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1 Introduction

The concept of a dynamical system in general is just anything that evolves with time.
We can consider technical systems, such as vehicles, electrical circuits or power plants
but also for example how a skyscraper or a bridge behaves while exposed to strong winds
or an earthquake. Dynamical system do not only apply to engineering problems but are
found in economics, biology and even social sciences.
Usually a system interacts with its environment via inputs and outputs. To study a
dynamical system, we can observe what outputs we measure for given inputs. We can
go further and try to steer the system to a desired state by applying certain inputs as a
reaction to the measured outputs. The problem of forcing the dynamical system to the
desired state is called control, and as for dynamical systems, the concept of control can
be found in many areas.
Mathematical control theory deals with the analysis of the dynamical system and the
design of an appropriate control method. Of course, we are not just satisfied with finding
a control that steers our system to the defined target state, we are further interested to
do this in an optimal way. So optimality is one of the main subjects to study in this
area.
Basically, one can divide control theory in a classical and a modern theory. The classical
approach analyzes the inputs and outputs of a system to determine its transfer function.
This is usually done with help of the Laplace transform. From the knowledge of the
transfer function, a feedback control can be designed that forces the system to follow
a reference input. The thesis is not covering this but focuses on the modern control
theory. The modern approach utilizes the time-domain state-space representation. The
state-space representation is a mathematical model that relates the system state with
the inputs and outputs of the system by first order differential equations. This area of
mathematics is a widely studied subject, there are many books and papers covering vari-
ous aspects and applications. Therefore this thesis can only cover some selected subjects
to a certain extend.

1.1 History

Many natural systems maintain itself by some sort of control mechanism. So does for
example the human body regulate the body temperature or it is able to keep the bal-
ance in different positions. Some of these natural systems were studied and described
mathematically. So for example the interaction of different species with each other,
some being predators and some being preys. These systems are described by the famous
Lotka-Volterra Dynamics.
One can date back the origin of mathematical control to the description of the mechan-
ical governor to control the speed of a steam engine by James Clerk Maxwell in 1868.
He described the functionality of the device in a mathematical way, which led to fur-
ther research in this subject. Many mathematicians contributed to this research. So
for example Adolf Hurwitz and Edward J. Routh, who obtained the characterization
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of stability for linear systems, Harry Nyquist and Hendrik W. Bode, who introduced
feedback amplifiers for electrical circuits to assure their stability, or Norbert Wiener,
who developed a theory of estimation for random processes.
The achievements mentioned were mainly done for the classical theory, hence they were
restricted to time invariant systems with scalar inputs and outputs. During the 1950s,
the modern control theory was introduced. One of the main contributors was Rudolf
E. Kalman with his work on filtering, algebraic analysis of linear systems and linear
quadratic control. In the area of optimal control theory, Richard E. Bellman and Lev S.
Pontryagin contributed methods to obtain optimal control laws. Their work formed the
basis for a large research effort in the 1960s which continuous to this day.

1.2 An Introductory Example

We shall state here one of the standard examples [21] on how to describe a system and
define a simple control rule. We consider a problem from robotics, where we have a
single link rotational joint using a motor placed at the pivot. Mathematically, this can
be described as a pendulum to which one can apply a torque as an external force, see
Figure 1. For simplicity, we take the following assumptions: friction is negligible and
the mass is concentrated at the end of the rod.

Figure 1: Pendulum and inverted pendulum [3, p. 4]

Let θ describe the counterclockwise rotation angle with respect to the vertical. Then we
obtain the following second order nonlinear differential equation

mθ̈(t) +m
g

L
sin(θ(t)) = u(t), (1.1)

where m describes the mass, g the constant acceleration due to gravity, L the length of
the rod and u(t) the value of external torque at time t (counterclockwise being positive).
For further simplicity assume we chose the constants so that m = g = L = 1.

4
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Now our goal his to keep the pendulum in the upright position (inverted pendulum, see
Figure 1, right) where we have θ = π, θ̇ = 0. This position is an unstable equilibrium
point, therefore we need to apply torque to keep the pendulum in position as soon as
some deviation from this equilibrium point is detected.

If we consider only small deviations, we can linearize the system around the equilibrium
point by

sin(θ) = −(θ − π) + o(θ − π)2, (1.2)

where we drop the higher order term o(θ − π)2. By doing this, we can introduce a new
variable ϕ = θ − π and instead of working with the nonlinear equation (1.1), we can
work with the linear differential equation

ϕ̈(t)− ϕ(t) = u(t). (1.3)

The objective is then to bring ϕ and ϕ̇ to zero for any small nonzero initial values of ϕ(0)
and ϕ̇(0), preferably as fast as possible. We shall do this by simply applying proportional
feedback, meaning that if the pendulum is to the left of the vertical, i.e. ϕ = θ− π > 0,
then we wish to move to the right and therefore apply negative torque. If instead the
pendulum is to the right of the vertical, we apply positive torque. For a first try, the
control law looks like

u(t) = −αϕ(t), (1.4)

for α a positive real number. But one can easily show that this control law will lead to an
oscillatory solution, the pendulum will oscillate around the equilibrium point. Therefore
we modify the control law by adding a term that penalizes velocities. The new control
law with the damping term is then

u(t) = −αϕ(t)− βϕ̇(t), (1.5)

were we have β also a positive real number.
The control law described in (1.5) just brings us to the problem of observability. Realizing
such a control would involve the measurement of both, angular position and velocity.
If only the position is available, then the velocity must be estimated. This will be
discussed in the chapters on observability and stabilizability. For now we assume that we
can measure both and so we can construct the closed loop system from (1.3) and (1.5)
as follows

ϕ̈(t) + βϕ̇(t) + (α− 1)ϕ(t) = 0. (1.6)

It can now be shown that (1.6) indeed is a stable system and thus the solutions of (1.3)
converge to zero. We shall omit this and instead have a look at the state-space repre-
sentation of this problem.
The state-space formalism means that instead of studying higher order differential equa-
tions, such as (1.1) or (1.3), we replace it by a system of first order differential equations.
For (1.3) we introduce the first order equation

ẋ(t) = Ax(t) +Bu(t), (1.7)
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where

x(t) =

[
ϕ(t)
ϕ̇(t)

]
, A =

[
0 1
1 0

]
, B =

[
0
1

]
. (1.8)

Equation (1.7) is an example of a linear, continuous time, time invariant, finite dimen-
sional control system.
In the matrix formalism, the feedback is given by u(t) = Kx(t) where K is the vector

K = [−α − β] . (1.9)

The system matrix of the closed-loop system is then

A+BK =

[
0 1

1− α −β

]
, (1.10)

from which we get the characteristic polynomial

det(λI −A−BK) = det

[
λ −1

α− 1 λ+ β

]
= λ2 + βλ+ α− 1. (1.11)

From the characteristic polynomial we get the eigenvalues

λ1,2 =
−β ±

√
β2 − 4(α− 1)

2
, (1.12)

which have negative real part and hence the feedback system is asymptotically stable.
If we take β2 ≥ 4(α− 1) we have real eigenvalues and hence no oscillation results.
We can conclude that with a suitable choice of the values α and β, it is possible to attain
the desired behavior, at least for the linear system.
This shows that state-space representation is a good and robust approach. Of course, if
the system has higher dimensions and is maybe time variant, more sophisticated methods
have to be used to analyze the system and define its control law.

1.3 Structure of the Thesis

Chapter 2 is an introduction to the theory on dynamic systems, where we focus on
linear systems. We start by showing the existence and uniqueness of a solution to a
homogeneous time-variant system. From this we can derive the fundamental matrix and
the transition matrix with its basic properties. This properties are then used to obtain
the solution to the linear controlled system.
In chapter 3 the system is analyzed on its stability. We define the main types of stability
based on how the system behaves at an equilibrium point. The Theorem of Lyapunov
is given, which states that if we can find a Lyapunov function that satisfies certain
properties for the given system, stability of the system (possibly nonlinear) is given.
Further we apply this theorem to a linear system and obtain the Matrix Lyapunov
Equation.
In chapter 4 we introduce observability for a linear controlled system. Observability is
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important if we have to deal with systems, where the state of a system is not directly
available and we have to work with the system output instead. The definition of the
observability matrix is given and we state the theorem that the system is observable if and
only if the observability matrix is positive definite. Further, the Kalman Observability
Rank Condition is stated, which applies to time-invariant systems.
Chapter 5 deals with controllability. Controllability of a system means that the system
can be forced to attain a certain target state. For this we introduce the controllability
matrix and state that if the controllability matrix is positive definite, then the system
is controllable. For linear systems, we further state the Kalman Controllability Rank
Condition. Finally it is shown that the two properties controllability and observability
are in fact dual problems.
In chapter 6 we use the properties of controllability and observability to stabilize a system
by state feedback if the states are accessible, or output feedback if we can only work with
the output of the given system. It is shown that when the states are not directly
available, we can construct an observer, which, together with the original system, allows
us to realize the feedback control.
Finally in chapter 7 we try to find an optimal control by using linear quadratic control.
This means that the performance of a controlled system is described by a cost functional,
which we try to minimize. To do this, we follow Richard E. Bellman’s approach using
dynamic programming to obtain the Hamilton-Jacobi-Bellman Equation. If we apply this
equation to a linear system, we obtain the Differential Matrix Riccati Equation. The
solution to the Differential Matrix Riccati Equation then provides us an optimal state
feedback control law. Further, the steady-state LQR problem is given, which handles
the special case when the time horizon over which the optimization is performed is
infinite and the system is time invariant. The result of this problem is the Algebraic
Riccati Equation, which, as we will show, provides a feedback control law that makes
the closed-loop system asymptotically stable.

2 Dynamical Systems

2.1 Nonlinear System

In this thesis, we will mainly focus on linear systems. But of course, most of the physical
systems which can be encountered in real life are nonlinear. Nonlinear systems require
intensive study to cover all their aspects. Regarding control, one therefore often prefers
to linearize the system around some operating point. Nevertheless, we start by describing
nonlinear systems, as they are the general form.
A nonlinear system is given by the equations:

ẋ = f(x, u),

ẋ = f(t, x, u),
(2.1)

where x ∈ Rn is called the state vector and denotes the status of the system at a given
time t. The control vector u takes values from a set U ∈ Rm, which is the set of control
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parameters. The function f = col(f1, f2, ..., fn) is an n-dimensional vector depending on
x, u, and, in the time varying case, on t.
For a short discussion on solutions of nonlinear systems we consider the Cauchy problem

ẋ(t) = f(t, x(t)),

x(0) = x0.
(2.2)

Unlike linear systems, existence and uniqueness of solutions is not guaranteed. In addi-
tion, a solution may only exist in an interval, called the maximal interval of existence.
There are many results investigating (2.2) regarding this problem. We state here one
without proof. For the proof of below theorem and more general results, refer to [1, 22]
and many results are given in [18].

Theorem 2.1 : Assume for an arbitrary x ∈ Rn the function f is measurable and locally
integrable in t and for the functions L ∈ L+

1 (I) (integrable on interval I 3 0) the Lipschitz
condition holds:

‖f(t, x)− f(t, y)‖ ≤ L(t)‖x− y‖. (2.3)

Then the system (2.2) has a unique solution x in the space of continuous functions,
x ∈ C(I,Rn) for each x0 ∈ Rn.

Given that the a unique solution is found, by its continuity we can define the solution
operator {Tt,s, t ≥ s ≥ 0} as in [1, p. 87] that maps the state ξ given at the time s to the
current state, x(t), at time t. This family of solution operators satisfies the evolution or
semigroup properties:

(T1) : Ts,s = I, ∀s ≥ 0,

(T2) : lim
t↓s

Tt,s(ξ) = ξ, ∀s ≥ 0, ∀ξ ∈ Rn,

(T3) : Tt,τ (Tτ,s(ξ)) = Tt,s(ξ), ∀t ≥ τ ≥ s ≥ 0,∀ξ ∈ Rn.

(2.4)

2.2 Linear Systems

A linear dynamic system of order n is described by a set of n first order ordinary
differential equations:

ẋ1(t) = a11(t)x1(t) + a12(t)x2(t) + ...+ a1n(t)xn(t) + b1(t),

ẋ2(t) = a21(t)x1(t) + a22(t)x2(t) + ...+ a2n(t)xn(t) + b2(t),

...

ẋn(t) = an1(t)x1(t) + an2(t)x2(t) + ...+ ann(t)xn(t) + bn(t).

(2.5)

We can express (2.5) in matrix notation

ẋ = A(t)x(t) + b(t). (2.6)
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In order to guarantee existence and uniqueness of a solution, the coefficients aij(t) are
usually assumed to be continuous in t. A stronger result for aij(t) locally integrable is
shown in the next section.

Remark: Throughout this thesis, we use the induced or operator norm for the norm of
a matrix: If the the vector norms on Rn and Rm are given, the operator norm for the
matrix A ∈ Rm×n is defined by

‖A‖ = sup{‖Ax‖ : x ∈ Rn, ‖x‖ = 1}. (2.7)

The operator norm has the folowing important submultiplicative properties for the ma-
trices A,B and vector x

‖Ax‖ ≤ ‖A‖‖x‖,
‖AB‖ ≤ ‖A‖‖B‖.

(2.8)

In what follows, we shall first show existence and uniqueness of the solution. Then
we will describe how such a solution looks like and finally we can define the transition
operator, which solves the linear system.

2.2.1 Existence and Uniqueness of Solution

To start, we consider the homogeneous system

ẋ(t) = A(t)x(t), t ≥ s,
x(s) = ξ.

(2.9)

In (2.9) the vector x(t) ∈ Rn denotes the state of the system and the matrix A(t) ∈ Rn×n

represents the system matrix that characterizes the behavior of the system.

Theorem 2.2 : Consider the above system (2.9). Assume that the elements aij(t) of ma-
trix A(t) are locally integrable in the sense that

∫
I |aij(t)|dt <∞, for all i, j = 1, 2, · · · , n,

and for every finite closed interval I, say I = [s, T ]. Then our system has a unique and
absolutely continuous solution which further is continuously dependent on the initial
state ξ.

Proof : Consider the vector space of continuous functions C(I,Rn). Assign the supre-
mum norm to a function x(t) in this space:

‖x‖ = sup
t∈I
‖x(t)‖. (2.10)

Equipped with the supremum norm, the space C(I,Rn) forms a Banach space.
We will prove the theorem for the right intervall I = [s, T ], the proof for [0, s] is similar.
In fact, we can assume s = 0.

9
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The Picard iteration process [5] provides a way to approximate the integral curve x(t)
as follows:

x1(t) = ξ, t ∈ I,

x2(t) = ξ +

∫ t

0
A(τ)x1(τ)dτ, t ∈ I,

...

xm+1(t) = ξ +

∫ t

0
A(τ)xm(τ)dτ, t ∈ I,

...

(2.11)

We will show that the sequence {xm} converges to a unique x(t) ∈ C(I,Rn) in the
supremum norm.
Define the function

h(t) ≡
∫ t

0
‖A(τ)‖dτ. (2.12)

By our assumption, the elements in the matrix A(τ) are locally integrable, hence the
function h(t) is non-decreasing, once differentiable and bounded for t ∈ I.
Now we investigate the sequence:

‖x2(t)− x1(t)‖ ≤
(∫ t

0
‖A(τ)‖dτ

)
‖ξ‖ = h(t)‖ξ‖,

‖x3(t)− x2(t)‖ =
∥∥∥∫ t

0
A(τ)x2(τ) dτ −

∫ t

0
A(τ)ξ dτ

∥∥∥
=
∥∥∥∫ t

0
A(τ)

(
ξ +

∫ τ

0
A(θ)ξdθ

)
−A(τ)ξ dτ

∥∥∥
≤
∫ t

0
‖A(τ)‖︸ ︷︷ ︸
h′(τ)

∫ τ

0
‖A(θ)‖dθ︸ ︷︷ ︸
h(τ)

dτ‖ξ‖

by the product rule we get

=

∫ t

0

1

2

d

dτ

(∫ τ

0
‖A(θ)‖dθ

)2

dτ‖ξ‖

=
1

2

∫ t

0

d

dτ
h2(τ)dτ‖ξ‖

=
1

2
h2(t)‖ξ‖.

(2.13)

We can continue this process, the general step will then look like:

‖xm+1(t)− xm(t)‖ ≤ hm(t)

m!
‖ξ‖. (2.14)

10



C
E

U
eT

D
C

ol
le

ct
io

n

For any positive p we have

‖xm+p(t)− xm(t)‖ =‖xm+p(t)− xm+p−1(t) + xm+p−1(t)− xm+p−2(t)+

+ xm+p−2(t)− · · · − xm+1(t) + xm+1(t)− xm(t)‖
≤‖xm+p(t)− xm+p−1(t)‖+ ‖xm+p−1(t)− xm+p−2(t)‖+

+ · · ·+ ‖xm+1(t)− xm(t)‖

=

m+p−1∑
k=m

‖xk+1(t)− xk(t)‖

≤
m+p−1∑
k=m

(
hk(t)

k!

)
‖ξ‖

≤e(h(t))h
m(t)

m!
‖ξ‖.

(2.15)

We can now show that {xm} is a Cauchy sequence in the space C(I,Rn)

‖xm+p − xm‖ = sup
t∈I
{‖xm+p(t)− xm(t)‖} ≤ eh(T )h

m(T )

m!
‖ξ‖. (2.16)

h(T ) is finite,
lim
m→∞

‖xm+p − xm‖ = 0, (2.17)

uniformly with respect to p. Hence the sequence {xm} converges uniformly on the
interval I to a continuous function x(t). From the Picard iteration (2.11) by letting
m→∞ we obtain

x(t) = ξ +

∫ t

0
A(θ)x(θ)dθ, t ∈ I. (2.18)

Now for continuity with respect to initial data, take ξ, η ∈ Rn and denote by x(t) the
corresponding solution to the initial state ξ and y(t) the solution to η.
By (2.18) we obtain

x(t)− y(t) = ξ − η +

∫ t

0
A(θ)(x(θ)− y(θ))dθ, t ∈ I. (2.19)

Then by applying first the triangle inequality and then the Gronwall inequality (See for
example [1, p. 44]) we get

‖x(t)− y(t)‖ ≤ ‖ξ − η‖+

∫ t

0
‖A(θ)‖‖x(θ)− y(θ)‖dθ,

‖x(t)− y(t)‖ ≤ ‖ξ − η‖eh(t) ≤ eh(T )‖ξ − η‖ = c‖ξ − η‖,
(2.20)

where c = eh(T ) < ∞. So the solution is Lipschitz with respect to the initial data and
therefore depends continuously on it. �
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2.2.2 Fundamental Matrix and Transition Matrix

The formula to solve a general linear system involves a matrix known as the fundamental
matrix.

Definition 2.1: (The Fundamental Matrix) Let γi : [0,∞) → Rn with i = 1, n be the
unique solution of the initial value problem

ẋ = A(t)x,

x(0) = ei.
(2.21)

Here ei, i = 1, n denote the unit vectors in Rn. The fundamental matrix is then the
matrix X(t) whose columns are the solutions of (2.21), X = [γ1(t), γ2(t), · · · , γn(t)].
It is easy to show that the vectors γi(t), i = 1, n, are linearly independent and that every
solution of the linear homogeneous system can be written as a unique linear combina-
tion of these vectors. In other words, the set of all solutions to the linear homogeneous
problem is an n-dimensional vector space.

Theorem 2.3: If X(t) is the fundamental matrix for A(t), then X(t) satisfies

Ẋ(t) = A(t)X(t), t > 0

X(0) = I (identity matrix).
(2.22)

Proof : By differentiating X(t) we get

Ẋ(t) = [γ̇1(t), γ̇2(t), · · · , γ̇n(t)]

= [A(t)γ1(t), A(t)γ2(t), · · · , A(t)γn(t)]

= A(t)[γ1(t), γ2(t), · · · , γn(t)]

= A(t)X(t).

(2.23)

X(0) = I is clear as γi(0) = ei, i = 1, n �

An important property of the fundamental matrix is that it is invertible for all t ≥ 0.
This can be shown by the use of Liouville’s formula, which relates the determinant of X
and the trace of A. We will omit this and just verify its non-singularity by means of the
uniqueness of solutions and the transition matrix as in [1, p. 48].

Corollary 2.4: The transition matrix corresponding to the linear homogeneous system
(2.9), denoted by Φ(t, s), t ≥ s, is given by

Φ(t, s) = X(t)X−1(s), t ≥ s. (2.24)

And the solution of the linear homogeneous system (2.9) is given by

x(t) = Φ(t, s)ξ, t ≥ s. (2.25)
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Proof: Assume X(t) is invertible, then we have

ẋ = A(t)X(t)X−1(s)ξ = A(t)Φ(t, s)ξ = A(t)x(t), t > 0, (2.26)

and
lim
t↓s

x(t) = ξ. (2.27)

What remains to be shown is that X(t) is non-singular. For this, consider the initial
value problem

Ẏ (t) = −Y (t)A(t), t ≥ 0,

Y (0) = I.
(2.28)

Again, we consider the entries of A to be locally integrable, so by theorem 2.2 the equa-
tion has a unique and absolutely continuous solution Y (t). By computing the derivative

d

dt
(Y (t)X(t)) = Ẏ (t)X(t) + Y (t)Ẋ(t)

= −Y (t)A(t)X(t) + Y (t)A(t)X(t)

= 0,

(2.29)

we see that the product of Y (t)X(t) must be constant and from Y (0)X(0) = I, it follows
that Y (t)X(t) = I for all t ≥ 0. Hence we have

X−1(t) = Y (t), (2.30)

which shows that the fundamental matrix X(t) is non-singular and that its inverse is also
a unique solution of a matrix differential equation and further t→ X−1(t) is absolutely
continuous. �

Now we can state the basic properties of the transition matrix:

(P1) : Φ(t, t) = I,

(P2) : Φ(t, θ)Φ(θ, s) = Φ(t, s), s ≤ θ ≤ t (evolution property),

(P3) : ∂/∂tΦ(t, s) = A(t)Φ(t, s),

(P4) : ∂/∂sΦ(t, s) = −Φ(t, s)A(s),

(P5) : (Φ(t, s))−1 = Φ(s, t).

(2.31)

Property P5 can be derived from P2, by letting t = s we get
Φ(s, θ)Φ(θ, s) = Φ(s, s) = I ⇒ (Φ(θ, s))−1 = Φ(s, θ).

2.2.3 Fundamental Matrix for Time Invariant Systems

The fundamental matrix X(t) has a particularly nice form for the time invariant system

ẋ = Ax,

x(0) = x0 ∈ Rn.
(2.32)
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Here the fundamental matrix is of the form X(t) = etA, where the matrix exponential
function has the meaning

etA =
∞∑
n=0

tnAn

n!
, (2.33)

and so the solution of (2.32) is given by

x(t) = etAx0, t ∈ R0. (2.34)

2.2.4 Solution of the Linear Controlled System

The linear controlled system is of the form

ẋ(t) = A(t)x(t) +B(t)u(t), t > s,

x(s) = ξ.
(2.35)

Additionally to the state vector and the system matrix, we introduce the control u(t) ∈
Rd representing the control policy and the control matrix B(t) ∈ Rn×d.

Theorem 2.4: Assume the elements of the matrix A(t) are locally integrable and those
of B(t) are essentially bounded, u(t) is an L1 function. Then a continuous solution of
(2.35): ϕ(t) ∈ Rn, t ≥ 0, is given by

ϕ(t) = Φ(t, s)ξ +

∫ t

s
Φ(t, θ)B(θ)u(θ)dθ, t ≥ s. (2.36)

Proof: To show that ϕ satisfies the initial value problem (2.35), we differentiate (2.36)
and by using the properties P1 and P3 of the transition matrix defined in (2.31), we
obtain

ϕ̇(t) = A(t)Φ(t, s)ξ +

∫ t

s
A(t)Φ(t, θ)B(θ)u(θ)dθ + Φ(t, t)B(t)u(t)

= A(t)ϕ(t) +B(t)u(t).

(2.37)

By letting t→ s and applying P1 we get limt↓s ϕ(t) = Φ(t, t)ξ = ξ. �

Further it is to be said that the solution is continuously dependent on all the data
such as the initial state, the control and the system matrices. More on this is explained
in [1, p. 51-54].

3 Stability Theory

3.1 Definition of Stability

Consider the time invariant, homogeneous, possibly nonlinear system ẋ(t) = f(x(t)),
where x(t) ∈ Rn and f : Rn → Rn is continuous.
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By investigating the stability of this system we either analyze the behavior of the system
at an equilibrium point or, for systems having periodic solutions, we look at the stability
of the periodic motion. Here we shall focus only on the stability of equilibrium points,
for more details regarding periodic motion, refer to [19].
Mathematically, the stability of the system at such an equilibrium point can be reduced
to the question of stability at the origin or equivalently, stability of the zero state. We
shall therefore work with the following system

ẋ = f(x(t)), x(0) = x0, with f(0) = 0. (3.1)

Here the intensity of the perturbation is given by ‖x0‖.

We define the transition or solution operator Tt, t ≥ 0 as in (2.4).

We state here three important definitions for stability with respect to stability of the
zero state or null solution as in [1]:

Definition 3.1: The null solution of system (3.1) is called stable or Lyapunov stable if
for every R > 0, there exists an r = r(R) ≤ R so that Tt(B(0, r)) ⊂ B(0, R), ∀t ≥ 0,
where B(0, r) and B(0, R) denote the open balls centered at the origin with radius r and
R respectively.
From definition 3.1 we immediately get the definition for instability, namely if for any
given R > 0 we cannot find an r > 0 such that Tt(B(0, r)) ⊂ B(0, R), ∀t ≥ 0.

Definition 3.2: The null solution of system (3.1) is asymptotically stable if it is stable
and for any x0 ∈ Rn, limt→∞ Tt(x0) = 0.

Definition 3.3: The null solution of system (3.1) is exponentially stable if there exists
an M > 0, α > 0, such that ‖Tt(x0)‖ ≤Me−αt, t ≥ 0.

Generally spoken, if a system, whose null solution is stable in Lyapunov sense, gets
kicked out from its equilibrium point, it stays nearby and executes motion around it. If
the null solution of the system is asymptotically stable, it eventually returns to it and in
case of exponential stability, the system goes back to the equilibrium point exponentially
fast.

3.2 Lyapunov Stability Theory

There are basically two ways to analyze the stability of system (3.1), namely the lin-
earization method and the Lyapunov method. To apply the linearization method, one
computes the Taylor expansion around an equilibrium to obtain the Jacobian at this
point and then determines the stability by computing its eigenvalues. The linearization
method is not covered in this thesis, for further reading we refer to [19]. Instead we will
focus on Lyapunov theory as it will be of great importance in the future chapters.
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3.2.1 Lyapunov Functions and Stability Criterion

Definition 3.4: Consider system (3.1). Let Ω be an open set in Rn and 0 ∈ Ω. A
function V : Ω ⊆ Rn → R is said to be a Lyapunov function if it satisfies the following
properties:

(L1) : V ∈ C1(Ω)

(L2) : V is positive definite: V (x) > 0 ∀x ∈ Ω and V (0) = 0

(L3) : V̇ (x(t)) = (DV, f)(x(t)) ≡ (Vx(x(t)), f(x(t)) ≤ 0,

along any solution trajectory x(t) ≡ Tt(x0) ≡ x(t, x0), x, x0 ∈ Ω.

(3.2)

Definition 3.4 shows that V̇ (x(t)) is a function of the state. Evaluated at a certain
state x, V̇ (x(t)) gives the rate of increase of V along the trajectory of the system passing
through x. The great benefit of Lyapunov functions is that the computation of such rate
does not require the preliminary computation of the system trajectory.
Unfortunately, there is no algorithm to determine a Lyapunov function. But in case we
can find one, the stability of the null solution is guaranteed.

Theorem 3.1: (Lyapunov Theorem) Consider the dynamical system (3.1) and assume
there exist a function V satisfying the properties L1−L3 from (3.2), then the system is
stable in Lyapunov sense with respect to the null solution. Moreover if strict inequality
holds for L3, namely V̇ (x(t)) < 0, the the system (3.1) is asymptotically stable with
respect to the null solution.

Proof: The proof follows [15, 18]. First suppose L3 holds, so V̇ (x(t)) is negative semi-
definite. Given ε > 0 consider the closed ball B(0, ε). Its boundary S(0, ε) is closed and
bounded, hence by Heine-Borel’s Theorem it is compact. As V is a continuous function,
by Weierstrass’s Theorem V admits a minimum m on S(0, ε). This minimum is positive
by L2:

min
x:‖x‖=ε

V (x(t)) = m > 0. (3.3)

Since V is continuous, in particular at the origin, there exists a δ > 0, 0 < δ ≤ ε such
that x0 ∈ B(0, δ) ⇒ V (x) − V (0) = V (x) < m. This δ is the one required by the
definition of stability, meaning that if a trajectory starts from within B(0, δ) it shall not
leave B(0, ε). So choose an x0 ∈ B(0, δ) as the initial condition for (3.1) and by contra-
diction suppose that the system trajectory ϕ(t, x0) leaves the ball B(0, ε). So there exist
a time T on which the trajectory would intersect the boundary of B(0, ε), this means
V (ϕ(T, x0)) ≥ m. But V̇ (x(t)) is negative semi-definite and hence V is non-increasing
along this trajectory, meaning V (ϕ(T, x0)) ≤ V (x0). Together with (3.3), this leads to
the contradiction m ≤ V (ϕ(T, x0)) ≤ V (x0) < m.

To prove asymptotic stability, assume V̇ (x(t)) < 0, x ∈ Ω, x 6= 0. By the previous
reasoning, this implies stability, meaning x(0) ∈ B(0, δ) then x(t) ∈ B(0, ε), ∀t ≥ 0.
Now V (x(t)) is decreasing and bounded from below by zero. By contradiction suppose
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x(t) does not converge to zero. This implies that V (x(t)) is bounded from below, so
there exists an L > 0, such that V (x(t)) ≥ L > 0. Hence by continuity of V (·),
there exists a δ′, such that V (x) < L for x ∈ B(0, δ′), which further implies that
x(t) /∈ B(0, δ′),∀t ≥ 0. Next we define the set K = B(0, ε)\B(0, δ′). Since K is compact
and ˙V (·) is continuous and negative definite, we can define L1 ≡ minx∈K −V̇ (x(t)). L3
implies −V̇ (x(t)) ≥ L1, ∀x ∈ K, or equivalently

V (x(t))− V (x(0)) =

∫ t

0
V̇ (x(s))ds ≤ −L1t, (3.4)

and so for all x(0) ∈ B(0, δ)

V (x(t)) ≤ V (x(0))− L1t. (3.5)

By letting t > V (x(0))−L
L1

, it follows that V (x(t)) < L, which is a contradiction. Hence
x(t)→ 0 as t→∞, which establishes asymptotic stability. �

3.2.2 Lyapunov’s Theorem for Linear Systems

If we apply Lyapunov’s theorem to time invariant linear systems, we obtain the Matrix
Lyapunov Equation and the following theorem:

Theorem 3.2: [15, 19] Let A ∈ Rn×n be the matrix of the system ẋ = Ax. Then the
following statements are equivalent:

1. The matrix A is stable, meaning that all its eigenvalues have negative real part.

2. For all matrices Q ∈M+
s (symmetric positive definite) there exists a unique solu-

tion P ∈M+
s to the following matrix Lyapunov equation:

A′P + PA = −Q (3.6)

Proof: (1⇒ 2) Suppose the matrix A is stable. Let

P ≡
∫ ∞

0
eA

′tQeAtdt. (3.7)

If we consider the Jordan form of A, we see that the integral exists and is finite. Now
we can verify that P is a solution to (3.6):

A′P + PA =

∫ ∞
0

(A′eA
′tQeAt + eA

′tQeAtA)dt

=

∫ ∞
0

d

dt

(
eA

′tQeAt
)
dt

=
[
eA

′tQeAt
]∞

0

= −Q.

(3.8)
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Here we used the fact that limt→∞ e
A′tQeAt = 0.

To show that the solution is unique, let P1 and P2 be any two solutions satisfying

A′P1 + P1A+Q = 0

A′P2 + P2A+Q = 0.
(3.9)

Subtract the second from the first,

A′(P1 − P2) + (P1 − P2)A = 0, (3.10)

and then
0 = eA

′t(A′(P1 − P2) + (P1 − P2)A)eAt

= eA
′tA′(P1 − P2)eAt + eA

′t(P1 − P2)AeAt

=
d

dt

(
eA

′t(P1 − P2)eAt
)
.

(3.11)

This shows that eA
′t(P1 − P2)eAt is constant and therefore has the same value for all t

as for t = 0,
eA

′t(P1 − P2)eAt = P1 − P2. (3.12)

By letting t → ∞ on the left hand side of (3.12), we obtain P1 − P2 = 0, hence the
solution is unique.

(2 ⇒ 1) Consider the linear time invariant system as given in the theorem and let
V (x) = x′Px. Then

V̇ (x) = ẋ′Px+ x′Pẋ = (Ax)′Px+ x′PAx

= x′(A′P + PA)x.
(3.13)

By our assumption, there exists a unique positive definite matrix P for any positive
definite matrix Q satisfying (3.6). This means V̇ = −x′Qx < 0 for x 6= 0. So asymptotic
stability follows from Lyapunov’s Theorem (3.1). �

3.2.3 Linearization via Lyapunov Method

Consider system (3.1) with an equilibrium point at the origin. If f is continuously dif-
ferentiable, we can linearize the system around the origin and analyze the corresponding
linear time invariant system ẋ = Ax(t), where A = ∂f

∂x (0) ∈ Rn×n.

Theorem 3.3: [15] Let (3.1) have an equilibrium point at the origin and f ∈ C1(Rn).
If A = ∂f

∂x (0) is stable, then (3.1) is asymptotically stable with respect to the origin.

Proof: Suppose A is stable. We compute the Taylor expansion of f around the equilib-
rium point:

f(x) = f(0) +Ax+ o(x)‖x‖ = Ax+ o(x)‖x‖, (3.14)
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where lim‖x‖→0 o(x) = 0. As we assumed A to be a stability matrix, we have a solution
P ∈M+

s for the equation
A′P + PA+ I = 0. (3.15)

Now let V (x) = x′Px. Here V (x) is a positive quadratic form and hence we can apply
Lyapunov’s Theorem by using V as a Lyapunov function.

V̇ (x) = (Ax+ o(x)‖x‖)′Px+ x′P (Ax+ o(x)‖x‖)
= x′(A′P + PA)x+ 2x′Po(x)‖x‖
= −x′x+ 2x′Po(x)‖x‖

= ‖x‖2
(
−1 +

2x′Po(x)

‖x‖

)
.

(3.16)

Now by applying Cauchy Schwartz, we obtain

|2x′Po(x)| = |(x, 2Po(x))|
≤ ‖x‖‖2Po(x)‖
≤ 2‖x‖‖P‖‖o(x)‖.

(3.17)

(3.17) shows that when x → 0, also 2x′Po(x)
‖x‖ tends to zero. So there exists an ε > 0,

such that V̇ (x) < 0 for all x ∈ B(0, ε)\{0} and V̇ is negative definite. By Lyapunov’s
Theorem, it follows that for the system (3.1) the origin is asymptotically stable. �

4 Observability

In many systems we may encounter in practice, the internal state x(t) ∈ Rn is not
directly accessible. Therefore we introduce the following model of a system

ẋ(t) = A(t)x(t) +B(t)u(t), t ∈ Is,T ≡ [s, T ], (4.1)

y(t) = H(t)x(t), t ∈ Is,T . (4.2)

The newly introduced vector y(t) is the output trajectory and takes values from Rm.
Usually, the dimension of the output is less than the dimension of the system state, i.e.
m < n. To have compatible dimensions for the matrices, given A ∈ Rn×n, the matrix
H must be in Rm×n.

4.1 Observability Matrix

Now the question arises, if from the given output trajectory, the behavior of the entire
system can be determined. To investigate this question, we first define the observability
of a system.
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Definition 4.1: The system defined by the equations (4.1) and (4.2) is observable over
the time period Is,T , if from the input data u(t), t ∈ Is,T and the output trajectory
y(t), t ∈ Is,T , the initial state, and hence the entire state trajectory, is uniquely identi-
fiable.

As mentioned in the definition, mathematically the problem of observability of the system
is equivalent to the problem of finding the initial state x0. Therefore, we can approach
the problem directly via the initial state.
We have seen that the solution for (4.1), with the initial state x(s) = ξ, is given by
(2.36). By inserting (4.2) into this solution, we get

y(t, ξ) = H(t)Φ(t, s)ξ +

∫ t

s
H(t)Φ(t, θ)B(θ)u(θ)dθ, t ∈ Is,T . (4.3)

By definition 4.1 we have y(t) and u(t) given. So considering an initial state ξ ∈ Rn we
can define

ỹ(t, ξ) = y(t, ξ)−
∫ t

s
H(t)Φ(t, θ)B(θ)u(θ)dθ = H(t)Φ(t, s)ξ. (4.4)

Now the matrix H(t)Φ(t, s) is of dimension m × n and therefore has no inverse. This
means that we can not find ξ directly. To further investigate the problem, we introduce
the observability matrix :

QT (s) ≡
∫ T

s
Φ′(t, s)H ′(t)H(t)Φ(t, s)dt. (4.5)

The observability matrix QT (t), considered as a function of the starting time t ∈ Is,T , is
symmetric positive semidefinite and is the solution of the matrix differential equation

Q̇T (t) = −A′(t)QT (t)−QT (t)A(t)−H ′(t)H(t), t ∈ [s, T ),

QT (T ) = 0.
(4.6)

That QT (t) satisfies (4.6) can be seen by taking the derivative with respect to t in

QT (t) =
∫ T
t Φ′(θ, t)H ′(θ)H(θ)Φ(θ, t)dθ using the Leibniz rule and applying the proper-

ties of the transition operator. The terminal condition is given by the integral definition
of the observability matrix.
If the observability matrix is given, we have the following theorem to determine if a
given system is observable.

Theorem 4.1: The system given by the equations (4.1) and (4.2) is observable over the
time period Is,T ⇔ the observability matrix QT (s) is positive definite.
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Proof: (Observability⇒ QT (s) > 0) We assume the system is observable, meaning that
two distinct initial states ξ 6= η produce two distinct outputs ỹ(t, ξ) 6= y(t, η). We get∫ T

s
‖ỹ(t, ξ)− y(t, η)‖2dt > 0, ∀ξ 6= η,

⇒
∫ T

s
‖H(t)Φ(t, s)(ξ − η)‖2dt > 0, ∀ξ 6= η,

⇒
∫ T

s
(Φ′(t, s)H ′(t)H(t)Φ(t, s)(ξ − η), (ξ − η))dt > 0 ∀ξ 6= η,

⇒(QT (s)(ξ − η), (ξ − η)) > 0, ∀ξ 6= η.

(4.7)

By (4.7) the observability matrix is positive definite whenever the system is observable.

(QT (s) > 0 ⇒ observability) By contradiction, suppose QT (s) > 0 but the system
is not observable. In this case there exist two distinct initial states producing identical
outputs, i.e. ỹ(t, ξ) = y(t, η), t ∈ Is,T . By (4.7) this results in

(QT (s)(ξ − η), (ξ − η)) = 0. (4.8)

But QT (s) is positive definite, which implies ξ = η. �

Since A(t) and H(t) are time varying, the system may be observable over one period of
time but not so on another. Hence QT (s) is a function of the time intervals.

4.2 Observability Rank Condition for Time Invariant Systems

According to previous result, to determine if the observability matrix is positive definite
involves integration of matrix valued functions. This is not always easy. For a time
invariant system

ẋ = Ax+Bu,

y = Hx,
(4.9)

we have the following simpler alternative:

Theorem 4.2(Kalman Observability Rank Condition) The necessary and sufficient con-
dition for observability of the system (4.9) is that the matrix
[H ′, A′H ′, (A′)2H ′, · · · , (A′)n−1H ′] has full rank:

Observability ⇔ Rank([H ′, A′H ′, (A′)2H ′, · · · , (A′)n−1H ′]) = n. (4.10)

Proof: The proof follows [1, p. 157] and uses the fact from theorem 4.1 that observability
of a system is equivalent to QT > 0. So it is sufficient to show

QT > 0⇔ Rank([H ′, A′H ′, (A′)2H ′, · · · , (A′)n−1H ′]) = n. (4.11)
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(QT > 0⇒ Rank condition holds) Assume QT > 0, we have

(QT ξ, ξ) =

∫ T

0
‖HetAξ‖2dt > 0 ∀ξ 6= 0. (4.12)

From (4.12) the null space or kernel of HetA must be {0}. We have

{HetAξ = 0 ∀t ∈ IT } ⇔ ξ = 0. (4.13)

This is further equivalent to the statement

{(HetAξ, z) = 0,∀t ∈ IT and ∀z ∈ Rm} ⇔ ξ = 0, (4.14)

or to fit our notation for the rank condition,

{(ξ, etA′
H ′z) = 0,∀t ∈ IT and ∀z ∈ Rm} ⇔ ξ = 0. (4.15)

Now we define this to be a function

f(t) ≡ (ξ, etA
′
H ′z), t ∈ IT , (4.16)

and compute its Taylor expansion around zero

f(t) =

∞∑
k=0

f (k)(0)
tk

k!
. (4.17)

This function can be identically zero if and only if all its derivatives at t = 0 vanish.
This together with (4.15) leads to

{(ξ, (A′)kH ′z) = 0, ∀k ∈ N0 and ∀z ∈ Rm} ⇔ ξ = 0. (4.18)

As k goes to infinity, this is an infinite sequence. By the Cayley-Hamilton theorem (see
[23, p. 70]), this sequence can be reduced to an equivalent finite sequence as any square
matrix A ∈ Rn satisfies its characteristic equation

P (A) = c0I + c1A+ c2A
2 + · · ·+ cn−1A

n−1 +An = 0. (4.19)

As a consequence of this An is a linear combination of {Aj , j = 1, · · · , n− 1} and hence
Ak, k ≥ n as well. This means that any integer power of the matrix A equal to n and
beyond can be written as a function of powers of A up to k = n− 1. Therefore, we can
write (4.18) as

{(ξ, (A′)kH ′z) = 0,∀k ∈ {0, 1, 2, · · · , n− 1} and ∀z ∈ Rm} ⇔ ξ = 0. (4.20)

This means that the union
⋃n−1
k=0(A′)kH ′z, ∀z ∈ Rm is all of Rn. So

Range([H ′, A′H ′, (A′)2H ′, · · · , (A′)n−1H ′]) = Rn, (4.21)
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and hence the matrix for the rank condition must span the whole space Rn and therefore

Rank([H ′, A′H ′, (A′)2H ′, · · · , (A′)n−1H ′]) = n. (4.22)

(Rank condition holds ⇒ QT > 0) By contradiction suppose QT is not positive
definite and hence there exists a vector ξ 6= 0 ∈ Rn such that (QT ξ, ξ) = 0. By theorem
4.1 this implies HetAξ ≡ 0, ∀t ∈ IT . By the same reasoning as in the proof of the first
part, we have

(HetAξ, η) = 0 ∀t ∈ IT , and ∀η ∈ Rm. (4.23)

Again, to fit our notation and by following the same steps as before, we get the following
expression

{(ξ, (A′)kH ′η) = 0 ∀k ∈ {0, 1, 2, · · · , n− 1},∀η ∈ Rm} (4.24)

But by our assumption, the rank condition (4.22) holds and so it follows that ξ = 0,
which is a contradiction to our assumption. Hence QT > 0. �

5 Controllability

Given a linear system, time variant or invariant, together with its initial state, we often
want to drive the system to a desired target state. Here the problem consists of finding
a suitable control strategy out of a set of admissible inputs, so that the system will reach
said target state within a certain time interval. It might also be very likely that the
system is unstable, then the question arises if the system can be stabilized. We will see
in the next chapter on stabilizability that if the system is controllable, we can construct
a feedback control that will stabilize the system. This can be done for both cases, when
the internal state is available or only the output. However, if only the output is available,
we need to introduce an observer as discussed in the next chapter.

5.1 Controllability Matrix

We consider the linear time variant system

ẋ(t) = A(t)x(t) +B(t)u(t), t ∈ R0 ≡ (0,∞),

x(s) = x0.
(5.1)

Again we take the state vector x ∈ Rn, then A ∈ Rn×n. Further let u(t) ∈ Rd and so
B ∈ Rn×d. We define the admissible control strategies Uad to be the space of locally
square integrable functions with values in Rd, i.e. u ∈ Uad ≡ Lloc2 (R0,R

d). Regarding
physical systems, this definition for the admissible controls makes sense as the energy
of the control is usually limited. For many systems not only the energy, but also the
magnitudes of u(t) are limited, therefore the control set is a closed and bounded, hence
compact, subset of Rd.
We now give the definition of controllability as in [1, p. 182]
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Definition 5.1: The System (5.1) together with the admissible controls Uad is said to
be controllable at time T with respect to the pairs {x0, x1}, both in Rn, if there exists
a control strategy u ∈ Uad over the time interval Is,T ≡ [s, T ], so that the state attained
at time T coincides with the given target state x1. The system is said to be globally
controllable over the period Is,T , if controllability holds for any x0 ∈ Rn to any x1 ∈ Rn.

Above definition describes controllability as the capability of the system to reach out
to target states with the help of the admissible controls. Therefore it makes sense to
describe these target states as attainable sets.

Definition 5.2: For a time interval Is,T the attainable set at time T is given by

As(T ) ≡
{
z ∈ Rn : z =

∫ T

s
Φ(T, θ)B(θ)u(θ)dθ, u ∈ Uad

}
. (5.2)

As the initial state x0 and the final state x1 are arbitrary, we have z(t) = x1 −Φ(t, s)x0

and therefore the definition of the attainable set in (5.2) does not include the initial state.

Similar to previous chapter on observability, to further investigate the controllability, we
introduce the controllability matrix

Cs(t) ≡
∫ t

s
Φ(t, θ)B(θ)B′(θ)Φ′(t, θ)dθ, s ≤ t. (5.3)

And again, as seen for observability, by differentiating equation (5.3), we get the following
matrix differential equation from which the controllability matrix Cs(t) can be obtained

Ċs(t) = A(t)Cs(t) + Cs(t)A
′(t) +B(t)B′(t), t ∈ (s, T ],

Cs(s) = 0.
(5.4)

Now we state the theorem concerning global controllability.
Theorem 5.1: The system (5.1) is globally controllable over the time horizon Is,T ≡
[s, T ] ⇔ Cs(T ) > 0.

Proof: The proof follows [1, p. 194].
(Cs(T ) > 0 ⇒ global controllability) To show this, we actually construct a control

that does the job. Given the initial state x0 ∈ Rn at time s and the target state x1 ∈ Rn

at time T , define
z ≡ x1 − Φ(T, s)x0. (5.5)

We choose our control to be

u∗(t) ≡ B′(t)Φ′(T, t)C−1
s (T )z. (5.6)

As by assumption Cs(T ) > 0 and therefore nonsingular, u∗ is well defined and as the
elements of B′ are essentially bounded we have u∗ ∈ L∞(Is,T ,R

d) ⊂ L2(Is,T ,R
d). Now
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we substitute (5.6) in the expression

x(T ) = Φ(T, s)x0 +

∫ T

s
Φ(T, τ)B(τ)u(τ)dτ. (5.7)

So we get

x(T ) = Φ(T, s)x0 +

∫ T

s
Φ(T, τ)B(τ)B′(τ)Φ′(T, τ)C−1

s (T )zdτ

= Φ(T, s)x0 +

[∫ T

s
Φ(T, τ)B(τ)B′(τ)Φ′(T, τ)dτ

]
C−1
s (T )z

= Φ(T, s)x0 + Cs(T )C−1
s (T )z

= Φ(T, s)x0 + [x1 − Φ(T, s)x0]

= x1.

(5.8)

So the control defined in (5.6) takes the system to the target state.

(Global controllability ⇒ Cs(T ) > 0) The vector z defined in (5.5) ranges the whole
space Rn. Hence for global controllability over the time interval Is,T , also the attainable
set (5.2) at time T must be the whole space, i.e. As(T ) = Rn.
By our assumption global controllability holds, therefore

{(a, ξ) = 0, ∀a ∈ As(T )} ⇒ ξ = 0. (5.9)

Using the expression for the attainable set we have{(∫ T

s
Φ(T, τ)B(τ)u(τ)dτ, ξ

)
= 0,∀u ∈ Uad

}
⇒ ξ = 0, (5.10)

and by using the properties of the adjoint, we can write{∫ T

s
(u(τ), B′(τ)Φ′(T, τ)ξ)dτ = 0, ∀u ∈ Uad

}
⇒ ξ = 0. (5.11)

This is only possible if
B′(t)Φ′(T, t)ξ = 0, a.e. t ∈ Is,T . (5.12)

By (5.12) the expression given in (5.11) is equivalent to writing{∫ T

s
‖B′(τ)Φ′(T, τ)ξ)‖2dτ = 0,∀u ∈ Uad

}
⇒ ξ = 0. (5.13)

From this it follows that by the definition of the controllability matrix (5.3) we have

{(Cs(T )ξ, ξ) = 0} ⇒ ξ = 0, (5.14)

which shows that Cs(T ) > 0. �
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5.2 Controllability Rank Condition for Time Invariant Systems

For a time invariant system,
ẋ = Ax+Bu,

y = Hx,
(5.15)

the global controllability can be determined using a rank condition like for the observ-
ability problem.

Theorem 5.2: (Kalman Controllability Rank Condition) The time invariant system
(5.15) is globally controllable ⇔ the following rank condition holds:

Rank(A | B) ≡ Rank([B,AB,A2B, · · · , An−1B]) = n. (5.16)

Proof: Theorem 5.1 shows us that a system is globally controllable if and only if the
controllability matrix is positive definite. Therefore, for any T ∈ R0, it is sufficient to
prove that

CT > 0 ⇔ Rank(A | B) = n. (5.17)

(CT > 0 ⇒ Rank(A | B) = n) From the proof of theorem 5.1 and by the definition
of the controllability matrix it is clear that for time invariant systems, positivity of CT
implies

Ker{B′e(T−t)A′
, t ∈ IT } = {0}. (5.18)

This is equivalent to the statement

{(B′e(T−t)A′
ξ, v) = 0,∀t ∈ IT ,∀v ∈ Rd} ⇔ ξ = 0, (5.19)

which is again equivalent to

{(ξ, e(T−t)ABv) = 0, ∀t ∈ IT ,∀v ∈ Rd} ⇔ ξ = 0. (5.20)

Now we follow the same steps as we did in the proof of theorem 4.2 on the observability
rank condition. We define (5.20) to be the function f(t) = (ξ, e(T−t)ABv) and compute
its Taylor expansion, this time around T . So we will obtain

{(ξ, AkBv) = 0, ∀k ∈ N0 and ∀v ∈ Rd} ⇔ ξ = 0. (5.21)

By applying the Cayley Hamilton Theorem, we can see that in (5.21) we only need the
powers of A up to k = n− 1.
Therefore we have that the union

⋃n−1
k=0 A

kBv,∀v ∈ Rd is all of Rn. So the matrix for
the rank condition must span the whole space Rn and hence

Rank([B,AB,A2B, · · · , An−1B]) = n. (5.22)

(Rank(A | B) = n⇒ CT > 0) As we assume the rank condition holds, this implies

Ker{B′e(T−t)A′
, t ∈ IT } = {0} (5.23)

holds. Hence ∫ T

0
‖B′e(T−t)A′

ξ‖2dt = 0 (5.24)

implies that ξ = 0, which gives CT > 0. �
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5.3 Duality of Controllability and Observability

Observability and Controllability appear to be very similar properties of a linear system.
Indeed, these two concepts are dual problems. To formalize this statement, note that
given the system as described in (4.1) and (4.2), one can define the corresponding dual
system by

˙̄x = −A′(t)x̄(t) +H ′(t)ū(t), t ∈ Is,T
ȳ = B′(t)x̄(t), t ∈ Is,T .

(5.25)

The duality Theorem states the relation between the two systems.
Theorem 5.3: (Duality Theorem) Let Φ(t, s) be the transition matrix of the system
described by (4.1) and (4.2) and Ψ(t, s) be the transition matrix of system (5.25). We
have

1. Ψ(t, s) = Φ′(s, t).

2. The system (4.1) and (4.2) is controllable (observable) on Is,T ⇔ the system (5.25)
is observable (controllable) on Is,T .

Proof:
1. By (2.31) (P3) we have

Ψ̇(t, s) = −A′(t)Ψ(t, s). (5.26)

Multiplying by Φ′(t, s) and using the property Φ̇(t, s) = A(t)Φ(t, s) we obtain

Φ′(t, s)Ψ̇(t, s) + Φ′(t, s)A′(t)Ψ(t, s) = 0,

Φ′(t, s)Ψ̇(t, s) + Φ̇′(t, s)Ψ(t, s) = 0,
(5.27)

i.e.
∂

∂t

[
Φ′(t, s)Ψ(t, s)

]
= 0,

⇒ Φ′(t, s)Ψ(t, s) = const.
(5.28)

By (2.31) (P1) Φ′(s, s) = Ψ(s, s) = I at t = s we have

Φ′(t, s)Ψ(t, s) = I,

⇒Ψ(t, s) =
[
Φ′(t, s)

]−1
= Φ′(s, t).

(5.29)

In the last step we used property P5 of (2.31). This shows that the transition matrices
of the two systems are duals of each other.

2. By comparing the definition of the controllability matrix

Cs(T ) ≡
∫ T

s
Φ(T, τ)B(τ)B′(τ)Φ′(T, τ)dτ, (5.30)
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and the observability matrix

QT (s) ≡
∫ T

s
Φ′(τ, s)H ′(τ)H(τ)Φ(τ, s)dτ, (5.31)

we can see that the Cs(T ) is identical to QT (s) associated with the pair (−A′(t), B′(t))
and conversely, QT (s) is identical to Cs(T ) associated with the pair (−A′(t), H ′(t)). �

For time invariant linear systems, duality can be derived from the rank conditions.
Corollary 5.4: If for a linear time invariant system the pair (A,B) is controllable, then
the pair (A′, B′) is observable. Similarly if the pair (A,H) is observable, then the pair
(A′, H ′) is controllable.

Proof: We only prove the first statement, as the proof for the second statement is iden-
tical by applying the corresponding rank condition. Given the pair (A′, B′) is observable,
we have Rank(A′ | B′) = n. Since

Rank(A′ | B′) = Rank([(B′)′, (A′)′(B′)′, · · · , ((A′)′)n−1(B′)])

= Rank(A | B) = n,
(5.32)

it follows that (A,B) is controllable. �

6 Stabilizability

In the previous chapters we have seen that we can determine if a system is observable
or controllable. In this chapter we will see that given these two properties, we can go
further and design controllers that make the system behave in some desired way. In the
proof of theorem 5.1 we already constructed a control policy that steers the system to a
desired state. This is called an open loop control. However, this may not be sufficient in
practice due to deviations in the initial states or the matrices involved. Especially for
unstable systems, deviations can get arbitrarily large and open loop control may fail.
The more robust way is to measure the state (or the output trajectory in case the state
is not accessible) and as soon as the system starts to deviate from the desired trajectory,
the input gets adapted accordingly. This method is called feedback control.
In this chapter we will see that if a system is controllable, then it is stabilizable by a
state feedback control. If the states of the system are not accessible, but it is stabilizable
and observable, we can construct a state estimator or observer, which will then be used
to stabilize the original system.
During this chapter we will restrict ourselves to the linear time invariant system

ẋ = Ax+Bu,

y = Hx.
(6.1)
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6.1 Control by State Feedback

To show that controllability of the system (6.1) implies stabilizability, we will first give a
direct proof from [1, p. 208] using the Lyapunov theory for time invariant linear systems.
After that a short description of the method of Eigenvalue placement or Pole placement
is given.

Theorem 6.1: (State Feedback) If the system given in (6.1) is controllable, then it is
stabilizable by a linear state feedback, where the feedback operator K and the corre-
sponding feedback control are given by

K = −B′C̃−1
T , (6.2)

u = Kx, (6.3)

where

C̃T ≡
∫ T

0
e−sABB′e−sA

′
ds. (6.4)

Proof: The proof shows that (A + BK) is stable, i.e. all its eigenvalues have negative
real parts. As we assume our system to be controllable, C̃T is invertible for T > 0 and
hence the matrix K is well defined.
Consider the vector ∫ T

0

d

ds

(
e−sABB′e−sA

′
)
ds, (6.5)

and differentiate it once under the integral sign and once by using integration by parts.
We obtain∫ T

0
−Ae−sABB′e−sA′ − e−sABB′e−sA′

A′ds = e−sABB′e−sA
′
∣∣∣T
0

= e−TABB′e−TA
′ −BB′,

(6.6)

and so
AC̃T + C̃TA

′ = BB′ − e−TABB′e−TA′
. (6.7)

Introducing the feedback in the left hand side of above equation (6.7) and using (6.2)
we obtain

(A+BK)C̃T + C̃T (A+BK)′ = (AC̃T + C̃TA
′) +BKC̃T + C̃TK

′B′

= (AC̃T + C̃TA
′)− 2BB′

= −(BB′ + e−TABB′e−TA
′
).

(6.8)

Defining
Γ ≡ (BB′ + e−TABB′e−TA

′
) (6.9)

and Ã ≡ (A+BK), we can rearrange equation (6.8) to a Lyapunov equation as described
in chapter 3.2.2

ÃC̃T + C̃T Ã
′ = −Γ. (6.10)
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By our assumption of global controllability the second term of Γ is positive definite and
so is the first. Hence we have Γ ∈M+

s , a symmetric positive definite square matrix. Now
by referring to theorem 3.2, the matrix Ã′ = (A+BK)′ is stable and so its transpose is
stable as well. So by using K as our feedback operator, we obtain a stabilizing feedback
control. �

6.1.1 Eigenvalue Placement by State Feedback

As mentioned, we will give here a short description on the method of Eigenvalue place-
ment. For further reading please refer to [9] or [13].
In general, the eigenvalue placement method follows the principle that if the system is
controllable, we can assign the eigenvalues of (A+BK) by choice of the feedback oper-
ator K. This basically means that it is possible for the closed loop system to have any
desired characteristic polynomial.

Theorem 6.2: (Eigenvalue placement) Let (A,B) be a controllable pair of matri-
ces, i.e. Rank(A | B) = n. Then, given any n-th order monic real polynomial
p(λ) = λn + rn−1λ

n−1 + . . . + r1λ + r0, there is a real matrix K such that A + BK
has p(λ) as its characteristic polynomial.

Here we shall only give an outline of the proof for a single input system, meaning u(t) ∈ R
and hence B ∈ Rn is a vector b.
Before we start with the proof, we introduce the so called controllable canonical form
for single input systems. The controllable canonical form is a special form of system
matrices for which controllability always holds. It is given by:

A =


0 1 0 . . . 0
0 0 1 . . . 0
...

. . .
...

0 0 0 . . . 1
−a0 −a1 −a2 . . . −an−1

 b =


0
0
...
0
1

 (6.11)

Its controllability matrix (A | b) has rank n and the characteristic polynomial of A is
given by

det(λI −A) = λn + an−1λ
n−1 + . . .+ a1λ+ a0. (6.12)

Proof: Consider the single input system ẋ = Ax+ bu with the control law of the form
u = k′x. The closed loop system is then given by ẋ = (A + bk′)x. Our task is to find
the vector k′ ∈ Rn.
By assumption the pair (A, b) is controllable. Given these properties one can show
that there exists a coordinate transformation T (nonsingular) such that (T−1AT, T−1b)
is in controllable canonical form [13, p. 134]. We denote the transformed matrices as
(Ac, bc). Further the eigenvalues of A+ bk′ are invariant under this transformation, i.e.
det(λI − A) = det(λ− T−1AT ). So the coordinate transformation does not change the
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system itself, only its representation and therefore fundamental properties such as sta-
bility, observability and controllability remain.

Let z(t) = T−1x(t), then
ż = T−1ATz + T−1bu. (6.13)

Now suppose that we have solved the eigenvalue assignment problem for (6.13), so for a
given monic polynomial p(λ), there exists a vector k′1 such that

det(λI − T−1AT − T−1bk′1) = p(λ). (6.14)

Then since
det(λI − T−1AT − T−1bk′1) = det(λI −A− bk′1T−1) (6.15)

we find that the eigenvalue assignment problem can be solved by taking k′ = k′1T
−1.

We can consider our system (Ac, bc) to be in the controllable canonical form exactly as
in (6.11) and select k′1 to be k′1 = [k0, k1, . . . , kn]. Then we get

Ac + bck
′
1 =


0 1 0 . . . 0
0 0 1 . . . 0
...

. . .
...

0 0 0 . . . 1
k0 − a0 k1 − a1 k2 − a2 . . . kn−1 − an−1

 (6.16)

and hence for the eigenvalues we get

det(λI −Ac − bck′1) = λn + (an−1 − kn−1)λn−1 + . . .+ (a1 − k1)λ+ (a0 − k0). (6.17)

This can be made into any real monic polynomial of degree n, p(λ) = λn + rn−1λ
n−1 +

. . .+ r1λ+ r0 by simply choosing

k1 =


a0 − r0

a1 − r1
...

an−1 − rn−1

 (6.18)

Hence we have found a way to determine k′. �

The eigenvalue placement problem for multi-variable systems is more involved, but its
solution can be constructed from the single-valued case as described in [13, p. 143].

6.2 Control by Output Feedback

In reality one often has only access to the output of the system and the system state
is hidden. The problem then becomes to design a feedback function that uses the mea-
surements of the output to decide what input to apply to the system.

31



C
E

U
eT

D
C

ol
le

ct
io

n

From the study of the state feedback, we have seen that we can construct a feedback
operator to stabilize the system. Unfortunately we cannot construct such an operator
directly for output feedback. One idea is now to calculate an estimate of the state using
the accessible input and output of the system. So instead of using the true value of the
state, we apply its estimate to a state feedback controller which gives us then the input
to the system, see Figure 2 for an illustrative diagram.
One way to approach this problem is again by the eigenvalue placement method as il-
lustrated in [9] or [13]. Here we will follow the theorems as in [1].

Figure 2: Block Diagram of Feedback Control with Observer

Consider the system (6.1). For what we call the estimator problem we need to
produce an estimate x̃ of x from the observation of y, which has at least the asymptotic
tracking property. This means that we introduce an estimator of the form

˙̃x = Ãx̃+Bu+ Ly, (6.19)
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where the matrices Ã and L are chosen the way that

lim
t→∞
‖x̃(t)− x(t)‖ = 0. (6.20)

The solution to the estimator problem is stated in the following Theorem.
Theorem 6.3: If the system is observable, i.e. Rank(A | H) = n, the estimator problem
has a solution. The estimator is given by

˙̃x = (A− LH)x̃+Bu+ Ly, L = C−1
T H ′, (6.21)

where

CT ≡
∫ T

0
e−tA

′
H ′He−tAdt (6.22)

is the observability matrix.

Proof: Define the error vector e ≡ x − x̃. By inserting the corresponding terms this
leads to the differential equation

ė = (A− LH)e+ (A− LH − Ã)x̃. (6.23)

Let Ã = (A−LH), then above equation reduces to ė = (A−LH)e and so we already ob-
tain the desired form for the estimator as given in (6.21). If the system matrix (A−LH)
is asymptotically stable then the error vector tends to zero.
As we assume (A,H) to be observable, it follows by Corollary 5.4 that (A′, H ′) is con-
trollable. Hence the system ξ̇ = A′ξ+H ′v is globally controllable with the controllability
matrix given by (6.22), which is positive definite. It follows from Theorem 6.1 that the
control for this system is given by

v ≡ −HC−1
T ξ. (6.24)

This control law stabilizes the system

ξ̇ = A′ξ +H ′(−HC−1
T )ξ = (A′ −H ′HC−1

T )ξ. (6.25)

From this it follows that both, the matrix (A′−H ′HC−1
T ) and its adjoint (A−C−1

T H ′H)
are stability matrices. Now by choosing L ≡ C−1

T H ′, the differential equation for the
error vector can be written as

ė = (A− C−1
T H ′H)e, (6.26)

which is asymptotically stable with respect to the origin and so the error vector tends to
zero which shows that (6.20) holds. Hence the estimator can be constructed as described
in the Theorem. �

For the problem on how to stabilize the system by output feedback, consider the system

ẋ = Ax+Bu, y = Hx, u = Ky, (6.27)
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where the matrices {A,B,H,K} have compatible dimension. From this we obtain the
output feedback system of the form

ẋ = (A+BKH)x. (6.28)

As mentioned already, it is usually not possible to find a matrix K that stabilizes the
system directly, but if the pair (A,B) is controllable and the pair (A,H) is observable,
we can construct a stabilizing compensator as stated in the next Theorem. For this we
start by constructing a parallel system (observer) similar to the original system but with
accessible states, which carry the same information as the true state x. This system will
be of the form

ẋ = Ax+Bu = Ax+BKz,

ż = Ãz + Ly = Ãz + LHx,
(6.29)

The matrices {Ã, L} have to be chosen the way that the 2n-dimensional compensated
system

d

dt

[
x
z

]
=

[
A BK

LH Ã

] [
x
z

]
(6.30)

is asymptotically stable.

Theorem 6.4: (Output Feedback) If the original system (6.27) is controllable and
observable, then there exists a stabilizing compensator (observer) given by

ẋ = Ax+BKz,

ż = (A+BK − LH)z + LHx,
(6.31)

where K is given by the expression (6.2) and L is given by (6.21) from the previous
theorem.

Proof: Consider the 2n-dimensional system (6.30). We introduce the nonsingular ma-
trix of dimension 2n× 2n

T ≡
[
In 0
In −In

]
. (6.32)

T is its own inverse as T 2 = I2n. We continue by using T for the coordinate transfor-
mation [

x
z

]
= T

[
ξ
η

]
. (6.33)

Under this transformation the system (6.30) becomes

d

dt

[
ξ
η

]
=

[
A+BK −BK

(A+BK − LH)− Ã Ã−BK

] [
ξ
η

]
. (6.34)

By choosing Ã = A+BK − LH, the system matrix of (6.34) reduces to

A =

[
A+BK −BK

0 A− LH

]
. (6.35)
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Since the matrix A is block diagonal, we find that the characteristic polynomial of the
closed loop system is

det(λI −A) = det(λI −A−BK)det(λI −A+ LH). (6.36)

It follows that the set of eigenvalues of the closed loop system is the union of those of
A + BK and those of A − LH. So, if both A + BK and A − LH are asymptotically
stable, the closed loop system is asymptotically stable as well. Now if the pair (A,B)
is controllable, then, as seen in theorem 6.1, we can chose a matrix K ∈ Md×n so that
A+BK is stable. Similarly, if the pair (A,H) is observable, then by duality (A′, H ′) is
controllable, i.e. the system ξ̇ = A′ξ +H ′v is globally controllable. Hence there exists a
matrix K̃ ∈Mm×n such that A′ +H ′K̃ is stable and so is its transpose A+ K̃ ′H. Thus
one can chose the matrix L = −K̃ ′, which makes the compensated system stable and
consequently the original system is stable too. �

7 Linear Quadratic Control

So far we have seen that if the system satisfies certain properties, it is possible to con-
struct an open loop or feedback control to stabilize the system or force it to a certain
state. Now we shall go further and try to obtain an optimal control. This means that
given a system, we will express the performance of the controlled system in terms of
a cost functional. The problem will then be to find an optimal controller that mini-
mizes this cost functional. We will approach this problem by the method of dynamic
programming, which was elaborated by Richard E. Bellman in the sixties. Bellman’s
central idea was to obtain the optimal control through a value function which satisfies
the Hamilton-Jacobi equation. At around the same time in the Soviet Union, Lev S.
Pontryagin formulated the maximum principle based on variational or multiplier meth-
ods (see [1, 10, 22]). These approaches are rather different and have their advantages and
disadvantages; while dynamic programming provides a cosed loop control, the maximum
principle is the more general approach.
The starting point here is the general optimal control problem. For the dynamic pro-
gramming approach, we use Bellman’s Optimality Principle to obtain the Hamilton-
Jacobi-Bellman (HJB) equation. Applying this equation to a linear system and a
quadratic cost functional, we obtain a solution to the finite-time Linear Quadratic Regu-
lator Problem (LQR) in form of the state feedback solution by solving the Matrix Riccati
Differential Equation.
Linear Quadratic Control is a largely studied subject. Its popularity is not only because
it provides a full theory for time invariant and time variant linear systems, but also
because it is a powerful design tool. Software algorithms to compute the corresponding
matrices and solutions to the LQR problem can be applied to a given system.
In this chapter we will follow the lines in [8] and [6].
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7.1 An Optimal Control Problem

For the general optimal control problem consider a nonlinear time varying system given
by the equation

ẋ(t) = f(t, x(t), u(t)), t ∈ Is,T ≡ [s, T ],

x(s) = x0,
(7.1)

where s, T, x0 fixed are given. The problem is to determine the control function u(t), t ∈
Is,T that minimizes the cost functional given by

I(s, x0, u(t)) =

∫ T

s
φ(τ, x(τ), u(τ))dτ +m(T, x(T )). (7.2)

As usual, x(t) ∈ Rn represents the state vector, u(t) ∈ Rd is a square integrable function
so that (7.1) has a unique solution. The scalar functions φ and m are continuous in their
respective arguments and generally non-negative. The term m(·) represents a terminal
penalty term and φ(·) is the running cost function.

7.1.1 The Optimality Principle

Following Bellman, we introduce the value function defined as

V (t, x(t)) ≡ inf
u[t,T ]

∫ T

t
φ(τ, x, u)dτ +m(T, x(T )), (7.3)

for arbitrary t ∈ Is,T and arbitrary starting state x(t). Note that in (7.3) we did not
write x and u dependent on t as the problem of minimizing (7.2) can be found for any
x(t), t.
We now introduce the optimality principle. The basic idea for the optimality principle
is that the system can be characterized at time t by its state x(t). This means that the
current state completely summarizes all the effects of the input u(τ) prior to time t.

Theorem 7.1: (Optimality Principle) If u∗(τ) is optimal over the interval [t, T ], start-
ing at state x(t), then u∗(τ) is necessarily optimal over the subinterval [t + ∆t, T ] for
any ∆t such that T − t ≥ ∆t > 0.

Proof: By contradiction assume that there exists a u∗∗ that leads to a smaller value of∫ T

t+∆t
φ(τ, x, u)dτ +m(T, x(T )), (7.4)

than u∗ over the subinterval [t+ ∆t, T ]. So we define a new control u(τ) given by

u(τ) =

{
u∗(τ) for t ≤ τ ≤ t+ ∆t,
u∗∗(τ) for t+ ∆t ≤ τ ≤ T. (7.5)
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Then over the interval [t, T ] we have∫ t+∆t

t
φ(τ, x∗, u∗)dτ +

∫ T

t+∆t
φ(τ, x∗∗, u∗∗)dτ +m(T, x∗∗(T ))

<

∫ t+∆t

t
φ(τ, x∗, u∗)dτ +

∫ T

t+∆t
φ(τ, x∗, u∗)dτ +m(T, x∗(T )),

(7.6)

which is a contradiction as we assumed u∗ to be optimal over the interval [t, T ]. �

Basically the optimality principle shows that the optimal control u[t, T ] can be found by
concatenating the optimal u[t, t1] to the optimal u[t1, T ] for t1 ∈ [t, T ] as follows

V (t, x(t)) = inf
u[t,T ]

[∫ t1

t
φ(τ, x, u)dτ +

∫ T

t1

φ(τ, x, u)dτ +m(T, x(T ))

]
= inf

u[t,t1)∪u[t1,T ]

[∫ t1

t
φ(τ, x, u)dτ +

∫ T

t1

φ(τ, x, u)dτ +m(T, x(T ))

]
= inf

u[t,t1)

[∫ t1

t
φ(τ, x, u)dτ + inf

u[t1,T ]

∫ T

t1

φ(τ, x, u)dτ +m(T, x(T ))

]
.

(7.7)

And so we can write

V (t, x(t)) = inf
u[t,t1)

[∫ t1

t
φ(τ, x, u)dτ + V (t1, x(t1))

]
. (7.8)

7.1.2 The Hamilton-Jacobi-Bellman Equation

We are now going to derive the Hamilton-Jacobi-Bellman Equation (HJB) for the general
optimal control problem. The HJB is a differential form of (7.8) which we obtain by
letting t1 → t. We assume that the equation is continuously differentiable in x and t as
we will compute its Taylor expansion at one point in the proof. Write t1 = [t+ ∆t] and
so we get for (7.8)

V (t, x(t)) = inf
u[t,t+∆t]

[∫ t+∆t

t
φ(τ, x, u)dτ + V (t+ ∆t, x(t+ ∆t))

]
. (7.9)

Now we apply the Mean Value Theorem to the integral in (7.9). As mentioned, we
assume that we can compute the Taylor expansion of V (t + ∆t, x(t + ∆t)) (the partial
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derivatives exist and are bounded) around V (t, x(t)). So we get for some α ∈ [0, 1]

V (t, x(t)) = inf
u[t,t+∆t]

[
φ(t+ α∆t, x(t+ α∆t), u(t+ α∆t))∆t+

+ V (t, x(t)) +
∂V ′

∂x
ẋ∆t+

∂V

∂t
∆t+ o(∆t)2

]
= V (t, x(t)) +

∂V

∂t
∆t+

+ inf
u[t,t+∆t]

[
φ(t+ α∆t, x(t+ α∆t), u(t+ α∆t))∆t+

+
∂V ′

∂x
f(t, x, u)∆t+ o(∆t)2

]
,

(7.10)

where o(∆t)2 represents the second and higher order terms of ∆t. Now from the above
equation follows

−∂V
∂t

= inf
u[t,t+∆t]

[
φ(t+ α∆t, x(t+ α∆t), u(t+ α∆t))+

+
∂V ′

∂x
f(t, x, u) + o(∆t)

]
.

(7.11)

Now let ∆t→ 0, so we obtain

−∂V
∂t

= inf
u(t)

[
φ(t, x, u) +

∂V ′

∂x
f(t, x, u)

]
, (7.12)

which is the desired HJB Equation for optimality together with the boundary condition

V (T, x(T )) = m(T, x(T )). (7.13)

(7.12) represents a partial differential equation for V (t, x). Minimizing (7.12) gives u(t)
as a function of x(t) and ∂V

∂x . If a solution V (t, x) to (7.12) and (7.13) can be found,
this results in u(t) as a function of x(t), that is, a state feedback control. In the general
case, it is very difficult or even not possible to obtain u(t) analytically. Later we will
see that for a linear system with a quadratic cost function an analytic solution can be
found (LQR problem).

Now we define

J

(
t, x, u,

∂V

∂x

)
≡ φ(t, x, u) +

∂V ′

∂x
f(t, x, u),

J∗ ≡ inf
u(t)

J

(
t, x, u,

∂V

∂x

)
,

(7.14)

so we can rewrite (7.12) together with its boundary condition as

−∂V
∂t

= J∗,

V (T, x(T )) = m(T, x(T )).
(7.15)
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Further we let

u∗(t) = Arg

[
inf
u(t)

J

(
t, x, u,

∂V

∂x

)]
, t ∈ Is,T . (7.16)

The above derivation of the HJB equation is only a necessary condition. For the suffi-
cient conditions we have the following theorem.

Theorem 7.2: (Sufficient Conditions for Optimality) Assume that the function V (t, x)
satisfying (7.12) on ([s, T ]×Rn) together with its boundary condition (7.13) exist. Fur-
ther, a given control u∗[s, T ] satisfying (7.16) exist. Then u∗[s, T ] is the optimal control
minimizing the cost function (7.2) and the minimum value of the cost function is V (s, x0).

Proof: First note that∫ T

s

dV (τ, x(τ))

dτ
dτ = V (T, x(T ))− V (s, x0), (7.17)

and
dV (τ, x(τ))

dτ
=
∂V (τ, x(τ))

∂τ
+
∂V ′(τ, x(τ))

∂x
f(τ, x(τ), u(τ)). (7.18)

So we can rewrite (7.2) by adding (7.17) the following way

I(s, x0, u(t)) =

=

∫ T

s

(
φ(τ, x(τ), u(τ)) +

∂V ′(τ, x(τ)

∂x
f(τ, x(τ), u(τ)) +

∂V (τ, x(τ)

∂τ

)
dτ+

+m(T, x(T ))− V (T, x(T )) + V (s, x0)

=V (s, x0) +

∫ T

s

(
J

(
τ, x, u,

∂V

∂x

)
− J∗

(
τ, x, u∗,

∂V

∂x

))
dτ.

(7.19)

We obtained the last result by the usage of the boundary condition and the definition
of J∗ (7.15). By our assumption for u∗ we have for all u

J∗
(
t, x, u∗,

∂V

∂x

)
≤ J

(
t, x, u,

∂V

∂x

)
. (7.20)

From this equation we see that the integral of (7.19) has a minimum value of zero, when

u[s, T ] = u∗[s, T ], (7.21)

and hence the minimum cost is V (s, x0), i.e.

I(s, x0, u[s, T ]) ≥ I(s, x0, u
∗[s, T ]) = V (s, x0) (7.22)

for all u[s, T ]. �
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7.2 Finite Time LQR Problem

We now use the previous results to obtain a solution to the LQR problem. Since we try
to find the optimal control u∗(t) over the finite interval Is,T , we refer to it as the finite
time LQR problem.
Consider the linear time variant system

ẋ(t) = A(t)x(t) +B(t)u(t), t ∈ Is,T ,
x(s) = x0, x0 ∈ Rn,

(7.23)

with the usual dimensions for the matrices. Then we can formulate (7.2) for this case by
letting the running cost functional φ(t, x(t), u(t)) = (Q(t)x(t), x(t))+(R(t)u(t), u(t)) and
the terminal cost m(T, x(T )) = (Mx(T ), x(T )). Q(t), R(t),M are symmetric matrices
of appropriate size. Further the matrices Q(t) and M are positive semidefinite, R(t) is
positive definite. The cost functional is then given by

I(s, x0, u(t)) =

∫ T

s
[(Q(τ)x(τ), x(τ)) + (R(τ)u(τ), u(τ))] dτ + (Mx(T ), x(T )). (7.24)

7.2.1 Derivation of the Matrix Riccati Equation

In this chapter we will show that the solution to the finite time LQR problem can be
found by solving a matrix differential equation, the famous Differential Matrix Riccati
Equation.

Theorem 7.3 Consider the linear system given in (7.23) with the quadratic cost func-
tional (7.24). The optimal state feedback control law is given by

u∗(t) ≡ −R−1(t)B′(t)P (t)︸ ︷︷ ︸
K(t)

x(t), (7.25)

where P (t) is the solution to the Differential Matrix Riccati Equation

−Ṗ (t) = Q(t) + P (t)A(t) +A′(t)P (t)− P (t)B(t)R−1(t)B′(t)P (t), t ∈ Is,T (7.26)

with boundary condition
P (T ) = M. (7.27)

Proof: The equations (7.24) and (7.15) result in

∂V (t, x(t))

∂t
=

inf
u(t)

[
(Q(t)x(t), x(t)) + (R(t)u(t), u(t)) +

∂V ′

∂x
(A(t)x(t) +B(t)u(t))

]
,

V (T, x(T )) = (Mx(T ), x(T )).

(7.28)
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The minimization of (7.28) is done by setting its gradient with respect to u(t) to the
zero vector

2R(t)u∗(t) +B′(t)
∂V

∂x
= 0, (7.29)

and as R(t) is positive definite we get for u∗(t)

u∗(t) = −1

2
R−1(t)B′(t)

∂V

∂x
. (7.30)

Now substitute u(t) in (7.28) with the expression in (7.30) to get the partial differential
equation which V (t, x(t)) should satisfy

−∂V
∂t

= (Q(t)x(t), x(t)) +
∂V ′

∂x
A(t)x(t)− 1

4

∂V ′

∂x
B(t)R−1(t)B′(t)

∂V

∂x
,

V (T, x(T )) = (Mx(T ), x(T )).
(7.31)

As we defined the matrices in the cost function to be in quadratic form, it is reasonable
to assume that the function V is also quadratic in x. So we take as a candidate function
for V

V (t, x(t)) = (P (t)x(t), x(t)), (7.32)

where P (t) is symmetric. The gradient of V with respect to x is then 2P (t)x(t) Then
(7.31) becomes

−(Ṗ (t)x(t), x(t)) =(Q(t)x(t), x(t)) + 2x(t)P (t)A(t)x(t)−
− x′(t)P (t)B(t)R−1(t)B′(t)P (t)x(t),

(P (T )x(T ), x(T )) =(Mx(T ), x(T )).

(7.33)

We can write 2P (t)A(t) as the sum of a symmetric and an antisymmetric term

2P (t)A(t) = P (t)A(t) +A′(t)P (t)︸ ︷︷ ︸
symmetric

+P (t)A(t)−A′(t)P (t)︸ ︷︷ ︸
antisymmetric

, (7.34)

and since for an antisymmetric matrix S(t) it holds that

(S(t)x(t), x(t)) = −(S(t)x(t), x(t)), (7.35)

we can write

2x′(t)P (t)A(t)x(t) = x′(t)(A′(t)P (t) + P (t)A(t))x(t). (7.36)

Then we can rewrite the matrix differential equation in (7.33) as follows

−x′(t)Ṗ (t)x(t) =x′(t)
[
Q(t) + P (t)A(t) +A′(t)P (t)−

− P (t)B(t)R−1(t)B′(t)P (t)
]
x(t),

(7.37)

which leads us to (7.26) for t ∈ Is,T with the boundary condition (7.27). If a solution
P (t) can be found, from (7.30) we obtain the optimal control law as stated in (7.25),
which is a feedback control law. To obtain the control, P (t) must be precomputed from
the boundary condition and satisfy (7.26). �
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7.2.2 Solution to the Matrix Riccati Equation

Here we show that the nonlinear Riccati Equation can be solved by transforming it to
an equivalent linear system.

Theorem 7.4 Suppose that the matrices A,Q have locally integrable entries, the ele-
ments of B are locally square integrable and the elements of R and R−1 are essentially
bounded measurable functions. Then for every M ∈ Mn×n the equation (7.26) and
(7.27) have a unique absolutely continuous solution P (t) ∈ (Is,T ,Mn×n).

Proof: There are several ways to prove this result. We will show a direct method as
given in [1, p. 311] or [8, p. 16] by transforming the nonlinear equation into an equivalent
linear system , which is then solved by its corresponding transition operator. Another
way to solve this can be found in [14].
Consider the linear system

Ż = A(t)Z, Z(T ) =

[
I
M

]
. (7.38)

The matrix A(t) ∈M2n×2n plays an important role in linear quadratic problems and is
called the Hamiltonian matrix. It is given by

A(t) ≡
[

A(t) −B(t)R−1(t)B′(t)
−Q(t) −A′(t)

]
. (7.39)

(7.38) with the Hamiltonian matrix is a linear differential equation in M2n×n. By our
assumptions for the matrices, the elements of A are locally integrable. Hence there exist
a unique transition operator Ψ(t, s) which gives a unique solution to (7.38)

Z(t) = Ψ−1(T, t)

[
I
M

]
, t ∈ [s, T ]. (7.40)

Let X(t) and Y (t) be n× n matrices so that

Z(t) ≡
[
X(t)
Y (t)

]
. (7.41)

Now we show that the solution of the (7.26) and (7.27) is given by P (t) = Y (t)X−1(t).
By taking the derivative with respect to time and using the identity d

dt(X
−1(t)) =

−X−1(t)Ẋ(t)X−1(t), we get

Ṗ (t) = Ẏ (t)X−1(t) + Y (t)Ẋ−1(t)

= (−Q(t)X(t)−A′(t)Y (t))X−1(t)− Y (t)X−1(t)Ẋ(t)X−1(t)

= −Q(t)−A′(t)P (t)− P (t)(A(t)X(t)−B(t)R−1(t)B′(t)Y (t))X−1(t)

= −Q(t)−A′(t)P (t)− P (t)A(t) + P (t)B(t)R−1(t)B′(t)P (t).

(7.42)
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This is equation (7.26) and as Y (T ) = M and X(T ) = I, also P (T ) = M holds. �

When the matrices {A,B,Q,R} are time-varying, the matrix (7.39) and hence the
linear equation (7.38) is also time-varying and an analytical solution my not be available.
However, we can express the solution for X(t) and Y (t) in terms of the transition matrix
Φ(t, T ). For this, we partition the 2n×2n transition matrix into four equally sized blocks

Φ(t, T ) =

[
Φ11(t, T ) Φ12(t, T )
Φ21(t, T ) Φ22(t, T )

]
. (7.43)

Together with the boundary condition in (7.38) we get

X(t) = Φ11(t, T )X(T ) + Φ12(t, T )Y (T )

= Φ11(t, T ) + Φ12(t, T )M,

Y (t) = Φ21(t, T )X(T ) + Φ22(t, T )Y (T )

= Φ21(t, T ) + Φ22(t, T )M.

(7.44)

So finally the solution for P (t) becomes

P (t) = [Φ21(t, T ) + Φ22(t, T )M ] [Φ11(t, T ) + Φ12(t, T )M ]−1 . (7.45)

When the matrices are time invariant, an explicit solution is available in terms of
matrix exponential functions. An outline on how to obtain these solutions is given in [8,
p. 17].

Remark: In the above theorem and proof, we did not require the matrices {Q,R,M}
to be symmetric positive (semi)definite. However we used this assumption in the deriva-
tion of the Matrix Riccati Equation and will see next that this is also used to obtain
stability for the feedback system.

7.3 Steady State LQR Problem

In practical applications, the time variant problem might be difficult as one has to know
the time varying matrices in the feedback control over the period of of optimization. For
time invariant systems the problem becomes simpler as the matrices {A,B,Q,R} are
time invariant. Further, the optimization interval is infinite, i.e, T approaches infinity.
Then the problem is to find an optimal control that minimizes the cost functional

I(x0, u[0,∞)) =

∫ ∞
0

[(Qx, x) + (Ru, u)] dt, (7.46)

subject to the dynamical constraint

ẋ = Ax+Bu, x(0) = x0 ∈ Rn. (7.47)
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As before, the matrix Q is symmetric and positive semidefinite and the matrix R is
symmetric positive definite.

First, we start with the general infinite horizon optimal control problem before we go
over to the linear quadratic case.

7.3.1 General Conditions for Optimality

Consider the system dynamics described by

ẋ(t) = f(x(t), u(t)), x(0) = x0 ∈ Rn, (7.48)

for which the following cost function is formulated

I(x0, u(t)) =

∫ ∞
0

ψ(x(τ), u(τ))dτ. (7.49)

Again, to minimize the cost function I we look for feedback controls of the form u(t) =
µ(x(t)). So instead of (7.49), we write

I(x0, µ) =

∫ ∞
0

ψ(x(τ), µ(x(τ)))dτ. (7.50)

The closed loop system is also required to be asymptotically stable, meaning

lim
t→∞

x(t) = 0, ∀x0 ∈ Rn. (7.51)

So the set of admissible controls Uad contains the µ((x(t))), for which (7.48) has a unique
solution x(t) which satisfies (7.51).

The optimal control problem is to find a control law, µ∗(x(t)) ∈ Uad that minimizes
(7.50)

µ∗ = Arg

[
inf

µ∈Uad

∫ ∞
0

ψ(x(τ), µ(x(τ)))dτ

]
. (7.52)

For the value function of this problem, we define

V (x0) ≡ inf
µ∈Uad

I(x0, µ). (7.53)

This suggests to search for the general value function V (x(t)) with the given problem
being the evaluation of V at x = x0. The following result provides this approach.

Theorem 7.5: If there exists a control law u = µ∗(x(t)) ∈ Uad and a V (x(t)) ∈ C1 such
that 0 ≤ V (x) ≤ (Tx, x), ∀x ∈ Rn, for some symmetric positive definite matrix T and

(a)
∂V ′

∂x
f(x(t), µ∗(x(t))) + ψ(x(t), µ∗(x(t))) = 0, ∀x ∈ Rn (7.54)
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(b)
∂V ′

∂x
f(x(t), u(t)) + ψ(x(t), u(t)) ≥ 0, ∀x ∈ Rn, ∀u ∈ Uad (7.55)

that is

J

(
x, u,

∂V

∂x

)
≥ J

(
x, µ∗(x),

∂V

∂x

)
= 0.

Then µ∗(x(t)) is the optimal control minimizing (7.49).

Proof: Let u(t) = µ∗(x(t)), then

dV (x(t))

dt
=
∂V ′

∂x
f(x(t), µ∗(x(t))) +

∂V

∂t︸︷︷︸
=0

= −ψ(x(t), µ∗(x(t))),

(7.56)

as in (7.54).
No we integrate from 0 to τ

V (x(τ))− V (x0) = −
∫ τ

0
ψ(x(t), µ∗(x(t)))dt, (7.57)

and since by the assumption V (x(τ)) ≤ (Tx(τ), x(τ)) and x(τ)→ 0, it follows,

lim
τ→∞

V (x(τ)) = 0. (7.58)

From this we have
V (x0) = I(x0, µ

∗(x(t))). (7.59)

Now let u(t) = µ(x(t)) be an arbitrary admissible control law and let x(t) denote the
solution to (7.48). By integrating (7.55)

V (x(τ))− V (x0) =

∫ τ

0

∂V ′

∂x
f(x(t), µ(x(t))dt ≥ −

∫ τ

0
ψ(x(t), µ(x(t)))dt, (7.60)

or

V (x0) ≤ V (x(τ)) +

∫ τ

0
ψ(x(t), µ(x(t)))dt. (7.61)

By letting τ →∞ and using (7.58) and (7.59), we obtain

I(x0, µ
∗(x(t))) ≤ I(x0, µ(x(t))), (7.62)

and further
V (x0) = inf

µ∈Uad
I(x0, µ(x(t))). (7.63)

�

We now continue to the infinite horizon or steady-state LQR problem.
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7.3.2 Algebraic Riccati Equation

For the steady-state LQR problem we again consider the cost functional given in (7.46)
and the system (7.47) and try to find the functions V (x(t)) and µ∗(x(t)) satisfying (7.54)
and (7.55). So we have for optimality

∂V ′

∂x
(Ax+Bµ∗) + (Qx, x) + (Rµ∗, µ∗) = 0, (7.64)

and for arbitrary admissible µ(x(t))

∂V ′

∂x
(Ax+Bµ) + (Qx, x) + (Rµ, µ) ≥ 0. (7.65)

Now if we take
V (x) = (P̄ x, x) (7.66)

and
µ∗(x(t)) = −R−1B′P̄ x, (7.67)

then the conditions (7.64) and (7.65) hold if the following matrix equation holds

A′P̄ + P̄A+Q− P̄BR−1B′P̄ = 0. (7.68)

The above equation is the famous Algebraic Matrix Ricatti Equation (ARE).
Now what remains to be shown is that this equation has a unique solution under certain
conditions and that, given such a solution can be found, the feedback system is stable.

Theorem 7.6: (Existence and Stability of the Steady-State LQR Solution) Given the
LQR problem with M = 0, R > 0, Q = D′D, where the pair (A,D) is observable and
the pair (A,B) is controllable, then the solution of the steady-state LQR problem exists,
in particular, there exists a unique positive definite solution P̄ to the (ARE) (7.68).
Further, the optimal closed-loop system ẋ = (A − BK), with K = R−1B′P̄ , is asymp-
totically stable.

Proof: We will first show that P̄ is positive definite by the observability and control-
lability assumptions, then we use the Lyapunov Theorem to show that the closed loop
system is stable.
As we have V (t, x) = (P̄ x, x) and by our assumptions for the matrices, M = 0, R >
0, Q = D′D we can see that P̄ ≥ 0. For Q = D′D we usually have the matrix D the
way that rank(Q) = number of rows in D.
Now we show that P (t) is bounded above for all T and is monotonically increasing with
increasing T , hence it converges. To show that P (t) is monotonically increasing, consider
the inequality∫ T1

t
φ(τ, x∗, µ∗)dτ ≤

∫ T2

t
φ(τ, x∗, µ∗)dτ = V (T2), ∀T2 ≥ T1, ∀x ∈ Rn (7.69)
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where µ∗ denotes the control that is optimal over the interval [t, T2], with the corre-
sponding state x∗. The inequality (7.69) follows directly from the additive property of
the integral and by φ(τ, x∗, µ∗) = (Qx, x) + (Ru, u) non-negative. Then if we denote µ∗∗

to be the control that is optimal over the interval [t, T1], we have the other inequality

V (T1) =

∫ T1

t
φ(τ, x∗∗, µ∗∗)dτ ≤

∫ T1

t
φ(τ, x∗, µ∗)dτ, ∀x ∈ Rn. (7.70)

So we have V (T1) ≤ V (T2), T2 ≥ T1 and as V (t, x) is in quadratic form of P (t), P (t) is
monotonically increasing with respect to T .
To show that P (t) is bounded above, we use the controllability assumption. By control-
lability, we have seen that there exists a constant matrix K, such that the closed-loop
system ẋ = (A−BK)x with the feedback control u(t) = −Kx(t) is asymptotically stable,
meaning limt→∞ x(t) = 0, ∀x ∈ Rn. But this control might not be optimal. However,
the value of the cost function Ṽ corresponding to the given control law is bounded as
x(t) → 0 exponentially and hence u(t) = −Kx(t) also converges to zero exponentially.
Ṽ is also in quadratic form, we denote this by (P̃ x, x). So for any V (t, x) = (P (t)x, x),
which is optimal over (t,∞) we must have P (t) ≤ P̃ , which establishes our upper bound.

Now we show that if (A,D) is observable, it follows that P̄ > 0. By contradiction,
assume that P̄ is only positive semidefinite. Then there exists an initial state x0( 6= 0) ∈
Rn for which (P̄ x0, x0) = 0. This means

(P̄ x0, x0) =

∫ ∞
0

[
(D′Dx, x) + (Ru, u)

]
dt = 0. (7.71)

Since R > 0, this implies that u(t) = 0, a.e.. So the first term in the integral must
also be zero and this in turn implies that Dx(t, x0) = 0 ∀t ≥ 0. But we have (A,D)
observable, which implies x0 = 0, so we obtained a contradiction.

We now show that the optimal closed-loop system is asymptotically stable. By
Lyapunov, this means that the derivative of any solution of the closed loop system

ẋ(t) = (A−BR−1B′P̄ )x(t), x(0) = x0 ∈ Rn (7.72)

is negative definite. Let x0 ∈ Rn be arbitrary and x(t) = x(t, x0) be the corresponding
solution of the closed loop system. By differentiating V along this trajectory, we obtain

V̇ (t, x) = ( ˙̄Px, x) + (P̄ ẋ, x) + (P̄ x, ẋ)

= ((P̄A− P̄BR−1B′P̄ )x, x) + (P̄ x, (A−BR−1B′P̄ )x).
(7.73)

Further we have
V̇ (t, x) = −

[
(D′Dx, x) + (P̄BR−1B′P̄ x, x)

]
. (7.74)

From this we can rewrite the (ARE) (7.68) as

A′cP̄ + P̄Ac = −D′D − P̄BR−1B′P̄ , (7.75)

47



C
E

U
eT

D
C

ol
le

ct
io

n

where Ac is the closed loop system matrix given by

Ac = A−BR−1B′P̄ . (7.76)

From the fact that P̄ is known to be positive definite and by assumption the pair (A,D)
is observable, it follows by the Lyapunov Theorem for linear systems that Ac must be
a stability matrix. This can be shown directly by writing the second term in (7.74)
as x′(R−1B′P̄ )′R(R−1B′P̄ )x. So for V̇ (t, x) ≡ 0 we must have R−1B′P̄ x(t) ≡ 0 since
R > 0. But this implies that Dx(t, x0) = 0 ∀t ≥ 0. Again from observability it follows
that x0 = 0 and hence x(t) ≡ 0.

What remains to be shown is the uniqueness of the solution to the (ARE). By con-
tradiction suppose there are two solutions P̄ and P̃ . Then we define E ≡ P̄ − P̃ , and by
subtracting the corresponding equations from each other, we obtain a matrix equation
for E

A1E + EA2 = 0, (7.77)

where
A1 ≡ (A−BR−1B′P̃ )′ andA2 ≡ (A−BR−1B′P̄ ). (7.78)

The matrix equations of the form A1E + EA2 = L have the following solution (see for
example the proof of Theorem 3.2)

E =

∫ ∞
0

etA1LetA2dt. (7.79)

We have seen that both, A1 and A2 are stability matrices, so the integral is well defined.
Here we have L = 0, from which E = 0 and hence uniqueness follows. �

Actually, the existence and stability result for the (ARE) can be obtained for the
weaker conditions of stabilizability and detectability. For definition of detectability,
refer to [1, p. 167]. One can show that stabilizability is enough for P (t) bounded and
detectability is all that is needed to guarantee that Ac is stable. With the condition
of observability replaced by detectability, however, the matrix P̄ may only be positive
semidefinite. In particular, one can show that stabilizability and detectability are all that
is required from the system dynamics for the Hamiltonian matrix as defined in (7.39) to
have no purely imaginary eigenvalues. This is elaborated in detail in [6, p. 651].

7.4 Example

Consider the inverted pendulum as in the introduction (1.1). Here will create the feed-
back control law with help of the ARE.
Again we assume that the friction is negligible and the mass is centered at the end of
the rod with m = 1. For the linearized system about the equilibrium point we have

ϕ̈(t)− ω2ϕ(t) = u(t), with ω2 = g/L. (7.80)
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The state vector is x(t) = (ϕ(t), ϕ̇(t))′ = (x1(t), x2(t))′. The linear system can then be
written as [

ẋ1(t)
ẋ2(t)

]
=

[
0 1
ω2 0

] [
x1(t)
x2(t)

]
+

[
0
1

]
u(t). (7.81)

For the cost functional we define the matrix Q =

[
1 0
0 0

]
and R = 1

c2
for a real number

c. So we obtain for the cost functional

I =

∫ ∞
0

ϕ(t)2 +
1

c2
u(t)2dt. (7.82)

Now let P̄ =

[
p1 p2

p2 p3

]
be a symmetric matrix. So finally we get for the ARE (7.68)

[
ω2p2 ω2p3

p1 p2

]
+

[
p2ω

2 p1

p3ω
2 p2

]
+

[
1 0
0 0

]
−
[

c2p2
2 c2p2p3

c2p2p3 c2p2
3

]
=

[
0 0
0 0

]
, (7.83)

which leads to the following equations

2ω2p2 + 1− c2p2
2 = 0 ⇒ p2 =

ω2 ±
√
ω4 + c2

c2
,

p1 + p3ω
2 − c2p2p3 = 0 (appeares twice),

2p2 − c2p2
3 = 0 ⇒ p3 = ±1

c

√
2p2.

(7.84)

As p3 is a diagonal term, it needs to be real and positive, hence p2 needs to be positive,
so we have

p2 =
ω2 +

√
ω4 + c2

c2
,

p3 =
1

c

√
2p2,

p1 = c2p2p3 − p3ω
2.

(7.85)

For the feeback operator K we get

K = R−1B′P̄ =

[
c2p2

c2p3

]′
, (7.86)

and for the control
u(t) = Kx(t) = c2(p2ϕ(t) + p3ϕ̇(t)). (7.87)

To analyze our obtained solution, first consider the uncontrolled system. It is easy to see
that the original system is unstable by computing the eigenvalues of the system matrix
A

det(λI −A) = det

([
λ −1
−ω2 λ

])
= λ2 − ω2 = 0 ⇒ λ1,2 = ±ω. (7.88)
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(7.88) shows that we have one eigenvalue with positive real part, hence the system is
unstable.
For the closed loop system we have the system matrix

ACL = A−BK =

[
0 1

ω2 − c2p2 −c2p3

]
. (7.89)

First, define Ω2 =
√
ω4 + c2. Then, after some computation, we obtain the characterisitc

polynomial for the closed loop system

det(λCLI −ACL) = λ2
CL +

√
2(ω2 + Ω2)λCL + Ω2, (7.90)

and from this the eigenvalues

λCL,1,2 = − 1√
2

√
(ω2 + Ω2)± i 1√

2

√
(Ω2 − ω2). (7.91)

By our definition of Ω2 =
√
ω4 + c2 > ω2, we have both eigenvalues with negative real

part and hence the closed loop system is asymptotically stable.

Above example showed that the computation of the corresponding matrices can al-
ready be very technical for small dimensions. For higher dimensional systems, usually
computer software is used to compute the solution. Various algorithms and numerical
methods about linear quadratic optimization are described in [20].

8 Conclusion

Given a linear dynamical system, the state-space approach to analyze the system and
construct a control law, both open loop and closed loop, is a comprehensive theory and
offers many powerful methods. Once we obtained the system properties such as stability,
observability and controllability, our aim is to find a control law that first stabilizes a
possibly unstable system and second steers the system to a desired target state.
We have shown that linear quadratic optimization can be used to construct an optimal
feedback control law in combination with a cost functional. These design methods are
applicable to both, time-varying and time invariant systems and are therefore not only an
interesting concept from a mathematical point of view, but also very useful in practice.
The presented topics in this thesis are the foundation to the latest research and methods
in control theory such as the linear quadratic Gaussian control problem (also referred to
as H2 problem) or the H∞ control for robust performance. Concerning these methods,
the interested reader may refer to [8, 2].
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