(U,C) — P'(U,C)

f f | f

P~V,C) — H{V,C) — H'(V,C) — P'(V,0)

The maps H'(U,C) — H*(V,C) are restrictions, the maps Hi(V,C) — H!(U, C) are those given
by property (5) in Proposition 3.2.2, and the maps P*(V,C) — P*(U,C) are the projections.
That this diagram commutes follows just by bookkeeping the construction of the contravariant
functoriality (property (5)) for compact support cohomology. Ignoring the prime 2, this follows as
well from elementary formulae for sheaf pull-back and extension by zero.

PropPOSITION 3.2.4. Let C' be a moderate complex on U. For every prime £ invertible on U,
the multiplication—by— map on HL(U,C) has finite kernel and cokernel.

Proor. We have seen in 3.1.2 and 3.1.8 that the analogous statement holds for the groups
P{U,C) and HY(U,C). Tt holds thus for the groups H:(U,C) as well because of the long exact
sequence in (1) of Proposition 3.2.2. O

— 3.2.5. Trace map: We briefly explain how to compute the cohomology with compact sup-
port of the multiplicative group G, over an open U C spec Oy, following Milne ([Mil08], I1.2.6).
For simplicity we suppose that U # spec O, so that there is at least one finite place of k not
corresponding to a closed point of U. Recall that if v is a finite place of k, then there is a canonical
trace isomorphism

try : H*(ky, Gyn) = Br(k,) — Q/Z

By Hilbert 90 we have H'(k,,G,,) = 0, and as k, is of cohomological dimension 2, we have
H3(ky,G,,) = 0. If v is a real place of k, then the trace isomorphism is

tr, : H2(ky, Gp) = Br(k,) — 12/Z
and we have still H'(k,,G,,) = 0 by Hilbert 90, and H?(k,,G,,) = 0. The relevant part of the
long exact sequence 3.2.2(1) now reads
Pic(U) — HZ (U, Gy) — Br(U) — @ Br(ky) — H(U,Gp) — H*(U,Gyp)
v¢U

The group H3(U,G,,) is trivial by [Mil08], I1.2.2. By global class field theory (essentially by the
theorem of Brauer, Hasse and Noether) we know that a collection of local Brauer elements ()¢
with z, € Br(k,) comes from a global Brauer element z € Br(U) if and only if the sum of the

Z try (zy)

veU
is zero in Q/Z. Therefore (unless U = spec Of), we see that the local trace isomorphisms induce a

traces

canonical global isomorphism
tr: H3(U,Gp) — Q/Z

In the case U = spec O} we have still an isomorphism H3(U,G,,) = Q/Z ([Mil08] Proposition
I1.2.6), but that case is not interesting for us.
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— 3.2.6. Pairings: Let A, B and G be objects of DPF7, and ¢ : A@* B — G be a morphism.
We shall construct canonical morphisms

P(U, A) @ P(U,B) — P(U,C)  and  RI(U, A)®" C(U, B) — C(U,G)

in the derived category of commutative groups D.Ab, depending naturally on A, B and G. Observe
that for any triangulated functor F' : DF — D.Ab there is a canonical morphism F(A)®“F(B) —
F(A®" B) in DAb (which is an isomorphism if F'(A) or F(B) is flat). From this, one obtains the

local pairing by composing

P(U, A) @ P(U, B) — P(U, A&" B) — P(U, C)
The same way, we get also a morphism RI'(U, A) @ RI'(U, B) — RI'(U,C). We have a canonical
“localization” morphism a4 : RT'(U, A) — P(U, A), whose cone shifted by 1 computes compact

support cohomology by definition, and similarly we have morphisms ap and ac. We consider then
the following square

(U,A) @ RI(U,B) — RI(U,C)
| oo e
RI(U,A) &% P(U,B) — P(U,C)
where the lower horizontal map is obtained by composing the local pairing with the map a¢ in the

first variable. The cones of the vertical maps shifted by one degree yield the desired global pairing.
From these considerations follows the all-important

PROPOSITION 3.2.7. Let A and B be objects of D° Fyr, and ¢ : AQ" B — G,,[1] be a morphism.
There are canonical and natural pairings

HY(U,A) x H* Y(U,B) — Q/Z  and  PYU, A) x P'7Y(U,B) — Q/Z
These pairings are compatible, meaning that the diagram

| | | |

P> (U,B)” — H*'(U,B)” — H?(U,B)” — P'*(U,B)”
commutes. Here, (—)” means Hom(—,Q/Z).

PROOF. In 3.2.6, we have constructed a pairing RI'(U, A)®@“C(U, B) — C(U, G) in the derived
category of commutative groups D.Ab. Taking homology yields pairings

H'(U,A) x H{(U, B) — H*Y(U,G,)

Via the trace isomorphism H3(U, G,,) = Q/Z, the desired pairings appear. In the case U = spec O,
we can still consider H2 (U, G,,) = %Z/ Z as a subgroup of Q/Z. For the local pairings, we consider
the composition

P(U, A) @ P(U, B) — P(U, Gy, [1]) — C(U, G, [1])[1]
Again taking homology and applying the trace isomorphism yields the desired pairings. Alterna-
tively, we could consider first for each individual place v ¢ U the pairing

H'(ky, A) x H'""(ky, B) — H?(ky,Gyn,) 2 Q/Z (or 3Z/Z)

using the local trace isomorphism, and then define the pairing P*(U, A) x P*~4(U, B) — Q/Z
by summing up. By definition of the global trace isomorphism, this amounts to the same. The
compatibilities hold already on the level of complexes, by construction. O
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3.3. Structure of the cohomology groups of a 1-motive

In this section we show some structure results for the cohomology groups of 1-motives over
an arithmetic scheme, meaning either an open subscheme of the spectrum of the ring of integers
of a number field, or the spectrum of a number field, or the spectrum of a local field. We begin
by recalling two presumably well-known structure results for commutative groups. In this section,
group always means commutative group.

LEMMA 3.3.1. Let A be a torsion group. If the multiplication—by— map on A has finite kernel,
then there exists an isomorphism A[(*°] ~ (Qu/Z¢)" ® F for an integer n > 0 and a finite {—group
F. In particular, the following holds

(1) The subgroup of divisible elements of A[(>] coincides with its mazimal divisible subgroup'.

(2) Ewvery subgroup and every quotient of A has the same property.

(3) Let Bp 2 By O Bg--- be a descending chain of subgroups of A, and let B be their
intersection. There exists i > 0 such that B[{>°] = B;[{*°].

PROOF. By hypothesis, the group A[/] is finite, say isomorphic with (Z/¢Z)™ for an integer
m > 0. We can thus choose an injection A[¢] — (Qg/Z¢)™. Because (Q/Z¢)™ is divisible, that is,
an injective object in the category of commutative groups ([Rot95], Theorem 10.23), there exists

c¢ \
Ale] - . (Qe/Ze)™
The map f is automatically injective, and identifies thus A[¢>°] with a subgroup of (Qy/Zs)™. The
subgroups of (Q/Z;)™ are all of the form (Q,/Z,)" ® F' for some n < m and some finite F'. This
shows that A[¢*°] has the claimed structure. Properties (1) and (2) are immediate from this. To
show (3), we can suppose that A and the B;’s are {—torsion groups, say A ~ (Qu/Zy)" & F and
B; ~ (Q¢/Z¢)™ @ F;. The sequence of integers n; > 0 is decreasing, hence stabilizes for sufficiently
big i. We can thus suppose that B; ~ (Qy/Z;)" @ F; for a fixed integer r. But then, B is of finite
index in B; for all ¢, so we must indeed have B = B; for some sufficiently big . O

a filler f in the diagram

— 3.3.2. Our next lemma concerns extensions of finitely generated groups by finitely generated
free Z,-module. Such a group T fits thus into an exact sequence

O—>Z;—>T—>D—>O

where D is finitely generated. We can equip 7" with a topology by taking on Z;, the usual p-adic
topology and declaring Z;, to be open in T, so that D is discrete for the quotient topology. This
topology on T is canonical, it does not depend on the way we write T' as an extension. What
we are going to say about such extensions is best formulated in terms of topological groups, even
though the structures condition we impose is a purely algebraic condition. We are thus interested
in topological groups satisfying

()

As a topological space such a group 7' is locally isomorphic to Z;, and the group law T'x T — T'is

The group T is topologically finitely generated and contains an open subgroup isomorphic
to a finitely generated free Z,-module.

locally given by addition in Z;. This means, as we shall see in section 5.1, that 7" is a commutative
p—adic Lie group of dimension 7, and we shall also see that in fact every commutative p—adic Lie
group which is topologically finitely generated has this form. This condition (x) is interesting for
the following, presumably well-known reason:

Lin general, the maximal divisible subgroup is only contained in the subgroup of divisible elements.
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PROPOSITION 3.3.3. Let G be a semiabelian variety over a p—adic field K. The group of rational
points G(K) is an extension of a finitely generated group by a finitely generated free Z,-module.

PROOF (SKETCH). For an abelian variety A over K this is a classical result of Mattuck (see
Abelian varieties over p—adic fields, Ann. of Math. 62 (1955), 92-119). More precisely, A(K) is
even compact, that is, an extension of a finite group by a finitely generated free Z,module. For
the multiplicative group G,, the result can be shown as in Serre’s Cours d’arithmétique, 11.3. Now
is G is a torus over K split over K'|K, then G(K’) is of the form (x), hence G(K) since it is a
closed subgroup of G(K'). The claim follows by dévissage. O

LEMMA 3.3.4. Let T be a topological group satisfying (). Let X be a finitely generated subgroup
of T with closure X. There is an isomorphism of topological groups

T/X ~T/X x X/X

The group T/X satisfies again (x), and X /X is divisible, carrying the trivial topology (having only
two open sets, the empty set and the whole space).

PRrROOF. We have a tautological sequence 0 — X /X — T/X — T/X — 0 of topological
groups and continuous morphisms, which is exact as a sequence of abstract groups. We have to
show that T/X and X /X have the claimed structure, and that this short exact sequence has a
continuous section.

Let T" be any closed subgroup of T" and let us show that 77 and T'/T" satisfy (x). Choose an
open subgroup L C T which is a finitely generated free Z,-module. Since L is open, the quotient
D :=T/L is discrete and topologically finitely generated, since T is so, hence just finitely generated
as a group. Since T” is closed in T" and since L is open and closed in T, the intersection L' := LNT"’
is closed in L and open in T”. Every closed subgroup of a finitely generated free Z,-module is again
a finitely generated free Z,-module. Indeed, by closedness the Z-module structure of the subgroup
uniquely extends to a continuous Z,-module structure on one hand, and on the other hand since
Z,, is a principal ideal ring every submodule of a finitely generated free module is finitely generated
and free. Hence, L' is a finitely generated Z,-module and an open subgroup of 7”. Writing D’ for
the image of T” in D, we can write 7" as an extension of the finitely generated group D’ by L/,
hence T” satisfies (x). We can write T/T" as an extension of the finitely generated discrete group
D/D’ by the finitely generated Z,-module L/L’. Now L/L’ is not necessarily free, but certainly
contains a finitely generated free Z,-module as an open subgroup of finite index, which is then also
an open subgroup of T/T". In particular this shows that T//X satisfies ().

The quotient topology on X /X is the trivial topology having only two open sets, the empty set and
the whole space, because X is dense in X. Indeed, the preimage in X of any open neighborhood of
the identity of X /X is an open neighborhood U of the identity of X such that X + U = U. Since
X is dense in X the intersection (x + U) N X is nonempty for all € X, thus we have U = X and
hence every open neighborhood of the identity of X /X is in fact equal to X /X. Let us show that
the group X /X is divisible. Indeed, X is topologically finitely generated, and contains a finitely
generated free Z, module as an open subgroup. In particular, the subgroup nX of X is open and
of finite index for every n > 0. Hence nX contains an element of X for all n > 0, and that precisely
means that multiplication-by-n is surjective on X/X.

Finally, let us show that the exact sequence given at the beginning is topologically split. Indeed,
because X /X is divisible, there exists ([Rot95], Theorem 10.23) an section T/X — X /X of the
given injection X /X — T/X. Any such section is necessarily continuous because of the topology
given on X /X. Hence, we have a decomposition T/X = T/X x X /X as topological groups. [
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REMARK 3.3.5. Concerning the structure of the divisible group X /X in the above proposition,
we can be a bit more precise. Indeed, we have

X/X ~ (V ®(Qp/Zp) " @ @(Qg/Zg)erer)
L#p
In this expression V' is a uniquely divisible group, i.e. a Q-vector space (either trivial or of
uncountable dimension) and the integers e, r and d are

e :=rank X and r:=rank X and d:=dim X

meaning that: e is the least integer such that e elements generate X modulo torsion, r is the least
integer such that r elements of X generate a subgroup with open closure of finite index, and d is
the least integer such that d elements of X generate a subgroup with open closure. This can be
seen as follows. By the classification theorem for divisible groups ([Rot95], Theorems 10.28 and
10.29), every divisible group is isomorphic to a group

Ve P @i/z,)%"
0

for a uniquely divisible group V' and unique cardinals «(¢) for each prime number ¢. Thus, we just
need to show that for each prime ¢ and some i > 0, multiplication by ¢ on X /X has a finite kernel,
containing ¢/¢=") elements if ¢ = p and £/¢="+4) elements if ¢ = p. Indeed, the snake lemma applied
to the multiplication-by—¢* map on the short exact sequence 0 — X — X — X /X — 0 yields
an exact sequence

0 — X[{1] — X[l'] — X/X[()| — X/l'X — X/I'X —0

Let us choose i so big that the (-torsion part of X and X (which is finite in both cases) is killed
by ¢*. From the above sequence we get
— o X/ 0X - #X[0 ; X[
4x/x[e) = XX AXW] e #XU
#X[0] - #X /00X #X /X

The group X contains a finitely generated Z, module as an open subgroup. The Z, rank of any
such subgroup is d, and the quotient of X by this open subgroup is a finitely generated group of
Z-rank r — d. Hence, the second factor has indeed ¢:("=% elements if £ # p, and ¢ elements in the
case £ = p.

— 3.3.6. We now come to structure results for the cohomology of a 1-motive, starting with the
local case. Let K be a p-adic field, i.e. a finite extension of Q,, and let M = [u: Y — G] be a
1-motive over K. We have a long exact cohomology sequence, starting with

0— H YK,M) —Y(K) — G(K) — H(K,M) — HYK,Y) — HY(K,G) — ---

We have seen that G(K') contains an open subgroup isomorphic to a finitely generated free Z,-
module. The group H!(K,Y) is finite, hence H(K, M) is essentially the quotient of G(K) by the
image of the finitely generated group Y (K). Lemma 3.3.4 precisely explains the structure of such
quotients.

PROPOSITION 3.3.7. Let M be a 1-motive over the p—adic field K. For all i and all primes
¢, multiplication-by— has a finite kernel and cokernel on the cohomology group H'(K,M). These
cohomology groups have the following structure

(1) The group H=*(K, M) is finitely generated
(2) The group H°(K, M) is a direct sum of a divisible group and a group which is an extension
of a finitely generated group by a finitely generated Z,-module.
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(3) The groups H (K, M) and H?*(K, M) are torsion groups, and H?(K, M) is divisible

(4) Fori < —1 ori > 2, the groups H' (K, M) are trivial.
Denote by X the image of Y (K) in G(K), and by X the closure of X in the p-adic topology on
G(K). Then, the divisible subgroup of H°(K, M) is canonically isomorphic to X /X.

PROOF. The group H (K, M) is a subgroup of Y (K) which is finitely generated. The group
HY(K, M) is an extension of G(K)/X and a subgroup of H'(K,Y) which is finite. The divisible
subgroup of HO(K, M) is thus the same as the divisible subgroup of G(K)/X. By Lemma 3.3.4,
we know that this quotient is indeed a sum of the divisible group X /X and a group which is
an extension of a finitely generated group by a finitely generated Z, module. For i > 1, the
cohomology groups H*(K,Y) and H*(K, Q) are torsion, hence the H*(K, M). The last statement
holds because K is of cohomological dimension 2. (|

— 3.3.8. Let k be a number field, let v be a finite place of k of residual characteristic p, and let
k, be the completion of k with respect to v. Let kf} C k, be the field of fractions of the henselization
of the localization of Of in v, as in 3.1.4. The next proposition, which is a minor generalization of
Lemma 2.7 in [HS05a] compares the cohomology of a 1-motive over kI with its cohomology over
the p—adic field k,.

PROPOSITION 3.3.9. Let M be a 1-motive on k. Then, the map HO(k!, M) — HO(k,, M) is
injective and has a uniquely divisible cokernel, and for all i # 0 the maps H'(k}, M) — H'(k,, M)
are isomorphisms.

PrOOF. Write M = [Y — G/, and let us first consider the case [0 — G]. By Greenberg’s
approximation theorem, G(k!) is dense in G(k,) for the v-adic topology. For all integers n > 0,
the subgroup nG(k,) is open in G(k,), and so are its cosets. Thus every coset of nG(k,) contains
an element of G(k), what shows that the quotient G(k,)/G(k!) is divisible. On the other hand,
if P € G(k,) is a point such that nP is in G(k!), then already P must be in G(k!), since k! is
algebraically closed in k,. This shows that G(k,)/G(k}) is uniquely divisible.

The Kummer triangle G — G — G @ Z/nZ induces commutative diagrams with exact rows

n

H\ (kG &Y 2/nz) — HI(K,G) H (K, G)

=) i i

H' Y (ky, G @Y Z/nZ) — H(ky,G) ——— H'(k,,G)

for all i € Z and n > 0. In order to show that the map H'(k!, G) — H'(k,, G) is an isomorphism,
it is enough to show that the map

H7Y kD, G /nH T (KD, G) — H™ (ky, G) /nH Ky, Q)

is an isomorphism for all n > 0. For i = 1 we know that already, and for ¢ > 1, this follows by
induction. This settles the proposition for [0 — G]. The morphisms H(k!,Y) — H(k,,Y) are
isomorphisms for all 4, since k! is closed in k,. The general case follows now by dévissage. O

— 3.3.10. We now come to structure results over a global base. Let k be a number field with ring
of integers Oy, and let U be a open subscheme of spec O;. While the cohomology groups H'(k, M)
for a 1-motive M over k are not very handy (they are in some sense “too big”) the cohomology
groups H*(U, M) for a 1-motive M over U behave nicely, as the next proposition shows.
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PROPOSITION 3.3.11. Let M be a 1-motive over U. Then

(1) the groups H-1(U, M), HY(U, M) and H2(U, M) are finitely generated
(2) fori > 1, the groups H'(U, M) are torsion groups, and so are H(U, M) for i > 2

If 0 is a prime number invertible on U, the multiplication by £ has a finite kernel and cokernel on

HY(U,M) and HL(U, M).

PrOOF. That H~1(U, M) is finitely generated is clear, since H (U, M) = ker(Y(U) —
G(U)). That H°(U, M) is finitely generated follows from the Mordell-Weil theorem, Dirichlet’s
unit theorem and dévissage. From this and again dévissage it follows that HO(U, M) is finitely
generated. The groups H*(U, M) are torsion because étale cohomology groups in degree i > 0
of any group scheme are torsion. That H(U, M) is torsion for i > 2 follows from the long exact
sequence relating cohomology with compact support cohomology. The additional statement follows
from 3.1.8 and 3.2.4. O

~ 3.3.12. For i > 3, the groups H*(U, M) are finite groups of exponent 2, depending only on
the real places of k and for i < —1 they are trivial. Likewise, the groups HZ(U, M) are finite groups
of exponent 2, depending only on the real places of k for ¢ < 0, and trivial for ¢ > 3.

PROPOSITION 3.3.13. Let M = [Y — G| be a 1-motive over a number field k. Then H°(k, M)
is isomorphic to a direct sum of a free group and a finite group.
More generally, let kolk be a Galois extension with Galois group Ty, and write M (ko) for the
complex of To-modules [Y (ko) — G(kq)]. Then H®(Ty, M (ko)) is isomorphic to a direct sum of a
free group and a finite group.

PRrROOF. For brevity, let us call a group almost free if it is isomorphic to a direct sum of a free
group and a finite group. Write A and T for the abelian, respectively the toric part of G.
The group A(k) is of finite type by the Mordell-Weil theorem, hence almost free. The group G, (k),
hence any power G/, (k) is almost free, because k* it is the sum of the finite group of roots of unity
of k and a subgroup of the free group of divisors Div(k). Choose a finite extension k' of k over
which T splits. Then, T'(k) is a subgroup of the almost free group T'(k’'), and we have an exact
sequence

0 — T(k) — G(k) — A(k)

Thus, in order to show that G(k) is almost free it is enough to show that the class of almost free
groups is stable under taking subgroups and extensions. We check this in Proposition 3.3.14 below.
There is an exact sequence Y — G(k) — H®(To, M) — H'(To,Y). The group Y7 is of finite
type and H(I'g,Y) is even finite, and we have seen that G(k) is almost free. We shall also check
in Proposition 3.3.14 that the quotient of an almost free group by a group of finite type is almost
free, hence H°(I'g, M) is almost free, as claimed. O

ProproSITION 3.3.14. FEwvery quotient of an almost free group by a finitely generated group is
almost free, and the class of almost free groups is stable under extensions.

PRrROOF. Let G be a finitely generated subgroup of the almost free group L & F' where L is free
and F is finite. Let (e;);cr be a Z-basis of L and let gq,..., g, be generators of G. Each g; can be
uniquely written as a sum

95 =1+ Zaijei

el
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of an element f; € F and a finite Z-linear combination of the e;’s. Let e1,..., e, be the set of
those basis elements of L occurring in these linear combinations. Then we have L = L' ® L”, where
L’ is the factor of L generated by eq,...,ée,. The group G is a subgroup of F & L', and we have

(FeL))G=2(FeL)/GaL"

But L’ and hence (F & L')/G are finitely generated, hence isomorphic to a sum of a free group and
a finite group. The first claim follows. Now let E be an extension of two almost free groups, i.e.
there exist free groups L1 and Lo and finite groups F; and F5 and a short exact sequence

0 —L1oFf —F—LydFy, —0

We must show that E is isomorphic to the sum of a free group and a finite group. Let E’ be the
subgroup of F consisting of the elements mapping to the finite group F5. Then F is an extension
of Ly by E’, and since Lo is free there exists an isomorphism F ~ E’ @ Lo. It remains to show that
E'’ is almost free. The group E’ sits in a short exact sequence

0—L16F, —FE —F—0

Let G’ be a finitely generated subgroup of E’ mapping surjectively onto Fy, and let G be the
intersection of G’ with Ly @ F;. We have already shown that E'/G’ = (L; @ F1)/G is almost free,
hence isomorphic to L' @ F’, with L’ free and F’ finite. We find a short exact sequence

0—G —FE —LaeF —0

Let E” be the subgroup of E’ consisting of the elements mapping to the finite group F’. Then E’
is an extension of L' by E”, and since L’ is free there exists an isomorphism E' ~ E” @ L'. But
E" is finitely generated, so in particular almost free. This shows that E’, and hence E are almost
free. O

COROLLARY 3.3.15. Let M = [u: Y — G| be a 1-motive over the number field k, and write
Z := H (M) = keru. There is a canonical isomorphism Z (k) @ Zy = H°(k, T,M).

ProoOF. From 2.2.9 we get a short exact sequence
0 — Z(k)®Zy — H°(k,T;M) — T,H°(k, M) — 0

because the torsion subgroup of H?(k, M) is finite by Proposition 3.3.13, the last group in this
sequence vanishes, hence the desired canonical isomorphism. U

3.4. Tate—Shafarevich groups

We introduce two kinds of groups consisting of global cohomology classes that are locally
everywhere trivial. Among them, of course, the Tate-Shafarevich groups

DEFINITION 3.4.1. Let S be a set of places of k, and let C be a bounded complex of continuous
I's—modules. For ¢ € Z, we define the Tate—Shafarevich group relative to S by

I (k, ©) := ker (Hi(rs, C) — Pi(k, C))

where Pg(k,C) is the restricted product of the groups H {(kP, C)yes with respect to the maps
ry : H(O,C) — H' (K}, C). In words, an element of H'(T's,C) belongs to Il (k,C) if for all
places v € S it maps to zero in H'(k,,C), and if for all but finitely many places v € S where it is
unramified it maps to zero already in H*(O!, C). In the case S is the set of all places of k, we drop
it from the notation.
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— 3.4.2. In the case where the maps H!(O!, C) — H!(k},C) are almost all injective we can
forget about the restricted product and have just

1L (k, C) = ker (Hi(rs, c) — [ H G, 0))

vES

We could also define I1T%(k, C) using the groups H'(k,,C) rather than H'(k! C). Indeed, the
Galois cohomology groups H'(k,,C) and H'(k}, C) are isomorphic, as k, and k! have isomorphic
absolute Galois groups. We find it nicer to work with the fields k! because this fits better with
compact support cohomology. We will also have to consider the following integral variant of the
Tate—Shafarevich group:

DEFINITION 3.4.3. Let U be an open subscheme of spec O and let C be a bounded complex
of sheaves on U. We write

D'(U,C) = ker (H'(U,C) — P'(U,0))

where P(U,C) is the product of the groups H(k!},C) over the finite or infinite places of k not
corresponding to a closed point of U (c.f. 3.2.1).

— 3.4.4. The long exact sequence relating cohomology and compact support cohomology shows
that

D'(U,C) = im (H\(U,C) — H'(U,C)) 2 coker (P~ 1(U,C) — HL(U,C))

The interest of these groups is that they provide a good approximation to Tate—Shafarevich groups
on one hand, and that on the other hand pairings are easily defined for them, as we can see
immediately

PROPOSITION 3.4.5. Let U be an open subscheme of spec Oy, and let C' be an object in DPFy;.
Let S be a set of places of k. There are canonical and natural pairings

DY(U,C) x D**(U,CY) — Q/Z

PROOF. From Proposition 3.2.7, definition of D*(U,C) and the remark following it, we get a
diagram with exact rows

0 DY (U, C) HY(U,C) PYU,C)
v | |
0 D27i(U’ C\/)D s HQQ*?,(U’ C\/)D . Pl*i(U’ C\/)D

The pairing we wanted is then given by the dotted arrow. Naturality follows from naturality of the
pairings in 3.2.7. O

LEMMA 3.4.6. Let S be a set of places of k containing all infinite places, let V. C U be open
subschemes of spec Oy containing all closed points spec Oy that do not correspond to an element of
S, and let C be a complex of sheaves on U. The image of D'(V,C) in H (T's,C) is contained in
the image of D'(U,C).
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PROOF. By the previous remark, the image if D*(U,C) in H*(I's, C) is the same as the image
of H:(U,C) via the following diagram

H{U,C) — H'(U,C)

! N

H{V,C) — H'(V,C) - H'(Ts,C)

This shows the claimed inclusion. O

3.5. Duality theorems for finite complexes

The goal of this section is to extend three duality theorems which are classically known for
finite group schemes to bounded complexes of sheaves, whose homology groups are finite group
schemes. These duality theorems are the following, each of which I shall recall at the given place:
The Artin—Verdier duality for finite groups over a p—adic field, its global version for finite locally
constant group schemes over a finite localization of the ring of integers of a number field, and the
Poitou-Tate duality theorem for finite Galois modules over a number field.

That these generalizations hold for the local and global Artin—Verdier dualities is fairly immediate,
the thankless task of proving them consists of screwing up the complexes and proceed on induction
on their length. To prove the Poitou—Tate duality for complexes is slightly more challenging.

— 3.5.1. The local duality theorem of Tate and Nakayama. Let p be a prime number
and let K be a p-adic field, that is, a finite extension of Q,. By local class field theory, we have an
isomorphism

H*(K,G,,) 2 BrK ~Q/Z
Now let F' be a finite group scheme over K, with Cartier dual FV = Hom(F,G,,). The canonical
evaluation map F ® FV — G, yields pairings of cohomology groups H' (K, F) x HI(K,FV) —
H™I(K,G,,). The local duality theorem ([NSWO00], Theorem 7.2.9 or [Mil08] Theorem 1.2.14)
states that the pairings
HY(K,F)x H*Y(K,FY) — Q/Z

are perfect pairings of finite groups.

PROPOSITION 3.5.2. Let C be an object of D*Fy such that H™(C) is a finite group over K for
all v € Z, and write CV := RHom(C,G,,). The canonical pairings

H(K,C) x H*Y(K,CV) — Q/Z
are perfect pairings of finite groups for all i € 7.
PRrROOF. Without loss of generality, we can assume that H*(C) = 0 except for 0 < i < n for
some integer n > 0. We proceed by induction on n. For n = 0 there is nothing to prove, so we
assume that n > 0, and that the proposition holds for complexes with homology concentrated in

degrees 0 < i < n. By hypothesis, F' := H"(C) is a finite group scheme over K. Let C<,_; be the
truncation of C' at degree n — 1, so that we get an exact triangle

an—l — C — F[—n]
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The homology of CV is concentrated in degrees —n < i < 0, and applying RHom(—,G,,) to the
above triangle yields a triangle

F'[n] — €Y — (C<n-1)"

where FV' = Hom(F,G,,) is the Cartier dual of F. This uses that K is of characteristic zero
and Lemma 1.2.4 which implies that £zt'(F,G,,) = 0 for all i > 0. The long exact cohomology
sequences associated with these triangles fit into a diagram

HY(K,C<,_1) — HY(K,C) H™™(K,F)

) A ]

H2—i(K, anfl)D . H27i(K, C)D . H27i+n(K’ F\/)D

where (—)P = Hom(—,Q/Z). The maps «; and 7; are isomorphisms by the classical local Artin—
Verdier duality theorem and by the induction hypothesis. Hence, the maps (3; are isomorphisms,
by the five lemma. O

COROLLARY 3.5.3. Let C' be a moderate object of D*Fi¢, and write CV := RHom(C,G,,). The
canonical pairings

HY(K,T,C) x HYK,B,C") — Q/Z
are perfect pairings of topological groups for all v € Z.

Proor. This follows from 3.5.2 and taking limits. |

— 3.5.4. The Artin—Verdier duality theorem. Let k£ be a number field, and let U C spec Oy
bs a nonempty open subscheme. By global class field theory, we have an isomorphism H3 (U, G,,) =
Q/Z, as we computed in 3.2.5. Let F' be a finite locally constant group scheme over U whose order
is invertible on U, with Cartier dual F'V. The canonical adjunction map F @ FV — G, yields
pairings

H'(U,F)x H*(U, FY) — Q/Z
The duality theorem of Artin and Verdier ([Mil08] Corollary I1.3.3.) states that the pairings are
perfect pairings of finite groups.

PROPOSITION 3.5.5. Let C' be an object of D°Fyr such that H™(C) is a finite locally constant
group scheme over U of order invertible on U for allr € Z, and write CV := RHom(C,G,,). Then,
the canonical pairings

H(U,C) x H3/(U,CY) — Q/2Z
are perfect pairings of finite groups for all i € 7.

PROOF. Same as for 3.5.2. Mind that since the order of F' is invertible on U the group scheme
F is locally constant, and therefore we have Ext*(F,G,,) = 0 for all i > 0 by Lemma 1.2.4. O

COROLLARY 3.5.6. Let C be a moderate object of D°Fyr, and write CV := RHom(C,Gy,). Let
¢ be a prime number invertible on U. Then, the canonical pairings

HY(U,T,C) x H (U, B,CY) — Q/Z  and  H'(U,B,C) x H> (U, T,CV) — Q/Z

are perfect pairings of topological groups for all i € Z.
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COROLLARY 3.5.7. Let C be an object of D°Fy such that H"(C) is a finite locally constant
group scheme over U of order invertible on U. The canonical pairing

DY(U,C) x D**(U,CV) — Q/Z
is a perfect pairing of finite groups.

PROOF. Indeed, this pairing comes by definition from a diagram with exact rows

0 DY (U, C) HY(U,C) PYU,C)
0 D37i(U’ C\/)D s H§7Z(U’ C\/)D . P27i(U’ CV)D

All groups in this diagram are finite. The second and third vertical map are isomorphisms by 3.5.5
and 3.5.2 respectively. O

— 3.5.8. The Poitou—Tate duality theorem. Let k be a number field with fixed algebraic
closure, let .S be a set of places of k containing the infinite places, and define kg and I'g as in 3.1.9.
Let F be a finite continuous I's—module of order in N(S) and let F'V be its dual. The Poitou-Tate
duality theorem ([NSWO0O0], Theorem 8.6.8) asserts that there exist canonical pairings

1% (k, F) x UT% ' (k, FY) — Q/Z

and that these are perfect pairings of finite groups for all ¢ € Z. Except for i = 1 of ¢ = 2 they are
trivial. Again, this continues to hold when we replace F' by a finite complex. Recall that to give
a finite continuous I"'s—module is the same as to give a finite k group scheme which is unramified
outside S, or else, a finite k—group scheme which extends to an étale group scheme over spec O,
for all v ¢ S, where O, is the ring of integers of the local field k,.

THEOREM 3.5.9. Let C be a complex in DPFy such that each H'(C) is finite of order in N(S)
and unramified outside S for all i, and write C¥ := RHom(C,G,,). There are canonical, perfect
pairings finite groups

m%(ka C) X ]H?Sfl(k‘a CV) - Q/Z

— 3.5.10. The proof of this is less straightforward since we can not use dévissage anymore by
lack of any apparent exactness properties of the functor I_HZS(k‘, —). The proof of 3.5.9 consists
rather of combining the already proven duality theorems for finite complexes. We give a complete
proof for the case when S contains all infinite places as we suppose, and indicate then briefly how
one can get rid of this hypothesis. We need two preparatory lemmas, generalizing Lemmas 4.6 and
4.7 of [HSO05a].

LEMMA 3.5.11. Let R be a henselian discrete valuation ring with field of fractions K of char-
acteristic zero and finite residue field k of characteristic p > 0, and let C be a bounded complex of
fopf sheaves on R such that H'(C) is a finite group scheme on R of order prime to p for all i. The
restriction map H'(R,C) — H'(K,C) is injective for all .

PRrROOF. Let F' be a finite locally constant group scheme on R of order prime to p. Because F' is
proper, equality F(R) = F(K) holds. The restriction H'(R, F) — H'(K, F) is injective. Indeed,
the kernel of this map corresponds to F—torsors on R that have a K—point, and by properness such a
torsor has already a R-—point. For i > 1, the group H*(R, F) is trivial, because H*(R, F) = H'(x, F)
by Proposition II.1.1 of [Mil08]. This shows the lemma in the case C'is concentrated in one degree.
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We continue by induction. Suppose C' is concentrated in degrees 0 < i < n and suppose that the
lemma holds for shorter complexes. Set F':= H"(C). The truncation triangle

Cep — C — F[—n] — Cp[1]

induces an exact sequences for cohomology over R and over K. In degrees ¢ < n the cohomology
of F[—n] is trivial, hence the statement of the lemma holds in these degrees. In degree n + 1, we
have H" (R, C~,) = 0, hence an isomorphism H"*(R,C) = H'(R, F), and H'(R, F) injects to
HY(K,F) as we already have seen. Hence injectivity of H"*1(R,C) — H"*Y(K,C). In degrees
1 > n—+ 1 everything is trivial, so it remains to discuss the case ¢ = n. The relevant part of the long
exact sequences reads

0

H"(R,C.,) — H"(R,C) —— F(R)

! l

|
00— HYK,C.p) — H"(K,C) —— F(K)

By induction hypothesis the left hand vertical map is injective and the right vertical map is an
isomorphism by properness of F', hence of injectivity the vertical map in the middle. O

LEMMA 3.5.12. Let U C spec O be an open subscheme, let S be a set of places of k containing
all places not corresponding to a closed point of U and let I's be the Galois group of the mazimal
extension of k unramified outside S. Let C' be a bounded complex of group schemes on U such that
each H'(C) is finite of order invertible on U .2
For every sufficiently small open subscheme V' C U containing the complement of S the image of
DY(V,C) in H (T's,C) is exactly 1%(k,C).

PrOOF. Let 4 be the family of those open subschemes V' C U that contain all closed points
spec Oy, not corresponding to an element of S. For an open V' € 4, write D*(V, C) for the image of
Di(V,C) in H'(I's,C). We claim that the equality

Ik, C) = (| D'V, C)
Veu

holds. If we show this we are done, since all groups D*(V, C) are finite, hence equality 1114 (k, C) =
D¥(V,C) must hold for sufficiently small V by Lemma 3.4.6. We check both inclusions.

C: Take x € II4(k,C) C H!(I's,C), let V € 4, and let us show that x € D¥(V,C). As explained
in 3.1.9 there exists an open W € i contained in V' and such that z is the image of some y €
H{(W,C). If v is any place of k, then the image of y in H'(k,,C) is the same as the image of = in
H(k,,C) which is zero by definition of III%(k,C). As this holds in particular for all v that do not
correspond to a closed point of W, we see that y is in D*(W, C), and hence z € D!(W,C). But as
DY (W, C) C DYV, C), we have also z € DIV, C).

D: Take z € H'(I's, C) such that z € DY(V,C) for all V. If v is a place of S, then we can choose
an open V € il not containing v as a closed point. As x € D*(V,C), there is y € D*(V, C) having
r as image. But the image of y in H(k,, C) is zero by definition of D!(V,C). The image of z in
Hi(k,,C) is thus zero. Together with Lemma 3.5.11, this shows that x is in IIT%(k, C). O

280 in particular if we regard C' as a complex of I's—modules, then the order of H*(C) is in N(S). Reciprocally,
we have shown in Lemma 3.1.10 that if we start with a bounded complex of I's—modules with each H*(C) of order
in N(S), then up to replacing C' by a quasi—isomorphic complex we may extend C to a complex of group schemes on
a sufficiently small open U C spec O, containing the complement of S.
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PrROOF OF THEOREM 3.5.9. We suppose that S contains all infinite places. By Lemmas 3.1.10
and 3.5.12, we can (replacing C' by a quasi-isomorphic complex if necessary) choose an open
U C spec Oy containing all closed points spec Oy that do not correspond to an element of S and
an extension of C' to a complex on U such that the image of D'(U,C) in H'(I's,C) is exactly
1% (k,C). Because D¥(U,C) is finite, we can choose an open subscheme V of U containing the
complement of S, such that every element of D*(U, C') that maps to zero in H*(I's, C') maps already
to zero in H*(V, C). The image of D*(V,C) in H'(I'g, C) is then I1I4(k,C) as well. We claim that
the image of D'(U,C) in H'(V,C) equals D(V,C). Indeed, we have the following two diagrams

Hi(U,C) — H(U,C) Di(V,C) S aDi(U,0)
7\ N \La \ \Lg
H{(V,C) — H'(V,C) 11T (k, C)

The groups D*(U,C) and D*(V,C) are the image of the horizontal maps in the left hand diagram,
hence aD*(U, C), which is the image of the dotted arrow, contains D*(V,C). This explains then
the inclusion in the right hand diagram. The vertical map in this diagram is an isomorphism by
choice of U and V. Hence, in fact all maps in the right hand diagram are isomorphisms.
Altogether, we have shown that the inflation H*(T'y,,C) — H*(T's, C') induces an isomorphism

D'(V,C) = 1II(k, C)

Choosing V' smaller if necessary, we may suppose that the analogous isomorphism holds for C'
in degree 3 —¢. The desired pairing is then the perfect pairing from Corollary 3.5.7 via these
isomorphisms. This yields the theorem in the case S contains all infinite places. O

COROLLARY 3.5.13. Let C be a moderate object of D°Fy, and write CV := RHom(C, G,,). Let
{ be a prime number invertible on U. Then, the canonical pairings

1% (k, T,C) x I3 (k,B,CY) — Q/Z
are perfect pairings of topological groups for all i € 7.

ProoF. That follows from 3.5.9 and taking limits. U

— 3.5.14. We end this section with a brief discussion on how to prove Theorem 3.5.9 in the case
S does not contain all infinite places. The idea is the following. Let S, be the set of infinite places
in S. Instead of considering the groups D*(U,C), one considers

D' (U,C) := ker (Hi(U, C) — [[ H ko, C) x [ H' (Ko, C))
v ¢ U finite vE€Seo
Again, there is a perfect pairing of finite groups
D (U,C) x DI ' (U,CY) — Q/Z
Along the same lines as in the proof of Theorem 3.5.9 one identifies D% (U, C) with III%(k, C) for
sufficiently small U and gets the desired pairing of Tate-Shafarevich groups.
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CHAPTER 4

Arithmetic duality theorems

In this chapter we prove the duality theorem stated in the introduction. The first section deals
with local duality theorems. In the second section we investigate the pairing between I11°(k, M)
and II1%(k, M), anticipating some results we show only later, and in the third and last section
we investigate the pairing between III'(k, M) and III'(k, M), generalizing the classical duality
theorem of Tate and Cassels for abelian varieties. In all of this chapter, if not explicitly mentioned
otherwise, I-motive means I-motive with torsion.

4.1. Local duality theorems

Let K be a finite extension of Q,, and let £ be a prime number not necessarily distinct from p.
The goal of this section is to investigate the pairings

HY(K,M)x H (K,M") — Q/Z

for a 1-motive (with torsion) M over K. Mind that, since everything is in characteristic 0, the
finite parts are étale. Because K is of cohomological dimension 2, these pairings are trivial except
for i = —1,0,1,2. Later on we shall see what happens if we replace K by a henselian field, or what
happens over the reals. Our starting point is Corollary 3.5.3 and Proposition 2.2.9. Recall from
Corollary 3.5.3 that for all ¢ € Z, the canonical pairings

HY(K,T,M) x H*(K,B;M") — Q/Z

are perfect pairings of topological groups. The group H*(K,T,M) is a finitely generated Z,~module,
and accordingly H?~*(K,B,M") is a {~torsion group of finite corank (a finite power of Q;/Z, plus
a finite /—group). These pairings are also trivial except for i = —1,0, 1, 2.

THEOREM 4.1.1. Let M be a 1-motive with dual MV over the p-adic field K and let £ be a
prime number.

(1) The group H?*(K,M") is a torsion group, and its {—part is canonically isomorphic to
H?(K,B;M") hence a canonical pairing of topological groups

HO(K, T M) x H*(K, M")[(>] — Q/Z
(2) The group HY(K, M") is a torsion group. There is a canonical pairing of topological groups
HY(K,M)® Zy x H' (K, M")[{*] — Q/Z

PROOF. We have already seen in Proposition 3.3.7 that H* (K, M) and H?(K, M") are torsion
groups. Proposition 2.2.9 yields a short exact sequence of torsion groups

0 — HY(K,M)® Qy/Z¢ — H*(K,B;M) — H*(K,M)[(**] — 0

Since H'(K, M) is torsion, the first term of this sequence vanishes, and we remain with the claimed
isomorphism. The pairing of statement (1) is then given via these isomorphisms by Corollary 3.5.3.

43
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Again from Proposition 2.2.9 and by Corollary 3.5.3 we get a morphism of short exact sequences
of Z,—modules

0 HO(K, M) ® Z HY(K,T,M) T, H (K, M) 0
| =} |
0 H' (K, MY)[(®)? — H'(K,BM")P — (H(K, M) ® Qp/Z;)"——— 0

The pairing of statement (2) is given by the left hand vertical map, which is injective, and we have
to show that it is an isomorphism. We do this by dévissage. Write

Y
M = uJ/
0 —=T—=>G—=A—=0
as in chapter 1, where A and T are the abelian, respectively the multiplicative part of G. We have
a commutative diagram

0 T(K)® Zy G(K)® Zy AK) ® Zy HY(K,T)® Zy
= ¢ = =
0 HY(K,YV)[(*)P — HYK,MY)[(*)P — HYK,A)[(*P — HY (K, YV)[>]P

The first, third and fourth vertical map are isomorphisms by the local duality theorems of Tate
and Nakayama ([Mil08], Corollary 1.2.4 and Corollary 1.3.4). That the top row is exact follows
from finiteness of H!(K,T) and A(K)[(*] (indeed, given a long exact sequence of groups all having
trivial /-adic Tate module, the sequence obtained by applying — & Z, to it is again exact. This can
be seen from the long exact sequences given in 2.2.8). Also the bottom row is exact, for (—)[¢*]
is an exact functor on torsion groups, and (—)? = Hom(—,Q/Z) is exact because Q/Z is divisible,
i.e. an injective object in the category of groups. It follows that the second vertical map in the
above diagram is an isomorphism as well. Now, consider

AV(K)® 7y — HY(K,MY)®Z, — HY(K,YV)[(*] — HY(K, A)[(™]

| [ - |

HYK, A)>*)P — HYK,G)[(>*)P — HY(K,T)[(>*)°— (H'(K,A) ® Z,)"

First, the rows in this diagram make sense, because H'(K,Y") is finite, hence H'(K,Y"V) ® Z, is
canonically isomorphic to H'(K,YY)[(*], and the same goes for H'(K,G). The first, third and
fourth vertical map are isomorphisms again by the classical local dualities. That the top row is
exact follows from finiteness of H'(K,Y") and right exactness of — & Z;. The bottom row is also
exact, the second vertical map is thus an isomorphism. Finally, consider

G(K)® Zy HY(K,M)® 7y — H(K,Y)[{*] — HY(K,G)[(*™]

- ) - -

H (K, MY)[()° —= H'(K, M)[(>®]° — H'(K, TV)[(*)” = (H°(K, M)) & Z)"”

As before, these rows are well defined and exact. We have shown that the first and last vertical
map is an isomorphism, and the third map is an isomorphism by Tate-Nakayama. This proves the
second part of the theorem. O

COROLLARY 4.1.2. The statements of Theorem 4.1.1 hold as well if one replaces the p—adic
field K by kD, the field of fractions of the henselization of O,, where O, is the localization of the
ring of integers of a number field k at some place v.
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PROOF. Let K = k, be the completion of k». The restriction H*(k!, —) — H'(K,—) induces
isomorphisms for all ingredients of the theorem by Proposition 3.1.6 and Proposition 3.3.9. O

PROPOSITION 4.1.3. Let M = [Y — G| be a 1-motive over R, and denote by H»(R, M) the
Tate modified cohomology of the complex of Gal(C|R)-modules [Y (C) — G(C)|. The cup product
pairing induces a perfect pairings of finite groups of exponent 2

HL(R,M) x HE (R, MY) — 3Z/Z

ProoF. This is well known for finite groups, lattices, tori and abelian varieties over the reals
([Mil08], 1.2.13 and 1.3.7), and follows from these cases by dévissage. O

— 4.1.4. Recall that for an open U C spec Oy and a 1-motive M over U we have set
P U, M) =[] H'(k}, M)
vg¢U

where the product ranges over the places of k not corresponding to a closed point of U, with the
convention that for archimedean places v, the piece of notation H*(kD, M) stands for Tate modified
cohomology groups. These are finite 2—groups as in Proposition 4.1.3 if v is real, and trivial if v
is complex. From Corollary 4.1.2 and Proposition 4.1.3 one obtains perfect pairings of topological
groups

PYU, T, M) x P2(U,M")[(*] — Q/Z  and  P°(U,M) & Z; x P (U, M")[(*] — Q/Z

In the sequel, it is only in this form we shall make use of these local pairings.

4.2. The pairing between I11°(k, M) and II1%(k, M)

In this section we prove a part of the duality theorem stated in the introduction concerning the
case where i = 0,2. We fix once and for all a number field k, an algebraic closure k of k, and write
I := Gal(k|k) and © for the set of all places of k. Given a 1-motive M over k, we write I1T*(k, M)

for the Tate-Shafarevich group in degree i of the I~module complex [Y (k) — G(k)] as defined in
3.4.1.

— 4.2.1. The main results of this section are as follows: We first establish a perfect pairing of
topological groups
It (k, TyM) x 1%k, MY)[(*] — Q/Z
This is actually an easy consequence of our version of the Poitou—Tate duality theorem for complexes
of finite Galois modules, or rather its Corollary 3.5.13. We show then that there is a canonical
injection II°(k, M) ® Z, — II1*(k, T,M). In order to proceed, we shall use a fact we prove only
much later, namely that this injection yields an isomorphism

Hlo(ka M) ® Zy = ? ml(k7 TEM)tor
and that IIT'(k, T,M) is finitely generated as a Z-module. Admitting this for the moment, we
show that there is a canonical pairing
1% (k, M) x 1% (k, M) — Q/Z
nondegenerate on the left, and with divisible right kernel, obtained by stitching together the former
pairings for all primes ¢.
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PROPOSITION 4.2.2. Let M = [u:Y — G] be a 1-motive over k and set Z := keru. There is
a canonical isomorphism of finite groups

I (k, Z) — 0 (k, M)

In particular, TH°(k, M) is annihilated by the order of any finite Galois extension k'|k over which
Z is constant.

PROOF. First, observe that if Y is constant, then ITI°(k, M) is trivial. Indeed, it follows from a
simple diagram chase using only one single finite place v € Q that the map III°(k, M) — II'(k,Y)
is injective, and the latter group is trivial by Frobenius’s density theorem (trivially if Y is torsion
free). Now let k’|k be a finite Galois extension such that Gal(k|k') acts trivially on Y, and let ' be
the set of places of k. We write I and I" for the absolute Galois groups of k and k¥’ and G :=T"/T
and for w € Q' lying over v € Q we write k,, for the completion of k at v, and G,, := Gal(kl,|k).
Because Y is constant over &', we have

Z :=keru = H Yk M)

From the Hochschild—Serre spectral sequence we get a commutative diagram with exact rows

0 HYG,Z) HY(',M) —— H"I", M)
| | |
0 [[H'(Guw, 2) — [] H(kw, M) — [] H(K},, M)

in the lower line we take the product over all places w € Q' (so there are “repetitions” in the
first and second product). Because k" acts trivially on Y we have ITII°(k/, M) = 0 by our previous
observation, hence

I1°(k, M) = ker (Hl(G, z)— ] Hl(Gw,Z)>
welY
the product running over all w € €. The finiteness statement follows, as H'(G, Z) is obviously
finite. Repeating the arguments for the 1-motive [Z — 0] yields the same expressions again, and
shows the proposition. O

—4.2.3. Let S C Q be a set of places of k of density 1, and write Hg(k,M) for the group of
those elements of HY(k, M) which restrict to zero in H%(k,, M) for each v € S. The same proof
shows that there is a canonical isomorphism of finite groups

Hi(k, Z2) — HL(k, M)

Since S is of density 1, every cyclic subgroup of G occurs as one of the GG,,’s by Frobenius’s density
theorem. The difference between I11°(k, M) and H3(k, M) depends entirely on the primes v that
ramify in k. This shows that if we are given Z in terms of a finitely generated Z-module upon
which G = Gal(k'|k) acts, then we can compute it effectively.

PROPOSITION 4.2.4. Let M be a 1-motive over k and let £ be a prime number. There is a
canonical, perfect pairing of topological groups

I (k, T,M) x 102k, MY)[(>*] — Q/Z

In particular, IIT%(k, M) [(°] is finite if and only if I (k, T,M) is.
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Proor. By Corollary 3.5.13, we have a natural, perfect pairing of topological groups
I (k, T, M) x 1% (k,B,MY) — Q/Z
The proof now simply consists of showing that le(k, ByM") is canonically isomorphic to the /—part

of the torsion group IIT?(k, MY). Indeed, from Proposition 2.2.9 we get the following commutative
diagram of torsion groups with exact rows

0 HY (k,MY)®Qy/Zy — H*(k,B,M") —— H?(k, M")[(*] 0
| | |
0 17" ko, MY)@Qu/Zg— | H? (ko, BeMY ) — [ [ H? (keo, M) 6] 0

the products running over v € Q. Because H'(I', M) and H'(k,, M") are torsion, the first
terms of both rows are zero, hence the canonical isomorphism IIT?(k, B,MY) = II?(k, MV)[(>°] as
required. O

— 4.2.5. Let M be a 1-motive over k and let £ be a prime number. Again from Proposition
2.2.9 we get a commutative diagram of Zy,—modules with exact rows

0 HO(k,M)® Zy — H(k,T,M) — T H'(k, M) 0
) ) }
0 [TE ko, M)BZo— [ H' (o, TedM)— [ [ TeH' (ko, M) 0

The kernel of the right hand vertical map is the Tate module of IIT'(k, M), which is torsion free,
and even trivial if IIT'(k, M) is finite. Hence, in any case the map ker o — II'(k, T,M) is an
isomorphism on torsion elements. Clearly, III°(k, M) ®Z; is a subgroup of ker ay, hence an injection
(%) 1° (k, M) @ Zy — HI*(k, T, M )tor

Observe that there is a canonical isomorphism MI°(k, M) ® Z, = TI°(k, M)[{>] just because
%k, M) is finite. We shall prove later (Theorem 5.5.1) that this injection () is actually an
isomorphism.

THEOREM 4.2.6. Let M be a 1-motive over k and let £ be a prime number. There is a canonical
pairing of topological groups
IO (k, M)[€] > T (k, MY)[€] — Q/Z
which is nondegenerate on the left and has divisible right kernel. Provided the group TI*(k, T,M)

is finite, this is even a perfect pairing of finite groups, trivial for all but finitely many £.

PRrOOF. That this pairing is nondegenerate on the left follows immediately from Proposition
4.2.4. The right kernel of this pairing is, again by Proposition 4.2.4, the Pontryagin dual of the
quotient of IIT(k, T,M) by II°(k, M)[¢*°]. By what we claim above this quotient is torsion free,
hence its dual is divisible. The additional statement is clear from Propositions 4.2.4 and 4.2.2. [

This has the following interesting consequence:

COROLLARY 4.2.7. Let M = [Y — G] be a 1-motive over k. Suppose that 111*(k, T,M)
is finite for all primes €. Then, II'(k, T,M) is even trivial for all but finitely many ¢, and the
canonical pairing

1% (k, M) x 1% (k, MV) — Q/Z

is a perfect pairing of finite groups. If ker u is constant, then these groups are trivial.
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PrOOF. Indeed, if ITI! (k, T,) is finite, then we have IIT°(k, M)[¢>°] = IIT! (k, T,M) by () above.
Since II°(k, M) is finite, we have IIT'(k, T,M) = 0 and hence IIT*(k, M") = 0 for all but finitely
many ¢. The pairing of the corollary is then obtained from the pairing of Proposition 4.2.4 by
taking products over all £. The additional statement follows from Proposition 4.2.2. O

We shall give in section 7.4 (Theorem 7.4.1) a few criteria under which the hypothesis of this
corollary is indeed satisfied.

4.3. The Cassels—Tate pairing for 1-motives

In this section we prove the second half of the duality theorem in the introduction, that is, the
case 1 = 1.

THEOREM 4.3.1. Let M be a 1-motive over k with dual M. The left and right kernel of the
canonical pairing
It (k, M) x Ik, M) — Q/Z
are the subgroups of divisible elements. If the abelian part A of M is such that III'(k, A) is finite,
this is a perfect pairing of finite groups.

— 4.3.2. All essential steps of the proof are already in [HS05a], where Theorem 4.3.1 is proven
for torsion free 1-motives. The presence of torsion makes just things technically a bit more com-
plicated, but the arguments remain the same. These are as follows. The starting point is the
pairing

HI(U, M)[™] x H2H(U, M")[¢] — Q/Z
for a fixed prime number ¢. A purely formal argument shows that this pairing is nondegener-
ate modulo divisible subgroups (Proposition 4.3.4, corresponding to Theorem 3.4 of [HS05a]).
Adapting a computation of Milne, we can then show that even the pairing

DY (U, M)[¢>] x DY(U, M)[¢*] — Q/Z

is nondegenerate modulo divisible subgroups (Proposition 4.3.7, corresponding to Corollary 3.5
in loc.cit.). Harari and Szamuely proceed then by showing that for sufficiently small U, the
group DY (U, M)[¢>°] can be identified with IIT'(U, M)[¢*°] via the restriction map H'(U, M) —
H'(k, M). For torsion free 1-motives, this map is injective on /-torsion provided again that U is
sufficiently small. This fails for 1-motives with torsion, we can’t get anything better than a map
with finite kernel. But this is already good enough. As in the proof of the Poitou—Tate duality for
complexes, we can then choose a small V' C U such that the image of DY(U, M) in H'(V, M) is
isomorphic to IIT!(k, M) on ¢-parts. Once we have a pair V C U at hand where this holds for M
and also for the dual of M, we can conclude as in the finite case.

It is widely conjectured that for abelian varieties A over k, the Tate-Shafarevich group III'(k, A)
is finite. If this is the case, the group IIT*(k, M) as well as D*(U, M) for small U are finite as well.
We end the section with showing this implication.

— 4.3.3. Let U C spec Oy be an open subscheme, let £ be a prime invertible on U and let M
be a 1-motive over U. By Proposition 3.3.11, we know that H'(U, M) is a torsion group, and that
the multiplication-by—¢ map on H'(U, M) has a finite kernel and cokernel. Lemma 3.3.1 gives us
a clear picture what such groups look like.
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PROPOSITION 4.3.4. Let M be a 1-motive over U with dual MY, and let { be a prime number
invertible on U. The left and right kernel of the canonical pairing

HY(U, M)[(>] x He (U, M")[(>] — Q/Z
are the subgroups of divisible elements.

PROOF. Since this is a pairing of torsion groups, its kernels must contain the subgroups of
divisible elements. What we have to show is that after modding out the divisible subgroups, we
get a perfect pairing. In other words, we must prove that the induced pairing

(%) HY U, M)[{>) & Zy x HX(U, MV)[(*>°] & Zy — Q/Z

is perfect. (This is a pairing of finite groups.) By Corollary 3.5.6, we have for all i € Z a perfect
pairing of topological groups

HY(U,B,M) x H>(U,T,M") — Q/Z
inducing perfect pairings of finite groups
HYU,B,M) ® Zy x HX(U, T,M)[{*°] — Q/Z

We will identify the groups in this pairing with those in (x). First, by Proposition 2.2.9, we have
a short exact sequence of torsion groups

0 — HYU,M)®Qy/Z¢ — HYU,B;M) — H (U, M)[¢>] — 0

Applying the right exact functor — ® Zy to this sequence yields an isomorphism H' (U, B,M) & Z; =
HY (U, M)[(>°] ® Zy because the first group in the above sequence is divisible. Again by Proposition
2.2.9, we have a short exact sequence of profinite groups

0 — HNU,MY)® Zy — HX(U,T,M") — T,HX(U,M") — 0

Taking torsion parts yields an isomorphism H} (U, MY)[(>] ® Z, = H2(U,T,M")[{*°] because the
last group in the above sequence is torsion free. O

— 4.3.5. We need a preliminary computation, analogous to Milne’s Lemma 1.6.15 in [Mil08§],
and to the lemma in [HS05b], concerning the local pairing

PYU,T,M) x PL(U,BM") — Q/Z

Let S(U, MV) be the preimage of D'(U, M)[¢*°] under the map H' (U, B,M") — H (U, MV)[¢*].
Put otherwise, S(U, M) is the kernel of the map s in the diagram

S(U, M) HYU,B,MY) —>= PYU, M")[(™]

|

PYU,BMY)

0

LEMMA 4.3.6. Every element ¢ € P1(U, T,M) which is orthogonal to the image of S(U, M") in
PYU,B,MV) is the sum of the coboundary of an element in P°(U, M) & Z; and of the restriction
of an element in H' (U, T,M).
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PROOF. Pick such an element ¢ € P'(U,T;M). Dualizing the diagram in 4.3.5 using the local
pairings as given in 4.1.4 and the pairings for Tate modules and Barsotti-Tate groups (Corollary
3.5.3 and Corollary 3.5.6) yields

sP ~
HXU,T,M) <— P (U,M)® Z,

[

PYU, TyM)

0

S, mvHP

and our hypothesis is that ¢ maps to zero in S(U, M")P. By exactness of the top row, y(c) = s”(b)
for some element b € PY(U, M) ® Z,. We have ¢ = §b+ (c — 6b) € im§ + ker, and ker~ is the
image of the restriction map H'(U, T,M) — PY(U, T,M). O

PROPOSITION 4.3.7. Let M be a 1-motive over U with dual MY, and let ¢ be a prime number
invertible on U. The left and right kernel of the canonical pairing

DY (U, M)[¢>] x D' (U, M)[¢*] — Q/Z
are the subgroups of divisible elements.

ProOOF. We already know that this is a pairing of torsion groups, its kernels must thus contain
the subgroups of divisible elements. What we have to show is that the left and right kernels of the
are divisible. Fix an element a € D'(U, M)[¢>°] orthogonal to D' (U, M")[£*].

Let b be any preimage of a in H!(U, M). By Proposition 4.3.4, the element a is divisible in
HY(U, M), hence maps to zero in H'(U, M) & Z,. Consider the following commutative diagram

0

b—a

PY(U, M) HYU,M) HY(U,M)

i ! oo

PO(UaM)é)Z@ e Hé(U,M)@Z@ - Hl(U7M)®ZZ

The top row is exact, but the bottom row may not be. However, if there exists a ¢ € PY(U, M) RZy
mapping to the image of b in HY(U, M) & Z,; then we are done. Indeed, for every n > 0, let c,
be an element of P°(U, M) whose class in P°(U, M)/¢"P°(U, M) equals the class of ¢, and set
by == b — dcp,. This b, is then divisible by ¢*, and maps to a in H}(U, M), what shows that a is
divisible by ¢", hence ¢-divisible because n was arbitrary.

It remains to show that we can indeed find an element ¢ € PO(U, M) ® Z; mapping to the image of
bin HY (U, M) ® Z,. For this, consider the diagram

PO(U7M)®ZK — H(}(U7M)®Z€ e Hl(UaM)®Z€

v v v

HYU,T,M) — PY(U,T,M) — H*(U,T,M) — H*{U,T,M)

The lower row is exact, so there is a ¢ € P(U, T,M) mapping to the image of b in H2(U, T,M). If
we can write ¢ as a sum of an element coming from P°(U, M) ® Z; and an element coming from
HY(U,T;M) then we are done. By Lemma 4.3.6, it suffices to show that c is orthogonal to the
image of S(U, MV) in PY(U,B;M"). We check this. Let a’ be an element of S(U, M"). The image
of @’ in HY (U, MY)[¢>] is in DY(U, M), hence orthogonal to a by hypothesis on a. Therefore,
a' € HY(U,ByM") is orthogonal to the image of b in H2(U, T;M) by choice of b. This in turn
implies that the image of a’ in P'(U,B,M") is orthogonal to ¢, and we are done. O

1We do not know whether a comes from a divisible element in H}(U, M).
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LEMMA 4.3.8. Let M be a 1-motive over U. For almost all places v of k corresponding to a
closed point of U, the restriction maps H(Oy, M) — H'(ky, M) are injective.

PROOF. Let G° be the connected component of G, and set F' := G/G°. Choosing U smaller
if necessary, we may suppose that F' is locally constant on U, and that also the torsion part of Y
is locally constant. We will show that under this hypothesis the restriction maps H*(O,, M) —
H'(ky, M) are injective for all v corresponding to a closed point of U. Set M° := [0 — G°] and
M’ :=[Y — F] so that we get a short exact sequence

00— M° — M —M —0

That the restrictions H'(O,, M') — H'(k,, M') are injective can be seen by dévissage, as in
the proof of Lemma 3.5.11 where we showed the analogous statement for complexes with finite
homology groups. The above exact sequence yields the following diagram with exact rows

0=HY0,,G°) =— HYO,,M)— H'(O,, M)

| l |

H'(k,,G°) — H(ky, M) — H'(k,, M)

As indicated, the group H'(O,,G®) is trivial. Indeed, this follows from Lang’s theorem and the
canonical isomorphism H'(O,, G°) = H'(k,,G°) (]Mil08], I1.1.1), where &, is the residue field at
v. From this, injectivity of H*(O,, M) — H'(k,, M) follows. O

LEMMA 4.3.9. Let M = [Y — G] be a 1-motive over U. For every sufficiently small open
V C U, the image of DY(V, M)[¢>°] in H'(k, M)[¢>°] equals TIT*(k, M)[£>].

PROOF. For every open V C U, write D*(V, M) for the image of DY(V, M) in H'(k, M). By
Lemma 3.4.6, we know that for every two opens W C V the inclusion DY(W, M) C DY(V, M) holds.
Using property (3) of Lemma 3.3.1, it is enough to show that equality

oI (k, M) = () DV, M)
VCU

holds. We check both inclusions.

C: Take x € Y (k, M) C H'(k, M), let V C U, and let us show that 2 € D'(V, M). There exists
an open W C V such that x is the image of some y € HY(W, M). If v is any place of k, then the
image of y in H'(k,, M) is the same as the image of z in H'(k,, M) which is zero by definition of
T (k, M). As this holds in particular for all v that do not correspond to a closed point of W, we
see that y is in D'(W, M), and hence x € DY(W, M). But as D} (W, M) C DY (V, M), we have also
x € DYV, M).

D: Take x € H'k, M) such that x € DY(V, M) for all V C U. If v is a place of k, then we can
choose an open V of U not containing v as a closed point. As z € DY(V, M), there is y € DY(V, M)
having x as image. But the image of y in H'(k,, M) is zero by definition of D'(V, M). The image
of x in H'(k,, M) is thus zero. Together with Lemma 4.3.8, this shows that z is in IIT*(k, M). O

LEMMA 4.3.10. Let M be a 1-motive over U. The restriction H' (U, M)[{>°] — H(k, M)[(>]

has a finite kernel.

PROOF. The proof goes by dévissage. Write M = [Y — G], and write G as an extension of an
abelian scheme A by T, where the connected component of T' is a torus. Observe that it is enough
to show that this kernel is killed by some power of ¢, because the multiplication by ¢ has a finite
kernel already on H'(U, M).

For a finite group scheme F over U, the groups H*(U, F) are themselves finite, and the H(k, F) are
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of finite exponent. Also, the groups H'(U,Y) and H'(U, T) are finite, and H'(k,Y) and H'(k,T)
are of finite exponent. For an abelian scheme A over U, the restriction H'(U, A) — H'(k, A) is
always injective on the (—parts by Lemma 5.5 of [Mil08]. Writing out the necessary long exact
sequences, and using that A(V) = A(k), one finds that the restriction H'(U, G) — H'(k,G) has
finite kernel on f—parts. From dévissage one sees then that in order to prove the statement of the
Lemma it suffices to show that the map H?(U,Y) — H?(k,Y) is has a finite kernel on #-parts. We
can suppose that Y is torsion free. But then, using Proposition I1.2.9 of [Mil08], this restriction
map can be identified with the inflation map

H'(Ty, Y (kv) © Q/Z) — H'(T,Y (k) ® Q/Z)

in Galois cohomology (on /—parts), which is injective by Hochschild—Serre. Here, ki is the maximal
extension of k unramified in U, and I'y := Gal(ky|k). O

PROOF OF THEOREM 4.3.1. We are given a 1-motive M over k with dual MV. Because
I (k, M) and II!(k, MV) are torsion groups, it is enough to construct a pairing

I (k, M)[€°°] x T (k, MY)[0*°] — Q/Z

for every prime number ¢ and prove that this pairing is nondegenerate modulo divisible subgroups.
Fix any ¢, and choose a model of the given 1-motive M over an open subscheme U C spec O of
over k. Taking U small enough, we can assume that ¢ is invertible on U, and, by Lemma 4.3.10,
that the restriction map
HYU, M)[(>*] — H*'(k, M)[(*>]

have finite kernel. By Lemma 4.3.9, we can as well suppose that the /-part of the image of D (U, M)
in H!(k, M), which is the same as the image of H} (U, M)[{>*°] — H!(k, M)[¢*°] equals the {-part
of the Tate—Shafarevich group, so that we have a surjective map with finite kernel

DY (U, M) [¢>°] — T (k, M) [¢>]

Every element of this kernel maps already to zero on some open subscheme of U, and since this
kernel contains only finitely many elements we see that for every sufficiently small open V of U
the image of D'(U, M)[¢*°] in H'(V, M) is isomorphic to IIT'(k, M)[¢*°] via the restriction map
HYV,M) — H'(k,M). Consider again (as in the proof of Poitou-Tate duality for complexes)
the diagrams

HY(U, M) (U, M) DYV, M)[t™] = oD (U, M)[¢™)]
T RN o \ =
HY(V, M) HY(V, M) 11 (k, M)[¢>]

The groups D'(U, M) and D!(V, M) are the image of the horizontal maps in the left hand dia-
gram, and from this we see that D'(V, M) is contained in a D' (U, M). Hence the inclusion in the
right hand diagram, which then shows that the restriction from V' to k induces an isomorphism
DLV, M)[] — I (k, M) [£<].

Restricting V' further if necessary, we may suppose that the same holds for the dual 1-motive M".
For such a V| we can identify the pairing of Proposition 4.3.7 with the pairing we were searching

for.
It remains to show the additional statement of the theorem, that finiteness of ITI'(k, A) implies
finiteness of IIT' (k, M). We formulate this in a separate proposition. O

PROPOSITION 4.3.11. Let M be a 1-motive over k with abelian part A. If IIT' (k, A) is finite,
then T (k, AY), T (k, M) and 11 (k, M) are finite as well.
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PrOOF. We work again over an open U C spec Oy and a model of M over U. If TIT!(k, A) is
finite, then D*(U, A) and D!(U, AV) are finite as well by [Mil08] Lemma 5.5 and Theorem 5.6b.
From the proof of 4.3.9, one can see that finiteness of IIT* (k, M) follows from finiteness of D*(U, M).
It is thus enough to show that finiteness of D(U, A) implies finiteness of D' (U, M). This can be
done by dévissage. First, we consider the diagram

HYU,T) — HYU,G) — HY(U,A)

| | l

PYU,T) — PYU,G) — PY(U, A)
The groups H'(U,T) and P}(U,T) are both finite, and the left hand vertical map has finite kernel
DY(U, A). Hence D'(U, G), the kernel of the middle vertical map, is finite as well. Next, consider
the diagram
HYU)Y) — HYU,G) - HYU,M) — H*U,Y)
| | | |
PYUY) — PYU,G) — PY(U,M) — P*U,Y)

The groups HY(U,Y) and P1(U,Y) are both finite, and D?(U,Y) is finite as well since it is dual to
DY(U,YV) where YV := Hom(Y, G,,). Hence, finiteness of D!(U, M) follows by diagram chase. [
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CHAPTER 5

Lie groups associated with 1-motives

In this chapter we introduce several Lie groups and Lie algebras associated with a torsion free
1-motive M and show some of the more immediate properties of these objects. These Lie groups
act on the Tate module of M, and we compute some of the arising cohomology. In the last section
we relate this Lie group cohomology with Galois cohomology.

All vector spaces, Lie algebras, Lie algebra modules et cetera are understood to be finite dimensional
over their field of definition. We will only work with torsion free 1-motives', always defined over a
number field k£ with fixed algebraic closure k and absolute Galois group I' := Gal(k|k).

5.1. Summary of /—adic Lie theory
In this section, we review some topics in f—adic Lie theory and Lie algebra cohomology.

— 5.1.1. An f—adic Lie group L is a group—object in the category of analytic Qy—varieties. This
means that L is a topological group, equipped with an atlas, i.e. a family of local homeomorphisms
(charts) from open subsets of L to open subsets of Q‘Z for a fixed integer d, called the dimension of
L, with analytic transition maps. Analytic means locally given by an absolutely converging power
series. Such an atlas yields an analytic structure on L, and also on L x L, and one asks that the
maps

[ s [ _multiplication and 7, nversion ¢

are analytic. The standard examples of /-adic Lie groups are the additive groups Zj and Qj, linear
groups like GL(Q}) or SL(Zj}) and so on. If G is any (topological) group and L a (open) subgroup
of GG, then there exists a unique Lie group structure on G making L an open Lie subgroup of G
(follows from [Bou72], Ch.III, §1, no.9, proposition 18 taking U = V' = L, or by reasoning directly
on the local nature of analyticity). In particular, the groups we considered in 3.3.2 are such, because
they contain Zj as an open subgroup. Finally, let us mention without proof that if K|Q, is a p-adic
field and G a commutative group scheme over K, then the group G(K) with its p—adic topology is
a p—adic Lie group.

— 5.1.2. As explained in [Hoo42], one associates with an /-adic Lie group L a Lie algebra [
over Qs in the usual way. The exponential map [ — L is defined in a neighborhood of 0 in I,
and has the usual properties. Two Lie groups L and L’ have the same Lie algebra if and only if
there is a Lie group L” which is isomorphic to an open subgroup of L and to an open subgroup
of L. From this one can see that every f—adic Lie group admits a system of open neighborhoods
of unity consisting of open subgroups. In particular, a commutative /—adic Lie group contains an
open subgroup isomorphic to a power of Z,, because in the commutative case the exponential is
even a homomorphism.

1The reason for this is that on one hand this makes things technically much easier and on the other hand
Proposition 5.2.5 suggests that we don’t lose too much of the general case.

55
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Every closed subgroup of an ¢-adic Lie group is an ¢-adic Lie group ([Hoo42], Theorem 8, or
[BouT72|, Ch.III, §2, no.2, théoréme 2), and every continuous morphism between ¢—adic Lie groups
is analytic, i.e. a morphism of Lie groups ([Bou72], Ch.III, §8, no.1, théoreme 1).

— 5.1.3. This has the following important consequence: Let k& be a field with absolute Galois
group I', and let T" be a finitely generated Z, module on which I'" acts continuously. Typically T
could be the Tate module of an algebraic group or a 1-motive over k. The group GL T is a compact
{—adic Lie group, and since I' is compact, the image of I in GL T is closed, hence a compact f—adic
Lie group itself. We shall demonstrate that it is very desirable to understand the structure of so
arising Lie groups and their Lie algebras.

PROPOSITION 5.1.4 ([Ser64], Proposition 2). Let L be a compact {—adic Lie group. As a
topological group, L is a profinite group and topologically finitely generated, that is to say, there
exists a finite subset of L which generates a dense subgroup.

PROOF. As a topological space, L is Hausdorff and totally disconnected, since every analytic
Qg—variety is. A totally disconnected compact topological group is profinite ([Sha72] §1, Theorem
2). Let [ be the Lie algebra of L and let z1,...,z, be a Qy—basis of [, such that g; := logx; is
defined for all 4. The elements g; € L generate then a subgroup of L whose closure has finite index.
If gn+1,-..,9n € L are representatives of the left cosets of this closure, then the elements g1, ..., gn
generate a dense subgroup of L. O

— 5.1.5. Here is a quick review of Lie algebra cohomology. A more detailed introduction is
provided by the lecture notes [Bur05]. For additional material see chapter 7 of [Wei94], or J.L.
Koszul’s thesis [Kos50]. Let K be a field of characteristic zero, let [ be a Lie algebra over K, and
let V' be a [-module. This means that we are given a Lie algebra map | — gl V, or in other
terms, an action [ X V' —— V which is K-bilinear and satisfies the rule

[z,y].v = z.(y.v) — y.(x.v) forall x,yel, veV

We write V':= {v € V|zv = 0 for all x € [} and call this K—vector space the space of invariants of
V under the given action of [. If V' and W are [~modules, then V @ W and Homg (V, W) inherit
natural [Fmodule structures, given by

z.(vR@W) =2V QW+ VR T.W and (x.f)(v) =z.f(v) = f(z.v)

The invariants of Homg (V, W) are of course Hom((V, W), the set of [-module homomorphisms
from V to W. There is a natural action of [ on itself given by z.y = [z, y]. This is called the adjoint
representation.

Now we come to cohomology. Of course, the fixed point functor from the category of [-modules
to the category of K—vector spaces is left exact, has a right derivative, and its homology groups
Hi(1,V) are what we call cohomology groups of | with coefficients in V. In order to compute, we
shall need a more explicit construction, as follows: For n > 0, we call

C™(1,V) := Homg (A"l, V) = {Multilinear, alternating maps [ x --- x [ — V'}
the space of n—cochains, and define coboundary maps 0 : C"*(I, V) — C™*1([, V) by the formula

@f@o A Aap) = D> (=D f([wia] Ao Ao Adg Ao Ak A Amy)

0<i<j<n

Y (D i f(mo A Adg A Ay)
=0
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where %&; means omission of the term z;. It is a computational, although not entirely trivial matter
to show that 02 = 0. Once this is established, we can set
. ker (0: C™(I,V) — C"1(1,V)) n—cocycles
H"(,V) := - = -
im (0 : C"~(,V) — C™(I,V))  n-coboundaries
This cochain construction computes indeed the derived functor cohomology (Corollary 7.7.3 of

[Wei94]). The natural action of [ on n—cochains is explicitly given by the linear map p : [ —
gl(C™(1,V)) defined by the formula

(@) ) @1 A Aag) =2 fl@r A Azp) =Y flar A Az, ] A Aay)
=1

valid for every = € [and f € C™(I, V). This action commutes with the coboundary operator 9, and
hence induces an action on the space of cocycles, on coboundaries, and on the cohomology spaces.
The insertion operator i(x) : C*([,V) — C" (I, V) is given by

G(@)f) (@1 A Axpo1) = fF@ATI A Azpo1)

On C°(1,V) one defines i(z) to be the zero map. These maps are related by the so called Cartan
homotopy formula, which reads
p(x) =i(x)0 + Ji(x)

This formula shows in particular that the action of [ on H™([,V') is trivial. This fact has the
following well-known analogue group cohomology (see [Wei94|, Theorem 6.7.8): If G is a group
and M a G-module and z € G, then the maps ¢ — z~'gz and m —— zm are compatible and
induce maps H"(G, M) — H"(G, M), whence an action of G on H"(G, M). This action is the
trivial action. These observations yield the following useful lemma (analogous to Sah’s Lemma in
group cohomology):

LEMMA 5.1.6. Let [ be a Lie algebra, and let V' be an [-module. If there exists a central element
x € Z(l) such that v — x.v is an automorphism of V, then H"(I,V) =0 for alln > 0.

PROOF. As x is central, the map m; : v — z.v is a [Fmodule endomorphism of V', inducing
therefore endomorphisms H"(m,) : H"([,V) — H"™(I,V). On n-cochains, these are given by
f —— my o f. Because since z is central, the sum in the expression for p(z)f vanishes, so that we
remain with

(p(x)f) (@1 A ANay) =x.f(Rr A Axy) = (mgo flxr A Axy)

that is to say p(x)f = my o f. The Cartan formula shows that the action of [ on the cohomology
spaces is trivial, that is, if f is a cocycle then p(z)f is a coboundary. Thus H™(m;) is the zero
map on H™([,V). But the very same map induces by hypothesis an automorphism of H"(I, V).
Therefore, H"(I, V) is trivial. O

— 5.1.7. Let L be an f—adic Lie group with Lie algebra [, and let V' be a QQ; vector space on
which L acts continuously. This action is then analytic, hence induces an action of [ on V', and one
can introduce continuous cohomology H(L, V') using continuous cochains, analytical cohomology
H! (L,V) using analytical cochains, and Lie algebra cohomology H"([,V). These cohomology
groups compare as follows. The natural morphisms

Hoy (L, V) — HML, V)

are isomorphisms ([Laz65], V.2.3.10). We will write just H*(L,V) for these groups. The Lie
algebra cohomology groups H'(I, V) are naturally isomorphic to stable cohomology defined by

Hst(La V) = Cglgllgl H (Ua V)
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where the colimit runs over all open subgroups U of L. On the other hand, L acts on H'([,V), and
the fixed points of this action can be identified with H(L, V) ([Laz65], V.2.4.10). In particular, if
H(1,V) is trivial, then H*(L,V) is trivial as well.

Often, we will be given a Lie group L acting on a finitely generated Zy,—module T, which we can
extend by linearity to an action of L on V := T ® Qy. We can compare H*(L,T) with H*(L,V)
using the following proposition:

PROPOSITION 5.1.8. Let T be a finitely generated Zy—module, and let L be a topological group
acting continuously and linearly on T and set V :=T ® Qp. The canonical Qp—linear maps

an : HY(L,T) @ Qq — H"(L,V)

are isomorphisms for n = 0 and n = 1. If L is topologically finitely generated, then H™(L,T) is
a finitely generated Zy—module, finite if T is so, and H™(L,V') is a finite dimensional Qp—vector
space for all n > 0. The maps a, are all isomorphisms in that case.

PROOF. We work with continuous cochain cohomology. Let Z"(L,T) and B™(L,T) be the sets
of continuous n—cocycles and n—coboundaries respectively.
That ag is an isomorphism is trivial, and that a; is an isomorphism follows from [Ser64], Propo-
sition 9. Now suppose that L is topologically generated, i.e. that there exists a finite subset X
of L such that the subgroup of L generated by X is dense in L. A continuous n—coboundary
f: L™ — T is uniquely determined by the values it takes on X™. Therefore Z"(L,T) is finitely
generated as a Zy—module, hence H"(L,T). If T is finite, then Z"(L,T) is finite, hence H"(L,T),
and the same argument shows that Z"(L, V) is a finite dimensional vector space, hence H"(L, V).
Moreover, we have Z™"(L, T ® Q) = Z™(L,T) ® Q¢ and B"(L,T ® Qy) = B"(L,T) ® Qy, hence the
desired isomorphisms. O

This shows in particular that if L is a Lie group acting on a finitely generated Z,—module T', then
HY(L,T) is finite if and only if H'(L,V) is trivial.

PROPOSITION 5.1.9. Let T be a finitely generated Zy-module, and set T; := T/0'T, so that
T = limT;. Let L be a topological group acting continuously and linearly on T. The canonical
maps

[

are isomorphisms forn = 0 and n = 1. If L is topologically finitely generated, then the maps ay
isomorphisms for all n > 0.

Proor. That ag is an isomorphism is trivial, and that «; is an isomorphism follows from
Proposition 7 of [Ser64]. Suppose then that L is topologically finitely generated, so that by
Proposition 5.1.8 the exact triangles T — T — T @ Z/#'7Z yield short exact sequences of finite
groups

0 — H™(L,T)/('H"(L,T) — H"(L, T @"“ 2/0'7) — H" (G, T)[('] — 0
Taking limits over i, we find a short exact sequence of topological groups

0 — H"(L,T)® Zy — lim /" (L, T @V Z/07) — T,H G, T) — 0
12

Now, because H"(L,T) and H"1(G, T) are finitely generated Z,~modules, this sequence yields in
fact an isomorphism

H™(L,T) — lim H" (L, T & Z/07)
i>
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Finally, we claim that the limit of the H" (L, T®"Z/#Z) is the same as the limit of the H"(L, T /¢'T).
Indeed, we have a canonical exact triangle T/0'T — T ®% Z /{7, — T[¢*] which yields an exact
sequence

lim H"~Y(L, T[¢]) — lim H"(L,T ®" Z/0'7) — lim H"(L, T/¢*T) — lim H™(L, T[¢"])

i>0 i>0 i>0 i>0
But now, because the torsion part of T killed by ¢ for sufficiently big i, the T[¢!] form a null-system,
hence the H™(L, T[(]). O

5.2. Lie groups and Lie algebras associated with a 1-motive

We now come to the Lie group L™ and its subgroups we already encountered in the introduction.
We shall define these Lie groups and give some rough structure results. We fix for the whole section
a number field k with algebraic closure k, and write T' := Gal(k|k).

—5.2.1. Let M be a torsion—free 1-motive over k. The group I" acts continuously on the finitely
generated free Zy,—module TyM. We define

LM = im (I — GLg, (T, M))

Because I' is compact, this image is closed, hence an f—adic Lie group. In the same fashion, we
define the Lie groups LMa, LE LY .... Then, we define

LY :=ker (LM — L)

In words, L]\G/l is the subgroup of LM consisting of those elements acting trivially on the Tate
module of G. Similarly, Lg\//’[ 1, stands for the subgroup of LM consisting of those elements which

act trivially on the Tate modules of Y and M 4. In the very same fashion, we define L%A, Lg, Lg’ A
and so on. We can associate Lie algebras to these Lie groups, which we shall write as [M, [?;4 A
and so forth.

— 5.2.2. The Lie groups introduced above are quotients of the Galois group I', thus correspond
to extensions of k. The group LY is the Galois group of the smallest Galois extension of k& which
trivializes Y. In particular, [¥ is trivial because LY is finite.

All the other Lie groups we are considering are in general infinite. We can describe them as follows:
Let H be a commutative geometrically connected algebraic group over k, and let S C H(k) be a
subset. We write kg for the subfield of k generated by the coordinates of all points R € H (k) such
that /"R € S for some n > 0. If § = {P} is a single point, we write kp instead of kg. The following
relations are clear:

ksus = (ks, ksr) and ki) = kg

Here (S) is the subgroup of H(k) generated by S. In particular, if 15 denotes the identity of H,
then k;,, C kg, provided S is nonempty. Moreover, if ¢ : H — H' is a surjective morphism of

algebraic groups defined over k, then the relation
ko(s) © ks

holds. By definition, an element of the Galois group I' acts trivially on kq,, if and only if it acts
trivially on all #"~torsion points of H(k), that is to say if and only it acts trivially on the Tate
module TyH. Thus, coming back to our semiabelian variety, if Og, O and 17 denote the identity

element of G, A and T respectively, we have

LY = Gal(ko,|k)  and LA =Gal(ko,lk) and LT = Gal(ky,|k)
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An element of I' acts trivially on the Tate module of M if and only if it acts trivially on Y and on

all R € G(k) such that "R = u(y) for some y € Y and n > 0. Therefore, if £’ denotes the minimal
Galois extension of k which trivializes Y, we have

LM = Gal(ky,yy|k)  and LM = Gal(kyy)|k)
where My = [v:Y — A]. The relative groups can now be explained by
Lely = Gal(kyylko,)  and LG = Gal(koglko,)  and LY = Gal( vy |ko,)

and so on.

— 5.2.3. To the 1-motive M over k, we have associated several Lie algebras, which act naturally

on the f—adic representation spaces. We would appreciate to have a complete structure result for
these algebras. Unfortunately, already the Lie algebra [4 associated to the abelian variety A over
k is not fully understood. For instance, it seems not to be known whether the dimension of [4 is
independent of the prime ¢ or not.
For elliptic curves, Serre ([Ser68], IV.2) gives a complete structure result: If A is an elliptic curve
without complex multiplication, then (4 = gl(VeA) ~ gl,Qy, and if A has complex multiplication,
then [ is commutative and two dimensional, thus consists of the diagonal elements of gl(V;A). So
far, the only result that applies to general abelian varieties is due to F.A.Bogomolov, who proved
in [Bog81] (Theorem 3) the following result, originally conjectured by Serre:

THEOREM 5.2.4 (Bogomolov 1981). The Lie algebra 14 < gl(V,A) is algebraic and contains the
scalars.

Serre conjectured more precisely ([Ser71], §2, remark 3) that [4 coincides with the Lie algebra of
the Hodge group of A, augmented by the scalars. This is known to be true for products of elliptic
curves (see [Ima76)).

The analogue for a torus T' is banal: The Lie algebra [T is one dimensional except for trivial T,
and acts as scalar multiplication on V,7". The Lie algebra [V is always trivial.

PROPOSITION 5.2.5. The Lie algebras (M []\G/[, (4,... do not change when k is replaced by a finite
extension of k, nor do they change when M is replaced by a 1-motive isogenous to M.

PROOF. Replacing k by a finite extension replaces I and thus L™ by an open subgroup, hence
leaves [ invariant. Replacing M by an isogenous 1-motive leaves L™ unchanged. Indeed, if
M — M’ is an isogeny, then the map V,M — V,M’ is an isomorphism of I'-modules, and we
can look at LM also as being the image of T' in GL(V,M). The same goes for all the other Lie
algebras. O

PROPOSITION 5.2.6. Let A be a nonzero abelian variety with dual A, and write O and OV for
the origins of A and AV respectively. The fields ko and kov are equal, and contain all {—th power
roots of unity.

PROOF. There exist isogenies A — AV, and therefore the inclusion kov C ko holds. The
situation is symmetric, so we have in fact kov = ko. The Weil pairing egpn : A["] x AV [("] — pm
is nondegenerate, hence surjective, and Galois invariant. Thus, if an element of I' acts trivially on
ko, it acts trivially on A[¢"] and on AV[¢"], hence trivially on pimn. O

COROLLARY 5.2.7. Let A be a nonzero abelian variety and T be a torus over k. The projection
LAXT — LA has finite kernel, and the induced Lie algebra map YT — (4 is an isomorphism.
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Proor. Without loss of generality we may suppose that T is split. But in that case, the
proposition even shows that LA*T = Gal((ko ,, k1,) |k) — Gal(ko,|k) = L* is an isomorphism.
a

— 5.2.8. We will now have a closer look at some of the subgroups of L™ and the corresponding
subalgebras of [M introduced above. The overall picture is given by the following diagrams of Lie

groups and algebras:

0 0 0 0 0 0
| |
0 —= Lgha,~ Lely— Loy —= 0 0 —= G, — 1 I 0
| l
0 —= LYy —~Liyy— L —= 0 0 — By, — Wy —dhr——o
0 — LEy,— LS4 0 — G, — 4
0 0 0 0

Much about these Lie groups and algebras is told by the following generality:

PROPOSITION 5.2.9. Let 0 — V! — V — V — 0 be a short exact sequence of free Z,—
modules of finite rank, and let L < GL(V) be a closed subgroup which leaves V' invariant. Let H
be the subgroup of L consisting of those elements which act trivially on V' and on V. Then, as an
L—group via the conjugation action, H is naturally isomorphic to a submodule of Hom(V,V'). In
particular, the Lie group H is commutative and torsion free.

PROOF. Choose a linear section s : V. — V of the quotient map, and define ¥ : H —
Hom(V, V) by sending h € H to the linear map © —— hs(v) — s(v). That this map ¥ is an injective
L—module homomorphism and independent of the choice of s is straightforward to check. O

COROLLARY 5.2.10. There are canonical injections of L™ ~modules (or T-modules)
LYy — Hom(Y ® Z¢, T,G)  and  Lj'y,, — Hom(T,Ma, T(T)
as well as canonical injections of M ~modules
(M — Hom(Y ® Qp, V,G) and 1y, — Hom(V, My, V,T)

All Lie groups in 5.2.8 in the left hand side diagram are torsion free, and, with the possible exception
of L%A’Y, commutative. The corresponding Lie algebras are commutative, except maybe [%A which

is nilpotent.

— 5.2.11. We call these injections Kummer injections. The formula for ¢ in Proposition 5.2.9
reminds us of the formula for a connecting homomorphism in group cohomology. Indeed, because
Lg/{ y acts trivially on TG the cohomology group H 1(L?§{ v+ T¢G) can be identified with the group
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of Zy—linear homomorphisms Hom(Lgy,TgG). Consider now the short exact sequence of L]\G/{ v
modules 0 — TG — TyM — Y ® Zy — 0. Part of the associated long exact sequence
reads

0 — (T,M)T — Y © Z 2 Hom(L¥y, TyG) — H'(L¥y, TeM) — ---
From the usual description of the connecting morphism 0 and from the construction of ¢ it is now
immediate that the equality d(y)(g) = ¥(g)(y) holds for all y € Y ® Zy and g € Lgy.

5.3. Lie algebra cohomology of the Tate module

In this section we compute some Lie algebra cohomology groups associated with a 1-motive.
What makes our computation work is the combination of Bogomolov’s theorem 5.2.4 together with
the elementary Lemma 5.1.6. The main statement is the following theorem, generalizing Serre’s
theorem 2 in [Ser71].

THEOREM 5.3.1. Let G be a semiabelian variety over k with abelian part A and toric part T.
Then, for all i € Z, the following holds:
(1) The groups H' (1A, V,A), H'((T,V,T) and H (I**T V,(A x T)) are trivial.
(2) There is a canonical, natural isomorphism H*(I%,V,A) =2 H=L(14*T Hom (1§, 1, Vs A)).
(3) There is a canonical, natural isomorphism H' (15, V,T) = H'=2(1*T Hom(N1§, 1, ViT)).

with the convention that cohomology groups of negative degree are zero.

PROOF. Before starting the proof, let us point out a few useful facts: If z € [4 acts as scalar
multiplication by A on V;A, then x acts also as A on V;AY. Indeed, any polarization A — AV
yields an isomorphism of I'-modules V,A = V,AY. On the tensor product V;A @ V,AY, an element
x € 4 acts according to the rule z.(v ® w) = 2.v ® w + v ® x.w. Thus if z acts as multiplication
by A in V;A, then it acts as 2\ on V;A ® VyAY. Because the Weil pairing VyA @ V;AY — Qy(1) is
a surjective [4-module map, z acts also as 2\ on Q(1).

(1) By Bogomolov’s Theorem 5.2.4, the Lie algebra (4 contains an element z which acts like a
nonzero scalar on VyA. This 2 satisfies the hypothesis of Lemma 5.1.6, thus H*(14, V,A) is trivial
for 4 > 0. Similarly, the Lie algebra [T = Q, is commutative and acts diagonally on V,T. In
particular, every nonzero z € [© is central and acts as an automorphism on V,7'. We conclude
again by Lemma 5.1.6. For the last statement of (1), we may suppose that A is nontrivial, so that
(TxA = (4 by 5.2.7. We just have to check that H*(14,V,T) is trivial. Indeed, if z € [4 acts as
scalar multiplication by A € Q on V,A, then, as we have explained at the beginning of the proof, =
acts as multiplication by 2\ on VyG,,, hence on V,T. Again by 5.1.6, we find that H*(I1*,V,T) = 0.

(2) We can suppose that A is nontrivial, and thus [7*4 = [4 and [% 4 = [§. The Hochschild-Serre
spectral sequence associated to the short exact sequence 0 — [ﬁ — ¢ — 4 — 0 reads
HY(A HI(1G, Ve A)) = H™M(19,V,A)
Because [g is commutative and acts trivially on V;A, the cohomology group Hj([g,VgA) is the
space of alternating Q,—multilinear maps from ([ﬁ)j to VyA, thus
Hi(*, Hom(N 1§, VeA)) = H™I(1%V,A)

If z € (4 acts as scalar multiplication by X in VA, then z acts also by A on [S, because [ﬁ is as a
(4-module isomorphic to a submodule of Hom(V,T,V;A). Thus, x acts as multiplication by jA on
the j—th exterior product of [§, hence as multiplication by (5 — 1)\ on H7(I§, V,A). By 5.1.6, we
get H (14, Hom(/\jlﬁ,VgA)) =0 for j # 1, and the claim follows.
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(3) We can suppose again that A is nontrivial. The Hochschild—Serre spectral sequence for the
same short exact sequence is this time

HY (W HI(IG,V,T)) = H™(C V,T)

Because [ﬁ is commutative and acts trivially on V,7', the cohomology group H: j([g,VgT) is the
space of alternating Q,—linear maps from ([g)j to V,I', thus

HY (4, Hom(NG, ViT)) = H™* (16, V,T)

If z € [4 acts as scalar multiplication by A in VyA, then z acts as scalar multiplication by j\
on the j-th exterior product of [§, and as scalar multiplication by 2\ on V,T', hence as scalar
multiplication by (j — 2)A on H’(I§, V,T). Thus, by 5.1.6, we get H' (14, Hom(N I, V,T)) = 0 for
J # 2, and the claim follows. O

COROLLARY 5.3.2. Let M = [Y — G] be a 1-motive over k. The extensions of Lie algebras
O—>[AA4A—>[MA—>[A—>O and 0— 1§ —1¢“—1—0
are split.

PROOF. By 5.2.10, the [*-modules []XA and [g are both isomorphic to a submodule of a power
of V/A. Because VA is a semisimple [4-module and H?(I4, V,A) = 0, one has H?(14, [%A) =0 and
H 2([A, [g) = 0. These cohomology groups classify extensions modulo split extensions by [Wei94]
theorem 7.6.3, so the claim follows. Il

COROLLARY 5.3.3. Let M = [Y — G] be a I-motive over k. If G is a split semiabelian
variety, then there are canonical isomorphisms

HY (M, V,G) = Home (¥, V,G)

PRrOOF. The Hochschild—Serre spectral sequence for 0 — []\64 — M (€ — 0 yields a
short exact sequence in low degrees

0 — H'(1% ViG) — HY (M, ViG) == H(C, H' (1Y ,ViG)) — H?(1% ViG)

By claim (1) of Theorem 5.3.1, the first and last group in this sequence are zero, the morphism in
the middle is thus an isomorphism as indicated. Because [1\04 acts trivially on V,G by definition, we
have HY (1Y, V,G) = Hom(1¥, V,G). O

COROLLARY 5.3.4. Let G be a split (or split up to isogeny) semiabelian variety over k. There
is a canonical isomorphism of finite groups H' (L, T,G) = G(k)[(>].

PrOOF. The group H'(L®, T,G) is finite, because it is a Z,~module of finite type, and its

tensor product with Qp is H'(LY, V,;G) which is zero by 5.3.1. Say then H'(L%, T,G) is killed by
¢N. The cohomology sequence associated with the short exact sequence 0 — T,G — T,G —

G(k)[¢N] — 0 shows the claim. O
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5.4. Relation with Galois cohomology

In this section we show how to pass from Lie group cohomology to Galois cohomology using
the functor H} which associates with a topological group G and a continuous G-module T the
set of those cohomology classes in H'(G,T) that become trivial on each monogenous subgroup of
G. A topological group is called monogenous if it contains a dense subgroup generated by a single
element. In [Ser64], the idea to consider this object is attributed to J. Tate.

DEFINITION 5.4.1. For a Hausdorff topological group G and a continuous G-module T', we
write

HNG,T) := ker (Hl(G, T)— [[H'(C, T)>

the product running over the monogenous subgroups C' of G. Analogously for a Lie algebra [ and
an [Fmodule V we define

HM1,V) := ker (Hl(r, V) — J[H' V))

the product running over the one dimensional subalgebras ¢ of [.

~ 5.4.2. A 1-cocycle ¢ : G — T represents an element of H!(G,T) if and only if for every
element g € G there exists a an element t, € T such that c(g) = gty —t,. One of the main features
of H} is the following

PROPOSITION 5.4.3 ([Ser64] Proposition 6). Let N be a closed normal subgroup of G which
acts trivially on T. Then, the restriction map H'(G/N,T) — HY(G,T) induces an isomorphism
HNG/N,T) — HNG,T).

The similar statement for Lie algebras holds as well. Mind that for cohomology groups of degree
1 # 1 the analogue definition doesn’t make much sense. Our motivation to consider these groups
is the following. Let S be a set of places of k of density 1, and let T be an f-adic sheaf on k. We
shall be concerned following group,

HL(k,T) := ker <H1(k:, 7) — [ H#' (ko, T))
veS

already used by Serre in [Ser64]. One of our main goals, as explained in the introduction, is to
compute the group HL(k, T,M) for a torsion free 1-motive M over k. As Proposition 8 in [Ser64]
(we reproduce it below, see 5.4.4) the group HL(k, T is contained in H}(I',T). On the other hand,
as O. Gabber hinted to us (see Lemma 5.4.5), if S does not contain a finite list of bad places, then
even equality Hi(k,T) = HL(I',T) holds (both groups are subgroups of H'(I',T)). Proposition
5.4.3 shows that the group H}(T', T) is the same as H! (L, T), where LT is the image of I in GL T,
and this brings us back to Lie groups.

PROPOSITION 5.4.4 ([Ser64|, Proposition 8). Let T be a finitely generated Z;—module with
continuous I'—action and let S be a set of finite places of k of natural density 1. The group Hé(k, T)
is contained in H}(T,T).

PRrROOF. It is enough to show that the proposition holds for finite Galois modules of order a
power of £, since T" can be written as a limit of such, and the general case follows then by Proposition
5.1.9 and left exactness of limits.

So let F' be a finite Galois module of order a power of £. Let ¢ : I' — F' be a continuous cocycle
representing an element of H év(l—‘, T). Because F is finite, there exists an open subgroup N of T’



CEU eTD Collection

5.4. RELATION WITH GALOIS COHOMOLOGY 65

on which c is zero. We may suppose that N is normal and acts trivially on F'. Now let o be an
element of ', and let o be its class in I'/N. By Frobenius’s density theorem, there exists a place
v € S and an extension w of v to k such that decomposition group of w in I'/N equals the group
generated by op. Since the restriction of ¢ to the decomposition group D,, C I' is a coboundary,
there exists a x € F' such that

er)=1r—=x for all 7 € D,

As N acts trivially on F', the same holds for all 7 € D,,N, and in particular for 7 = . Since o was
arbitrary, this shows that the cohomology class of ¢ belongs to H(T, F). O

LEMMA 5.4.5 (Gabber). Let T be a finitely generated Zy—module with continuous T'-action and
let S be a set of finite places of k of natural density 1. Suppose that S does not contain the places
dividing ¢ nor the places where T is ramified. The natural inclusion H(k,T) — HX(T,T) is an
equality.

Proor. Without loss of generality we suppose that S contains all but finitely many places
of k and corresponds thus to the set of closed points of an open subscheme U of spec Q). The
Galois module T' extends thus to an étale f-adic sheaf on U. Write 7y := 7$*(U, k) for the étale
fundamental group of U with respect to the base point speck — specU. The group 7y is a
quotient of I", which can also be realized as the Galois group Gal(ky|k), where ky is the maximal
extension of k in k unramified in U. The action of " on T factors over w7, and so it makes sense
to define

Hi(my,T) = ker <H1(7rU, T) — [ H' (ko T))
veS
There is a natural injection H (7, T) — HL(T,T) induced by the inflation map. By Proposition
5.4.3 we know that H} (7, T) is isomorphic to H}(T', T) via inflation, and it is thus enough to show
that the natural inclusion

Hi(ry,T) — H(my,T)

is an isomorphism. But this is clear, since every decomposition group in 7y corresponding to a
place in S is monogenous. O

— 5.4.6. Let M be a torsion free 1-motive over k. Working with Lie algebras and Lie algebra

cohomology we shall be able to compute the group H}(k,V,M), which is essentially the same as
H é(k:, TyM), except that all information about torsion is lost. However, we have also big interest
in controlling the torsion part of H} (LM, T,M ). To anticipate this, we will solve in Chapter 8
the problem of “detecting subgroups by reductions”. This is heavily based on the vanishing of the
torsion in H} (LM, T,M) for certain 1-motives.
We end this section with presenting a handy criterion for H}(L,T) to be torsion free for a general
compact f—adic Lie group L acting on a finitely generated free Zy—module T'. In [Ser64] it is shown
that if there exists an element g € L™ such that the only element of T,M fixed under g is 0,
then H!(LM T,M) is torsion free. Such an element can always be found if M = [0 — G] is a
semiabelian variety, but in general it does not exist. We use the following lemma instead.

LEMMA 5.4.7. Let T be a finitely generated free Zy—module, set V :=T @ Qyp, and let L C GLT
be a Lie group with Lie algebra I. If the equality V¥ = V' holds then H}(L,T) is torsion free.
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— 5.4.8. The proof of this lemma needs some preparation. Let us introduce the following
ambulant terminology: Given a finitely generated free Z,—module T and a Lie group L C GL V for
V =T ® Qp we say that L is tight or that L acts tightly if the equality

N (T+V)=T+V*"
geL
holds. A bit more generally, if V5 is another vector space over Q; we say that a family ® of linear
operators ¢ : V. — V5 is tight if the equality
(%) ﬂ (T +kerp) =T + ﬂkergp
ped ped

holds. So, L acts tightly on V' if and only if the family of operators {(g — 1) | g € L} is tight. The
following lemma shows how this is related with the torsion of Hl(L,T).

LEMMA 5.4.9. If L C GLT acts tightly on V then the group HL(L,T) is a torsion—free Zy—
module.

PROOF. Let ¢ : L — T be a cocycle representing an element of H!(L,T)[¢], and let us show
that c is a coboundary. As fc is a coboundary c is a coboundary in H!(L, V) and there exists an
element v € V such that ¢(g) = gv — v for all g € L. To say that the cohomology class of ¢ belongs
to HL(L,T) is to say that for all g € L, there exists a t; € T such that c(g) = gt, — t;. We find
that

(9—1v)tg=(9—1y)v forall g € L
or in other words v — t, € ker(g — 1), that is to say v € T'+ V9. Now, since L acts tightly, this
implies that v = t 4 vy for some ¢t € T and vy € VE. Hence ¢(g) = gt — t is a coboundary as
needed. U

LEMMA 5.4.10. Let Vi be a Qq—vector space and let ® be a linear subspace of Hom(V, Va). Then
P is tight.

PROOF. In (%), the inclusion D holds trivially, we have to show that the inclusion C holds as
well. Let V* and V5" be the linear duals of V' and V5, and define ¥ := {mrop|p € &, 7 € V5'}. We
have then

() (T+kerg) € () (T+kery)) and () kerp= () kere

pED YEW oED PYET
Hence, it is enough to show that the lemma holds in the case where Vo = Qy, and where ® is a
linear subspace of the dual space V*. Write W for the intersection of the kernels ker v, so that

W ={weV|p) =0 for all p € D} and O={peV*|pw)=0forallwe W}

Because T'/(T N W) is torsion free the submodule W N T is a direct factor of T (every finitely
generated torsion free Zy,—module is free, hence projective), so that we can choose a Z,—basis
€1,...,€s,...,6. of T such that eq,...,es make up a Z,~basis of W NT. Let v be an element of V'
that is contained in T + ker ¢ for all ¢ € ®. We can write v as

V= AUg o+ Ag€s FAsp1€541 + -+ A€y
ew
where the \; are scalars in Q. Taking for ¢ the projection onto the i—th component for s < i <r
shows that A\; € Z, for s < i < r. Hence Ag11€541 + -+ Arep € T, and we find that v € W + T as
required. O



CEU eTD Collection

5.4. RELATION WITH GALOIS COHOMOLOGY 67

PrROOF OF LEMMA 5.4.7. As we have seen in Lemma 5.4.9, it is enough to show that if the
equality V¥ = V' holds, then L acts tightly on V.
Let H be an open subgroup of L such that the logarithm map is defined on H. Such a subgroup
always exists, and the exponential of logh is then also defined and one has explogh = h for all
h € H ([Bou72], Ch.II, §8, no.4, proposition 4). The Lie algebra of H is also [. Let h be an
element of H and set ¢ := logh, so that h = exp ¢. We claim that equality V" = ker ¢ holds. On
one hand if hv = v, then the series
(h — 1)2(1}) + (_1)n—1 (h — 1)n(,v)

p(v) =logh(v) = (h —1)(v) — —F—=L ...

is zero, whence V" C ker ¢. On the other hand, if ©(v) = 0, then the series

) = exp () = 1v(v) + o) + S oo £

is trivial except for its first term which is 1y (v) = v, whence the inclusion in the other direction.
The Lie algebra [ has the good taste of being a linear subspace of End V', so that we apply Lemma
5.4.10. Using these preliminary considerations, Lemma 5.4.10 and the hypothesis we find

T +V9) € (T +kerp) = T+V' = T+VF

geL pel
hence L acts tightly on V' as claimed. Mind that in the second intersection it does not matter
whether we take the intersection over ¢ € [ or ¢ € log(H), because every element of [ is a scalar
multiple of an element in log(H). O

PROPOSITION 5.4.11. Let M = [u : Y — G] be a 1-motive over the number field k, and set
I := Gal(k|k). Write Z for the kernel of the T'-module map Y — G(k). If Z is constant then
the Zg-module TyM and the group LM acting on it satisfy the hypothesis of Lemma 5.4.7, hence
HYLM T,M) and HL(k, T¢M) are torsion free in that case.

PROOF. Observe that Z' = H~!(k, M) and that (T,M)'' = H°(k,T,M). From Corollary
3.3.15 we get an isomorphism

ZV ®©Zy=H Yk,M) ® Zy — H°(k, T,M) = T, MM

Tensoring with Q, yields the first isomorphism of the proposition. An element of VyM is fixed
under the action of the Lie algebra (M if and only if it is fixed under the action of some open
subgroup of LM (as explained in 5.1.7). Every sufficiently small open subgroup of L acts trivially
on Z ® Zy, hence the second isomorphism. O

We shall also need a relative version of Lemma 5.4.7, dealing with a Lie group L and a subgroup
D of L. This is the following Lemma, which in the case where D is the trivial subgroup gives back
Lemma 5.4.7. In our application, L will be the image of the absolute Galois group of the number
field k£ in GL(T,M), and D will be the image of some decomposition group.

LEMMA 5.4.12. Let T be a finitely generated free Zy—module and let L < GLT be a Lie group.
Let D be a closed subgroup of L. If for all open subgroups N of L containing D the equality
TE =TN holds, then the map HYN(L,T) — H'(D,T) is injective on torsion elements.

Proor. Write [ and 0 for the Lie algebras of L and D, and let N be a sufficiently small open
normal subgroup of L on which the logarithm is defined, so that V! = VN and V° = VNP Let
c: L — T be a cocycle representing an element of order £ in ker(H}(L,T) — H(D,T)). As in
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the proof of Lemma 5.4.7, there exists a v € V such that ¢(g) = gv — v for all g € L, and we have
v € V4 T. Since the restriction of ¢ to D is a cocycle, we also have also v € VP + T, so that

ve (VI+T)n (VP +1)

Changing v by an element of T, we may without loss of generality assume that v € VP, hence in
V?®. The finite group G := D/(N N D) acts on V°. By Maschke’s theorem, there exists a Q,—linear,
G equivariant retraction map r : V° — V' of the inclusion V' < V?. Restricting r to V!4 (T'NV?)
we find a decomposition of G—modules

Vi (TnV®) =V'® (kerr N (TNVY))

Writing v = vy + t; with v; € V' and t; € kerr N (T N V?) according to this decomposition, we
see that v; (and also t1) are invariant under G, so that in particular v € (V!N V%) 4+ T. But the
intersection VN V& is just VN N FP = VPN 5o that

veVPN 4T

Now DN is an open subgroup of L containing D, hence v € V¥ + T, and that precisely means that
¢ is a coboundary. O

REMARK 5.4.13. In practice we shall use this lemma in the following form. Let, as in the lemma,
T be a finitely generated free Zy,—module, L < GLT be a Lie group, D be a closed subgroup of L
and z be a torsion element of H}!(L,T). Our Lemma implies that if z restricts to zero on D, then
z restricts already to zero on an open subgroup U of L containing D.
Indeed, let U be an open subgroup of L containing D, so small such that for any other open
subgroup V C U containing D the equality 7V = TV holds. The lemma applied to the Lie group
U C GLT shows that the restriction map H}(U,T) — H'(D,T) is injective on torsion elements.
But this just implies that z restricts to zero in H*(U, T).

5.5. Controlling the torsion of III'(k, T,M)

We now come to a first application of the techniques developed so far. Our goal is to compute
the torsion subgroup of Hll(k, TyM) for a 1-motive with torsion M over a number field &, and in
particular to establish the isomorphism

10 (k, M)[£°°] = TIT* (k, Ty M )tor
This is what we needed for the duality theorem 4.2.6. More generally, we shall work with a set of

places S of k of density 1 and compute the torsion part of the group H }q(k:, T,M). The main result
of this section is the following theorem.

THEOREM 5.5.1. Let M be a 1-motive with torsion over k. The group Hé(k:,TgM) s a finitely
generated Zy—module, its rank being bounded independently of S and £. There is a canonical iso-
morphism of finite groups

H(k, M)[6%] — HE(k, TeM )tor
both being killed by the degree of any Galois extension k'|k over which H—*(M) is constant.

The proof of Theorem 5.5.1 proceeds as follows. We begin with showing some permanence
properties of Hi(k, T¢M) (Proposition 5.5.2) and show the theorem in the elementary case where
M is of the form [Y — 0]. Then, in order to use what we have worked out in the previous sections
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of this chapter we concentrate first on torsion free 1-motives in Lemma 5.5.4, then we handle a
special case of the theorem in another Lemma 5.5.5 and prove finally the theorem itself.

PROPOSITION 5.5.2. Let M and M’ be 1-motives with torsion over k, let f : M — M' be an
isogeny over k (Definition 1.1.5), and let K'|k be a finite field extension. Write S” for the set of
places of k' lying over places in S. The following holds

(1) The map H(k,T¢M) — Hi(k,T¢M') induced by f has finite kernel. In particular, the
Zo-ranks of HL(k,T¢M) and Hi(k,T;M') are equal, and the group H(k,T¢M) is finite
if and only if HL(k,T;M') is.

(2) The map HL(k,T¢M) — HL, (K, T¢M) induced by inflation has a finite kernel. In par-
ticular the Zg—rank of HL(k,T;M) is less or equal than the Zy—rank of HL,(K',T,M), and
if the group HL,(K',T(M) is finite, so is H(k, T;M).

PROOF. The isogeny f induces an exact triangle F' — T,M — T,M’, where F is a f-adic
complex with finite homology groups, concentrated in degrees 0,1,2. The long associated exact
sequence shows that the kernel of the map HL(k,T,M) — HL(k,T,M') is a subgroup of the
finite group H(k, F'). This shows that the Z, ranks of H.(k,T;M) is less than the Z, rank of
H é(kz, TyM'). The same argument applied to any isogeny g : M’ — M show that equality holds.
For the second statement, we may assume that k’|k is Galois, with Galois group G. But then, the
kernel of the inflation map H!(k,T,M) — H!(k',T,M) can be identified with the finite group
H'(G,T,M) by Hochschild-Serre. O

LEMMA 5.5.3. Let Z be I'-module which is finitely generated as a group. There are canonical
isomorphisms of finite groups

Hy(k, 2)[0] = Hg(k, Z) ® Ly = Hy(k, Z © Ly)
both being killed by the degree of any Galois extension K'|k over which Z is constant.

PROOF. The first isomorphism simply holds because Hi(k, Z) is finite. For the second one,
choose a finite Galois extension k'|k such that Z is constant over k. We can proceed as in the
proof of Proposition 4.2.2 in order to express Hi(k, Z) and H,(k,Z ® Zy) in terms of cohomology
groups of the finite group Gal(k’|k) and its subgroups. Thus, what we must show is that if we are
given a finite group G acting on Z, then there is an isomorphism H*(G,2) ® Z; = HY(G, Z ® Zy).
Indeed, this isomorphism can be deduced from the long exact cohomology sequence of the short
exact sequence of G—modules

0 —272—2Q7% — ZR(Zy/Z)— 0

Observe that the multiplication by a prime p # £ is an isomorphism on Z ® Z, and multiplication
by £ is an isomorphism on Z ® (Z¢/Z). The same holds then for the respective cohomology groups.
The long exact cohomology sequence identifies then H*(G, Z ® Z;) with the {-part of H (G, Z) for
all i > 0, and H"Y(G, Z ® (Z¢/Z)) with the prime—to— part of H (G, Z) for all i > 1. O

LEMMA 5.5.4. Let M be a torsion free 1-motive over k. There is a canonical isomorphism of
finite groups Hi(k, H (M) ® Z¢) = HL(k, T¢M )tor-

PROOF. Write Z := H (M) = ker(u : ¥ — G), and fix a Galois extension k'|k with
Galois group G, over which Z is constant. From the Hochschild—Serre spectral sequence we get a
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commutative diagram with exact rows

0 HYG,Z ® Zy) H(k, T,M) HY(K', T,M)

l l i

15 (Guw, H (K, TeM)) — [ H' (kuw, TeM) [[H" (%, TeM)

The kernel of the right hand vertical map is H é(k’ , T¢M), which is a torsion free Z,—module by
Proposition 5.4.11. This shows that every torsion element of HZ(k, TyM) comes from a unique
element of HY(G, Z ® Zy) or say H*(k,Z ® Zy), and it remains to show that this element is then in
HL(k,Z ® Z¢). We consider for this the following diagram

H'(k,Z © Z)) —= H'(k,T¢M)

oY i
N

[[H (k0.2 ®Z¢) — [[H" (ko, TeM)

0

The rows are induced by the triangle of Tate—-modules associated with the short exact sequence of
1-motives

0 —[Z—0 —[Y—G —[Y/Z—G —0

and in the top row we have used Corollary 3.3.15 which shows H°(k, T/[Y/Z — G]) = 0. We have
thus (ker d)or = H é(kz, Ty M)tor and we must show that every element of ker § maps already to zero
in H'(ky, Z ® Zy) for all v € S, that is, (ker &)or = Hi(k, Z ® Zy).

Fix an element x of H é(k:, T¢M)ior, a place v € S and let D, be a decomposition group for v. We
know that z comes via inflation from an element z € H!(LM, K T;M)o,. Write D for the image
of D, in GL(TyM). This D is a Lie subgroup of L™, and by hypothesis z restricts to zero in
H'(D,T;M). By Lemma 5.4.12 and the remark following it, there is an open subgroup U of LY
containing D, such that z is already zero in H'(U,T;M). This shows as well that there is an
open subgroup I of I' containing D, such that x maps to zero in H'(I'", T,M). Consider now the

diagram
0 HYT,Z®2Z,) — HYT,T,M)
oo
N
0 HY I, Z ® Zy) — HYI',T,M)

) |

HY(D,,Z ®7,) — HYD,,T;M)

We know that the element x € HL(k,T¢M) comes from an element of kerd’. The middle row
is exact (because I' is the Galois group of a number field), so that this element maps to zero in
HYT',Z ® Zy), hence in HY(D,,, Z ® Zj). O

LEMMA 5.5.5. Let M be a 1-motive with torsion over k, such that H=*(M) = 0. Then
HL(k,T¢M) is torsion free.

Proor. We have shown this for torsion—free 1-motives in the previous lemma. Consider then
the case of a 1-motive M = [u : Y — G] where Y is free, but where G is no longer connected.
Write G° for the connected component of G and Y° for the pull-back of Y to G°. This yields an
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exact sequence of 1-motives 0 — M°® — M — M’ — 0 given by

0—=Y° =Y =Y —0

el el

00— G°—=—G—=G — 0

The map wu is injective by hypothesis, hence v° and u’. The groups Y’ and G’ are finite, and M’
is quasi-isomorphic to [0 — G’/Y’]. This exact sequence yields then an exact triangle of Tate
modules
T,M° — TyM — T,M’

Observe that TyM° is concentrated in degree 0 and T,M’ is concentrated in degree 1, and that
this triangle is nothing but the truncation triangle for the f—adic complex T,M. The ¢—adic sheaf
F := HY(T,M’") is just a finite group, equal to the £-part of G'/Y’. Writing out the long exact
cohomology sequences one finds a diagram with exact rows

0 HY(k,T,M°) — HY(k,T,M) — Hk,F)
! | |
0 [1H" (ko, TeM®) =T H' (k, TeM)—=] [ H (ko, F)

the products running over v € S. Because the rightmost vertical map is injective this yields an
isomorphism HL(k, T,M°) = HL(k,T;M). Since M° is a torsion free 1-motive and u° injective,
we know that H(k,T,M°) is torsion free, hence HL(k, T;M).

Finally, consider an arbitrary 1-motive with torsion M = [u : Y — G] such that wu is injective.
The torsion part Yior of Y is finite, and injects to G. The 1-motive M is thus quasi—isomorphic to
the 1-motive M’ := [Y/Yior — G/Yior]). Hence T,M is isomorphic to TyM’, and because Y/Y;or
is torsion free we already know that HL(k, TyM’) is torsion free. This shows the lemma. O

PROOF OF THEOREM 5.5.1. The Zj—rank of Hé(k:, TyM) is less or equal than the dimension
of H} (1M " VM ) where M’ is any torsion free 1-motive isogenous to M, which in turn can be
bounded uniquely in terms of the dimension of V,M’. It remains to show the statement about the
torsion subgroup of H(k, T;M).

Write M = [u: Y — G], set Z := H }(M) = keru and Y := Y/Z, so that we get a short exact
sequence of 1-motives 0 — Z[1] — M — M — 0 given by

0 —=272—=Y =Y —=0

oo

0 —0—=G=G—=0

The morphism % is injective, hence H&(k, TyM )tor = 0 by Lemma 5.5.5. The associated long exact
cohomology sequences yield the following diagram

0

H'(k,Z ® Z¢) — H'(k,T,M) — H'(k, T;M)
N |

[TEH ko, TeM) [ [ H' ko, Z ® Z) = [ [ H (ko, TeM) —= [ [ H' (b, T(M)

the products running over v € S. Because the rightmost vertical map is injective on torsion this
yields an isomorphism

H(k, TeM )gor = (ker 8)tor
We must show that every torsion element of ker § maps already to zero in H'(k,, Z ® Z;) for all
v € S. We have shown this for torsion—free 1-motives, and the general case follows then again
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considering the exact sequence 0 — M° — M — M’ — 0 as in Lemma 5.5.4. Hence the
(finite) kernel of the first vertical map gets identified with the torsion in the kernel of the second
vertical map, that is

Hé'(k> Z® Zf) i Hé'(k> TZM)tor

Together with Lemma 5.5.3 this yields the claimed isomorphism, as well as the additional statement

of the theorem. O
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CHAPTER 6

The Tate property for 1-motives

In this chapter, we work over a number field k with a fixed algebraic closure k. We fix also
a prime number ¢. We establish the Tate property for torsion free 1-motives announced in the
introduction:

THEOREM 6.0.1. The natural map Homy (M1, M) ® Zy — Homp(T¢M;, T¢Ms) is an isomor-
phism for all torsion free 1-motives My and My over k. In other words, the canonical functor

T, : MDbel & 7 Zy—modules with
! continuous I'-action

is fully faithful.

This theorem generalizes Faltings famous result on homomorphisms of abelian varieties over
number fields. U.Jannsen informed me that he stated this theorem together with a sketch of a
proof of in the 1994 ICM Proceedings ([Jan94|, Theorem 4.3). As G.Wiistholz pointed out to me,
the case of semiabelian varieties figures in the unpublished Ph.D. thesis of Y.Fengsheng [Fen94].
However, it seems that the proof given in loc.cit. contains a mistake.

We shall also prove a slightly more general version of this theorem that works for 1-motives with
torsion, involving {—adic complexes.

Convention: In the sequel we shall often write T,Y for the Tate module of the 1-motive
[Y — 0]. So in fact we have T)Y =Y ® Z; as -modules.

6.1. Deficient points

Before we come to the Tate conjecture, we need an auxiliary result on the so—called deficient
points on a semiabelian variety. The following definition is due to K.Ribet and O.Jacquinot:

DEFINITION 6.1.1. Let G be a semiabelian variety over k, and denote by ko the field obtained

from the field k& by adjoining to it all £"—torsion points of G(k). Call a rational point P € G(k)
deficient if it is ¢—divisible in G(ko).

— 6.1.2. The deficient points form a subgroup of G(k) which we denote by D¢ (k). We can see
D¢ (k) as the kernel of the map G(k) — G(ko) & Zy. It is a finitely generated subgroup of G(k)
which contains all rational torsion points but is in general strictly larger. For split semiabelian
varieties however, equality Dg (k) = G(k)tor holds, and this is what we show now.

PROPOSITION 6.1.3. Let G be a split semiabelian variety. The kernel of the map G(k) —
G (ko) ® Zy consists of the finitely many torsion points of G(k).

73
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PROOF. It is enough to show that the kernel of the map G(k) — G(ko) ® Z; is finite, because
on one hand, this kernel contains obviously all torsion points of G(k). Consider the following
commutative diagram with exact rows

0 K, G(k)/"G(k) — G(ko)/"G(ko)

/ [ v

HY (LY, G[¢"]) — H'(k,G[("]) — H'(ko.G[("])

0

The bottom row comes from the Hochschild—Serre spectral sequence associated to the exten-
sion kolk, and the injective vertical maps come from the Kummer sequence associated to the
multiplication-by—¢" map on G. We can take limits over n > 0. Because H' commutes with limits
of finite modules ([Ser64]|, Proposition 7), the lower line gives the continuous cohomology of the
Tate module of G. We get a commutative diagram of Z,—modules

0

limK, — G(k) @2y —= G(ko) ® Zy

| | |

0 —— HYLY, T,G) — HY(k,T,G) = H'(ko, T,G)

By Corollary 5.3.4, the group Hl(LG,TZG) is finite. This implies that the limit of the K,, i.e.
the kernel of the morphism G(k) ® Z;, — G(ko) ® Zy is a finite £~group. The kernel of G(k) —
G(k) ® Zy consists of the torsion elements of G(k) of order prime to £, so that the kernel of the
composite G(k) — G(ko) & Z; is indeed a finite subgroup of G(k). O

REMARK 6.1.4. Considering Corollary 5.3.4, we have shown that for split semiabelian varieties
there is a canonical isomorphism Dg(k) ® Z, = H'(LY T,G). This holds in fact for general
semiabelian varieties.

6.2. Injectivity of Abel-Jacobi maps

In order to prove theorem 6.0.1, it is enough to prove that for all torsion free 1-motives M over
k, the Tate map
70 Endp M ® Zy — Endr T, M
is an isomorphism. Like so often, the hard part is surjectivity. When one tries to prove theorem 6.0.1
by naive dévissage along the weight filtration, one immediately faces the problem that surjectivity
of the map 7, follows from injectivity of maps of the type

oy : Bxth(My, My) ® Zy — BExt{(Ty My, ToMsy)

where M; and M are some graded pieces of M. Following [Jan94]|, we call these maps Abel-Jacobi
maps, and their injectivity is what we will provide in this section. The most interesting, and also
most difficult case is when M is a lattice, say M; = [Z — 0], and when My = [0 — G] is a
semiabelian variety. We have then Ext!(M;, My) = G(k) and so the map oy becomes

ar:Gk)®RZy — Ethlﬂ(Zg,TgG)

As we shall see (Proposition 6.2.1), it is easy to show that the map a : G(k) — Ext(Z, T/G)
is injective up to torsion points of order prime to £. The difficulty lies in showing that this map
remains injective when we tensor with Z, on the left.
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PROPOSITION 6.2.1. Let G be a semiabelian variety over k. The kernel of the natural map
p: G(k) — Exth(Zy, T,G)
consists of the torsion points of G(k) of order prime to £.

PROOF. Let P € kerp C G(k), write M = [u : Z — G| where u(l) = P, and choose a
I'—module splitting o : Z;, — Ty M of the projection 7 : TyM — Z,. Such a splitting o is entirely
described by Z,-linearity and the point o(1) € T,M". By Corollary 3.3.15, we know that

o(1) € keru ® Zy = T,M"

To say that mo = id is to say that the map keru ® Zy — Z ® Zy is an isomorphism. This means
that ker u is of finite index prime to £ in Z, hence that P is a torsion point of order prime to £. [

— 6.2.2. Define the field ko by adjoining to k£ the coordinates of all /~torsion points of GG. For
a rational point Q € G(k), we set

he(Q) :==sup{n e N|Q € ("G(ko)} €{0,1,2,...,00}

By definition, hy(Q) is infinite if and only if @ is deficient. Recall that for a 1-motive M over k,
the group LM is the image of I' in GL(T;M), and LY is the subgroup of L™ consisting of those
elements which act trivially on the subspace T;G of T,M.

LEMMA 6.2.3. Let P € G(k) be a rational point, and define M = [u : Z — G] by u(1l) = P.
If the image of the Kummer injection ¥ : LY — Hom(Zy, T,G) is contained in £ Hom(Z;, T,G)
then he(G) > n.

PROOF. Choose any point R € G(k) such that "R = P. The composite map
LY %, Hom(Zy, T¢G) —> Hom(Zq, G[("]) = G[¢"]

sends the class of g € Gal(k|ko) to gR— R. But to say that the image of ¥ : LY — Hom(Z, T/G)
is contained in ¢" Hom(Zs, T¢G) is precisely to say that the above composition is zero. Thus we
have R € G(ko), and thus indeed hy(P) > n. O

LEMMA 6.2.4. Let X be a finitely generated subgroup of G(k). There exists an integer ¢ > 0
depending on k,G and X, with the following property:
Let P € X be a point, and let M = [u : Z — G| be the 1-motive over k defined by u(l) = P. If
the image of the Kummer injection ¥ : LY — Hom(Zy, T,G) is contained in £"+°Hom(Z¢, T,G)
then there exists a deficient point D € Dg(k) N X such that P+ D € (" X.

PROOF. Since X is a finitely generated group, we can identify X @z Z; = X ® Z,. We consider
the canonical map o : X ® Z; — G(ko) & Zy, and write

ima C ima:={z € G(ko)®Z| "z € im a for some n > 0}

We claim that the index of im « in im « is finite. Indeed, since the ¢-torsion subgroup of G(ko) is
divisible, G (ko) ® Zy is a torsion free Z,—module. Hence, if by, ..., b, is a Zy—basis of im a, every
element of im o can be written in a unique fashion as A\1by+- - -+ b, for some A = (A1,...,\,) € Q.
Let A C Qj be the set of all A’s occurring. This A is a Z,—submodule of Qj, containing Z; C A
as an open submodule, hence is open. Since G(ko) ® Z; contains no divisible elements, A contains
no nontrivial Q,-linear subspace. An open Zy;—submodule of a finite dimensional Q,—vector space
is compact if and only if it contains no nontrivial Q,—linear subspace ([Wei67], 11.2, Corollary 1).
Hence A is compact, and the quotient A/Zj = im o/ im « is finite.
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Let ¢¢ be this index. Now we check that the constant ¢ has the required property. Consider the
following diagram:

X — = G(ko)

si ¢EO

X ®Zi % Gko) ® Zy

If P € X satisfies the hypothesis of the lemma, then we have also hy(P) > "¢ by Lemma 6.2.3. So

there exists a Q € G(ko) such that £*7¢Q = P. It follows that acP = (""°c5Q, whence Q € im a.

By definition of ¢ we have £°Q € imq, i.e. there exists R € X ® Z; such that aR = (‘cpQ. In

other words, a(eP — ¢"R) = 0. The kernel of ae consists of the deficient points of G contained in

X, so that kera = (Dg(k) N X) ® Zy. Hence there is D € (Dg(k) N X) ® Zy such that
e(P+D)=0"R €l"(X®Z)

Replacing D € (Dg(k) N X) ® Zy by an element of Dg(k) N X congruent to D mod ¢" yields the
lemma. |

PROPOSITION 6.2.5. Let G be a semiabelian variety over k. The Abel-Jacobi map
pe : G(k) ® Zg — Extp(Zg, ToG)
18 injective.
PROOF. It is enough to prove this in the case where G is either an abelian variety or a torus.

Indeed, the following diagram with exact rows shows that injectivity of p, follows from injectivity
of the corresponding Abel-Jacobi maps for A and T

0 T (k) ® Zyg G(k) ®Zyg A(k) @ Zy
} o) ’
(T, A =0 Ext{(Ze, TyT) — Exti(Zg, T,G) — Exth(Zg, T A)

In particular, regarding Theorem 5.3.1 it is enough to prove the proposition under the additional
hypothesis that H'(I%, V,G) = 0, so that by Proposition 6.1.3 all deficient points of G are torsion.
We suppose this from now on.

Fix an element x € ker p; and let us show that x = 0. Choose Z-linearly independent rational
points Pp,..., Py € G(k) and (—adic integers A1,...,Any € Zy and an (—torsion point T' € G(k)

such that
N

r=T®L+ Y P\
i=1
Let X < G(k) be a finitely generated subgroup containing 7" and all P;’s. Let ¢ > 0 be an integer
as provided by Lemma 6.2.4, and let n > 1 be an integer. Choose integers a1, ...,ay and f—adic
integers u1, ..., un such that

/\i:ai—€"+cui i:1,2,...,N
We can write z = P® 1 — "¢y, where P :=T +a1P, +---+anyPy,andy =P, @ u; +--- +

Py @ upn. Because pg(x) = 0, this yields the equality p(P) = ¢"*¢p,(y) which in terms of extensions
corresponds to a diagram of '-modules

0 — TG E Ly 0 pe(y)

0— TG —TM —Z; —= 0 p(P)
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where M = [u : Z — @] is given by u(1) = P. This diagram shows that the image of the
corresponding Kummer injection 9 : LY — Hom(Zy, T,G) is contained in "¢ Hom(Z, T,G). By
Lemma 6.2.4, this implies that P = ¢"R + D for a rational point R € G(k) and a deficient point
D € Dg(k). By our additional hypothesis, D is torsion. Thus, we find

r=P®1 — 0"y =D+ "R~ () € Gk)tor + "(G(U) @ Zy)
But n was arbitrary, hence € G(k)or ® Z¢. So we can write x = T ® 1 for an /—torsion point T of

G(k), and have 0 = py(z) = p(T ® 1) = p(T"). This implies that 7' = O and hence z = 0 because
p is injective on /—torsion points by Proposition 6.2.1. U

PROPOSITION 6.2.6. Let Y be a lattice and G be a semiabelian variety over k. Let T be a torus
and My be a 1-motive without toric part over k. The Abel-Jacobi maps

Homy(Y,G) ® Zy — Ext{(TeY, TeG)  and  BExtp(Ma,T) ® Zy — Ext{(T¢Ma, T,T)
are injective.
Proor. By additivity, Proposition 6.2.1 shows the first injectivity in the case where Y has
trivial Galois action. For general Y, choose an extension k’|k that trivializes Y. The diagram
Homy, (Y, G) ® Zy —= Ext}(T,Y, T;A)

| |

Homy, (Y, G) ® Zy — Exti, (T,Y, TyA)

commutes, and the lower horizontal map and the left vertical map are injective, and hence also the
top horizontal map. In order to show the second injectivity write YV for the character group of
the torus T', and GV for the semiabelian variety dual to M 4. Then we can use the diagram

Homy, (Y GY) ® Zy — ExtL(T,YYT,G")

~ =

Exti(Ma,T) ® Zy — Exti, (T;Ma, T,T)

The left hand isomorphism is given by the Barsotti—Weil formula 1.2.3, and the right hand isomor-
phism by the Weil pairing. Commutativity is not hard to check. O

PROPOSITION 6.2.7. Let A and B be abelian varieties over k. The kernels of the natural maps
Exti(B, A) — Ext(TyB, T,A)

consist of the torsion elements of order prime to £. The same holds for tori in place of A and B
or for lattices.

PRrROOF. By a theorem of Milne and Ramachandran ([PRO05], Theorem 2), the group of exten-
sions Ext}.(B, A) is finite, and since Ext].(TyB,TyA) is a Z,module, it is clear that elements of
order prime to ¢ are mapped to zero. What we have to show is that the map is injective on the
(~torsion part. Fix an element of order ¢ in Ext} (B, A). We may represent it by a short exact
sequence of group schemes, giving rise to an exact sequence of Tate modules

0—A-“E2.B—0 0—TA-TE"-TB—0

Suppose that the sequence of Tate modules splits, i.e. there exists a I'-module morphism 7 :
T/B — T¢E such that 77 = idt,p. We must show that the sequence of abelian varieties splits as
well.

To say that the sequence of abelian varieties represents an element of order ¢ in Ext}.(B, A) is to
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say that there exist a morphism s : B — F such that ps = £idg. Because 7(Tys — ¢7) = 0, there
exists a I'-module morphism « : TyB — TyA such that co« = Tys — £r1.

Let fi,..., fn be a Z-basis of Homy(B, A). Identifying Homp(T,B, T;A) with Hom (B, A) ® Z,
via Faltings theorem, we can represent o as o« = f1 ® A1 + - - - + fv @ An, where \; € Z,y. Writing
Ai = n; + £u; where the n; are integers and p; € Zy, we get

a=Tyf + 0 for f:z:nlfZ O/I:Zfi@),ui

Set ' := s —if and 7/ := 7 4+ 1a’. Then, ps’ = ¢idp and 77’ = id,p and moreover we have by
construction /7" = Ts’.

Now, let g1,...,gnm be a Z-basis of Hom(B, E). Identifying Homp(T,B, TA) with Hom (B, A) ®
Zyg, there are unique integers m; and unique k; € Z, such that

T’:Zgi(@m and Tgs':Zgi(@mi

By uniqueness and because 7/ = Tys’, we must have ¢x; = m;. From this, it follows that the

k; are in fact integers, and that 7/ = Tyh for h := k191 + -+ + Kpgym. We are done, since
Tg(ph) =a7 = ideB = Tg(idB), so that ph = idp.

The case of tori or lattices is completely analogous, noting that finiteness of Ext,lf(—, —) follows
from the Hochschild—Serre spectral sequence. O

COROLLARY 6.2.8. Let A and B be abelian varieties over k. The Abel-Jacobi map
Ext}(B, A) ® Zy — Exti(T,B, T A)
is injective. The analogous statements for tori or for lattices hold as well.

PROOF. Indeed, since Ext:(B, A) is finite, Ext} (B, A) ® Z; is canonically isomorphic to the ¢~
torsion part of Ext,lc (B, A), so the claim follows from 6.2.7. The same goes for tori and lattices. O

6.3. The Tate property

This will be a dévissage orgy. In order not to loose track of what we are doing, we will in a first
step prove the Tate property for semiabelian varieties (Lemma 6.3.2), and then for general torsion
free 1-motives. We begin with the trivial cases

PROPOSITION 6.3.1. Let Y be a lattice, T be a torus and A be an abelian variety over k. The
groups
Homy(A,T)  Homg(T,A)  Homy(A,Y) Ext} (T, A)
are all trivial. Between any two out of the three Tate modules T,T, TyA and T,Y, there are no
nontrivial I'-module morphisms.

PRrROOF. First, Homy(A,T) is trivial because A is a proper and connected variety, and T is
affine, and every morphism from a proper to an affine variety is locally constant. Likewise, also T’
is connected, and every morphism from an affine group scheme to a proper one is locally constant.

That Homyg(A,Y) is trivial is clear since A(k) is divisible. Finally, let Y be the character group
of T, so that T' = Hom(Y, G,,). We find

Extj (T, A) = Ext'(Homy (Y, Gp), Exti(AY,G,)) = Homy (AY,Y) = 0

That the given homomorphism sets between Tate modules are trivial can be seen in several ways.
Suppose without loss of generality that T is split and that Y is constant. Choose a place v of
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k with residue field k, of characteristic p # ¢, such that A has good reduction in v, and choose
a Frobenius element F;, € I for this place. The eigenvalues of F, on T,T, TyA and T,Y are of
absolute value ##ky, (#£,)"/2 and 1 in any complex embedding. Thus, for example, F, acting on
Homg, (T,T, T¢A) has eigenvalues of absolute value (#+,)”/?
nontrivial fixed point. Alternative: Pass to Lie algebras and use Bogomolov’s theorem. (|

# 1, and can thus not have any

LEMMA 6.3.2. Let G1 and Go be semiabelian varieties over k, and consider the canonical maps
Homk(Gl, GQ) & Ly SRLEN Homp(TZGl, T[GQ) and EXti(Gl, Gg) & Ly BN Ethl—x(TgGl, TgGQ)
The Tate map 74 is an isomorphism, and the Abel-Jacobi map oy is injective.

ProOF. Write G := G1 X Go, and write T and A for the toric part, respectively the abelian
quotient of G. By additivity, it is enough to prove that of the canonical maps

End(G) ® Zy —— Endr(T,G)  and  Exti(G,G) ® Zy —— Ext:(T,G, T,G)

T¢ is an isomorphism, and «y is injective. This goes by dull dévissage. In order to show that ay is
an isomorphism, consider the diagram with exact rows

Homk(A, T) R Ly — Homk(A, G) ®%Zy — End, AQZy —— EX‘G}C(A, T) ® Zy

¢ ) - |

Homr(TgA, TgT) — Homp(TgA, TgG) — Endpr T/A4 EXt%(TzA, TgT)

The groups Homy (A, T') and Homp(T¢A, T,T') are both zero. The rightmost vertical map is injective
by proposition 6.2.6 and the second one from the right is an isomorphism by the Tate property for
abelian varieties proven by Faltings. This shows that the map (1) is an isomorphism. Next, we
consider the similar diagram

0 End;, T ® Zy — Homy(T,G) ® Zy — Homy (T, A) ® Zy
= @) ¢
0 Endr TgT I HOmF(TgT, TKG) — Homp (TgT, TgA)

Because Homy (7T, A) and Homp(T,T', T;A) are both zero, the map (2) is an isomorphism. Now we
look at the diagram

Endy A®Zy — Ext}.(A,T) ® Z; — Extj(A,G) ® Zy — Exti(A, A) @ Zy

= } ®)) }

Homp(TyA, T/A) — Extl(TyA, T,T) — Exth(TyA, TyG) — Exti(TA, T,A)

The first vertical map from the left is an isomorphism by Faltings, and the second one is injective
by 6.2.6. By Corollary 6.2.8, the rightmost vertical map is injective. This shows that the map (3)
is injective as well. Finally, we can put together what we have shown so far in one diagram

0 Homy, (A, G) ® Zy — Endy G ® Zy — Homy(T,G) ® Zy — ExtL(A,G) @ Zy
() ™| @) 3))
0 Homp(TA,T¢G) —— Endr TyG —— Homp(T,T,T,G) — EXt%(TgA,TgG)

Here, the maps labeled with (1) and (2) are isomorphisms, and (3) is injective. Thus, by the five—
lemma, the map 74 is an isomorphism as well. Now we come to injectivity of ay. We start with the
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diagram

Homy (T, A) ® Zy — Extj(T,T) ® Zy — Exti(T,G) @ Zy — Extj(T, A) @ Z;

| ! oF }

Homp(T,T, T;A) — ExtL(T,T,T,T) — ExtH(T,T, T,G) — Ext{(T,T, T,A)

Here, Homy (T, A), Extk(T, A) and Homp(T,T,T,A) are all trivial, and the second vertical map
from the left is injective by 6.2.8. Therefore, the map (4) is injective. Now, consider

Homy(T,G) ® Zy — Extj(A,G) ® Zy — Exti(G,G) ® Zy — Ext}(T,G) ® Z;

@) 3)} | ()

Homr(T,T, T,G) — Homr(T¢A, T,G) — Exti(T,G, T,G) — Exth(T,T, T,G)

The map (2) is an isomorphism, and (3) and (4) are injective. This shows injectivity of ay. O

PrOOF OF THEOREM 6.0.1. Again we have just to consider the 1-motive M := M; x Msy. We
begin with the diagram

0 Homk(Y[l], M) ®7Zy — End,Y  Zy — Homk(Y, G) ® Zy
5| | |
0 Homy(T¢Y, T¢eM) — Endr T)Y — Ext:(T,Y, T,G)

The middle vertical map is an isomorphism, and the vertical map on the right is injective by
Proposition 6.2.6. Hence (5) is an isomorphism. We go on with the diagram

0 Endy G ® Zy — Homy (G, M) ® Zy — Exti(G,Y) ® Zy
| ©) |
0 Endr TzG I HOIIl[‘(TgG, TgM) —> HomF(TgG,TgY)

The groups Ext}(G,Y) and Homp(T,G, T;Y) are trivial, hence (6) is an isomorphism by Lemma
6.3.2, which established the Tate property for semiabelian varieties. We continue with

Homy, (Y, G) ® Zy — Homy (Y, M) ® Zy — Extj(Y,Y) ® Z,

’ )y ’

Ext{(T,Y, T,G) — Ext}(T,Y,T;M) — Ext{(T,Y,T,Y)

The first and third vertical maps are injective by Proposition 6.2.6 and Corollary 6.2.8 respectively.
Hence (7) is injective. Now we can put together what we have in a last diagram

0 Homy, (Y1), M)®Zy — Endy M ® Z; — Homy (G, M)®7Z; — Homy (Y, M)
(5| ) ©) (™)
0 Homp(T,Y, T¢M) — Endr T,M — Homp(T,G, T;M) — Ext:(T,Y, T, M)

The morphisms (5) and (6) are isomorphisms, and (7) is injective. Hence, the Tate map 74 is an
isomorphism by the five lemma. O

PROPOSITION 6.3.3. Let My and Ms be 1-motives over k. The Abel-Jacobi map
Ethlc(Ml, Mg) R Ly — Ethlﬂ(Tng, TgMg)
s injective

PROOF. Two more rows of dévissage. (|
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6.4. 1-motives with torsion

Let Dy be the derived category of £—adic sheaves on k introduced in Section 2.1, Definition
2.1.8. Recall that objects of Dy are f~adic complexes, that is, limit systems (F;)?°, in the derived
category DJFj, which are uniformly bounded in length and such that for each r € Z the limit system
H"(F;)52, is an f—adic sheaf on k.

THEOREM 6.4.1. The canonical functor Ty : [M1] ® Zy —— Dy is fully faithful.

~ 6.4.2. By Proposition 1.1.8, the functor [~] : MP® — [M;] is fully faithful, hence the
induced functor MY ® Z; — [M1] ® Zy. Theorem 6.0.1 shows thus that the functor

Ty : MPEI ®Q Ly — Dy

is fully faithful. Its image consists of /—adic complexes whose homology is torsion free and concen-
trated in degree 0 only. These are just finitely generated free Zy—modules with continuous I'-action.
Hence, the Tate property for torsion free 1-motives is an immediate consequence of Theorem 6.4.1
and Proposition 1.1.8.

PROOF (SKETCH). The proof of Theorem 6.4.1 proceeds again in two steps. First, one shows

that the statement holds for finite group schemes, and that moreover the corresponding Abel-
Jacobi maps are injective. Then, the conclusion is made by dévissage, using the already proven
case of torsion free 1-motives.
The first step is immediate. Indeed, let F; and F» be finite group schemes on &k (or complexes of
such for that matter). The ¢—adic Tate module of F; is just the /—torsion part of F; shifted one
degree to the right, so the “Tate property” for finite group schemes means only that the following
map is an isomorphism

Homy,(Fy, Fy) ® Zy — Homy(F1[(>], F[6™))
and that is banal. The Abel-Jacobi map is injective, and even an isomorphism for the same reason.
The various other cases involving a finite group scheme and some other graded piece for a 1-motive

follow from this. For example if F} is a finite group scheme of order n and G a semiabelian variety
over k, then Homy(Fy, G) = Homy (F1, G[n]), where G[n] is the n—torsion of G. One gets

Homp, (T F, T¢G) = Homy (F[*°], T,G /nT(G) = Homy, (F[£>], (G[n])[¢>])

because the homology of T, F' is in degree 1, and the homology of TG is torsion free and in degree
0. The same works for extensions again. The dévissage step itself is then quite dull. O
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CHAPTER 7
Dividing points

The main theme of this chapter is the problem of dividing points on semiabelian varieties. It
is the following Kummer—theoretic problem: Let G be a geometrically connected algebraic group
over a field k, let X < G(k) be a subset of the group of k-rational points of G and let ¢ be a prime
number. We consider the field kx obtained from k by adjoining the “coordinates” of all algebraic

points R € G(k) such that ("R € X for some n > 0. The question is: How far does the field kx
characterize the set X? And what are the properties of the group G(kx)?

In the first section, we prove the algebraicity theorem stated in the introduction (Theorem
7.1.3), and apply it in section 7.2 to answer to some extent the above questions (Theorem 7.2.2).
In section 7.3 we use our algebraicity theorem to compute H}(LM, T,M) under some technical
assumptions on M. In a last we present a few reasonable conditions under which the group
H} (LM T,M), and hence III'(k, T;M) is finite for all £. This leads to the additional statement to
our duality theorem stated in the introduction, via Corollary 4.2.7.

7.1. Algebraicity of Lie algebras

We work over a fixed number field k, with algebraic closure k and absolute Galois group
I' := Gal(k|k). The action of T' on the Lie groups LM, L]\G4, ... and on the Lie algebras (M, [g, .
is understood to be the conjugation action. All 1-motives are torsion free.

— 7.1.1. Let M be a 1-motive over k. The goal of this section is to show that the Lie algebra
[]\04 associated with M is algebraic, in a sense we make precise now. Recall the following result of
Mazur, Rubin and Silverberg ([MRSO08])

PROPOSITION 7.1.2. Let G be a semiabelian variety and let Y be a lattice of rank r over k.

(1) The fppf sheaf Hom(Y,G) over k is representable by a twist of G over k, and there is a
canonical isomorphism of I'-modules TyHom(Y, G) = Homg, (T,Y, T,G).

(2) The fppf sheaf Y @ G over k is representable by a twist of G" over k, and there is a
canonical isomorphism of I'-modules To(Y @ G) = T/Y ®z, T,G.

PROOF. The fppf sheaf Y ® G is representable by a twist of G" by Theorem 2.1 in [MIRS08|.
There is a canonical isomorphism of sheaves Hom(Y, G) = Hom(Y,Z)®G, and the sheaf Hom(Y,Z)
is a lattice of rank r. Hence, by the same result Hom(Y, G) is representable by a twist of G". The
statements about Tate modules follow from Theorem 2.2 of loc.cit., which precisely states that
there are isomorphisms as we claim but on finite levels. O

So, if M = [u:Y — @] is a 1-motive over k, then the fppf-sheaf Hom(Y, G) is representable by a
twist of GG, hence a semiabelian variety itself, and the homomorphism u : Y — G corresponds to
a k-rational point on Hom(Y, G). Via the canonical isomorphisms in the proposition, the Kummer
injection we constructed in Proposition 5.2.9 becomes

9 Y — ViHom(Y, G)

83
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The question is now the following: Does there exist a subvariety of Hom(Y, G) whose associated
f—adic representation space is the image of [éf[ via the Kummer injection? This is indeed the case
as the following theorem shows:

THEOREM 7.1.3. Let M = [u:Y — G] be a torsion free 1-motive over k where G is a split
semiabelian variety. Let Hé/[ be the smallest semiabelian subvariety of Hom(Y,G) containing a
nonzero multiple of u. The Kummer injection induces an isomorphism of Galois modules

M = v,HM < VyHom(Y,G)

In particular, the Lie algebra [Jc‘f is an algebraic subalgebra of Hom(V,Y, ViG), defined over k, and
its dimension is independent of the prime £.

The analogous statement for nonsplit semiabelian varieties is wrong. Informally, this theorem
states that if we add to ko the coordinates of the ¢—division points of all points in the image of
u:Y — G(k), then the Galois group that one obtains is “as large as it can possibly be”. In its
essential parts, the proof of theorem 7.1.3 is due to Ribet and can be found in [Rib76]. That in
loc.cit. Ribet states his theorem only for abelian varieties of CM-type is solely because Falting’s
results were not available at the time. (See also [Hin88], appendix 2. This reference was pointed
out to me by A. Perucca). This section is organized as follows: First establish some elementary
properties of the variety H % , and prove then the theorem. Finally we point out some consequences
of the theorem which we need later.

As we have seen in Corollary 5.2.10, the Kummer injection [% — VyHom(Y, G) is an injection
of T-modules, and in particular of [“—modules. In the next lemma we check that the Kummer
injection has its image in V,H, g[ . Having this, only the difficult part of Theorem 7.1.3 remains to
prove, that is, surjectivity of the Kummer map.

LEMMA 7.1.4. Let M = [u: Y — G] be a 1-motive over k where G is a semiabelian variety
split up to isogeny. Let Hg[ be the smallest semiabelian subvariety of Hom(Y,G) containing a
nonzero multiple of u. The image of the Kummer injection [AG/[ — ViHom(Y, G) is contained in
Vv, HM.

ProoOF. Replacing M by an isogenous 1-motive and replacing k by a finite field extension, we
may suppose without loss of generality that u is a k—rational point of Hg and that Y is constant.
We claim that under this hypothesis even the Kummer injection on the Lie group level

O : LY — TyHom(Y,G)

has its image in TgHé/[ . Observe that given a basis y1,...,y, of ¥ we can canonically identify
Hom(Y,G) with G", and under this identification the rational point u of Hom(Y, G) corresponds
to the r—tuple P := (u(y1), ..., u(y:)) € G(k)". Choose now a sequence of points (P;)2°, in HY (k)
such that Py = v and /P, = P;_; for all ¢ > 0. The Kummer injection 9 is then given by

V(o) = (o P = Pi)Zg

for all o0 € LY. The sequence (o P, — P;)°, clearly represents an element of T,H} . O

PrROOF OF THEOREM 7.1.3. We have already checked that [é\;/[ is a [“—submodule of VgHé/[
via the Kummer injection. In order to show that equality holds, it is enough to show that the
restriction map

Homz(HY,G) ® Q = Home (Ve HY , ViG) — Hom (I, ViG)
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is injective. Indeed, if [2;4 was not equal to VgHéJ then we had an [“~module decomposition
ViHg = [AG4 @ V because VgHé/[ is semisimple. But then, the kernel of the restriction map would
be Hom e (V, VyGG) which is nontrivial because all simple factors of VyH, g" , hence of V' occur in V,G.
Working with Lie groups and Z;—modules rather than with Lie algebras and Q,—vector spaces, it
is enough to show that the map

Homy (HY , G) @ Zy = Homp (T HY , T,G) — Homp(Lgy, T,G)

given by composition with the Kummer injection 4 : Lg{ y — T¢H, é/[ is injective. We shall work
with the following diagram of Z,—modules

Homy (HY, G) @ Z,

-
-
-
~
-
A

0 K Gk)RZy — Gky) @ Zy

| [ |

0 — HY (LM T,G) — HY(k,T,G) — H'(ka, T,G)

l

Homrp (LY y, T¢G)

where kjs is the fixed field of the kernel I' — GL(T,M), so that LM = Gal(kys|k). We now
explain the maps in this diagram. The top exact row is given by applying the functor — ® Z, to the
natural inclusion G(k) — G(kpr). The lower exact row comes from the Hochschild-Serre spectral
sequence associated with the field extension kjs|k having Galois group L. So the first map is
inflation, and the second one restriction. From the long exact Kummer sequence

0 — GRE] — G(k) <= Glk) — H' (k.G — H'(k,G) — ---
we cut out injections G(k)/£'G(k) — H'(k,G[¢"]). Taking limits over all powers of £ we find the
injection G(k) ® Zy — H'(k,T,G). Via this injection the class of a point P € G(k) is sent to the

class of the cocycle

cp: I — T,G cp(o) = (UR- — Pi)zio
where Py = P, and where the P;’s are elements of G(k) such that /P, = P,_;. The right hand
vertical injection is defined similarly, and the left hand vertical map is given by restricting the one
in the middle. The map H*(LM, T,G) — Homc(LY¥, T,G) is given by restricting cocycles. It
has finite kernel and cokernel because of the exact sequence

7Y (LY | T,G) — H' (LM, T,G) — H'(LYy, TG)" — H*(LSY,T,G)

coming from the Hochschild—Serre spectral sequence, and because of theorem 5.3.1. Finally, we
have a natural homomorphism

Homk(Hg[, G) — G(k) Y — (u)

Recall that u is a rational point of H, é\f , more precisely, Hg[ is the smallest semiabelian subvariety
of Hom(Y, G) containing u as a rational point. For this reason, the above map is injective. Indeed,
if ¥(u) = O, then kerv is a subvariety of Hg containing u, and must thus be equal to Hé\;/[
Applying — ®Z, to this map and observing that Homk(Hg[ , ) is finitely generated yields the map

Homy (HY , G) @ 7y — G(k) ® Z,

That this map is again injective follows also from the fact that Homy(HY, G) is finitely generated
and that G(k) is almost free (see 3.3.13).

We claim that the dashed arrow in the above diagram exists. Indeed, this amounts to check that
for every 1 € Homy(HY, @) the rational point ¢(u) € G(k) is ¢divisible in G(kas). But this is
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clear, since already u is (~divisible in HY (kas).

This provides now an injection Homy(HY , G) ® Zy — Homr (LJ\G4 v+ T¢G), and it remains to check
that this injection is indeed given by composition with the Kummer map ¢ : L](\;/[ — TyH, g[ . Let
¥ be a homomorphism HY — G defined over k, and set P := ¢(u) € G(k). The Kummer
injection ¢, if seen as a homomorphism from LJ\G{Y to TgHé\f C TyHom(Y, Q) is simply given by
¥(o) = (6Q;i — Qi)2,, where Qo = v and €Q; = Q;—1 (c.f. proof of Lemma 7.1.4). Hence, the
composition Vyp o ¢ : o0 — Vyp(9¥(o)) is given by

Vip ol : o — Vyp(9(0)) = Vi (0Qi — Qi)iog = (J¢Qi - ¢Q’)ZO

The points P; := ¢ Q; of G(k) satisfy Py = P and ¢P; = P;_1. The injection we found above maps
1 ® 1 to the I'-module homomorphism cp : Lé\;/{ y — TG given by the formula

cp(0) = (P = P,
This shows the equality cp = Vp) 01 as needed. 0

7.2. Dividing points on abelian varieties and tori

Let A be an abelian variety over the number field k. The Mordell-Weil theorem tells us that
the group of rational points A(k) is of finitely generated. In particular, it contains no divisible

elements. In contrast, the group of algebraic points A(k) is divisible. For each P € A(k) and
integer n, there exist n24™4 points R € A(k) such that nR = P.

Given a point P € A(k) and a prime number ¢, we can add to the field & the coordinates of all
points R € A(k) such that /"R = P for some integer n > 0. This will eventually result in a big
field extension kp of k. By construction, the point P has all its ¢"—th roots in A(kp) and becomes
therefore divisible in A(kp). So we could think of A(kp) as being a kind of localization of A(k).
A natural question would now be: Is P essentially the only point that has all its £"—th roots in
A(kp), or are there others? Of course, there are some points for which that happens for stupid
reasons: If ¢ : A — A is an endomorphism, and if R € A(kp) is such that /"R = P, then we
have ("p(R) = (P). Therefore, any image of P under an endomorphism of A over k has its £"—th
roots in A(kp). So the real question is: Are there other points having all roots in A(kp) by some
strange accident?

First, we introduce a terminology generalizing what we already have introduced in 6.1.1. Recall
that for a 1-motive M over k, we write LM for the image of the natural map I' — GL(T,M),
and ks for the field fixed by the kernel of this map, so that LM =2 Gal(kjs|k). In other words,

kp is the smallest field extension of k over which Y is constant and such that all Q € G(k) with
"Q = u(y) for some n >0 and y € Y are defined over kj;.

DEFINITION 7.2.1. Let M = [u: Y — G] be a 1-motive number field over k. We write Dy (k)
for the kernel of the natural map G(k) — G(ky) ® Zg. In words, Dy(k) is the subgroup of
G (k) consisting of those points which are ¢—divisible in G(kjps). We call these points the module of
deficient points of M.

Yet another way to characterize deficient points is to say that P € G(k) is deficient if and only
if the field kp is contained in the field kjs. It is clear that Djs(k) is not only a subgroup, but
rather a Endy(G)-submodule of G(k). With this terminology, the question above is the following.
Let [u:Z — A] be a 1-motive over k given by u(1) = P. Is Dys(k) equal to the End; A-module
generated by P? The following theorem precisely answers that question.
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THEOREM 7.2.2. Let A be an abelian variety over k and let Py, ..., P. € A(k) be rational points,
giving rise to a 1-motive M = [Z" — A]. The following statements are equivalent for a rational
point P € A(k):

(1) The point P is deficient, that is, P € Dy (k)
(2) A nonzero multiple of P is contained in the Endy, A-module generated by Py, ..., P,

Let me point out again that this theorem, which is a rather straightforward consequence of
Theorem 7.1.3, is essentially due to Ribet ([Rib76], see also appendix 2 in [Hin88]). In an earlier
version of this work, I used a different approach to theorems 7.2.2 and 7.1.3, which consisted in
proving 7.2.2 for simple abelian varieties in a first step, to extend this to general abelian varieties
essentially by induction using Poincaré’s reducibility theorem and then to deduce 7.1.3 from it.
The way I am presenting things now owes much to a discussion with A. Perucca.

LEMMA 7.2.3. Let ¢ : A — B be an isogeny of abelian varieties over k and let P be a rational
point of A. The fields kp and k,(py are equal.

PROOF. Let My = [ug : Z — A] and Mp = [up : Z — B] be the 1-motives given by
ua(l) = P and up(1) = ¢(P) respectively. We get a short exact sequence of I'-modules

0 — TyMy — TyMp — F — 0

the first map being induced by the isogeny (id, ¢) : M4 — Mp, and where F' is a finite '~module.
Tensoring with Qy, we get an isomorphism of I'modules V,M 4 = V,Mp. An element o € I" fixes
kp if and only it acts trivially on V,My, and fixes k(p) if and only it acts trivially on VyMp. Hence
Gal(%’kp> = Gal(E\kcp(p)). O

PROOF OF THEOREM 7.2.2. (1) = (2) Suppose that some nonzero multiple of P is contained
in the Endy A-module generated by Pi,..., P, that is, nP = ¢1P; 4+ --- + ¥, P.. The points P;
are deficient, since by definition of ks all their /~th power roots are defined over kj;. Hence nP is
deficient. Lemma 7.2.3 shows that P is deficient is and only nP is, hence P is deficient.
(2) = (1) Suppose P is deficient. In the proof of Theorem 7.1.3 we have seen that the canonical
map

Homy (HY)', A) ® Zy — ker (A(k) ® Zy — A(kn) @ Zg)

sending a homomorphism 1 : H % — A to the rational deficient point 1 (u) is injective and has
finite cokernel. This implies that the image of the map Homy (A", A) — A(k) sending (¢1, ..., ;)
to 1 P+ -+ -+, P, is of finite index in Djs(k). Thus, a nonzero multiple of P is a Endy A-linear
combination of the P;’s as claimed. O

— 7.2.4. Everything we did so far for abelian varieties has an analogue for tori, and holds in
fact for semiabelian varieties split up to isogeny. Of this, only the following is interesting for us in
the sequel.

Let M = [Y — G| be a 1-motive over k where G is a semiabelian variety split up to isogeny. In
the proof of theorem 7.1.3 we have seen that the image of the natural map Homy(HY, G) — G(k)
lies in Djs(k) with finite index. Tensoring with @, yields an isomorphism of End; G-modules

Homy, (HY,G) ® Qy =, Dy (k) @ Qg
PON — P(u) @A

Hence, every element of Djys(k) ® Qp can be written as a sum of elements of the form i (u) ® A
for some v € Homk(Hg[ ,G) and some A € Q. This isomorphism, or rather its inverse, can be
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interpreted as the adjunction map in a canonical pairing between Dy (k) ® Q; and V,H, é‘f given by
the formula

(Dpr(k) ®@ Q) x Vi HY — V,G
Yu)@A v — AV (v)

valid for all ¢ € Homy (Hé/[ ,G) and all v € VgHé/[ . This is a pairing of Qy—vector spaces, of course
linear and Galois equivariant. The next proposition shows in a certain sense that this pairing is
nondegenerate, at least if Y is constant.

PROPOSITION 7.2.5. Let M = [Y — G] be a torsion free 1-motive over k where G is a split
semiabelian variety. Write £ := Endp G ® Qy = Endr V;G, and consider the canonical maps

Dy(k)®Q — Homp(V.HY,V,G) V,HY  — Hompg(Duy (k) ® Qp, ViG)
Y(u) @A — AVt v o [P(u) @1 V()]

The left hand map is an isomorphism, and the right hand map is an isomorphism provided Y is
constant.

ProOOF. That the left hand map is an isomorphism we have already seen. The second statement
is a consequence of the following, slightly more general lemma. O

LEMMA 7.2.6. Let G be a semiabelian variety over k split up to isogeny, and let Y be a lattice
over k. Let H be a semiabelian subvariety of Hom(Y,G). Write E := Endy G ® Qp. If Y is
constant, then the map

VgH —_— HOHIE(HOHIF (VEH, VgG), VgG)
sending v € VyH to the evaluation map f+—— f(v) is an isomorphism.

PROOF. In a first step, we show that without loss of generality we may assume that H =
Hom(Y, G). Indeed, because G and hence Hom (Y, G) is split up to isogeny, the '-module Hom (Y ®
Qy, V¢G) is semisimple. Any I'-module decomposition

Hom(Y ® Qg, ViG) = V,H & V,H'
yields an E—module decomposition
Homp(Hom(Y ® Qy, VgG)VgG) = Homp(VgH, VgG) S5, Homp(VgH, VgG)

This shows that the if the Lemma holds for Hom(Y, G) in place of H, then it holds for H as well.
From now on, we set H := Hom(Y,G). In a next step, let us prove the lemma in the case where Y’
is constant. We have in this case a canonical isomorphism of EF—modules

L BE® (Y ® Q) — Homp(Hom(Y ® Qp, VG), VeG) = Homp (VH, V,G)

sending ¥ ® y ® A to the '-module map f — 9 f(y ® A). Under this isomorphism the evaluation
map in the statement of the lemma becomes

Hom(Y ® Qp, ViG) = ViH — Homp(E ® (Y ® Q¢), ViG)

sending f € Hom(Y ® Qp, V;G) to the E—module map ¢ @ y ® A — ¢ f(y ® A). This is an
isomorphism, hence the lemma. O
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7.3. Computing H} (LM V,M)

The main objective of this section is to explicitly compute the group H,,}(LM , Ve M) for a 1-
motive M over a number field k. The main result of this section is Proposition 7.3.1 below, which
gives us a way to compute H}(LM,V,M) effectively by means of elementary linear algebra. It
is from this key result that we will later derive finiteness of H}(LM, K T,M) in several interesting
cases. We make two technical assumptions: First that the lattice of M is constant, and second
that the semiabelian variety of M is split up to isogeny. It should not be too difficult to get rid of
the first assumption (especially regarding Lemma 7.3.3 below). We need this condition in order to
apply Proposition 7.2.5. The second of these assumptions however is crucial. We need it to apply
Theorem 7.1.3 and several other results which we only established for split semiabelian varieties.

PROPOSITION 7.3.1. Let k be a number field, let M = [u : Y — G] be a 1-motive over k.
Suppose that Y is constant and that G isogenous to a split semiabelian variety. Define

V= Dy (k) @ Qp W =uY)® Q E:=End,G®Q,

and set

W= {v eV ] F(v) € F(W) for all f € HomE(V,VgG)}
There is a canonical isomorphism HN (LM, V,M) =W /W

— 7.3.2. For the sake of clarity, we split the rather technical proof of this proposition up in a
series of lemmas. The idea is as follows: Writing out the long exact sequence associated with the
LM -module sequence 0 — V,G — V;M — Y ® Q; — 0 and the definition of H!(L™, V,M)
one finds maps

HY(LMY © Q) -2 BN (LM, vie) 2 [ H'(), VM)
zeLM
The composition of these maps is zero, and one has H}(L™,V,M) = ker§/imd. It is not hard
to identify im @ with W and H'(L™,V,G) with V. So far we don’t need any hypothesis on M.
The hard part is then to show that an element v € V is in W if and only if the corresponding
cohomology class in H'(LM,V,G) restricts to zero on each monogenous subgroup of L.

LEMMA 7.3.3. Let L be a compact {—adic Lie group with Lie algebra |, acting on a finite di-
mensional Qg—vector space V. For any open subgroup N of L, equality

HALY) =t (L) — [] 1) V)
TN
holds'. Moreover, if N is normal there is a canonical isomorphism HY(L,V) = HYN(N,V)E/N | and
if N is sufficiently small, there is a canonical isomorphism H}(N,V) = HL([,V).

PROOF. Let N be an open subgroup of L, and let ¢ be an element of H'(L, V) restricting to
zero in H'(C, V) for each monogenous subgroup C' contained in N. We must show that ¢ the same
holds for all monogeneous subgroups of L. Let C' C L be monogenous. Because L and hence C' is
compact, the quotient C/(N N C) is finite. Thus, by the usual restriction—corestriction argument
and using that V is uniquely divisible we see that the restriction map H'(C,V) — H'(CNN,V)
is injective, hence the claim.

Now suppose that N is open and normal. Since L is compact, the quotient L/N is finite and we

IThat means, in the definition of H} (L, V) we don’t need to involve all monogenous subgroups of L, it is enough
to consider only monogenous subgroups of some open subgroup N of L.
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have again by restriction—corestriction that H*(L/N,V) = 0 for all i > 0. The Hochschild-Serre
spectral sequence yields a canonical isomorphism H'(L,V) = HY(N, V)N Consider

0 H(L,V) H'(L,V) —— HLHI(@)’V)
~ 5 e
~i S
0 HIN, V)N —— (v, vypy =[] H (@), VM)

zeN

In order to show that the left hand vertical map is an isomorphism, we must show that the kernel
of the diagonal map § is exactly H}(L,V) — but this is just the first statement of the lemma.
Finally, if N is sufficiently small we have an isomorphism H'(N,V) = H!(I,V), from which the
last statement follows. O

LEMMA 7.3.4. Let M = [Y — G] be a 1-motive over k. Suppose that G is split up to isogeny.
If an element of H' (L™, V,G) restricts to zero in H'({z),V,M) for all x € Lgy, then the same
holds for all x € LM.

PROOF. By Lemma 7.3.3 it is enough to prove the lemma with L replaced by an open normal
subgroup, or say with k replaced by a finite Galois extension k’|k. We may thus suppose without
loss of generality that LM acts trivially on Y. Moreover, we know by Corollary 5.3.2 that the Lie
algebra extension

O—>[]\G/[—>[M—>[G—>O
is split. Any Lie algebra section (€ — [M of this sequence comes from a Lie group section defined
on an open subgroup of L¢. Choosing LM even smaller (or k' even larger) we may suppose that
the corresponding Lie group extension

0— LY —IM 19 -0

is split, i.e. that there is a section s : L& — LM of the projection map L™ — L%. Choose a Q-
basis of V,M containing a basis of VyG, so that every element of LM can be uniquely represented
by a 2 x 2 upper triangular block matrix

-(34)

where @ is the restriction of ¢ to V;G hence an element of LE, and where f : Y ® Q — V,G is
a linear map. The subgroup Léf[ of LM consists now of precisely those matrices with @ = 1. The
section map s is now given by a map s; : L — Hom(Y ® Qy, V;G) so that

o= ()

Observe that the map s; is a cocycle, and that Hom(Y ® Qy, VyG) is isomorphic to a power of V,G
as a L% module. Hence s; is a coboundary by Theorem 5.3.1. So there exists a f € Hom(V,Y, V,G)

such that
_ glof—f
5(2) = ( o] 1 )

We now change the chosen basis using for base change matrix the upper triangular block matrix
given by the identity on the diagonal and f in the upper corner. In this new basis (&) is simply
given by a diagonal block matrix formed by the blocks @ and 1. This means that with respect to
this basis we can write every element o of L™ uniquely as a matrix

o= <%‘%> with (%‘%) cLY and gelLY
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Consider now a cocycle ¢ : LM — V,G. To say that the cohomology class represented by ¢ restricts
to zero in H'({c),V;M) is precisely to say that there exists a v € V,M such that c¢(0) = ov — v.
Let us suppose this happens for all o € LY, and let o be any element of LM . Write 0 = 0109 with

01:(%‘%> and 02:<g?>

according to the decomposition introduced above. Changing ¢ by a coboundary, we may suppose
that ¢(o2) = 0. We then find

c(o) =c(o109) = c(o1) =010 —v

for some v € Vi\M = V,G ® V;Y by hypothesis. Writing v = v; + vo for the given decomposition,
we have

o1V —V =01V1 +V2 — V] — V2 = 01V1 — V] = 0V1] — V1

because oy acts trivially on vy, hence ¢(o) = ov; — v; and we are done. O

LEMMA 7.3.5. Let M = [Y — G] be a 1-motive over k. Suppose that G is split up to isogeny.
There is a commutative diagram

u®id

YT o Q Dyi(k) ® Q> Homp(V,HY, V,G)

| | < Jon

HOULM,Y © Q) = H'(LM,V,G) *Z Homr(L¥y, ViG)
with canonical isomorphisms where indicated.

PROOF. We begin with the left hand square. The isomorphism Dy (k) ®Q, = HY (LM, V,G) is,
recall, given as follows. It is Qy—linear, and if P € D), (k) is a deficient point, then this isomorphism
sends P ® 1 to the class of the cocycle

cp: 0 — (0P — P2,

where ()5, is a sequence of points in G(k) such that Py = P and ¢{P; = P;_; for all i > 1. Now
suppose that P = u(y) for some y € Y. The image of y in H'(LM,V,G) via the (obvious) left
hand vertical isomorphism and the connecting morphism 0 is given by a cocycle ¢, : 0 — ov — v,
where v is any element of V,M projecting to y ® 1 in Y ® Q. Using our explicit description of the
Tate module of M, the sequence v = (y, ;)72 is such a preimage, and the equality cp = ¢, holds.
We now come to the square on the right. By the computations in 7.2.4, we know that elements
of Dy(k) ® Qg can be written as Q—linear combinations of elements ¥ (u) ® 1 for some ¢ €
Homy,(HM,G). The top vertical isomorphism sends ¥(u) ® 1 to Vyio. The bottom horizontal
isomorphism is given by restricting cocycles. The rightmost vertical map is given by composition
with the Kummer injection

O LYy — THY < Ve HY

Because the Kummer injection 9 has open image, this yields indeed an isomorphism. Let us now
check that this square commutes. Let P = ¢(u) € Dy(k) be a deficient point. One way, as
we explained, P ® 1 maps to the I'-module homomorphism Vi first, and then to the '-module
homomorphism Vyi o 9, and the other way around P maps to the I'-module homomorphism cp
given by the formula above. We have already checked the equality cp = Vi o ¢ at the end of the
proof of Theorem 7.1.3. (|
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LEMMA 7.3.6. Let M = [Y — G] be a 1-motive over k. Suppose that G is split up to isogeny
and that'Y is constant. Write W for the image of Y @ Qg in Dps(k)®@Qy and set E := Endy G®Qy.
Consider the canonical isomorphism from Lemma 7.3.5

Dy (k) ® Qe = H' (LM, V,G) $(u) @ X — AVt

An element of H' (LM, V,G) restricts to zero on H'({x),V,;M) for all x € L™ if and only if the
corresponding element in Dyr(k) @ Qg is contained in f(W) for all f € Homg(Dy(k) ® Qg, ViG).

PROOF. We are considering the two maps

m(k)® Qe — [[VeG/f(W)  and  H'(LM,V,G) — [[ H'(x),VeM)
zeLM
the left hand one sending P ® A to f(P ® \A) in the factor corresponding to f, and the right hand
one given by restriction. The lemma claims that the kernels of these maps correspond to each
other under the canonical isomorphism Dy (k) ® Q, = HY (LM, V,G). Lemma 7.3.4 shows that if
on the right hand side we let the product run over x € Lg y we still get the same kernel. For every
o€ Lg y we have
VoM VoM
{ov—v|veV,M} 1m(19(0))
Moreover, recall that the map H' (LM, V,G) — Homr(LGjy, V¢G) given by restriction of cocycles
is an isomorphism. So, we have to show that the kernels of the maps

m(k)® Qe — J[VeG/f(W)  and  Homr(LYy,ViG) — [ ViG/imd(o)
f

UELM

H' ({0}, VeM) =

correspond under the isomorphism from Lemma 7.3.5. The right hand map sends a I'-module
homomorphism c : LAG/{ y — ViG to the class of ¢(o) in the factor corresponding to 0. By Lemma
7.3.5, we can on the left hand side also take Homr(V,HY, V,G) in place of Dys(k) ® Q. Now we
must show that the kernels of the maps

Homr (V,HY ,V,G) — [[VeG/f(W)  and  Homp(LYy,ViG) — [] VeG/im (o)
f UELJ‘G/{Y

correspond to each other via composition with the Kummer map 9 : L]\G/{Y — VgHg[ , the left
hand product now running over all E-module morphisms f : Homr(V,H¥ V,G) — V,G. We
have shown in Proposition 7.2.5 (which we can apply as Y is constant) that all these E-module
homomorphisms are given by evaluation in an element v € Vo H g[ . If f is the evaluation in v = ¥(0)
for some o € LY, (and up to a suitable scalar multiple, every f is), then f(W) = im (o), hence
the claim of the lemma. O

PrROOF OF PROPOSITION 7.3.1. We consider the following diagram, where the exact row is
given by the usual dévissage of the [M-module V;M, and where the column is exact by definition:

HY LM, VM)
HY(ILM)Y ® Q) 2 HY M v,G) — HY LM ,V,M) — H' (LM V,Y)

T l

1] 2 (), Vi)

xcLM
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The upper diagonal map is zero, because the image of LM in GL(Y ® Qy), which we denote LY
is finite, and hence H!(LM,V,M) = H}(LY,Y ® Qy) is trivial. This shows that every element of
HYN LM, V,M) comes from an element in H'(L™,V,G), or more precisely that

HY (LMY ® Q) 2 kerd/ im0

But the lemmas7.3.5 and 7.3.6 precisely ensure that the canonical isomorphism V' := Dy (k) ®
Q¢ — HY(LM,V,M) induces isomorphisms W = im d and

W:={veV|f(v)e f(W)forall fec Homg(V,V,G)} = kers
as needed. O

7.4. Finiteness criteria for II1'(k, T,M)

Is II'(k, T,M) finite for all 1-motives M? Unfortunately, we do not know. In section 5.5
we have shown that the Z, rank of III'(k, T,M) is bounded (independently of ¢), and we have
computed the torsion subgroup of I_Hl(k, Ty¢M). In this section we present some interesting criteria
under which III!(k, T,M) is finite. Since finiteness of IIT'(k, T, M) persists under replacing M by
an isogenous 1-motive, we can stick to torsion free 1-motives for most of our arguments. As always,
k is a number field with fixed algebraic closure k, and £ is a fixed prime number.

So what is the problem in proving finiteness of III' (k, T,M) (or disproving it)? The problem is
that the “bad” primes do matter. With what we worked out so far (above all Proposition 7.3.1) we
can compute H!(k, TyM) under some technical conditions. This group is canonically isomorphic
to

HL(k,TyM) := ker (Hl(k, Ty) — [[ #' (ko TZM)>
veS

where S is a set of places of k of density 1, not containing the places where T,M ramifies and
not containing the places that divide ¢ (by 5.4.4 and 5.4.5). It contains III'(k, T,M), hence if
we can show that H}(k, T,M) is finite we are done. However, the group H}(k, T;M), and hence
Hl(k,T¢M) may be infinite. We shall give later an example of a 1-motive M where this is the
case, but for which nevertheless H_Il(k:, TyM) is finite. We do not have any example of a 1-motive
for which III'(k, T,M) is infinite.

For the time being, our only method of proving finiteness of IIT (k, Ty M) goes via proving finiteness
of H:(k,T¢M). Our main result is:

THEOREM 7.4.1. Let M = [u: Y — G] be a 1-motive with torsion over k. Suppose that at
least one of the following conditions is met.
(1) Either G is a geometrically simple abelian variety, or else, a 1-dimensional torus.
(2) The rank of Y is <1 and G is split up to isogeny

Then the group I (k, T,M) is finite for all £, and even trivial for all but finitely many €. In this
case, the canonical pairing

1% (k, M) x 1% (k, MV) — Q/Z

is a perfect pairing of finite groups, trivial whenever keru is constant. The same conclusions hold
for any 1-motive with torsion isogenous to M.
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— 7.4.2. As already mentioned, we shall derive Theorem 7.4.1 from our key proposition 7.3.1.
Let us recapitulate the situation. We have there a finite dimensional semisimple Q,—algebra E, two
E-modules V' and Vj, and a Q-linear subspace W of V. The E-module Vj (playing the role of
ViG) is faithful. The question is how far W is characterized by its images under E-linear maps
f:V — W, ie. setting

W {U % ‘ F(v) € f(W) for all f € HomE(V,VD)}

we want to compute W /W. Observe for example that if E = Q, and Vj # 0, then equality holds
always. Hence, Proposition 7.3.1 tells us that if End, G ® Qp is Qp, then H}(LM,V,M) is trivial
and hence H} (LM, TyM) and III*(LM, T,M) finite! Bearing this in mind, the proof of Theorem
7.4.1 just amounts to check some linear algebra generalities, and to conclude using Propositions
7.3.1 and 5.4.4. We begin with some linear algebra.

LEMMA 7.4.3. Let K be a field of characteristic zero, let E be a finite dimensional division
algebra over K, let V and Vy # 0 be finite dimensional E—vector spaces, let v be an element of V
and let W be a K-linear subspace of V.. If f(v) belongs to f(W) for all E-linear maps f : V — Vj,
then v belongs to W.

Proor. Without loss of generality we may suppose that Vjy is E, so we are just considering
E-linear forms f : V — E. Let trg g : E — K be a trace map, which for us can be just any
K-linear map with the property

trgg(yr) =0forallyc £ = =0

Such a trace map always exists (that is quite standard, see e.g. [GS06] section 2.6). Consider then
the K-linear map

Hompg(V,E) — Homg(V,K)
f — trElK Of

We claim that this is an isomorphism of K-vector spaces. We only have to show injectivity,
surjectivity follows then by dimension counting. To show injectivity, we can of course suppose that
V = FE is 1-dimensional over E. The above map sends then an E-linear endomorphism of E, which
is just multiplication on the right by some = € E to the K-linear map y —— tr(yx). If this map
is zero, then & must be zero by the above property of the trace, hence injectivity. But now, our
hypothesis on v implies that

trp i f(v) € trgx f(W)
for all f € Hompg(V, E), hence f(v) € f(W) for all f € Homg(V, K), hence v € W by “ordinary”
linear algebra. U

LEMMA 7.4.4. Let K be a field of characteristic zero and let E be a finite dimensional semisimple
algebra over K. Let V and Vjy be finite dimensional E—modules where Vi is faithful, let v be an
element of V and let W be a K-linear subspace of V' of dimension < 1. If f(v) belongs to f(W)
for all E-linear maps f : V — Vg, then v belongs to W.

PRrOOF. Let w be a generator for W. Decompose V as a direct sum of simple EF-modules
V=V&é- &V, and write w = w1+ - -+w, and v = v; +- - - +v, according to this decomposition.
Each of the simple E—modules V; appears as a direct factor of Vj because Vj is faithful. We must
show that there is a A € K such that v = Aw, i.e. v; = Aw; for all i.

Let f; : V. — V4 be a E-module map which is injective on V; and zero on V; for j # i. By
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hypothesis, there exists A\; € K such that f;(v) = fi(\w). By our choice of f;, this means
v; = Ajw;, so that we get
v=v1+ -+ U, = w1 + -+ Apwp

we must show that we can chose all the A;’s equal to one A € K. Observe that if w; = 0, then
v; = 0 and we can chose any \; we wish. Let us thus suppose that at least one of the w;’s, say w; is
not zero. Set A := Ay, suppose by induction that we have already Ao = --- = \;_1 = A, and let us
show that we can also arrange \; = A. Once we have this, the lemma is proven. Again, if w; = 0,
this is trivially possible, so let us suppose that w; # 0. We have now two possibilities: Either V; is
isomorphic to Vi, or it is not.

Case 1: Vq is isomorphic to V;. In this case, choose a simple factor of V| isomorphic to V; and
Vi, and let f; : V. — V| be as before. Chose an E—module isomorphism ¢ : V; — Vi, and let
[+ V — Vi be the E-module map which is f; o ¢ on V; and zero on all other factors. As above,
we have v; = Nw; for some A, € K. Consider then the E-module map f := f; + f/. There exists
by hypothesis a scalar y € K such that f(v) = f(pw), and we have f(v) = fi(vi + ¢(vi)) and
f(pw) = fi(pwr + pp(w;)) by definition, hence since f; is injective on Vj

Awy + Np(wi) = v1 + p(vi) = pwr + pp(w;)
If wy and ¢p(w;) are K-linearly independent, this implies that © = A and p = Ag, hence Ay = A.
Otherwise, there is a nonzero scalar o € K such that ¢(w;) + cw; = 0. Considering the E-linear

map g : V — Vj given by af; on V; and f1 o ¢ on V;, we see that g(w) = 0, hence g(v) = 0, that
is, p(v;) + avy = 0. Hence

Aaw; = avy = —p(v1) = —p(ANw;) = Njaw;
Canceling the nonzero vector aw, yields again A = \;, and we are done with this case.

Case 2: V1 is not isomorphic to V;. Let fi and f; as above, and consider f := f; + fo. There
exists a p € K such that f(v) = f(pw), hence f(v1 + v2) = f(pwy + pwsy). Because Vi and V; are
not isomorphic, the images of the maps f; and f; have trivial intersection, hence f is injective on
Vi & V;. Thus

Awy + A\jw; = vy + v2 = pwy + paw;
Since wy and w; are K-linearly independent, this shows that = X and g = A9, hence Ao = A. O

PROOF OF THEOREM 7.4.1. Let M = [Y — G] be a 1-motive with torsion over k satisfying
one of the conditions in the theorem. Recall from Proposition 5.5.2 that if M’ is a 1-motive
isogenous to M, then III'(k, T,M) is finite if and only if IIT'(k, T,M’). Hence, in order to prove
finiteness of IIT!(k, T,M) we may without loss of generality replace M by an isogenous torsion free
1-motive which then satisfies the same condition. We can as well, also by Proposition 5.5.2 replace
k by a finite extension k' over which Y is constant and prove finiteness of IIT'(k’, M) instead. Let
us from now on suppose that M is torsion free and Y constant.

As in Proposition 7.3.1 define the following objects

V.= DM(/C)@QZ W .= u(Y)®Qz E :=End; G®Qy

and set
W= {v eV ‘ f(v) € f(W) for all f € HomE(V,VgG)}

We claim that by our hypothesis on M the equality W = W holds. Indeed, if M satisfies condition
(1) in the statement of the theorem, then E is a division algebra, hence W = W by Lemma 7.4.3.
If M satisfies condition (2), then the equality W = W holds by Lemma 7.4.4. Now, Proposition
7.3.1 shows that

HNIM VM) =W /W =0
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To say that H}(T', Vo M) is trivial is the same as to say that H}(I', T,M) is finite, and by Proposition
5.4.4 we have an injection IIT*(k, TyM) — HNT, T;M), hence finiteness of ITI' (k, T,M).

Coming back to a general 1-motive with torsion over any number field k, the additional statements
of the theorem are just a repetition of Corollary 4.2.7. O

REMARK 7.4.5. Surely there are interesting conditions on F other than being a division algebra,
and also interesting conditions on W, or maybe V,G which ensure that equality W = W holds. For
instance, what happens if F is commutative, or say, a product of division algebras? We didn’t yet
fully explore the consequences of Proposition 7.3.1. Sadly, my time is up.
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CHAPTER 8

Congruence problems

In this chapter we investigate the question whether a finitely generated subgroup of the group

of rational points of an semiabelian variety is characterized by its reductions modulo sufficiently
many prime ideals.
Let G be a semiabelian variety over a number field k, let X be a finitely generated subgroup of G(k)
and let P € G(k) be a point. We want to “decide” whether P belongs to X or not. Choose an open
subscheme U of spec Oy, such that there is a model of G over U and such that P and all points in
X extend to U—points (which is possible because X is finitely generated). A necessary condition
for P belonging to X is that for all prime ideals p € U the reduction of P modulo p belongs to
the reduction of X modulo p. The question whether this condition is also sufficient, formulated by
W. Gajda in 2002 for abelian varieties, was named the problem of detecting linear dependence in
Mordell-Weil groups. The answer is no in general, as we shall see in the next section.

THEOREM 8.0.1. Let k be a number field, let U C spec O be a nonempty open subscheme and
let G be a semiabelian scheme over U. Let X C G(U) be a subgroup, and let M = [u:Y — @]
be a 1-motive with constant lattice Y such that u(Y') = X. Let S be a set of closed points of U of
density 1. Consider

XCX = {P e G(U) ( redy(P) € redy(X)  for allp € S}

The quotient X /X is a finitely generated free group. For every prime ¢, its rank is less or equal to
the dimension of HN(LM ,V,M). In particular if H (L™ ,V,M) = 0, then equality X = X holds.

The way we formulate the theorem, we don’t have to say that X is finitely generated, since the
group of U—points G(U) is itself already finitely generated (Proposition 3.3.11). Presumably the
dimension of H}(L™,V,M) is independent of £, but we don’t know this for sure. We also wonder
whether the rank of X /X may be strictly less than the dimension of H}(LM V,M). Proposition
7.3.1 and Lemma 7.4.3 yield then

COROLLARY 8.0.2. Let k be a number field and let G be a simple abelian variety or a 1—
dimensional torus over k. Let X be a finitely generated subgroup of G(k) and let P € G(k) be a
rational point. If (P mod p) € (X mod p) for all but finitely many primes p of k, then P belongs
to X.

For the multiplicative group G = G, this is a theorem of Schinzel, but for abelian varieties this
is new, even for elliptic curves. In the last section of this chapter we give an example showing that
for nonsimple abelian varieties the statement is wrong in general. Before we prove Theorem 8.0.1,
we give a short account on the problem of “detecting linear dependence” in the next section.

97
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8.1. Historical overview

Several special cases of Theorem 8.0.1 already exist in the literature. In this section I give a
short and certainly incomplete overview on these. All papers cited there use more or less the same
techniques: They deal with Kummer theory on abelian varieties or on the multiplicative group,
and make use at least once of a density theorem. Kowalski’s paper [Kow03] contains a detailed
discussion of this technique and relates problems. Our approach is different, insofar as we use
Kummer theory and density theorems only via our computation of H}(LM T,M).

The first step towards our theorem was probably taken by A. Schinzel in [Sch60] by answering
affirmatively the following question. Let P and @ be nonzero integers. Suppose that modulo almost
all prime numbers p, we have P = Q™ modulo p for some integer n depending on p. Is then P a
power of Q7 Indeed, this is precisely the setup of our theorem for

k=Q, U =specZ[P~',Q 71, G = G, P=P, X={Q"|neZ}

In [Sch75] the more general case of an arbitrary number field and an arbitrary finitely generated
subgroup X < G,, (k) is treated. This is as well shown in [Kha03].

The problem of detecting subgroups by reductions is closely related to the so—called support
problem, suggested by P. Erdés at the 1988 number theory conference in Banff. In our own formu-
lation, Erd6s asked the following: Let P and ) be nonzero integers. Suppose that the implication

P'=1 modp = Q"=1 modp

holds for almost all prime numbers p not dividing PQ and all integers n. Is then P a power of Q7
This hypothesis is of course weaker than the one in Schinzel’s problem. In [CRS97], C. Corrales-
Rodriganez and R. Schoof answer affirmatively Erd6s’s original question, as well as the analogue
of it for elliptic curves. This was subsequently generalized by M. Larsen to abelian varieties in
[Lar03]. It then takes the following form: Let P and @ be rational points of an abelian variety A
over k, and suppose that the implication

nP=0 modp = nQ@=0 mod p

holds for almost all prime ideals p of O where A has good reduction and for almost all integers
n > 1. Then, there exists an endomorphism ¢ of A and an integer m > 1 such that ¥ P = m@Q. It is
made clear in [LS06] that the integer m is really needed, at least for non—simple abelian varieties.

The question whether the statement of Corollary 8.0.2 holds for all abelian varieties was first
formulated by W. Gajda in 2002. A first result was obtained by T. Weston shortly after the question
was asked in [Wes03], where it is shown that if A is an abelian variety over a number field & with
commutative endomorphism ring, then the relation

P modp € X modp for almost all p

for a subgroup X of A(k) and a point P € A(k) implies that P € X + A(k)tor. Our theorem fixes
this torsion ambiguity.

In [KPO04], the authors discuss an analogous problem which deals not with reducing subgroups,
but with reducing endomorphisms. Especially noteworthy is Lemma 5 in loc.cit., which can also
be used to get rid of the torsion insecurity in Weston’s theorem in the case when X is generated
by a single element.

In [BGKO5] and [GGO09], a statement as in Corollary 8.0.2 is proven for abelian varieties
under various technical assumptions. For instance, Theorem B of [GGO09] states that if A is
an abelian variety over k, then the statement of Corollary 8.0.2 holds in the case where X is a
free Endy A-module and P generates a free Endi A-module. W. Gajda has informed me that
he found independently a proof of Corollary 8.0.2 using different methods. In a recent preprint
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([BK09]) Banaszak and Krason solve this problem for abelian varieties satisfying a certain “growth
condition” and modulo some torsion ambiguity. Again, our theorem eliminates all problems with
torsion elements.

Our theorem also answers partially Problem 1.1 of [Kow03] for semiabelian varieties. It asks
whether a local to global principle as in our main theorem holds for a general algebraic group G
over k in the case where X is generated by a single element. Kowalski shows that this holds for the
multiplicative group for elliptic curves. Proposition 3.2 of loc.cit. shows that if an algebraic group
G contains the additive group, then the principle fails.

The most precise results so far have been obtained by A. Perucca in [Per08], where Gajda’s
question is answered positively for split semiabelian varieties in three cases: The case when X is
cyclic, the case when X is a free left Endy G—submodule of G(k), and the case where X has a set
of generators (as a group) which is a basis of a free left Endy G—submodule of G(k). Moreover, it
is proven in loc.cit that there exists an integer m depending only on G, k and the rank of X such
that mP belongs to the left Endy G-submodule of G(k) generated by X.

8.2. Detecting linear dependence

In this section we prove Theorem 8.0.1. We keep fixed a number field k, an open U C spec Oy
and a set S of closed points of U of density 1. Let X < G(U) and M = [u: Y — G] be as in the
theorem. The basic idea is to construct for each prime ¢ an injection

X/X ®Zy — HYHLM,T,M)
Since Y is constant, H} (L™, T,M) is torsion free by Proposition 5.4.11. Thus, the existence of an
injection as above tells us that X /X is of rank less than the Z, rank of H!(L™,T,M) i.e. the
dimension of H} (LM, V,M), and moreover that X /X has no /-torsion. Hence, if for each ¢ we find
an injection as above, the theorem is proven. At some point it will be more comfortable to work
with an invariant
(U, TeM)

in place of H}(L™,T,;M), which will of course turn out to be isomorphic to H(L™,T,M). We
begin with defining this object:

DEFINITION 8.2.1. Let U be an open subscheme of spec Oy, let £ be a prime number invertible
on U, and let S be a set of prime ideals of O}, corresponding to points of U. Let T be an f—adic
sheaf on U. We define

(U, T) := ker (Hl(U, T) — [[ H' (kp: Tp))
pes

where T}, denotes the pull-back of T" over y, the residue field at p.

PROPOSITION 8.2.2. Notation being as in Definition 8.2.1, if S is of density 1, then there is a
canonical isomorphism
Is(U,T) — H,(,T)

ProOOF. The arguments are exactly the same as in Proposition 5.4.4 and Lemma 5.4.5, so I re—
explain only briefly how this works. Let 7y := ﬂft(U ,k) be the étale fundamental group of U. The
action of I on T factors over 7y, and we can identify the étale cohomology group H'(U,T) with
the continuous Galois cohomology group H'(my,T). By Proposition 5.4.3 we have a canonical
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isomorphism H}(T,T) = H!(my,T) via inflation. Considering JI5(U,T) and H}(T,T) both as
subgroups of H!(my,T), equality holds. Indeed, the inclusion C holds by Frobenius’s density
theorem, and the inclusion D holds because all decomposition groups in 7y corresponding to places
in S (hence corresponding to closed points of U) are monogenous. O

COROLLARY 8.2.3. Let M = [Y — G] be a torsion free 1-motive over U, and let S be of
density 1. If Y is constant, then IL5(U, T¢M) is a free Zy—module of rank equal than the dimension
of Hy (LM, V,M).

Proor. This follows from Proposition 8.2.2 and Proposition 5.4.11 (and 5.1.8). O

PROOF OF THE THEOREM. We are given a semiabelian scheme G over U and a subgroup X of
G(U). By Proposition 3.3.11, G(U) and hence X are finitely generated. Let us fix a set of primes
S of density 1, all corresponding to closed points of U. For p € S, we write xp for the residue field
Oy /p and P, and X, for the reduction of P and X modulo p. Since X is a finitely generated group,
we can choose a 1-motive M = [u : Y — G] over U, such that Y is torsion free and constant and
such that the image of u on U-points is X. The image of Y — G(kyp) is then X,. Recall that we
consider the group

X={Pecw)| Rex,foralpes}

Of course X is contained in X. Fix a prime number £. Without loss of generality we can eliminate
from S some finitely many places and also restrict G and X to a smaller open contained in U. We
may thus suppose that ¢ is invertible on U. In order to prove the theorem, it suffices by Corollary
8.2.3 to produce an injection

X/X 2y — Ig(U, T, M)

Consider the following diagram with exact rows

y —2 G(U) HY(U,M) — 0=HYU,Y)

o |

Y Gp(kp) — H%(ky, My) — 0= H'(kp,Y)

From this we see that X is the set of points P € G(U) that map to zero in H'(ky, M,,) for all p € S.
Hence
X/X = ker (HO(U, M) = T HO (s, Mp)>
pesS
Now, take tensor products with Z, everywhere. Mind that, since Z, is flat over Z, the functor
— ®gz Zy is exact. Permuting — ® Z;, with the product may only increase the kernel, hence an
injection
X/X ®Zy — ker (ag CHOU,M) ® Zy — H (H (5, M) @ Z[))
peS
We are now left with finding an injection ker ay — JI5(U, T¢M) To this end, we consider the
following diagram

0 H(U,M)® Zy —= H'(U,T;M) — T,H" (U, M) 0
oy ’ !
0 HHO(“paMp)®Z£9HH1(”paTsz)91_[ TEHI(“paMp) 0

The rows come from the filtration on the cohomology of the Tate module introduced in 2.2.9. The
{—adic completions are here just ordinary tensor products because the involved groups are all finitely
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generated. The kernel of the second vertical map is ﬂé(U, TyM), hence the desired injection, and
the theorem is proven. O

8.3. Examples

In this section we give explicit examples to theorems in this chapter. The first one is an example
of an abelian variety and a subgroup of its group of rational points for which the “detecting linear
dependence” problem has a negative answer. This example is joint work with Antonella Perucca.
The second example provides a 1-motive M and a set of places S such that Hé(k, Ty¢M) is infinite
and III' (k, T, M) finite.

Example 1: Infirming the “detecting linear dependence” problem. Let k£ be a number
field and let E be an elliptic curve without complex multiplication over k such that there are points
Py, P>, P3 in E(k) which are Z-linearly independent. Let P € E3(k) and X C E3(k) be the
following:

Py
P—|pr and X = {MP | M € Msys(Z) with tr M = 0}
Py
So the group X consists of the images of the point P under all endomorphisms of E3 with trace
zero. Since the points P; are Z-linearly independent and since E has no complex multiplications,
the point P does not belong to X.

CLAIM. Let p be a prime of k where E has good reduction. The image of P under the reduction
map modulo p belongs to the image of X.

For the rest of this section, we fix a prime p of good reduction for E. We write x for the residue
field of k£ at p. To ease notation we now write E for the reduction of E modulo p (for some fixed
model), and let P; and P denote the given points modulo p. Our aim is to find an integer matrix
M of trace zero such that P = MP in E3(k).

Let oy be the smallest positive integer such that a1 P is a linear combination of P, and Ps.
Similarly define ap and a3 for P» and P3 respectively. There are integers m;; such that

arPr+mipaPo+misPs = O
mo1 P+ aoPo+mosPs = O
msg1 P +msa Py +a3P; = O

Assume that the greatest common divisor of a, as and a3 is 1 (we prove this assumption later).
By Bezout’s theorem we can thus find integers a1, as, ag such that

3 = aja1 + agas + asas

Write then m;; := 1 — a4, so that in particular mq1 +mas +ms3 = 0. We now find by construction
the equality

mi1 —aimiz —aimis Py Py
—asma1 ma9 —asmi3 Pl=|A
—azmgy —agmsz  M33 Py Py

Notice that the above matrix has trace zero. Hence we are left to prove that the greatest common
divisor of aq, ao and ag is indeed 1.
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Fix a prime number ¢ and let us show that ¢ does not divide ged(ai,as,a3). Suppose on
the contrary that ¢ divides ged(au, g, a3). This is equivalent with saying that ¢ divides all the
coefficients appearing in any linear relation between P;, P, and Ps. In particular, this implies that
¢ divides the order of Py, P and Ps in E(k).

Recall (e.g. from [Sil86] Corollary I11.6.4) that the group E(k)[{] is either trivial, isomorphic
to Z/¢Z or isomorphic to (Z/¢Z)%. In any case, the intersection X N E(x)[{] is generated by two
elements or less. Without loss of generality, let us suppose that P» and P3 generate X N E(k)[¢].
We are supposing that ¢ divides all the coefficients appearing in any linear relation of the points.
Let a1 = x1£ and write x1£P; 4+ 2ol P> + x3{P3 = O for some integers xo and x3. It follows that

1Py +xoPy +23P3 =T

for some point T in X N E(k)[¢]. The point T is a linear combination of P, and Ps. This contradicts
the minimality of ;.

Example 2: Schinzel’s 1-motive. We consider the 1-motive M := [u : Z3 — G2,] over
U = specZ[¢] (or over the field of rational numbers k = Q) given by

27 3Y
U(i[}, Y, Z) = <2y3z>

The subgroup X := u(Z3) of G2,(k) provides an example of a subgroup which can not be detected
my means of reductions modulo primes. Indeed, a calculation analogous to what we did in the
first example shows that the point P := (;) belongs to the reduction of X modulo all primes
p # 2,3, but does not belong to X. This was found by Schinzel in [Sch75], so let us call this
1-motive Schinzel’s 1-motive. The analogue of Theorem 7.2.2 for tori shows that Djs(k) is the
Endg G = May2(Z)-submodule of G(U) C G(k) given by

27 3Y
We now compute H(T', T;M) using Proposition 7.3.1. To this end, fix a prime number ¢ and
introduce
V = Dy(k) ® Qy W= u(Z @ Q E :=End; G ® Q = Max2(Qp)

As an F-module, V' can be identified with My 2(Q,) and W with the subspace of V' consisting of
self adjoint matrices. An elementary matrix calculation shows that

W:={veV]| f(v) = f(w) for some w with w = w', for all f € Homg(V,Q?)}

is equal to V. Hence W/W = H}(LM V,M) is 1-dimensional. Since H!(L™,T,M) is torsion free
by 5.4.11 we have H} (LM, T,M) = Z,, hence Lemma 5.4.5 shows that

HY(k, T;M) =27,

x,y,z,wEZ}

where S is any set of places of k£ not containing 2 or 3. Hence, Schinzel’s 1-motive is an example
of a 1-motive with infinite HL(k, M). A little bookkeeping shows that a cocycle ¢ : I' — T, M
representing a generator for HL(k, T¢M) is given by

c(o) = ((O—Q —OQ)i'io

where ((;)52 is a sequence of /-th roots of 2 in k", that is (o =2 and Cf = (;—1. Let us now check
that nevertheless H_Il(k;, T¢M) is finite, and in fact, trivial. To do this we must, as we shall see in
a moment, again solve a congruence problem but this time we shall not only consider reductions

> € Zy(1)2 C T;M

modulo almost all primes, but reductions modulo all prime powers.
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Let 2 be the set of all places of k, and consider once again the following commutative diagram with

exact rows
0 H(U,M)®Z; — HYU,T,M) —— T,H (U, M) 0
0 [TE(ko. M) &2y — []H (o, TeM) —= []TeH" (o, M) 0

the products running over €2. The right hand map is injective, indeed, the kernel of this map is
contained in T,D'(U, M), and we know that D! (U, M) is finite by Proposition 4.3.11 (there is no
abelian part here). Thus, the kernels of the left hand and the middle vertical map are isomorphic.
But the kernel of the middle vertical map can be identified with those elements of HL(k, T,M)
mapping to zero in H'(k,, T,M) for all v ¢ S as well, which is precisely III!(k, T,M). Hence an
isomorphism
I (k, T, M) = ker <H0(U, M)®Zy = T[] H (k, M) & Z@>
vEQN

Instead of working with one prime ¢ at a time, let us work with all ¢ simultaneously, by taking
in the above expression products over . We don’t do this just because it looks fancier, but for a
reason. Working with all ¢ simultaneously brings into play a nontrivial global information, namely
that the kernel of each of the ay is generated by the class of P := (;) € GU) in HY(U, M) ® Z,,
independently of £. Taking products over all primes £ as we said yields an isomoprhism

[T (%, TeM) = ker <H0(U, M)®7 -2 ITIIE (k. M) & Z€>
L veQ) ¢
where 7 denotes the the profinite completion of Z, also known as the Priifer ring. The kernel of &
is generated by the class of P in HO(U, M) ® Z (this is our global information). Observe now that
an element of HO(U, M) = G(U)/imu, say represented by an element Q € G(U), maps to zero in
H'(k,, M) ® Zj if and only if the class of Q is ¢~divisible in H'(k,, M). Thus, in order to establish
injectivity of the @ and hence triviality of III* (k, T,M) for all £ we must show that for any integer
n # 0, the class of P" = (,),) € H(k,, M) = G(k,)/imu is indivisible. Taking Proposition 3.3.7
into account, must show that for any integer n # 0, the element ( ! ) of G(ky) = (k})? is not in the

27L
closure of X =imu in G(k,). Yet in other words, we must show that if we can solve the equations

1=2%3Y mod p™ and 2" = 2Y3* mod p™

modulo all prime powers p™, (the prime p corresponding to the place v) then n = 0. Considering
only p = 3 this implication already holds (p = 2 doesn’t do it and of all the other places we have
already made use). Indeed, these congruences show that 2" = 1 mod 3™, so either n = 0 or n is
bigger than the order of 2 in Z/3™Z. This being for all m > 0, we must have n = 0, and so we are
done.

Conclusion: Let M = [Z3 — G2,] be Schinzels 1-motive over k = Q, let £ be a prime and S
be a set of places of k not dividing 6¢, of density 1. The group Hé(k:, T¢M) is a free Zgy—module of
rank 1, in particular it is infinite. The group I (k, T,M) is trivial for all £, and hence II?(k, M)
vanishes.

REMARK 8.3.1. Most of this example is valid for any 1-motive of the form [Z" — G%] over
any number field. In particular, finiteness of III'(k, T,M) for all £ is equivalent with a positive
answer to the congruence problem we just saw, involving all prime powers. The problem to make
something general out of this is that last checking, which rapidly becomes complicated for more
general 1-motives. For 1-motives of the form [Z" — A?] for a simple abelian variety A still much
of this works, but one has to suppose finiteness of IIT'(k, A) at the moment Proposition 4.3.11 is
used.
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Instead of an afterword, I shall present here some open problems and questions.

QUESTION A.l1. The first serious problem I have encountered in the course of this work, and
which is still bogging me is the following: Let S be a reasonable base scheme and let F' be a finite
flat group scheme on S. We have seen in section 1.2 that Hom(F,G,,) is representable by the
Cartier dual of F', and that the fppf-sheaf Ext!(F,G,,) is trivial. We also know that if the order of
F is invertible on S, then the fppf-sheaves Ext"(F, G,,) are trivial for all » > 1. But if some of the
residual characteristics of .S divide the order of F', this need not to be true. There is an example
by L.Breen, showing that if k is a field of characteristic p, then there is an isomorphism of étale
sheaves

ExtP(ap, Gpy) ~ G,
and it seems to us that Breen’s example even shows that for any field & of characteristic p we have
ExtP(ay, Gp,) ~ G, on the fppf-site over k. What can we say about the sheaves xt"(F,G,,) in
general? If S is the spectrum of a field, are they representable? And, given an F'| is there an integer
ro such that Ext" (F,G,,) is trivial for all r > r(?

QUESTION A.2. Let S be a scheme, and write M; (resp. [M]) for the category of 1-motives (up
to quasi-isomorphism) on S. What is the cohomological dimension of these categories? N. Mazzari
has shown recently (see [Maz08]) that the category of Laumon 1-motives up to isogeny over a
field of characteristic zero is of dimension 1. Is the same true for 1-motives with torsion? Closely
related to this is the question after Hodge realizations of torsion 1-motives. Is there something like
“mixed Hodge—structures with torsion” and if yes, is the realization functor (if it exists) from [M]
to the category of mixed Hodge—structures with torsion of level < 1 an equivalence of categories?

Thanks a lot again for your work,

QUESTION A.3. As I already mentioned in the introduction, the business of “dividing points
on a semiabelian variety” is not entirely finished.

It would be interesting to have

Besides that we don’t have a good description of the image of the Kummer injection LAG/{ y —
Hom(T,Y, TyG) (see Corollary 5.2.10), the following question remains open. Let M = [Y — @]
be a 1-motive over the number field k. On several occasions (proof of 6.1.3, proof of 7.2.2) we saw
one or the other special case of the following diagram

0 K G(k) ® Zy —= G(ky) ® Zy

| | |

0 —— HY LM, T,G) — H'(k,T,G) — H'(kpr, TeG)

where kjs|k is the field extension with Galois group ker(I' — GL(T,M)). Each time we had such
a diagram, we have proven that the left hand injective map is an isomorphism, or at least has image
of open index. Is this true in general, i.e. in the diagram above?
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QUESTION A.4. Many of the duality statements make also sense for other global fields. There
seems to be no imminent reason why there should not be analogue theorems over function fields
of curves over finite fields. For classical 1-motives, duality theorems have been obtained by C.D.
Gonzales-Avilés in [GAO07] and [GATO8|. It should be possible to take over most of our techniques
we developed to characteristic p, provided that in the case £ = p one has to use flat cohomology

instead of étale cohomology.

QUESTION A.5. By 4.2.3 we have a pretty good idea how the group ITI°(k, M) behaves with
respect to finite field extensions k'|k and with respect to isogenies M — M’. By duality we can also
understand how II1%(k, M) behaves under these operations. What happens with ITI!(k, M)? Can
we describe how this group behaves under field extensions and isogenies, say under the hypothesis

that this group is finite?
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