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Chapter 1

Introduction

The aim of the following thesis will be investigation the Moore-Penrose (gen-
eralized) inverses of matrices by different iteration processes.

1.1 The necessity of iteration processes for a
matrix inverse

Except usual ways of calculating a matrix inverse, there are methods which
compute it iteratively. A reasonable question would be why these iterative
methods would be needed, especially when having in mind that by using
them we cannot get an exact answer, only an approximation. In reply to this
question, one should consider the role that computers play in mathemat-
ics nowadays. Using computers for the computation of different numerical
problems started in 1950s and 1960s. Nowadays it is hard to imagine that
one can solve complex numerical problems without using some kind of com-
puter language programs. Without doubt, computers had their enormous
contribution to the field of mathematics. Yet, using them in mathematics
is not without problems. Generally, as it turned out, computer programs
cannot give an exact numerical value of division of two numbers if it has
long fractional part. In that case a programming language always rounds
it. For example 1000000/999999 = 1.000001000001 ... In this case most of
computer programs would give as an output: 1. But why is it so important
to compute problems exactly, when in most cases we do not need the exact
numerical results. For example: For a mathematical problem instead of using
value 1.999999999999 we can round it and take number 2. In many cases this
would not have a substantial influence on the solution. In some situations,
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however, it can considerably damage the final outcome. Below is presented
an example of this situation.
The following is from [3].
Consider the system:
0.00lz+y =1
{x+y:2

We see that the solution is x = 1000/999 ~ 1, y = 998/999 ~ 1 which does
not change much if the coefficients are altered slightly.

Let us solve this system of equations by usual row reduction algorithm.
Adding a multiple of the first to the second row gives the system on the
left below, then dividing by 999 and rounding to 3 places on 998/999 =
0.99899 =~ 1.00 gives the system on the right:

0.001z +y = 1 0.001z 4y =1
—999y = —998 y = 1.00

The solution for the last system is = 0,y = 1 which is wildly inaccurate.

But as we know this row reduction algorithm is quite usable for solving
systems of linear equations by different computer programs. Having this in
mind, a reasonable question would be: Why does a problem of correctness
appear in some equations? On what does it depend? How can we avoid it?
This paper will respond to these questions.
The main problem is ill-conditioning. When a matrix is ill-conditioned, a
modern computer may not be able to work with it. The main indicator of
measuring ill-conditioning is the condition number. If the condition number
is not too big, then we can say that a matrix is well-conditioned.

Definition 1.1.1. Condition number for square matrix A is
-1
K(A) = [[Allop - A7 [op-
In our presented example the condition number for the initial matrix

001 1. . . .
A= ( 0 (iO 1 ) is equal K(A) ~ 4. After using row reduction algorithm
o . . . . 0.001 1
the initial matrix A is transformed into a new matrix B = 0 1)

note that the condition number has increased significantly K (B) ~ 2002.

Thus, we can conclude that the computer property of rounding long frac-
tional parts of numbers can change the solution significantly. Therefore, in
order to avoid these troubles, there exist iterative methods of computing in-

verses of matrices. In my thesis, I will discuss several of them.
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1.2 Iterative methods for the Moore-Penrose
pseudoinverse

For a matrix beside the usual matrix inverse there exist other inverses. In
this thesis I will discuss the Moore-Penrose pseudoinverse. I took this para-
graph from [0] verbatim. [The great advantage of this inverse is that every
matrix has one, square or not, full rank or not. The idea of a generalized
inverse of a singular matrix goes back to E.H. Moore in a paper published
in 1920. He investigated the idea of a ”general reciprocal” of a matrix again
in a paper in 1935. Independently, R. Penrose rediscovered Moore’s idea in
1955].

A main use of the MoorePenrose inverse is to compute a least squares solu-
tion(see definition below) for a system of linear equations that lacks a unique
solution. It is also used to find the minimum (Euclidean) norm solution(see
definition below) to a system of linear equations with multiple solutions.

Definition 1.2.1. (minimum norm)[6] We say xy is a minimum norm
solution of Ax = b iff xy is a solution and ||xo|| < ||z|| for all solutions x of
Ax =b.

Definition 1.2.2. (least square)[6] A vector xq is called a least squares
solution of the system of linear equations Ax = b iff ||[Axy — b|| < ||Az — b
for all vectors x.

I took this paragraph from [6] verbatim. When Ax = b has a solution,

A*b is the solution of minimum norm. When Az = b does not have a so-
lution, AT gives the least squares solution of minimum norm. (by A" we
denote A matrix’s pseudoinverse)
There are several methods of computing the Moore-Penrose inverse. The
mostly used are: ”Singular Value Decomposition(SVD)” and ”QR Factoriza-
tion”. During the process of computing SVD and QR factorization methods
for getting the Moore-Penrose inverse of a matrix, we may get a matrix which
will be ill-conditioned and after this a computer might give as an output a
result which will be significantly different from the actual result. Therefore,
scientists started investigating iteration processes in order to avoid this kind
of problems. The pioneers of exploring iterative methods of pseudoinverse
were Adi Ben-Israel and Dan Cohen. They published their first article about
it in 1966 and nowadays many people are working with it. There are many
papers and articles connected to iteration processes of the Moore-Penrose
inverse.
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In this thesis one can see different iterative methods for computing the
pseudoinverse, charts and numerical results of them for different parameters,
as well as exploring each process by searching parameters, and comparison
of different iterative methods.



CEU eTD Collection

Chapter 2

Iterative methods for a regular
matrix inverse

The following section is based on [7].

2.1 Gauss-Seidel iterative method

Consider the system of n linear equations:

n

Zapqxq:bq, 1<p<n
q=1

The Gauss-Seidel method is:

p—1 n
r+1 1 [ r+1 4 ro__ b ]
q:p = —_— apq:cq apqxq ] -

a
PP g=1 q=p+1

It is known that Gauss-Seidel iterative method is convergent if and only if

the matrix A, «, = [a,,] is symmetric and positive-definite.
Let us now consider the system of linear equations

CX =D.

Suppose C' is regular, but not positive definite, so the Gauss-Seidel method
is not convergent. Let us multiply the equation by C* from the left. We get

AX = B,

where A = CTC and B = CTD. Notice that A is both symmetric and

positive-definite. Truly:
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Symmetricity: AT = (CTC)T = CTC™ = CTC = A.

Positive definiteness: y” Ay = y?'CTCy = (Cy)TCy > 0 for non zero y.
Therefore we can apply Gauss-Seidel iterative method for the equation AX =
B, which is convergent and the result yields the solution of the equation
CX =D.

We can use this technique for finding 1.

It is the solution of CX = I, so the solution of AX = CT, where A = C7C.
We solve the equation AX = CT column by column using the Gauss-Seidel
iterative method.

2.2 Newton’s iterative method

Let A € R, ,. If A is invertible then with suitable starting matrix X, the
following iteration process is convergent to A~

X1 = Xa (2] — AX,).

In fact it is convergent if the eigenvalues of I — AX| are at most 1. According
to Victor Pan and Robert Schreiber [4], a good starting matrix is
A*

Xo = o
* AN All

where

Al = max(3 Jay ),

j
[Alloe = mjaX(Z |aij)-
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Chapter 3

The Moore-Penrose
pseudoinverse

3.1 Description of the Moore-Penrose pseu-
doinverse

Definition 3.1.1. (The Moore-Penrose inverse) [0l

Let A be any matriz in C™*". We say A has The Moore-Penrose inverse (or
just Pseudoinverse for short) if and only if there is a matriz A in C™*"
such that

a) AATA=A

b) ATAAT = A+
c) (AA*)* = AAT
d) (A*A)" = A" A.

Theorem 3.1.2. [G/For any matric A € C™" there always exists the
Moore-Penrose inverse which is unique.

(Proof is not discussed here.)

Theorem 3.1.3. [0]If a matriz is invertible then inverse of this matrix is
equal to its pseudoinverse.

(Proof is not discussed here.)

Theorem 3.1.4. [6]Let A € C™ ™. Then
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L (AAT)? = AA+ = (AA*)".

(In — AAT)? = ATA = (AT A,

L (AT A)? = A A = (AT A)".

(I, — AT A)? = (I, — A*A) = (I, — AT A)".
A+ = A,

(A)+ = (A1)

(A*A)* = A+ A

A* = A*AAT = AT AA".

At = (A*A)TA* = A*(AA)*.

© %N D TR oo~

3.2 Singular Value Decomposition(SVD)

Singular Value Decomposition method is factorization of matrices in the com-
plex space.

Definition 3.2.1. [6/A square matriz X € C,x, is unitary if
XX = XX* = I,

where X* is conjugate transpose of X and I, is identity matrix of dimen-
sion n.

Remark: In other words, U is a unitary matrix iff U* = U™,

Theorem 3.2.2. [§/Let A be m x n matriz (m > n) of rank r. Then A can
be represented in the following form.:

& ... 0]0
A=vsvi=u| | |v (3.1)

0 ... 60

0 0 01]0

Where U is a m X m unitary matriz, ¥ = diag(dy,da,...,0,) d1 > 0,5 >
0...9, > 0 is anxn rectangular diagonal matriz with nonnegative elements,
V' is a n X n unitary matriz.

(The proof of the following theorem is beyond the scope of this thesis.)
Define:

L ... 0lo
X=vstur=v | " ||y (3.2)
0 1|
.« o E
0 0 0]0

10
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Theorem 3.2.3. [§/X is Moore-Penrose inverse of the matriz A, AT = X.

Proof. We have to check the four conditions of the Moore-Penrose inverse.

1) AXA = A
AXA = USV*VSHUUSY* = USLyn St Ly SV = USETSV
= USV*.

2) XAX = X.

XAX = VETUUSV VETU* = VET LmE s n 2 TU*
=VETEXtUr =VETU* = X.

3) (XA) = XA.
(XA)* = (A)(X)* = (USV* ) (VSHU)* = (VEU)(U(SH) V)
= (VEUS)(USHV*) = XA,

1) (AX)* = AX.
(AX)" = (X)"(A)" = (VErU)(USV*)" = (U(SH) V) (VEUY)
= (USHV*)(VSU*) = AX. 0

3.3 QR factorization

Theorem 3.3.1. (QR factorization)[0] Let A € C™", with n < m. Then
there is a matriz @ € C™ ™ with orthonormal columns and an upper tri-
angular matrix R in C™*" such that A = QR. Moreover, if n = m, @ is
square and unitary. FEven more, if A is square and nonsingular, R may be
selected so as to have positive real numbers on the diagonal. In this case, the

factorization is unique.

(The proof of the following theorem is beyond the scope of this thesis.)

Lemma 3.3.2. [6]If A is of full column rank then A*A is reqular.
Theorem 3.3.3. [GJAT = (A*A)~1A*.

Proof. Let us check the conditions of the pseudoinverse.

11
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1) AATA = A(A*A)"(A*A) = A
2) A*AA* = (A*A) Y (A*A)(A*A) 1A = (A*A) 1A = A+,

3) <A+A> = (( ) IA*A)* = ([nxn)* = Inxn = (A*A)_I(A*A)
= ((A*4)7IA")A) = ATA.

4) (AAT)" = (A(A*A)TTAT)" = (A7) ((ATA) )" A" = A((A"A)") A

= A(A*A)TA* = AAT. O

Consider the case when A is full rank. Then by the theorem of factoriza-
tion A can be factorized of the following form A = QR where () and R are uni-
tary and upper triangular matrices. A* = R*Q* = A*A = R*Q*QR = R*R.
If we substitute the last result into the formula of AT, we will get:

At = (A*A)TA* = (R*R) A",

When A is not full rank then A can be factorized of the following form

A= (01,04 { i } — QiR

Where R is upper triangular and ) € R™*™ is orthogonal. Here (; € R™*™.
The decomposition A = Q1 R; is called the economy QR factorization. For
economy QR factorization the pseudoinverse has the following form

AT = R1Q7.

12
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Chapter 4

Iterative methods for the
Moore-Penrose matrix inverse

The following section is based on [5].

4.1 Iterative method for computing the Moore-
Penrose inverse based on Penrose equa-
tions

Assume A € C™*" and X = AT € C™*" as we know
X* = (XAX)" = X*(XA)* = X*X A.
For arbitrary # € R it holds
X* = X* — B(X*XA— X*) = X*(I — BXA) + BX*.

Equivalently
X =(U-pXA)X +pX.

We can formulate the following iteration process

Xir1 = (I — BXRA)" Xy, + 5Xy. (4.1)
Let us assume that the starting value for the iterative method (4.1)) is
Xy = A" (4.2)

Lemma 4.1.1. For the sequence generated by and the following
holds.

XpA = (XpA), XAX, =Xip, XpAX =X;, k>0. (4.3)

13
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Proof. In order to prove the equations, we use induction.
For k = 0 the statement is true: XoA = fA*A = (BA*A)* = (XpA)*. Let us
assume XA = (XzA)* for k. Then
(Xk1A)" = (I — BXRA)" XA+ XA
= (XxA)"(I — BXA) + B(X,A)"
= X A(I — X A) + XA
= (I — XA XA+ XA
- Xk+1A.

We proved the first statement of Lemma. Similarly we prove the second one.

For k=0, XAX,=pXAA* =pA* = X,.
Assume the second statement of Lemma holds for k. Let us prove it for k+1:
XAXp1 = XA(I — XA Xy + BXAX,
= XAX, — BXAX,AX, + BXAX,
= Xy — BXpAXy + BXg
= Xk+1-

Similarly we prove the third statement of the lemma.

For k=0, X\AX =pBA*AX = pA* = X,.
Assume it holds for k. For k + 1:

XenAX = (I — BXp A XpAX + BX AX
= (I = BX,A)" Xy + BX,
= Xpt1.
0
By using Lemma equation (4.1) can be rewritten in the following

form:

X1 = (I — BXpA) Xy + BXy = (1 + B)Xi — BXpAXy.  (4.4)

Theorem 4.1.2. [terative method with the starting value con-
verges to the Moore-Penrose inverse X = AT under the assumptions

1(Xo — X)A|l <1, 0<pB<L (4.5)

For B < 1 the method has a linear convergence, when 5 =1 its convergence
is quadratic. The first and the second order terms, corresponding to the error

estimation of are equal to:
errory = (1 — B)Ey, errory = —BE,AE}. (4.6)

14
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Proof. For the first part of the theorem it is sufficient to show that [|(X, —
X)A|| = 0 when n — +o0. Using (4.3) and the properties of the pseudoin-
verse, we obtain

[ X1 = X = | Xpn AX — XAX[| < || Xpn A — XAJl[[ X]]. (4.7)
Using (4.3) and (4.4)) we obtain

XeniA— XA=(1+B)X1A— BX AX A — XA
= —(BXpA — XA) (XA — XA).

Taking into account
XA — XA=0F(XA—XA)—(1-05)XA,

and using we have
Xpp1A— XA =—B(XA— XA?+ (1 - 6)(XA— XA).

Let us define E, = X, — X, then the last statement can be written in the
following form

EpnA = —B(EpA)? + (1 - B)EpA. (4.8)

Let ¢, = ||ExA||. Our aim is to show that ¢, — 0 when & — +o00. First we
show that ¢, < 1. We will show it by using induction. From (4.5)) we get
to = ||(Xo—X)A| < 1. Now let us assume that ¢, < 1. From (4.8) we obtain

terr < Bt + (1= B)tr < Bty + (1 — Bty = t. (4.9)

We have proved t;,1 < tx < 1. Therefore ¢ is a decreasing sequence, which
is bounded t; > 0. Therefore we know that this sequence is convergent,
ty — t, when k — +oo, for some 0 <t < 1. If we take limit on both sides of

({.9), we get

t<BE+(1-pt = 0<tt—1).

Hence t > 1 or t = 0, and therefore we conclude ¢ = 0. It completes the
proof of t;, — 0 .

By (.7, | Xx — X|| < t4]| X]], so we conclude X}, — X. We proved the first
part of the theorem.

Substituting X + E, = Xj in , we obtain the following expression for
the error matrix E}:

Eyi1 = (14 B)E, — BXAE, — BELAX — BELAE,

15



CEU eTD Collection

which implies
errory = (1 + B)Ey, — BXAE), — BELAX.
errory = —BE,AE}.
Using Lemma and F, = X, — X we get
errory = (1 4+ 0)(Xx — X) — BXA(Xy — X) — (X — X)AX

= (1-0)(Xy — X) = (1 = B)E}.
All claims of the theorem are justified. ]

Lemma 4.1.3. Let ¢ > 0 and M € C™"™ be given. There exist minimum
one matrix norm || - || such that

p(M) < [|M]| < p(M) +e.

Where
p(M) = maz (A (M), [X2(M)], ..., [Au(M)]).

Lemma 4.1.4. If matrices S, P € C"" are such that PS = SP, P = P>

then
p(PS) < p(S).

Lemma 4.1.5. Let us assume that the eigenvalues of A*A satisfy
lambda;(A*A) > -+ > lambda,(A*A) = - - - = lambda,(A*A) = 0.
Then p((BA* — X)A) < 1 is satisfied under the assumption
max |1 — BN\ (ATA)| < 1.

1<ilr
Let us denote s, = || Ex|| and dy = ||Exr1 — Ek||-
Theorem 4.1.6. [terative method with starting value satisfies

t s d
lim 2 = lim 2 = lim 22 =1 - 3.
k—o0 tk k—o0 Sk k—o0 dk

Proof. From (4.8))
EpnA=—B(ELA)? + (1/8)EiA,

we can conclude
thir = | Err1All > [|(1 = B)EvA|| — || B(ELA)?|
> (1= B ExAll — Bl ERA|? = ti(1 — B — Bty).

16
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On the other hand

trr = | e All < [|(1 = B)EvA|l + [|B(EA)?
< (1= B)INEA| + BIELA|®? = ti(1 = B+ Bty).

From these two inequalities we imply

t
L= = fte < = < 1=+ bty
k

From Theorem (4.1.2) we know that t; = ||ExA| — 0. If we take limit of
the previous equation we get that ty41/ty — 1 — 5, when k — oc.
By using Theorem (4.1.2)) we can write

Eri1 = (1 — B)Ey — BELAE.
The previous equation implies

B AL _ | Bri]
(727 — O

< 1—ﬁ+6w (4.10)

L= 5= P 154

From || E,AE|| < || Exl|?||Al| and || Ey| — 0 , it follows

E AFE
0 < Jim 15 < i 141 =0,
If we take limit on both sides of and use the previous equation, then
we conclude sgi1/sx — 1 — 3, when k& — oo.
In order to verify the third statement about the sequence dj., we are starting
by using X1 — X = Er 1 — Ei and which together imply
dp = |Exs1 — Ex|| = ||(1 — B)Ex — BELAE, — Ei|| = B||Ex + ExAEL||.
Analogously to the above, we get

lim — = lim ——— =

8.

We obtain
i dk+1/5k+1
im —- "

=1
k—o0 dk/sk ’

this implies
d d s S
lim P~ i k1) Skt 1 Sk 3.
k—o0 dk k—o0 dk/sk Sk

17
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The following section is based on [I].

4.2 On Iterative Computation of Generalized
Inverses and Associated Projections

Let A € C™*" be a nonzero matrix. Let r denote the rank of A. Let
AM(A*A) > A(A*A) > ... > N\ (A*A) be the eigenvalues of A*A. As it is
known A,.(A*A) > 0 and \;(A*A) =0, ¢=r+1,...n. In this section we
will use the Euclidean matrix norm ||A[| = /A (A*A).

Theorem 4.2.1. Let a € R satisfy

2
_ 4.11
O<a<>\1(A*A)’ (4.11)
then the sequence
k
Xp=a) A'(1-adA), k=0,1,... (4.12)

p=0

converges to AT when k — oo.

(Proof is a consequence of theorems [4.2.3] [4.2.4] and 4.2.5])

Theorem 4.2.2. Let us assume condition Then the sequence
Yy = aA”, (4.13)

Vi1 = Yi(2] — AYR), k=0,1,.... (4.14)

converges to AT when k — oo.
(Proof is a consequence of theorem [4.2.5])
Theorem 4.2.3. (a) The process is of the first order

AT = Xpa || < |AT = Xi]). (4.15)
(b) The process is of the second order
IAT = Yill < AN AT = Yi]l* (4.16)

18
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Proof. (a)

k41
Xpp1 =y A" (1— aAA")
p=0
k+1
=aA"+a ) A" (I —aAA*)P
> .
k
= A"+ (@) AY(] — aAA")P)(I — aAAY)
p=0
= A" + Xi(I — aAAY).
From the last statement consider with ATAA* = A*, we get
AT — X = AT — A" — X3 (I — aAAY)
(4.18)

= (A" = X3,)(I — aAAY), k=1,2...
which, because of condition (4.11)) proves (4.15]).

Now, let us prove the second part of the theorem.

Notice, that Y, = Y, AAT = AT AY},, because Y}, = C, A* for some matrix Cj,
and at the same time Y, = A*By for some matrix B,. k=0,1,...
Therefore the following statement holds:

AT — Y = AYAAY — Y, — Y, + Y AY,

= ATAAT — ATAY, — Y, AAT + Y, AY;, (4.19)
= (AT = Y)A(AT —Y3).
If we take norm on both sides of the previous equation we get (b). ]

Theorem 4.2.4. The following statement holds
Yk = X2k_1. (420)

(Proof is derived by using induction on k.)
Remark. By using Euler’s Identity

k—1 2k—1
L+ [Ja+2")=> 2% |z[<1 (4.21)
p=1 p=0

19
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and [£.20] we obtain:
k—1
Y = aA*[I + (I — aAA)| [ ]I + (I — aAA")”], (4.22)

p=1
which converges to A™.

Theorem 4.2.5. The following for k =0,1,... is true:

/A1 (A" A) (1—a, (A* A))2" 9
AT =Y, < (A A) for 0 <o < sy

an/ M (A*A)(1—ar; (A* A))2" 9 9
AT =Yl < T—an (A7 A) for smmorEn << s

Proof. From Theorems (4.2.1)) and (4.2.3)) it follows

AV —Yi=a Y A(I-adA P =a ) A(AAT —aAA* Y. k=0,1,....

p=2k p=2Fk
(4.23)
The following statements holds:
2
AAT — qAA*|| = |1 —a)(A*A <
I o | = aA( )| 0<a_)\1(A*A)+)\T(A*A)’
2 2

MAA) T A AA) S N AA)

Truly, let W = Im(AA*), and B = AAT —aAA*. Hence B* = AAT —aAA*.
It is known that AA™ is the orthogonal projection onto W.

|AAT — @ AA™[| = |1 — a) (A" A)]

B*Br=M = €W = AATz=u.
So
(AAT — @ AA*) x = A,
T — 20AA* T + 2 AA*AA L = Az,
(1 — aAA*)r = Az,
A= (1 —a)(A*A))?

IB|| = VM (B*B) = maz|l — aX(A*A)].
Finally we obtain
|AA™ = aAA'| = |1 = ad (A" A)] 0 <as sy
||AA+ — aAA*|| = ‘1 - Oé>\1(A*A>’ )\1(A*A)3-)\T(A*A) <a< m

20
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If we take norm on both sides of the (4.23)) and use the previous equation,
we obtain

AT = YH|| < of| A% Z JAAT — a AA™|P
p=2" (4.24)
al| A% AAY — aAA*|*
= 1— [|AAT — adA*|

* —a * 2]C
< V(A A/\)SA*X;(A D” When 0<a< T ESWOTrY 0.1
=) e/ (A A (1—ar (A% A)2F b 9 2 -
—an (A7 A) When  ssmammn < ¢ < s
]

Definition 4.2.6. « is optimal if it minimizes ||[AAT — a AA*||.

Theorem 4.2.7. The optimal « is

2
— 4.2
WO TN (A A) + A (A A) (425)
for which
AT —YF|| < —)\T(A*A) (1 — A (A*A))* . (4.26)

The following section is based on [2].

4.3 Iterative Methods for Computing Gen-
eralized Inverses related to Optimization
Methods

Let A be a complex C* Algebra with unit.

Definition 4.3.1. Ana € A is called relatively regular if there ezxistsb € A
such that aba = a. Such b is called an inner generalized inverse of a.

It is known that a is relatively regular if and only if it has Moore-Penrose
inverse.
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Lemma 4.3.2. Let a € A be relatively regular. The following holds:
(1) ()" = (a*)*;

(2) ()" = a*(a")*;

(3) at = (a*a)Ta*;

(4) (a*a)* commutes with every element of A which commutes with a*a;
(5) a*a is invertible in the algebra 3 = ataAata and (a*a)t = (a*a);';
(6) a* = ataa* = a*aa™;

Definition 4.3.3. If d € A is self-adjoint then upper and lower bounds of
the spectrum of d in the algebra A are

My(d) = sup{< x,dzx >: ||z|]| = 1}.
my(d) =inf{< z,dx >: ||z|| = 1}.

Theorem 4.3.4. Suppose that a € A is relatively reqular, xog,c € A are
arbitrary, B = ataAata and (\,), is a sequence of positive numbers such
that

0<e< A, <2min{[Mg(a*a)] ", [ms(a*a)] '} — 6,

holds for ¥ n and some €,6 > 0. Then the iterative method

Tpi1 = Ty — Apa”(azx, — ¢), (4.27)
converges to atc + (1 — aTa)zy, consequently, lim x, = a™c if and only if
n—oo

ataxy = xg.

Proof. Assume first that atazq = zo. We claim that a*azx, = z, (Vn).
Indeed, we prove it by induction on n.
Assume a*ax, = x,, then

atar,, 1 = ata(x, — \a*(ax, — c))

=atazr, — \ataa*(az, — )

=T, — \a*(ax, — ) = Tp,
as claimed. We compute
a*ar, 1 —a'c = a*ax, —a*c — \ya*a(a*ax, —a*c) = (1 — \ya*a)(a*ax, — a*c).

If we multiply the previous statement by (a*a)t from the left side and use
Lemma [£.3.2(3)-(4), we obtain:

(a*a)Ta*az, 11 — (a*a)Ta*c = (a*a)™ (1 — N\,a*a)(a*ax, — a*c),
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atar,, —atc= (1 - \,a*a)(a*a) (a*azx, — a*c),
Tpy1 —ate= (1 — \a*a)(ataz, —atc),
and:

Tpy1 —atc=ata(r,y —a’c) =ata(l — N\a*a)ata(z, —atc),

U
l2ns1 — a’ell < fla*a(l — Ana*a)a”allllzn — a™cll.

The convergence will be implied once we find a universal upper bound ||a*a(1—
Ana*a)atal|l < ¢ < 1. We know that

lata(l=A.a*a)atal| = maz{|MglaTa(1—\,a*a)atd]|, |mslaTa(1-\,a"a)a"a|}.

Notice that
Mglata(l — M\a*a)ata] = 1 — \,mgp(a*a),

and

mplata(l — \a*a)atal =1 — \,Mg(a*a).
Hence, the existence of the bound |ja*a(l — \,a*a)aal| < ¢ < 1 is a conse-
quence of the assumed bounds for A,

0 <e <\, <2min{[Mg(a*a)] ™", [ms(a*a)] '} — 6.

We have proved the first part of the theorem.

Now, Let us assume that ataxy # xo. We denote ¥ = ataxr and 2" =
(1 —a*a)x for any x € A. Now we have 2, # 0. Let us prove by induction
that x;;ﬂ = x,. First we need to show that z] = ;.

1"

7, =(1—aa)z; = (1 —aa)(zg — Na™(azy — ¢))
= (1 —a"a)zg — N\(1 —aTa)a*(azy — )
= 2y — \o(a* — ataa*)(azo — )

4

= xg — Xo(a* —a")(azxg — ¢) = xy,

" " 1 1
assume that z,, = z,. We need to show z,  , = .
Truly,

i1 = (1= a"@)zun = (1 - a*a)(z, — Ma'(az, — )

=(1-a"a)r, — )\n(l —ata)a*(az, — c)
) v

=z, — \(a" —a*)(ax, — c) =z, = x,.
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Hence

1"

! 1" /
Tp+1 = Ty + Lpy1 = Tpga + Lo

Also

tor — ataotar — atare — o
a’axr, = aaa" axry = a’ary = .

We compute:

!

_ ot _ ot *
T, =0 alpy = " a(x, — A\a*(ax, —c))
=atax, — \ataa*(az, — c)
/ / !
=x, — M\a*(aataz, —c) =z, — \a*(az, — c).
+ / o / ’ o ’ * /
Therefore we have a azy = I and z, , =z, — \,a*(azx, — c).
Now for the sequence z,, we can apply the first part of the current theorem.
We get
. ’
lim z, =a"e.
n—oo

Therefore

_l’_

. . / . 1"
lim 2,4 = lim 2, + lim 2y = a¥c+ (1 — a¥a)zo.
Nn—00 n—00 n—00

O

Theorem 4.3.5. Suppose that a € A is relatively reqular, xo,c € A are
arbitrary, and (\,), is a bounded sequence of positive numbers. Then the
iterative method

Tp1 = Ty — ()\n + a*a)_la* (a:vn - C), (428)
converges to atc + (1 — ata)xy, consequently, lim x, = a*c if and only if
n—oo
atary = xg.

Proof. Let ataxry = zo. By induction on n we prove atazx, = z, vn.
Assume a®axg = zy and atax, = x,, we need to show that atax, 1 = ...

atar,1 = atax, —ata(\, +a*a) " ta* (az, — c)

=z, —ata(\, +a*a) ta*(ax, — c).

We need to show that

ata(\, +a*a)'a*(ar, — ) = (\, + a*a) 'a*(az, — c).
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Truly,

*aa*(ax, — c)

=ata(\, + a*a)(\, + a*a)"'a*(ax, — )

naa+ataa*a)(\, +a*a)"ta* (ax, — c)
a
1

a*(ax, —c) =a

A
Mata+a*aata)(\, +a*a)”?

(A + a*a)ata(\, + a*a) 'a*(azx, — ).

*(ax, — c)

=
=

We obtained:
a*(azx, —c) = (A, + a*a)aTa(\, + a*a) ta* (az, — c).

Finally, we have:

(Ap +a*a)ta*(ax, — c) = ata(\, + a*a) " 'a*(ax, — c).

We have proved the statement: a*ax, = x,, V n.

Now we compute:
a*ar,,, — a*c = a*axr, — a*c — a*a(\, +a*a) " *(a*ax, — a*c)
= M(Ap +a*a)  (a*ax, — a*c) (4.29)
= (1—a*a(\, +a*a) ™)) (a*ax, — a*c).
We know:
Ay +a*a)(\, +a*a) ™t =1,
M +a*a) t +a*a(\, +a*a)t =1,
M +a*a) ™t =1—a*a(\, +a*a) .
If we substitute last result into (4.29) we obtain

a*arn1 — a‘c = (A, + a*a) " (a*ax, — a*c).

If we multiply the previous equation by (a*a)™ from the left side and use
Lemma [4.3.2)(3) we obtain:

(a*a)ta*ar,. — (a*a)Ta*c = (a*a) T\, (\, + a*a) " (a*az, — a*c),
atar,., —atc=a*a" N\, (\, + a*a) " (a*ax, — a*c),
Tppr —ate=a*a" N\, (\, + a*a) (a*ax, — a*c).

Because of Lemma [£.3.2)(4) if a*a commutes with (), + a*a)~! then (a*a)*
will commute with the same element. Truly:

25



CEU eTD Collection

(a*a)™ commutes with (), + a*a)~!. Because:

a*a = a*a,

a*a(\, +a*a)(\, +a*a)"t = a*a,
(Ana*a + a*aa*a)(N\, +a*a)™' = (\, +a*a)(\, +a*a) 'a*a,
(An +a*a)a*a(N, +a*a)™t = (N, +a*a)(\, +a*a) 'a*a,
-1

If we multiply the previous equation by (A, + a*a)™', we obtain:

a*a(\, +a*a)t = (\, +a*a) a*a.

We have:
T —ate= N\, (\, +a*a) *(a*a) " (a*az, — a*c)
=AM +a*a) (aTaz, —a'c)
=M\, +a*a) Y ax, —aTe).
We got:

Tpi1 —ate= N\, +a*a) H(az, —atc).
Now we have:

Tp1 —ate=ata(r, —ate)

= M\ata(\, +a*a) tatalaz, —ate).

Let B = ataAaTa. Because a*a is invertible in B (Lemma [1.3.2)5)), we
know that mp(a*a) > 0. The following holds

|Zns1 —atel| < A\uMglata(N, +a*a) aTal||z, —atc||
A\ +mg(ara)
Because the sequence )\, in bounded and the function ¢t — m

increasing, therefore we conclude that there exists ¢ € R 0 < ¢ < 1, such
that

|z, —atc].

18

lzn i1 — a®ell < gllen —a™cll.

+

Therefore lim z, = a™c.

n—oo
The first part of the theorem is proved.
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Now, suppose that atazy # 9. We define ' = ataz and 2" = (1 — a*a)x
for any z € A. Now we have xg # (0. We conclude that:
2y = atazy = ata(zg — (Ao + a*a) " ta*(azo — ¢))
=a"ary — aTa(N + a*a) ra*(aaTazy — c)
=1y —ata(h + a*a) ¥ (zy — c)
=2y — (Ao +a*a)ta*(zy — c).

As the correctness of the last equation, we only need to show that

Ta(No+a*a)t = (N +a*a) taTa.

Truly:
ata(Xo + a*a)( N + a*a)! = aTa,
(Ao + a*a)ata(N + a*a)™' = ata,
ata(No +a*a)' = (Ao +a*a) tata.
Therefore: x} = x5 — (Ao + a*a) a*(zy — ¢) and z, = 2 + :BO By induction
on n we obtain z,, = z,, +, V n. Now for the sequence z, we can apply
the first part of the current theorem. We get

. ’
lim z, =a*e.
n—o0

Therefore
lim z, = lim z, + lim z, = a*c+ (1 — a*a)x,.
n—oo n—oo n—oo
Lemma 4.3.6. If 0 is not a point of accumulation of o4(a*a), then
lim(\ + a*a) ta* = lim a* (A + aa*) ' = a™.
A—0 A—0
Theorem 4.3.7. Let a € A be relatively regular, let (o), be strongly de-

creasing to 0 and let (B,)n be a bounded sequence of positive numbers such
that B, — o, >0 ¥V n. Consider the iterative method

Tpi1 =Ty — (Bo +a*a) H(a*ax, — a* + apz,). (4.30)

There are two possible cases.

(a) if ataxg = xg, then lim x, = a™.
n—oo
S In(1- ) .
(b) if ataxg # xg, then hm T, =a’ + en=0 (1 —a%a)xe. In this case

lim z, = at if and only if Z I g5 divergent.

n—o0
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Proof. Let y, = (a,,+a*a)"a*. From Lemma4.3.6|we get that lim y, = a™.
n—oo

Notice that

Tpy1 = T — (Bn +a*a) (o + a*a)[z, — (a, +a*a) ' a]
=2, — (Bn + a*a)_l(an +a*a) (T, — Yn)-
Now we compute

Tppl = Yn = Tn — Yn — (Bu + a*a)_l(an + a*a> (xn - yn)
= (B, +a*a) VB, + a*a — (an + a*a)](z, — yn).

Consequently, we get

Tpy1 — Yn = (ﬁ ﬁn oo )_l(xn - yn)

+
n — On 571 — Oy
(a) Suppose that ataxg = zo. Notice that a™ay, = y, holds for all n. By
induction on n we get that atax, = z, is satisfied for all n. Truly:

atarn,,, = atax, — (B, +a*a) 'ata(atax, — a* + a,zy,)

+

=2, — (B +a*a) Y(ataa*ax, — ataa* + an,ataz,)

=2, — (B, +a*a) a*ax, — a* + anr,) = Tpy1.
Hence we have

Tpt1 — Yn = a+a(9€n+1 — Yn) = a+a(5 N + B, —a

) ala, — )

Again, let B = ataAa"a; where a*a is invertible in B and mp(a*a) > 0.
Notice that

”m(ﬁnﬁ—nan b ) el = MBW“(ﬁnﬁf% s 5y ata)
— ( ﬁn + mB(a*a)>—1 Bn — Qp ﬁn

Bn — Qp Bn — Qp B ﬁn + mB(CL*CL) S ﬁn + mB(a*a).

Because the sequence (,, is bounded and the function ¢ — m is in-
creasing, therefore we conclude that there exist ¢ € R 0 < ¢ < 1, such that

+ P a‘a g 4
a’a + atall <g<1,
H (ﬁn_an Bn_an) H =1
is satisfied for all n. For an arbitrary € > 0, there exists some ngy such that
|lyn, — a™|| < € holds for all n > ng. This implies
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l2ns1 = a™ || < llznsr = gl + [lyn — o

< gllzn = ynll + [lyn — a*|

< gllzn = a*| + (1 + q)llyn — ™|

< gllzn —a" ||+ (1 +q)e

< @2, —a ||+ e(1+q)/(1 - q).

We see that lim z,, = a™.

n—oo
(b) Now, lets assume that a*azy # 9. We denote by 2’ and 2", 2" = a*az

and 2" = (1 — a*a)x for any x € A. Now we compute
l‘;H_I = a+axn+1 = a+a($n — (Bn + a*a)_1<a*awn —a’ + ap1y,))

=ataz, —ata(B, +a*a) H(a*az, — a* + a,z,)

=1, — (Bp+a*a) taTa(a ax, — a* + anty)

=z, — (B +a*a) Y ataa ax, — ataa* + anataz,)

! +

=, — (Bn + a*a) ' (a*az, — a* + apataz,)

=z, — (B, +a*a) Ya*aataz, — (o, + a*a)(a, + a*a)'a* + apataz,)
=z, — (Bu+ a’a) " ((¢"a + a)a" az, — (a, + a*a)(a, + a’a)"'a")
= 2, — (B + a'a) Ma'a + an)(ataz, — (o, +a’a) o)
= &, — (B + a'a) (@ + @) (@), — o).

Notice that aazy = x,. Therefore if we apply the first part of the theorem

. ’
we get lim z, = a™. We compute
n—oo

"

Tpi1 = (1 —ata)zn = (1 —a*a)(w, — (Bn + a*a) ' (a*az, — a* + anzy)

=1 -a'a)z, — (B, +a*a) (1 —ata)(a*ar, — a* + a,,)

+ +

aa*ar,+ataa*—azataz,)

+

= (1-a"a)r,—(Bo+a*a)  (a*ax,—a* +a,z,—a
= (1—-a%a)z, — (B, +a*a) (a*az, — a* + apz, — a*ax, +a* — anatazxy,)
=(1—ata)z, — (B, +a*a) Hanz, — ayaTaz,)
=1 —ata)z, — a,(By +a*a) (1 —ata)z,
=, — ap(Bn +a*a) "z,

12

= (I — (B +a*a) Mz,
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Notice that

1 "

(I = an (B +a"a) ), = (By = an) (Bn + a”a) ',
Truly:
(a*a — a*aa*a)z, =0,

(Bn — ap — Bn —a*a+ o) — a+a)xn =0,

[(Bn = @) (Bu + a*a) ™ — (Bu + a"a) " (B, + a"a) + an(B, + a*a) ]a, =0,
[(Ba — ) (Ba + a*a) ™ = I + (B, + a*a) ]z, = 0,

"

(Bn — ) (Bn + a*a)_lw;; = (I — an(Bn + a*a)_l)mn.
Finally, we obtained:

"

Ty = (B — o) (Bn + a*a)_lx;.
From
B+ a*a = (B, +a*a)ata+ (B, +a*a)(l —ata)
= (Bn+a*a)ata+ Bu(1 —ata),
it is easy to verify that (8, + a*a)™ = [(8, + a’a)a’aly' + (1 — aTa)/B,,

where [(3, 4+ a*a)atal; is an ordinary inverse of (53, + a*a)ata in algebra
B. We obtain

"

w1 = (B = aa)([(Ba + a*a)a*a]3t + (1 = a*a) /),

= (Bnﬁ_—n)(ﬂn[(ﬁnqLa a)a™ a] +1—at a)x

T IR ST
=g = Qo - g

X
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Chapter 5

Investigation of Iterative
Methods for the
Moore-Penrose Pseudoinverse,
Numerical Results and Charts

In this chapter we will show that all iterative methods for the Moore-Penrose
inverse discussed in this present work are based on Newton’s method for the
matrix inversion. In addition, numerical results from the iterative processes
will be presented. Numerical examples are derived taking the following stop-
ping criterion || X1 — Xi|| < &, where X and X}, are two successive results
for an iterative process and ¢ is some small fixed real number.

The following matrix will be used through out the chapter.

3 1 4 9
1 2 3 4
A 0 -2 -2 0 (5.1)
-1 0 -1 -4
Hence
8 _41 _71 6l
IR S (R
e I T 2)
9 54 27 54
_1 7 2 _1
3 18 9 18

5.1 Investigation of the Iterative Method (4.14

We can observe that Newton’s iterative method for nonsingular matrix inver-
sion described in section [2.2]is the same as Ben-Israel’s and Cohen’s method
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(4.14]) described in the section 4.2.
Yipr = Yi(2] — AY:). k=0,1,....

Ben-Israel and Cohen realized that Newton’s iterative method works not only
for usual matrix inversion but also for the Moore-Penrose inversion. In order
to prove this finding, first they proved the convergence of to the pseu-
doinverse and after this they managed to prove . Therefore Newton’s
iteration process with the starting value is convergent to the Moore-
Penrose inverse.

Consider[5.2] By Theorem (4.2.7) The optimal « is, a &~ 0.013128302506547.
For ¢ = 0.0000005 we have the following chart

On the chart horizontal axis describes the number of iteration steps and ver-
tical azis shows the matrix norm 1 of X,, — A™. For a ~ 0.013128302506547
after 14 steps we get the following approximation of the pseudoinverse of A
with the precision || X154 — Xi3]| = 1.292523588158900 - 10~%. We got:

0.888888888888889  —0.870370370370370 —0.259259259259259  1.129629629629630
—0.444444444444444  0.518518518518519  —0.037037037037037 —0.481481481481481
0.444444444444444  —0.351851851851851 —0.296296296296296 0.648148148148148
—0.333333333333333  0.388888888888890  0.222222222222223 —0.611111111111110

Making test for different o showed that the number of the iteration steps
needed is within the same order of magnitude(in our case < 30).

32



CEU eTD Collection

« € Norm | Iteration number
0.013129 | 0.0000005 | 1 15
0.003129 | 0.0000005 | 1 17
0.000129 | 0.0000005 | 1 22
0.000029 | 0.0000005 | 1 24
0.000009 | 0.0000005 | 1 26

5.2 Investigation of the Iterative Method (4.27

The following iterative method is based on (4.14)).
Tpi1 = Ty — MA@ (ax, — c).
Truly, from we obtain:
Yirn =Y — Yie(AY, — 1). (5.3)

We can notice that there exist C}, € C"*" for Vk such that the following
holds
Yipr = Yi — CRA*(AY; — 1),

where « satisfies (4.11]). First by induction we will show Y, = CpA*. Truly,
for k = 1:

Y1 =Yo(21 — AY)) = aA* (2] — aAA") = a(2] — aATA)A™ = C1 A7,
where C} = a(2] — aA*A). If we assume for k that Y, = CyA*, then we get:
Yir1 = Yi(2I = AYy) = CLA™ (2] — ACLA") = (20, — CLATACK) A" = Cp i A7,
where Cyy1 = 2Cy — C A* ACY. Therefore from (|5.3)) it follows:

Yig1 = Ye — CLA"(AY), — I). (5.4)

In instead of C} the multiplier is Ay/. This substitution simplifies cal-
culation of the iterative process, because instead of calculating some com-
plicated matrices we just take scalars which economizes the computational
time and space of a computer’s memory.

Consider (5.2)). For constant A\, = 0.013111605 after 3873 steps we get
the following approximation for the Pseudoinverse of A with the precision
| Xas74 — Xasrs|| = 4.978585573800487 - 10~7.

33



CEU eTD Collection

0.888873326648520  —0.870312663934795 —0.259281212930094  1.129547299243109
—0.444437050781649  0.518491092310388  —0.037026627204830 —0.481442372790331
0.444436275866865 —0.351821571624350 —0.296307840134912  0.648104926452780
—0.333325834733609  0.388861048819393  0.222232728132671 —0.611071464311854

By observing results we see that needs more iteration steps to com-
pute pseudoinverse than but this does not mean that the former is
slower than the latter. As we see in for each iteration step it needs to
compute two matrix multiplications in contrast to when it needs one
multiplication for computing one iteration. Therefore if we have a quite big
dimensional matrix then for computation a computer will need less time
and memory space then for .

For )\, = 0.013 — 1/n" we get:

o 1000 2000 3000 4000 5000

As observation showed if we accelerate A, to 0 (for example \, = —5) then
the iteration process is not convergent to A", it is convergent to the starting
value Xy. Which contradicts to the theorem (|4.3.4)).

5.3 Investigation of the Iterative Method (4.28

We see that the difference between (4.28) and (5.4)) is that instead of Cj we
take (A, I + A*A)~L.

Tnp1 = Tn — (Ml + a*a)'a*(az, — ©).
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This makes sense, because as we know

lim CLA* = AT, (5.5)
k—o0
Let Y, = (A, + A*A)"1A* as known lim Y, = AT if \, — 0.

n—+00
As results showed, for all A we can find very small (\,), such that (\,I +
A*A)~! is not ill-conditioned for all n and Y,, converges to AT much quicker
then C,A*. Therefore substituting Y,, into instead of C),A* causes ac-
celeration of the iteration process.

Consider [5.2] For constant sequence A, = 0.1 we get:

For A\, = 0.1 after 14 steps we get the following approximation for the pseu-
doinverse of A with precision || X4 — Xi3|| = 2.475861949347014 - 107,

0.888888879447414  —0.870370335354776 —0.259259272566503  1.129629579684490
—0.444444439961510  0.518518501892622 —0.037037030718536 —0.481481457766725
0.444444439485965 —0.351851833462300 —0.296296303285054  0.648148121917767
—0.333333328793601  0.388888872052371  0.222222228620744 —0.611111087096000

In the following table we consider the case when the (A,), sequence is con-
stant.
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An € Norm | Iteration number
100 0.0000005 | 1 4989
100 0.000005 |1 3835
10 0.0000005 | 1 620
10 0.000005 |1 504
1 0.0000005 | 1 80

1 0.000005 |1 68
0.1 0.0000005 | 1 16
0.1 0.000005 |1 14
0.0001 | 0.0000005 | 1 4
0.00001 | 0.0000005 | 1 3

If we change the matrix order investigation significantly, for example to con-
sider A/1000, then the number of iterations may change largely, but the
property of the iterative method remains. Taking (), closely to 0 reduces
the number of iterations. But as we mentioned above for parameter (\,),
we should make some distance to 0 in order to avoid ill-conditioning.

5.4 Investigation of the Iterative Method (4.4

For the iterative method
X1 = (I = BXLA) Xy + 8X), = (1 + )Xy, — BXLAX,

consider (5.2)). For § = 0.013128318235738 after 1307 steps we get the fol-
lowing approximation for the Pseudoinverse of A with the precision || X307 —
X1306]| = 4.987680035095643 - 1077,

0.888877558528980  —0.870359076900360 —0.259255442025780  1.129614519686639
—0.444439056002752  0.518513137432797  —0.037038817317009 —0.481474319355279

0.444438502526237  —0.351845940228077 —0.296294260103299  0.648140199570867
—0.333327889817448  0.388883472112553  0.222220365640064 —0.611103837752616

For = 0.013128318235738 we get:
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0o

0.009

0.008

0.007

0.006

0.005

0.004

0.003

0.002

0.00

1000

o € Norm | Iteration number
0.000229 | 0.0000005 | 1 75188

0.003129 | 0.0000005 | 1 5489

0.003129 | 0.000005 |1 4754

0.013129 | 0.0000005 | 1 1307

0.013129 | 0.000005 |1 1133

0.06 0.0000005 | 1 284

0.06 0.000005 |1 247

0.08 0.0000005 | 1 212

0.08 0.000005 |1 185

Tpi1 = Tn — (Ay + a*a) ra*(azx, — c).
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5.5 Investigation of the Iterative Method (4.30))

As we saw in the example at the introduction part of my thesis, a computer
can make some computational errors in some special situations. In this ex-
ample a computer error significantly impacts on the results. Therefore, as
we already mentioned, in order to avoid it, iterative methods which compute
a problem in a different way were invented. As we saw above, all iteration
methods presented in this thesis converge to a real solution of a problem, but
we cannot be sure that they work well when we apply computer programming
languages in practice. The authors of [2] describe the other method
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Although they do not state it, it is in fact a method that takes into consid-
eration the computational errors when implementing their previous method

(4.28). If we take ¢ = Identity, we get

Tpi1 = Tp — (A\y +a*a) ta*(ax, — 1)
=2, — (M +a*a) H((a*a + ap)(a*a + o) ta*ax, — a*)

=z, — (A + a*a)_l((a*a + ap ) ypax, — a*),

where y, = (a*a+a,) 'a*. Tt is well known that lim y, = a™* when «,, — 0.
n—oo

Therefore y, —a™ = b, is small. If we consider case ataxy = xq (consequently
atar, = r,), we obtain:
ynax, = (a* +by)ax, = atax, + byaz, ~ ataz, +0 = 1,.

If we substitute this into the above equation, we get:

Tpi1 = Tn — Ay +a*a)  ((a*a + )z, — a*)

=2, — (\y +a*a) H(a*ax, — a* + a,m,,).

In this we recognise the method (4.30)), where (/3,,), is a bounded sequence,
(an)n is a decreasing sequence to 0 and 3, — v, > 0, Vn

In the proof part of the Theorem [£.3.7] we saw that
2041 — @ || < (| 2nsr = yall + [y — a™ |-
Let us observe charts of each part of the previous inequality.

Consider the matrix (5.2)). For £, = 0.01 and o, = 0.01/n, n > 1 we
obtain
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018 - —

016~ —

012 - —

0.08 - —

0.06 — —

002 - —

Red line describes ||z,+1 — a™|| and blue line ||y, — a™||. Let us magnify
any area of the chart. We see

4236 —

4235

4.234 -

4.233 —

4.232 -

4231 -

3.309 3309 3309 3.309 3.309 3309 3.309 3.309
4
®10

If we accelerate a to zero, o, = 1/n® and we magnify the chart again, we
observe that on both charts the difference between the graph of ||z, 1 —a™||
and the graph of ||y, — a™|| is very small.
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89973 8.9973 89973 8.9973 89973

Therefore, by logic, instead of observing the complicated iterative method
(4.30) with 2 parameters, we simply can take the following process:

Yn = (a*a + ay,) ta*.

But a problem might occur during the computation of y,. If the iterative
method’s approximative value is very small then (a*a + «,,) might become
ill-conditioned for quite small «,,. Therefore in order to avoid it, we can use
an iterative method for computing matrix inversion. The above described
Gauss-Seidel’s iterative method is less productive because when «,, — 0 and
hence (a*a + «,) becomes ill-conditioned, then it increases the number of
iterations needed.

However if we apply Newton’s method for computing (a*a+ ), we obtain

better results.
For o, = n—lﬁ, e = 0.0000005 we get
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For a,, =

3

For 5, =1,

o, =
n nis
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1} 10 20 30 40 50 B0 70 80

For 3, = 0.0001, a, = -

%107

We see that when 3,, becomes closer to zero then the iteration process needs
fewer steps for computing A". But generally we cannot reduce it too much,
because for computing we need to invert (8, + A*A) and it might
become an ill-conditioned matrix. Therefore generally /3,, should be bounded
away from 0.
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Chapter 6

Conclusion

In this thesis we presented a definition of the Moore-Penrose inverse, its
usage, as well as two classic methods of its computation. In addition, we de-
scribed a situation when computing the pseudoinverse through these methods
by using computer programs is not correct. After this we presented different
iteration processes for computing the Moore-Penrose inverse, we compared
them to one another, explained their differences and made analysis to each of
them. The numerical results and charts presented in the thesis were derived
by using program Matlab.

It can be recommended that future research should focus on more inves-
tigation of each iterative method. As we mentioned in the previous chapter,
the iterative process does not work in the case when the sequence of
parameters goes to 0 very quickly. Which contradicts to the theorem.
Therefore, future work can improve this method, also to find optimal param-

eter for (4.4)).
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