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Abstract

As a method of approximating zeros of a given maximal monotone operator A in a real
Hilbert space, the proximal point algorithm (PPA) which was initiated by B. Martinet
(1979) was considered in a more general setting by R. T. Rockafellar (1976), who proved
that it converges weakly to a solution of 0 € Ax when the sequence of errors is summable
in norm. After O. Giiler (1991) showed that the PPA fails in general to converge strongly,
modifications of the PPA, among them the inexact ‘Halpern-type’ iterative process which
was introduced by H. K. Xu (2002) and the regularization method of N. Lehdili and A.
Moudafi (1996), were obtained in order to enforce strong convergence, still under the
summability condition on errors. Definitely this condition is too strong from a computa-
tional point of view. We obtain in this thesis other strong convergence results associated
with these methods as well as their generalizations under the general condition that errors
converge to zero in norm. These results are proved under new sets of conditions on the
control parameters involved, which are either weaker than the ones previously used by
other authors or are distinct alternative sets of conditions. Other strongly convergent se-
quences of proximal iterates, such as the method of alternating resolvents and the viscosity
approximation method are also constructed. Some illustrations on how these methods can
be used to approximate minimum values and/or minimizers of certain convex functionals
are given. Apart from addressing the two important problems in the theory of proximal
point algorithms — that of strong convergence instead of weak convergence and the one
concerning acceptable errors — the results presented in this thesis improve, generalize and

refine many existing results in the literature.
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Introduction

Iterative processes have been widely used as a successful tool in finding/approximating
solutions of nonlinear operator equations — find an x € D(A) such that 0 € Ax. The
problem of finding zeros of nonlinear operators is strongly connected to the theory of fixed
points. In many cases, solutions of such operator equations happens to be fixed points of
certain operators. Indeed, for a map 7" whose set of fixed points is nonvoid, the operator
equation x = Tz is clearly equivalent to 0 = (I — T)x. In fact, the map A := [ —T
is maximal monotone whenever 7T is nonexpansive, in which case, zeroes of A coincide
with fixed points of the resolvent operator of A. Since the problem of finding (and/or
approximating) solutions of operator equations can be reformulated as that of finding
fixed points of certain operators, one may turn to the theory of fixed points to search for

tools that can serve as solution techniques for solving such operator equations.

A fixed point theorem will serve as a solution technique if apart from giving us some
information on the existence and possibly the uniqueness of the fixed point, it also pro-
vides a method (usually iterative) for finding such fixed point(s). Moreover, it will be
appreciated if it has the ability to provide us with extra information regarding the rate
of convergence of the iterative process used to approximate the fixed point. To cite as an
example, the classical fixed point theorem of Banach has all the aforementioned proper-
ties. Indeed, given any strict contraction 7' taking values from a complete metric space
X into itself (with Lipschitz constant a € (0, 1)), one generates a sequence (x,,) defined
by z,+1 = T"xg, the so called Picard iteration, which converges strongly to the unique
fixed point of T for all zp € X. Even more, we know from the same theorem that (z,)
converges to the fixed point of T at least as fast as the terms of the geometric series

(whose ratio is a) does. In other words, the convergence is linear.

Unlike strict contractions, nonexpansive mappings behave differently — they may not have
fixed points at all, nor the fixed point may not be unique if it does exist. Also, the sequence
generated by the Picard iterative process may not converge if strict contractions are not
involved. On the other hand, among the many fixed point theorems that exist in the

literature, there are only a few of them which resembles the characteristics possessed by
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the Banach fixed point theorem. In fact, almost all fixed point theorems particularly
for nonexpasive mappings are existence theorems. Unfortunately, this fact limits one in
constructing fixed points of nonlinear operators such as nonexpansive mappings by means
of iterative processes provided by the fixed point theorems. Therefore, other means of
constructing iterative methods, such as modifying the Picard iterative process to generate

sequences that converge to the fixed point of a given nonexpansive map have to be sought.

For a nonexpansive mapping 7', it was R. W. Mann (1953) who first constructed an al-
gorithm, now commonly known as the Mann’s iteration, which converges weakly to the
fixed point of T. Although the scheme of Mann fails in general to converge strongly, its
discovery was a major milestone in finding fixed points of nonexpansive mappings itera-
tively, since it overcame the difficulty (of failure to converge, even in the weak topology
of the underlying space) created by the Picard iterative process. Besides Mann’s iterative
process, many mathematicians have studied other iterative processes such as the proxi-
mal point algorithm (PPA), the regularization method and Halpern’s iterative process for
solving nonlinear operator equations. They investigated the convergence of such iterative
processes and in some cases gave the rate of convergence of such methods. Among them,
the work of B. Halpern (1967), F. E. Browder (1967), B. Martinet (1970), S. Ishikawa
(1974), R. T. Rockafellar (1976), O. Giiler (1991), N. Lehdili and A. Moudafi (1996), M.
V. Solodov and B. F. Svaiter (2000), and H. K. Xu (2002), is worth mentioning.

Other methods for solving nonlinear operator equations have been shown to be strongly
connected with the above mentioned methods. For instance, in 1992, J. Eckstein and
D. P. Bertsekas showed by means of an operator called a “splitting operator” that the
Doughlus-Rachford splitting method for finding a zero of the sum of two operators is a spe-
cial case of the PPA. They observed that applications of the Doughlus-Rachford splitting
method, such as the alternating direction method of multipliers for convex programming
decomposition, are also special cases of the PPA, an observation which allows the unifi-
cation and generalization of a variety of convex programming algorithms. The so called
support point algorithm is also a special case of the proximal point algorithm, as was
shown by H. H. Bauscheke et al. (2005) [3]. Worth pointing out is the fact that not only
does the PPA contain several algorithms as special cases, but it is also a powerful and ver-
satile solution technique for solving variational inequalities and many problems in convex
optimization such as convex minimizations and convex-concave mini-max (saddle-point)

problems.

The observations above form enough basis for us to carry out in this thesis further in-

vestigations on different types of proximal point methods. In particular, several sets of

PhD Thesis 2
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control conditions (which are weaker than those previously studied by other authors) are
introduced, and strong convergence results associated with them are proved. Also being
introduced are different kinds of iterative processes that generate sequences which always
converge strongly. Our interest in strong convergence, rather than weak convergence is
partly motivated by the results of O. Giiler (1991), which revealed that compared to weak
convergence, strong convergence has a positive bearing on the rate of convergence of the
PPA. All the methods considered in this thesis are inexact, and since the errors indicate
how far away one is from the exact solution, we shall investigate strong convergence of
such methods under the general condition that the sequence of errors tends to zero in
norm. In this way, the two main problems (that of strong convergence instead of weak
convergence and that of acceptable errors) related to proximal point methods are effec-
tively addressed. The results of this thesis, which are contained in Chapter 3 - 6 improve,

generalize and refine many existing results in the literature.

3 by O. A. Boikanyo
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Chapter 1

Some Iterative Processes: Historical

Comments

In the sequel, H will be a real Hilbert space with inner product (-, -) and induced Hilbertian
norm || - ||. Recall that an operator A : D(A) C H — 2 is said to be monotone if it

satisfies the monotonicity property
(—a'y—y) =20, V(zy), (@ y)eGA).

That is, its graph G(A) = {(z,y) € H x H : x € D(A),y € Ax} is a monotone subset
of H x H. More often, we shall write (z,y) € A to mean (z,y) € G(A). If an operator
is maximal with respect to this monotonicity property, then it is said to be maximal
monotone. In other words, an operator A is called maximal monotone if in addition to
being monotone, its graph is not properly contained in the graph of any other monotone
operator. In nonlinear analysis and convex optimization, an important and perhaps in-
teresting topic is to find zeros of maximal monotone operators. Indeed, many problems
that involve convexity can be formulated as finding zeroes of maximal monotone oper-
ators. Such problems include, but are not limited to convex minimization, variational

inequalities and concave-convex mini-max problems.

The aim of this chapter is to give a brief overview of some iterative processes that can
be applied to solve nonlinear operator equations of monotone type. In the next chapters,
these processes will be studied further. Notably, the so called prox-Tikhonov method of
Xu [55], which was formerly introduced by Lehdili and Moudafi [32], will be developed
even further, and it will be shown later that such a method is better placed to be applied

in approximating minimum values of convex functionals.
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1.1 Mann’s iterative process

Let K be a subset of a real Hilbert space H, with the scalar product (-,-) and induced
norm ||-||. We begin by reminding the reader that an operator 7' : K — K is said
to be compact if T'(K) is relatively compact. If the operator T has the property that
existence of a strongly convergent subsequence (z,,) of (x,) follows from the fact that
(x,) is bounded in K with (I — Tz, being strongly convergent, then such an operator T'
is called demicompact. Recall also that an operator 7' is said to be a Lipschitzian one if

there exists a constant a > 0 such that
[Tz —Tyl| < afz—yl, (1.1)

holds true for all z,y € K. Of course Lipschitzian maps are necessarily continuous. The
constant a is called the Lipschitz constant for T if it happens to be the smallest constant
such that (1.1) holds true, and it is usually denoted by L. The map T is said to be a
strict contraction if L < 1, and it is termed nonexpansive if L = 1. A typical example
of a nonexpansive map is an anticlockwise rotation in H := R? about the origin of the
closed unit ball B,(0,1) = {z € H | ||z|| < 1} through an angle of, say, /2. Note that
such a map, say, T : B,(0,1) — B,(0, 1) has the origin as the unique fixed point. Clearly,
starting at any xy € B,(0,1) \ {0}, the sequence (T"x) generated by the Picard iterative
process fails to converge in this case, see for example, [18]. Instead of taking the original
map (an anticlockwise rotation 7' : B,(0,1) —, (0,1)), Krasnosel’skii [31] considered
the average mapping F' : B,(0,1) — B,(0,1), where F' := (I + T')/2 with I being the
identity transformation, and showed that starting at any point z¢ € B,.(0, 1), the sequence
of iterates (F"xy) generated from the Picard iterative process converges strongly to the
unique fixed point of F'. (Note that the average mapping F' is nonexpansive whenever
T is so, and its set of fixed points coincides with that of T'). More generally, if T is a
nonexpansive and compact operator that maps a closed, bounded and convex subset K
of a uniformly convex Banach space X, then for any given zy € K, the sequence ()
defined by

1
Tpt1 = §(mn +Tx,), foralln >0, (1.2)

converges strongly to a fixed point of T'. The iterative process above is thus called the
Krasnosel’skii’s iterative process. The result of Krasnosel’skii holds true even if X is a
strictly convex Banach space, as shown by Edelstein [20]. Schaefer’s [46] idea was to
replace the average mapping in (1.2) by a more general one, say, V : K — K, where
V= X+ (1 - \NT, for A\ € (0,1), thus obtaining the following generalized iterative

process: Given any xy € K, generate a sequence (z,,) recursively by the rule

Tp1 = ATy + (1 = N)Tx,,, for all m > 0. (1.3)

5 by O. A. Boikanyo



CEU eTD Collection

“un Chapter 1. Some Iterative Processes

Still in a uniformly convex Banach space X, Schaefer showed that when 7' is again a
compact and nonexpansive mapping of a closed, bounded and convex subset K of X, the
sequence (z,,) defined by (1.3) converges strongly to a fixed point of 7. The requirement
that T" be compact can be weakened to demicompactness, and still derive the convergence
of (z,,), see Petryshyn [42]. When the demicompactness restriction on 7" is removed, then
the sequence generated by the generalized Krasnosel’skii iterative process (1.3) converges
at least weakly, see for example, [6] and the references therein for details. Actually, strong

convergence may fail as shown by Genel and Lindenstrauss [21].

It should be pointed out that the iterative process (1.3) is in fact a special case of the
iterative process of Mann, which is defined in the following way: Given any zy, € K, and

a nonexpansive map 7 : K — K, a sequence (z,,) is generated recursively by
Tpi1 = @ty + (1 — )Tz, foralln >0, (1.4)

where K is a closed convex subset of a Banach space X, and the parameter sequence («,)

belong to the interval (0, 1), with the conditions'

n—oo

(C1) lim a,, =0, and (C2) Zan = 00
n=0

being satisfied. The sequence of Mann’s iterates is known to converge only weakly in
general, the same counterexample of Genel and Lindenstrauss [21] applies. Reich [43]
extended the result of Mann [34], which was initially proved in Hilbert spaces by Mann

himself, to uniformly convex Banach spaces whose norms are Frechet differentiable.

At this point, it is important to remember that we are looking for fixed points of a
certain resolvent operator of a given maximal monotone operator, which by the way is

nonexpansive. In other words, we want to solve the following set valued equation
find an = € D(A) such that 0 € A(z), (1.5)

where A : D(A) C H — 2" is a maximal monotone operator. So, in order to generate a
sequence that is weakly convergent to the point of the set A71(0), it becomes a natural
attempt to replace the nonexpansive operator 7" in (1.4) by the resolvent operator of A,
(I +BA)~: H— H, for § > 0. More generally, we may replace T by a sequence of
resolvent operators and hope to generate a sequence that is weakly convergent to the
point of the set A~1(0). In that case, the sequence (x,,) generated by the iterative process

of Mann type becomes

Tpp1 = Oy + (1 —an) (I + B, A) Y (z,) +e,, foralln >0, (1.6)

Isee the appendix section for a collection of control conditions

PhD Thesis 6
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1.2. Halpern’s iterative process s

where zy € H is chosen arbitrarily, (5,) C (0,00), and (e,) is regarded as a sequence
of computational errors. Indeed, the weak convergence to an element of the set A='(0)
was confirmed independently by Xu [54], and Kamimura and Takahashi [28] in the case
when the error sequence (e,) is summable, 3, — oo and (a,,) C (0, 1) satisfy the control
conditions (C1) and (C2). (For the sake of brevity, we shall employ the notation .J5' :=
(I + BA)~", however, when no confusion will arise, we shall write Jj instead of J3'). Note
that for each n > 0, the operator (I + 3,A)~! has the whole H as its domain, is single
valued and nonexpansive.

Concerning the existence of solutions of A, it is worth mentioning that there is at least

one if A satisfies the coercivity condition, (see (2.4) below).

We wish to point out that there exists in the literature some modifications of the Mann
iteration which were introduced in order to enforce such a scheme to converge strongly.
One example that comes to our mind is the so called CQ Method which was proposed
by Nakajo and Takahashi [40], and in Hilbert space setting, it is defined in the following

way:

xp € K is chosen arbitrarily,

Yn = Ty + (1 — ap) Ty,

Cn={2€K : [lyn — 2| <llon — 2|}, (1.7)
Qn={z€ K : (z, —z,x0 — x,) > 0},

| Tni1 = Pc,,ng,. o,

where Po denotes the metric projection from H onto the closed convex subset C' of H.
Strong convergence results associated with this method can be found in [40]. The reader
may also consult [30, 37] for extensions of this method. Another modification of (1.4)

that yields strong convergence results can be found in [29].

1.2 Halpern’s iterative process

Let T be a nonexpansive map of a real Hilbert space H into itself, and suppose that
there exists a bounded closed convex subset C' of H mapped by T into itself. For an
arbitrary (but fixed) v € C' and ¢t € (0,1), the map T; : C' — C defined by the rule
x +— tu+ (1 — )Tz is a strict contraction with Lipschitz constant (1 —¢). It then follows
from the Banach contraction principle that T; has a unique fixed point in C', say z;, that

is,
z=tu+ (1 —1t)Tz. (1.8)

7 by O. A. Boikanyo
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Note that here z; depend on both u and t. Most importantly, the fixed point set of T is
nonvoid, by Browder’s fixed point theorem. One can prove that, as t — 07, the path z
given by the above formula converges strongly to the fixed point of T" that is closest to u.
This result of Browder [16] has been widely used in the theory of fixed points and extended
in many different directions by several researchers. Following Browder’s iterative method,
where fixed points of a nonexpansive map 1" were sought by means of an implicit scheme
(1.8), Halpern [24] initiated the study of a strongly convergent (explicit) iterative process

Tpy1 = t, Ty, (1.9)

for an arbitrary point zy of a closed unit ball B.(0,1) = {x € H | ||z]] < 1}, where
tn € (0,1) for all n > 0 and T is a nonexpansive map of B,.(0,1) into itself. Halpern
showed in a Hilbert space setting that if the set of fixed points of T" is nonempty and the
sequence of parameters (t,) is chosen in such a way that they meet the requirements ()
t, — 1 as n — oo, and (ii) [[,~,t, = 0, then (x,) generated by (1.9) always converge
strongly to the fixed point of 7. Such a fixed point is specified among others as the
unique element in the fixed point set F(T) = {x € H | Tx = x} of T that is of minimum
norm. In fact, conditions (i) and (4i) are necessary for (1.9) to converge strongly to the
fixed point of T as shown in [24] already. One may view the scheme of Halpern as a
modification of the Picard iteration for nonexpansive maps developed in order to enforce
strong convergence of the later. Introducing the parameters (¢,) into the Picard iterative
process alters the (n+1)th iterate of such a scheme from being the value of a nonexpansive
map 1" evaluated at the previous iterate to being that of a strict contraction t,T" with

Lipschitz constant t,,, again evaluated at the n' iterate.

In light of the above discussion, given any arbitrary (but fixed) points u, xy € H, one may
generate an explicit iterative process (x,,) that approximates fixed points of a nonexpansive

mapping 7' : H — H by the rule
Tpt1 = apu+ (1 — a,)Txy, (1.10)

where «,, € (0,1) for all n > 0. Still in a Hilbert space setting, strong convergence of
algorithm (1.10) to the metric projection of u on the fixed point set F'(T") was proved by
Lions [33] under the control conditions (C1), (C2) and

(C3) lim (Ons1 = an)

n—o0 (0%

=0.
n+1

Our preference in algorithm (1.10) over (1.9) rests in its ability to reveal how the approx-

imated fixed points are dependent on the given/initial data. Unfortunately, Lions’ result

PhD Thesis 8
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excludes the natural choice a, ~1. This was overcome in 1992 by Wittmann [53] who

=n
showed strong convergence of (z,) under the control conditions (C1), (C2), and

(C4) D oy — g < 0.

n=0

In 2002, Xu [54] studied Algorithm 1.10 extensively. First, he showed that in a Banach
space setting, (z,) still maintains its strong convergence on removing the square in the

denominator of (C3), thereby improving Lions’ result twofold. The conditions used were

(C1), (C2), and

(C5) lim (@1 = an) =0, or equivalently, lim

n—oo an+1 n—oo an+1

=1.

He then showed that the conditions (C3) and (C4) are not comparable, and did the same
for (C4) and (C5). Xu then observed that Halpern actually showed that the conditions
(C1) and (C2) are necessary to have strong convergence to the metric projection of u
on the set F(T'). This provided a partial answer to Reich’s question: Concerning (o),
what are the necessary and sufficient conditions for (z,) to converge strongly? To the
best of our knowledge, the other part of the question concerning sufficiency remains open.
However, in a recent paper of Suzuki [50], it is shown that if the nonexpansive mapping
T in (1.10) is of the form T := AS+ (1 — A)I (with A € (0,1), S a nonexpansive mapping
and I the identity operator), then the conditions (C1) and (C2) are not only necessary
for (x,) to converge strongly, but they are also sufficient. In fact, for any fixed u,zy € H,

Suzuki showed strong convergence of the iterative process
Tpi1 = apu+ (1 — ay,)(ASz, + (1 — N)zy,), forall n >0, (1.11)

in Banach spaces. The same result was also obtained by Chidume and Chidume [19]

independently.

It is worth mentioning that strong convergence results can still be obtained if one re-
places the nonexpansive map in the algorithms discussed in this section by a sequence of
nonexpansive mappings. Of particular interest to us is an instance whereby the resolvent
operator of a maximal monotone operator is brought into picture. When such an operator
is involved, the resulting algorithm is termed “the prozimal point algorithm”. We shall

discuss it in detail in the next section.

9 by O. A. Boikanyo
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1.3 The proximal point algorithm

In 1970, B. Martinet [36] propounded an effective algorithm for solving the set valued

equation: 0 € A(x), where A is an operator of the form

Azx) =

T(x)+ Ne(z), if xzed,
0, if z¢0C,

for a singlevalued, monotone and hemicontinuous operator 7' : C' — H defined on a closed
and convex subset C' of a real Hilbert space H, and N¢(z) is the normal cone to C at x
(that is, No(z) = {w € H | (x — u,w) > 0, Vu € C}). By a hemicontinuous operator,
we mean one that is continuous along each line segment in H with respect to the weak
topology. Rockafellar [44] proved that the operator A defined above is maximal monotone.
The algorithm of Martinet is based on the result due to Minty, which states that for each
z € H and 3 > 0, there is a unique u € H such that z € (I + fA)u (for an arbitrary

maximal monotone operator A : D(A) C H — 2) and it is defined as
Ty = (I + BA) Y(x,), foraln>0,

where z( € H is given. Martinet then showed that all the weak accumulation points of
(z,,) belong to A71(0) (if it is nonempty), that is, they solve problem (1.5). However,
a close inspection at the proof provided by Martinet reveals that (x,) satisfies the two
conditions of Opial’s lemma (see Lemma 2.2.6 below), hence the whole sequence (z,)
converges weakly to the point of A71(0). It is worth pointing out that the set A=1(0) is
closed and convex, and it coincides with the set of fixed points of the resolvent operator
of A. In the present case, we however note that the solutions of problem (1.5) coincides

with the solutions of the following variational inequality:
find an x € C such that (z —u,Tz) <0, for allu € C.

The main idea behind Martinet’s method is to replace the original problem (1.5) by a

sequence of regularized problems
find an x € D(A) such that 0 € A(x) + 7 (z — 1), (1.12)

so that at each step, problem (1.12) has a unique solution = := x,41.

Y

The algorithm of Martinet inherited the name “proximal point algorithm,” due to its
firm connection with the prozimal mapping, Js(z) = x5 = arg min{p(z) + ||z — z||*/20 :
z € H}, introduced in 1965 by J. J. Moreau. After the PPA was introduced, Rockafellar

systematically developed it by considering an arbitrary maximal monotone operator A :

PhD Thesis ]_ 0
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D(A) ¢ H — 2% and allowing 8 to vary as n does. More precisely, he generated a

sequence (z,) by the approximate rule
Tpt1 ~ Jg,x,, foralln >0, (1.13)

where x¢ € H is given, and showed that such a scheme converges weakly to the point of
the set A=1(0) (if it is not empty), provided that 3, is bounded below away from zero

and the criterion for the approximate computation of z,, is given by

oo
|Tni1 — Jg,xnl| < 0, with 26" < 0.

n=0

He also proved strong convergence if in addition, the operator A=! is Lipschitz continuous
at zero (with modulus a > 0), that is, A7'(0) = {y}, and for some 7 > 0, ||z — y|| < a |||
whenever (z,2') € G(A) and ||| < 7.

The proximal point algorithm (PPA) is also important in convex optimization as evidenced
from the fact that many problems that involve convexity such as convex minimizations
and convex-concave mini-max (saddle-point) problems can be formulated as finding zeros
of maximal monotone operators. In particular, the subdifferential operator dp : H — H
defined by

Do) = {w € H | p(x) — p(v) < (w,z—v), Vv e H}

of a proper, convex and lower semicontinuous function (Isc) ¢ : H — (—o0,+o0], is a
maximal monotone operator and a point p € H minimizes ¢ if and only if p € D(dyp),
and 0 € Jp(p). Therefore, in this case, the proximal point algorithm in exact form
generates a sequence (z,) by taking the (n + 1)th iterate to be the minimizer of the

function ¢, : H — (—o00, 400], for

1
¢n($) = @(',E) + ﬂ“x - mn”Za where ﬂn > 0.

The above example and the the one concerning variational inequalities show that the PPA
has natural applications in nonlinear analysis and convex optimization. We wish to point
out that it was shown by Y. Censor and S. A. Zenois (1992) that the quadratic additive
term appearing above can be replaced by more general D-functions which resembles (but
are not strictly) distance functions. They characterized the properties of such D-functions
which when used in the proximal minimization algorithm preserve its convergence. It was
further shown by J. Eckstein (1993) that for every Bregman function (a strictly convex
differentiable function that induces the distance measure or a D-function on the Euclidean

space) there exists a “nonlinear” version of the PPA.

]_ 1 by O. A. Boikanyo
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Note that neither Martinet nor Rockafellar could characterize the point to which the prox-
imal point algorithm converges to, and unlike Halpern’s iterative process, the proximal
point algorithm does not converge strongly in general. Indeed, Giiler [23] constructed
an example showing that Rockafellar’s algorithm (1.13), with equality taken instead of
~, does not converge strongly, in general®>. In particular, he showed that there exists a
proper, closed convex function ¢ in £2 such that given any bounded sequence of positive
real numbers (3,), there exist a starting point zo € D(p) for which the PPA converges
weakly, but not strongly to a minimizing point of . Giiler showed in the same paper
that the convergence rate of the PPA is governed by the type of convergence involved
(weak or strong convergence). More precisely, he gave the following estimates for the
rate of convergence: ¢(x,) — inf,eg p(x) = O(o,!) in the case when (z,) converges

weakly, and ¢(z,,) — inf,cg o(x) = o(0,!) in the case when (z,,) converges strongly. Here

On = ZZ:() 6/@

Since weak convergence is not enough for an efficient algorithm and the PPA does not
converge strongly in general, much of research have been devoted to either constructing
new algorithms which will always converge strongly, or at least modify Rockafellar’s algo-
rithm in such a way that strong convergence is guaranteed. One such construction have
been obtained by Solodov and Svaiter [47]. In an attempt to obtain strong convergence,

Solodov and Svaiter proposed an algorithm which generates a sequence (x,,) satisfying
Tni1 = Py w,xo, forall n >0, where
(a) zg € H is arbitrary and (y,,v,) € H x H is an inexact solution of the inclusion:
0€ A(x) + pn(z — ),
with g, > 0 and tolerance o € [0, 1), that is,
0 € AQ)s tn+ il — 7) = en, and enll < o ma{Jvall, algn — zall};

(b) Py, nw, is the projection of H onto H, N W,, where

H, ={2€H:{(z—yp,v,) <0} and W,:={z€ H:(z—x,,x0—x,) <0}

It was proved in [47] that if the sequence (i,) is bounded from above, then the sequence
(7,,) constructed above converges strongly to P4-1(0)7o. Though their algorithm is strongly
convergent, it needs more computing time since it requires at each iterate, to calculate

a projection, a task which may not always be easy. Xu’s idea was to construct a less

2Another example in which the PPA fails to convergence strongly in general may be found in [3]
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time consuming algorithm which still converge strongly. In view of Halpern’s algorithm,

Xu [54] proposed the following algorithm
Tpi1 = o + (1 — ) (I + BoA) Ha,) +e,, foral n >0, (1.14)

where xy € H is given, and showed that algorithm (1.14) converge strongly provided
that (|le,]]) € ¢' and the sequences (o), (5,) of real numbers are chosen appropriately.
(Here (e,) is the sequence of computational errors). In fact, the same result was proved
independently by Kamimura and Takahashi [28]. It seems that strong convergence is still
ensured even if xg is replaced by any arbitrary point u of H (not necessarily the starting
point of the PPA). What is not yet clear is whether or not the result will still hold if
one were to take the error sequence outside ¢!, for example by taking (||e,||) € ¢ for
l<p<2.

In connection with algorithm (1.11), He et al. [25] showed in Banach space settings that
if the nonexpansive map S in (1.11) is replaced by the resolvent, .Jg,, of an m-accretive
operator, then the resulting sequence converges strongly under the control conditions
(C1), (C2), and the condition

(06) nhigo(ﬁn-i-l - ﬁn) = 07

with (3, bounded from below away from zero. Under the condition (C6), it is not clear if

strong convergence of the sequence generated by algorithm (1.14) is guaranteed.

Recently, Takahashi [51] studied the proximal point algorithm in a Banach space by the

viscosity approximation method, where the (n + 1)th iterate was given as

o1 = o f(2n) + (1= an) (I + BuA) " (20), (1.15)

where f : C — (' is a strict contraction (a-contraction with 0 < a < 1) defined on
a nonempty closed convex subset C' of a reflexive Banach space X, and A : D(A) C
X — 2% is an m-accretive operator. It is clear that in a Hilbert space setting, we can
generalize the result under algorithm (1.14) by the viscosity approximation method even
when one takes into account the error terms in ¢!, see Section 3.3. Exploring the case
when f is nonexpansive leads to several interesting results, some of which guarantees

strong convergence of the modified PPA. We have discussed this case in Section 3.3.

1.4 The regularization method

Another algorithm used for solving the set valued equation 0 € Az is the so-called

Tikhonov method which generates a sequence (x,) by the rule

xy = (I + 11, A)70), foralln>0, (1.16)

]_3 by O. A. Boikanyo
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where the sequence of positive real numbers (u,) is required to tend to infinity. Contrary
to the PPA which generates a sequence that generally converge only weakly, and the limit
of which is not characterized, the Tikhonov regularization method does not only yield a
strongly convergent sequence (z,), but it also provide us with the extra information on
the strong limit of (x,,), namely that it is of minimum norm in the solution set A~'(0). It
is worth noting that this favorable feature is also possessed by Halpern’s iterative process.
Actually, for any u € H, we know from the result of Bruck [17] that (I + \A)"'u — Pru,

as A — oo. In fact the same result was also proved by Moroganu [38] independently.

In the year 1996, Lehdili and Moudafi [32] combined the regularization method of Tikhonov
with the proximal point algorithm to obtain a sequence (z,) defined as follows: for any
fixed zyp € H, generate the (n + 1)th iterate of (z,,) by

T = (I + B, A,) (), foralln >0, (1.17)

where A, : D(A,) = D(A) € H — 2% is the operator defined by = — (u,I + A)z,
with p,, > 0 for all n > 0, and (8,) C (0,00). The operator A, is usually regarded
as a Tikhonov regularization of A, and it is strongly monotone (and hence coercive).
The algorithm (1.17), otherwise known as the prox-Tikhonov method according to the
terminology of its inventors, thus amounts to replacing the maximal monotone operator
A by a sequence of coercive operators A,,, and it converges to the zero of A rather than
to the (unique) fixed point of the operator Jﬁ‘i”. Note that the equation (1.17) can be

written in the following equivalent form:
Tppr = (I + XA (ypy,), forall n >0, (1.18)

where A, = B,(1 + Bupn)™, and 7, = (1 + B,u,)~". Motivated by the work of Lehdili
and Moudafi, Xu [55] proposed the following regularization method for the proximal point
algorithm which essentially includes algorithm (1.17) as a special case, (as noticed by Xu

himself): for any fixed zo,u € H, generate a sequence (z,) iteratively by
Tny1 = Jg, (au+ (1 — o)z, +e,), foralln > 0. (1.19)

Strong convergence of the sequence (x,) defined by (1.19) to the metric projection of
u onto the fixed point set A7*(0) was shown in [55] under the control conditions which

appear as a combination of «,, and (3,. More precisely, the conditions used were

> OénﬁnJrl . 1 Qnﬁn+1
C7 1—— C8) lm —({1—— | =0.
( ) nz% an—i—lﬁn S0 on ( ) "LI%O Qp ( an+1ﬁn)

Note that for 8, — oo, the natural choices of a,, = n~! and 3, = n, fails under both

conditions. In fact, for any choice of «y, and 3,, condition (C7) is impossible to achieve

PhD Thesis ]_ 4
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as shall be shown in Chapter 3, (see Remark 3.4.1). In another result of Xu, Theorem
3.3 [55], it is shown that for summable errors, strong convergence is still maintained under
the conditions (C1), (C2), (C4), and (,, bounded (from above and from below away from
zero) with (C9) (as defined below) being satisfied. Song and Yang [48] established strong
convergence of the prox-Tikhonov algorithm (1.19) when the errors are summable, (C1),
(C2), (C4) being satisfied, and the following condition on [, imposed: (3, is bounded from

below away from zero with either

o0
(C9) Z |Bns1 — Bul < o0, or (C9) Z Wn; < 00.
n=0 n+l
They remarked that their result (Theorem 2 [48]) contains Theorem 3.3 [55] as a special
case. Although this seems to be the case at first glance, it turns out that the two theorems
are equivalent. In fact, the condition (C9) on 3, is equivalent to (C9) and (3, bounded
from below away from zero. Obviously, from this equivalence follows the equivalence of the
two theorems. This equivalence is not so obvious and it is discussed in Lemma 2.1.2 below.
The result of Xu discussed above was improved significantly by Wang [52], who showed
that for summable errors, strong convergence of the sequence generated by algorithm
(1.19) is preserved when one assumes that the parameter sequence («,) satisfies only the
conditions (C1) and (C2), and 5, € (0,00) is bounded from below and from above with

the condition (C6) being satisfied.
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Preliminaries

In order to make this thesis as self contained as possible, we shall collect in this chapter

some results which will be useful in proving the main results of the subsequent chapters.

2.1 Some sequences of real numbers

We begin with a Lemma which is due to Xu [54].

Lemma 2.1.1 (Xu [54]). Let (s,) be a sequence of non-negative real numbers satisfying
Spr1 < (1 —an)s, + apby, + ¢y, n >0,

where (a,), (bn), (cn) satisfy the conditions: (i) (a,) C [0,1], with Y7 a, = oo, (ii)
limsup,,_, b, <0, and (iii) ¢, > 0 for alln > 0 with Y~ ¢, < 00. Thenlim, . s, = 0.

We next show that any sequence of positive real numbers satisfying the condition of

(C9)" is bounded (with the lower bound being strictly positive).

Lemma 2.1.2. For any sequence (b,) of positive real numbers, the following conditions
are equivalent: (1) > 0" |bag1 — by < 00 and 0 < liminf, b, (= lim, .o b,), (ii)

Sone g esi=tel < 0o, and (i) o, Pl < oo,

Proof. First, it is easily seen that (i) = (ii), and (i) = (iii). Now let us prove that
(ii) = (i). For this, it suffices to show that there exist constants m, M > 0 such that
m<b,<Mforalln=0,1...

From (ii), there exists a sequence (a,) C R, such that > 7 |a,| < oo, and

bn+1 — bn . bn+1
TS

=14+a, n=0,1,...
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Note that in particular, lim,, ., a, = 0. Therefore, we may assume without any loss of
generality that |a,| < 1 for all n. Then by simple induction, we have

1

b o

o =]+ aw). (2.1)
k=0

Since 1 + 2 < exp(z) for all = > 0, it follows from (2.1) that

l;—z = 1:[(1 +a) < 1:[(1 + |ag]) < exp (2_: |ak]> < exp (Z |ak|> =: My < o0. (2.2)

k=0 k=0 k=0 k=0
On the other hand,

D larl <00 & JJ(—lakl) >0
k=0 k=0

and again from (2.1) we obtain

bn n—1 n—1 o0
b_OZH(1+ak)2H1—\ak\ Hl—!ak! =:mgy > 0. (2.3)
k=0 k=0 k=0

The conclusion then follows from (2.2) and (2.3). Replacing b,, by b,! in (ii), one readily
gets (iii), showing that (iii) = (i) as desired. O

2.2 Some tools from functional analysis

Throughout this thesis, shall employ the following notations: given a sequence (x,)nen,
in a Banach Space X, Ny = {0,1,...}, (or (z,) in short), and a point z € X, z, — x

(respectively, x,, — z) means that (x,) converges strongly (resp. weakly) to x.

Lemma 2.2.1 (Suzuki [49]). Let (x,) and (y,) be bounded sequences in a real Banach
space and let (p,) be a sequence in (0,1), with 0 < liminf, . p, < limsup,_,. p, < 1.
Suppose Tyi1 = ppyn + (1 — pn)z, for all integers n > 0 and limsup,,_, . (||yn+1 — Ynll —
|Zns1 — 2n]]) < 0. Then limy,_o |yn — Ta|| = 0.

Lemma 2.2.2 (Eberlein and émulyan). A Banach space X is reflexive if and only if any
bounded sequence in X contains at least one subsequence that converges weakly in X.

In the sequel, we will consider a real Hilbert space H, which is a typical example of a
reflexive Banach space. A map T : H — H is called firmly nonexpansive if for any
x,y € H,

1Tz = Ty|* < (Tz — Ty, —y).
Obviously, firmly nonexpansive mappings are monotone and nonexpansive. Such map-

pings are characterized by

]_7 by O. A. Boikanyo
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Lemma 2.2.3 (Goebel and Kirk [22]). A map T : H — H is firmly nonexpansive if and
only if 2T — I (where I is the identity map) is nonexpansive.

Perhaps the projection operator and the resolvent of a maximal monotone operator are
well known and widely used examples of firmly nonexpansive maps. For a nonempty closed
and convex subset C' of H, the metric projection (nearest point mapping) P : H — C'is
defined as follows: Given x € H, Ppox is the unique point in C' having the property

— Peal| = inf ||z — y].
lz = Poxl| = inf ||z —y]

Just like firmly nonexpansive mappings, projections have a nice characterization:

Lemma 2.2.4. Assume that C' is a nonempty closed and convex subset of H. Let v € H
and y € C be given. Then y = Pox if and only if the inequality

(x—y,z—y) <0, forallzeC,
holds true.

In fact, from this inequality characterizing projections, one can further derive the afore-

mentioned fact that the projection operator is firmly nonexpansive.

Most of the analysis of this thesis will depend on the the following identity

Lemma 2.2.5 (Resolvent Identity). For any 3,7 > 0, and x € H, the identity

Jgr = J, (%x + (1 — %) J5x>

holds true, where Jg := (I+3A)~" for a mazimal monotone operator A : D(A) C H — 2H.

Proof. (For the sake of completeness, we provide the proof of this Lemma). Set y := Jsx.
Then using the definition of the resolvent, we have

g g g g
y = Jsz @y+%4y9—x+<1——>y S y=J (—:):Jr (1——)y).
’ E E "8 E
This completes the proof of the resolvent identity. O

Given any sequence (z,), we shall denote its weak w-limit set by wy((z,)), that is,
wy((zy)) :={x € H | z,,, = x for some subsequence (z,,) of (z,)}.

Here “—” denotes weak convergence. We shall prove weak convergence results with the
aid of the following lemma, whose proof can be found in many functional analysis books,
(see, e.g., [39, p. 5]).

PhD Thesis ]_ 8
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Lemma 2.2.6 (Z. Opial). Let C' be a nonempty subset of H. Assume that the sequence
(x) satisfies the conditions (a) lim, . ||z, — q|| = p(q) exists for all ¢ € C, and (b) any
weak cluster point of (x,) belongs to C' (that is wy((x,)) C C). Then, there exists a point
p € C such that (x,) converges weakly to p.

More often, we shall make use of the following inequality which is usually referred to as

the subdifferential inequality. Its proof is immediate.
Lemma 2.2.7 (Subdifferential Inequality). For all x,y € H, we have
lz +ylI* < llylI* + 2{z, = +y).
The next lemma will also be useful in proving our main results. Its proof can be found in
(39, p. 20].

Lemma 2.2.8. Any mazimal monotone operator A : D(A) C H — 2 satisfies the
demicloseness principle. In other words, given any two sequences (x,,) and (y,) satisfying

T, — x and y, — y with (x,,y,) € A, then (z,y) € A.

Recall that an operator A : D(A) C H — 2% is said to be coercive if it satisfies the

following condition

<777§ B U0> — (24)

1m EETEETE—
el —oo (6mea  ||€]] ’
for some vy € H.

When A is the subdifferential, coercivity of A is equivalent to the conditions given in the

following result.

Proposition 2.2.9. [14] Let ¢ : H — (—o0,+00] be a proper, conver, lower semi-
continuous function, and let A = Op, the subdifferential of ¢. Then the following condi-
tions are equivalent;

©(£)

1m —_— =
lel—o0, (E:mea |||

(i) ;
(i) A is coercive;
(ii) R(A) = H and A" is bounded.

Proof. (This result is a combination of well known facts, with the statement and proof
that are convenient to us). For zy € D(A),

o(x) < lxg) + (y,x — ) for all (z,y) € A, (2.5)

]_9 by O. A. Boikanyo
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which shows that (i)=-(ii).
A coercive implies that R(A) = H (see e.g., [39, p. 26]), and it can be easily seen that
A~ is bounded. Otherwise there will exist (z,,y,) € A such that {||y,||} is bounded and

||zn|| — oo, and so
(Yn, Tn — o) [nl + llzol

which contradicts the coercivity of A. This shows that (ii)=-(iii).

Now, assume that (iii) hold. Let r > 0. For all z € H, ||z|| < r, there exists v € D(A)
such that

z€A() vl <M, (2.6)

where M > 0 (depending on r). Since ¢ is bounded below by an affine function, see for

example Theorem 1.8 [39], we have from (2.6),

p(u) = @)+ (u—v2)
> —Ci|lv]| = Co+ (u,z) — Mr
> —CY'M —Cy+ (u,z) — Mr, (2.7)

for all uw € D(¢p). It follows from (2.7) that for all u € D(yp)
(u,2) < (u)+ Mr+Cs forall z with |z|| <,

and therefore
rllull < @(u) + Mr+Cs; forall ue D(yp),

which implies

lim inf w = 0.
[|u]|—o00, u€ D(p) ||’LL||
]
We remark that coercivity of A = dyp is stronger than the condition
lim ¢(§) = 0. (2.8)

[[€]]—o0

PhD Thesis 2 0
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Chapter 3

Two Parameter Proximal Point
Algorithms

We kick start this chapter by giving some remarks to the effect that the sequence gen-
erated by the original approximate proximal point algorithm is bounded under certain
assumptions. It is note-worthy that R. T. Rockafellar (1976) assumed summability for
the error sequence to derive weak convergence of the PPA in its initial form (see (3.1)
below), and this restrictive condition has been extensively used to derive either weak or
strong convergence results associated with different versions of the PPA. As shown by
Rockafellar, the sequence generated by the approximate proximal point algorithm in its
initial form may fail to converge if the summability condition on errors is replaced by the

weaker condition that the errors tends to zero in norm.

For the error sequence (e,) with (|le,||) & ¢!, we construct a sequence of parameters
() C (0,1) satisfying the conditions «,, — 0 and ||e,||/a, — 0, and then demonstrates
that under this condition on errors (and of course some additional assumptions), the se-
quence generated by an algorithm of Halpern’s type (see Section 3.2 below) preserves its
convergence properties, namely convergence in the strong topology to the limit that is
characterized as the projection of a given element of H to the set A~1(0). This construc-
tion thus offers a solution to the long standing problem of whether it is within the realms
of possibility to relax the summability condition on the errors by taking a sequence that

only converge to zero in norm when the PPA under consideration is of Halpern’s type.

It should be noted that the construction mentioned above hinders one to freely choose
the sequence (a;,) — only those a,’s in the interval (0, 1) that depend on the sequence of
errors are allowed. The limitation in the freedom of choice of the «,,’s can be overcome

by assuming that the error sequence (e,) is in ¢ for 1 < p < 2. Although this condition
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covers non-summable errors which converge to zero in norm, it is stronger than the one

provided by the above mentioned construction.

Our main interest lies in covering a wide range of errors as possible. For this reason, we
shall always assume that the error sequence satisfies the condition ||e, ||/, — 0. This
general condition on errors will be exploited further to derive several strong convergence
results associated with other modified inexact proximal point methods such as the reg-
ularization method and the viscosity approximation method. Such results are proved
under relatively new sets of assumptions on the two control parameters involved, which
are weaker than those that have been used before by other authors. It is in this chapter
that the relationship between Halpern’s type proximal point algorithm and the regular-
ization method is exposed. The connection between the two proximal methods avails the
convenience of shifting from one method to the other when analyzing the behavior of the

trajectories generated from either method.

3.1 Rockafellar’s proximal point algorithm

In this section, we give some remarks concerning the initial inexact proximal point algo-
rithm. We show under certain conditions that the sequence (x,,) generated by Rockafellar’s

algorithm
Tppr = ([ + BuA) 2, +e,, n>0, (3.1)

for an arbitrary (but fixed) zo € H, is bounded. Here A : D(A) C H — 2% is a maximal
monotone operator, (e,) is the error sequence, and (3,,) C (0,00). In the first result, we
show that if (3,) ¢ ¢!, then the assumption A~1(0) # ) is necessary and sufficient for (z,,)
to be bounded. Note that Rockafellar [45] derived the same conclusion in the case when
(6,) is assumed to be bounded from below away from zero. Since the non-summability
condition on (f3,) is weaker than the condition used by Rockafellar, Theorem 3.1.1 below
may be regarded as a refinement of the above mentioned result of Rockafellar. The proof

given in [45] is a constructive one, whereas the one given below is direct.

Theorem 3.1.1. Let A : D(A) C H — 2 be a maximal monotone operator. Assume
that > llen]] < oo and B, € (0,00) with Y >~ 05, = co. Given any xo € H, the
sequence (x,,) generated by (3.1) is bounded if and only if F := A~(0) is nonempty.

Proof. Let xy € H be such that the sequence (x,,) generated by (3.1) is bounded. Denote
Up, := Ty, — €,—1 and let (z,y) € A. Then we have from (3.1)

Up4+1 — T + ﬁn(Aun+1 - y) + ﬁny DU, — X + €n—1-

PhD Thesis 2 2
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Multiplying this inclusion relation scalarly by w, 1 — = yields,

Ntngr — z||? + Bultyy tnsr — ) < (Up — 2, Upgq — ) + (€n_1, Ungpy — T)

1
< Sl =2l + Slluna = 2l + Kllenall,

where the first inequality follows from the monotonicity of A. Therefore,
1 2 1 2
gl = 2”4+ Buly, o — 2) < Sllun — 2" + Kllen]-

By summing from n =1 to n = N, we get,

25:1 Bt _ < lur — z|* + 2K Zg:() lenl| 3.9
Y, N T )= N ’ (' )
Zn:l /877/ 2 anl ﬁ’l’b

Since (u,) is bounded, so is (wy,), where

n -1 5
wn:::<j£:ﬁ%> j{:ﬁ%uk+y (33)
k=1 k=1

Let p be a weak cluster point of (w,). Then passing to the limit in (3.2), we obtain,

(y,p—x) <0 (3.4)

for all (z,y) € A since ), (3, = 0o. By (3.4) and the maximality of A, it follows that
(p,0) € A, which implies that F # ().

Conversely, if F' # (), then for any p € F, we have

[2nt1 = pll < llzn = pll + lenll;

and therefore, by summing from n =0 to n = N, we get (for xy € H)

N [e's)
lzass = pll < llwo = pll + ) lleall < lleo = pll + > lleall < oo
n=0 n=0
This completes the proof of the theorem. n

Note that if F' # 0, and ), 3, = oo, then the average w, defined by (3.3) converges
weakly to some point p € F, (see [39, p. 139]). If we assume more, that is, > 2, 52 = oo,
then the sequence (x,,) itself converges weakly to some point p € F', (see [39, p. 142]).

In the case when A = d¢ where ¢ : H — (—00,+00] is proper, convex and lower semi-
continuous, the weaker additional condition » 2 (3, = oo is enough to ensure weak

convergence of (z,,), (see again [39, p. 142]).
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We know that if A is coercive, then its range R(A) = H, (see for example [39, p. 26]),
thus F' # (). We now show that if (e,) is bounded and (3,) is bounded below away from
zero, then the sequence (z,) generated by (3.1) is bounded, provided A is assumed to be

coercive.

Theorem 3.1.2. Assume that A : D(A) C H — 2" is coercive and mazimal monotone.
Let ||e,|| < C and B, > € > 0 for n > 0, where C' and € are given constants. Then for
any given xo € H, the sequence (z,,) generated by (3.1) is bounded.

Proof. The proof is essentially done in, [39, p. 152]. We just adapt the old proof to the

present framework.

Since A is coercive, the set F := A7!(0) is nonempty. Now setting u, = z, — €,_1,

equation (3.1) becomes
Up + €n_1 € Uy + BpAuyyy, forall n>1,
which implies that
[t —pH2 < AUn = Py Uny1 —P) +{€n_1,Unp1 —p), forall n>1,
for every p € F. Therefore,
|tuns1ll < JJunl| + C + 2dist(0, F), forall n > 1. (3.5)
Denote Cy := C + 2||vo||. By (2.4), there exists K > 0 such that

(7775 - UO) Cl
lE—wl == (3.6)

&n) e A, ||&]| > K implies
Suppose that there exists k such that ||ug, || > K. Then multiplying

U, — Vo + €x—1 € U1 — Vo + BrAupy

by (ug+1 — vo)/||uks1 — vol|, where vy is the vector associated with the coercivity of A,
and making use of (3.6), we get,

[ukr1 = voll + Cr < Jlur = voll + llex—all < flull + [[voll +C,

or
k1]l < Nlursr = voll + [[voll < fluwll + 2[lvoll + € = Ch,
which implies that

k|l < -
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Therefore, for all n > 1, we have
|tns1|| < max{K + C + 2dist(0, F), ||u,] } (3.7)

Setting p, = max{K + C + 2dist(0, F'), ||u,|| }, we deduce from (3.7) that p,+1 < p,, for
all n > 1. Hence

[2n]] < Jlunll + € < pp + C < max{ K + C + 2dist(0, F), |21 — eol[} + C,
for all n > 1, showing that (z,) is bounded. ]

Remark 3.1.1. Note that for a maximal monotone operator A, which is also strongly
monotone (hence coercive), if 4, > ¢ > 0for all n > 0, and > ||en|| < oo, then for any
given starting point xg € H, the sequence (z,) generated by algorithm (3.1) converges
strongly to p = A71(0). Indeed, if we denote u,, := x, — e,_1, and multiply

Up — P + €n—1 € Up+1 — P + ﬂnAunJrl
scalarly by (un1 —p)/[[uns1 — pl|, we get,
(14 cBa)llunsr —pll < Nluw = pll + llen—1ll, (3.8)

where ¢ is the strong monotonicity constant of A. Therefore,
oo o0 o0
ey st —pll <€D Ballunss = pll < flur = pll + Y llenll < oo
n=1 n=1 n=0

Clearly, this implies that ||u,, — p|| — 0, and consequently affirms the strong convergence
of (x,) to p as claimed.

When (3, — oo, norm convergence of (e,) to zero is enough to guarantee strong conver-
gence of the sequence (z,) to p. This follows easily on dividing (3.8) by (1 + ¢3,) and

passing to the limit in the resulting inequality.

Remark 3.1.2. If in addition to the assumptions of Remark (3.1.1), e,, = 0 for all n > 0,
then the sequence (x,,) does not only converge strongly to the unique point (of) A~*(0),
but it does so at least as fast as the linear rate with coefficient (1+4¢3,)™! < 1. The speed
of convergence is improved to superlinearity if (3,) tends to co as n does!.

In the case of the subdifferential, Theorem 3.1.2 can be proved under the weaker coercivity

condition (2.8). More precisely, we have:

!The conclusions of Remark 3.1.2 also appear in an earlier paper of Rockafellar [45]. However, the
arguments used there are quite different from ours.
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Theorem 3.1.3. Assume A = Oy, where ¢ : H — (—00,+00] is a proper, convex
and lower semicontinuous function satisfying condition (2.8). Let > " |len||* < 0o and
Bn > € > 0 for a given constant € and alln > 0. Then for any given xq € H, the sequence
(x,) generated by (3.1) is bounded.

Proof. According to Theorem 1.10 of [39], there exists a point p € D(yp) such that ¢(p) =

inf,cq p(x), that is, F:= A~(0) is nonempty. Denote u, := z,, — €, 1. Since
Up — Un1 +en-1 € ﬁnAunJrla

we have from the definition of the subdifferential

2671(90(un+1) - Sp(un)) S 2<en—17un+1 - Un> - 2||un+1 - Un||2
< lenall? = llunsr — unl®
< lenall?,

for all n > 1. Therefore,

1
O(tni1) < p(uy,) + 2_5”6"_1”2’ forall n>1.

By summing, we have

1 o
el < ) + 5 D el < ox.
§=0

\ghi

1 —
< _
O(tns1) < o(ur) + 9% j

I
=)

It follows from (2.8) that (u,) is bounded, and so is (z,,), since e, — 0. O

Remark 3.1.3. According to Theorem 3.6 of [39], we have under the assumptions of
Theorem 3.1.3,

P(Unt1) = @(Tpy1 — €5) — ;215 e(z).

This implies that every weak limit point of (z,) belongs to F' := A~'(0) (the set of all
minimum points of ¢). Therefore if F' is singleton (which happens if, for example, ¢ is
strictly convex), then (z,) converges weakly to the (unique) minimum point, say p, of .
If in addition, we assume that the “level sets” {v € H : p(v) < A}, A € R, are compact
(which happens in many cases), then we have strong convergence: ||z, — p|| — 0.

3.2 Inexact Halpern-type proximal point algorithm

In the present section we consider the following algorithm which is a slight modification
of Algorithm 5.1 of [54].
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Algorithm 3.2.1. Let A: D(A) C H — 2" be a maximal monotone operator.
Step 1. Choose xg,u € H arbitrarily.
Step 2. For each n > 0, choose a regularization parameter 3, > 0 and compute

Yn = (I + B, A) Hap) + e (3.9)

Step 3. For each n > 0, choose the relaxation parameter «,, € (0,1) and compute the
(n + 1)th iterate:

Tpi1 = e+ (1 — o)y, + €, (3.10)

where (e,) and (e},) can be interpreted as sequences of computational errors. Here e,, is
considered to be the “main error” while €/, is a “smaller error”. More precisely, we assume
that there exists K > 0 such that ||e,|| < K]le,||, for all n > 0.

Note that if the sequences (e,) and (x,) generated by the above algorithm are bounded,
then F':= A~1(0) is nonempty, provided 3, — oc.

Indeed, if we denote u,, := y,, — e,,, then by (3.10), (y,) is bounded, and so is (u,). Hence
there exists a subsequence (uy,, ) which converges weakly to some p € H. From (3.9) and
(3.10), we derive

Up + BrAuy 3 apqu~+ (1 — ap_1)(Up_1 +€n_1) +€,_4
which is equivalent to

1
Au, 3 ﬁ—(an_lu — Uy + (1 — 1) (Up_1 + €n_1) +€,_1). (3.11)

Since A is demiclosed, u,, — p and the right hand side of (3.11) converges strongly to
zero, it follows that (p,0) € A, hence F # (). We have therefore proved that:

Proposition 3.2.1. Assume that A : D(A) € H — 27 is mazimal monotone, and
By — o0. If for any given xo,u € H, the sequences (e,) and (x,) defined by Algorithm
3.2.1 are bounded, then F := A~'(0) is nonempty.

On the other hand, for a coercive operator A, it is immediate that the set A71(0) is
nonempty. If in addition, we assume that the sequence (e,) is bounded and the sequence
(6,) is bounded below away from zero, then we can show that the sequence (z,) generated
by Algorithm 3.2.1 is itself bounded. We state this fact more formally in the following

theorem whose proof is similar to the proof of Theorem 3.1.2.

Theorem 3.2.2. Assume that A : D(A) C H — 2% is maximal monotone and coercive.
Let |le,|| < C and B, > € > 0 for n > 0, where C' and € are given constants. Then for
any given xo,u € H, the sequence (x,) generated by Algorithm 3.2.1 is bounded.
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Taking u = x¢ and €/, = 0 for all n > 0, the above algorithm reduces to Algorithm 5.1
[54]. On proving strong convergence in this case, the error sequence in Theorem 5.1 [54]
is required to be summable, a condition too strong for computational purposes. We now
address the question of whether or not can the summability of (e,) be replaced by a
weaker condition and still get strong convergence results. The result that we prove next

is an extension and improvement of Theorem 5.1 [54].
Theorem 3.2.3. Assume that
(1) Either (|len]]) € €, a, € (0,1) with a,, — 0 and Y oo c, = 00;

(i) Or (|len]]) € P\€*, p € (1,2), o, € (0,1) with o, > €lle,||*™? for some e > 0, and

o, — 0.

If A: D(A) C H — 27 is maximal monotone with F := A7'(0) # 0, and (3, — oo, then
the sequence (x,) generated by Algorithm 3.2.1 converges strongly to Ppu, the projection
of u on F.

Proof. (*The first part of the proof is analogous to the proof of Theorem 5.1 [54]).

(i). Case (|len|]) € €%, and «, € (0,1) satisfying, a,, — 0 and Y7  a,, = co. We divide
the proof into steps.

Step 1: Note that for any p € F', we have

Iz =l < amllu = pll + (1 = an)llyn = pll + €,
< anllu=pll+ (1 = an)llzn = pll + (1 = an)llenll + [l

which implies that

1T aw] ol S Cleal + 14

k=0 k=0

|2as1 = pll < TT( = cw)llwo = pll +
k=0

showing that (x,) is bounded, and so is (y,).
Step 2: Denote q := Ppu. We want to show that limsup,, . (v — q,z, — ¢) < 0. Take a

subsequence (z,, ) of (x,) such that

limsup (u — q, 2, —q) = im (u — ¢, z,, — q)-

n—00 k—o0
Since (x,,) is bounded, (z,,) converges weakly on a subsequence, again denoted by (x,, ),

to some . Then it follows that

limsup (v — ¢, 2, — q) = (u — ¢, Tos — q)-

n—oo

2The ideas involved in proving the boundedness of (z,,) were borrowed from the proof of Lemma 2.1.1
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In view of Lemma 2.2.4, it remains to show that z,, € F. Note that
241 = Ynll < anllu = yull + [lenll < Moy + ]| — O,

which implies that y,, 1 — €,,-1 = Zoo. On the other hand, since
1
ﬁnk—l

and because A is demiclosed, we have z, € F'.

A(ynk—l - enk—l) 9 (‘%‘nk—l - ynk—l + enk—l) — 07

Step 3: Now we show that (x,) converges strongly to ¢ = Pru. Applying the subdiffer-
ential inequality, we get

21— qlI” = [lom(u—q+e,)+ (1 —an)(yn —q+e,)|?
< (1= an)llyn — g + €[ + 200 (u — ¢ + €, 2011 — @)
< (T —an)(lzn =l + lleall + llenl) + 20m{u — g + €}, 201 — q)
< (1= an)||n — gl + anby + e,

where ¢, = (1 + K)|le,[|(2]|zn — q|| + (1 + K)|le,]|) with >~ 7 ¢, < oo and from Step 2,
limsup,,_,., b, < 0, where b, = 2(u—q+e},,x,+1 —q). Hence it follows from Lemma 2.1.1
that x,, — q.

(ii). Suppose that > 7 |le,|| = oo and > 7 |len]|? < oo, for some p € (1,2). Denote
Zn 1= Yn — €, and &, := (1 — ay,)e, + €),. Then we have from (3.9) and (3.10),

Zn = (T4 B, A) N (z,) and 1 = apu+ (1 — )z, + En. (3.12)

Let p € F. Then, we have from the subdifferential inequality

lnes =2l < (1= an)lzn — p+ all” + 200 (u — p + €n, Tny1 — p)
< (1= an)*(lzn = pll + l€nl)* + 200 (u — p + &n, Tnts — p)
< (= an)’(lzn = pll + (1 + K)llenll)® + 2M e[|z = pll,

where M > 0 is a constant such that ||zg — p|| < M, and ||u — p|| + ||é,]] < M for all
n > 0.

Assume that ||e,|| is small enough for all n > 0, otherwise one can consider Algorithm 3.2.1
for n > N, with zy := . We want to prove that for C' := 2M, we have

|z, — pll < C, (3.13)

for all n > 0. Inequality (3.13) is clearly true for n = 0. Assume that it is true for some
n > 0. Then, we have from the previous estimate,

1 = pI* < (1= an)*(C + (L + K)leal))* + 2M v |41 — pl].
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Therefore,
([Zns1 = pll = Man)® < MPag; + (1 = )2 (C + (1 + K)|[enl))?,

which implies that

lznsr = pll < May + v/ M2a2 + (1 = 0,)2(C + (1 + K)leal])2. (3.14)

Now let us prove that

Moy, +/M?a2 + (1 — a,)2(C + (1 + K)|lea])2 < C,
or equivalently,
M?a2 + (1 —a,)*(C+ (14 K)|lea|)* € C* —2MCa,, + M?a?,

or equivalently,

(1= au)(C + (1 + K)llen])? < C2. (3.15)
Since «,, > €||e,||*7?, to prove (3.15), it suffices to show that

(1 —elleal* ")(C + (1 + K)leal))* < C2,
or equivalently,
—eC?len | P+20(1+K) [len| - 201+ K)elen||* P+ (14 K)? e * = (14 K) ellen| "7 < 0,
or equivalently,
—eC? 4+ 20(1 + K)eall”™ = 20(1 + K)ellen] + (1 + K2lleall = (1 + K)elleal? < 0,

which holds true because ||e,|| is small and p > 1. Therefore from (3.14) and (3.15) we
see that (3.13) holds true for n + 1.

Step 2: As in Step 2 of the first part, we take a subsequence (x,,) of (z,) such that

Tp, — Too a8 k — 00, and

limsup (u —q,z, —q) = lim (u — ¢, T, — q¢) = (U — ¢, Too — q)-

n—00 k—o0

On the other hand, for any p € F', we have from (3.12)

[2nt1 = 2nll < an(llu = zall) + llénll < an(llu = pll + 120 — pI) + [|€x]
< an(lfu=pll + llzn = pl) + llénll < anM + flen] — 0,
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which implies that
Znp—1 = (L + Brp—1A) " (@nym1) = Too.
Therefore (z,0) € A, which implies that 2, € F.
Step 3: Finally, we show that (x,) converges strongly to ¢ = Pru. We have

lenes —al® < (1= an)llzn = g+ &l + 2000 = g 4 &, g = 0)
< (1= an)(|zn — qll + lEall)” + 200 (u — g + &0, Tni1 — g)
Oy,
< (1= aw)(lln = all + (1 + ) lleal)® + 57bn
an
= (1= ap)|[zn — ql* + (1 + K)?[|en]? + b,

2

+ 21— ay) [(\/guxn S (@1 +K>Henu’5)]

€ _ o, 2

< (1—ay) (1 + 3 lleal® ) lon = all* + 570+ Z(1L+ K leall”

+ (14 K)[lenll?, (3.16)
where b, = 4(u — q + é,,Tp41 — ¢) with limsup, b, < 0. Set a, := «,/2. Then
> g an =00, a, — 0 and

1
@ =+ 500 = a4y + %HenH?—p.
Therefore, we have from (3.16)
21 = ql® < (1= an)llzn — qll* + anby + ca,

where ¢, = (1 + K)*(|len||* + 2¢7|en||P) with D07 e, < 0o because 1 < p < 2 and
>0 o llen]l? < oo implies that Y7 [le,||* < co. Hence it follows from Lemma 2.1.1 that

(x,) converges strongly to ¢ = Ppu. ]

Example 3.2.1. Let |le,|| = (n +1)7253, p = 5/3, a, = |len]|*? = (n +1)7'/% and
e/, =0 for all n > 0. This case is not covered in Theorem 5.1 [54]. However according to

Theorem 3.2.3, (x,,) as defined in Algorithm 3.2.1 converges strongly to Ppu, if 3, — oc.

While Algorithm 3.2.1 takes into account all the possible errors at each step, its disad-
vantage is that it might not be so convenient to work with. There is therefore a need to
present it in a simplified version. To this end, let us note that from (3.9) and (3.10), we

can rewrite the (n + 1)th iterate as
Tn+1 = GpU + (1 - an)yn + e;ku (317)

where e = e/, + (1 — a,)e,. Moreover, if (||e,]]), (|lex]]) € ¢, for 1 < p < oo, then
(lex]l) € ¢F also. We may therefore assume that for each n, the computational errors

occur only in the (n + 1)th iterate. Thus, the algorithm under consideration becomes
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Algorithm 3.2.2. Let A: D(A) C H — 2" be a maximal monotone operator.

Step 1. Choose xg,u € H arbitrarily.

Step 2. For each n > 0, choose a regularization parameter 3, > 0 and the relaxation
parameter a, € (0,1), then compute the (n + 1)th iterate:

Tpy1 = apu+ (1 — ay) g, xn + €n, (3.18)
where (e,,) is a sequences of computational errors.

From now on, we will always assume that our algorithms have already been converted

into a form similar to the one given above.

Although the requirement that the error sequence (e,,) is in /7 for 1 < p < 2 is weaker than
summability condition (E1) (see below), it is still restrictive. The next result shows that
one can further relax the condition on (e,) without having to temper with the convergence
properties of (x,). More precisely, we assume that for non-summable errors, the sequence
(e,) satisfy condition (E2) defined below:

n—oo (Y,

(E1) ) lleall <00, or (FE2) lim fleall _,
n=0
We point out that these two conditions are generally different. For example, ||e,|| = n~*
and o, = 1//n satisfy (E2) but not (E1), while ||e,|| = n 2 and o, = n~ 1+ (=1)"(n+1)!
satisfy (E1) but fails to satisfy (E2). The advantage of using condition (E1) (and/or the
condition (e,) € 7 for 1 < p < 2) over (E2) is that it allows one to choose freely the
sequence of parameters (). Despite that (E2) does not allow us such freedom, it is still
a good condition since it covers the errors that are not summable, as shown in the above
example. In fact, having any sequence of errors (e,), converging strongly to zero, one
can always construct the PPA that is strongly convergent by constructing a sequence of
parameters () in such a way that condition (E2) is satisfied. The resulting «,’s depend

on (e,), but this is acceptable from the numerical point of view.

Theorem 3.2.4. Assume that the conditions a,, € (0,1) with (C1), (C2), and either (E1)
or (E2) are satisfied. If A: D(A) C H — 2" is mazimal monotone with F := A71(0) # 0,
and 3, — oo, then the sequence (x,,) generated by Algorithm 3.2.2 converges strongly to
Pru, the projection of u on F.

Proof. We have already shown in the proof of Theorem 3.2.3 that if the error sequence
(e) satisfies condition (E1), then (x,,) is bounded. In a similar way, we show that (z,) is
bounded when the error sequence satisfies condition (E2). Note that since (||e,|| /ay,) is
bounded, there exists a positive constant K such that for p € F,

€n
sup {||u—p” + HQ—H} <K.

n€Ng n
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From (3.18) and the fact that the resolvent operator is nonexpansive, we have for p € F,

s = ol = 0L~ 0o — B) + = p -+ enfar)]
en
< = ale, =+ a -+ 1221]
< (I —an)|zn —pll + an K.

Applying induction, we get

s = pll < llzo = pll [T — ) + K
k=0

1-J]a —ak)] ,

k=0
showing that (x,) is bounded.

A close inspection at the proof of Theorem 3.2.3 reveals that
limsup (v — Ppu, x, — Pru) < 0.

It remains to show that (z,) converges strongly to Pru. Note that from the subdifferential

inequality, we have
lzns1 = Prull* = [[(1 = a)(Jg,@n — Pru) + cn(u — Pru+ eq/ay)|?

< (1= ap)|en — Prull? + 2, <u  Pput g — P>
(0%

n

so that for ||e,||/an — 0, we get at once via Lemma 2.1.1 the strong convergence of ()

to Pru. In the case when (E1) is satisfied, we derive from subdifferential inequality
201 — Prull* < (1 — o) ||zn — Prull® + 200, (u — Ppu, x40 — Prpu) + M |le, ||,

for some positive constant M. Again in this case, Lemma 2.1.1 implies that x,, — Pru
as desired. O]

Note that if ||e,||/c,, — 0 and >~ 7 |len]| = oo, then automatically Y >, , = oco. This
shows that assumption (E2) covers the case when the error sequence is not summable.

More precisely, we have

Corollary 3.2.5. Assume that A : D(A) C H — 2% is a mazimal monotone operator
with F == A710) # 0. If |lea]] — 0 and Y07, |len]| = oo, then one can choose an
appropriate sequence (cv,) C (0,1) such that the sequence (x,) generated by Algorithm
3.2.2 converges strongly to Pru, the projection of u on F, provided that [3,, — oo.

Proof. One can take, for example, a,, = /||e,|| if e, # 0 and n is large enough, and
a, = 1/(n+ 2) otherwise. Obviously, a,, € (0, 1) for all n > 0, the conditions (C1), (C2)
and (E2) of Theorem 3.2.4 are satisfied. This concludes the proof. O
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We point out that practically every sequence (e,) converging strongly to zero is good to
obtain strong convergence of (x,,). Indeed, according to Theorem 3.2.4, if > '|le,|| < oo,
then we can choose freely a, € (0,1) with o, — 0 and >~ @, = 0o. Otherwise (i.e., if
Yoo llen]] = 00), we can choose for example (a,) as in the proof of the above corollary to
obtain strong convergence of (x,). (Of course this choice is not unique). This conclusion
is extremely important from the computational point of view. Note that in fact, in
the case when condition (E2) of Theorem 3.2.4 is satisfied, which is not covered by the
existing related results, we can build a good PPA by choosing appropriate regularization
parameters «,, to keep the strong convergence of (z,) under the general condition ||e,| —
0. These a,’s depend on errors, but this is acceptable from the numerical point of view.
On the other hand, Rockafellar showed that the original proximal point algorithm in its
approximate form need not converge — even when H is one-dimensional — when one
assumes that the sequence of errors (e,,) satisfies the weaker condition ||e,|| — 0 instead

of the summability condition.

It is worth pointing out that in the particular case when A is the subdifferential of a
proper, convex, lower semicontinuous function ¢ : H — (—00,400], our result offers
a reliable algorithm generating a sequence which approximates a minimum point of ¢,
provided that the error sequence converges to zero in norm. Indeed, in this case any point
of A71(0), in particular Ppu, is a minimum point of ¢. We discuss this case further in
Chapter 6.

We have found in Theorem 3.2.4 a more general condition on errors which guarantees
strong convergence of (z,) generated by Algorithm 3.2.2 under the assumption (3, — oo
(and of course the necessary conditions on «,, required for Algorithm 3.2.2 to converge
strongly). This brings us to the following question: can one design a proximal point
algorithm by choosing an appropriate sequence of regularization parameters () such
that strong convergence of (x,,) is preserved, for |le,|| — 0 and 3, bounded? One possible
solution to this question is given in Theorem 3.2.7. Other affirmative answers to this

question are given in Section 3.4.

Now let the mapping h : H — H be defined by x — tu + (1 — t)J.x + e(t) for ¢ > 0,
u € H and t € (0,1), where e = ¢(t) is a given function defined on (0, 1). For any fixed
t (and ¢, u), one can easily check that the map h is a contraction with Lipschitz constant

1 —t. The Banach contraction principle asserts that h has a unique fixed point, say, z;.
That is,

z=tu+ (1—1t)J.zy +e(t) for ¢>0 and wue H. (3.19)

PhD Thesis 34



CEU eTD Collection

3.2. Halpern’s type PPA s

In fact z; depends on u and c as well. The main tool used in proving Theorem 3.2.7 is

the following result
Theorem 3.2.6. Take any ¢ > 0 and v € H, and assume that
tHle@®)] —0 as t— 0. (3.20)

If F:= A7Y0) # 0, where A : D(A) C H — 2% is a mazimal monotone operator, then
(z) defined in (3.19) converges strongly as t — 0% to the point of F nearest to u, denoted
by Pru. Moreover, this limit is attained uniformly with respect to ¢ > ¢ for every 6 > 0.

Proof. For every p € F, we have from the subdifferential inequality (see Lemma 2.2.7
above)

Izt = pII* < (1= 8)[l2 — pII* + 2w — p+"e(t), 2 — p).
In other words,
(2= t)llze —plI* < 2(u—p+1t"e(t), 2 —p). (3.21)
This shows that (z;) is bounded as t — 07. Now setting
v = (1 — 1) (2 — tu — e(t)) = Joz,

we see that (v;) is also bounded as t — 07, and the weak w-limit sets of (z;) and (v;) (as
t — 01) coincide, that is, wy((2:)) = wy((vy)). Since

Avy 3¢z —v) — 0 ast— 0T,
we have w,((z:)) C F. By (3.20) and (3.21) with p = Ppu, we get
limsup ||z, — Prul®* <0,
t—0t

which shows that z; — Pru as t — 07. Obviously, the above limit is attained uniformly
with respect to ¢ > 9 for every o > 0. O]

Remark 3.2.1. Theorem 3.2.6 is an extension of Theorem 3.1 in [55], since v; converges
strongly to Pru (as t — 07) if and only if z; does. We note that Theorem 3.1 in [55]
contains a mistake, since the strong limit of v; (as t — 07) is not attained uniformly for
¢ >0 (but for ¢ > § for every § > 0).

We now prove a strong convergence result satisfying similar conditions to those of Lions
[33]. One of the conditions

n—oo 012
n

=0,
is weaker than Lions’ condition (C3) in the case when «, is decreasing.
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Theorem 3.2.7. Assume that A : D(A) C H — 2" is a mazimal monotone operator and
F := A7Y(0) # 0. For any fized u,zy € H, let (x,,) be the sequence generated by Algorithm
3.2.2 with the conditions: (i) ay, € (0,1), (C1), (C2) and (C3), (ii) either (E1) or (E2),
and (iii) B, € (0,00) with (C6) lim, . B, = B for some § > 0, being satisfied. Then
() converges strongly to Ppu, the projection of u on F.

Proof. We already know from the proof of Theorem 3.2.4 that (z,) is bounded. For each
n, let z, be the unique fixed point of the contraction z +— a,u+(1—ay,)Jgxr. According to
Theorem 3.2.6, z, — Pru as n — oo. Therefore it is enough to show that ||z, — z,|| — 0

as n — oo. For this purpose, we estimate ||z,11 — z,41]| as follows:
[Zn+1 = Zn1ll < [[@na1 = 2all + 120 — 20l (3.22)

Noting that z, = a,,u + (1 — ;) J32, and the fact that Js is nonexpansive for all 5 > 0,

we get
[Zns1 — 2ol < (1= an)l|Jg, 20 — Jp2nll + [lenl|
< (A =an)llJg.xn — g, 2ull + | 5,20 — Jpzall + llenl
|ﬁ_ﬂn|
< (1- an)”xn - Zn” + T”Zn - Jﬁan + HenH
< (1= an)llzn — 2l +04nTHu— sonll + llenll,  (3.23)

where the third inequality follows from the application of the resolvent identity. On the

other hand, we compare z, and z,,; as follows

“Zn - Zn-l—l” = H(an - an—H)(“ - Jﬁzn—i—l) +(1— an)(‘]ﬂzn - Jﬁzm—l)”

o = angalllu = Jaznsall + (1 = an)llz0 = zoga;

IN

which gives

|an - OénJrl‘
Oy,

2 — 2l < K, (3.24)

where K is a positive constant such that ||u — Jgz,| < K for all n. Combining (3.22),
(3.23) and (3.24), we either get

|ﬁ_ﬁn| |Oén_a/n 1|
s = 2wl < (1= )l = sl + g | L2 4 (2 Z ol g

n

in the case when (e,) satisfies condition (E1), or

— Mn Qp — Oy €En
fnes = 2usal < (1= @)l = sl + g f (B2 fonmonl] e fenll,

2
o ay,

for the case ||e,||/an — 0. In either case, Lemma 2.1.1 gives the required conclusion. [
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Remark 3.2.2. For >0 and 3, =+ (—1)"/(n + 1), the condition (C6)’ is satisfied,
whereas (C9) is not, showing that our condition on 3, is weaker than the one used in
the following theorem due to Xu [55]. On the other hand, the sequences a, = n~3/4
and o, = 1/Inn satisfy condition (i) of Theorem 3.2.7. Since (C3) and (C3)" are not

comparable to (C4) (see Remark 3.1 [54]), Theorem 3.2.7 is new.

Theorem 3.2.8 (Xu [55]). Assume that A : D(A) C H — 2" is a mazimal monotone
operator and F := A71(0) # (0. For any fized u,xq € H, let (x,,) be the sequence generated
by Algorithm 3.2.2 with the conditions: (i) «, € (0,1), (C1), (C2) and (C4), (ii) G, €
(0,00) with Y% |Bns1 — Bn| < 00 and 0 < liminf, .o B, (= lim, o B,), being satisfied.
If 370 o llen|| < oo, then (x,) converges strongly to Ppu, the projection of u on F.

Remark 3.2.3. Although it appears from Lemma 2.1.1 and inequality (3.24) that

oo

Z |an _an+1| < 00
Q.

n=0

n

can be a possible assumption on «,, there is no sequence (o) C (0,1) satisfying (C1)
and this condition. Indeed, if this condition is satisfied, then Lemma 2.1.2 would imply
that «a,, is bounded below away from zero, contradicting (C1).

3.3 Viscosity approximation methods

In a recent paper of Takahashi [51], a strong convergence theorem of a modified proximal
point method was proved for resolvents of accretive operators in Banach spaces by the so
called viscosity approximation method without taking into account the error terms. For

this method, the (n + 1)th iterate was given as

Tpp1 = o f(2n) + (1 —an)( + ﬁnA)il(xn%

where a,, € (0,1), 5, € (0,00), f: C — C is a strict contraction (a-contraction with
0 < a < 1) defined on a nonempty closed convex subset C' of a reflexive Banach space
X, and A : D(A) C X — 2% is an m-accretive operator. In a Hilbert space setting,
an analogue of the above mentioned theorem can also be proved even when one takes
into account the error terms. Indeed, having a sequence (z,) conforming to the iterative

process
D1 = anf(@n) + (1 — an) (I + B A) () + en, (3.25)

one proves the following result whose proof relies on the ideas contained in the proof of
Theorem 4.2 [51].
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Theorem 3.3.1. Let f : H — H be a strict contraction with Lipschitz constant a € (0, 1),
and let A : D(A) € H — 2 be a mazimal monotone operator with F := A71(0) # 0.
Assume that the conditions: «, € (0,1) with (C1) and (C2), either (E1) or (E2), and
By — oo are satisfied. Then given any xo € H, the sequence (z,,) generated by Algorithm
3.25 converges strongly to the unique fixed point z of Pro f, that is z = Ppf(2).

Proof. Fix p € A7*(0) and set M = max{||zo — p||, (1 —a)7!|f(p) — pl|}. We show by
induction that for any n > 0,

n—1

lzn =l < M+ _lexl]. (3.26)

k=0

For n =0, (3.26) is clearly true. Assume that (3.26) holds for some n > 0. We show that
it also holds for n + 1. For p € F', we have

[znsr = pll < omllf(zn) = pll + (1 = an)l| 5,20 — pll + [len
< an(llf (@) = F@I + 11 () = pll) + (1 = an)l|lzn — pll + [lenl]
< (1=l = a))lzn = pll + anllf(p) = pll + lleal]
1
= (I =ou(=a)fza = pll +an(l = a)——Ilf () = pl| + lleall
n—1
< (L—an(l=a) [M+ Y Jlexll| +an(l—a)M + e
k=0
< M+ el
k=0

Now assume that (||e,||/a,) is bounded. Then there exists a constant C' such that

sup {on ol (||f< )=l + ”e"”)} <c.
neNg Oy

We show by induction that for any n > 0,
|zn —pl < C. (3.27)

Obviously this inequality is satisfied for n = 0. Assume that it also holds true for some
n > 0. Then from

|tni1 — pl| < (1 — an(l —a))||z, — pl| + an(l —a) {1%& (Hf(p) — |l + HZnH) } 7

n

we can readily conclude that (3.27) holds true for n + 1.

PhD Thesis 3 8



CEU eTD Collection

3.3. Viscosity approximation methods o

Therefore, we can find a subsequence (z,,) of (z,) converging weakly to some v, such
that

limsup (f(2) — z,2, — 2) = Im (f(2) — 2,25, — 2) = (f(2) — 2,0 — 2).

n— o0 k—o0

So it only remains to show that v € F'. For this purpose, we note that
2 = (1 + 8o ) ()| < aull f(wn) = (1 + BaA) ™ ()| + [lenll — 0.
As in the proof of Theorem 3.2.3, we deduce that v € F', hence

limsup (f(z) — z, 2, — 2z) <0.

n—oo

Finally, we show that ||x,, — z|| — 0. Applying the subdifferential inequality, we have,
lznr = 217 < (1= an)?(|Jp, 20 — 2 + enll* + 200(f (2n) — 2 + €, Tns1 = 2)
< (L= an)* (2 — 2l + lleall(leall + 2llan — 2[)) +
20‘n<f<xn) - f(Z)a Tp+1 — Z) + 2an<f(z) —Zz+ Cny Tnt1 — Z>'

Since (||e,||) and (z,) are bounded, for all n € Ny, we have |le,| + 2|z, — z|| < K for
some positive constant K. Therefore,

[Tt — Z||2 < (1- O%)QH‘TH - Z||2 + Kllea|l + 200, (f(2) — 2 + €, Ty — 2) +
2a00 || w0 — 2|l 201 — 2]
< (L= an)’llen = 2P + Kllenl| + 200 (f(2) = 2 + €, g1 — 2) +

ac, (||, — Z||2 + |1 — Z||2)a
which implies that

(1- ao‘n)Hxn-&-l - ZH2 < (1 —2a,+ ao‘n)Hxn - z||2 + K”en” + a?szn - Z||2 +
20, (f(2) — 2z + en, Tpr1 — 2),

or equivalently,

2(1 —a)ay, Klle,
lnes — 27 < (1 - Q) I — ]2 + 2Menl

1—aaq, 1 —aa,
21 —a)ay, [ a, M’ 1
1 —aaq, <2(1_a)+1_a<f(z)—z+en,xn+1—z>)

S (1 - an)Hajn - ZH2 + anbn + Cn,

where M’ > sup,,cy, || — z||?, and

Klle, 2(1 — a)oy, anM’ 1
_ K| H,anz ( ) .7bn:2(1_a>+1_a<f(z)—z+en,$n+1—2>,

n —

1—a 1—aa,
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with > 7 a, = oo and lim,,_,« a, = 0. Hence from Lemma 2.1.1, we have ||z, — z|| — 0.
Note that in the case when ||le,||/a,, — 0, then the subdifferential inequality yields

[Zn1 = 2l* < (1= an)?[Js, 20 — 2]° 4 200 (f(20) — 2 + €0/, Tngy — 2)
S (1—Ckn)2H$n—ZH2—|—204n<f(l'n) _f(z)aanrl _Z>
+ 20, (f(2) — 2+ en/n, Tni1 — 2).

Employing similar computations as above, we arrive at

| Tns1 — Z||2 <(1—ay)||r, — Z||2 + anb;u

where
2(1 —a)ay, a,C’ 1 en
= m d v = =2 ),
a o, 0 200 2(1_a>+1_a<f(z) z—l—an,x 41 z>
for some C" > 0. Again the conclusion follows on applying Lemma 2.1.1. O]

Let us note that Theorem 3.3.1 is a generalization of Theorem 5.1 [54]. Motivated by
Takahashi’s result, or rather Theorem 3.3.1, we explore the case when f : H — H is
a nonexpansive map. In that case, we expect to generate a sequence which converges
weakly to the point of A71(0). An interesting case occurs when f is the projection
mapping, in which case the generated sequence is strongly convergent (of course under
some appropriate assumptions). Strictly speaking, our interest lies in the case when
f := f, is any sequence of nonexpansive maps, particularly when such a sequence (f,,) is
taken to be the sequence of resolvent operators. This case allows us to construct a strongly
convergent sequence by choosing an appropriate sequence of regularization parameters,
say (A\n).

To motivate our discussion, we begin by showing that the trajectory of the PPA given by
the following algorithm that starts at any given point zy approaches a zero of A (that is,
a fixed point of J, for all A, > 0) if A, grows large without bound as n does. Such a

zero is characterized among others by the property that it is closest to u in the solution
set A71(0).

Algorithm 3.3.1. Let f, : H — H be a sequence of nonexpansive maps, and let A :
D(A) € H — 2 be a maximal monotone operator.

Step 1. Choose xg,u € H arbitrarily.

Step 2. For each n > 0, choose the regularization parameter A\, > 0 and the relaxation

parameter «, € (0,1). Then compute the (n + 1)th iterate:
Tpp1 = (I + X A) tu+ (1 — ay) fu(n) + en,

where (e,) is a sequence of computational errors.
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Theorem 3.3.2. Assume that either (E1) or (E2) is satisfied. Let f, : H — H be a
sequence of nonexpansive maps, and A : D(A) C H — 2% be maximal monotone with
0D #£F =A%) c N, EF(fn) If an € (0,1) with 307 oy, = 00, A, € (0,00) and
A — 00, then given any xo,u € H, the sequence (x,) generated by Algorithm 3.3.1
converges strongly to Pru, the projection of w on F. Here F(f,) denotes the set of all

fixed points of f,.

Proof. Note that (z,,) is bounded®. Setting ¢ = Pru, we have from the subdifferential
inequality

2011 —ql* = (1= n)(falan) =g+ en) + an((I +AA) " u— g +e,)|)?
< (1= ap)[falmn) — g+ enl]* + 20, (I + XA 'u — g+ e, Tpy1 — q)
< (L= an)([lzn =gl +lleall)® + Mag (T + A A) " u — g + en]
< (1—ap)llzn - QHQ + Moy ||(I + )‘nA)_lu — g+ el + Klleall,

for some positive constants K and M. Hence by Lemma 2.1.1, we derive ||z, — ¢|| — 0.

In a similar manner, we can show that (x,) converges strongly to the metric projection
of u on F when (e,) satisfies condition (E2). O

In the case when f, = (I + 3,B)™!, we can show that if (e,) is bounded and (3,) is
bounded below away from zero, then the sequence (x,,) generated by Algorithm 3.3.1 with
fn = (I + B3,B)~!is bounded, provided B is assumed to be coercive. (See Section 3.1).

Theorem 3.3.3. Assume that A: D(A) C H — 2, B: D(B) C H — 2% are mazimal
monotone operators and B is coercive with ) # F := A~1(0) € B~1(0). Let |le,|| < C and
Bn > € >0 forn >0, where C and € are given constants. Then for any given xg,u € H,
the sequence (x,) generated by Algorithm 3.5.1 with f, = (I + 3,B)~" is bounded.

As a consequence of the above result, we have

Corollary 3.3.4. Assume that A: D(A) C H — 2! is maximal monotone and coercive.
Let ||le,|| < C and B, > € > 0 forn > 0, where C' and € are given constants. Then for any
given xo,u € H, the sequence (x,,) generated by Algorithm 3.3.1 with f, = (I + 3,A)7! is
bounded.

We now discuss in detail the following relaxed algorithm.

Algorithm 3.3.2. Let f, : H — H be a sequence of nonexpansive maps, and let
A:D(A) C H— 2" be a maximal monotone operator.

3This fact can be derived directly from the proof of Theorem 3.2.3 by noting that the resolvent operator
is nonexpansive.
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Step 1. Choose xy € H arbitrarily.
Step 2. For each n > 0, choose the regularization parameter (3, > 0 and the relaxation
parameter «, € (0,1). Then compute the (n + 1)th iterate:

Tpt1 = anfn($n> + (1 - O‘ﬂ)(I + ﬂnA)il(xn) + €n,
where (e,,) is a sequence of computational errors.

In the next theorem we generalize Theorem 5.2 [54]. Note that if f,, = 0 for all n > 0, we
are in the case (3.9), (3.10) with v = 0.

Claim: If p e N, F(f,) and p € F := A71(0), then (z,) is bounded, provided that (e,)
satisfies condition (E1). Indeed,

”xn+1 _pH < O‘ann(xn) —pH + (1 - O‘n)HJﬁnIn —p“ + “671“
< anllzn —pll + (1 = an)l|zn — pl| + [len]]
= |lzn —pll + lleall;

which implies that

n n—1
nir = pll =D llexll < llzn —pll =D llexll
k=0 k=0

Therefore, the sequence (||z, — pl|) is convergent, hence (x,) is bounded.

If in addition, (), F(f,) D F, then (||z, — p||) converges for all p € F. Moreover, if
a, — 0 and 3, — oo, then wy((x,)) C F, so that Opial’s lemma guarantees the weak

convergence of (z,) to a point of F.

We have thus proved the following result.

Theorem 3.3.5. Let A : D(A) C H — 2% be a mazimal monotone operator with () #
A7H0) € N, E(fn), where f,, : H — H is a sequence of nonexpansive maps, and F(f,)
is the fized point set of f,. Assume that Y~ |len| < oo, oy, € (0,1) with a,, — 0,
and (3, — oo. Then given any xo € H, the sequence (z,) generated by Algorithm 3.3.2
converges weakly to some point ¢ € A7(0).

The following remarks are now in order.

1). If f, ;= f =1 forall n > 0, then F(f) D F, and hence Algorithm 3.3.2 reduces to
Algorithm 5.2 of [54].

2). Note that the Yosida approximation of A : D(A) ¢ H — 28 Ay : H — H, is

nonexpansive for A = 1. In this case, if Y ° o, < 00, f, — 00, either condition (E1)
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or (E2) is satisfied, and F' = A7'(0) # 0, then we again get weak convergence for the
sequence generated by Algorithm 3.3.2 with f,, = A; for all n > 0. However, this result

is weaker than Theorem 3.3.5.

Indeed, for g € F', we have

Hxn—I—l - q” = ”O‘R(Al(xn) —Ai(g) —q) + (1 - O‘n)(Jann - q) + enH
nlln = gl + anllgl + (1 = an)l|z, — gl + [lexll

A

= llzn = gll + anligll + lleall;

which implies that

n n—1

2as1 = all = (cwllgll + llexll) < llzn —all =D (cullgll + llexl).

k=0 k=0
showing that lim,_. ||z, — ¢|| = p(q) for all ¢ € F'. Therefore (z,) is bounded.

In the case when (||e,|| /ay) is bounded, we have for each g € F

||xn+1 - QH = HOén<A1<SL’n) - Al(Q) —q—+ en/an) + (1 - Oén)<Jﬂn$n - q>H
en
aullen = al + an Ll + 22} 41— )l g

IA

for some positive constant M. Again we derive in a similar way that (x,,) is bounded.

Moreover,

21 = Tg,zall < anllAr(zn) = Ar(9)]] + anllgll + anllg = Jg,znll + [lenll
< 2 |[zn = gl 4 anllgll + llen]] = 0.

Consequently, if z,, — Z, then x,, € A7'(0). Hence by Opial’s lemma, there exists

p € F such that x,, — p.

It is easy to see that this result holds for any sequence of nonexpansive maps, hence the

following theorem.

Theorem 3.3.6. Let A: D(A) C H — 2% be a maximal monotone operator with F :=
A7Y0) # 0, and f, : H — H be a sequence of nonexpansive maps. Assume that o, €
(0,1), with Y7 o, < oo, either (E1) or (E2) holds, and (3, — oo. Then given any
xog € H, the sequence (x,) generated by Algorithm 3.3.2 converges weakly to some point
qe F.
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3). Special Case: f, := f = Pp, where F' = A71(0) # (. In this case we have strong

convergence.

Theorem 3.3.7. Let A: D(A) C H — 21 be a mazimal monotone operator with F :=
ATH0) # 0. Assume that Y0 |len]| < o0, ay, € (0,1), oy — 0 with Y0 a, = 00, and
By — 00. Then for every xo € H, the sequence (x,) generated by Algorithm 3.3.2 with
fa = Pr (for alln > 0) converges strongly to some point q € F.

Proof. We first show that v, = Ppx, is strongly convergent (to some ¢ € F'). Note that

Hanrm - UnH S Oén+mfl‘|xn+mfl - Un” + (1 - an+m71>|‘$n+mfl - U?’LH + Henerfl”

= |[Tnsm-1 — Vull + [lensm-1ll

n+m—1
< an—vall + D lexl) (3.28)
k=n
which implies that
n+m—1
|Znsm = Vil < n = vall + Y lexll.
k=n

In particular, (||x, —v,]||) is convergent. By the parallelogram law applied to vy, m — Znim

and v, — Tpim,
Vntm — Un||2 + 122 n4m — (vn + Un-i-m)”Q = 2(|Tn4m — Un+m||2 + | Tngm — UnHQ)-
Therefore, using (3.28), we have

|Vntm — Un||2 + 4| Tpm — Un+m||2 < 2 (Hxn—I—m - Un+m||2 + | Tnsm — Un”Q)

0o 2
2H‘Tn+m - UnJrMHZ +2 <Hxn - vn“ + Z ”ekH> )

k=n

IA

which implies that

2
oo
[Vntm = Vall® < =2[|Zntm — Vngml® +2 (Hflfn — v+ HekH) :
k=n

Thus (v,) is Cauchy, hence converges strongly to some ¢ € F. In addition, for some

positive constants K and M, we have from the subdifferential inequality

||xn+1 - QH2 S (]- - Oén)2||<],8nxn —q + 6n||2 + 205n<PFxn —q + €ny Tnt+1 — Q>
< (1 =an)(llzn — all + leall)” + M| Pran — g + e
< (1= aw)llen = all* + Maw || Prey — g + e + Klea-
Hence by Lemma 2.1.1, we see that (z,) converges strongly to g. O]
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4. If fo=f= T+ A)forallm>0and XA > 0, then F(f) = F := A71(0), and again
we obtain weak convergence of (z,) under the assumptions of Theorem 3.3.5.

5). If f, = (I + X\, A)7L, for A\, > 0, then F(f,) = F := A7}(0) for all n > 0, so we have
the following algorithm:

Algorithm 3.3.3. Let A: D(A) C H — 2" be a maximal monotone operator.

Step 1. Choose xy € H arbitrarily.

Step 2. For each n > 0, choose the regularization parameters (3,, A, > 0 and the relaxation
parameter a, € (0,1). Then compute the (n + 1)th iterate:

T = (T + X A) ) + (1 — ) (I + BoA) Han) + e,
where (e,,) is a sequence of computational errors.

Note that for ¢ € F:= A~'(0), we have

[eni1 = gl < llan = gl + [len]-

So if Y llen]] < oo we deduce that lim, . ||z, — ¢|| = p(q) for all ¢ € F. Since
wy((zy,)) C F for B, — oo and a,, — 0, Opial’s lemma guarantees the weak convergence

of (x,) to a point of F.

Having in mind that (I+XA)"'z — Ppz as A\ — oo (see for example, [39, Theorem 1.3,
p. 21]), it is expected that the sequence (x,) generated by the above algorithm converges
strongly, if both A,, 3, — oco. However, it turns out that only the assumption A\, — oo
is enough to guarantee strong convergence. Our aim now is to construct a sequence of
parameters (\,) such that for very large n, the corresponding sequence (x,,) as given by
the algorithm in question converges strongly to a point of F' := A~1(0). We then have
the following modified algorithm.

Algorithm 3.3.4. Let A: D(A) C H — 2" be a maximal monotone operator.
Step 1. Choose xy € H arbitrarily.
Step 2. For each n > 0, choose the regularization parameter 3, > 0 and compute

Yn = (I + BaA) ™ (@n).
Step 3. Choose another regularization parameter A, large enough such that
1
(I + XA (z,) — Prxy|| < —, and compute 2, = (I + X\, A) Hx,).  (3.29)
n

Step 4. For n > 0, choose a relaxation parameter a,, € (0,1) and compute the (n + 1)th

iterate:
Tn4+1 = QpZp + (1 - an)yn + €n,

where (e,) is a sequence of computational errors.
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Theorem 3.3.8. Let A : D(A) C H — 2" be a mazimal monotone operator with () #
F = A7Y0). Assume that the conditions o, € (0,1) with (C1), (C2) and (E1) are
satisfied. Then given any xy € H, the sequence (x,,) constructed by the above algorithm

converges strongly to some p € F.

Proof. Note that for any ¢ € F, the sequence (||z,, — ¢||) is convergent, (and hence
bounded), since

|01 = qll < [lan — gl + [lenl]-
Now denote v, := Ppx,. As in Theorem 3.3.7, we derive strong convergence of (v,) to
some point p € F. Moreover, for some positive constants K and M, the subdifferential

inequality gives

201 =27 = (1 =) (Yo —p+en) + an(za —p+en)lf?
< (= an)llyn — p+eall” + 20020 — p+ €0, Tn1 — p)
< (1= an)(llzn = pll +lleal))® + 20n{zn = vn, Tni1 — p) +
20, (U, — P+ €ny Tpy1 — D)
(1 = an)llzn = pII* + Man (|20 = vall + [Jon = p + enll) + Klen]-

IN

Hence by Lemma 2.1.1, we have ||x,, — p|| — 0. O

We observe that in proving the above result, we only required (3, to be positive, so
we can actually replace y, in the above algorithm by any nonexpansive map f (and
hence by a sequence of nonexpansive maps (f,,)) satisfying the condition F' C F(f) (and
F C ), F(fn), respectively). Therefore we can generalize at once the above algorithm

and result in the following way:

Algorithm 3.3.5. Let A : D(A) C H — 2% be a maximal monotone operator and
fn i H— H be a sequence of nonexpansive maps.

Step 1. Choose xy € H arbitrarily.

Step 2. For each n > 0, compute

Step 3. Choose a regularization parameter \, large enough such that
1
(I + X\ A) () — Pray|| < —, and compute z, = (I + X\, A) (z,,).
n

Step 4. For n > 0, choose a relaxation parameter a, € (0,1) and compute the (n + 1)th

iterate:
Tp+1 = Oplp + (1 - an)yn + €n,

where (e,) is a sequence of computational errors.
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Theorem 3.3.9. Let A : D(A) C H — 2% be a mazimal monotone operator with () #
F:=AY0) c N, F(fn), where f,, : H — H is a sequence of nonexpansive maps, and
F(fn) is the fized point set of f,. Assume that the conditions o, € (0,1) with (C1),
(C2) and (E1) are satisfied. Then given any xy € H, the sequence (x,) constructed by
Algorithm 3.3.5 converges strongly to some p € F'.

6). If in Algorithm 3.3.2 we take f, = (I+\,B)~!, for A, > 0, then we have the following
algorithm:

Algorithm 3.3.6. Let A : D(A) C H — 2% and B : D(B) C H — 2" be maximal
monotone operators.

Step 1. Choose xy € H arbitrarily.

Step 2. For each n > 0, choose the regularization parameters 3,, A\, > 0 and the relaxation
parameter «, € (0,1). Then compute the (n + 1)th iterate:

Tppr = (T 4+ X B) N y) + (1 — ) (I + B A) Hxy) + en,
where (e,,) is a sequence of computational errors.

Theorem 3.3.10. Assume that A : D(A) C H — 2% and B : D(B) € H — 2 are
mazimal monotone operators with § # F := A~Y0) = B71(0). If Y02 llenll < oo,
a, € (0,1), with o, — 0, and B3, — oo, then for any given o € H, the sequence ()
generated by Algorithm 3.3.6 converges weakly to some q € F.

Proof. For p € F, we have
a1 =PIl < anllJ3 2 = pll + (1 = an) [T, 20 — ol + [len]
< lzn = pll + [leall,

where J5 = (I + 3,A)7!, and J? = (I + X\,B)™'. The above estimate implies that
lim,, . ||z, — pl| exists for every p € F. Moreover,

Zni1 — Joanll = llen(JE 20 — J42n) + €4
< (|2 2 — pll + 174 20 = pll) + llenll
< 20|z, — pl| + |len| — 0.

Consequently, zo, € F if x,, — zo. Hence by Opial’s lemma, there exists a point, say
q € F such that z, — q. O

3.4 The regularization method

We devote this section to demonstrate the strong convergence of the prox-Tikhonov
method, formerly introduced by Lehdili and Moudafi [32] and later developed by Xu [55],
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under different sets of conditions on the parameters a,, and (3,,. Such conditions will allow
choices such as a,, = n~! and 3, = n, and they are weaker than those previously studied
by other authors, so the results contained in this section can be viewed as significant

improvements and refinements of previously known results. Theorem 3.4.2 deals with the

conditions
. - Op—q (679 . an—lﬁn—&—l
either (C10 — <o or, (C11) lim (1 — —) =0,
( ) ; 5n ﬁn+1 ( ) n—00 anﬁn

and Theorem 3.4.3 is concerned with the conditions

either (C:[Q) hm M = O or, (013) Z |Oén — an_1| < 0,

n—oo an—lﬁn —1 ﬁn

/11
(14 2, (E B @H) -

In particular, our results provide an answer to the question we asked earlier: Can one

and

design a proximal point algorithm by choosing appropriate regularization parameters a,,
such that strong convergence of (x,) is preserved, for |le,|| — 0 and (3, bounded? Of
course, for constant 3,, (C10) reduces to (C4) and (C11) reduces to (C5). Most impor-
tantly, if (C8)’ holds, then so does (C11).

We remark that if A : D(A) € H — 2 is the subdifferential of a proper, convex and
lower semicontinuous function ¢ : H — (—00, +00], then our convergence results provide
sequences which converge strongly to the minimum point of  nearest to u. In addition, we
shall show that the regularization method is ideal in providing convergence rate estimates

for a sequence converging to inf ¢ (see Section 6.1 of Chapter 6).

Before giving our convergence results, we begin by showing that there is a strong connec-
tion between the regularization method defined by (1.19) and the inexact Halpern-type
Algorithm 3.2.2 discussed in Section 3.2. In fact, these two iterative methods are equiva-
lent. Indeed, setting

Tp — Oy U — €51

n 1= : 3.30
v T (3.30)

we see that Algorithm 3.2.2 can be reformulated as

Algorithm 3.4.1. Let A: D(A) C H — 2" be a maximal monotone operator.

Step 1. Choose vy, u € H arbitrarily.

Step 2. For each n > 1, choose a regularization parameter (3, > 0 and the relaxation
parameter «, € (0, 1), then compute the (n + 1)th iterate:

Upt1 = Jﬁn(Oén,1U -+ (1 — Oén,1>?)n + en,l), (331)

where (e,) is a sequences of computational errors.

PhD Thesis 4 8
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It is worth pointing out that, for o, — 0 and e, — 0, the equations (3.18) and (3.31)
are equivalent, that is, (v,) converges if and only if (x,) does. Therefore, results already
proved in Section 3.2 concerning the inexact Halpern-type algorithm remains valid if one
uses the regularization method described by (3.31) instead of Algorithm 3.2.2. Likewise,
results of this section are carried over to the algorithm of Halpern’s type. It is not hard
to see that (3.31) can be put in the form (1.19), with «,_1, 3., and e,_; instead of a,,
B, and e,. If we consider (3.31) instead of (1.19), then conditions (C7) and (C8) take
the form (C7)" and (C8)’, respectively. (See the table containing these control condition

in the appendix section).

We now give a result similar to Theorem 3.2 of Xu [55]. In the next result, if we consider
equation (1.19) instead of (3.18), then we can prove the same result with (C8)" being
replaced by (C8). In that case, the result extends Theorem 3.2 [55] to a larger class of
errors which include those that are non-summable and still converge to zero in norm.
Moreover, we can show that Theorem 3.2 [55] fails to hold under the condition (C7), see
Remark 3.4.1 and Example 3.4.1 below.

Theorem 3.4.1. Assume that A : D(A) C H — 2% is a maximal monotone operator
and F := A7Y0) # 0. For any fived u,zo € H, let (x,) be the sequence generated by
Algorithm 3.2.2, where (i) a,, € (0,1), with (C1), and (C2), (ii) either (E1) or (E2) and
(iii) B, € (0,00) with liminf, o B, > 0, Bpi1 > anfB, and (C8)' being satisfied. Then
(x,) converges strongly to Ppu, the projection of u on F.

Proof. For each fixed n, let y,, be the unique fixed point of the contraction x — «,,_1u +
(1 — ay—1)Js, 2. Then according to Theorem 3.2.6, y,, — Pru as n — oo. Set

Ty — Op—1U — €p—1 Yn — Op—1U
Uy, = and w, = *———

1— Ap—1 1— Qp—1 .

(3.32)

As a consequence of the boundedness of (z,,) and (y,) (see Theorem 3.2.4), the sequences
(v,) and (w,) are bounded. Also by virtue of (3.32), w, — Ppu as n — oo. It follows
from (3.18) and the definition of y,, that

Unt1 = Jg, (1 — 1)y + pqu 4+ €,-1)  and  wy, = Jg, (1 — ap—1)wy, + ap—qu).

Using the nonexpansivity of the resolvent, we estimate ||v,11 — wp11]| as follows:

IN

[on 1 = wnll + [[wn 41 — wnll

(1= an-1)l|vn — wall + [[wni1r = wall + lenall. - (3.33)

||Un+1 - wn—HH

A
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Now using the resolvent identity and the nonexpansivity of the resolvent, we can estimate

|wns1 — wy|| as follows:

e =l = | (00 = @ + )+ (1 2 Y )
ﬁn-ﬁ-l ﬁn—i—l
- Jﬁn((l — Q1) Wy + Q) |
Oénﬁn @nﬂn
S 1- Wnp, — Wypl| + |Op—1 — Ka
( 6n+1 ) || +1 ” ! 671—&-1
which gives
CanlﬁnJrl
a1 — Wyl < |1 — —E K 3.34
s = ] < |1 = 210 (334

for some positive constant K. Combining (3.33) and (3.34) we get

an— ﬁn
[on1 — waall < (1= ana)|lon — wall + ‘1 - ﬁ K + [lep—1]l. (3.3)
Hence from Lemma 2.1.1, we see that ||v, —w,|| — 0, and the proof is complete. O

Remark 3.4.1. In view of Lemma 2.1.1 and (3.35), it is tempting to infer that the
theorem is still valid under the condition (C7)". However we show that this condition is
impossible to attain for any sequences (3,,) and («,) satisfying the conditions of the above

theorem. To this end, we assume that (C7)" holds true. Denote b, := a;,—1/3,. Then

[e.e]

2

n=1

N an—lﬁn—o—l

1 o
an By,

ZOO |bns1 — b
<00 & Pntl = nl < 00.
n=1 bn+1

Therefore, it follows from Lemma 2.1.2 that

On—1

lim inf 3 = liminf b,, > 0,

which implies that 3, — 0 (since a,, — 0). This is a contradiction as 3, is bounded below

away from zero.
However, if we allow (3, — 0, then Theorem 3.2.6 is no longer applicable. Indeed, from
wy, = Jg, (1 — ap1)wy, + 1), we have

Op—1

Bn

From the above inclusion relation, we can not derive wy((w,)) C F := A71(0), even if w,

(u—wy,) € Aw,. (3.36)

is strongly convergent (since by (3.34), > > |[wps1 — wy|| < 00) because a,—1/3, may
not necessarily converge to zero. Therefore, in this case (z,) is still strongly convergent
(according to (3.35)) but we can not derive that its limit is in F'. In fact, its limit need
not be in F'. We give an example to that effect.
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Example 3.4.1. Let £, = 1/n and o, = 1/(n + 2) for n > 1. Then we have

n— n 1 n
On-1Onir _ =:a,, forall n>1and Ont1

1— —
B (n+1)2 o,

Clearly the condition 3,11 > a,3, for all n > 1 is fulfilled. Let H = R, and let the

oo
n=0

example, |e,| = (n+2)"2 or |e,| = 1/(nlnn) for n > 2 with >~°7 , |e,| = 00, respectively),
and let A: D(A) = [0,00) C R — 2% be defined by

sequence (e,) C R satisfy either the condition )  |e,| < oo or |e,|/a, — 0, (for

ar, if x>0,
Ar = (—00,0], if z=0,
0, if x<0,

for some a > 0. Then, if u > 0, we have for sufficiently large n, a,,_1u +€,_1 > 0 and

0<w, = Jg, (1 —ap_1)w, + an_1u+e,_1)

1
= 1T ﬁna((l — Q1) Wy, + QU+ 1),

which implies that w,, — ws = (1 +a) 'u ¢ F = {0}. Hence z,, — wy ¢ F. The same
conclusion is true if v < 0.

The argument given above shows that if 3, is bounded away from zero in Theorem 3.2
of [55], then the condition (C7) is impossible to achieve. Also the above example shows
that the result may not hold if 5, — 0.

We now give an example to show the applicability of Theorem 3.4.1.

Example 3.4.2. Choose 3, = 3y > 0 for all n, a,, = (n 4+ 1)""/2 and |le,|| = 1/(n + 1)
for all n > 0.

Theorem 3.4.2. Assume that A : D(A) C H — 2% is a maximal monotone operator
and F := A7Y0) # 0. For any fived u,zy € H, let (z,) be the sequence generated by
Algorithm 3.2.2 where conditions (i) and (ii) of Theorem 3.4.1 are fulfilled. If 3, € (0,00)
is increasing and either (C10) or (C11) is satisfied, then (x,) converges strongly to Pru,

the projection of u on F.
Proof. We know that (z,) (and hence (v,)) is bounded, see Theorem 3.2.4.

Claim: limsup,,_, . (v — Ppu, z, — Pru) < 0.

Let (z,,) be a subsequence of (z,) converging weakly to some 2., such that

limsup (u — Ppu, x,, — Ppu) = lim (u — Ppu,x,, — Pru) = (u — Ppu, Too — Pru).

n—oo — 00
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To prove the claim, we only need to show that z,, € F', or more generally w,((z,)) C F.

In view of the inclusion relation

Un - U'n, an— 1
HT + Avpq D Bnl (u—v,) + 3o (3.37)
it will be enough if we could show that
anﬂﬁ_ Un|| 0. (3.38)

Note that (3.38) is already satisfied if ((3,) is unbounded. Henceforth, we shall assume
that ((3,) is bounded. Observe that from equation (3.31) and the resolvent identity, we

have

Upto = Jg, ( Bn (1 — ap)Vps1 + apu+e,) + (1 — ﬂ) vn+2) )
ﬁnJrl ﬁn+l

Therefore, using the boundedness of (||e,||/a,) and (v,), and the nonexpansivity of .Jg,,

one can compare v,.o and v,;, as follows

n Qp On
||Un+2 - Un+1|| S H (1 - 6 ) (Un—l—Q - Un—l—l) + (1 - ﬁ > (Un—H - Un)
Bt Bt

+ (Oén—l — anﬁn) (vn —u— 6"1) + Ol (e_n _ Gt ) H
6n+1 Op—1 ﬁn—i—l (079 Op—1
< (1 = B Y onss = v+ (1= 25 o v

6n+1 ﬁnJrl
+ 1 — anﬁn K + O‘nﬁn e_n - €n—1 :
BnJrl ﬁn+1 O Qn—1
which implies that
||Un+2 - Un+1|| < (1 _ anﬁn) ||Un+1 - UnH 4 Qp_1  Qp K+ Qn || €n  En—1
n+1 n+1 n n n+1 n+1 n n—1
p B B B B B an o«
S (1 _ CVnﬁO) ||Un+1 - Un” + Ap—1 _ (079 K + (079 e_n i €n—1 ’

ﬁn—l—l B Bn Bn—l—l 5n+1 Qp, On—1

for some K > 0. Similarly, for the case Y, |len|| < oo, we have

[onss — vual] < H(l— (s = vast) + (1= 225 (0,11 — )
6n+1 5n+1

+ <0zn_1 — ﬁn+1) (v, —u) + (ﬁnﬂ €n — en_1> H

B ) ( anﬁn)
< 1— Unto — Up +(1-— Un+1 — Un,
( 22 ) sz = 2 e — v
0 B, Bn
+ Op—1 — K/ + ' €n — En—1||;
ﬂn-ﬁ-l 671-&-1
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which implies that

T an =\ T - K"+ — ([lenll + [len-
ﬁn+1 ﬁn+1 ﬁn ﬁn ﬁnJrl BO (H nH H n 1H)7
for some positive constant K’. Let us observe that
i I o | Qn—10n+1 B 1’ i
ﬁ" ﬁ”""l ﬁn—&-l anﬁn ﬁ()

Denote a,, := a0/ Bn+1. Since (a,) satisfies o, € (0,1), oy, — 0 and Y2 o, = 00, 50
do (ay). Therefore, from Lemma 2.1.1, we derive (3.38). Moreover, (3.37) implies that
wy((vy)) C F, and from (3.30), we derive wy((v,)) = wy((x,)), hence the claim.

Finally we show that (z,) converges strongly to Pru. We have from the subdifferential
inequality

|Zns1 — Prull* < (1 — )|z, — Prul]* + 20, <u — Pru + Z—n,an — Ppu> . (3.39)

n

In the case when ||e,||/a, — 0, inequality (3.39) implies by Lemma 2.1.1 that x,, — Pru.
If > llen]| < oo, then we derive from inequality (3.39)

[@ns1 = Ppull® < (1 = a)llen = Prull® + 200 (u — Ppu, i1 — Pru) + Cllen]],
for some C' > 0, and Lemma 2.1.1 again implies that z,, — Pru as desired. O

Remark 3.4.2. The condition (C10) is weaker than the conditions (C4) and (C9) if
B, > 0 for all n and for some § > 0. Indeed,

Q1 o, < 1 | I+ 1 1
- S |01 — Oy On |75 —
ﬁn ﬁn—i—l 5n ﬂn 5n+1
1 n - Mn

Note that if 3, = n? for n > 1, then (C10) holds true for any choice of a,, € (0, 1).

Remark 3.4.3. Observe that (C11) is satisfied for 8, = n and «,, = (n + 1)7!, whereas
the condition (C8)’ of Theorem 3.2.8 fails. Also, (C11) works if 3, is constant and «, taken
as before but (C8)" fails. In addition, any sequences (a,) and (3,) satisfying condition
(C8)" also satisfy (C11). This shows that the assumption (C11) is weaker than (C8)'.

Although the condition (C10) is weaker than (C4) and (C9) if liminf, .. 5, > 0, our
result is restricted only to those f3,’s which are increasing. The next result is designed

to cater for those 3,’s who does not satisfy this restrictive condition. It is actually an
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extension and improvement of Theorem 3.2.8 above. Our proof differs from those given in
[48] and [55], and it relies on the equivalence of the equations (1.19) and (3.18). Note that
it was observed in [48] that a gap exists in the proof of Theorem 3.2.8. We remark here
that our method of transforming equation (3.31) into equation (3.18) is an alternative

way of solving this gap as can be seen from the proof of Theorem 3.4.3 below.

Theorem 3.4.3. Assume that A : D(A) C H — 2% is a maximal monotone operator
and F = A7Y0) # 0. For any fized u,zo € H, let the sequence (x,) be generated by
Algorithm 3.2.2 with the following conditions being satisfied: (i) oy, € (0,1), (C1), (C2),
(ii) either (E1) or (E2), (iii) liminf, .o B, > 0, and (C14). If either (C12) or (C13)
hold, then (z,) (and hence (v,)) converges strongly to Pru, the projection of u on F.

Proof. We know from the proof of Theorem 3.2.4 that (x,) is bounded. For ||e,||/a, — 0,

we have, (by the resolvent identity and the nonexpansivity of the resolvent),

Jﬁnxn - ‘]Bn (%xn—l + (1 - 5ﬂi1) Jﬁnl‘rn—l> H

[#n1 =zl < (1= ap-1)

€n €n €n—1

+ o — | ||u— Jgxn + —|| + o || — —
(67 (077 Op—1

< (= an)| 25 =)+ (1= 25 0= i)

ﬂn—l ﬁn—l

€n €En Cn—

+ o — ol ||u— Jg,xn + —|| + o1 || — — !
Qp Oy An—1

< (1 B

(1- an,l)ﬂ [0 — Zna|l + lom — ana] - [Ju = Jp, 20 + en/an]|
n—1
ﬁn en—l e?’L €n_1
n— 1- -J n— n— — )
e ' /67171 " ﬁn_lx ! N Op—1 e ! Oy Qn—1
so that
|Zni1 — @ |20 — 2y ]| 1 1
— < 1 n—1)———— t Qp_1 |5 — K
571 ( ) 571—1 ﬁn ﬁn—l
(07| €n €n—1 ’an - an—l‘
+ - + g Tl 3.40
671 Qp Q-1 ﬁn ( )

for some positive constant K. From Lemma 2.1.1 and inequality (3.40), we have

2011 — 2| [Un+1 = vall

-0 & —FF —=0.
Bn B
Hence we can derive (see (3.37) above), wy((2,)) = wu((v,)) C F. Consequently, we have
limsup (u — Ppu, z,, — Ppu) < 0. (3.41)
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Note that for some positive constant C, |8, }, — 8,!| < C (since liminf, . 3, > 0) and
Tpa1 — Ty = (O — 1) (u — Jg,20) + (€ — €n1) + (1 = an1)(Jg, 20 — Jg,_ 1 Tn1),

so that in the case when D 7 |le,|| < oo, we again get inequality (3.41) on applying

similar arguments as above.

As in the proof of Theorem 3.4.2, we derive strong convergence of (x,) to Ppu. O
Remark 3.4.4. Clearly (C14) is weaker than the conditions
|1 1 1 /1 1
C15 — — <oo and (C16) lim — (— — ) =0,
( ) nZ:; 6n 6n—1 ( ) n—00 ﬁn 611—1

both of which hold true if o, = n~! and 3, = n while (C6) fails for this choice of
Bn. However, both (C6) and (C14) hold if 5, = Inn. We point out that the first
inequality in Remark 3.4.2 suggests that for liminf, .., 3, > 0, the condition (C10)
is weaker than (C4) and (C15). Also, the condition (C15) is weaker than (C9) whenever
liminf, .. 3, > 0 holds. But the condition that /3, is increasing is stronger than the
assumption liminf, .. 3, > 0, so there are cases in which the following corollary is
applicable and Theorem 3.4.2 is not. We remark that both (C4) and (C5) are not satisfied
by
B 1/n, if n isodd,
n = 1/(2n), if n iseven.

This choice of a,, however fulfills the assumptions of (C13) for the case when 3, = n and
(C12) for any (3, — oo.

Corollary 3.4.4. Assume that A : D(A) C H — 2! is a mazimal monotone operator
and F = A7Y0) # 0. For any fized u,zo € H, let the sequence (x,) be generated by
Algorithm 3.2.2, where oy, € (0,1) and B, € (0,00), with the conditions (i) and (ii) taken
as in Theorem 3.4.3, and liminf, .., B, > 0 with either (C15) or (C16). If either (C12)
or (C13) hold, then (z,) (and hence (v,)) converges strongly to Pru.

The following corollary is an extension of Theorem 3.2.8.

Corollary 3.4.5. Assume that A : D(A) C H — H is a mazimal monotone operator
and F := A7Y0) # 0. For any fived u,zy € H, let the sequence (x,) be generated by
Algorithm 3.2.2, where oy, € (0,1) and 3, € (0,00), with the conditions (i) and (ii) taken
as in Theorem 3.4.3, and (iii) liminf, .. B, > 0 and either (C9) or (C17). If either
(C12) or (C13) hold, then (x,) (hence (v,)) converges strongly to Ppu.

We give an example to show that the conditions of (iii) are different.

Example 3.4.3. Let a,, = (n+2)""* and 3, = 2(n + 1)(n +2)~* for all n > 0. Then
a,, and 3, satisfy both conditions of (éii) while 3, = (n+1) and «,, as above satisfy only
(C17).
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Chapter 4

Multi Parameter Proximal Point
Algorithms

The aim of this chapter is to analyze the convergence properties of two distinct proximal
point methods with multiple parameters, under different sets of assumptions on these
parameters. The algorithm discussed in Section 4.1 was proposed by Y. Yao and M. A.
Noor (2008), and it is in fact a generalization of the one studied before by T. Suzuki
(2007) and C. E. Chidume and C. O. Chidume (2006) independently. Note that in their
papers, Suzuki [50] and Chidume and Chidume [19] showed that the control conditions
(C1) and (C2) on the sequence of parameters («,) are necessary and sufficient for such
an algorithm to converge strongly. Although we are able to address the two important
problems related to the proximal point algorithm — that of strong convergence (instead
of weak convergence) and that of acceptable errors — with Yao and Noor’s algorithm,
it is not convenient in estimating the convergence rate of a sequence that approximates
minimum values of convex functionals, let alone finding minimizers of such functionals
under fairly mild conditions. An ideal algorithm which is in fact a generalization of the
regularization method discussed in Section 3.4 was thus sought in [10] mainly for the
purpose of applications in convex optimization. It turns out that for a particular case,
the two algorithms discussed in this chapter are equivalent. This special case reduces the
two algorithms to the inexact Halpern-type proximal point algorithm and/or the regular-
ization method already discussed in Chapter 3. Some results of this chapter improve the
corresponding results of Chapter 3, while some are not comparable to the results of the

previous chapter.
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4.1 A generalized proximal point algorithm

In this section, we discuss strong convergence of (x,,) generated by the following algorithm
which was previously studied by Yao and Noor [56] under different sets of assumptions

on (ay), (Bn), and (\,). Given any fixed u,xy € H, the sequence (x,,) is generated by
Tpt1 = QU+ \Tp + Yo, Tn + €0, 1 >0, (4.1)

where «,, € (0,1), Ay, vn € [0,1] with a,, + Ay + 79, = 1 for all n > 0, 3, € (0,00), and
(e,) is a sequence of computational errors.

As we have already seen in the previous chapter, before we can start talking about con-
vergence of a sequence generated from the proximal point method, it is imperative to
first check the boundedness of such a sequence. Hence we begin by proving the following

lemma.

Lemma 4.1.1. Let 3, € (0,00), o, € (0,1), and A\, vn € [0,1] with o, + Ay + 70 = 1
for alln > 0. Assume that A : D(A) C H — 2% is a mazimal monotone operator with
F = A7Y0) # 0, and either 30" |len]| < 0o or (|lea|l/an) is bounded. Then for any
fixred u, xy € H, the sequence (x,,) defined by (4.1) is bounded.

Proof. The proof is essentially done in Section 3.2. We repeat it for the sake of the reader’s
convenience.
If >, llen|l < oo, then one shows by induction that, for any p € F' and n > 0,

n—1

2 — pll < max{|lzo = pll, [lu = pl} + > llexl- (4.2)
k=0

Hence (z,) is bounded.

Now assume that (||e,|| /a;,) is bounded. Then, there exists a positive constant M such
that

= plf + 1l < .
«

for any p € F' and all n > 0. Without loss of generality, we assume such a constant is
such that [|zo — p|| < 2M := C. We show by induction that, for all n > 0,

[0 = pll < C.

Using (4.1), and the subdifferential inequality, we have

|ner = plI* = llon(u—p+enfon) + Au(@n = p) + Ya(Jg,20 — )|

< (@0 = p) + (g, 20 — D)I? + 200 (u — p+ en /o, Tnyr — p)
(1 = an)?|Jzn = plI* + 2M || 2nia — pll.

IN
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If ||z, — p|| < C for some n > 0, then the last estimate gives
171 = pI* < (1= 0)*C* + 2M o || 2011 — p]|-

Hence,
([Zns1 = pll = May,)® < M2aj + (1 — 0,)*C?,

which yields

i1 — pl| < Moy, + v/ M2a2 + (1 — ,,)2C2.

Since the inequality

May, +v/M2a2 + (1 — a,,)2C2 < C
holds true, we conclude that (z,) is bounded. O

Note that the proof of Lemma 4.1.1 can be derived from the proof of Theorem 3.2.4 but
only under the additional assumption ) ° o, = co. Such assumption on «, is necessary
for the sequence generated by the modified proximal point algorithm to converge strongly,

and it shall be used in the sequel.

Theorem 4.1.2. Assume that A : D(A) C H — 2% is a mazimal monotone operator
and F := A7Y0) # 0. Fiz u,xo € H, and let (x,) be the sequence generated by algo-
rithm (4.1) with the conditions: (i) o, € (0,1) with (C1) and (C2), (ii) either (E1) or
(E2), (iil) A\p, v € [0,1], an + Ay + 90 = 1 with Y 02 A\, < 00, and (iv) 5, € (0,00)
with liminf, . B, > 0 and (C14) being satisfied. If, in addition (C13) holds, then ()
converges strongly to Pru, the projection of u on F.

Proof. We know from Lemma 4.1.1 that (z,) is bounded. Denote

v, = Tp+1 — QU — )\nxn B en. (43)
Tn

Note that (v,) is bounded since (z,,) is bounded and for a,,, A, — 0, we see that the weak
w-limit sets of (x,) and (v,) coincide, that is, wy((z,)) = wy((v,)). Moreover, we have
from (4.1), and (4.3),

Ty — Tpg1 + an(u—x,) + e,

Av,, >
BnYn

(4.4)

Our aim is to prove that the relation wy((z,)) C F holds, from which we can establish

the inequality

limsup (u — Ppu, x, — Pru) < 0. (4.5)

n—oo

PhD Thesis 5 8
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Indeed, for some subsequence (x,, ) of (z,) converging weakly to some z, € F', we have

limsup (u — Pru, z,, — Ppu) = lim (u — Ppu,x,, — Pru) = (u — Pru, o — Pru) < 0.

n—00 k—o0

In view of (4.4), it would be enough if we could show that

i [Entr = 2all _ o (4.6)

n—oo /BTL

For this purpose, we first compare x, 5 and x, 1 as follows

Tpt2 — Tpt1 = (1 - an)(‘]ﬂn-klxn‘i’l - Jﬂnxn) + Ans1 (xn+1 - Jﬁn+1xn+1)
+ Aa(Jp, T — Tp) + (A1 — ) (u — JBpi1Tnt1 + €nt1/0ni1)
+

an(en—l-l/an—l-l - en/an)-

Using the resolvent identity and the fact that the resolvent operator is nonexpansive, we

l

get

[Tnt2 = Tpia|| < (1= o)

’J5n+1xn+1 - J/@n+l (ﬁqul Tp + (1 - ﬁngl) J,ann>

€n €n
+ n o = - Oé_ + <)\n + )\n+1)K + ‘anJrl - an|M
n+1 n
B Bn
< (I-ay) ﬁ_—H (Tnpr —n) + (1= 54—1 (Tni1 — Jp,Tn)
n n
€n €n
oo SSa A O M) E g — o | M
n+1 n
< (1= a2 o =l + |1 = B2 s = ]
B B
€n €n
+ (079 = — |+ (>\n + >\n+1)K + |an+l - O-/n|Ma (47)
Q41 Qp

for some positive constants K and M. Note that we have from (4.1)
|Zns1 — T, 2nll < o |lu = Jg, 20 + en/an|| + Anl|zn — Jp, 240l

which together with (4.7) yields

||'Tn+2 — Tn41 || ||xn+1 - xn” 1 1 Ay €n+1 €n
< (M=)l g | — — | M+ -
ﬁnJrl ( ﬁn ﬁnJrl ﬁn ﬁnJrl Ant1 O
M]\/[ + (2A + A1) K7,
ﬁnJrl

for some K’ > 0. Equation (4.6) then follows from Lemma 2.1.1 and this last estimate.
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The application of the subdifferential inequality to (4.1) yields

|Zns1 — Prull* < (1 — ay) ||z, — Prul|* + 20, { u — Ppu + 6—n,xn+1 — Pru ).
o

Therefore from Lemma 2.1.1, inequality (4.5) and conditions (i) and (E2) of the theorem,

we derive z,, — Pru. The proof is similar in the case when (E1) is satisfied. O

Remark 4.1.1. Since )\, is summable and (x,,) is bounded, the term A, (x, — Jg,x,) can
be regarded as the error term in the case when the sequence of errors is also summable.
In that case, algorithm (4.1) assumes the form z,.1 = a,u + (1 — a,)Js,x, + E,, and
therefore can be analyzed in the same way we did in Section 3.2. In particular, we reobtain
Theorem 3.4.3 from Theorem 4.1.2, and other results of Section 3.2 and Section 3.4 can
also be obtained in this way. From this point of view, Theorem 4.1.2 is already known. For
the case when (e,,) satisfies condition (E2), we cannot absorb the term A, (x,, — Jg,x,) into
the error sequence, otherwise it will mean that the quotient || E,||/c, = || A\ (zn — J5,2n) +
enl|/a, must always converge to zero. This is not the case as one can check by taking the
sequences defined by \, = n~2 and ||e,|| = a2, with a,, = n~! + (=1)"(n + 1)~!. In this
case, our theorem remains valid, thus Theorem 4.1.2 is ‘really’ new. We mention here
that the upper bound of ||z, is independent of the coefficients (a,), (A,) and (7,). Even
though the above quotient does not always converge to zero (as the above example shows),
| En|l does, so we may choose another sequence of parameters, say (o), to reobtain the
condition ||E,||/aZ — 0. Of course such «’s result in another proximal point algorithm
of Halpern type — the form mentioned earlier — in which (£,,) is the new error sequence,
and again we may analyze the resulting algorithm as in Section 3.2 and Section 3.4. The

above theoretical observations illustrate the significance of the condition (E2).

Remark 4.1.2. Note that the series condition on (\,) can be relaxed, but at the expense
of stronger assumptions on ((3,). For instance, we may assume that (\,) and (3,) satisfy

‘)‘n+1
019 Z Bn—i—l =0

and ((3,) increasing, as the following theorem shows.

Theorem 4.1.3. Assume that A : D(A) C H — 2! is a mazimal monotone operator and
F:=A"Y0) #0. Fixu,zo € H, and let (x,,) be the sequence generated by algorithm (4.1)
with the conditions: (i) and (i) of Theorem 4.1.2, (ili) Ay, Vn € [0,1], an + Ay + 70 = 1
with lim, . A\, = 0, and (iv) B, € (0,00) with B, < Bni1 for alln > 0 being satisfied. If,
in addition, (C13) and (C19) hold, then (x,) converges strongly to Ppu, the projection of
uon F.

PhD Thesis 6 0
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Proof. According to Lemma 4.1.1, (z,,) is bounded. Like in the proof of Theorem 4.1.2, we
have wy((x,,)) = wy((vy,)), where (vy,) is defined by (4.3). In order to derive wy((z,)) C F,
it would suffice if we could prove that (4.6) holds. For this purpose, we compare x5 and

i1 as follows:

Tpt2 — Tpt1 = 'Vn(J,@onn—&-l - Jﬁan) + <)‘n+1 - An)(xn—i—l - Jﬁn+1xn+1)
+ Aa(Tngr = 20) + (g1 — an)(u — Jg,  Tngr + €ng1/ngr)

+ an(€n+l/an+l - 6n/an)-

Using the resolvent identity and the fact that the resolvent is nonexpansive, we get

Jﬂn+1xn+1 _ J,BnJrl (@I»n + (1 o ﬁn-ﬁ-l) Jﬁnxn> '

||xn+2_xn+1” < T

B B
En+1 €n
+ oy -+ >‘n||xn+1 - mn” + |)‘n+1 - >\n|K + |an+1 - an|L
an—H (079
S Tn % ($n+1 - xn) + (1 - ﬁnJrl) (xn+1 - Jﬁn$n)
ﬁn ﬂn
€n+1 €n
+ [67% - —| + )\onn—i-l - xn” + ‘)\n+1 — )\n|K + |Oén+1 — an’L,
Q41 Qp

which implies that

||xn+2 - xn—l—l” ||l‘n+1 - an < 1 1 ) Qn Cn+1 €n

< (1=l (- K+ -

Brni1 ( ) Bn Bn Bn1 Brit || Q1 an

|/\n+1 - )‘an + |an+1 - an|L7
6n+1 ﬁn-&-l
for some positive constants K and L. On the other hand, (/3,) increasing implies
1 /1 1

— is convergent <& (— — ) < 00. 4.8
ﬁn nz_; ﬂn ﬁn—&-l ( )

Therefore, from this fact and Lemma 2.1.1, we get (4.6). The rest of the proof is similar
to that of Theorem 4.1.2. O

Theorem 4.1.4. Assume that A : D(A) C H — 2" is a mazimal monotone operator and
F:=A7Y0) # 0. Fizu,zo € H, and let (x,,) be the sequence generated by algorithm (4.1)
with the conditions: (1) and (ii) of Theorem 4.1.2, (iii) A\p,Yn € [0,1], ap + Ay + 70 = 1
with lim,, o A, = 0, and (iv) B, € (0,00) with lim, .., B, = 00, being satisfied. Then

(x,) converges strongly to Ppu, the projection of u on F.

Proof. Observe that for (3, — oo and (z,,) bounded, passing to the limit in (4.4) immedi-
ately yields wy((x,,)) = wy((v,)) C F. Again we derive strong convergence of (z,,) to Pru
in a similar way as in the proof of Theorem 4.1.2. O
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Remark 4.1.3. Theorem 4.1.4 contains Theorem 3.2.4 as a special case.

In [10, Theorem 4], we proved the following theorem (whose proof we shall omit) which is
an extension of the result of Yao and Noor [56, Theorem 3.3] to general errors. Compared
with the previous results of this section, strong convergence of the sequence (x,,) generated

by algorithm (4.1) is still derived when ()\,) does not converge to zero.

Theorem 4.1.5. Assume that A : D(A) C H — 2 s a mazimal monotone operator
and F := A7Y0) # 0. Fiz u,mo € H, and let (z,) be the sequence generated by al-
gorithm (4.1) with the conditions: (i) and (ii) of Theorem 4.1.2, (iii) v, € (0,1), and
0 < liminf, o A, < limsup, . A, < 1, (iv) B, € (0,00) with liminf, .. B, > 0 and
(C6) being satisfied. Then (z,) converges strongly to Pru, the projection of u on F.

As it may have been pointed out before, for unbounded ((3,), the condition (C6) excludes
the natural choice 3, = n for all n € Ny. The above result therefore brings us to the
following question: Does Theorem 4.1.5 remains true if (\,) is only bounded from above
away from 1 and/or (f3,) satisfies weaker conditions which include choices such as 3, =n

for all n € Ny? This question is addressed in the following result

Theorem 4.1.6. Assume that A : D(A) C H — 2 is a mazimal monotone operator
and F = A71(0) # 0. Fiz u,xo € H, and let (x,) be the sequence generated by algorithm
(4.1) with the conditions: (i) o, € (0,1) with (C1) and (C2), (ii) either (E1) or (E2),
(iil) A\p,vn € [0,1], @ + Ay + v = 1 with liminf,, v, > 0, and (iv) (5, € (0,00) with
liminf, ... B, > 0 and (C18) being satisfied. Then (x,) converges strongly to Ppu, the
projection of u on F.

Proof. From Lemma 4.1.1, we know that (z,) is bounded. Denote
Yn = Tnmn + ,U/n(u - xn) + On,

where T,, = 2Jg, — I, pn, = 20, /7, and o, = 2¢,/7,. Obviously, the sequence (y,) is
bounded (since (z,,) is so), and from the definition of T,,, (4.1) can be written as

Tpy1 = anu—l—/\nxn—f—%xn'f_%Tnxn'}_en
_ (1_%)xn+%(an;w_mm_i)
7n> Tn
( 2 )Y

PhD Thesis 6 2
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Since T,, is nonexpansive, (see Lemma 2.2.3), we have for some positive constant M

”yn-i-l - ynH < ”Tn-l-lxn-i-l - Tnxn” + Unt1 Hu - $n+1” + pn Hu - xn” + H0n+1 - Un”

< NTwninrr = Tora@al|l + [ Th12n — Tonll + (Hns1 + pn) M

+ lonir — onl

< lznsr — 2l +2 HJBonn - JﬁnmnH + (g1 + pn) M + ||ong1 — on|
= ||Zpgy1 — x| +2 ‘Jgonn — Jga <ﬁg:1:cn + <1 — %) Jﬁnxn> H
+ (s + )M+ [Jons — o

< flowen =l +2[1 = 252 o, = Jp ] + (s + )M

+ llow —anll, (4.9)

where equality follows from the application of the resolvent identity. Rearranging terms
of (4.9) and passing to the limit as n — oo, we get

limsup {||Ynt1 = Unll — |20 — 20l|} < 0.

Therefore applying Lemma 2.2.1, we get
i o~ yall = 0.
which implies that
i [lener = ]| = 0. (4.10)

Note that since liminf, .., 7, > 0, there exists § € [0, 1) such that A\, < ¢ for all n € Ny.
Then from (4.1), we see that

[Znt1 — g, 2nll < anllu — Jg, 20 + en/anll + Anl|2n — J5, 70|

< apllu— Jp, Tn + en/ |l + (|| Tn — i || + | 2041 — Jﬂnxnn)>
which implies that
lim ||z,41 — Jgn:an =0. (4.11)

On the other hand, we observe that if 5 > 0 is the greatest lower bound of (3,), then the
application of the resolvent identity yields

g

< sutn = Tl + 21 — 2.
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Passing to the limit as n — oo in the above inequality, and noticing (4.10) and (4.11), we

have
lim [|Jg, 2, — Jpz,|| = 0. (4.12)
Moreover, from (4.10), (4.11) and (4.12), we get

limsup ||z, — Jaz,| < limsup (|2, — 2l + |20 — I, 2nll + (15,20 — Jp2nll)

n—oo n—oo

= 0. (4.13)

Now let (z,,) be a subsequence of (x,) converging weakly to some z. Then for some

positive constant K,

2an, = Jpz, 2 = Jpz) = |wm, — Jp2ll* + |2 = Jp2l* = l|zm, — 2]°
(I, = Ton, | + lln, — 21)* + 12 = Jpzll* = llzn, — 2|
< Kllzn, = Jgzn, |l + |2 = Jp2ll*.

IN

Passing to the limit in the above inequality as k& — oo, and noticing (4.13), we arrive at
z € A71(0). Hence for some subsequence (z,,) of (2,) converging weakly to some point

Too, SAY, We have

limsup (v — Pru, z, — Ppu) = lim (u — Ppu, v,, — Pru) = (u — Ppu, 1o — Ppu) < 0.

n— o0 j—00

Finally, from Lemma 2.2.7 and equation (4.1), we have
|zns1 = Peull® < (A llen — Prull + 3 || Jg, 0 — Prul])®

+ 2, <u — Pru + e—n, Tptl — PFu>
Q

n

< (1= ap) [on — Pl + 20, <u C Prut g - PFu>.
(0%

n

Therefore, from Lemma 2.1.1 we derive strong convergence of (z,) to Pru. In the case
when the error sequence (e,) satisfies condition (E1), then we get from Lemma 2.2.7 and

equation (4.1)
|Znsr — Prull® < (1 —ap)||zn — Prull> + 20y, (4 — Ppu, 2,41 — Peu) + ||en]| C,
for some C' > 0. As before, strong convergence of (z,,) to Pru can be derived. O

Remark 4.1.4. Unlike in Theorem 4.1.5, we do not require the sequence (7,) to be
bounded above away from one. In addition, we have used the weaker condition (C18)
instead of (C6). Therefore, Theorem 4.1.6 is a significant improvement of Theorem 4.1.5.
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Compared with Theorems 4.1.2 and 4.1.3 above, the main advance in Theorem 4.1.6
is that strong convergence of the sequence (z,) is proved under weaker assumptions on
both (a,) and ()\,). However, the condition (C18) of the above result is stronger than the
assumption (C14) used in Theorems 4.1.2 and 4.1.3. (For the comparison of the conditions
(C14) and (C18), see Remark 4.1.5 below). We also note that for the case when A,, = 0 for
all n € Ny, the condition liminf,, . v, > 0 is automatically satisfied, since the sequence
(cvn,) converges to zero. In this particular case, our result properly contains Theorem 4 [52]
which required the error sequence (e,) to be summable in norm, and (/3,) to be bounded
both from above and from below away from zero, with the condition (C6) being satisfied.

Remark 4.1.5. Note that for the sequence (3,) satisfying (3, > ¢ for some ¢ > 0 and

all n € Ny,
L L P | P
Bn—l—l ﬁn ﬁn—l-l ﬁn ﬁn

implying that the condition (C14) is weaker than the condition (C18) of the preceding

1

1
€

theorem. Indeed, one can verify that the sequence

3n if n is even

2n if n is odd,
Bn = {

satisfies (C14) but not (C18). These two conditions are however equivalent if ((3,) is
bounded both from below away from zero and from above.

4.2 A generalized regularization method

In this section, we suggest and analyze a new iterative process for solving problem (1.5)
which is in fact a generalization of Algorithm 3.4.1. It is defined as follows: Given any

fixed u,v, € H, generate a sequence (v,) iteratively by the rule
Unt1 = Jg, (1w + Aym1vy, + Y1 Toy +€21), forall n>1, (4.14)

where T' : H — H is a nonexpansive map, oy, € (0,1), Ay, Vo € [0, 1] with a,, + A, +7, = 1,
B, € (0,00), and (e,) is a sequence of computational errors. It is clear that for A, = 0

for all n > 1, algorithm (4.14) collapses to
Upt1 = Jg, (ap_qu+ (1 — ay_1)T0, +€,,-1), forall n>1, (4.15)

which is of the same form as the regularization method proposed by Xu [55], and discussed
in Chapter 3. In fact, for 7" = I (the identity operator), this special case corresponds to
the case when A, = 0 for all n > 1 in algorithm (4.1). Note that the equivalence of such

algorithms was discussed in Section 3.4.
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Concerning the boundedness of the sequence (v,,) defined by (4.14) above, we have the

following lemma

Lemma 4.2.1. Assume that A : D(A) C H — 2% is a mazimal monotone operator and
T : H — H is a nonexpansive map, with § # A~1(0) C F(T), where F(T) is the fized
point set of T'. Let 3, € (0,00), ap, € (0,1), and A\p, 7, € [0, 1] with o, + Ay + v, = 1 for
alln > 1, and )" o, = oo. If either Y > |len]| < 0o or (||e,]|/cw,) is bounded, then
for any fized u,v; € H, the sequence (v,) defined by (4.14) is bounded.

Proof. Assume that (||e,||/ay,) is bounded. Then, there exists M > 0 such that

= pl) + Lol <
(0%

n

for some p € F and all n > 0. Using (4.14), we see that

an—i-l - p” S ||an—1(u —p + en—l/an—1> + )\n—1<vn - p) + an—l(TUn - p)”
len—1]
< ans flu=pl+ 2= o = gl sl —

< a1 M+ (1 - O-’n—l)H'Un _p”v

where the first two inequalities follow from the fact that Js, and 7" are nonexpansive. By

induction, we have

n—1 n—1
[vni1 —pll <M [1 —[J=an)| +lor—pl JT(1 = ),
k=0 k=0

showing that (v,) is bounded.

In the case when condition (E1) is satisfied, then we have for any p € F,

[vni1 =2l < Jlan—1(u —p) + Ap-1(Vn — D) + Vo1 (T0n — p) + €|

< anallu=pll + (1= ana)llon = pll + llenll;

which implies that

n—1 n—1 n—1
lon —pl < {1 =]]- ozk.)] lu = pll -+ lor = oI [T = ) + > llell-
k=0 k=0 k=0
This shows that (v,) is bounded. O

Let T : H — H be a nonexpansive map, and let A : D(A) € H — 2! be a maximal
monotone operator. Fix n € Ny, and define a map f, : H — H by the rule z —
g, (anu+ A +v,Tx +e,), where 5, > 0, (o), (A,) and (7,,) are real sequences in (0, 1)
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such that o, + A\, + v, = 1, and u, e, € H are given. Then one can easily check that f,
is a contraction. Therefore it follows from the Banach contraction principle that f,, has a

unique fixed point z,, say. In other words,
2 = Jg, (apu+ N2y + T2, +€,), n>0. (4.16)
We prove the convergence result associated with the sequence (z,).

Lemma 4.2.2. Let (3, € (0,00), and o, A\p, ¥ € (0,1) with a,, + Ay + v, = 1 for all
n € Ny, and lim, o o, = 0. Assume that O # A~Y(0) =: F C F(T), where F(T) is
the set of fized points of the nonerpansive map T : H — H, and either (E1) or (E2)
is satisfied. Then for any fived w € H, the sequence (z,) generated by (4.16) converges
strongly to Pru, the projection of u on F.

Proof. To show that (z,) is bounded, we first note that if (||e,||/c,) is bounded, then
there exists a positive constant C' such that

e
sup (Hu —pll + HanH) <C.

n€eNp n

For every p € F', we have from (4.16)

lw—pll < lluln -+ enfon) + Au(en — p) + 3Tz )]
Jea]
e (= o+ 20) e = 3, =

< (T=an)[lzn = pll + anC,

IN

where the first two inequalities follow from the fact that Jg, and 7" are nonexpansive. The

last estimate clearly shows that (z,) is bounded.
Let wy((#,)) be the weak w—limit set of (z,). That is,
wy((zn)) ={y € H| z,, — y for some subsequence (z,,) of (z,)}.

We claim that w,((2,)) C F. Let (2,;) be a subsequence of (z,) converging weakly to
some ... Since (A,,) is bounded, it has a convergent subsequence, again denoted by
(An;). There are two possibilities here: either A,, — 1, or A,, — 6 € [0,1). In the first

case, we derive from

U+ (A — 1)z, + Yo, T2, + €n,
B,

that zo, € F. In the second case, we note that from (4.16), we have

Azp, 3 — 0, as j— oo, (4.17)

(1= Xo)(zn — T2y 20 — D) + Br(Azn, 20 — p) = ap{u — Tz + e/ tn, 2 — ),
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where p € F. Using the monotonicity of A, we have for some M > 0

o, M

v

( )<Zn_TZmZn_p>
= (1= )20 = Tzull* + 120 = pI* = 1T — Tp|l*)
> (1= M) [z — Tzl

Passing to the limit in the above estimate, with n = n;, we get

lim ||zn TanH =0.

j—o0
Again from (4.17), we derive z,, € F, showing that w,((z,)) C F. Therefore, there exists
a subsequence (z,, ) of (z,) converging weakly to z € F such that

limsup (v — Ppu, 2, — Ppu) = lim (u — Ppu, z,, — Pru) = (u — Ppu, z — Pru) < 0.

n— oo k—oo

On the other hand,

2
€n
o — Prul? < o (Hu ~ P + 1€ ”) Ol = Prall + 7 [Tz — Prul])?

+ 2, <u — Prut (2 — Pru) + (T2 — PFu)>

n

2
€n
< (= anP = Prolf +a (Jlu— peul + 120

n

n

+ 2aq, <u — Pru + (1= an)(zn — Ppu) + (T2, — zn)> ,

where the second inequality follows from the nonexpansivity of T'. Hence for some positive

constant C*,

(2 — ) |20 — Prul)® < anC*+2<u—Ppu—|—e—n,(zn—PFu)—i—%(Tzn—zn)>.
Qn

Passing to the limit in the above inequality, we deduce strong convergence of (z,) to Pru
as claimed. The proof of this result is easier in the case when (|le,||) € ¢!, we therefore
omit it. n

We note that Lemma 4.2.2 above contains Theorem 3.2.6 as a special case. Using the

above result, we can prove the following

Theorem 4.2.3. Assume that A : D(A) C H — 2" is a mazimal monotone operator and
0 +£AY0)=: F C F(T), where T : H— H is a nonexpansive map, and F(T) is the set
of fixed points of T. Fiz u,v; € H, and let (v,) be the sequence generated by algorithm

PhD Thesis 6 8
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(4.14) with the conditions: (i) oy, € (0,1), Ay, v € [0,1], a + Ny + v = 1 with (C1) and
(C2), (ii) either (E1) or (E2), (iii) £, € (0,00) with liminf, .., 3, > 0,

(1 - O‘"‘lﬁ”“) =0, and (C20) lim ! (% - %;5"“) =0,
n—=00 Q10 Bn

O‘nﬁn

being satisfied. Then (v,) converges strongly to Pru, the projection of u on F.

(C8) lim

Proof. According to Lemma 4.2.1, the sequence (v,) is bounded. Setting
wy, = Jg, (a1t + AW, + Y1 Twy,) (4.18)
we see from Lemma 4.2.2 that w,, — Ppu. Now it follows from (4.14) that

HUnJrl - wn+1” < an+1 - wn” + Hwn - wn+1H

A

At [V = wa|| + n1 HTUn — Tw,|| + Hen—lH + Hwn - wn-i-lH

< (1= an1) [[vn — wall + llen-a|l + [wn — wppall, (4.19)

where the last inequality comes form the nonexpansivity of the map 7T'. Using the resolvent
identity, we note that (4.18) can be written as

Wy = Ja (i(an—lu + An—lwn + ’Yn—lTwn) + (1 - i) wn) y
Bn Dn
where ¢ > 0 is the greatest lower bound of ((3,). This together with the fact that the

resolvent operator .J. is nonexpansive gives

€ EAn
[wnr —wnll < {1- [wn i1 = wnll + 2— [[wni1 — wn|
6n+1 ﬁnJrl
EYn EQy, EQp_1
+ Twy.1 — Tw,|| + — U — Wy,
6n+1 H " H ﬁn—&-l 671 H H
€n €Vn—1
+ — Tw,, —w,
Brt1  Da | |
e, EQy  EQp_q
< 1-— w — Wyl + — K
< ﬁn—i—l) || i 'fl“ ﬁn-&-l ﬂn
En EYn—-1
+ — M, 4.20
ﬁn-ﬁ-l ﬁn ( )
for some positive constants K and M. This last estimate reduces to
Oénflﬁn+l Tn f)/nflﬁnJrl
el — Wyl < |1———|K+|—— ———| M. 4.21
i =l |1 20 g | e Dt (421
Using this last inequality in (4.19) we arrive at
an— n
o = sl < (1= anei) o = wnl + leaoal |1 = 22201 ¢
1 n— n
4o = Dy
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Therefore by Lemma 2.1.1, we derive ||v, —w,|| — 0, which in turn implies that the

sequence (v,,) converges strongly to Ppu. O]

Example 4.2.1. Clearly, the sequences (o), (5,) and (7,) defined by a,, = 1/v/n + 1,
B,=1+n"1and~, =1/(n+1) for n > 2 satisfy the conditions (C8)" and (C20).

Remark 4.2.1. A result similar to the above theorem was proved in Section 3.4 for
T = I, the identity operator, and under the additional assumption that §,,1 > «,03,.
Therefore, Theorem 4.2.3 is a generalization and improvement of Theorem 4 [9]. Note
that Theorem 3.2 [55] which is similar in nature to Theorem 4 [9] can also be generalized

in the same way.

Other strong convergence results associated with the sequence (v,) can be established

under weaker assumptions on () and ((3,) such as

[e.e]

(C10) >

n=1

879 Q1

ﬁnJrl - ﬁn

<oo, or (C11) lim (1 - O‘”‘lﬂ’”l) =0,

n—oo O‘nﬁn

discussed in the previous chapter. In fact, we modify the arguments contained in Sec-
tion 3.4, and by so doing, we are able to make some improvements to the results of that
section. In particular, the condition that the sequence on (3,) is increasing in Theo-
rem 3.4.2 can be dropped completely, and for («,) decreasing, (C11) can be replaced with
a slightly better condition (C21). Obviously, the condition (C21) is weaker than (C8)".
Thus, we refine Theorem 3.4.2, (in the case when (ay,) is monotonically decreasing), and
also Theorem 3.4.1, (see Theorem 4.2.7 below). In the next theorem, we shall use similar
conditions to (C10) and (C21) on (v,) for the general case when this sequence is not

identically zero for all n > 1 to derive strong convergence of (v,,). These conditions are

- In In—1 . 1 Tn Yn—1
C22 — < oo, and (C23) lim — =0.
( ) ; ﬁn+1 ﬁn ( ) n—00 p—1 (5n+1 ﬁn >

Theorem 4.2.4. Let A : D(A) € H — 2 be a mazimal monotone operator and T :
H — H a nonezpansive map with ) # A=*(0) =: F C F(T), where F(T) is the set of all
fized points of T. For any fixed u,vy € H, let the sequence (v,) be generated by algorithm
(4.14), where o, € (0,1), Ap,yn € [0,1] with oy + Ay + 7, = 1, and G, € (0,00).
Assume that (a,), (Bn), (va) and (en) satisfy (1) (C1), (C2), (ii) either (E1) or (E2),
(iii) liminf, .o B, > 0, with either (C10) or (C21) and (iv) either (C22) or (C23). If
either A, — 0 and ((3,) is bounded, or ~, — 0, then (v,) converges strongly to Pru, the

projection of u on F.
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Proof. We have shown in Lemma 4.2.1 that (v,) is bounded. The next step is to show
that the relation wy((v,)) C F holds. This will suffice to guarantee

limsup (v — Ppu, v, — Ppu) < 0.

n—oo

Indeed, for some subsequence of (v,) converging weakly to some v,, we have

limsup (v — Ppu, v, — Pru) = klirn (u — Ppu, v, — Ppu) = (u — Ppu,vs — Pru).

Note that the resolvent identity allows us to write (4.14) as

For the case when ||e,||/a, — 0, we have, (for some positive constants K and M),
n— n )\nf n
fonsa = tnaall < B Ty = ) 4 2 )
Bn On
anflﬁn+1 €n €n—1 7n715n+1
- 5 - n - - 5 T n - n
+ 3, (&n Oén1> + (’Y 3, ) (Tvps1 — Vny1)
Bn a,
ﬁn—i—l an—lﬁn—&-l €n €n-1
< 1 —ap1)||vns1 — V|| + ——— || — —
5, Dl|vns — vl 5 o, o,
Ty — '7n—;ﬁn+1 K+ |a, — an—éﬁn-l—l M, (422)

where the first inequality follows from the fact that the resolvent operator is nonexpansive.
Estimate (4.22) implies that

||Un+2 — Un+1” ||Un+1 - Un” On—1 || €n €n—1
6TL+1 N ( " 1) Bn ﬁn (7% Q-1
Tn Tn—-1 7% Q1
+ - K + - M.
6n+1 ﬂn ﬁn—&-l 571

So if either (C10) or (C21), and either one of the conditions (C22) or (C23) is fulfilled,

then we have by Lemma 2.1.1

anﬂﬂ_ Un|| 0. (4.23)

Note that from (4.14) we have

(Un+1 - Un) Op—1 ( €n—1 ) P)/nfl
—— 4+ Avyy1 > —— (u—v, + + Tv, — v,),
ﬁn +1 ﬂn On—1 ﬁn ( )

71 by O. A. Boikanyo



CEU eTD Collection

Som Chapter 4. Multi Parameter Proximal Point Algorithms

so that for the case when v, — 0, we derive wy((v,)) C F.

Now we assume that A, — 0 and (/3,)) is bounded. Then, we have again from (4.14)

(Un—H - Tvn—i—l) + ﬁnAvn—&—l > Qp—1 (U - Tvn + €n—1/an—1) + )\n—l(vn - Tvn)
+ (Tv, — Tunyq),

which (together with the monotonicity of A, the boundedness of (v,,) and (||e,||/ax), and
the fact that 7" is nonexpansive) implies that

v

2<Un+1 - Tvn—i—l; Un+1 — p) + 2ﬁn<Avn+1a Up+1 — p>
[ Un 41 — TUn+1”2 + [[Vnt1 _p||2 — [|[Tvn41 _pH2
2 an+l - Tvn+1H2> (424)

O(an—l + )\n—l + an - Un—l—l”)

v

for some C' > 0, where p is any point of F'. Passing to the limit in (4.24) and using (4.23)
with (f3,,) bounded, we get

|vns1 — Topia| — 0.
Moreover, using again (4.23), we have

|vn1 = Tonll < |lvngr — Topga || + | T0n1 — T
< Nlvngr = Tonga || + [[vngs — vall — 0. (4.25)
On the other hand, from (4.14), we have
(Un—i-l - Tvn) + ﬁnAUn—i-l = an—l(u - Tvn + 6n—l/afn—l) + >\n—1<vn - Tvn)

Since [3,, is bounded, this inclusion relation together with (4.25) imply w,((v,)) C F. Note
that the proof can be done similarly for the case when (E1) is satisfied.

Finally, we establish strong convergence of (v,) to Pru.

Since both T and the resolvent operator are nonexpansive, we have from (4.14)

IN

lotn—1(u — Ppu+ en_1/on_1) + Ap—1(vn — Pru) + yn1 (T, — Ppu)|]?
(1 = ap-1)[[vn — Prull* + aj_ilu = Pru + €1 /o |

+ 20, 1(u— Pru+en_1/an_1, 10y — Ppu) + Y1 (Tv, — Pru)).

[vns1 = Prull®

IN

Therefore if either 7,, — 0 or A\, — 0 and (8,) is bounded, then by Lemma 2.1.1, we
derive v, — Ppu. The proof is similar for the case when (E1) is satisfied. O
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When (f3,) is bounded, (both from above and from below away from zero), condition

(C21) reduces to
Qn 5n+1) —0

Qn—1 ﬂn

Therefore, in the case when A, = 0 for all n > 1, we have

(C21) lim (

n—oo

Theorem 4.2.5. Let A : D(A) € H — 2 be a mazimal monotone operator and T :
H — H a nonezpansive map with ) # A=*(0) =: F C F(T), where F(T) is the set of all
fized points of T. For any fived u,vy € H, let the sequence (v,) be generated by algorithm
(4.15), where o, € (0,1) and B, € (0,00). Assume that (o), (6,) and (ey,) satisfy (i)
(C1), (C2), (ii) either (E1) or (E2), (iii) liminf, .., B, > 0, with (C9), and either (C10)
or (C21). Then (v,) converges strongly to Ppu, the projection of u on F.

Proof. We know from the proof of lemma 4.2.1 that (v,) is bounded. Moreover, the
resolvent identity enables us to write equation (4.15) as

Un+1 = ‘]ﬁn+1 (%((1 - an—l)TUn + ap_1u + en—l) + (1 - %) 'Un—I—l) .
Therefore, for ||e,||/a, — 0, we have from the nonexpansivity of the resolvent,
Bt P

ﬁ (]_ — an_1)<TUn+1 — TUn> + (1 ) (TU,H_1 — ’l)n+1)

n a, — an—lﬁnﬂ w—Tvper + En n Oén—lﬁnﬂ En  CEn-1
ﬁ" On ﬁn Ay, Qp—1

lomsa — vl < ’
n

ﬁﬁJrl (1 - an—l)an-H - Un” + |y — % u—Tvp + —
5n+1 anflﬁnJrl €n €n—1
+ ‘1 - 3 | Tvp41 — Uy || + —ﬁ =~ a Nk (4.26)
so that for some positive constants K and M, we have
[Vn+2 = Vnp| [0n+1 = vnl| 1 1 n Oy
2 T < (1= aney + ——| K+ — M
6n+1 ( ) ﬁn ﬁn+1 Bn /6n+1 ﬁn
On—1 || €n €n—1
- ﬁn Qp Qp_q

So, if condition (C9) and either (C10) or (C21)" are fulfilled, then from Lemma 2.1.1, we
have

|Vnt1 — v 0
Bn

Now proceeding in a similar way as in the proof of Theorem 4.2.4 (with A, = 0 for all

< |vpgr — ol — 0. (4.27)

n > 1), we derive strong convergence of (v,) to Ppu. The proof is similar for the case
when (E1) is satisfied. O
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Remark 4.2.2. Note that condition (C21) is weaker than (C11) (in the case when (a,)
is decreasing), and also (C21)’. Indeed, the sequences (a,,) and (/3,) defined by «,, = n~*

and (3, = n! satisfy (C21) but not (C11) and (C21)". Also, if

1
n+1

fu= (= Iy & fun=nfa and @y =+ (1)

Y

then (C21) is satisfied but not (C21)" and (C11). Of course both (C11) and (C21)" are
satisfied for v, = n~! and (3, = n.

Remark 4.2.3. We observe that the condition that 3, be bounded in Theorems 4.2.4
and 4.2.5 is superfluous if 7T is linear. Of course this is the case also when H is finite

dimensional. In these two cases, Theorem 4.2.5 holds under the more general condition

o0

2

n=0

1 1
ﬁn-ﬁ-l 671

< 0

instead of condition (C9). In fact, it still holds even for any 3, — oo as shown in the
following corollary. Such conditions on (3, are not comparable in general. Indeed, for any
(,) bounded below away from zero, one can check that

[e'S)
n=0

However, for increasing (f3,), the condition (4.8) is implied by (3, — oc.

1 1
6%—0—1 6n

2n, if n is odd,
n+1, if n iseven.

=oo for ﬁn:{

Corollary 4.2.6. Let A : D(A) C H — 2% be a mazimal monotone operator and T :
H — H a nonexpansive map with § # A~1(0) =: F C F(T), where F(T) is the set
of all fized points of T. For any fized u,v; € H, let the sequence (v,) be generated by
algorithm (4.15), where oy, € (0,1) and B, € (0,00). Assume that (o), (8,) and (ey)
satisfy conditions (i) and (ii) of Theorem 4.2.5, and (iii) 5, — oo. If T is linear, then

(vn) converges strongly to Ppu, the projection of u on F.

Proof. We note that from (4.15), we have

(UnJrl - Tvn) Op—1 €n—1
" 4+ Avpy1 D u—Tv,) + :
5, R
Since 3, — oo, this inclusion relation gives wy((v,)) C F. Since T is linear, wy((v,)) =
wyu((Tvy,)). The rest of the proof is similar to that of Theorem 4.2.5. O

Since (C21) is weaker than (C8)’, the following result improves Theorem 3.4.1.
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Theorem 4.2.7. Let A : D(A) C H — 2" be a mazimal monotone operator with () #
AY0) =: F. For any fized u,v; € H, let the sequence (v,) be generated by algorithm
(4.15) with T = I (the identity operator), where o, € (0,1) and (3, € (0,00). Assume
that (o), and (e,) satisfy conditions (i) and (ii) of Theorem 4.2.5. If liminf, .. 3, > 0,
and either one of the conditions (C10) or (C21) is met, then (v,) converges strongly to

Pru, the projection of u on F.
Proof. Assume |le,||/a, — 0. We know that (v,) is bounded, see Theorem 4.2.4.

Claim: limsup,,_,..(u — Ppu, v, — Pru) < 0.

Let (v, ) be a subsequence of (v,) converging weakly to some v, such that

limsup (v — Pru, v, — Ppu) = lim (u — Ppu,v,, — Pru) = (u — Ppu, v — Ppu).

n—0o00 k—oo

To prove the claim, we only need to show that v, € F, or more generally wy((v,)) C F.
From equation (4.26) with T'= I, we have for some M > 0

€En €n—1

Jonsz = vl _ (o =l | 0n0nat]
7 L — 1
" (079 Qn—1

ﬁn+1 Bn ﬁn+1 a ﬁn ﬁn

so that if either one of the conditions (C10) or (C21) is fulfilled, then we establish

Y

[

On
Moreover, we get from (4.15) with T'= T

+T + Av,y1 D 3, (u—v,) + —en_1,

On
which implies that w,((v,)) C F, hence the claim.

Again proceeding in a similar way as in the proof of Theorem 4.2.4 (with 7, = 0 for all
n > 1), we derive strong convergence of (v,) to Pru. O
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Chapter 5

The method of alternating resolvents

Early in the 1930s, von Neumann showed that given any two closed subspaces K; and K,

of a real Hilbert space H, the sequence of alternating projections
H>xy— 21 = P29 — T9 = Pg,v1 — 23 = P, 29— x4 = Pr,x3— -+,

converges strongly to the point in the intersection of K; and K, that is nearest to the
starting point zo. (For the proof of this result, see e.g., [5]). Three decades later, Breg-
man [13] showed that for two arbitrary closed convex sets K; and K, with nonempty
intersection, the sequence (z,) generated by the method of alternating projections con-
verges weakly to some point in K7 N K. The question on whether or not (x,) converge
strongly was recently settled by H. Hundal [26], who constructed an example in £ showing
that for any starting point xy € ¢2, there exists a hyperplane K; and a cone K, such that
KiN K, = {0} and the sequence of alternating projections (x,,) converges weakly to zero,

but not strongly.

In a recent paper of Bauschke et al. [4], it was shown that for maximal monotone operators
A:D(A)C H— 2" and B: D(B) C H — 2% the sequence generated from the method

of alternating (or composition of) resolvents
HBxOHxlszonxngfxlr—>x3:J;\4x2r—>x4:fo3r—>--- ,

for A > 0, converges weakly to a point of FixJ{'.JP — the fixed point set of the composition
J{{JB — provided that this set is not empty. The method of alternating resolvents given
above is a natural extension of the method of alternating projections, since projection
operators coincide with resolvent operators of normal cones. In this chapter, we shall

investigate the convergence of the sequence generated by the inexact method of alternating
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resolvents

Topy1 = ng(ﬂfgn—i—@n), forn=0,1,...,

Top — Jﬁ(.l?zn_l + 6;1), for n = 1,2, ey

where o € H is a given starting point, (5,) and (7,) are sequences of positive real
numbers, and (e,) and (e],) are sequences of computational errors. More precisely, we
shall show that under the summability condition on (||e,||) and (||e,||), the sequence of
alternating resolvents defined above is weakly convergent to a point of A~1(0) N B~1(0)
provided that this set is not empty, and that both (3,) and (v,) are bounded from
below away from zero. In order to obtain strong convergence results for general maximal
monotone operators A and B, a modification (following the idea from the case of a single
maximal monotone operator (cf., Section 3.4)) of this method is carried out, see Section 5.2
below. With such a modification, the summability condition on the error sequences (||e,||)
and (||e),||) is also relaxed. The main results of this chapter are Theorem 5.2.1 and
Theorem 5.2.2.

5.1 Some remarks

We begin this section by showing that whenever A (respectively, B) is strongly (and
maximal) monotone and (/3,,) (respectively, (7,)) is bounded from below away from zero,
with the error sequences (e,) and (e,) being bounded, then the sequence (z,) generated
by

Topp1 = ng(:pgn +e,), forn=0,1,..., (5.1)
Ton = JD(Tan-1+€)), forn=1,2,.., (5.2)

is bounded. In fact, we prove this result for coercive operators of which strongly monotone

operators are particular cases.

Proposition 5.1.1. Let F := A7*(0) N B~*(0) # 0, where A : D(A) C H — 2% and
B : D(B) C H — 2% are mazimal monotone operators. Assume that the error sequences
(en) and (e),) are bounded. If either (1) A is coercive and (B,) is bounded from below away
from zero, or (ii) B is coercive and (7y,) is bounded from below away from zero, then the
sequence (z,,) generated by (5.1) and (5.2) is bounded.

Proof. (The proof of this result is essentially borrowed from the proof of Theorem 3.5 [39,
p. 152]). Fix p € F, and let C* be a positive constant such that

lenll + |lel|| < €, for all n > 0.

77 by O. A. Boikanyo



CEU eTD Collection

Tean Chapter 5. The method of alternating resolvents

Then we have from (5.2), and the fact that the resolvent operator is nonexpansive

220 =Pl < [[720-1 — P+ €]
< Nlwan—1 —pl| + |le,ll . for all n > 1. (5.3)

Similarly, from (5.1) and the above estimate, we have

N

[#2n41 — Pl < lwen — pll + llenll
||x2n—1 _p“ + ”en” + HdLH , foralln>1,

IN

which implies that
[2oniill <zl +2[pl + €7, foralln > 1.

Now let vy be the vector associated with the coercivity of A. Denote C := C* + 2(]|p|| +
lvoll). Then by (2.4) there exists a constant K* > 0 such that

<777§ — U0> > Cl (54)

&En) e A €]l > K implies > —
EmeA el i >

where £ > 0 is the greatest lower bound of (53,). If ||ze,41]| < K* for all n > 0, then there
is nothing to do. So we assume that there is an index k such that ||xersq1|| > K*. Then

multiplying
Top — Vo + €k € Top1 — Vo + FpATopia

by the unit vector (zox+1 — vo)/||Tek+1 — vol|, and making use of (5.4), we get,

[22r41 = vol| + C1 < [lwa — wol| + [lex]] < [lwarll + flvoll + flexll
which implies that

[Z2k1l] < [[22rs1 = vol| + [voll < o]l + 2l[voll + [lexll = Cr -
On the other hand, from (5.3) we derive

[22n]] < llanall + 2[lpll + llenll ,  for all n > 1,

so that

[zl < Nzoe-all + 2llvoll + 2llpll + ller]l + llexll — C

< w2kl + 2(f[voll + [2l]) + €7 = C1

zor—1]] -
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Therefore, we have for each n > 1
[ zon41]] < max {K" + C" + 2]|p[|, [lz2n-1 ]} - (5.5)

Setting p, = max {K* + C* + 2||p|, ||zan-1]|}, we deduce from (5.5) that the sequence

(pn) is decreasing. Hence
lzons1]| < pn < max {K*+ C* +2||p||, [|z1]||}, forall n >1,

showing that the subsequence (xg,.1) of (z,) is bounded, and so is the subsequence (zs,)
of (z,) (cf. (5.3)). Hence the sequence (x,) itself is bounded. The proof of this result
when B is coercive and (7,) bounded from below away from zero is an analogue of the
above given proof. m

We now give a convergence result associated with the sequence generated from the method

of alternating resolvents.

Theorem 5.1.2. Let A : D(A) C H — 27 and B : D(B) C H — 2 be mazimal
monotone operators with F := A~1(0) N B~Y(0) # 0. Let (x,) be the sequence generated
by (5.1) and (5.2), where B, v, € (0,00). Assume that )~ |len|| < 0o and > >~ |leh|l <
oo. If both (B,) and () are bounded from below away from zero, then (z,) converges
weakly to some point of F' for any given xo € H.

Proof. 1t is worth pointing out that

Tons1 + BnAxonyr D xopn+e,, forn=01,..., (5.6)

Ton + VnBTon 3 Topq+e),, forn=12...,

are equivalent forms of equations (5.1) and (5.2) respectively. Let us first note that if the
set F'is nonempty, then the sequence (||z,, — pl|) is convergent for any p € F, hence (z,,)
is bounded. Indeed, for any p € F', we have from (5.2)

220 =Pl < [[220-1 — Il + [l ]l- (5.8)
Similarly, from (5.1) we derive
2201 =PIl < w2 — I + [lenll,

which together with (5.8) implies that

n n—1
z2n1 = pll = > (el + llexll) < ey —pll = > ekl + lexl)-
k=0 k=0
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This shows that the sequence (||za,4+1 —pl|) is convergent. Similarly, (||za, —pl|) is conver-
gent, with the same limit (see above). Consequently, the sequence (||z,—p||) is convergent,

as claimed.

Now subtracting xs, from both sides of (5.6) (resp. xg,_ 1 from both sides of (5.7)) and
multiplying the resulting inclusion relation scalarly by x9,.1 — p (resp. by x, — p) for
some p € F, we get upon the use of the monotonicity of A (resp. of B)

(Tant1 — Top, Tont1 — P) < €y Ton1 — ), and  (Tap — Tap—1, T20 — P) < (€, T2n — D),
respectively. Equivalently, we have, for some positive constant C,

[22n41 = Ton |l + |22041 = PII* = [l22n — pII* < Cllenll,
and

l22n — 2201 [* + llw2n — pII* = 2201 = plI* < Clle I,

respectively. Adding these last two inequalities, and passing to the limit in the resulting

inequality, we arrive at
lim ||z, — z,|| = 0. (5.9)
—00

Notice that from (5.6) and the fact that (3,) is bounded from below away from zero, we
have
Ton — Ton41 +én

Bn

which implies that wy((29,11)) € A71(0). Similarly, we derive from (5.7) the relation
wy((z2,)) € B71(0). Therefore by Opial’s lemma, there exists v € A~!(0) and w € B~1(0)
such that x9,11 — v and 5, — w.

Axopi1 D — 0, as n — oo,

We finally show that v = w. Indeed, for all z € H, we have

(v—w,z) = lim (9,41 —w, 2) =
—00

im (29,41 — Top, 2) + lim (29, —w, z) = 0.
n — 00

n n—oo

Consequently, z,, — v € A~1(0) N B~1(0). O

Remark 5.1.1. If, in addition to the assumptions of Theorem 5.1.2, either A or B is
strongly monotone, then we have strong convergence to the unique element of F'. Assume
without loss of generality that B is strongly monotone with monotonicity constant c.

Then, since (z,,) is bounded, we have from (5.7)
(Ton — Ton—1, Tan — P) + Yn(BTon, 120 — p) < Mle, |,
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for some M > 0, where p is the unique point of B~(0), p € A~!(0). Using the strong
monotonicity of B, we have

1220 = @201 |* + w20 = pII* = 2201 = pI* + 2¢7n ][220 — pII* < 2M|lel ]l (5.10)
On the other hand, since
1z2n+1 = @20ll* + 22041 = PI* = 220 = plI* < Cllenll, (5.11)
for some positive constant C', we have
[Z2n 41 — Zanll” 4 2¢7ml|22n — PII* < (2201 — pII* = [[22001 — PII* + Cllenl| + 2M|[e]].

Summing this last inequality from n = 1 to n = oo, and using the fact that ,, is bounded

from below away from zero, one derives the strong convergence of (z,) to p.

Remark 5.1.2. When 7, — oo (in the case when B is strongly monotone) or 3, — oo

(in the case when A is strongly monotone), norm convergence of the error sequences

(e,) to zero and boundedness of (e/,) (respectively, norm convergence of (e!,) to zero and

boundedness of (e,)) are enough to guarantee strong convergence of (x,) to the unique

point p € F. Indeed, we have from (5.10),
1

|| zon —p”2 < m(”ﬂbn—l - pH2 + 2MHde)

K
< ?
14 2¢y,

for some K > 0, where the last inequality follows from the fact that the sequences (z,,) and
(e!,) are bounded. (For boundedness of (x,) consult Proposition 5.1.1 above). Therefore,
passing to the limit in the above estimate, we see that (zs,) is strongly convergent to
p. On the other hand, passing to the limit in (5.11), we also derive strong convergence
of (x9n41) to p. Consequently, the whole sequence (z,,) is strongly convergent to p, as
claimed. The other case is proved analogously.

Remark 5.1.3. In the case when (e,) and (¢€/,) are zero for every n, then the sequence
(x,,) converges to p at least at a linear rate, whenever both (/3,) and (v,) are bounded from
below away from zero. In the event that B is strongly monotone and 7,, — oo (resp. A is
strongly monotone and 3, — o0), the rate of convergence is improved to superlinearity.
These facts follow from the two inequalities

|zan — pl| < 1 and | z2n+1 — D] < 1

[Z2n—2 — pll = I+ 27, 2901 —pll = VT4 2c7,

which are a result of combining inequalities (5.10) and (5.11) with e, = 0 = ¢/, for all
n > 0.
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Remark 5.1.4. Strong convergence can also be obtained if in addition to the assumptions
of Theorem 5.1.2, either one of the resolvents J{* := (I + A)™t or JB := (I + B)™! is
compact. Indeed, if for instance the former resolvent is compact, then we may write (with
the help of the resolvent identity) equation (5.1) as

Tons1 = Ji'2,, where z, = i(xgn +en) + (1 - i) Tonil-
On Bn
Since (z,) is bounded and J{! is compact, there is at least one strongly convergent sub-
sequence, say (Zop,+1), of (2,41). Let ¢ be the limit of (xg,,+1). Then from (5.9), we
derive x9,, — ¢. Therefore, a subsequence (z,, ) of (z,) converges strongly to ¢. We note
that ¢ € F, since wy((z,)) C F. On the other hand, lim,, ., ||z, — p|| exists for all p € F,
so this limit is zero for p = ¢, i.e., (z,) converges strongly to g.

Remark 5.1.5. We have shown in Theorem 5.1.2 that if the sequences (|le,||) and
(lle||) are summable, and the parameters 3, and -, are bounded away from zero, then
the sequence generated from (5.1) and (5.2) converges weakly to a point of F':= A~1(0)N
B71(0), provided that this set is not empty. Note that weak convergence of (z,) (with
Bn = Y = A for some A > 0) was also shown in the paper of Bauschke et. al [4] where the
set F' was replaced by a generally larger set Fix J{JP. However, in the particular case
when A and B are specialized to subdifferentials of indicator functions of closed and convex
sets K7 and K, (that is, normal cones to K; and Ks, respectively), then p € K; N Ko
(equivalently, a point p belongs to the set F') if and only if p is a fixed point of the
composition mapping Py, Pk, . Indeed, for A = 0I,, thenp € A~1(0) & p = Jg‘p = P,p
for some 3 > 0. Similarly, for B = 0l,, we have p € B~1(0) & p = Pk,p. Therefore,
p € A71(0) N B71(0) implies that p = Pk, Px,p. Conversely, suppose that there exists a
point p € H such that p = Pk, Pk,p. Then it is obvious that p € K,. It only remains
to show that p € K. For this purpose, we derive from the inequality characterizing
projections

(p— Pg,p,p—v) <0 forallve Ky, and (p— Pg,p,w— Pg,p) <0 forallwe Kj.

Therefore, if K7 N K5 is not empty, then taking any point y € K; N K5 in place of v and
w in the above inequalities, we readily establish that p = Pk, p. Hence p € K, as desired.

It is worth pointing out that the above remark shows that if K; N Ky # (), then the sets
K1 N Ky and Fix Pk, Pk, coincide. In the case when K; N Ky = (), then either one of the
following three cases may occur: (a) Fix Py, Px, = K, or (b) Fix Pk, Px, = 0, or (c)
() # Fix Pg,Px, € Ks. Indeed, taking K; and K, to be two parallel (and distinct) lines

in R?, then one can easily check that for any point x € K,, we have Py, Px,z = x, and
the intersection of K; and K is the empty set. This verifies case (a). An easy way to
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see the validity of case (b) is to consider the two closed and convex sets K1 = {z x y €
R? |z > 0 with zy > 1} and Ky = {x x y € R* | z < 0 with — zy > 1}. We leave it to
the reader to verify the other case.

The above discussion shows that the set Fix Pk, Pk, is in general larger than the set
K; N Ky. One can easily prove that the set Fix Pk, Pk, contains at least one element
if in addition to the convexity and closedness of K; and Kj, either one of K; or K, is

bounded. We state this fact more formally in the next proposition.

Proposition 5.1.3. Let K and K5 be two nonempty, disjoint, closed, convex subsets of
a real Hilbert space H. Assume that either Ky or Ky is bounded. Then Fix Py, Py, # 0.

5.2 Strong convergence results

Since the sequence generated by the method of alternating resolvents (equations (5.1) and
(5.2)) is in general only weakly convergent, even in the case of the method of alternating
projections (see [26]), we modify this method in order to enforce strong convergence. Thus

we define the sequence (x,,) iteratively by

Tonp1 = Ja(anu + (1 —ay)zo, +€,), forn=0,1,..., (5.12)
Top = J,i(:cgn,l +e), forn=12..., (5.13)

where the points zg,u € H are given and e = 0 by convention. The idea is borrowed
from the regularization method for the case of a single maximal monotone operator (see
[32, 55]). Besides producing strongly convergent sequences, such a modification works well
in the case when the error sequences (e,) and (e},) are not summable, see Remark 5.2.1
below. Note also that from (5.12) and (5.13) with A = JIk, for K; = H, we reobtain
the old modified proximal point algorithm (introduced by Xu [54] and Kamimura and
Takahashi [28]) for z,, := w9,. Similarly, if B = 0lk, where Ky = H, we reobtain the
regularization method [55] which is in fact equivalent [8] to the old modified proximal
point algorithm for z,, := s,41. Moreover, from (5.12) and (5.13) with A = 0Ik, and
B = 0Ik, where K; and K, are nonempty, convex and closed subsets of H, we recover
the method of alternating projections. With our modification, these algorithms become

strongly convergent (under suitable assumptions) as the following theorems show.

Theorem 5.2.1. Let A : D(A) C H — 27 and B : D(B) C H — 2 be mazimal
monotone operators with A~1(0) N B71(0) =: F # 0. For arbitrary but fized vectors
xo,u € H, let (z,) be the sequence generated by (5.12) and (5.13), where a,, € (0,1)
and By, n € (0,00). Assume that (i) lim, e o, = 0 with Y .~ o, = oo, and either
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lim, oo Qpy1/an = 1 o1 Y 07 |oms1 — an| < oo, and that (ii) both (5,) and (v,) are

bounded from below away from zero, with

Z Wn—&-l - ﬁn| < oo, and Z |’Vn+1 - ’7n| < Q.

n=0 n=1

If the error sequences (e,) and (€))) satisfy either one of the following conditions,
(a) 2ono llenll < oo, and 3207, (e || < oo;
(b) >nto llenll < oo, and |le[|/om — 0, with 3 77, [lef, 1y — e || < oo
(©) llenll/an — 0, and [[e}[|/am — 0, with 3277, [leg, 1 — €] < oo;
(d) lleall/om — 0, and 3277 [len]| < oo,
then (x,) converges strongly to the point of F' nearest to u.

Proof. We shall prove the theorem only when the error sequences (e,) and (e!,) satisfy
either condition (c) or (d). The reader will find it easy to adapt the proof given below to

the other two cases.

The first step is to show that (x,) is bounded. Take any p € F. Then from (5.12) and
(5.13), we have

st =l < llan(t = p -+ enfan) + (1 = an) (@om — )l
en
< an{||u—p||+ ” ”}+<1—an>||x2n—pu
< anC + (1= an)llwams —pll + Ll (5.14)

where the first inequality follows from the fact that the resolvent operator is nonexpansive,

and C' is a positive constant such that

sup{Hu —p| + el |n > 0} <C.
a

n

Such a constant exists because the sequence (||e,||/c,) is bounded. Applying induction
to (5.14), yields

n n

t llwo = plIl [T = cr) + > lleil-
k=1

k=0

n

1] - )

k=0

|z2nt1 —pl| < C

Therefore, under condition (d), the subsequence (xg,1) of (z,) is bounded, and so is the

subsequence (zg,). Consequently (z,) is bounded.
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In the case when both (|le,||/ay) and (||€,]|/an) are bounded, we have from equations

(5.12) and (5.13)

n

llenll n|| B B el
On ”u p” + 0+ (1 —a) ||x2n—1 p” + oy o
< o, 0"+ (11— an)||:v2n_1 -, (5.15)

en
oo =pl < an{llu=pl+ 220 4 (0 0o, i

IN

where C* is a positive constant such that

€n «
e {h— i+ Lol B 5 0} <

n

Applying induction to (5.15), we again derive that (x,,) is bounded.

Next we show that the weak w—limit set of (z,,) is contained in F', that is, wy((z,)) C F.
Using the resolvent identity, we write (5.12) as

Tont1 = J/g‘mrl (@(Ognu + (1 — ozn):v% + en) + (1 — 6n+1> :L‘Qn—l-l) .

DB B
Therefore, by the nonexpansivity of the resolvent operator, we have
ﬁn—&-l 5n+1

[Emss — Zamst]]| < ‘ u—am@%ﬂ—um+(r—6 )@%m—mmn

B
n+10n €n n+10n [ €En €n
o (o= 2 (s 22) 25 (- )
Bn Qpt1 571 Qpy1 Qanp
B Bn
S 1 (]- - Oén>||x2n+2 - x2n|| + 1 - 1 K
ﬁn ﬁn
ﬁn—i—lan ﬁn—&-lOén En+1 €En
+ oy — K 4 Do -, 5.16
* ﬁn ﬁn Opi1 Qp ( )

where K is a positive constant such that

sup {

We now estimate ||z2,10 — 2,/ as follows:

€nt1

U — Topyo +

+W%H—x%ﬂmnzo}SK.

an—i—l

Tn Tn
JWB:L ( (Zoni1+ €1) + <1 - ) $2n+2) - Jf}i(IZn—l +€,)
Tn+1 Tnt+1

T :’

< ||(zopns1 — Ton_1) + (1 I > (Ton+2 — Tont1 — 6:1+1) + (€/n+1 —€p)
’Yn—l—l
’yn ! /
< lzang1 — o + |1 — M + |ley 1 — el
’)/n+1
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for some positive constant M. Therefore

|Tonts — Tont1l| | T2ns1 — Ton_1]| ‘ 1 ‘ o ,
< (I-o —— | K+ |1- M
ﬁn-ﬁ-l ( n) ﬂn ﬁn—i—l ﬁn Yn+1
s 0| e e, b =l
ﬁn—&-l ﬁn 611 Ont1 (079 6n

for some positive constant M'. Hence by Lemma 2.1.1 (and Lemma 2.1.2), we derive

”x2n+l - l‘znle

Bn

As a matter of fact, ||z2,12 — T, || — 0 as well. Now, multiplying the inclusion relation

—0 & |21 — Ton—a|| — 0.

Ton4+1 — Ton42 + ﬁnAx?n—i-l > an(u — Ton + en/an) + Ton — Ton+42,

scalarly by 5,41 — p (where p € F') and using the monotonicity of A, we get

<$2n+1 — Tont2, L2nt1 — p) < a, K+ LH$2n - x2n+2H7 (5-17)

for some positive constants K’ and L. Similarly, multiplying the inclusion relation

/
Tont2 — Toant1 + Ynr1BTony2 3 €,

scalarly by zg,.12 — p and using the monotonicity of B, we arrive at

<332n+2 — Lon+41; Loan+2 — p> < Ll”dﬁ-l”? (5-18)

for some constant L' > 0. Adding the inequalities (5.17) and (5.18) and passing to the
limit in the resulting inequality yields

lim ||z,41 — 2,]] = 0. (5.19)

Therefore passing to the limit in

an(u - x?n) + Ton — Toan+1 + €n

B

we see that wy((72,11)) € A71(0). Similarly, we derive wy((x2,)) € B~(0). It then follows
from these two inclusion relations and (5.19) that w,((x,)) C F = A~1(0)n B~(0). This
suffices to deduce that

A$2n+1 > , (520)

lim sup (u — Ppu, z,, — Ppu) < 0. (5.21)

n—oo
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We remark that the set F' is closed and convex — being the intersection of two closed and
convex sets, therefore there exists a unique point ¢ € F' such that ¢ = Pru. From (5.12)
and (5.13), we have for ||e,|| /o, — 0 and > 2 |leL|| < oo,

lzonsr = all* < (1 = an)(z2n — @) + an(u — g + en/an)||?

(1= ) llz2n —all® + o} lu — g + ea /e

+ 2an(1 - an) <U —q + 6n/an>$2n - q>

< (1= ap)llean—1 — qlI* + C'[|e},]]

+ Qn |:a/nO/ + 2(1 - an) <U —q + e_nvxZn - q>:| 3
7%

where C" is a positive constant such that

sup {

e/
st —al? < (1= an)lleans — gl + [0’ (an+ ” n”) .

n

2

eTL
u—q—l—a—

+ llenll + 2l z2n—1 — gl [ 2 > 1} <,

or

€n
+ 2(1—an)<u—q+a—>$2n—Q>]>

n

in the case when |le,||/a, — 0 and ||} ||/a, — 0. Hence by Lemma 2.1.1, we have (in
both cases) ||z2,11 — ¢|| — 0, as n — oco. Moreover, since x9, 1 — T2, — 0, we also have
|z2n, — q|| — 0. Consequently, z,, — ¢ as n — oo. O

Example 5.2.1. The sequences

2
—, if n is even M, if n is odd
3n 3n

R Bn=Y
—, if n is odd, , if n is even
2n 2n

satisfy the conditions

oo

Qi o . Q41 ﬁ 1
5 M <o, and  lim <n—+ _ > =0,
=0 Bn-‘rl ﬁn n—0o0 7 ﬁn

but v, defined above does not satisfy neither lim,, .o t1/0, = 1nor Y~ o1 —ay,| <

00, (as assumed in Theorem 5.2.1).

The modification carried out in (5.12) and (5.13) is not the only possible one that can be
made. Alternatively, we could have opted to modify (5.2) instead of (5.1), we however
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do not carry out such modification as it yields similar results to the ones obtained from
(5.12) and (5.13). The other possibility is to modify both (5.1) and (5.2), in which case

the sequence (x,,) is generated via the algorithm

Topy1 = J[’i(anu + (1 — )z +€,), forn=0,1,..., (5.22)
Ton = JO(au+ (1 —ap)ta,1+e¢),), forn=12.., (5.23)

for given zg,u € H. A consideration of (5.22) and (5.23) instead of (5.12) and (5.13)

enables one to dispense with the assumption Y~ |le},;—e. || < co appearing in condition

(c) and (d) of Theorem 5.2.1.

Theorem 5.2.2. Let A : D(A) C H — 27 and B : D(B) C H — 2 be mazimal
monotone operators with A=1(0) N B7Y(0) =: F # (. Fir zo,u € H, and let (z,) be
the sequence generated by (5.22) and (5.23), where o, € (0,1) and Bn, v € (0,00).
Assume that (1) lim,, oo, = 0 with Y " o, = 00, and either lim, o i1 /a, =1 or
Yoo o lanyr — an| < o0, and that (ii) both (8,) and (v,) are bounded from below away

from zero, with

Z |ﬁn+1 - 6n| < e, and Z |’Yn+1 - 7n| < oQ.
n=0

n=1

If the error sequences (e,) and (€)) satisfy either one of the following conditions,
(a) 2og llenll < oo, and 3277 [len]l < oo;
(b) 2ng lleall < o0, and |le,||/om — 0;
(c) llenll/om — 0, and ||e,[|/om — 0;
(d) llenll/an — 0, and 3207, [leq || < oo,
then (x,) converges strongly to the point of F' nearest to u.

Proof. We prove the result only for the case when condition (c) is satisfied.

As before, we begin by showing that (z,) is bounded. As we have already seen in the

proof of the previous theorem
en
oo =pl < an {llu=pl+ 224 (0 0y, = )

Similarly, we have

lenl

fow <ol < an fllu—pll+ 20 E 4 1= allows =)

PhD Thesis 8 8
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Therefore
Hx2n+1 _p” S anC* + (1 - Oén)Hx2n71 - pH7

where C* is a positive constant such that
/
ap fotu = 12 10} <
n>0 (67% n

The boundedness of (x,) follows easily from the above inequality. Dividing (5.16) by
Bns1Yns1, and noting that (,,) is bounded from below away from zero, we have

2043 — Ton | < (1-an) [ Zon42 — Zon|| 1 _ 1 K’
Br17n+1 Br Y1 Br1 DBn
Xn+1 Qn / A €n+1 €n
+ — K -, (5.24)
Brt1 B BrnYn+1 || Ony1 A
for some K’ > 0. On the other hand, a similar computation to (5.16) yields
Tn Tn *
|Z2ni2 — Ton|| < ’YH (1 — an)lz2ns1 — zon—all + ‘1 — K
n Oén * n an 6;1 6;{
[y — R e g Tt Pt S (5.25)
n Tn Opi1 Oy,

for some positive constant K*.

Now dividing (5.25) by 5,7Vn+1, and noting that (3,) is bounded from below away from
zero, we have
1 1

H$2n+2 - $2n|| ||$2n+1 - $2n—1||

6n’7n+1 6n'7n Yn+1 Tn
+ Q41 i % 7% eilri’l . ﬁ ,
Tn+1 Tn 571771 Qpit1 Qap

for some positive constant L. This last inequality together with (5.24) gives

T —x T — Top— 1 1 1 1
72043 — Tanti | < (1_%)“ 2nt+1 — Ton—1|| e Ly
n+1 /n+1 n In n+1 n n+1 n
Bri17 By B B gl gl
i Qny1  Qn K+ Qny1  Qp I+ Qp, Entl  Cn
ﬁn—i—l ﬁn Yn+1 Tn ﬁn’}/n-i-l Qpi1 Qp
+ & @ _ i
ﬁnﬁ)/n CVn—i—l (07% ’

Hence by Lemma 2.1.1, we derive

||$2n+1 - $2n—1||
BnVn

-0 & |zt — o] — 0,
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where the equivalence is due to the fact that both (3,) and (~,) are convergent.
Multiplying the inclusion relation
Tony2 = Tant1 T Ynt1 BTanta D Qnyp1 (U — Tongr + €0 q/0nyn)
scalarly by 9,12 — p and using the monotonicity of B, we arrive at
(Tant2 = Tan1, Tanso — P) < QL7
for some constant L* > 0. We have already shown in (5.17) that
(Tont1 — Tops2, Tops1 — D) < K+ L|22 — Tangal],

so that adding these two inequalities and passing to the limit in the resulting inequality,

we arrive at
lim ||zp41 — @] = 0.
n—oo

Therefore as in (5.20) we derive the inclusion relations wy((z2,41)) € A™1(0) and wy((72,)) C
B~1(0). Since x,,1 — x, — 0, these inclusions imply that w,((x,)) C F, and hence

limsup (v — Ppu, x, — Pru) < 0.

n—oo

Finally, we show that x, — Ppu. From (5.22) we have

= (1- an)Qngn — PpuH2 + ai |lu — Ppu + en/anH2

+ 20,(1 — ) (u— Ppu+ e,/ an, 2, — Ppu) . (5.26)

lz2n1 = Prull® < [[(1 = o) (220 — Pru) + an(u — Ppu + en /o)

Similarly, we have from (5.23)

220 = Prul® < (1= ) |wan—1 = Prul* +a lu = Peu + ¢, /e

+ 2a,(1 —ay) (u— Pru+ €, /ay, xon_1 — Pru),
which together with (5.26) gives
[ 22011 — Prull® < (1 = a)|[220-1 — Prull* + anbn,
where

/
by = a,C1 +2(1 — ) [<u — Pru + e—",zgn — Ppu> + <u — Pru + e—”, Top_1 — Ppu>} ,
a a

n n

for some positive constant C';. Therefore by Lemma 2.1.1, we derive x5,.1 — Ppu. Since
Tpi1 — T, — 0, we deduce strong convergence of (z,,) to Pru. O
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Perhaps we should conclude this section by briefly explaining how the algorithms presented
in this section work under the error condition(s) ||e,||/a, — 0 (and/or ||€,||/a, — 0)
of Theorem 5.2.1 (Theorem 5.2.2). The condition Y - |le,]| < oo needs no further

elaboration as it has been widely used by several authors.

Remark 5.2.1. The non summability condition on the sequence of computational errors
appearing in Theorem 5.2.1 was discussed in Section 3.2. As explained in that section,
such a condition renders the algorithm in question applicable in approximating zeroes
of maximal monotone operators for every sequence of errors converging to zero in norm.
In the current setting — where two nonlinear operators are involved — for sequences of
summable errors the algorithm works as expected, that is, one chooses the sequence («,)
independent of the errors involved and execute the algorithm as usual. However, as soon
as the sequence of computational errors associated with either one of the operators is
norm convergent to zero and satisfy the condition > 7 '|le,|| = oo, then an appropriate
construction of the sequence of parameters (a,,) is carried out. Such a construction
always depends on the error sequence (e,) as it must meet the condition ||e,||/a, —
0 for Theorem 5.2.1 to be applicable. The process of finding common zeroes of two
maximal monotone operators by means of iterative processes thus entails dividing the error
sequences into two classes — the class of errors satisfying the condition Y |le,|| < oo
and the ones that satisfy the condition >, ||e,|| = co — and constructing an algorithm
in accordance with the rules introduced and discussed in this section.
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Chapter 6

Some Applications

In this chapter, we illustrate how the results of the previous chapters can: (a) be used to
approximate minimizers of convex functionals, and also (b) be applied to solve variational
inequality problems. In particular, we shall show that when the sequence of errors does
not satisfy the summability condition, then the pool of items from which the sequence of
parameters (ay,) can be chosen in order to construct sequences that approximate minimum
values of convex functionals can be increased. A typical construction of such a sequence
can be obtained by choosing the parameters a,’s in such a way that a,, = \/m fore, #0
if n stays large, and a,, = 1/2n otherwise. We also state and prove some convergence
results for the particular case of subdifferential operators, under weaker conditions on the

control parameters.

6.1 Minimizers of convex functionals

The subdifferential of a proper and convex function ¢ : H — (—o00, +00] is the operator
(possibly multivalued) d¢ : H — H defined by

Op(x) ={we H|p(x) —p) <{(w,z—v), YveH}.

From this definition, we see that a pair (z,y) € d¢ if and only if the point z minimizes
the function ¢ : H — (—o00, +00] defined by the rule z — ¢(z) — (z,y). In particular, a
point # € H is a minimizer of ¢ if and only if x € D(9p) and 0 € dp(z). In the case when
the function ¢ : H — (—o00, +00] is proper, convex and lower semicontinuous, then its
subdifferential dp =: A, is a maximal monotone operator, and therefore algorithm (4.14)

reduces to

Up41 = arg mianngn(x%
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where .

on(x) = @(x) + %Hx — Q1 — Ay 1Vp — V1T Vn — €1 ||
Thus, under the assumptions of Theorems 4.2.4, 4.2.5 and 4.2.7, (v,) converges strongly
to the minimizer of ¢ nearest to u. In fact, in this case of the subdifferential, we can
derive weak convergence of the sequence (v,) under fairly mild conditions. Even more,
we are able to give convergence rate estimates for the residual ¢(wg.1) — ¢(z), where @

is a proper, convex and lower semicontinuous function, z is an arbitrary point of H, and
n n
1 .
w, = o, E OpUgr1, with o, = E Ok (6.1)
k=1 k=1

In general, if a sequence (v,,) converges strongly (resp. weakly) to a point, say p, then the
sequence of its weighted means with positive weights (3,) defined by (6.1) also converges

strongly (resp. weakly) to the same limit p, provided o, — oc.

We remark that the function ¢, is somewhat favorable compared to the original function
p as it preserve all the properties of p, and even more, it is always coercive having a unique
minimizer v, due to the quadratic term added to . Concerning points of the sequence
(v,) generated by algorithm (4.14), it is worth noting that since D(d¢) C D(yp), for any
given starting point vy € H, all of the v,’s (for n > 1) are elements of the domain of .
This favorable feature which is not possessed by algorithm (4.1) allows us to approximate
minimum points of the functional ¢. It should however be mentioned that this property
is shared by both algorithm (4.14) and algorithm (4.1) in the case when ), is identically
zero for all n and T is the identity operator, since for this case the two algorithms are

equivalent.

The first result of this section is concerned with the convergence of ¢(wyy1).

Theorem 6.1.1. Let A = 0p and O # A~'(0) C F(T) where ¢ : H — (—00,+00] is a
proper, convez and lower semicontinuous function, and F(T) is the set of all fized points
of the nonexpansive map T : H — H. For any fivzed u,v; € H, let (v,) be the sequence
generated by algorithm (4.14) and (w,) be as in (6.1).

o If (en/aw) is bounded, then for some M > 0, we have

o o= 22 M (o )

% , forall ze€ H. (6.2)

p(wn) = (2)

o If Y7 ekl < oo, then for some K > 0, the following estimate holds

. 2 n—1
o) — p(z) < 1= KT+ el
O-TL

, forall ze H. (6.3)
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If in addition, o, S0 —s(ax + 1) — 0 as n — oo, then o(w,) — infyeq p(y).
Proof. We prove only estimate (6.2). The proof of the other estimate is similar. Note
that for A = dp, we have from (4.14),
ap_1(u — vk + ex—1/ak—1) + Ye—1(Tvx — vg) + (Vg — Vkt1) € BrOP(Vg+1),
and since both (e /ay) and (vy,) are bounded, we have for all z € H
2Bk(p(vrr1) — ¢(2)) < 2(0k = Vg1, Vg1 — 2) + Y1 (L0 — Ok, Vg1 — 2)
+ 201 (u — vg + ep_1 /01, Vg1 — 2)
<

(lor = 2l* = lowsr = oell* = llowa — 2[)
M(Ve-1 + 1), (6.4)

+

for some M > 0. Summing (6.4) from k = 1 to k = n, and rearranging terms, we get

_ 2 n _ n n
o(2) + Jor — 2P + M 325 (1 — M) > 2 =1 Orp(Vk11) > 0 (M) . (6.5)
20, On on
Therefore (6.2) follows from (6.5). The final assertion of the theorem is obvious. O

Theorem 6.1.2. Let A = 0p and ) # A~*(0) C F(T) where ¢ : H — (—o00,+00] is a
proper, convex and lower semicontinuous function, and F(T) is the set of all fized points
of the nonexpansive map T : H — H. For any fivzed u,v; € H, let (v,) be the sequence
generated by algorithm (4.14) with liminf, .o B, > 0 and Y 5o (o + ) Bty < 00 being
satisfied. If either (||e,||/an) is bounded, or Y ;- |lex|| < oo, then v(v,) — infyem o(y)
as n — oo. Moreover, if either ¢ has a unique minimizer, or (3,) is bounded, then (v,)

converges weakly to the minimizer of .

Proof. We prove the result only for the case when (||e,||/a,) is bounded. The proof of
the other case is similar. Note that from (6.4) (with z := v,,), we have

n—1 n— 2
M (o + ’Yk) M (g + i)
SO(UnH —7 ﬂ— Un, _72 3 )
= k41 o k41
and since
n—1 00
M (o +91) . M — (ar + )
Uptl) — — —= > inf p(y) — — — > —00,
o) = 3 G 2 inf o) = 5 3G

we conclude that lim,, . ¢(v,) exists and it is finite. Again we note from (6.4), (with
2 = wv,), that

2
(Pemtel) < 2 oton) = gty + HOLEED o g
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Moreover, for any z € H, we have from (6.4)

n~ Un M n— '
<P(Un+1)—<p(z) < <w,vk+l—2>+ (a 1+ 1)—>0.

Bn 20

In particular,

Jim o(v,) = inf o(y). (6.7)
We have from (4.14),
0¢(Vk+1) 52 L (u — vy 4 G ) Ve~ L(Tup — vy) + (v — Vg41) 0

5k k-1 B B

Since Jyp is demiclosed, (see Lemma 2.2.8), for a subsequence (v,,) of (v,) converging
weakly to some v.,, we conclude that v, € F. Thus wy((v,)) C F. The conclusion
follows if ¢ has a unique minimizer, that is, F' is a singleton. Now assume that (3,) is
bounded. Then, for any p € F', we have from (6.4)

n—1 n—2
[ =l = MY (ak+7) < llon —pl> = MY (ar + ).
k=0 k=0
On the other hand,
n—1 [e's]
[k —MZ ap+ ) > — Z%‘F% —00.
k=0 k=0

These two inequalities imply that lim,, .. ||v, — p|| exists and it is finite. Therefore, by
Opial’s lemma, there exists ¢ € F' such that v,, — gq. O]

Obviously the above discussion is carried over to the regularization method of Section 3.4.

In particular, we have the following corollaries.

Corollary 6.1.3. Let A = d¢ and A71(0) # 0 where p : H — (—o00,+0o0| is a proper,
conver and lower semicontinuous function. For any fixzed u,v; € H, let (v,) be the

sequence generated by algorithm (3.31) and (w,,) be as in (6.1).
o If> 7 |lex—1]| < oo, then for some K > 0, the following estimate holds

lvr = 21* + K 3 ks (a1 + llexa )

o(w,) —p(z) < , forall ze€ H.
20,
o [f (en/an) is bounded, then for some M > 0, we have
—z|P+ MY} _
p(wn) —@(2) < o = 27+ M3y o 1, forall z € H.

20,

95 by O. A. Boikanyo



CEU eTD Collection

AI‘I
SCEU

o Chapter 6. Some Applications

If in addition, ;' >"7_ ag—1 — 0 as n — oo, then p(wy,) — inf ey p(y).

Corollary 6.1.4. Let A = d¢ and ) # A~'(0) where ¢ : H — (—o00,+00] is a proper,
conver and lower semicontinuous function. For any fivzed u,v; € H, let (v,) be the se-
quence generated by algorithm (3.31) with liminf,_. £, > 0 and Y., akﬁkjl < 00 being
satisfied. If either (||e,||/an) is bounded, or > ;- |lex]| < oo, then p(v,) — infyemy p(y)
as n — oo. Moreover, if either ¢ has a unique minimizer, or (3,) is bounded, then (v,)

converges weakly to the minimizer of .

We conclude this section by discussing the case when two subdifferential operators are
involved.

Let f,h : H — (—o00,+00]| be two proper, convex and lower semicontinuous func-
tions. For A = 0f and B = 0h, we note that if both 3, and ~, are bounded below
away from zero, and the sequences (||e,||) and (||e,||) are summable, then the sequence
(7,,) generated by (5.1) and (5.2) converges weakly to an element of A~(0) N B~1(0),
provided this intersection is nonempty. In addition, lim, . f(Z2,41) = inf.eqy f(z), thus
the subsequence (x9,.1) of (z,) approximates the minimum value of the convex func-
tional f : H — (—o00,400]. Similarly, the subsequence (z2,) is used to approximate the
minimum value of the convex functional h : H — (—00,400]. Under the assumptions of
Theorem 5.2.1 (respectively, Theorem 5.2.2), the sequence generated by (5.12) and (5.13)
(respectively, by (5.22) and (5.23)) converges strongly to the common minimizer of f and

g which is closest to u. Furthermore, we have

Theorem 6.1.5. Assume that f,h : H — (—o0,+00] are two proper, convex and lower
semicontinuous functions, with A=1(0) N B71(0) =: F # (), where A = df and B = 0Oh.
For any fized xo,u € H, let the sequence (x,) be defined iteratively by (5.22) and (5.23),
where o, € (0,1) and 5, € (0,00). Assume also that the error sequences (e,) and (el,)

satisfy either one of the following conditions:
() S llenll < o0, and S5, 1]l < oo
(b) S0 o llenll < oo, and (||e},||/awn) is bounded;
(c) both (||lenll/an), and (||el||/an) are bounded;
(d) (lenll/an) is bounded, and > el |l < .

If (B,) and () are both increasing, and lim, o o, = 0, with Y o0 a8, < oo, and
> o Y < 00, then

lim f(zopy1) = ;gjflf(x), and lim h(zy,) = inf h(y). (6.8)

n—00 n—00 yeH
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The limits in (6.8) also hold true if both (3,) and (v,) are bounded from below away from
zero, (B,) (or (7)) is also bounded from above, and >~ a, < oco. In this case, the
sequence (x,) is weakly convergent to some point in F.

Proof. We prove this result only for the case when condition (c¢) holds. The boundedness
of (x,) has already been shown in the proof of Theorem 5.2.2. Since

6naf(x2n+1) =] an(u — Top + en/an) + Ton — L2n+1, (69)

for all z € D(f), we have from the subdifferential inequality

IN

2<x2n — Ton+1, Loan+1 — Z> + 2an<u — Ton + en/ana Ton4+1 — Z)

260 (f (z2n11) — f(2))

IN

H1U2n - ZH2 - Hx2n+1 - Z||2 - ||$2n - $2n+1||2 + Oéan

where M, is a positive constant such that

sup {

In particular, for any v € F',

2

€n
u_x2n+ -
O

+ |z2ngr — 2||* | n > 0} < M,.

w20 — 22nal? < Nlwon — vl* = 22041 — 0l* + @M.
Similarly, starting with
YOh(x2,) D an(u— x9y_1 + €, /) + Ton_1 — Top, (6.10)
we derive
|z2n — $2n71Hz < lwon—1 — UH2 — ||z2n — UH2 + an Ky,
for some positive constant K, which together with the previous estimate yields
220 — Zoni1l®> < Nlz2n-1 — 0l = 22041 — 0)|* + @ Co, (6.11)

for some positive constant C,. Dividing (6.11) by 82 and using the fact that (3,) is

increasing, we have upon summing from n =1 ton = oo

o] 2
5 (szn ﬁme) = lim sznﬁw _0 (6.12)

n=1
Therefore, passing to the limit in

o, M,
26,

f(xQn-H) - f(Z) <

< Ton — Ton+1

ﬁn y Lon+1 — Z> +
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we get

limsup (f(xont1) — f(2)) <0, forall z € D(f).

This verifies the first part of (6.8). Similarly, passing to the limit in
a, Ky,
29,

9

Tn

we get
limsup (h(xq,) — h(w)) <0, for all w € D(h),

verifying the second part of (6.8).

To prove the last part of the theorem, assume that (/3,) is bounded, plus the other
conditions specified in the statement. Then

lim ||$2n - $2n+1||
o By

Moreover, we have from (6.11)

n n—1
|z2ner —v])* = Co > ar < lwzns — vlP = Co > au,

k=0 k=0
showings that for all v € F', the sequence (||z2,+1—v]|) is convergent. Hence (||za, —v]|) is
also convergent. On the other hand, from (6.9) and (6.10) we derive wy((z2,41)) C A71(0)
and wy((x9,)) € B71(0), respectively. These two inclusions together with (6.13) imply
that wy((z,)) € A71(0) N B~1(0). Since the limit of the sequence (||z,, — v||) exists for all
v € F, we have via Opial’s lemma x, — y for some y € F. The proof is similar for the
case when (7,) is bounded. O

Remark 6.1.1. Recall [39, Prop. 2.7, pg. 110] that for a proper, convex and lower semi

1is compact if and only

continuous function ¢ : H — (—o00, +0c|, the operator (I 4+ dp)~
if the set

Koy ={re H||z|| <C, and p(z) < C}
is compact for every C' > 0. Note that the set K¢, is compact if and only if the set
Mp, = {z € H|||z||* + ¢(x) < D}

is compact for every D > 0. Therefore, using similar arguments to those contained in
Remark 5.1.4, one can show that for A = 0f and B = 0h, where f,h: H — (—00, +0]
are two proper, convex and lower semicontinuous functions, the sequence (x,) generated
by (5.22) and (5.23) converges strongly to a common minimizer of f and h provided
that both (3,) and (v,) are bounded from below away from zero, either Mp s or Mp, is
compact for all D >0, Y>> o, < 0o, and either (5,) or (7,) is bounded from above.
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6.2 An application to variational inequalities

Let K C H be a nonempty, convex, closed set and let A : D(A) C H — 2 be a maximal

monotone operator. Consider the problem
Find u € K N D(A) such that there exists z € Au: (z,v —u) >0 Vv € K. (6.14)

This is a variational inequality. It is easy to see that (6.14) is equivalent to the inclusion

relation
0 € Au+ 0l (u), (6.15)

where I is the indicator function of K. If the set F' := K N A7(0) is assumed to be
nonempty, then the method of alternating resolvents described in the previous chapter

can be used to approximate points of F' (which are solutions to (6.14)).

Example 6.2.1. Let 2 be an open and bounded subset of the Euclidean space RY with a
smooth boundary 99Q. Let 3 : D(3) C R — 2% be a maximal monotone mapping, i.e., 3 is
the subdifferential of a proper, convex, lower semicontinuous function j : R — (—o00, +-00].

Consider the boundary value problem

—Au = f, in €,
(BVP)q —%“ € B(u), on 09,
u > 01in €,

where f € L?(2) is a given function, and % denotes the unit outward normal derivative
of u. Let H denote the space L*(Q) equipped with its usual scalar product and norm.
Define A: D(A) C H — H,

Av=—-Av — f,
D(A) ={ve H¥Q)| — 2 € B(v), a.a z € 90},

where H?(Q) is the usual Sobolev space. Operator A is maximal monotone, being the
subdifferential of the functional ® : H — (—o0, +00]

/Q(%|VU|2—JCU) dx—l—/mj(v)da, if ve HY(Q), jv) e L}09),

400, otherwise,

d(v) =

which is proper, convex and lower semicontinuous. For details see, e.g., [2, Proposition
2.9, p. 62]). Let us assume that (BVP) has at least a solution u € H?(2). This means that
F := KN A7(0) is nonempty, where K denotes the cone {v € H : v(z) >0 for a.a. v €
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Q}. Tt is easy to imagine cases when this situation happens, and in general F' is not a
singleton. We consider a sequence (v,,) generated by algorithm (5.1), (5.2), where A is
the operator just defined above, and B = 0[k. Clearly, for all v > 0, va = Pxv =01 =
max{v,0}. For simplicity, we assume that 3, = v, = 1 for all n. Therefore, algorithm
(5.1), (5.2) reads

Vo1 = Ji'(van +en), forn=0,1,..., (6.16)
Vo = (Vo1 +e)T, forn=12 ..., (6.17)

where vy is a given starting function. It is easy to check that J{! is a compact operator, so
(vy) is strongly convergent in H = L?(2) to a point of F':= K N A~'(0), whenever (e,,),
(e!,) are summable in norm (cf. Theorem 5.1.2 and Remark 5.1.4). In fact, the sequence

Yn = Vont1 generated by the difference equation
Y1 = JyF +en), n=0,1,...,

with g a given starting function, converges strongly in H?(f2) to a solution of (BVP),
under the summability condition on (e,). Here we have incorporated the error €/, into e,;
this is possible because Pk is a nonexpansive operator. In other words, (y,) is a solution

of the difference equation

{ Ynt1 — ADYpi1 = [+ yr-l_ + ey, in Q,

Oyn
—% € B(Yn+1), on 0L,

which allows us to derive strong convergence in H?(2) for (y,). Note that further con-
vergence results for this particular example may be obtained from our abstract results
above, (see Chapter 5, Section 5.2).
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Appendix: Control Conditions

In the table below, we collect different conditions which are used in this thesis.

(C1) lim o, =0
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