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Abstract

One of the main questions in the theory of normal surface singularities is to un-
derstand the relations between their geometry and topology.

The lattice cohomology is an important tool in the study of topological properties
of a plumbed 3-manifold M associated with a connected negative definite plumbing
graph G. It connects the topological properties with analytic ones when M is realized
as a singularity link, i.e. when G is a good resolution graph of the singularity. Its
computation is based on the (Riemann—Roch) weights of the lattice points of Z?,
where s is the number of vertices of G.

The first part of the thesis reduces the rank of this lattice to the number of ‘bad’
vertices of the graph. Usually, the geometry/topology of M is codified exactly by
these ‘bad’ vertices and their number measures how far the plumbing graph stays
from a rational one.

In the second part, we identify the following three objects: the Seiberg-Witten
invariant of a plumbed 3-manifold, the periodic constant of its topological Poincaré
series, and a coefficient of an equivariant multivariable Ehrhart polynomial. For
this, we construct the corresponding polytope from the plumbing graph, together
with an action of H,(M,Z), and we develop Ehrhart theory for them. Moreover, we
generalize the concept of the periodic constant for multivariable series and establish
its corresponding properties.

The effect of the reduction appears also at the level of the multivariable topological
Poincaré series, simplifying the corresponding polytope and the Ehrhart theory as

well. We end the thesis with detailed calculations and examples.
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Chapter 1

Introduction

The subject of this thesis can be placed in the local singularity theory, which is
a meeting point in mathematics, where many areas come together, such as algebra,
geometry, topology and combinatorics, just to mention some of them.

Before we start to describe this subject, we would like to offer this chapter for
non-specialists as well, as a survey of this extremely active area of current research,
with challenging problems. Since a lot of results and directions were developed in the
last decades and the presentation of all of them would be too long, we have to pick
some pieces to present here, which make the overall clear, but they are also important
from our point of view. We hope that this chapter will give the frame of the whole

picture drawn by the thesis.

In algebraic geometry, the research on the smooth complex algebraic surfaces has
a history of more than a hundred years. It started with the classification of Enriques
and the Italian school. Then in the 60’s, a ‘modern’ classification was provided by
Kodaira, which uses the new techniques of algebraic geometry and topology, e.g.
sheaves, cohomologies and characteristic classes, with paying particular attention to
the relationships of the analytic structures with topological invariants of the under-

lying smooth 4-manifolds. Typical examples were the topological characterization of
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rational surfaces or of the K3 surfaces. Later, the works of Donaldson and Witten
(on 4-dimensional Seiberg—Witten theories) gave powerful tools for this comparison
research.

In parallel with these theories, the study of singular surfaces started, giving birth
to the local singularity theory too. This theory investigates the local behavior of the

singularities and has to solve new problems in the shadow of the old question:
what is the relation between the analytic and topological structures?
This is the guiding question of our research too, targeting normal surface singularities.

Definition. Let fi,..., fi, : (C*,0) — (C,0) be germs of analytic functions. Then

the germ of the common zero set

(X,O):({f1:~~~:fm20},0)C(CR,O)

is called a complex surface singularity, if the rank of the Jacobian matrix J(z) :=
(0fi/0z;(x));; is n — 2 for any smooth point z € X. Moreover, if rank J(0) < n — 2,
but rank J(x) = n — 2 for any point x € X \ 0, we say that (X,0) has an isolated

singularity at the origin.

In particular, if m = 1 we talk about 2-dimensional hypersurface singularities and
if m = n — 2, then our object is called a complete intersection surface singularity.
Notice that in general, m can be higher then n — 2 (cf. [67, 1.2]).

The local ring O(x o) of analytic functions on (X,0) is defined as the quotient of
the ring O(cn o) of power series, convergent in a small neighbourhood of 0, by the ideal
(fis---, fn). Its unique maximal ideal is m(x0) = (21, ..., 2,). This ring determines
the singularity up to a local analytic isomorphism. Let us provide the following
example: assume that Z, acts on C* by & * (21, 22) := (£21,& 22). This induces an

action on O(czy = C{z1, 22}, for which the ring of invariants is (2}, 2129, 25). This
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is isomorphic with C{u,v,w}/{uw = vP), hence the geometric quotient (C?,0)/Z, ~
{(u,v,w) € (C?0) : uw = vP} defines a surface singularity.

In any dimension, the normality condition means that we require O(x) to be
integrally closed in its quotient field, or equivalently, a bounded holomorphic function
defined on X \ 0 can be extended to a holomorphic function defined on X. In the
case of surface singularities, this condition implies that (X, 0) has at most an isolated
singularity at the origin (see [39, §3]).

One can define several invariants from the local ring in order to codify the type
of the singularity. For example, we mention the Hilbert—Samuel function, or, in par-
ticular, the embedding dimension and the multiplicity of (X,0). For their definitions

and properties we refer to [67].

One may think of a normal surface singularity as an abstract geometric object
(X,0) with its local ring O(x ) and maximal ideal mx ), which codify the local
analytic type. Then the main approach to analyze (X,0) is a ‘good’ resolution
7 : (X,E) — (X,0). Thus, X is a smooth surface, 7 is proper and maps X \ E
isomorphically onto X \ 0, where the exceptional divisor E = 771(0) is a normal
crossing divisor. This means that the irreducible components F; are smooth projec-
tive curves, intersect each other transversally and £; N E;N Ey, = ) for distinct indices
1,7, k.

The numerical analytic invariants of this description might come from two different
directions. They can be ranks of sheaf-cohomologies of analytic vector bundles on
X. The most important in this category, from our viewpoint, is the geometric genus,

which can be defined by the following formula
py = dim HY (X, 0%),

cf. 2.2.1. Notice that p, can be expressed on the level of X as well, using holomorphic
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2-forms ([10], [67, 1.4]).

The other direction is based on the Hilbert-Poincaré series of O(x ) associated
with 771(0)~divisorial multi-filtration. We will give the definition of this invariants
in Section 4.1, since they serve a motivation for the topological counterpart, which
will be one of the main objects in Chapter 4.

The resolution makes a bridge with the topological investigation of the normal
surface singularity, which, as we will see in 2.1.1, is equivalent with the description
of its link. This is a special 3-manifold which can be constructed using the dual
resolution graph too, via the configuration of the exceptional irreducible curves F; of
the resolution (see Section 2.1.1).

It raises the following natural questions:

Is it possible to recover some of the analytic invariants from the link, or
equivalently, from the resolution graph? What kind of statements can be

made about the analytic type of a singularity with a given topology?

Before we start to discuss the main questions, which motivated a huge amount
of work in the last decades, we stop for a moment and motivate the reason why we
choose the study of the surface singularities.

If (X,0) is a curve singularity, then its link consists of as many disjoint copies of
the circle S', as the number of irreducible components of the curve at its singular
point. Hence, it contains no other information about the analytic type of (X, 0).

We have the same situation in higher dimension too: from the point of view of the
main questions, the topological information codified by the link is rather poor. To
justify this sentence, consider the example of a Brieskorn singularity (X,0) = {z? +
73+ 22 4+ 23 = 0} C (C*,0). Brieskorn proved in [15], that the link is diffeomorphic
to S°, but X is far from being smooth. More examples can be found also in [16].

It turned out that the case of surfaces is much more interesting and complicated:

one can have many analytic types with a given topology. This suggests that we have to

4
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assume some conditions on the analytic side in order to investigate the connections.

H. Laufer in [11] (completing the work of Grauert, Brieskorn, Tjurina and Wagre-
ich) gives the complete list of those resolution graphs which have a unique analytic
structure. These are the so—called taut singularities. He classified even those resolu-
tion graphs, which support only a finitely many analytic structures, they are called
pseudo—taut singularities. This class is very restrictive, in the sense that almost all
of them are rational. Hence, in order to understand the case of more general reso-
lution graphs, we don’t need a complete topological description, just to characterize
topologically some of the discrete invariants of (X 0).

Summerizing the above discussion, Artin and Laufer in 60’s and 70’s started to
determine some of the analytic invariants from the graph. They characterized topo-
logically the rational and minimally elliptic singularities. Laufer believed that this
program, called the Artin—Laufer program (Section 2.2), stops for more general cases.
After twenty years, Némethi [50] clarified the elliptic case completely, and proposed
the continuation of the program with some extra assumptions. This means that if we
pose some analytical and topological conditions on the singularities, there is a hope
to understand the connection between analytic and topological data further.

We believe that for the continuation of the Artin—Laufer program, i.e. to make
topological characterizations of some special analytic types, or their invariants, we
have to find and understand first the topological counterparts of the numerical ana-

lytic invariants.

In 2002, the work of Némethi and Nicolaescu ([69, 70, 71]) suggested a new ap-
proach. They formulated the so—called Seiberg—Witten invariant conjecture (see Sub-
section 2.3.2), which relates the geometric genus of the normal surface singularity
with the Seiberg—Witten invariant of its link. This generalizes the conjecture of Neu-
mann and Wahl ([79]), formulated for complete intersection singularities with integral

homology sphere links.
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They proved the relation for some ‘nice’ analytic structures, but later Luengo-
Velasco, Melle-Hernandez and Némethi showed that it fails in general (see 2.3.2 for
details). However, the corrected versions transfer us into the world of low dimensional
topology, and create tools to understand the Seiberg—Witten invariants via some
homology theories (2.3.1). For example, the Seiberg—Witten invariants appear as the
normalized Euler characteristic of the Seiberg—Witten Floer homology of Kronheimer
and Mrowka, and of the Heegaard—Floer homology introduced by Ozsvath and Szabd.
These theories had an extreme influence on modern mathematics of the last years,
and solved a series of open problems and old conjectures related to the classification
of the smooth 4-manifolds and the theory of knots.

Motivated by the work of Ozsvath and Szabd and the Seiberg—Witten invariant
conjecture, Némethi opened a new channel towards the continuation of the Artin—
Laufer program.

He constructed a new invariant, the graded root, which is a special tree—graph
with vertices labeled by integers. The main idea is that the set of topological types,
sharing the same graded root, form a family with uniform analytic behavior too.
Némethi conjectures that each family, identified by a root, can be uniformly treated
at least from the point of view of the analytic invariants as well. The graded roots
describe and give a model for the Heegaard—Floer homology in the rational and almost
rational cases, using the computation sequences of Laufer. This concept gave birth
to the theory of lattice cohomology, which is our main research subject in this thesis
(Section 2.4, Chapters 3 and 6).

It is a cohomological theory attached to a lattice defined by the resolution graph
of the singularity. The lattice cohomology is a topological invariant of the singularity
link, which has a strong relation with the geometry of the exceptional divisors in
the resolution. This has even more structures than the Heegaard—Floer homology.

Nevertheless, by disregarding these extra data, conjecturally they are isomorphic (see
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3.2.1 for the details about the conjecture).

Moreover, the normalized Euler characteristic of the lattice cohomology equals
the Seiberg-Witten invariant, and the non-vanishing of higher cohomology modules
explains the failure and corrects the Seiberg—Witten invariant conjecture in the patho-

logical cases (3.2.2).

The calculation of the lattice cohomology is rather hard, since it is based on the
weights of all the lattice points. In general, the rank of the lattice is large, it equals
the number of vertices in the resolution graph. However, one of the main results
of the thesis is the proof of a reduction procedure, which reduces the rank of the
lattice to a smaller number. This is the number of ‘bad’ vertices. It measures the
topological complexity of the graph (how far is from a rational graph) and codifies
the geometrical /topological structure of the singularity. This shows that the reduc-
tion procedure is not just a technical tool, but an optimal way to recover the main

geometric structure of the 3—manifold and to relate it with the lattice cohomology.

There is another concept which is strongly related to the Seiberg—Witten invariant
conjecture and connects the geometry with the topology. This is the theory of Hilbert—
Poincaré series associated with the singularities. Campillo, Delgado and Gusein-Zade
studied Hilbert—Poincaré series associated with a divisorial multi-index filtration on
O(x,0) (4.1.2). Then, Némethi unified and generalized the formulae of this concept
and defined the topological counterpart, the multivariable topological Poincaré series,
showing their coincidence in some ‘nice’ cases.

It was proven that the constant term of a quadratic polynomial associated with the
topological series equals the Seiberg—Witten invariant. This shows a strong analogy
with the analytic side, where the geometric genus can be interpreted in this way. This
analogy, together with the interactions between the analytical and topological series,

puts the Seiberg—Witten invariant conjecture in a new framework. Then, it is natural
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to ask whether the topological Poincaré series has a common generalization with
the lattice cohomology. A simpler question targets those cohomological information
which are codified by the Poincaré series.

The first step is to recover the Seiberg—Witten invariants from this series. This
subject contributes the second main part of this thesis (Chapters 4 and 5) and has
very interesting final outputs.

It turnes out that the Seiberg—Witten invariant is the multivariable periodic con-
stant of the Poincaré series. Moreover, the Ehrhart theory identifies the Seiberg—
Witten invariant with a certain coefficient of a multivariable equivariant Ehrhart
polynomial. Furthermore, the reduction procedure applies to this series as well and
reduces its variables to the variables associated with the bad vertices.

Using this approach, in the cases of series with at most two variables, one can give
precise algorithm for the calculation of the periodic constants, or equivalently, for
the Seiberg—Witten invariants. Moreover, the case of two variables has a surprising

relation with the theory of modules over semigroups and affine monoids.
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Chapter 2

Preliminaries

This chapter is devoted to the presentation of the classical definitions and results
regarding to the topology of normal surface singularities. It provides the first inter-
actions of the geometrical and topological settings, presents a conjecture regarding
these invariants, and last but not least, it motivates the subject of the next chapter
and of the thesis too, the lattice cohomology and its reduction. Besides the references
given in the body of this chapter, we recommend the following classical books and

lecture notes as well [53, 97, 26, 77, 67, 60].

2.1 Topology of normal surface singularities

In this section we give an introduction to the topology of normal surface singulari-
ties with the definition of the main object, the link of the singularity, and using its
key properties, we show how one can codify its topological data with combinatorial

objects.
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2.1.1 The link of (X,0)

All this topological research area was started with a breakthrough of Milnor [53],
regarding complex hypersurfaces. Nevertheless, his argument works not only in the
hypersurface case, but also in general, when we consider an arbitrary complex analytic
singularity, see [11]. In the case of surfaces, the idea is the following.

We consider a normal surface singularity (X,0) embedded into (C",0). Then, if €
is small enough, the (2n — 1)-dimensional sphere S?"~! intersects (X, 0) transversally

and the intersection

M :=Xng*!

is a closed, oriented 3—manifold, which does not depend on the embedding and on e.
M is called the link of (X,0). Moreover, if B*" is the 2n—dimensional ball of radius €
around 0, then one shows that X N B*" is homeomorphic to the cone over M, hence
the link characterizes completely the local topological type of the singularity.

An important discovery of Mumford [55] was that if M is simply connected, then
X is smooth at 0. Neumann [77] extended this fact as follows: the link of a normal
surface singularity can be recovered from its fundamental group except two cases,
which are completely understood. These exceptions are the Hirzebruch—Jung (or
cyclic quotient) and the cusp singularities.

The first connection between the analytical and topological properties of (X, 0)
is realized by the resolution of the singular point. The resolution of (X, 0) is a holo-
morphic map 7 : ()A(C, E) — (X,0) with the properties, that X is smooth, 7 is proper
and maps X \ E isomorphically onto X \ 0. E := 771(0) is called the ezceptional
divisor with irreducible components {E;};. If, moreover, we assume that E is a nor-
mal crossing divisor, namely the irreducible components £; are smooth projective
curves, intersect each other transversally and E; N E; N Ey = () for distinct indices

i, 7, k, then we talk about good resolution. One can define minimal (not necessarily

10
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good) resolutions as well, if there is no rational smooth irreducible component E;
with self-intersection number b; := (E;, E;) = —1. But in almost all the cases in our
investigation we use the good resolution.

To codify the combinatorial data of a good resolution, one can associate to it the
dual resolution graph G(7) (usually we omit 7 from the notation). In this graph the
vertices correspond to the irreducible components F; and the edges represent their
intersection points. Moreover, we add two weights for every vertex of G: the self—
intersection number b; and the genus g; of £;. In this way we may also associate an
intersection form J whose matrix is (£;, E}); j, where (E;, E;) is the number of edges
connecting the two corresponding vertices for i # j.

The first result, originated from DuVal and Mumford, says that G is connected and
J is negative definite. Then a crucial work of Grauert [30] shows that every connected
negative definite weighted dual graph does arise from resolving some normal surface
singularity (X,0).

7 identifies 9.X , the boundary of X , with M. Hence, the graph GG can be regarded
as a plumbing graph which makes M to be an S'-plumbed 3-manifold. Using the
plumbing construction (see e.g. [97, 1.1.9]), any resolution graph G determines M
completely. Conversely, we have to consider the equivalence class of plumbing graphs
defined by finite sequences of blow—ups and/or blow—downs along rational (—1)-
curves, since the resolution 7 and its graph are not unique. But different resolutions
provide equivalent graphs in the aforementioned sense. Then a result of Neumann
[77] shows that the oriented diffeomorphism type of M determines completely the
equivalence class of G.

Finally, we define two families of 3-manifolds, which we will be working with
throughout the thesis. M is called rational homology sphere (QHS) if Hy(M,Q) = 0.
In particular, we say that it is an integral homology sphere (ZHS) if H,(M,Z) = 0.
Notice that H;(M, Q) vanishes if and only if the free part of Hy(M,Z) vanishes. The

11
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plumbing construction says that the first Betti number b;(M) is equal to ¢(G) +
23 ; 95, where ¢(@G) is the number of independent cycles of the graph G. Hence, the

final conclusion is that

M is QHS if and only if G is a tree and g; = 0 for all j.

2.1.2 Combinatorics of the resolution/plumbing graphs

Let GG be a connected negative definite plumbing graph and denote the set of vertices

by J. As described in the previous section, it can be realized as the resolution graph
of some normal surface singularity (X,0), and the link M can be considered as the
plumbed 3—manifold associated with G.

In the sequel we assume that M is a QHS.

Let X be the smooth 4-manifold with boundary M obtained either by resolution
m:X = X of (X, 0) with resolution graph G, or via plumbing disc bundles associated
with the vertices of G with Euler number b; (for more details on plumbings we refer
to [35, §8] or [07, 1.1.9]). Since X has a deformation retract to the bouquet of |7
copies of 2-spheres 52V - - -V $2, the only non—vanishing homologies are Ho(X,Z) = Z
and Hs(X,Z) = ZV!. Moreover, there is an intersection form J on Hy(X,Z). Since
we identify the homology classes of the zero sections with {E}},c7, the matrix of J

with respect to the basis {E}};c7 is given by

b, ifi=j
Jij = 1 if ¢ # 7 and the corresponding vertices are connected by an edge

0 if ¢ # j otherwise.

We know that in our case J is non-degenerate, negative definite and makes L :=
Hy(X,Z) to be a lattice generated by {E;};jes. Let L' := Hom(L,Z) be the dual of

L. The fact that the homology of X has no torsion part and the Poincaré—Lefschetz
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duality imply that L' = HQ()?,Z) = HQ(J?,M, Z). Then the begining of the long
exact relative homology sequence for the pair ()~( , M) splits into the short exact
sequence

0— L L—H—0,

where H := L'/L = Hy(M,Z). The morphism ¢ : L — L' can be identified with
L — Hom(L,Z) given by [ +— (I,-). The intersection form has a natural extension
to Lo = L ® Q and we can regard L' as a sublattice of Lg in a way that L' = {l' €
L®Q : (I''L) C Z}. For conventional reason, one may choose the generators of
L' to be the (anti)dual elements E7 defined via (E}, E;) = —d;; (the negative of the
Kronecker symbol). Clearly, the coefficients of E7 are the columns of —3J71, and the

negative definiteness of J guarantees that
all the entries of E7 are strict positive. (2.1)

We will also set det(G) := det(—J) to be the determinant associated with the graph

G.

2.1.2.1. Cycles. The elements of Lg are called rational cycles. There is a natural
ordering of them: I} <y if l}; <5 for all j € J. Moreover, we say that " is effective if
U'>0. M=%l for i € {1,2}, then we write min{lj, 5} := > min{lj;, 5, } E;.

Furthermore, if I = >, I' E; then we set |I'| := {j € J : I} # 0} for the support of I'.

2.1.2.2. Characteristic elements and spin‘—structures of M.

We define the set of characteristic elements in L’ by
Char :={ke L : (k,x)+ (z,z) € 2Z for any x € L}.

There is a unique rational cycle k.., € L' which satisfies the system of adjunction

13
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relations

(kean, Ej) = —bj —2 for all j € J, (2.2)

and it is called the canonical cycle. Then Char = keu, + 2L’ and there is a natural
action of L on C'har by Ik := k+2l, whose orbits are of type k+2L. Then H = L'/ L
acts freely and transitively on the set of orbits by [I']  (k+2L) := k + 20’ + 2L.

Consider the tangent bundle TX of the oriented 4 -manifold X (we can pick a
Riemannian metric as well). Then TX determines an orthonormal frame bundle
(principal O(4)-bundle) which we denote by Fo(X). It is well known that the ori-
entability of X means that this bundle can be reduced to an S O(4)-bundle, making
the fibers connected. Can be thought in a way, that any trivialization of the bundle
over the disconnected 0-skeleton of X can be extended to a trivialization over the
connected 1-skeleton. In this sense, spin and spin—structures are generalizations of
the orientation.

A spin—structure on X (more precisely on T X ) means that the trivialization of
the tangent bundle can be extended to the 2—skeleton. Then the spin“—structure is
a ‘complexified’ version of that: we say that X has a spin‘—structure if there exists
a complex line bundle £ so that T’ X @ L has a spin—structure. This £ is called the
determinantal line bundle of the spin—structure. If X admits a spin—structure, then
using the fiber product one can construct a canonical spin®—structure as well. This
can be done also when an almost complex structure is given. (More details regarding
of these definitions and constructions can be found in [32, 18].)

By [32, Proposition 2.4.16], the fact that in our case L' = HQ()?,Z) has no 2—
torsion implies that £ determines the spin“—structure, and the first Chern class (of
L) realizes an identification between the set of spin‘—structures Spinc()? ) on X and
Char C L'. Moreover, Spin®(X) is an L' torsor compatible with the above action of
L' on Char.

If we look at the boundary, the image of the restriction Spin®(X) — Spin®(M)
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consists of exactly those spin®—structures on M, whose Chern classes are the restric-
tions L' — H*(M,Z) = H,(M,Z), i.e. are the torsion elements in H.

Therefore, in our situation, all the spin®—structures on M are obtained by restric-
tion, Spin®(M) is an H torsor, and the actions are compatible with the factorization
L' — H. Hence, one has an identification of Spin®(M) with the set of L-orbits of
Char, and this identification is compatible with the action of H on both sets. In
this way, any spin‘-structure of M will be represented by [k] := k + 2L C Char.
The canonical spin®—structure corresponds to [—ke.n|, moreover [k] has the form

kean + 2(I" + L) for some ' € L.

2.1.2.3. The distinguished representatives of [k]. Notice that if we look at the
(anti)canonical spin®—structure [ke.,|, there is a special element in this orbit, namely
the canonical cycle ke.,. In the following, we generalize this fact for all [k]: among
all the characteristic elements in [k] we will choose a very special one.

We define first the Lipman (or anti-nef) cone
S ={l'el : (I'E;) <0 forany je J}. (2.3)

Since J is negative definite, if I’ € S’ then I’ > 0. Then we have the following lemma:

Lemma 2.1.2.4. ([01, 5.4]) If we fix [k] = kean +2(I'+ L), there is a unique minimal

element Iy, of (I'+ L)NS".

Definition 2.1.2.5. ([01, 5.5]) For any class [k] we define the distinguished represen-

. o ,
tative k, = kegn + 21%]'

For example, since the minimal element of LNS' is the zero cycle, we get lfkcm} =0,
and the distinguished representative in [k..,| is the canonical cycle ke, itself. In
general, lfk} > 0. For their importance see Section 3.3, and further properties can be

found in [01, 64, 66]. This motivates also to partition the elements of the Lipman
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cone into different classes [k], therefore we define

Sw={leL : (I+1,E;) <0 foranyje J}. (2.4)

2.2 The Artin—Laufer program. Case of rational

singularities

2.2.1 Algebro—geometric definitions and preliminaries

The aim of this section is to introduce some tools from the analytical (algebro)—
geometric point of view for the study of the normal surface singularity (X,0). Since
our work restricts to the topology of (X,0), this description will be rather sketchy:
we need just those parts, which motivate the names and notations in 2.1.2 and create
the main tools connecting the geometry and topology of (X,0). For more details

regarding of this section, we recommend some general references such as [67] and [4].

2.2.1.1. We start with a resolution 7 : X — X. The group of divisors Div(X) of X
consists of formal finite sums D = ), m;D;, where D; is an irreducible curve on X
and m; € Z. For any divisor D, one can say that it is supported on |D| = Uy, 20D;.
If we pick a meromorphic function f defined on X, then (f) =>_,m;D; is a principal
divisor, where D;’s are irreducible components of the zeros and the poles of f, and
m; is the multiplicity (order of zero, resp. pole) of f along D;. Divisors supported on
the exceptional divisor E are called cycles, already defined in 2.1.2. We have seen,
that one can define a natural ordering, the effectiveness and the intersection of cycles,
which is determined by the resolution graph G.

The pullback f o of a given analytic function f : (X,0) — (C,0) determines an
effective principal divisor div(fon). Let mg,(f) be the multiplicity of div(fom) along
Ej, then div(fom) =3, mp,(f)E;+St(f), where St(f) is supported on the strict
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transform 7=1(f~1(0) \ 0) (closure of 7=1(f~1(0) \ 0)) of the set f~'(0). Then, for
such an f and a resolution 7 (encoded by its resolution graph G) one can associate

the cycle

(Na=>_mg,(f)E;.

JET
In order to get some information on the local ring O(x ) (i.e. about the structure
of analytic functions f : (X,0) — (C,0)) from the resolution, we may define the set

of cycles

S(m = {(f)G : f c m(x,o)}. (25)

Then S,,, is an ordered semigroup and if Iy, ly € S,p, then | = min{ly, Iy} (defined in
2.1.2.1) is an element of S,,, too. This fact guarantees the existence of a unique non—
zero minimal element in S,,,, which, according to S.S.-T. Yau, is called the mazimal
ideal cycle of the singularity and it is denoted by Z,,4.. One can show that Z,,,, (or
the whole S,,,) depends on the analytic structure of the (X, 0). In general, it can not
be recovered from the topology. However, there are some cases, when this situation
may happen.

Can be proven, that for any f € m(x ) one has (div(fon), E;) =0 for all j € J.
This, together with (St(f), E;) > 0 imply that ((f)g, £;) < 0 for every j € J. This

motivates the definition of the ‘topological candidate’ for S,,,, namely
Sip={leL : (I,E;) <0Vje T}

Notice that this is the same as the Lipman cone Sj,,,) (2.4) defined for [keq,).

Siop shares the same properties as mentioned before for the analytic counterpart.
Hence, it has a unique non—zero minimal element Z,,;,, which was introduced by Artin
[2, 3] and we call it the minimal cycle or Artin’s (fundamental) cycle. Notice that,

since Sy, € Siop, We have Z,i < Zypaz, Where in general strict inequality appears.
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It turns out that Z,,;, can be calculated easily by an algorithm on the graph
G, established by Laufer [10]. This is fundamental from the point of view of the

generalized Laufer sequences which will be discussed in Section 3.3.1.
Laufer algorithm 2.2.1.2. One constructs a sequence {z,}._; of cycles as follows.
1. Start with a cycle z; = E; for some j € J.

2. If 2, is already constructed for some n > 0 and there exists some Ej, for which

(Zm Ej(n)) > 0, then set 2,1 = 2z, + Ej(n)'
3. If (2, E;) <0 for all j, then stop and z, gives Z,.

2.2.1.3. Some invariants of the geometry can be deduced from the cohomology of
sheaves on X. For example, consider Og, the sheaf of holomorphic functions on
X and O}, the subsheaf of invertible functions. We may also consider the group
Pic(X) of holomorphic line bundles on X (modulo isomorphism), which is naturally
isomorphic to H'(X, O%). Notice that the groups HY(X,0%), or H'(X, O%) does
not depend on the resolution 7 : X > X.

The analytic invariant ' (X, Og) := dim H'(X, O3) is called the geometric genus
of the singularity and will be denoted by p,.

To any integral cycle I = > ;m;Ej we can associate the line bundle O(—1), defined
by the invertible sheaf of holomorphic functions on X , which vanish of order m; on
E;. One can define O; := O5/O(—1) as well.

According to [, §6], the short exact exponential sequence
€TP ik
0—Zz — 05 — 05 —0

gives rise to the long exact exponential cohomology sequence, which in our case (X
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is a smooth complex surface, M is QH.S) splits into the short exact sequence

0 — CP — Pic(X) - L' — 0, (2.6)

where ¢;(L£) is the first Chern class of £ € Pic(X). Notice that ¢, (O(—1)) = [, hence

¢; admits a group-section L — Pic(X) above the subgroup L of L' which, in fact,
can be extended naturally to L' — Pic(X) (see [6%, 3.6]), defining the line bundles
O(=0') for any I € L.

As an example, we denote by Q% the sheaf of holomorphic 2—forms on X. It is an
element of Pic()? ), hence it corresponds to a class of divisors. Modulo the principal
divisors, this class well-defines the canonical divisor K. The adjunction formula
showes that the intersections with the exceptional divisor can be calculated via the

equations (K, E;) = —b; — 2 for all j. Ky is analytic, but one can associate to it

the canonical cycle 01(9}) € L', which is the same as k.4, in 2.1.2.2.

Definition 2.2.1.4. We say that (X,0) is Gorenstein if we can find a section w of
_Q% whose divisor is supported on E. It is numerically Gorenstein if the coefficients
of k.., are integers.
Notice that the first definition is equivalent with the fact that there is a global section
of Q%(\o which is nowhere vanishing on X \ 0, i.e. 2%, is holomorphically trivial. On
the other hand, numerical Gorenstein property means that Q?(\o is a topologically
trivial line bundle. Therefore, if (X, 0) is Gorenstein, then it is numerically Gorenstein
as well. The general theory says that numerical Gorenstein property is equivalent with
the fact that the first Chern class of 2% projected to H?(M,Z) = H*(X \ 0,Z) is
zero. In the sense of 2.1.2.2, this means that the class of k.., in H is zero, hence
Ecan € L.

As a generalization, one can define the Q—-Gorenstein property as well, which

requires that some power of !2%(\0 should be holomorphically trivial.
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The formal neighbourhood theorem implies that p, = dimg 1'&11>0 H 1()? ,O)),
hence if one wishes to compute py, one has to understand dim¢ H 1()? ,O)) forl € L
and ! > 0. Then, by Riemann-Roch theorem, it is known that although dim¢ H° ()N( ,O))

and dime H (X, ©,) are analytic,
x(1) := x(O)) = dime H(X, 0)) — dime H' (X, O)) (2.7)

is topological and equal to —(I, {4 kcan)/2. One can consider also the ‘twisted’ version,
i.e. we fix an £ € Pic(X) and write ¢,(£) = I' € L' for its Chern class. If we set
k= kean — 2U', then x(L® O)) = —(I,1 + k)/2.

In this way, for any characteristic element k& € C'har one defines a function
1

This function will be the main ingredient defining the lattice cohomology in Chapter
3, and somehow hides a deep connection with this analytic theory.

In the sequel, we keep the notation y associated with k.q,.

2.2.2 Artin—Laufer program

As we mentioned in the introductory part, it is interesting to investigate special
families of normal surface singularities, where some of the analytic invariants (coming
from O(x)) are topological. Since one of the most important numerical analytic
invariants of (X, 0) is the geometric genus p,, we will localize our discussion around
it. However, at some point we will mention what is happening with some other
analytic invariants (defined in 2.2.1) as well.

The Artin—Laufer program has a long history, started with the work of Artin in
the 60’s. In [2, 3] he showed that the rational singularities can be characterized

completely from the graph (see also 2.2.3). He computed even the multiplicity and
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the embedding dimension of these singularities from the topological data.

Then Laufer [39, 10] developed further the theory. Among others, he found an
algorithm for finding the Artin’s cycle Z,,;,, which is now called the Laufer algorithm,
see 2.2.1.2, and extended the topological characterization of rational singularities to
minimally elliptic singularities ([12]) as well. He also noticed that for more compli-
cated singularities the program can not be continued.

However, Némethi’s work in [56] pointed out and conjectured that if we pose some
analytical and topological conditions, e.g. the Gorenstein and QH S conditions, then
some numerical analytic invariants (including p,) are topological. This was carried
out explicitly for elliptic singularities.

In order to achieve results in the topological characterization of the aforementioned
invariants, one has to find their ‘good’ topological candidate. E.g., in the case of p, one
has to find a topological upper bound for any normal surface singularities with QH S,
which is optimal in the sense that for some ‘nice’ singularities it yields exactly p,. A
good example for this phenomenon is the length of the elliptic sequence, the upper
bound valid for elliptic singularities, introduced and intensively studied by Laufer
[12] and S.S.-T. Yau [104]. In Section 2.3, we will expose another candidate for p,
and give some details on the development of results of the last ten years. Another
example can be found in Chapter 4, where we study the topological counterpart of
the Hilbert—Poincaré series associated with some filtrations on (X, 0).

But first, we recall the Artin—Laufer characterization of rational singularities, since

this class is the origo of our research in the topology of normal surface singularities.

2.2.3 Rational singularities

In general (without any assumption on the link), a normal surface singularity (X, 0)
is called rational if p, = 0. The formal neighbourhood theorem immediately implies

that this is equivalent with dim¢ H* ()N( ,O;) = 0 for any [ > 0. In particular, this
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induces the vanishing of all the genera g; and that G should be a tree. Hence the link
of a rational singularity is automatically a QHS.

Notice that somehow the definition of the rational singularity is motivated by the
short exact sequence 2.6, since if p, = 0, then Pz’c()? ) is isomorphic to L', hence
it is completely topological. Artin [2, 3] proved that in this case Su, = Sipp and
Zmar = Zmin- These equalities were enough to calculate some analytic invariants,
such as the multiplicity, the embedding dimension and the Hilbert—Samuel function
in terms of Z,,;,, which shows how this cycle controls most of the geometry of the
rational singularities.

Moreover, Artin succeeded to replace the vanishing of dim¢ H 1()? ,O,) by a crite-
rion formulated in terms of (1), namely x(I) > 1 for all [ > 0. However, in general
it is difficult to verify this criterion for all positive cycles. Therefore, another break-
through was that, in fact, it is enough to consider only the Artin’s cycle Z,,;,, since
it controls the criterion for all the other positive cycles as well. This fact can be
formulated also in terms of the Laufer algorithm.

In the next theorem we summarize the results of Artin and Laufer, characterizing

topologically the rational singularities.

Theorem 2.2.3.1 (Topological characterization of rational singularities). Let (X, 0)

be a normal surface singularity, then the following statements are equivalent:
1. p,=0;
2. x(l) > 1 for any l > 0;
3. X(Zmin) = 1;
4. In the Laufer algorithm 2.2.1.2 one has (z,, Ejm)) =1 for every n > 1.

Starting from the topological point of view, we may set the following definition:
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Definition 2.2.3.2. If a resolution graph G satisfies one of the last three conditions

in the last theorem, we say that G is a rational graph.

The class of rational graphs is closed under taking subgraphs and decreasing the
self-intersections. We observe that Z,,;, > > e E;, a fact which follows from the
Laufer algorithm and connectedness of G. If we have equality, we say that Z,,, is a
reduced Artin’s cycle: in this case (X, 0) is called minimal rational and G is a minimal

rational graph.
Examples 2.2.3.3.

1. Let G be an arbitrary tree with all the genus decorations zero. For any vertex

J, we define the valency 6; as the number of edges with endpoint j. Let

—0; if 9, #1
bj:{ ’ 7 for any j € J.
—2 if §;=1

Then the intersection matrix J is automatically negative definite and with the
Laufer algorithm one can show that Z,,;, = > jeq Fj and X(Zmin) = 1. Hence,

any (X,0) with minimal resolution graph G is a minimal rational singularity.

2. Assume that (X,0) is rational and numerically Gorenstein. We can show that
Kcan = 0, hence the adjunction formulae 2.2 implies b; = —2 for all j. This
graphs are the minimal resolution graphs of rational double points (or ADE

singularities).

As we will see in Section 3.1.3, from topological point of view, the rationality can
be generalized and all the resolution graphs can be sorted into classes, where lattice
cohomology will serve as a measuring object for the topology of the corresponding

singularities.
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2.3 Seiberg—Witten invariants and a conjecture of
Némethi and Nicolaescu

Historically, the Seiberg—Witten invariants were defined for compact smooth 4-
manifolds. They were introduced by Witten [103] during his investigation with
Seiberg on the Seiberg-Witten gauge theory in theoretical physics. They are sim-
ilar to the invariants defined by the Donaldson theory, and they provide a strong
tool in proving key results of the smooth 4-manifolds. Their advantage is that the
main objects which define the numerical data, the moduli spaces of solutions of the
Seiberg-Witten equations, are mostly compact, hence can be avoided the problems
coming from the compactification of the moduli spaces in Donaldson theory.

Besides the original work of Witten, detailed presentation of the theory can be

found in the book of Nicolaescu [31], see also the book of Morgan [54].

2.3.1 Seiberg—Witten invariants for closed 3—manifolds

In our case, we analyze the Seiberg-Witten invariants for closed 3—manifolds. Con-
sidering an additional geometric data (g,n) on M, where g is a Riemannian metric and
n is a closed 2—form, one can define the Seiberg—Witten equations (we refer to [15, 83]
for precise definitions and details). Then for any spin‘—structure o on M, the space of
solutions divided by the gauge group defines the moduli space of (o, g, 7)-monopoles,
and the Seiberg—Witten invariant stw,(M, g,n) is the signed count of them.

It turns out that, when by (M) =0 (i.e. M is a QHS), the situation is the worst,
since stv, (M, g,n) depends on the choice of the parameters g and 7, thus it is not an
invariant. However, altering by a counter term K Sy, (o, g,n), called the Kreck-Stolz
invariant, solves the problem. Therefore we define the ‘modified’ Seiberg—Witten
invariant

1 —
5m<7(M) = gKSM(O-vgvn> +5ma(M79;77)-
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Theorem 2.3.1.1 (] If M is a connected 3—manifold with by(M) = 0, then

st : Spin®(M) — Q (more precisely Z[1/8|H|])

s an oriented diffeomorphism invariant of M.

In general, it is extremely difficult to compute sto, (M) using its analytic definition.
Therefore, there are some projects which aim to replace this definition with a different

one, or, to provide a topological /combinatorial calculation for the invariants:

e Answering a question of Turaev, Nicolaescu’s result [33] shows that sto, (M) is
the Reidemeister-Turaev torsion normalized by the Casson—-Walker invariant.
This identification is based on the surgery formula for the monopole count given
by Marcolli and Wang [17], and for the Kreck—Stolz invariant contained in the
paper of Ozsvéth and Szab6 [35]. In terms of the graph GG, combinatorial formula
for the Casson-Walker invariant is given in the book of Lescop [13], while the
Reidemeister—Turaev torsion is determined by Némethi and Nicolaescu in [69)].
This formula for the torsion is based on a Dedekind—Fourier sum which, in most

of the cases, is still hard to determine.

On the other hand, Braun and Némethi [11] provides a cut—and—paste surgery
formula for the Seiberg—Witten invariants in the case of negative definite plumbed
3-manifold, motivated by Okuma’s formula [34] targeting analytic invariants of

splice-quotient singularities.

e Another program is the categorification of the invariants. The aim is to construct
homological theories whose ‘normalized Euler characteristic’ gives the Seiberg—
Witten invariant (with a suitable normalization). This interpretation also gives

several alternative definitions for the sto, (M).

For examples, with a generalization of the Seiberg—Witten monopoles, Kron-
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heimer and Mrowka [30] constructed the Seiberg—Witten Floer homology which,
in fact, is isomorphic to the Heegaard—Floer homology, developed by Ozsvath
and Szabd [87, 88, 80], and they categorify sto,(M). Moreover, as a con-
sequence of exact ‘triangles’, one also gets further surgery formulae for the

Seiberg—Witten invariants.

In [57], Némethi proved that the normalized Euler characteristic of the lattice
cohomology is also the Seiberg—Witten invariant. This proof uses the surgery

formula of [11].

We will give more details regarding the Heegaard—Floer homology and its relation
with the lattice cohomology in Sections 2.4 and 3.2.1. Moreover, Chapter 4 provides
an Ehrhart theoretical interpretation of the Seiberg—Witten invariants, which (at least
in special cases) calculates them by using the topological Poincaré series, without

knowing the Betti numbers of the lattice cohomology.

2.3.2 The Seiberg—Witten invariant conjecture

In the spirit of the Artin—Laufer program, the article [09] of Némethi and Nicolaescu
formulates the following conjecture, giving a possible topological counterpart for the
geometric genus. It is an extension of the Casson invariant conjecture of Neumann

and Wahl [79].

SWI Conjecture (| Assume that (X, 0) is a normal surface singularity whose

link M is a QHS. Then the following facts hold:

1. There is a topological upper bound for p,, given by

k’2
pg S 5t'oo'can(]\4) - %"7’

2. If (X,0) is Q-Gorenstein, then in part 1 one has equality.
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This can be generalized in the following way:

GSWI Conjecture (][ We consider I’ € L' and define the characteristic element

k:=kegn — 2" € Char. Then

1. For any line bundle £ € Pic(X) with ¢;(£) = [’ one has

k? + 17|

dime HY(X, £) < —stopy (M) — <

2. If L=0%(') and (X,0) is Q-Gorenstein then in part 1 one has equality.

In particular, if £ = Og, then we get back SWI. The conjecture was verified first

in [69] for some families of rational, elliptic and hypersurface singularities. It was
proved also for singularities with good C*—action [70] and for suspension singularities
(of type {f(z,y) + 2" = 0} with f irreducible) [71]. Then [59] proves the validity of

the conjecture for splice—quotient singularities, a class which was defined by Neumann
and Wahl [80] and contains most of the other classes above.

Using the Heegaard-Floer homological interpretation of sto, Némethi verified
GSWI for all almost rational singularities (see 3.1.3 for their definition).

Unfortunately, the conjecture at this generality is not true. A paper of Luengo-
Velasco, Melle-Hernédndez and Némethi on superisolated singularities [10] gives coun-
terexamples even for the SWI case (Example 6.2.6). However, one can use lattice
cohomological methods to correct the upper bound, reinterpreting the topological
candidate for the geometric genus (or for dime H'(X, £)). We will return to this

discussion in Section 3.2.2.
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2.4 Motivation of the Lattice cohomology

2.4.1 Historical remark

In the continuation of the work on Heegaard—Floer theory (3.2.1), Ozsvath and Szabd
constructed in [36] a combinatorial Z[U]-module H* (G, [k]) for any spin‘—structure
[k] € Spin¢(M). They considered a ‘special’ class of graphs for which HT serves as a
model for the original Z[U]-module HF* (M, [k]).

Némethi [61] extended this special class to the so—called almost rational graphs
(3.1.3), a class whose definition was strongly influenced by the Artin-Laufer program
(2.2.2). They are characterized by the property that there exists a vertex such that
decreasing its Euler decoration we get a rational graph. Moreover, he proved that for
such graphs the isomorphism HF* (M, [k]) = H* (G, [k]) is still valid, and provided a
precise combinatorial algorithm for the calculation of this module.

For this purpose, one has to define the notion of a graded root (Ry, xx) associated
with any connected, negative definite plumbing graph GG and characteristic element k.
Since its grading yi is given by the Riemann—Roch formula 2.8, this object, in fact,
connects two different directions: the one coming from the Heegaard—Floer theory
(and through this from the Seiberg—Witten theory) with the other one, coming from
algebraic geometry. Conjecturally, (Ry, xx) guides the hierarchy of the topological
types of links of normal surface singularities, containing all the information about
the module H* (G, [k]). On the other hand, examples show that the computation
and results about H (G, [k]) can not be extended to a larger class than the almost
rational graphs, hence this idea one had to be generalized.

This observation gave birth to the idea of the lattice cohomology, which was in-
troduced in [64] by Némethi, and its 0-th degree cohomology module H' is given by
H.
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2.4.2 Relation with other theories

Notice that, as can be seen in 3.1, the lattice cohomology is purely combinatorial.
Conjecturally, it contains all the information about the Heegaard-Floer homology of
M too. This would provide an alternative combinatorial definition for the theory of
Ozsvath and Szabd. We will present this conjecture and the active research around
it in 3.2.1.

As we already pointed out in 2.3.1, [57] proves that the lattice cohomology (sim-
ilarly as the Heegaard—Floer homology) categorifies the normalized Seiberg—Witten
invariant of the link M, i.e. it realizes by its normalized Euler characteristic the
Seiberg—Witten invariant. This provides a new combinatorial formula for the Seiberg—
Witten invariants as well.

From analytic point of view, the ranks of the lattice cohomology modules and
their Euler characteristic have subtle connection with certain analytic invariants of
analytic realizations of M as singularity links (3.2.2). For example, the existence of
the non—trivial higher cohomologies explain conceptually the failure of the Seiberg—
Witten invariant conjecture in the pathological cases, see [69, 70, 71, 72] and [16] for
counterexamples.

In this sense, the lattice cohomology makes a bridge between the analytic and

topological/combinatorial invariants of the singularity.

2.4.3 The reduction procedure

Usually, the explicit computation of the lattice cohomology is very hard. A priori, it
is based on the computation of the weights of all lattice points (of a certain Z*) and on
the description of those ‘regions’, where the weights are less than a fixed integer. The
lattice, which appears in the construction, has a very ‘large’ rank: it is the number
of vertices of the corresponding plumbing/resolution graph G of M.

The main result of the next chapter establishes a reduction procedure (Reduction
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Theorem 3.3.2.2), which reduces the rank of the lattice to v, the number of ‘bad’
vertices (3.1.3) on the plumbing graph G. A graph has no bad vertices if it is rational.
Otherwise, if one has to decrease the self-intersection number of (at most) v vertices
to get a rational graph, we say that these vertices are the ‘bad’ ones. This number
is definitely much smaller (usually it is even smaller than the number of nodes) and
provides some kind of ‘filtration’ on negative definite plumbing graphs/manifolds,
which measures how far the graph stays from a rational graph.

We wish to emphasize that the reduction to ‘bad’ vertices is not just a technical
procedure. Usually, the geometry of the singularity link, or the key information about
the structure of the 3—manifold, is coded by these vertices. In other words, by a good
choice of the bad vertices, we connect in a direct way the structure of the lattice
cohomology with the essential geometrical/topological structure of M.

For the illustration of this phenomenon, let us consider the following examples.
A minimal good star—shaped graph has at most one bad vertex, namely the central
one. In this case, the sequence z(i) (see 3.3.1) (i € Zso) and the weights of its
terms are closely related with Dolgachev’s and Pinkham’s computation ([94]) of the
geometric genus and of the Poincaré series of weighted homogeneous singularities, see
e.g. [70, 61].

Or, let K be the connected sum of v irreducible algebraic knots {K;}?_, of S3.
Consider the surgery 3-manifold M = S® ,(K) (d € Z>p). Then the minimal num-
ber of bad vertices is exactly v, and they can be related with the knots, e.g., the
lattice cohomology associated with these vertices is guided by the semigroups of the
knot components K; (for details see [75], where the Reduction Theorem already was
applied).

Even the ‘naive case of all nodes’ can be interesting in the right situation. If
the graph is minimal good, then reducing the weight of the nodes we get a minimal

rational graph (with reduced fundamental cycle), hence the set of all nodes might
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serve as set of bad vertices. This becomes especially meaningful when we consider,
e.g., the graph/link of a Newton non—-degenerate hypersurface singularity. In this
case the nodes correspond to the faces of the Newton diagram (by toric resolution),
cf. [13]. Hence, this choice of the bad vertices establishes the connection with the
combinatorics of the source object, the Newton diagram.

The methods used in the Reduction Theorem 3.3.2.2 and in its proof have their
origin in [61, 6], although technically the general situation is more sophisticated.
The main ingredient is the generalization of the ‘special’ cycles and Laufer sequences
(3.3.1) defined by Némethi in [61, 7.6.] for almost rational graphs (i.e. when v=1).

The effects of the reduction appear not only at the level of the cohomology mod-
ules. The lattice cohomology has subtle connections with a certain multivariable
topological Poincaré series, where the number of variables of this series is the number
of vertices of the plumbing graph. (This is defined combinatorially from the graph. It
resonates and sometimes equals the multivariable Poincaré series, associated with the
divisorial filtration indexed by all the divisors in the resolution, provided by certain
analytic realizations [58, 57, 59].) For example, the Seiberg—Witten invariant appears
as the periodic constant of this series [57, 14, 72] and can be interpreted via Ehrhart
theory, as we will present in Chapter 4.

One of the applications of the Reduction Theorem (and its proof) is that this series
‘reducts’ by eliminating all the variables except those, corresponding to the ‘bad’
vertices. The reduced series still contains all the lattice cohomological information.

The reduction recovers several known results as well: e.g. the vanishing of the
reduced lattice cohomology for rational graphs, proved in [64, §4]. More generally,
it implies the vanishing property H¢(M) = 0 whenever ¢ > v. The original proof of
this fact can be found in [65] and 3.1.4, where the proof uses surgery exact sequences.
Notice that this vanishing is sharp, e.g. consider the connected sum K of v copies

of the (2,3)-torus knot, and take the (—d)-surgery of the 3-sphere S* along K, for
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some d € Z~o. Then Némethi and Romén [75] proved that the minimal number of

bad vertices is v, and H*~1(S? 4(K)) = Z (disregarding the U-action).
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Chapter 3

Lattice cohomology and its

reduction

In the beginning of this chapter we define the lattice cohomology and express its
important properties, and interaction with questions related to the topology of normal
surface singularities. Then in 3.1.3, we state the new characterization of rational
singularities, which motivates the topological generalization of the rationality. It is

worth to present a proof of the Vanishing Theorem 3.1.4.2, which is using an exact

sequence motivated by the work of Ozsvath and Szabd [37, 88, 86] on Heegaard—Floer
theory.
Némethi [64] formulated a conjecture which claims that lattice cohomology con-

tains all the information about the Heegaard—Floer modules in the case of singulari-
ties. Therefore, we walk around this connection and list the current results. Moreover,
in 3.2.2 we turn back to the GSWI conjecture and correct its inequality using a lattice
cohomological invariant. General reference for this part is the long list of papers by
Némethi, e.g. [01, 62, 66, 64, 70].

The end of the chapter presents one of the main result of our research [33], the
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Reduction Theorem for lattice cohomology, which was motivated already in 2.4.3.
Note that the theorem implies immediately the aforementioned characterization and

the Vanishing Theorem. Direct applications can be found in 4.5.2 and [75].

3.1 Definitions and Properties

3.1.1 General construction

3.1.1.1. Preliminaries, Z[U]-modules. The lattice cohomology has a graded
Z[U]-module structure. For its building blocks we will use the following notations,
cf. [86, 61].

Consider the graded Z[U]-module Z[U,U~!], and denote by 7," its quotient by
the submodule U - Z[U]. This has a grading in such a way that deg(U~%) = 2d
(d > 0). Similarly, for any n > 1, the quotient of Z(U~(=Y y=(=2) 1 U, ...)
by U - Z[U] (with the same grading) defines the graded module 7o(n). Hence, To(n),
as a Z-module, is freely generated by 1,U~',..., U™V and has finite Z rank n.
More generally, for any graded Z[U]-module P with d-homogeneous elements P,
and for any r € Q, we denote by P[r] the same module graded (by Q) in such a
way that P[r]sy, = Pg. Then set 7,7 := T;"[r] and T.(n) := To(n)[r]. For example,
the Z[U]-module Z(U™ U™, ... U™ (=1} with this grading will be denoted by
Tom(n).

3.1.1.2. Lattice cohomology associated with 7Z° and a system of weights.
We fix a free Z-module, with a fixed basis { £;}5_,, denoted by Z°. It is also con-
venient to fix a total ordering of the index set 7, which in the sequel will be denoted
by {1,...,s}. Using the pair (Z°,{E;},) and a system of weights, we determine a
cochain complex whose cohomology is our central object.
7°®R has a natural cellular decomposition into cubes. The set of zero-dimensional

cubes is provided by the lattice points of Z°. Any [ € Z° and subset I C J of
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cardinality ¢ define a ¢—dimensional cube, denoted by (I, I) (or only by [J,) which has
its vertices in the lattice points (I + >;.; Ej)r, where I’ runs over all subsets of I.
On each such cube we fix an orientation. For example, this can be determined by the
order (Ej,,..., Ej ), where j; < --- < jg, of the involved base elements {£;};c;. The
set of oriented ¢-dimensional cubes defined in this way is denoted by Q, (0 < ¢ < s).

Let C, be the free Z-module generated by the oriented cubes U, € Q,. Clearly,
for each O, € Q,, the oriented boundary 00, has the form ), ¢y D’;_l for some
e € {—1,+1}, where the (¢ — 1)-cubes {{J5_,}; are the faces of ;. Then we have
000 =0, and the homology of the chain complex (C,, d) is just the homology of R*,
so we don’t get anything new.

However, if we encode ‘some phenomena’ on the cubes via a set of weight functions,

more interesting (co)homology can be obtained.

Definition 3.1.1.3. A set of functions w, : Q, = Z (0 < ¢ < s) is called a set of
compatible weight functions if the following hold:

(a) for any integer k € Z, the set wy ' ( (—oc0, k] ) is finite;

(b) for any O, € Q, and for any of its faces 0,1 € Q,_; one has w,(0,) >

wo-1(Lg-1).
Example 3.1.1.4.

1. Assume that some wg : Qy — Z satisfies (a) for all k£ € Z. For any ¢ > 1 set
wy(O,) := max{wy(v) : v is a vertex of 0O,}.

Then {w,}, is a set of compatible weight functions.

2. Consider the function wy : Z — Z such that wo(n) = [|n|/2] or we(n) =
[|n|/2] + 4{|n|/2} (where [] and { } denote the integral and the rational part),

and define w; as in the first example. Then {wg}4eq0,1} is compatible.
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In the presence of a set of compatible weight functions {w,},, one sets F? :=
Homgz(C,, 757). Then F? is a Z[U]-module by the action (p * ¢)(0J,) := p(¢(T,))
where p € Z[U| and ¢ € F9. Tt has a 2Z—grading: ¢ € F? is homogeneous of degree
2d, if for each O, € Q, with ¢(d,) # 0, ¢(0,) is a homogeneous element in 7;" of
degree 2d — 2 - w(O,). (In the sequel we will omit the index ¢ of w,.)

Next, we define the (co)boundary operator ¢, : F¢ — F¢t1. For this, fix ¢ € F¢
and we show how d,,¢ acts on a cube O,y € Qgyq1. First write 00,41 = >, EkD’;, or
a more precise form of 0 can be determined via the orientation given by the order of

the base elements: if O, = (I, 1) = ([, {j1,-- -, Jg+1}), then

q+1
(9(l, I) _ Z(_l)n( Uw(hl)*w(l,f\]n)(l, I \ ]n) - Uw(l,])fw(l+2Ejn,I\]n)(l + 2Ejn7 I \ jn) )

n=1

In any case, we set
(800) (Tyrr) 1= Y e Uo7 0) (),
k

Then by an explicit calculation one has d,, 0 d,, = 0, hence (F*,d,,) is a cochain com-
plex. Moreover, (F*,d,,) has an augmentation as well. Indeed, set m,, := min;ezs wo(()
and choose 1, € Z* such that wy(l,) = m,. Then one defines the Z[U]-linear map
€w : T, — FO such that e, (U™ ")(l) is the class of U~™* wo)=n in T+ for any

n € Zso. [0, 3.1.7] shows that €, is injective, and d,, o €, = 0.

3.1.1.5. Definitions of the Lattice cohomology. The homology of the cochain
complex (F*,4,,) is called the lattice cohomology of the pair (R*, w), and it is denoted

by H*(R?*, w). The homology of the augmented cochain complex
0 — Toh oy FO Loy 1 ey

is called the reduced lattice cohomology of the pair (R® w), and it is denoted by

36



CEU eTD Collection

H*

red

(R*,w). For any ¢ > 0, both H? and H_, admit an induced graded Z[U]-module

structure, and one has graded Z[U]-module isomorphisms

H° =7, &M, and H?=H!

red red

(for ¢ > 0).

In the case when each HY

req has finite Z-rank, one can define the normalized Euler

characteristic

red

eu(H*(R*, w)) := —m,, + > (—1)?rankg HJ ;(R®, w). (3.1)

3.1.1.6. Modification. Instead of all the cubes of R® we can consider an arbitrary
subset T' of cubes in R® (e.g. [0,00)%, or the ‘rectangle’ R := [0,T3] x --- x [0, T%]
for some T; € Z>g). In such a case, we write H*(7,w) for the corresponding lat-
tice cohomologies, since the restriction map induces a natural graded Z[U]-module

homomorphism 7* : H*(R*, w) — H*(T, w).

Example 3.1.1.7. Consider a sequence v = {x,, }!,_, (¢ can be 0o0) such that x,, # z,,
forn # m and x, 41 = 2, £ Ej(n) for 0 < n <. Let T" be the union of 0-cubes marked
by the points {x,} and 1-cubes (segments) of type [z,,z,1]. Repeating the above
construction, we get a graded Z[U|-module H*(T,w). It is called the path cohomology
associated with the ‘path’ v and the compatible weights {wg, w;}. It will be denoted
by H* (v, w).

The construction implies that H%(y,w) = 0 for ¢ > 1. Hence, in ‘finite’ (HY, , has

red

finite Z—rank, or in particular, the length of v is finite) cases one can define the Euler

characteristic

eu(y,w) := eu(H* (v, w)) = —my, + rankz H°_, (v, w).
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Then [0, 3.5.2] gives the formula

t—1

eu(y, w) = —wo(0) + Z wi ([T, Tri1]) — wo(Tpi1).

n=0

3.1.1.8. The geometric S*—realization.
A more geometric realization of the modules H* can be given in the following way.
For each N € Z, define Sy = Sy(w) C R?® as the union of all the cubes [, (of any

dimension) with w(J,) < N. Clearly, Sy = 0, whenever N < m,,. For any ¢ > 0, set
SQ<RS, IU) = @szqu(SN7 Z)

Then S? is 2Z-graded, the d = 2N-homogeneous elements S? consists of H?(Sy, Z).
Also, S? is a Z[U]-module. The U-action is given by the restriction map ry.q :
HY(SNny1,Z) — HY(SN,Z), namely, U % (ay)y := (rys1an+1)n. Moreover, for ¢ =
0, a fixed basepoint I, € Sy, provides an augmentation H*(Sy,Z) = Z ® H(Sy, Z),

hence an augmentation of the graded Z[U]-modules

S° = (BnsmuZ) ® (Brsm, H(Sn, Z)) = Tt & S0y

The point is that this Z[U]-module S* coincides with the lattice cohomology H*.

More precisely, we have the following theorem.

Theorem 3.1.1.9. ([64, 3.1.12]) There ezists a graded Z[U]-module isomorphism,
compatible with the augmentations, between H*(R®,w) and S*(R*, w). Similar state-

ment is valid for H*(T,w) for any T C R® as in 3.1.1.6.

From now on we denote both realizations with the same symbol H*, no matter
which one we use. In the next examples we illustrate how to use this realization for

the calculation of the lattice cohomology.
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Example 3.1.1.10. (a) Consider the first case from Example 3.1.1.4(2), when we

have the lattice Z C R and wy(n) = [|n|/2] for all n € Z. Obviously m,, = 0
and Sy is the segment [—-2N — 1,2N + 1] which is contractible for all N > 0.

Hence H°(R, w) = T,".

Let wo(n) = [|n|/2] + 4{|n|/2}. Then m,, = 0 and one can show that if N > 1,
Sn has three components belonging to the ‘central’ component of Sy, as it is

shown in Figure 3.1. Therefore, taking into account the Z[U]-action, the lattice

cohomology can be written as HO(R,w) = T;" @ ®&n>1Tan(1).

S3

Figure 3.1: The wo(n) = [|n|/2] + 4{|n|/2} case.

3.1.2 Case of the singularities

Let G be a negative definite plumbing graph as in 2.1.2. Let |J| = s be the number

of vertices. Then we can associate with L = Z° the free Z-module C, generated by

oriented cubes U, € Q,, as in 3.1.1.2.

To any k € Char we associate weight functions {w,}, as follows. One can use the

function xx : L — Z we have given in (2.8) by

xe(l) = =(L1+k)/2,

and set my := min{ xx(l) : [ € L}. Then the weight functions are defined as in

3.1.1.4(1) via

wo = x, and w,(0,;) = max{xx(v) : v is a vertex of OJ,}.
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Definition 3.1.2.1. The associated lattice cohomologies with this weight functions
are called the lattice cohomology associated with the pair (G, k) and are denoted by

H*(G, k) and H?

red

(G, k). We write my, := m,, = mingey, xx(l)-

Theorem 3.1.2.2. ([61, 3.2.4]) The Z[U]-modules H}

red

(G, k) are finitely generated
over Z, hence eu(H*(G, k)) := eu(H*(R®, w)) is well-defined, cf. (3.1). In particular,

this implies that Sy is contractible for N sufficiently large.

The proof (cf. [64, p.7]) of this theorem uses the techniques of 3.3.3.2, therefore
we omit here. We remark that Example 3.1.1.10(b) can not be the lattice cohomology
associated with some surface singularity, since HC_; is not finitely generated over Z.

Although, each k € Char provides a different cohomology module, there are only
|H| essentially different ones. Indeed, assume that [k] = [£'], hence k' = k + 2l for

some [ € L. Then one has the identity

Xw(x —1) = xx(r) — xx(l) forany z € L,

which tells that the transformation x — 2’ := x—1 realizes the following identification:

HY (G, K) = H'(G, k)[~2x, (D).

Therefore, up to this shift, we have well-defined modules H*(G, [k]) for any spin—
structure [k], and we may highlight uniformly a specific one, which represents H* (G, [k]).
One way to do this is to choose the distinguished representative k,. (2.1.2.5) for the
class [k], then H*(G, k,) will represent the modules associated with [k].

Notice that the 3-manifold M can be given by many different negative definite
plumbing graphs G, but all these graphs can be connected by a finite sequence of
blow ups and blow downs of (—1)-vertices. In order to see the invariance of the

lattice cohomology, one has to check that the representative module H*(G, k,.) does
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not change under this calculus.
The next proposition emphasizes the advantage of the choice of k, for any spin®
structure [k], together with the invariance of H*(G, [k]) under changing the negative

definite plumbing representation of M.

Proposition 3.1.2.3.
(a) H*(G,k,) = H*(0,00)% k) for any k.

(b) The set {H*(G, k;)}k,) is independent on the plumbing representation G of the
3-manifold M, hence it associates a Z[U|-module to any pair (M, [k.]), where

[k.] € Spin¢(M).

The property is proved in [64, 3.3.4 & 3.3.5 & 3.4]. Another interpretation of the
construction and the invariance can be found in [92].

One can consider also the sum
H* (M) := Dxjespine(anH" (M, [k]).

Example 3.1.2.4. Consider the most basic example, when the normal surface sin-
gularity is (C2,0). Tt is smooth at the origin and its link is just an S®. We may pick
one of its negative definite plumbing representation given by: _-1 .

If E represents the vertex, then the lattice L = Z(E) = Z, E* = —1 and the ad-

junction formula immediately gives k.., = E. The only spin® structure is [k.q,], and

x(n) = —(("H)QE’T‘E) = "(”2“) for any n € Z (i.e. for nE € L). By 3.1.2.3(a), its

enough to look at Z>, on which x is increasing. Hence, it follows that Sy is con-
tractible to the point n = 0 for N > 0, therefore the lattice cohomology is the trivial

one, HO(S%, kean) = Tyt and HY(S3, kean) = 0 for ¢ > 0.
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3.1.3 ‘Bad’ vertices and the rationality of graphs

We continue the discussion held in 2.2.3 from the point of view of lattice cohomology.
Recall that a normal surface singularity is rational if its geometric genus is zero.
This vanishing property was characterized combinatorially by Artin’s criterion (see

Theorem 2.2.3.1):

rationality <= x(I) >0 foranyl>0,l€ L, (3.2)

where the notaion yx is associated with k.,,. Subsection 2.2.3.2 defines the set of
rational graphs (resolution graphs of rational singularities), which is closed under
taking subgraphs and decreasing the weights of vertices.

The next theorem points out that the lattice cohomology of rational graphs is
trivial, and in this way it gives a new topological characterization of rational normal
surface singularities. The idea behind it is that one can produce a deformation retract
of the space R® to the origin along which x; is decreasing (using the methods of

3.3.3.2), hence Sy is contractible whenever is non—empty.

Theorem 3.1.3.1. (Némethi [61, 6.3] and [64, 4.1])
G is a rational graph if and only if H(G, kean) = To". Moreover, in this case,
HYG, kean) = 0 for ¢ > 1, and one has the same result for any distinguished rep-

resentative k, € Char as well.

Remark 3.1.3.2. One can say that a graph G is lattice cohomologically ‘weak’ if
the module H*(G, k.4y,) associated with the spin® structure [ke.,| dominates all the
others. E.g., by the previous theorem this is the case for rational graphs. We refer to
(64, 4.2], which shows the same phenomenon for the elliptic graphs too. Therefore,
one can ask the question whether there is any other graph with similar properties, or
in other words, what can we say about the maximal set of weak graphs in this sense?

See [64, 5.2.6] for further details in this direction.
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Any non-rational graph can be transformed into a rational one by decreasing some
of the decorations along some of its vertices. Indeed, if all the decorations of a graph
G are sufficiently negative (e.g. (E;, E) <0 for any j), then G is rational. In order to
measure how far the given graph is from the ‘rationality’, one can give the following

definitions (see also [36, 61, 64, 65, 75, 38]).

Definition 3.1.3.3 (Family of bad vertices). We say that a graph has a family
of v bad vertices, if one can find a subset of vertices {jx}r_;, called bad vertices, such
that replacing their decorations b; = (E;, E;) by some more negative integers by < by
we get a rational graph.

There is a (usually non—unique) family of bad vertices with smallest cardinality.
If this cardinality is less than or equal to v, then the graph is called v—rational (or
type—v as in [93]). The case v = 1 appeared earlier in [(1] and it was called almost

rational.

The main result of this chapter will show that the geometry encoded by the lattice

cohomology is concentrated to these vertices.

3.1.4 Exact sequence and vanishing

We are going to present an exact sequence, called the surgery exact sequence (or
surgery exact triangle), which was firstly proved by Ozsvéath and Szabé in the context
of Heegaard-Floer homology. In order to understand the deep connection between

these theories (3.2.1), there was a desire to prove it for lattice cohomology as well.

This was done over Zs—coefficients by Greene [31], then Némethi [65] extended
over Z. Since the current subsection is a summary of parts of [65], we will omit the
proofs.

For any graph G and a fixed vertex jy, we may consider the graphs G\ j, and

G;g. The first one is obtained by deleting the vertex j, and its adjacent edges, while
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the second is defined by replacing the decoration bj;, of jo by b;, + 1. The negative
definiteness of G implies that G \ jo is negative definite too, but this is not true for
G However, G} is negative definite if and only if det(G) > det(G \ jo) (see also

[65, Lemma 6.1.1]). Indeed, we have
det(G) = det(G) + det(G \ jo),

where det(G) and det(G'\ jo) are positive. Conversely, if G} is negative definite then
G, hence G\ jo is so. However, G \ jo fails to be connected in a generic situation.
In order to speak about lattice cohomologies of these graphs, we have to extend
the definition. Notice that formally 3.1.2 allows to drop the connectedness and the
negative definiteness conditions, and assume only that the graphs are non—degenerate
(i.e. det(G) # 0). However, the effect of leaving the negative definite assumption is
more serious: we loose the geometric interpretation since Sy may not necessarily be
compact. Moreover, the lattice cohomology may not be stable under the blow ups
and blow downs connecting the plumbing representation (for example and further
discussion see [05, 2.4]). Nevertheless, it is convenient to extend the definition in
order to have a larger flexibility for computations using the following surgery exact

sequence.
Theorem 3.1.4.1. ([65])

1. There exists a long exact sequence of Z[U]-modules

.. — HY(G)) — HYG) — HY(G\ jo) — H™*(G)) — ... .

2. 1If Gj+0 is negative definite, then at the begining of the exact sequence
0 — H(G}) — HY(G) — H(G\ jo) — H'(G)) — ...,
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the canonical submodule T (G \ jo) of H°(G \ jo) is mapped to zero.

A disadvantage of this sequence is that the operators mix the classes [k], hence it
is hard to calculate the modules H*(G, [k]) separately. Still, one can provide an exact
sequence which connects the lattice cohomologies of G and G\ jo with fixed classes,
making the concept of relative lattice cohomology. We omit the details here and refer
to [65, 4]. Nevertheless, using this surgery exact sequence we can prove the following

vanishing result of lattice cohomology.

Theorem 3.1.4.2 (Vanishing Theorem). Assume that G has a family of v bad ver-
tices, then H(G) = 0 for ¢ > v. (In particular, HY(G, [k]) = 0 for any [k] too.)

Proof. Tt goes using induction over v. When v = 0, then all the components of G are
rational. Hence by 3.1.3.1, their reduced lattice cohomology is vanishing. Assume
that the statement is true for v—1 and let GG be a graph with v bad vertices. Choose a
bad vertex j and form the graph G;(—m) by replacing the decoration b; by b; —m for
m > 0. The long exact sequence associated with G;(—m—1), G} (—=m—1) = G;(—m)
and G \ j and the inductive argument say that H¢(G;(—m)) = HY(G;(—m — 1)) for
q > v. Hence, induction over m shows that HY(G) = HY(G;(—m)) for all m and
q > v. Since for large enough m, G;(—m) has only v — 1 bad vertices, the result

follows. L

3.2 Relation with other theories revisited

3.2.1 Heegaard—Floer homology and Némethi’s conjecture

First of all, we review some basic facts from the theory of Heegaard—Floer homology
(the HF* version) introduced by Ozsvath and Szabd in [87, 88]. Besides the long
list of original papers of Ozsvath and Szabd, for more details on the definitions and

properties, we recommend the lecture notes [39, 90].
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Consider an oriented 3—manifold M, which we assume to be a rational homology
sphere. Then HF*(M) is an abelian group with a Z,—grading, and it splits as a

direct sum according to the spin®-structures on M. We may write
HF+(M) - 69[k]ESpinC(M) HF+(M, [II{Z]),

and denote by HF

even

(M, [k]), respectively HE, (M, [k]), the parts of HF (M, [k])

with the corresponding parity. For any spin®—structure [k], HF (M, [k]) admits a

Z|U]-action which preserves the Zs—grading and gives the Heegaard—Floer homology

a Z[U]-module structure. Since all the spin“—structures are torsion, the corresponding

components admit a Q—grading compatible with the Z[U]-action, where deg(U) = —2.
One has a graded Z[U]-module isomorphism

(M, [K]),

red

HF (M, [K]) = Tyl ® HES

where d(M, [k]) is the smallest degree of non—trivial elements of HF (M, [k]). The
reduced part HF' (M, [k]) has a finite Z-rank and an induced Z,-grading as well.

Therefore, one also considers the Euler characteristic

X(HF™ (M, [k])) :== rankg HE

red,even

(M> [k]) — ranky HF;Zd,odd<M7 [k])v

which, following [90], recovers the Seiberg—Witten invariant of (M, [k]), normalized

by d(M,[k])/2, i.e.
X(HE (M, [k])) = swog (M) — d(M, [k])/2.

With respect to the change of orientation the above invariants behave as fol-

lows: the spin®-structures Spin®(M) and Spin®(—M) are canonically identified (where
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—M denotes M with opposite orientation). Moreover, d(M, [k]) = —d(—M, [k]) and
X(HF" (M, [k])) = —=x(HF" (=M, [k])).

In the case when M is a negative definite plumbed 3-manifold, its plumbing graph
G gives a cobordism from —M to S? which induces a map

Te: HFS

even

(—M) — H°(M), (3.3)

defined in [36]. By results of [30, (1], this creates an identification between the
Heegaard—Floer and lattice cohomology theories in the case when v = 1, i.e. G is

almost rational. More precisely, for any [k] € Spin®(M)

+ + 0 ki +s
HES(~M,[k)) = 0 and HFS, (=M, [k]) = (G, k)| - =],

in particular d(M, [k,]) = maxy e, (k/)j“ = # — 2my, .

In the spirit of this connection, one can predict the following identification as well

([64, 5.2.4)).

Némethi’s Conjecture. Let G be the negative definite plumbing representation of

M as before. Then for any distinguished representative k, one has

K+

HFrtd,even(_M7 [kT]) = @ ngd(G7 kT) [

q even

} and

/{32
HF'jed,odd(_Ma [kT‘D = @ ngd(Ga kr) |: - TZ_ S:| .

q odd

In [75], Némethi and Romén prove the conjecture for 2-rational graphs associated
with the manifold S3 ;(K'), obtained by (—d)-surgery of S? along the connected sum
K of a collection of algebraic knots determined by irreducible plane curve singularities.
They use the Reduction Theorem 3.3.2.2 in order to split the exact sequence 3.1.4.1(1)

with the vanishing of H?(G). Their argument does not really require the specialty of
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the S ,(K) graph. Therefore, one can mimic the proof with the assumption that G
has to be the simplest 2-rational graph, in the sense that there exists a bad vertex so
that if we decrease its decoration by —1, we get an almost rational graph. The failure
of this argument in arbitrary case is based on the fact that at this moment there is
no natural morphisms connecting the modules of the two theories, except the level
¢ = 0. In this special case, the isomorphism between HF,(—M) and H'(G) can be
induced by the 0-level morphisms.

There is an another approach, done by Ozsvath, Stipsicz and Szabd [91], which
constructs a spectral sequence converging to the Heegaard-Floer homology, and its
Es—term agrees with the lattice cohomology theory. As an application, they finished
the identification in this 2-rational case. Moreover, they considered the relative ver-
sion (for knots in M) of lattice cohomology too [92], and with its help they proved
in [03] the case, when G has a vertex v with the property that if we delete v and its
adjacent edges, we get a rational graph.

A different version of the relative lattice cohomology was defined by Gorsky and
Némethi [33], which is associated with local plane curve singularities and it is identi-

fied with the motivic Poincaré series of such germs.

3.2.2 Seiberg—Witten invariant conjecture revisited

We finished Section 2.3.2 with the promise that we return and correct the upper
bound given in GSWI conjecture. This can be done using path cohomological methods
3.1.1.7.

Consider the notations of 2.2.1.3 and pick a line bundle £ € Pic(X) with ¢,(£) =
I'. For simlicity, we use the notation h*(£) for dime H*(X,£). Then we need a

theorem which is a generalization of the Kodaira type Vanishing Theorem [07, pg.

301].
Theorem 3.2.2.1. (Laufer-Grauert—Riemenschneider, [0, 6.1.2]) If ¢1(L) € kean —
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S’, then for any l € L, | > 0 we have h' (L ® O;) = 0, hence h*(L) = 0 as well.

If we choose a path v = {x;}/_; so that g = 0, ;41 = x; + Ej;) and z;, €
—l" — kean + 8, then the exact sequence 0 — LR O(—x;) — L — LR O,, — 0

and the theorem above imply that
h'(L) = h' (L ® Oy,),
i.e. h'(L) can be achieved restricting £ to a cycle in the ‘special’ zone. Moreover,

one can prove the following property:

Proposition 3.2.2.2. ([0, 6.2.2]) For any 0 < i <t one has

hl(L & O$i+1) - hl(ﬁ ® Oil?z) < maX{O, Xk(xz) - Xk(xi-‘rl)}‘

Then by summing up the inequalities we get h'(£) < S2'_) max{0, xx(z;) —

Xk(ziy1)}. Notice that even if we expand the sequence arbitrarily long inside the
special zone —I' — keu, + &', nothing will be changed. Therefore, if P is the set of
paths with connecting xq = 0 with some elements in the special zone, then Example

3.1.1.7, together with the above discussion deduce the following inequality
h'(L£) < mi k
(£) < mineu(y, k),

where eu(7, k) denotes the normalized Euler characteristic of the path cohomology
associated with v and y;. Be aware that in general min,cp eu(y, k) < eu(H°(G, k)),

see Example 6.2.2.
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3.3 Reduction Theorem

The goal of the present section is to show that the lattice cohomology of the lattice
L (or any rectangle of it) can be reduced to a considerably ‘smaller rank object’. The
main tool in this reduction is the theory of computation sequences, initiated by Laufer
([40]). In the first subsection we introduce the needed generalization, in the second
we state the main theorem and the third subsection presents the proof. Notice that
the idea of the Reduction Theorem is present already in [01].

The new lattice of rank v will be associated with a family of bad wvertices, the
new lattice points are associated with some important cycles of L as distinguished

members of Laufer—type computational sequences of L. We start with their definition.

3.3.1 Special cycles and generalized Laufer sequences

Suppose we have a family of distinguished vertices J = {ji}4_;, € J (usually they
are defined by some geometric property). Then split the set of vertices J into the
disjoint union J LI J*. Furthermore, let {m;(z)}; denote the coefficients of a rational
cycle x, that is @ = 3 , m;(z)Ej.

In order to simplify the notation we set i := (i1,...,4;,...,%,) € Z; for any j € J
we write 1, € Z" for the vector with all entries zero except at place j where it is 1, and
for any I C J we define 1; = > jer 1j- Similarly, for any I C J set By =3, Ej.

Then the cycles z(i) = x(iy, ...,4,) are defined via the next Proposition.

Proposition 3.3.1.1. Fiz [k] and J C J as above. For any i € (Zsg)" there exists

a unique cycle x(i) € L satisfying the following properties:
(a) m;(z(i)) =i, for any distinguished vertex j € J;
(b) (z(i) + lfk}, E;) <0 for every ‘non-distinguished vertex’ j € J*;

(¢) z(i) is minimal with the two previous properties.
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Moreover, (i) x(0,...,0) =0; (i) x(i) > 0; and (iii) (i) + E7 < z(i+ 13) for any
I1CcJ.

Proof. The proof is similar to the proof of [61, Lemma 7.6], valid for » = 1 (or to the
existence of the Artin’s cycle which corresponds to ¥ = 0 and the canonical class).

First we verify the existence of an element z € L with (a)—(b). By (the proof
of) [01, 7.3] there exists © > } .7 Ej such that (z + [, Ej) < 0 for any j € J.
Take some a € Zq sufficiently large so that (a — 1)lj;; € L, and h; := m;(az +
(a — 1)lfk]) —i; > 0 for any j € J. Since l{k] > 0, this is possible. Then set
v = az+(a—1)lj = ;7 hiE;. Clearly m;(x) = i; for any j € J and (w41, Bi) =
a(Z + 1y, Ey) — 32 jc7 hyi(Ej, Ei) <0 for any i € J*.

Next, we verify that there is a unique minimal element with (a)—(b). This follows
from the fact that if z; and zy satisfy (a)—(b), then x := min{zy, x5} does too.
Indeed, for any j € J*, at least for one index n € {1,2} one has E; & |z,, — x|. Then
(x + lfk], E;) = (z,+ lfk], E;) — (z, —z,E;) <0.

Finally, we verify (i)—(ii)—(iii). For (ii) write (i) as x; — xo with x; > 0, x5 > 0,
21|22 = 0. Fixanindex j € J*. If j & |z1] then (Ijy—x2, Ej) < (Ijj—22+21, Ej) <
0. If j € |a| then (I — 22, Ej) < (I, Ej) <0, cf. 2.1.2.4. Moreover, |zo| C T~
implies (—x, E;) < 0 for any j € J. Hence ljy — w2 € (Ijy + L) N'S’, which implies
s = 0 by the minimality of [j,;. This ends (ii) and shows (i) too. For (iii) notice that
(z(i+17) + Uy, E5) — (E7, Ej) < 0 for any j € J*, hence the result follows from the

minimality property (c) applied for z(i). O

Remark 3.3.1.2. For the system of inequalities determining the cycles z(i) € L, we
consider the 2 x 2 block structure of the intersection matrix J associated with the

decomposition L' = L' ® (L')*. More precisely, we consider the intersection matrix in

(0 0)
B o)

o1
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where A = (E,, Ey) B = (Ey, By)ycFwes and C = (Ey, Ey)ywess Let

v,wej’
(1,1*) to be the components (in E;-basis) of some I’ € L' according to the decomposi-
tion. In particular, we write z(i) as (i, z(i)") and set lj,) = (¢, ¢*). Then the property

3.3.1.1(b) reformulates as B'(i+¢) + C(z(i)* + ¢*) < 0.
These cycles satisfy the following universal property as well.

Lemma 3.3.1.3. Fiz somei € (Z>g)". Assume that v € L satisfies m;(x) = m;(z(i))
forallje J.

If v < x(i), then there is a ‘generalized Laufer computation sequence’ connecting x
with z(i). More precisely, one constructs a sequence {x,}t_, as follows. Set xy = x.
Assume that x,, is already constructed. If for some j € J* one has (x, + l{k], E;) >0
then take xn11 = xn + Ejrn), where j(n) is such an index. If x,, satisfies 3.3.1.1(b),
then stop and set t = n. Then this procedure stops after finite steps and x; is exactly
x(i).

Moreover, along the computation sequence Xk, (Tni1) < Xk,.(zn) for any 0 < n < t.

Proof. We show by induction that x, < z(i) for any 0 < n < ¢; then the minimality
property (c) of x(i) will finish the argument. For n = 0 this is clear. Assume it is
true for z,. Then we have to verify that m;u)(z,) < mjm)(2(i)). Suppose that this
is not true, that is m()(z(i) — zn) = 0. Then (z, + I}, Ejm)) = (x(i) + ), Ejm)) —
((i) — 2y, Ej(ny) <0, a contradiction.

Finally, notice that (z, + I, Ej(n)) > 0 implies Xk, (Zn+1) < X, (%n)- O

Note that the generalized computation sequence usually is not unique, one can
make several choices for j(n) at each step n.
If the choice of the distinguished vertices J is guided by some specific geometric

feature, then the cycles x(i) will inherit further properties.

3.3.1.4. Therefore, in the sequel we fix a (non—necessarily minimal) set J of

bad vertices (that is, by modification of their decorations one gets a rational graph
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as in 3.1.3). Next, we start to list some additional properties satisfied by the cycles

x(i) associated with J. The first is an addendum of Lemma 3.3.1.3.

Lemma 3.3.1.5. Fiz somei € (Z>o)". Assume that x € L satisfies mj(x) = m;(z(i))

forallj € J. Then xi, (7) > X, (z(i)).

Proof. Write x = z(i) — y1 + y2 with y; > 0, yo > 0, both y; supported on J*, and
1| N [y2| = 0. Then Xy, (2) = xu, () — 1) + X, (92) + (Y1, 92) — (@) + ), v2)-
Via this identity x, () > x&.(z(1) — y1). Indeed, (y1,y2) > 0 by support—argument,
—(2(i) + {}},92) = 0 by definition of z(i), and xx,(y2) = 0 since y, is supported on
a rational subgraph (cf. [01, (6.3)]). On the other hand, by 3.3.1.3, xx,.(z(i) — y1) >

X, (2(1))- O

The computation sequence of Lemma 3.3.1.3 is a generalization of Laufer’s com-
putation sequence 2.2.1.2 targeting Artin’s fundamental cycle Z,,;, (see 2.2.1.1). In
fact, for rational graphs, the algorithm is more precise. For further references we

repeat it here:

3.3.1.6. Laufer algorithm and criterion ([10] or 2.2.1.2). Let {2,}1_, be the
computation sequence (similar as above with [k] = [kean|) connecting zg = E; (for
some j € J ) and the Artin’s fundamental cycle zr = Zyin. (This means that z,41 =
2y + Ejny for some j(n), where (2,, Ejum)) > 0.) Then the graph is rational if and
only if at every step 0 <n <T one has (Ejuy, 2,) = 1.

The same statement is true for a sequence connecting zo = E; with z,:, for any
connected Efy.

(Both statement can be reinterpreted by the identity x(Er) = X (2min) = 1.)

In some of the applications regarding the cycles z(i) we do not really need their
precise forms, rather the values yy, (z(i)). These can be computed inductively thanks

to the following.
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Proposition 3.3.1.7. For any k, € Char, i € (Z>)” and j € J one has
X (2(1 4 1)) = X, (2(0)) + 1= (2(i) + Iy, E).

Moreover, x, (z(0,...,0)) = 0.

Proof. We consider the computation sequence {z,}!,_, connecting x(i) + E; and z(i+
1;) and we prove that (x, + lfk], Ej(n)) is exactly 1 for any 0 < n < t. Indeed, we take
Zp =z, —x(i) for 0 < n < t and one verifies that {z,},,_, is the beginning of a Laufer
sequence {z,}r_, (with ¢ < T') connecting F; with 2., (as in 3.3.1.6). This follows
from (z,, + Uy, Ejny) > 0 and (2(i) + {}y), Ejn)) < 0. Moreover, the values (zn, Ej(n))
will stay unmodified for every n if we replace our graph G with the rational graph
G by decreasing the decorations of the bad vertices. Therefore, by Laufer’s Criterion

3.3.1.6, (zn, Ejny) = 1 in G, hence consequently in G too. This shows that

Since (z, + l{k], Ej(ny)) > 0, this number must equal 1.

This shows X, (201) = i, (@), o i, (2(i + 1,)) = i, (@(i) + B)). =

The next technical result about computation sequences is crucial in the proof of

the main result.

Proposition 3.3.1.8. Fiz i € (Z>)” and a subset J C J. Let s(i,J) C J* be the
support of x(i+ 13) — x(i) — E5.

(I) For any subset s' C s(i,J) one can find a generalized Laufer computation
sequence {x,}t_, as in Lemma 3.3.1.5 connecting xo = x(i) + E5 + Ey with x, =
x(i+ 1) with the property that there exists a certain t, (0 <ty <t) such that

(a) xy, = z(i) + E7 + Ey;.7), and
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(b) Xk, (n) = Xi, (x(i + 17)) for any t; < n < t, or, (xn + Uiy, Ejwy) = 1 for
ts <n <t.

(II) Let's be a subset of J* such that
X (2(1) + E7g) = X, (2(i 4 17)). (3.4)

Then's C s(i, 7) Moreover, there exists a computation sequence {x,}._, asin Lemma
3.3.1.3 connecting xo = x(i)+ E5 with x; = x(1) + E5 5 such that xx, (Tns1) < Xk, (2n)
for any 0 <n < t.

(III) For any cycle I* > 0 with support [I*| C J*\ s(i,J), there exists a compu-
tation sequence {x,},,_o of type Tni1 = Tn + Ejmy (forn < t), o = 2(i) + E5447)
and xy = x(1) + Ej 5q7) + 17 such that Xy, (Tni1) = Xk, (zn) for any 0 <n <t (that
is, with (x, + lik], Ejmy)) <1).

Proof. (I) We will use the following notation: for any = > x(i) + E5 we write ||z||
for the support |x — z(i) — E5|. Note that Lemma 3.3.1.3 guarantees the existence of
a computation sequence connecting x(i) + E5 o with z(i + 17). We consider such a
sequence {1z, }! _, constructed in such a way that in the procedure of choices of j(n)’s

at the first steps we try to increase ||z,|| as much as possible. More precisely, for any

0 <n < ty, the index j(n) € J* is chosen as follows:

(In -+ lsz]’ Ej(n)) >0

Eim) € ||zn]-

(3.5)

Assume that this stops for n = ¢y, that is, for n = ¢; there is no index j(n) € J*
which would satisfy (3.5). We claim that ||z, || = ||#(i+ 17)|| = s(i, J), hence t, = #;
satisfies part (a) of the proposition.

Indeed, assume that this is not the case. Then we continue the construction of

the sequence, and let t2 + 1 be the first index when ||z|| increases again, that is
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[znll = lley [ for &y < n <ty and |[zg, 4]l = [lze, | U {57} # [lze, || for some j* € T~
Hence j* = j(tq).

Since (4, +1fjy, Ej=) > 0 and (24, +1, Ej+) < 0, we get (24, —2(i), £j-) > —(2(i)+
Uy Ej+) = (x, —2(i), Ej+). Since zy, —x(i) and x¢, — (i) have the same support, which
does not contain j*, this strict inequality can happen only if (x;, — z(i), E;«) > 0.

By the same argument, in fact, there exists a connected component C' of the reduced

cycle z;, — (i) such that

Next, we analyze the restriction of the sequence z, = x,, — (i) to C for t; < n <
ts. First note that (z,, Ejm)) = (@n + lyy, Ejm)) — (@(i) + [y, Ejy) > 0. If Ejm)
is supported by C' then it does not intersect any other components of z; — (i),
hence (zn|c, Ejmy) > 0 too. Let us consider that subsequence Z, of z,|c which is
obtained from z,|c by eliminating those steps from the computation sequence of
{z,}i2_, which correspond to elements j(n) not supported by C. Then the sequence
starts with C, ends with (z;, — x(i))|c, it is the beginning of a Laufer sequence
connecting the connected C' with the fundamental cycle of C', but at the step t, one
has (2, |c, Ejt)) = 2, cf. (3.6).

Note also that the sequence z,|c is reduced along J, hence along the procedure
we do not add any base element from J, hence if we decrease the self-intersections of
these vertices we will not modify the Laufer data along the sequence. Hence, we can
assume that C' is supported by a rational graph. But this contradicts the existence
of z,, cf. 3.3.1.6.

Part (b) uses the same argument. We fix a connected component of z;, — z(i).

Since in the Laufer steps the components do not interact, we can even assume that

the support of z;, — x(i) is connected. Then z, — x(i) for n > t, is part of the
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computations sequence connecting the reduced connected x;, —x(i) to its fundamental
cycle. Since we may assume that C' is rational (since the steps do not involve .J),
along the sequence we must have (z, — x(i), Ej»)) = 1 by 3.3.1.6. This happens only
if (zn + 1y, Ejny) = 1 and (z(i) + I, Ejm) = 0.

(IT) Assume that § & s(i, ), and set s’ := s N s(i,J) and As :=35\ s(i, J). Take
a computation sequence {z,},_, as in (I) connecting (i) + E7 o with z(i + 15).
Since Xk, (xn) is non-increasing, cf. 3.3.1.3, 1 — (Ej(), zn + lfk]) < 0. Therefore,
1 — (Ejn), T + Eas + ljy)) < 0 too, since j(n) ¢ As. Since {z, + Eas}n connects

x(i) + Ey 5 with (i + 15) + Eas, we get
Xk (2(1) + E75) > Xe, (2(i 4 17) + Eas).
This together with assumption (3.4) and Lemma 3.3.1.5 guarantee that, in fact,
Xk (2(1 +17) + Eas) = Xn, (2(1 + 17)). (3.7)
On the other hand,
Xk (2(1 4 17) + Bas) = Xo (214 17)) = X(Eas) = (Bas, z(i + 17) 4 [jg) = X(Eas),

where the last inequality follows from the definition of z(i + 15). Since x(Eas) is
the number of connected components of Eag, it is strictly positive, a fact which
contradicts (3.7).

For the second part we construct a computation sequence as in (I), applied for
s’ = 0, in such a way that first we choose only the j(n)’s from s. We claim that in

this way we fill in all S. Indeed, assume that this procedure stops at the level of z,,;
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that is, z(i) + Fy < x,, < (i) + F5 5 and
(Ej, xm +1yy) <0 forall j € AS:=5\ [[2,]]. (3.8)
Then
Xie (2(1) + E75) — Xoeo (¥m) = X(Eas) — (Eas, T + ) > X(Eas),

where the last inequality follows from (3.8). Since x(Faz) > 0, the assumption (3.4)
imply xk, (Tm) < X, (z(i+ 15)), a fact which contradicts Lemma 3.3.1.5.
(III) The statement follows by induction from the following fact: if [* > 0, |I*| C

J*\ s(i, J), then there exists j € |I*| so that

Xe, (2() + E5osaq) + 0 — Ey) < X (2(1) + Eguea ) + 1)

Indeed, if not, then (Ej, z(i) + Ejueay) + Uy + 1" — Ej) = 2 for any j € |I*[. On
the other hand, (Ej,z(i) + Ejusq7) + ) < 0, by the proof of part (I) (namely,
the choice of t, = t;), or by the definition of s(i,J). Therefore, (E;,I* — E;) > 2,
or, (E;,l* + kepn) > 0 for all j. Summing up over the coefficients of [*, we get
(I*,I* 4+ kean) > 0, which contradicts (3.2) since the subgraph generated by |I*| is

rational. O

3.3.2 The statement

Now we are ready to formulate the main result of this section: in the definition of
the lattice cohomology we wish to replace the (cubes of the) lattice L with cubes of

a smaller rank free Z-module associated with the bad vertices.

3.3.2.1. Definition of the (quadrant of the) new free Z-module. Let us fix

[k] and assume that the graph G admits a family of v bad vertices as above. Then
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define L = (Z¢)", and the function wy : (Zsg)” — Z by

Wo (i1, -, 0y) = Xk, ((i1,. .. ,1,)). (3.9)

Then w, defines a set {w, };_, of compatible weight functions depending on [k], defined

similarly as in 3.1.1.4, denoted by wl[k].

Theorem 3.3.2.2 (Reduction Theorem). Let G be a negative definite connected
graph and let k, be the distinguished representative of a characteristic class. Suppose
T = {jx}s_, is a family of bad vertices and (L,wl[k]) is the first quadrant of the new
weighted free Z—module associated with J and k,. Then there is a graded Z[U]-module

1somorphism

H*(G, k,) = H*(L, w[k]). (3.10)

Note that via 3.1.2.3, (3.10) is equivalent to the isomorphism:

H* ([0, 00)*, k) 2 H*([0, 00)”, w[k]). (3.11)

Remark 3.3.2.3. The reduction theorem immediately implies the Vanishing The-
orem 3.1.4.2 for lattice cohomology, in particular, the new classification of rational

surface singularities 3.1.3.1.

3.3.3 Proof of the Reduction Theorem

In this section we abbreviate k, into k, w[k] into w. Assume that there exists a pair
§,i" € J, j # j', such that (E;, E;) = 1. Then we can blow up the intersection
point E; N E;. We have to observe two facts. First, the lattice cohomology H*(G, k)
is stable with respect to this blow up [0, 65]. Second, the ‘strict transform’ of the

set J can serve for a new set of bad vertices and the right hand side of (3.10) stays
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stable as well. Therefore, by additional blow ups, we can assume that
(E;,E;) =0 for every pair j,5' € J, j # j'. (3.12)

3.3.3.1. The first step. Comparing Sy and Sy.
We consider the projections ¢ : (Z>o)® — (Z>p)” and ¢ : [0,00)° — [0, 00)" given
by (m;)jes = (m;);c7. This induces a projection of the cubes too. If (I,1) € Q(L)
is a cube of L, then write I as I U I* where ] = INJ and I* = I N J*. Then the
vertices of (I, 1) are projected via ¢ into the vertices of the cube (¢(l),I) € Q(L) of
L. Tt is convenient to write I := ¢(I) and ¢(I, 1) := (¢(1), I).
w(o(l)), hence

By 3.3.1.5, we get that for any | € (Zx()® we have w(l)
w((l, 1)) >w(p(l,I)) for any cube (I,1) € Q(L). (3.13)

Recall that for any N we define Sy C [0, 00)® as the union of cubes of [0, 00)* of weight
< N. Similarly, let Sy C [0, 00)” be the union of cubes (i, I) with w(i, I) < N. Then,

the statement of Theorem 3.3.2.2, via Theorem 3.1.1.9, is equivalent to the fact that
Sy and Sy have the same cohomology groups for any integer N. (3.14)

Note that by (3.13) ¢(Sxy) C Sy, and by construction ¢|s, : Sy — Sy is a cubical
map. For any (i, ) C Sy we consider ¢% (i,I) C Sy defined as the union of all cubes
(I,I) € Sy with ¢(I,I) = (i,I). [We warm the reader that this is not the inverse
image (¢|sy)~'(i, ), rather it is the closure of the inverse image of the interiour of
the cube (i, 1); see also below.] If 1 : [0,00)* — [0,00)*™" is the second projection
on the J*-coordinate direction, then ¢4 (i, I) is the product of 1 (¢% (i, I)) with the
cube (i, I); in particular, it has the homotopy type of ¥ (¢4 (i, I)).

A Mayer—Vietoris inductive (or Leray type spectral sequence) argument shows
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that (3.14) follows from
¢ (i, ) is non—empty and contractible for any (i,1) € Sy. (3.15)

3.3.3.2. Generalities about contractions. In the sequel we fir a cube (i, 1) from
Sx and we start to prove (3.15). For any such cube (i, I) we also consider the inverse
image ¢! (i, I) consisting of the union of all cubes (I, I) of [0, c0)® with ¢(I, ) C (i, ])
(not necessarily from Sy). We can also consider (¢|s, ) '(i,1), the union of cubes
(1, 1) from Sy with ¢(I, 1) C (i,I). Clearly,

on(, 1) S (dlsy) (1, 1) C o7 (1,1).

Note that ¢~1(i,I) is the product of the cube (i, 1) with [0,00)*™”. Our goal is to
contract this ‘fiber direction space’ [0,00)*™" in such a way that along the contrac-
tion x; does not increase, and the contraction preserves the subspaces ¢% (i, I) and
(Blsy) (i, 1) as well.

The cycles supported on J* (‘fiber direction’) will be denoted by I* = >, ;. m; Ej.
For any pair {7 and [5 with [ < [5 we consider the real s—dimensional rectangle
R(ij)(lf,lg‘), the product of a rectangle in the (s — v)—dimensional space with the

cube (i, 1): it is the convex closure of the lattice points, which have the form
v(i) + E5+10* with JCI and I*€ L, I} <I*<I}.

We extend this notation allowing /3 to have all its entries oo.
Note that the lattice points (i) + E5 + I*, being in [0, 00)®, are effective, hence

the relevant [* satisfies [* >[5 ;. == —x(i) + ;o7 i;E; (the projection of —x(i) on

1,min

the J*-components). In particular, R ; 7 (I o) = ¢~ (i, 1) C [0,00)*, and we can

1,min>

assume that [ and [} satisfy [} < [7 <15 < o0o. Note also that [} <0.

1,min 1,min
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We start to discuss the existence of a contraction ¢ : R;7)(I7, 5+E;) — R;7)(13,13)
for some j € J*, acting in the direction of the [J*—coordinates and having the property
that y; will not increase along it. The map c is defined as follows. If a lattice point
lis in R;7(17,05), then c(l) = I. Otherwise [ has the form [ = z(i) + E7 + " + Ej
for some I* with I < 1* <[5 and m;(*) = m;(l3). Then set ¢(l) =1 — E;. The next

criterion guarantees that y; does not increase along this contraction.

Lemma 3.3.3.3. Assume that for some l5 and j € J* one has
xk(z(i) + B+ 15+ E;) > xi(z() + Er + 13).

Then, for any I* with I} < I* < I3 and m;(I*) = m;(l3), and for every J C I, one also
has

Xe(x(d) + E5+ 1"+ E;) > xi(z(i) + E5 +17).
Therefore, xi(c(l)) < xx(l) for anyl € R;3)(11,15 + Ej).
Proof. Use xx(z + Ej) = xi(2) + 1 = (Ej, 2 + 1)) and (Ej, B — E5+ 15 —1") > 0. O

The following lemma generalizes results of [64, §3.2], where the case v = 1 is

treated.

Lemma 3.3.3.4. Assume that for some fized l5 there exists an infinite sequence of

cycles {5, n>0, Tp = D5 7o MLy, with x5 =15 such that
(a) z% . = xk + Ejq for some j(n) € J*, n>0;
(b) xi(x(i) + By + a341) 2 xu(2(i) + Ep + 27) for anyn > 0.
(c) for any fized j the sequence m;, tends to infinity as n tends to infinity;

Then there exists a contraction of R 7 (17, 00) to R;7)(I1,13) along which xy is non-

INCTeasing.
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Proof. Use Lemma 3.3.3.3 and induction over n. O]

Symmetrically, by similar proof, one has the following statements too.

Lemma 3.3.3.5.
(1) For any fived I} and j € J* with I} — E; > I} ;.. if

Xe(z(i) + 17 — E;) > xn(z(i) + 17),

then for any I* with I} < 1* < I3 and m;(I*) = m;(l}), and for every J C I, one also
has

Therefore, R 7)(If — Ej,15) contracts onto R 7)(15,13) such that x; does non increase
along the contraction.
(1) Assume that there exists a sequence of cycles {x)}l,_o with x5 =I5 ,;, and

xy =17 such that for any 0 < n <t one has

(a) z% ., =z} + Ejq for some j(n) € J*,

(0) xu(2(i) +a7) = xk(2(i) + 2741)-
Then there exists a contraction of R3] jmin, 15) to Ri7)(17,15) along which xy, is
non—increasing.
3.3.3.6. Contractions.
First we show the existence of a sequence of cycles {2} },_, with xf = I7,,;, and
xf = 0 which satisfies the assumptions of Lemma 3.3.3.5(II). This follows inductively

from the following lemma.

Lemma 3.3.3.7. For any x* with [§ < x* < 0 and supported on J* there exists

1,min

at least one index j € |z*| such that

Xe(@(i) +27) = xu(z(i) + 2" + Ej). (3.16)
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Proof. (3.16) is equivalent to (Ej, z(i) + [, +27) = 1 for some j € [2*[. Assume the
opposite, that is, (Ej;, (i) + [j; + ") < 0 for every j € [z*|. On the other hand,
for j € J*\ |2*| one has (Ej,2*) < 0 and (Ej, z(i) + [j;) < 0 by 3.3.1.1(b). Hence
(Ej, z(i) + I + 2*) < 0 for every j € J*. This contradicts the minimality of 2(i) in

3.3.1.1(c). O

In particular, Lemma 3.3.3.5(1I) applies for I; = 0 and any 5 > 0 (including o).
Next, we search for a convenient small cycle /5 for which Lemma 3.3.3.4 applies

as well. First we show that [5 = oo can be replaced by z(i + 17) — z(i) — E7.

Lemma 3.3.3.8. There exists a sequence as in Lemma 3.3.5.4 with x§ = x(i+ 17) —

l’(l) — Ej.

Proof. First we show the existence of some /5, with all its coefficient very large, which
can be connected by a computation sequence to oo with properties (a)-(b)-(c) of
3.3.3.4. For this, consider the full subgraph supported by J*. Since it is negative
definite, it supports an effective cycle Z* such that (Z*, E;) < 0 for any j € J*.
Consider any sequence {x}}!_o, z} .1 = x}, + Ej@, such that 2§ = 0 and z; = Z*.

Then, there exists £y > 1 sufficiently large such that for any ¢ > ¢, and n one has
Xe(x() + Ep + 427 + w7, 44) 2 (i) + Ep + 427 + 7).

Hence the sequence {{Z + x,, }r>¢,, 0<n<t connects l5 = (o Z* with oo with the required
properties.

Next, we connect x(i+ 17) — (i) — E7 with this [} via a sequence which satisfies
(a)-(b)-(c) of Lemma 3.3.3.4. Its existence follows from the following statement:

For any [* > 0 supported by J* there exists at least one index j € |I*| such that

Xe(x(i+17) + 1" — E)) < xp(z(i+17) +17).
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Indeed, assume the opposite. Then (Ej,1*) > E7 + 2 for any j € |I*|. Hence (E;,I* +
kean) > 0, or x(I*) < 0, which contradict the rationality of the subgraph supported

by J*. O

Finally, by Proposition 3.3.1.8(I) (applied for I = J and s’ = s(i, J)), the newly
determined ‘upper’ bound 5 = z(i + 13) — (i) — E7 can be pushed down further to

its support s(i, I). Hence 3.3.1.8(I), 3.3.3.8 and 3.3.3.7 imply the following.

Corollary 3.3.3.9. There ezists a deformation contraction of ¢~ 1(i,I) to R;1)(0, Egi 7))
along which x 1s non—increasing. Moreover, its restriction induces a deformation
retract from (f|s, ) L(i, I) to Sy N R;7)(0, Egi7)). Restricting further, it gives a de-
formation retract from ¢’ (i, 1) to ®% (i, 1), where ® (i, 1) is the product of the cube
(i,1) with
YenE 1) N {2 0 <1 = (i) < Eypt-

Note that this last space ®%(i, I) is now rather ‘small’: it is contained in the cube
(z(i), IUs(i, I)). Nevertheless, the N-filtration of this cube can be rather complicated!

The statement of the above corollary means that if ®% (i, I) is empty if and only

if ¢% (i, ) is empty, and when they are not empty then they have the same homotopy

type. Therefore, via (3.15), we need to show that
®% (i, 1) is non-empty and contractible.

3.3.3.10. The non—emptiness of ®% (i, ). Recall that we fixed an integer N and

a cube (i, I) which belongs to Sy. By Definition 3.3.2.1 and Proposition 3.3.1.8(I)(b)

this reads as
xe(z(i+17)) = xx(z(i) + Ejuea7) < NV for every JCI. (3.17)

The non-emptiness follows from the following statement.
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Proposition 3.3.3.11. For any fived cube (i,1) € Sy there exists a cycle in L of the
form x(i) + Eg;7) such that s(i,I) Cs(i, 1) and (z(i) + Eg(ij)j) C @4 (i, 1); that is

Xk (z(1) + Eyga) < N for every JCI. (3.18)

Proof. The proof is long, it fills all this Subsection 3.3.3.10. It is an induction over
the cardinality of J, respectively of I. At start we reformulate it by keeping only
the necessary combinatorial data, and we also perform three reductions to simplify
the involved combinatorial complexity. We will also write § := §(i, I) for the wished

cycle.

3.3.3.12. Starting the reformulation. Define (cf. Proposition 3.3.1.8(I))

N(G) = max xp(z(i + 1)) = max xu (2 (i) + Ejuei7))- (3.19)
JCcT JCcT

N(G) is the smallest integer N for which (3.17) is valid; hence it is enough to prove
Theorem 3.3.3.11 only for N = N(G). Note that N(G) depends on (i, I), though in
its notation this is not emphasized.

In fact, even the weight xx(z(i)) — and partly the cycle z(i), cf. 3.3.3.13, — are
irrelevant in the sense that it is enough to treat a relative version of the statement.
Indeed, we can consider only the value AN (G) := N(G) — xx(z(i)), which equals (use

the last term of (3.19)):
AN(G) = max (X(Bjose7) — (Brosy » 200) + ). (3.20)
JCT
Then, cf. (3.18), we have to find s C s(i, I), such that for any J C I one has

X(Eg) — (Ejs, =(1) + ) < AN(G). (3.21)
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Note also that for a reduced cycle Z of G (as Ej ;7 or Eg.5), X(Z) is the number

of components of Z, which sometimes will also be denoted by #(Z2).

It is convenient to set the following notation. For any vertex j and J C J set
0j =1~ (Ej,z(i) + 1) and o;(J) :=0; — (Ej;, E;).

By definition of z(i), one has o; > 0 for any j € J*. Note also that the information
needed in (3.20) and (3.21) about x(i) +j;; can be totally codified by the integers o;.
This permits to reformulate the statement of the paragraph 3.3.3.12 into the following

version:

3.3.3.13. Final Reformulation. Let G be a connected graph (e.g. a plumbing
graph whose Euler decorations are deleted), with J = Jug *, such that any two
vertices of J are not adjacent, and with additional decorations {c;},cs where a; > 0
for j € J*. Fix I C J. For each J C I we define s(j) as the minimal support in J*
such that for any j € J*\ s(J) one has ;(J Us(J)) > 0. [Clearly, s(J) corresponds
to s(i, J) in the original version, see also 3.3.1.8.]

The ‘modified’ Laufer algorithm to find s(JJ) (transcribed in the language of o;’s)
is the following. We construct the sequence of supports {s, },_, by the next principle:
so = 0, and if s, is already constructed and there exists some j(n) € J*\ s, such

that
i) (T U $n) = 0m) — (Bjmy, Egi,) <0 (3.22)

then take s,1 := s, U j(n); otherwise stop, and set t = n. [This again follows from
the fact that (Ej, (i) + By, + ) > 0 if and only if o; (J Us,) < 0.] Note that
s(0) = 0.

Then the statements form 3.3.3.12 (hence what we need to show) read as follows.
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—_ JCT
jeTus(T) =
Then there exists 8 C s(I) which for any J C I satisfies
#(E50) + Y (0, —1) < AN(G). (3.24)

jeJuUs

Before we formulate the reductions, we list some additional properties of this setup.

3.3.3.14. (P1) We analyze how the numerical invariants are modified along the
computation sequence {s, }%_, of 3.3.3.13. Note that if (3.22) occurs, since () > 0,
j(n) should be adjacent to J U s,. If it is adjacent to only one vertex of J U s,
then necessarily o,y = 1. Furthermore, in any situation, # (£, ) is decreasing by

E.., E — 1. Therefore, the sequence a,,(J) := #(FE + D> 5, (05 —1)1s
j(n) JUsn JUsnp jE€EJUs, \VJ

modified during this step by
an1(J) = an(J) = 0jm) = (Ejn), Eu,,) < 0.

(P2) For any J C I and vertex j € I \ J one has
A(JUJ;G) = A(J;G) + 05 — (Ej, Eyz)-

The proof runs as follows. Let {s,}._, be the computation sequence for s(J). It
can be considered as the first part of a sequence for s(.J U j) too; let {s,}\_,., be
its continuation for s(J U j). The coefficients a,(J) and a,(J U j) for n < t can be
compared. Indeed, ag(J U j) = ao(J) + o, and, similarly as in (P1), a;(J U j) =

ai(J) + o5 — (Ej, Eg7)), which is the right hand side of the above identity (since
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a(J) = A(J; Q).

Next, we show that a,(J U j) is constant for any further value n > t. First
take n = t. Then o4 — (Eju), Ejusz)) > 0 (since s(J) is completed), but o) —
(Ejty, E7usyu;) < 0 (since s(J U j) is not completed). Hence (Ej;, E;;)) = 1 and
(using (P1) too) ar1(J U j) — a:(J U j) = 050 — (Ejee), Equsiyng) = 0-

In general, set s/ := s, \'s(J), e.g. s = ). At every step, by induction, B s

connected, hence (Ej(n)ijUsi; ) can be at most one (since the graph contains no
loops). Hence, o) = (Ejm), Ejusz)) > 0, and 05y = (Ejmn), Eue@us0;) < 0 imply

(Ejmy, E;

usy) = 1 and any1(JUJ) = a,(JU 7).
(P3) Fix a vertex j € I with o5 > 1, and assume that for all realizations of AN(G)
as A(J,G) (as in (3.23)) one has J > j. Let G_; be the graph obtained from G by

replacing the decoration o7 by o7 — 1. We claim that
AN(G_;) = AN(G) — 1. (3.25)

Indeed, since {o;}jc7- is unmodified, the support s(J) for any J is the same de-
termined in G_; or in G. If J ¥ j then A(J,G_;) = A(J,G) by (3.23), hence
A(J,G_1) < AN(G). If J > j then A(J,G_;) = A(J,G) — 1 by the same (3.23).

Since one such J realizes AN(G), the claim follows.

3.3.3.15. First Reduction: I = J. Consider J \ I = T and the graph G\ I
obtained from the original graph G by deleting the vertices I~ and adjacent edges.
The connected components of G\ T° do not interact from the point of view of the
statement of the above theorem. Indeed, the Laufer algorithm does not propagate
along the bad vertices I*, and it is also enough to find supports s for each component

independently. Hence, we may assume that I = J.

3.3.3.16. Second Reduction: o; > 0 for any j. Consider the situation from

3.3.3.13 with I = J, ¢f. 3.3.3.15. Assume that o; < 0 for some j € I =7, and
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consider the graph G\ j obtained from G by deleting the vertex j and its adjacent
edges. Note the following facts:

e The maximum AN(G) in (3.23) can be realized by a subset J which does not
contain j. In fact, for any J with j ¢ J one has A(J U j;G) < A(J;G). Indeed,
using the notations from 3.3.3.14, ao(J U j) < ao(J); the sequence s,, associated with
J is good as the beginning of the sequence of .J U j, and during this inductive steps
an(J U j) drops more than a,(J); and finally, if the sequence of J U j is longer, then
its a,,—values decrease even more (cf. 3.3.3.14).

e All the supports of type s(J) definitely are included in G'\ j (since are subsets
of J%).

e If we find for each component of G \ j some s satisfying the statements of the
theorem for that component, then their union solves the problem for G as well.

Therefore, having G with some o; < 0, we can delete j and continue to search for
s for G\ j: that support will work for G as well.

If we delete all vertices with o; < 0 (j € I) then we arrive to a situation when

o; >0 for any j € 1, hence, a posteriori, oj >0 forany j€J.

Note that the wished reformulated statement from 5.5.3.13, even for all 0; = 1,

when the problem depends purely on the shape of the graph, is far to be trivial.

3.3.3.17. Third Reduction: G = G~. Assume [ = J, cf. 3.3.3.15. Let G~ be
the minimal connected subgraph of G generated by the vertices I. Here the vertices
J(G7) have an induced disjoint decomposition into J(G~) = J and J*(G~) =
J(G7) N J*. Moreover, each connected component of G \ G~ is glued to G~ via a
unique j € 1.

We claim that a solution s for G~ provides a solution for G too. Indeed, for any
J C I, the supports sg(J) and s (J) generated in G, respectively in G~ satisfy the
following.

JUsg(J) can be obtained from JUsg- (J) by gluing some subtrees of G\ G~ along
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some elements of J. These subtrees are maximal among those connected subgraphs
of G (supported in J* \ J(G7)) with all o; = 1 and adjacent to G~. In particular,
JUsg-(J) € JUsg(J), and their topological realizations are homotopy equivalent;
o; =1 for any j € sg(J) \ sg-(J); and the integers #E7,6(7) computed for G and
G~ are the same.

Therefore, AN(G) = AN(G™), and a solution s for G~ is a solution for G too.

Hence, we can assume that G = G~.

This ends the possible reductions/preparations and we start the inductive argu-

ment.

3.3.3.18. The induction. The proof is based on inductive argument over o;— dec-
orated graphs (with I = 7, o; > 0 and G = G7), where we will consider sub-
graphs (with induced decorations ¢;), and eventually we will decrease the decorations
{o; }je7'

If T is empty then AN(G) = 0; if I contains exactly one element jy, then by
(3.3.3.17) G = {jo} and by (3.23) AN(G) = 0j,. In both cases s = () answers the

problem.

3.3.3.19. The inductive step is based on the following picture. Recall that G agrees
with the smallest connected subgraph generated by J. Let j, € J be one of its
end-vertices (that is, a vertex which has only one adjacent vertex in G). Denote that
connected component of G\ J which is adjacent to jo by Gj.

If G\ J = G} then all the vertices from J are adjacent to G and J = I is ezactly
the set of end-vertices of G. Then one verifies (use 3.3.3.14(P2)) that

e A(J;G) is increasing function in J, hence AN(G) = A(I, G), and

o #(E7,41) = #(E7ur), hence (3.24) holds for s = s(1).

Next, assume that G\ J # Gj. We may also assume (by a good choice of jy)

that there is only one vertex j of J which is simultaneously adjacent to Gj and to
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some other component of G\ J. Let {jo,j1,...,7% j} be the elements of J which
are adjacent to G§. Then jo,j1,...,jr are end—vertices of G. Let G’ be obtained
from G be deleting G§, {jo, j1,- .., Jx} and all their adjacent edges. Figure 3.2 is the

schematic picture of G, where the vertices from J* are not emphasized.

e = elements of J

Figure 3.2: The inductive step

The inductive step splits in several cases (A and B, A splits into I and II, while

I has two subcases I.a and Lb).

3.3.3.20. A. Assume that AN(G) in (3.23) can be realized by some J with jo & J.

Fix such a J. Since oj, > 1 and A(J,G) > A(J U jo, G), from 3.3.3.14(P2) one

gets

oj, = 1 and jj is adjacent to a vertex of s(J). (3.26)

Assume that some j, (1 < ¢ < k) is not in .J. Then again by A(J U j,, G) < A(J,G)
and 3.3.3.14(P2) we get that o;, = 1 and j, is adjacent to s(J). In particular,
A(JUj,, G) = A(J,G), and we can replace J by JUj,. Hence, for uniform treatment,

in such a situation we can always assume that
{J1, gk} C . (3.27)
Let s be the support generated by {ji,...,jx} via the (reformulated) Laufer algo-

rithm 3.3.3.13; then sj C Gj,.
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We will need another fact too. Let J be a subset of 7 (G’). Then
AT, G =AT, @), (3.28)

that is, the A—invariants of 7 in G’ and in G are the same. Indeed, if j & 7/, then the
identity is clear since 7 generates the same supports s(jl, G') = s(jl, G) in G’ and
G. Otherwise, s(jl, G) is the union of s(jl, G') with the maximal element of those
connected subgraph of G which are adjacent to j and o; = 1 for all their vertices j.

Now, our discussion bifurcates into two cases: whether j is adjacent to sj or not.

I. The case when j is not adjacent to sj.

We start with the following general statement, valid for any J C I, which does
not contain jo but it contains {41, ..., jx}. For such .J, whenever j is not adjacent to

s; one has:

AT, G) =AW, ik, G+ AT NG, G, (3.29)

where J N G’ stands for J N J(G'). For its proof run first the Laufer algorithm for
the vertices {Ji, ..., jx} getting s¥, then add the remaining vertices from J N G’ and
continue the algorithm.

Therefore, for any J as in the assumption 3.3.3.20 (and with (3.27)) we get that
JN G’ realizes AN(G"). (Otherwise, we would be able to replace the subset J NG’ of
J by another subset of 7 NG’ which would give larger A(JNG',G') = A(JNG', G),
cf. also with (3.28), which would contradict (3.29).) Hence, (3.29) combined with
(3.28) give:

AN(G) = AN(G") + A{j1,-- -, dx}, G).

I.a. Assume that AN(G') can be realized by some J'in G which does not contain j.

Then, we can apply the above statements for J = Ju {j1,---,jr}- Note that

the Laufer algorithm runs in two independent regions cut by j, namely in G} and in
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G"\ j. Hence (3.26) guarantees that j, is adjacent to s;,.
Furthermore, if s(G’) is a support answering the problem for G', then's = s(G")Us}
is a solution for G. Note also that in this case s; coincides with the collection of

components of s(!) sitting in G§.

L.b. Assume that all realizations of AN(G') by some 7 in G' contain J.

Let G”; be the graph obtained from G’ by replacing the decoration o7 by o7 — 1.

Then, by 3.3.3.14(P3), we get

AN(G' ) = AN(G') — 1.

By induction, one can find a support s(G” ;) which solves the problem for G’ ;. Let
st be the connected (minimal) string in G} adjacent to both j and j, (connecting
them).

If jo is adjacent to s then s =s(G"_ ;) U s is a solution for G.

Otherwise s = 8(G"_;) U s Usst is a solution for G.

I1. The case when j is adjacent to s;.

Note that in this case by the combinatorics of the choice of j, and by (3.26) we
get that jp is adjacent to s; too.

We claim that for G’ | associated with the graph G’ and its vertex j one gets

AN(G) = AN(G",) + A{j, ...k}, G).

Moreover, s = s(G"_;) Us{ is a solution for G.

3.3.3.21. B. Assume that for all realizations of AN(G) as A(J,G) one has jo € J.

Replace in G the decoration oj, by o;, — 1, find a solution for G_;, then that

solution works for G too. O
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This ends the proof of Proposition 3.3.3.11. We continue with the contraction

part.

3.3.3.22. Additional properties of s.

Fix an integer N and (i,I) € Sy as in subsection 3.3.3.10. The cube (i, 1) de-
termines the integer N(G) = maxg7 xx(2(i + 13)), cf. (3.19). Choose J C T which
realizes this maximum: N(G) = xx(z(i+ 15)). N(G) is the smallest integer N for
which (i, 1) € Sy.

Theorem 3.3.3.11 applied for (i, 1) and N = N(G) provides a cycle z(i) + Es with
§ Cs(i,I) and

xi(z(i) + Bs + Ey) < N(G) for any J C I. (3.30)
In the next paragraphs we will list some additional properties of s and J.

Lemma 3.3.3.23. (a) xi(x(i) + Es+ E5) = N(G). In particular, the weight of the
cube (x(i) + Es, 1) is N(G).

(b) (i) There exists a computation sequence {x,}!_q with xo = z(i) + E5 and
vy = x(i) + E5 + Es such that Xp(tp41) < Xk(z,) for any n.

(ii) There exists a computation sequence {y,}h_o with yo = z(i) + E5 + Fs and
yp = (i) + B+ Eys7) such that xix(zni1) = xk(n) for any n.

(¢) Using the notation o;(J) from 3.3.3.13, one has:

(i) o0;8)=0 if jelJ
(i) 0;8) <0 if j&J.

Proof. Note that
1) . 2 . 3)
N(G) = xa(z(i+15)) < xu(z(i) + Es + Ej) < N(G).
(1) follows from the definition of N (G) and the choice of .J, (2) from Lemma 3.3.1.5,
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and (3) from Theorem 3.3.3.11 applied for N = N(G). This proves (a). Identity
(a) together with Proposition 3.3.1.8(II) imply that § C s(i,J). Then there exists
a computation sequence connecting x(i) + E5 with x(i) + E5 4+ Es by 3.3.1.8(II), a
sequence connecting (i) + Ey + Fs with (i) + Ej + E ; 7 by 3.3.1.8(I), and finally,
from z(i) + E5 + E; 7 to z(i) + Ej + Eg; 7y by 3.3.1.8(1I). This ends part (b).
Part (c) follows from (a) and equation (3.30) applied for J \ {j} (case j € J),
respectively J U {j} (case j ¢ J ), and from the assumption 3.12, which guarantees

(EjaE]\{j}) =0. o

3.3.3.24. Let us recall what we already proved. For any fixed (i, 1) € Sy the space
¢ (i, I) is non—empty, cf. 3.3.3.11, and it has the homotopy type of the product (cf.
3.3.3.9):

(D*N(i’T) = ¢(¢7\/(177)) A {l* 1 0< " — ¢($(1)) < Es(i,T)} X (ivT)'

If 2 € @4 (i,I) then x — x(i) is reduced. Moreover, ®% (i, ) has in it a distinguished
|I|-dimensional cube {¢(x(i)) + Es} x (i, 1) = (z(i) + Es, I). Our goal is to construct
a deformation retract from ®%(i, I) to this cube (acting in the fiber direction). This
will be more complicated than the ‘standard’ retractions 3.3.3.3-3.3.3.4-3.3.3.5. (Note
that the point z(i) + Fs + E7 is not a y; minimal point of ®}(i,]), it is maximal
point in the direction [ and a minimal point in the direction J*.)

To start with, we consider the connected components {Ga}aca of S, and the
connected components {C}sep of s(i, )\ 8. During the contraction the supports G,
should be ‘added’ and the supports Cs should be ‘deleted’. According to this, it is
performed in several steps, during one step either we add one G,—type component, or
we delete one Cz—type component. At each step the fact that which type is performed,
or which G, /Cjp is manipulated is decided by a technical ‘selection procedure’. This

is the subject of the next Proposition, which will be applied at any situation when the
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components { Gy }aeca still should be added and the components {Cjs}gep still should
be deleted: it chooses an element of A’U B’. The technical properties associated with
the corresponding cases will guarantee that the contraction stays below level N of xy.

Below, for any subset J' C J and i € J* we write J/ :={j € J' : (E;, E;) = 1}.

Proposition 3.3.3.25 (Selection Procedure). Fix subsets A" C A and B' C B such

that A" U B" # (). Then either there exists o € A’ such that
(i) for every i € |Ga| and every j € J; one has 0;((8\7) UUgep Cp) >
or, there exists 3 € B’ such that
(i3) for every i € |Cs| and every j € I; \ J one has 0;i((8U1) \ UpearGa) <0

Proof. Fix some o« € A’ and assume that it does not satisfy (i). Then there exists
i € |Ga| and j, € J;, such that 0;,((8\ 1) UUgepCp) < 0. Note that o, (s\ 1) =

0;.(8) + (E,., Ei,) > 0 by 3.3.3.23(c). These two combined prove the existence of
some 3 € B" and ig € |Cy| with (£}, , E;,) = 1.

Symmetrically, if for some § € B’ (ii) is not true, then there exists iz € |Cj
and jg € T;, \ J with 0j,((8 Uig) \ UseaGa) > 0. Since by 3.3.3.23(c) we have
0j,(8 Uig) = 0;,(8) — (Ej,, Ei,) < 0, we get the existence of some o € A’ and
in € |Gol with (Ej,, E;,) = 1.

Now the proof runs as follows. Start with any o € A’. If it satisfy (i) we are
done. Otherwise, as in the first paragraph, we get a 3, such that G, and Cj are
connected by a length two path having the middle vertex in J. If this B satisfy (ii)
we stop, otherwise we get by the second paragraph an o such that Cs and G,/ are
connected by a length two path whose middle vertex is not in J. Since the graph G

has no cycles, o’ # «. Then we continue the procedure with «’. Either it satisfies

(i) or G is connected with some Cy with 8 # . Continuing in this way, all the
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involved « indices, respectively all the [ indices are pairwise distinct because of the
non—existence of a cycle in the graph. Since A’ U B’ is finite, the procedure must

stop. ]

3.3.3.26. Contraction of ®%(i, I).
We will drop the symbol (i, I) from the notation ®%(i,I): we write simply ®%.

On the other hand, for any pair ) C s; C sy C s(i, I), we define

Qv (s1,82) = [Y(ON A, D) N{I" + Egy <17 —((i) < By }] x (1,1).

For example, ®%(0,s(i, I)) = &%, while ®%(s,8) = {(¢(x(i)) + E5)} x (i, I), the cube
on which we wish to contract ®%.
If the Selection Procedure chooses some o/ € A’ then we have to construct a

deformation retract

o O8N 1Gal, 50U | ICsl) — @3 ( | 1Gal.5U [ [Ca).

agA’ Ben’ ag AN\o/ Ben’

Otherwise, if some 3 € B’ is chosen then we have to construct a deformation retract

cor - Ox(|J 1Gal, 85U | 1Gs) — @3 (| 1Gal 50 [ 1Cs)).

ag A’ peB’ ag Al BeB\B'

Their composition (in the selected order) provides the wished deformation retract
o5 — PN (S,8). The two types of contractions have some asymmetries, hence we will

provide the details for both of them.

3.3.3.27. The construction of ¢,. Let |Gu| = {j1,...,75:}. By the properties
of J. , cf. 3.3.3.23(b), we have a computation sequence with y; non—increasing from
z(i) + E5 to z(i) + Ej 5 Since the components {G,}, do not interact, we can

permute elements belonging to different components GG, hence we may assume that
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the first part completed the components Uygar G, then we complete Gy and the order

{j1,-.., i} is imposed by the computation sequence. Therefore, for any 1 < n < t,
Ojn(JUUagA/‘GalU{jl,...,jn_l}) SO (331)

The contraction ¢, will be a composition cq/ ;0 - -+ 0 ¢y 1, Where ¢y 5, corresponds

to the completion of the cycles with E; (1 <n <ft):

Carm t O3 (| 1Gal Ufjrs - dnaa} 50U | 1Cs)) —

ag A/ BeB’
q)7V<U |Ga|U{j1,7jn},§U U |Cﬁ|)
ag A/ seB’

defined as follows. Write x = x(i) + E5 + * (I* is reduced) with

Uagar [Gal U{j1, .- dna} ST CSU (] [Cal. (3.32)
peB’

Then
z if 5, € |17,

v+ By if g & |17,

Cor () =
Note that for any I* as above with |I*| # j,, the inequality (3.31) implies
o, (JU|I*]) <. (3.33)
Fix such an [* with |I*| Z j,. Then, for any J C I, we have to prove
Xxe(z(i) + E5+ 1"+ E;,) < N. (3.34)

Set J(I*) :={j € I : a;(|I*]) > 0}. We claim that if (3.34) is valid for J(I*) then it is

valid for every J C I. This follows from the next identity whose second term is < 0
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by the definition of J(I*).

3.35
Z (o, (1]) = (B, B >] S ) - @) O
JeEI\J(1* JEJ(I*)\J

On the other hand, using Selection Procedure (and its notations) we get j;n C J(I).
Indeed, by the choice of o/ in 3.3.3.25(i), for j, € |G| and for any j € j]n one has
0;(8\ Jn UUgepCg) > 0. Then o;(|I*]) > 0 by the support condition (3.32). Then

j;»n C J(I*) implies:
T% * (1) T w1y (2) T * )
0, (J) U I*]) < 0, (J;, UI]) = 05, (JU|I]) < 0. (3.36)

(1) follows from j;n C J(I*), (2) from (Ejn,E ) = (Ej,, Ey), and (3) from (3.33).

Therefore,
Xe(2(1) + Bz + 1"+ Ej,) — xe(z(i) + Bz +17) = o, (JI*)Ul*]) <0

Since xx(x(i) + Eyg.) +1*) < N (by induction), (3.34) is valid for J(I*).

3.3.3.28. The construction of ¢z . Let |Cy| = Vi UV, where V) == |Cy| N
(s(i,J) \ 8) and Vj := 1Csr| N (s(i, I) \ s(i, J)). The Laufer computation sequence
given by 3.3.1.8(I) connecting (i) + E5+ Es with z(i) + E5+ E_; 7 gives an ordering

on Vi = {ji1,..., .} with the property
an(ju {jla"'ajnfl}> =0 (337)

for every 1 < n < t,. Similarly, applying 3.3.1.8(III) for s(T\s(ij) We have an
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ordering on Vo = {j;.41,-..,J¢} such that

for every t, +1 <n <t
The contraction cg will be cgrj0...0cg, Where cg ,, corresponds to the deletion

of the cycles with E; (1 <n <t),ie.

corm: O [Gal SU U 1CsIN Ly }) —

ag Al BeB!
o5 ((J 1Gal, 85U [ 1CsI\ {ns -5 })
ag Al BeB!

defined in the following way. Write x = x(i) + E5 + [* with

Uagar |Gal S S50 [ 1CsI\ {ngs -0 de}, (3.39)
BeB’

then
T if jn & [I*],

x— B if j, € |I*].

Corn(2) =
Fix such an [* with j, € |I*|, then we have to prove
Xe(z(i) + E5+ 1" —E;) <N (3.40)
for any J C I. In this case the inequalities (3.37) and (3.38) implies
o5, (JU [\ jn) > 0. (3.41)

Here we set J(I*) := {j € I : o;(|I*]) > 0}. Then if (3.40) is valid for J(I*) then
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it is so for any J C I. Indeed,

o) + By + 1 — B;,) = xale(i) + By + 0" — By,)
R CER B S REERED (342)
JEINT(I* FeEJ(I*\J

by the definition of J(I*). By the selection of " via 3.3.3.25(ii), for j, € |C}| and for
any j € I, \ J one has 0;((8U Jjn) \ UaeaGa) < 0, hence o;(|I*]) < 0, in other words

J(I*) C J. Finally, from (3.41) we can deduce the inequality

Xe(2(1) + Eggey + 17 = Ej,)—xw(@(i) + Ejge) +17) =

=05, (T U\ a) < =05, (J U\ i) <0
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Chapter 4

Seiberg—Witten invariants,
periodic constants and

Ehrhart coefficients

This chapter is devoted to the study of the Seiberg-Witten invariants. We in-
troduced the terminology in 2.3.1, where we mentioned that in the last years several
combinatorial expressions were established regarding these invariants. Recall that
[14] provides a surgery formula, which is not induced by a surgery exact sequence,
but — more in the spirit of the present chapter — involves the periodic constant of a
series with one variable.

The breakthrough, which is the starting point of the theory presented in this chap-
ter, is given in [57]. It says that the Seiberg—Witten invariant appears as the constant
term of a multivariable quadratic polynomial given by some special truncation of
a series. It is important to emphasize that the origin and main motivation of this
identity was an analytic identity. Several of the combinatorial objects have their an-

alytic counterparts, for example, the analogue of the topological series Z(t) (defined

83



CEU eTD Collection

in 4.1.3) is the Hilbert—Poincaré series associated with the multivariable equivariant
divisorial filtration of the local ring of the singular germ, and its equivariant periodic
constants are the equivariant geometric genera. This will be described also in Section
4.1, where we motivate the results from the analytical and topological point of view
as well.

In the case of one—variable series, the afformentioned constant term is realized by
the concept of the periodic constant (of the corresponding function or its series), which
appeared first in [34, 73]. This original definition will be presented in Subsection 4.3.1.

Our aim is to extend this concept to the multivariable case (see 4.3.4) in order to
get a combinatorial computation of the Seiberg—Witten invariants. It turns out that
the right understanding of the multivariable periodic constant goes through multi-
variable Ehrhart theory, which is described in Section 4.2. It helps to understand how
the multivariable Poincaré series encodes this generalized periodic constant, explain-
ing the difficulties in the cases with ‘higher complexity level’. In fact, the complexity
level of the (non—convex) polytopes, associated by the Ehrhart theory, is ‘measured’
by the number of vertices of the corresponding graph. However, we will prove in 4.5
that this can be considerably reduced and measured with the number of nodes, or
even more, with the number of bad vertices. In this way, the Reduction Theorem
3.3.2.2 extends to the level of these invariants and their connections.

This gives the final output which is a nice identification of the Seiberg—Witten
invariants with certain coefficients of a multivariable Ehrhart polynomial (cf. 4.6).

The chapter is based on [37]. The terminology and results in Ehrhart theory,
relevant to the present discussion, can be found in [5, 6, 7, 8, 9, 10, 11, 12, 23, 25],

while for the connections with partition functions, see |18, , 99].
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4.1 Analytic and topological motivation

In this section we start with some useful notations and facts which will be used
throughout the chapter. Then we present definitions and results regarding the analytic
Hilbert—Poincaré series of normal surface singularities, which serve as a motivation for
the topological side. After this part, we continue with the definition and immediate
properties of the topological Poincaré series. A discussion regarding the statement of
Theorem 4.1.3.2 will serve as a motivation and it provides a short summary for the
connections between the three numerical datas: the Seiberg—Witten invariant, the

periodic constant and the Ehrhart coefficient.

4.1.1 Notations and facts (addendum to section 2.1.2)

Let (X, 0) be a complex normal surface singularity whose link M is a rational homol-
oqy sphere. Let m : X > X bea good resolution with dual graph G whose vertices
will be denoted by V. Hence G is a tree and all the irreducible exceptional divisors
have genus 0.

Let 6, be the valency of the vertex v. We distinguish the following subsets of
vertices: the set of nodes N' = {v € V : 6, > 3}, and the set of ends € = {v € V:
d, = 1}. If we delete from G the nodes and their adjacent edges we get the collection
of (maximal) chains of the graph. A leg is a chain which is connected by only one
node. |V| or s stay for the number of vertices, while |[N| and || for the number of
nodes and ends, and H := H{(M,Z).

We look at the combinatorics of the graph GG according to Section 2.1.2. Recall
that the module L’ over Z is freely generated by the (anti)duals {E}},, where we
prefer the convention (E}, E,,) = —1 for v = w, and 0 otherwise. It will be useful to
write det(G) := det(—7J), where J is the negative definite intersection matrix. The

inverse of J has entries (J7'),, = (EZ, E), all of them are negative. Furthermore,
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by a result of [29, page 83 and §20],

—|H| - (E}, EY) equals the determinant of the subgraph obtained (1)
4.1

from G by eliminating the shortest path connecting v and w.

The canonical class k.., € L' was defined by the adjunction formulae (keap, + Ey, Ey) +

2

2+ V| will appear as the normalization term

2 =0 for all v € V. The expression k
in several formulae. Therefore, we quote its combinatorial expression in terms of the

graph, cf. [69]:

Ko + VI =D (B, E)+3V[+24 > (2= 6,)(2 = 6u) T, (4.2)

veY v,WEY

where 0, is the valency of the vertex v.
Recall, that the Lipman cone is defined as 8" = {l' € L' : (I', E,) < 0 for all v}.
It is generated over Zso by the elements E;. Since all the entries of E; are strict

positive, cf. (2.1), for any fixed a € L' one has:
{I'eS" : I'"#a} is finite. (4.3)

For any class h € H there exists a unique minimal element of {I' € L' : [I'] =
h} NS’ cf. [61, 5.4] or Lemma 2.1.2.4, which will be denoted by s in this chapter.
Nevertheless, if we look at it for a fixed class [k], we use the notation [j;, as before.

Furthermore, we set 0= {> l/E, € L' : 0 <1/ < 1} for the ‘semi-open cube’,

and for any h € H we consider the unique representative r, € O with [r,] = h. One

has sp, > rp, and usually s;, # 7, (see e.g. [0, 4.5.3]). Moreover, using the generalized
Laufer computation sequence of [66, 4.3.3] connecting —rj, with —s;, one gets
X(sn) < x(7n). (4.4)
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One considers also the Pontrjagin dual H of H and denote by 6 : H — H the

/
’

isomorphism [I'] = e?7("~) between them.

4.1.2 Equivariant multivariable Hilbert series

of divisorial filtrations

We fix a resolution 7 of (X,0) with resolution graph G. The lattice L defines a
divisorial multi—indez filtration on O(x ¢y in the following way: for any [ = ik e

L one can associate an ideal
.F(l) = {f € O(X,O) : (f)G > l}

The ususal way to describe this multi-index filtration is taking the Hilbert function
(1) := dim O(x,0)/F(I) and its corresponding generating series, called the multivari-

able Hilbert series

HEt)= D bt e Z[L], (4.5)

="l E€L
where t' = ¢! ---t& and Z[[L]] stands for the Z[L] submodule of formal power se-
ries Z[[tfl/detm, ce ;tl/det(j)]], generated by the monomials t!. More details and

informations can be read from [24, 21].

We may also define the multivariable Poincaré series, which is more close to the
topology of (X,0). But first, let us present a more general interpretation defined in
(22, 58], which gives the equivariant version of this concept.

Let ¢ : (Y,0) — (X,0) be the universal abelian cover of (X,0) with Galois group
H = H{(M,Z), ©y : Y — Y the normalized pullback of by ¢, and ¢ : Y - X
the morphism which covers ¢, i.e. the induced finite map which makes the diagram
commutative. If we denote the pullback of the cycle I’ € L' by ¢ with ¢*(I'), then [0,

3.3] proves that ¢*(I') is an integral cycle (an element of the lattice Ly associated with
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Y which is, in fact, a partial resolution of (Y,0) with Hirzebruch—Jung singularities,

of. [6%, 3.2)).

Then Oy, inherits the divisorial multi-index filtration:
F("):={f €Oy, : div(fomy) > (I')}.

The natural action of H on Y induces an action on O(y,gy which keeps F(I) invariant.
Hence, H acts on O(y,)/F(l') and we can define h(I’) to be the dimension of the 6([I'])—
cigenspace of Oy,,/F(I'), where 6([I')) = 27" is a multiplicative character in H (cf.

4.1.1). Then the equivariant multivariable Hilbert series is

H(t) =D bt e Z[[L]].
rer
In H(t) the exponents I’ of the terms t' reflect the H eigenspace decomposition too.
E.g., >, h(1)t! corresponds to the H-invariants, hence it is the Hilbert series defined
at the beginning of this subsection.
If I is in the special ‘vanishing zone’ —k.4, + &', then by vanishing (of a certain
first cohomology), and by the Riemann—Roch formula, one obtains (see [59]) that the

expression
(K +2U)2 + V|

- (4.6)

h(I) +

depends only on the class [I'] € L'/L of I.
The key bridge connecting H(t) with the topology of the link and with G is

realized by defining the equivariant multivariable Poincaré series from H(t) (cf. [21,

) ’ ]):
P(t)=—H(t) - [[(1 -1 e Z[LT)

v

Notice that apparently P loses some analytic information of H. However, [59, (3.2.6)]

shows explicitly that the identity can be ‘inverted’. Namely, if we write P(t) =
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Yo prt!, then

bl = > P

IEL, 120
This is well-defined, since by [59, (3.2.2)] one has that P is supported on &', therefore

the sum in the formula is finite via 4.3. In particular, cf. (4.6),

_ Kean +2U)? + |V
Z Py = —COHSt[,l/} — ( 3 ) ’ ‘ (47)

1L, 120

for any I" € —keep + &', where const|_y depends only on the class [—I'] of —I’. The

right hand side can be thought as a ‘multivariable Hilbert polynomial’ of degree 2

associated with the series H(t) ( or with P(t)). Its constant term is the normalized

equivariant geometric genus of the universal abelian cover Y (see details in [59]), that

1s

(Kean + 2r)% + V|
3 :

— const_,,] = dim(H' (Y, O3 o)) + (4.8)

The main point is that P(t) has a topological candidate, which is defined purely from
the graph G and will be the subject of the next subsection. The two series agree
for several singularities, see for example [22, 58, 59]. [59] proves that it is valid for
splice—quotient singularities as well.

It turns out that identification of their constant terms (for ‘nice’ analytic struc-
tures) is the subject of the Seiberg—Witten Invariant Conjecture 2.3.2, since the con-
stant term of the topological candidate will realize the Seiberg-Witten invariant (cf.
4.1.3.2). Hence, if the identification holds, then const;_y = §10|_y}sq.,, (M) too, and
(4.8) creates the bridge between the combinatorial/ topological Seiberg-Witten the-

ory and the analytic counterpart.
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4.1.3 The topological Poincaré series and sto, (M)

Definition 4.1.3.1. Consider the following rational function

| J EE R (4.9)

veY

Then its multivariable Taylor expansion Z(t) = 3 ppt! at the origin is called the

topological (combinatorial) Poincaré series associated with the plumbing graph G.

Since the Lipman cone &’ is generated by the elements E over Zsq, Z(t) is
supported on &’ (i.e. py = 0 for every ' ¢ §’). Therefore, if we apply the same

special truncation as in the analytic case (4.7), then we get a finite sum

Z P+t - (4.10)
IEL, 120
One has a natural decomposition Z(t) = >, .y Zn(t), where Z,(t) = Z[l,]:hpl/tl'
([I'] is the class of I). Then the sum (4.10) involves only the part Zy; (sometimes we
also write Zy for Zp).

As we already mentioned at the end of 4.1.2, Z(t) is the topological candidate
for P(t), since they agree for ‘nice’ analytic structures. This is the reason why (4.7)
motivated the birth of the next theorem, which proves that Z(t) codifies the Seiberg—
Witten invariants of the link M. Moreover, it is the starting point of the research of

the present chapter.

Theorem 4.1.3.2 (] Fixz some I' € L'. Assume that for any v € V the E}—

coordinate of I is larger than or equal to —(E? + 1) for all v. Then

kan +2')* + |V
> pl’+l=—5m[—zqmcan(M)—( 8) | |7 (4.11)

1EL, 10

where * denotes the torsor action of H on Spin®(M).
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The finite sum on the left hand side appears as a counting function of the co-
efficients of Zp associated with the special truncation, while the right hand side is
a multivariable quadratic Hilbert polynomial whose constant term is the normalized
Seiberg—Witten invariant

k2., + V|

_sm[_l/}*gcan (M) - 8

In order to guarantee the validity of the formula, the vector I’ should sit in a special
chamber described by the inequalities of the assumption. This, after we establish the
necessary bridges, will read as follows:

‘the third degree’ coefficient of a multivariable Ehrhart quasipolynomial associated
with a certain polytope and specific chamber can be identified with the Seiberg—Witten
moariant.

In the followings, we will motivate and summarize the results of this chapter,
which explains the above highlighted sentence. The way how one recovers the needed

information from the series Z(t) can be done at several levels:

e The first one is entirely at the level of series. We develop a theory which
associates with any series the counting function of its coefficients (given by
the truncation of the monomials) — like the right hand side of (4.11). This
is usually a piecewise quasipolynomial. Once we fix a chamber, the free term
of the counting function is the so—called periodic constant (denoted by pc).
In this terminology, the Seiberg—Witten invariant can be interpreted as the
multivariable periodic constant pc(Z) (cf. 4.3.4) of the series Z(t), where the
chosen chamber is described by the inequalities of the assumption (a part of the
Lipman cone §’). The ‘periodicity’ is related with the quasipolynomial behavior

of the counting function.

The periodic constant of one-variable series was introduced by Némethi and
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Okuma. Its idea, cf. [73, 81], will be detailed in 4.3.1. (For applications see e.g.
[ ) ’ ) ])

We create the general theory, which carries necessarily several difficult technical
ingredients. For example, one has to choose the ‘right’ truncation and summa-
tion procedure of the coefficients, which, in the context of general series, is not
automatically motivated, and also it depends on the chamber decomposition of
the space of exponents. The theory has some similarities with the theory of

vector partition functions as well.

On the other hand, there is a more sophisticated way to generalize the iden-
tity (4.11) too. From any Taylor expansion of a multivariable rational function
with denominator of type [[;(1 — t*) we construct a polytope situated in a
lattice which carries also a representation of a finite abelian group H. As-
sociated with these data, we consider the equivariant multivariable Ehrhart
piecewise quasipolynomials, whose existence, main properties (like the Ehrhart—
MacDonald—-Stanley type reciprocity law or chamber decompositions) will also be
established in 4.2. This applied to the series Z(t) above, and to the quasipoly-
nomial of those chambers which belong to the Lipman cone shows that the first
three top—degree Fhrhart coefficients (at least) will carry geometrical /topological

meaning, including the Seiberg-Witten invariants of the link M.

Figure 4.1 (cf. [37]) is helping to summarize these two points with a schematic picture

of these connections and areas we target.

4.1.4 A ‘classical’ connection between polytopes and gauge

invariants (and its limits).

The coefficient identification (4.6), and in fact (4.11) too, supply an additional adden-

dum to the intimate relationship between lattice point counting and the Riemann-—
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plumbing graphs
with L'/L = H

|

plumbed 3-manifolds
with H1(M,Z) = H

| o

Q[H]

Z(t)

equivariant series

Z(t) = X hen Zn(t)[R]

special
truncation

counting function

of the coefficients

l free term

Q[H]

denominator
B ———

of Z

polytope in a lattice

with H representation

Ehrhart
theory

multivariable equivariant

Ehrhart polynomials

l‘third coeft.’

Q[H]

Figure 4.1: The theories associated with G.

Roch formula, exploited in global algebraic geometry by toric geometry.

In the literature of normal surface singularities there is a sequence of results which
connect the topology of the link with the number of lattice points in a certain poly-
tope. Here we list some historical details on this subject.

The first is based on the theory of Newton non-degenerate hypersurface singu-
larities, see e.g. the second volume of the monograph of Arnold, Gussein—Zade and
Varchenko [1]. According to this, for such a germ one defines the Newton polytope
I'y using the non-trivial monomials of the defining equation of the germ. Then one

can prove that several invariants of the germ can be recovered from I',. For example,

by a result of Merle and Teissier [51], the geometric genus p, equals the number of
lattice points in ((Zo)> NTy), see also the work of Braun and Némethi [13] into this
direction.

The second is provided by the Laufer-Durfee formula, which determines the sig-
nature of the Milnor fiber o as —8p, — K —|V| ([28]). Finally, there is a conjecture of
Neumann and Wahl [79], formulated for hypersurfaces with integral homology sphere
links, and proved for Brieskorn, suspension [79] and splice—quotient [73] singularities,

according to which ¢/8 = A(M), the Casson invariant of the link. Therefore, if all
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these steps run, for example as in the Brieskorn case, then the Casson invariant of
the link, normalized by K? + |V|, can be expressed as the number of lattice points of
a polytope associated with the equation of the germ.

This correspondence has several deficiencies. First, even in simple cases, we do
not know how to extend the correspondence to the equivariant case, more precisely,
how to express the equivariant geometric genus from I'y. Second, the expected gener-
alization, the Seiberg—Witten invariant conjecture (see 2.3.2), which aims to identify
the Seiberg-Witten invariant of the link with p, (or o), is still open in this case. And,
finally, this family of germs is rather restrictive.

The present chapter defines another polytope, which carries an action of the group
H, and its Ehrhart invariants determine the Seiberg—Witten invariant in any case.
It is not described from the equations of the germ, but from its multivariable ‘zeta—

function” Z(t).

4.2 Equivariant multivariable Ehrhart theory

In this section we generalize the classical Ehrhart theory to the equivariant multi-
variable version, involving non—convex polytopes, which will fit with our comparison
with the equivariant multivariable series provided by plumbing graphs.

Let us start with a d-dimensional rational lattice X C Q¢ and a group homomor-
phism p : X — $ to a finite abelian group $. We consider a rational vector—dilated

polytope with parameter 1 = (13,...,1,), 1, € Z",

v

PO — | JPM), where P = {x € R? : Ax <1}, (4.12)
v=1

where A, is an integral m, x d matrix. If {A,;}, and {l, 1}, are the entries of A,
and 1,, then the inequality A,x <1, in (4.12) reads as Zle ;A ni < 1y for any

A=1,...,m,.
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We will vary the parameter 1 in some ‘chambers’ (described below for the needed
cases) such that the polytopes P! remain combinatorially stable (or preserve their
combinatorial type) when 1 runs in the same chamber. This means that their face
lattices are isomorphic. (This implies that they are connected by homeomorphisms,
which preserve the stratification of the faces.) We also suppose that P% is homeomor-
phic to a d-dimensional manifold. Denote the set of all closed facets of P1 by F and
let T be a subset of F, such that UpaFY is homeomorphic to a (d — 1)-manifold.

Then we have the following generalization to the equivariant version of results of

Stanley [98], McMullen [52] and Beck [7, &].

Theorem 4.2.0.1. For any h € $ and T C F let
Li(A,T,1) := cardinality of ((PY\ Upwer FV) N p~t(R)). (4.13)

(a) If 1 moves in some region in such a way that PV stays combinatorially stable
then the expression Ly(A,T,1) is a quasipolynomial in 1 € ZX™>.

(b) For a fized combinatorial type of PY and for a fized T, the quasipolynomials
Lh(A,T,1) and L_p(A, F\ T,1) satisfy the Ehrhart-MacDonald-Stanley reciprocity

law

(4.14)

replace 1 by —1*

Lh(A, T, 1) = (=D L_y(A,F\T,1)

To avoid any confusion regarding the expression of (4.14) we note: the two
quasipolynomials in (4.14) are associated with that domain of definition (chamber)
which corresponds to the fixed combinatorial type. Usually for —1 the combina-
torial type of P is different, hence the right hand side of (4.14) need not equal
(—=1)4- L_,(A, F\T,—1). This last expression is the value at —1 of the quasipolyno-
mial associated with the chamber which contains —1.

For a reformulation of the identity (4.14) in terms of the fixed chamber see The-

orem 4.3.3.3(c).
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Proof. The statements for ) = 0 are identical with those of Beck from [3]. Part (a)
above for arbitrary ) can be proved identically as in [3] applied for the situation when
the parameters 1 run in an overlattice of ZX "™ instead of ZX". Equivalently, one
can apply [23], which considers the non—equivariant case, but the integral parameters
1 of Beck are replaced by rational affine parameters.

For the convenience of the reader we provide the proof. First we notice that via
standard additivity formulae, cf. [3, §2], it is enough to prove the statement for each

convex P, But, considering PM and K = ker(p), for any r € X one has the

isomorphism

{xeK+r: Ax<l}~{yeK: Ay<l,—A,r}
Hence [23, Theorem 2] (or [3] for an overlattice of Z-™) can be applied, which shows
(a). Next, part (b) can also be reduced to [8]. Indeed, we can reduce the discussion

again to P We drop the index v, we choose r;, € X with p(r,) = h, and we fix
some lp. Then for x € K 1, with Ax <1, we take y := x Fr, and k := Iy F Ary,

which satisfy y € K and Ay < k. Therefore, using [3] for this polytope, we obtain

Lh(A, T, 1) = Lo(A, T, k)= (—=1)- Lo(A, F\ T,k

replace k by —k

= (_1)d : ﬁ_h(A’ ‘F\ T? 10)|rep1ace lp by —1g»
where the second and the third term is associated with the lattice K. O

Definition 4.2.0.2. The quasipolynomial £,(A, T,1) considered in Theorem 4.2.0.1,
associated with a fixed combinatorial type of PW, is called the equivariant multivari-
able quasipolynomial associated with the corresponding data.

If we vary 1in Z2™> (hence we allow the variation of the combinatorial type) we

obtain the equivariant multivariable piecewise quasipolynomial Ly (A, T,1) (see also
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Theorem 4.3.3.3 and Corollary 4.3.3.4 below).

Remark 4.2.0.3. Parallel to the collection {L,},, defined in (4.13) one can consider

their Fourier transforms as well: for any character £ € H= Hom($), S'), one defines

Le(A,T,1) = Y ), (4.15)

x€PO\U 1) - FD
which satisfies Le = 37, L, - €7'(h), and [9] - Ly, = > . Le - §(h). Hence, the
above properties of £ can be obtained from similar properties of L as well. Hence,

Theorem 4.2.0.1 can be deduced from [13, §4.3] too.

Remark 4.2.0.4. In the sequel we will not consider polytopes with this high gen-
erality: our polytopes will be special ones associated with the denominators of type
[1,(1—t) of multivariable rational functions, or their Taylor series. In order to avoid
unnecessary technical details, the stability of the combinatorial type of P and the
corresponding chamber decomposition of R2=™ will also be treated for this special

polytopes, see 4.3.3.2.

4.3 Multivariable rational functions and their

periodic constants

4.3.1 Historical remark: the one—variable case

The concept of the periodic constant for one-variable series was introduced by
Némethi and Okuma. One can find the details in [73, 3.9] and [31, 4.8(1)], how-
ever, we present it in the sequel.

Let S(t) = Y spat’ € Z[[t] be a formal power series. Suppose that for some
positive integer p, the expression Y ;g Yo is a polynomial P,(n) in the variable n.

Then the constant term P,(0) of P,(n) is independent of the ‘period’ p. We call B,(0)

97



CEU eTD Collection

the periodic constant of S and denote it by pc(S). For example, if | — Q(I) is a
quasipolynomial and S(t) = >_;. Q(1)t', then one can take for p the period of Q,
and one shows that pc(3_,., Q(1)t") = 0.

Assume that S(t) is the Hilbert series associated with a graded algebra/vector
space A = B>04; (i.e. ¢ = dim A;), and the series S admits a Hilbert quasipoly-
nomial Q(I) (that is, ¢, = Q(1) for [ > 0). Since the periodic constant of Y, Q({)#!
is zero, the periodic constant of S(t) measures exactly the difference between S(t)
and its ‘regularized series’ Syeo(t) = 3050 Q(I)t'. That is: pc(S) = (S = Speg)(1)
collecting all the anomalies of the starting elements of S.

Note that S,.,(t) can be represented by a rational function of negative degree
with denominator of type A(t) = [[,(1 —t*), and (S — S,¢)(t) is a polynomial.
Conversely, one has the following reinterpretation of the periodic constant [1, 7.0.2].
If >, ¢it! is a rational function B(t)/A(t) with A(t) = [],(1 — t*), and one rewrites
it as C'(t) + D(t)/A(t) with C' and D polynomials and D(t)/A(t) of negative degree,
then pc(S) = C(1). From this fact one also gets that pc(S(t)) = pe(S(tY)) for any
N € Z~o. We will refer to C(t) as the polynomial part of S.

As an example, consider a subset S C Z>( with finite complement. Then S(t) =
> ses t® rewritten is 1/(1 —¢) — 3° 1%, hence pc(S) = —#(Zxo \ S). In particular,
if S is the semigroup of a local irreducible plane curve singularity, then —pc(.S) is the
delta—invariant of that germ. Our study below includes the generalization of this fact

to surface singularities.

4.3.2 Multivariable generalization

4.3.2.1. We wish to extend the definition of the periodic constant to the case of

Taylor expansions at the origin of multivariable rational functions of type

_ D k=1 Lt L
ft) = —Hle(l ) (tx €Z). (4.16)
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Let us explain the notation. Let L be a lattice of rank s with fixed bases {E,}5_;.
Let L' be an overlattice of it with same rank, L C L' C L® Q with |L'/L| = 0. Then,
in (4.16), {bx}_y, {ai}e, € L' and for any I' = " I E, € L' we write t' = tllll ot
We also assume that all the coordinates a;, of a; are strict positive, Hence, in general,

the coefficients I are not integral, and the Laurent expansion T'f(t) of f(t) at the

origin is
Tt =Y pet" € 21, PN ] = 2.
l/

We also consider the natural partial ordering of L ® Q (defined as in 4.1.1). If all
vectors by, > 0 then Tf(t) is in >, ppt" € Z[[t'/?]]. Sometimes we will not make

difference between f and T'f.

4.3.2.2. This will be extended to the following equivariant case. We fix a finite abelian
group G, and for each g € G a series (or rational function) T'f, € Z[[t'/?]][t~'/?] as in

4.3.2.1, and we set

Tfe(t):= ) Tfy(t)-[g] € Z[[t][t~/°][G).

geqG

Sometimes this equivariant extension is given automatically in the context of 4.3.2.1.

Indeed, if in 4.3.2.1 we set H := L'/L, and for

Tf = Zpl/tl/ we define Tf), := Z pt! (4.17)

v ]=h
we obtain a decomposition of T'f as asum >, T'f, € Z[[t'/?)][t/°][H] (with 0 = |H]|).
In our cases we always start with this group L'/L = H (hence f determines its
decomposition , f5). Nevertheless, some alterations will appear. First, we might
consider the non—equivariant case, hence we can forget the decomposition over H.

Another case appears as follows. In order to simplify the rational function we will
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eliminate some of its variables (e.g., we substitute ¢; = 1 for certain indices i), or we

restrict f to a linear subspace V. Then, after this substitution, the restricted function

flt,=1 will not determine anymore the restrictions (fy,)|,=1 of the ‘old’ components

fn- That is, the new pair of lattices (Ly, L) = (LNV,L' NV) and the ‘old group’
H = L'/L become rather independent. In such cases we will keep the old group
H = L’/L (and the ‘old” decomposition fj,) without asking any compatibility with
Ly, /Ly.

4.3.2.3. Since all the coordinates a;, of a; are strict positive, for any Tf(t) =

> prt! we get a well-defined counting function of the coefficients,
U'— Q(l/) = Z purr.
lll%l/

If Tf =5, Tfh, then each T f, determines a counting function @), defined in the
same way.

If H=L'/L and T'f decomposes into ) _, T fj, under the law from (4.17), then
S - [11= Qu)h. (4.18)
(2T heH

The definitions are motivated by formulae (4.11) and (4.7). The functions @y (I') will

be studied in the next subsections via Ehrhart theory.

4.3.3 Ehrhart quasipolynomials associated with

denominators of rational functions
First we consider the case d > 0, the special case d = 0 will be treated in 4.3.3.6.

4.3.3.1. The polytope associated with {a;}¢,. In order to run the Ehrhart
theory we have first to fix the lattice X and the representation p : X — §, cf. section

4.2. First, we set X = Z% and a : X — L given by a(x) = S.%  xa; € L'. In the
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sequel we consider two possibilities for (), p) which basically will cover all the cases
we wish to study (equivariant/non—equivariant cases combined with situations before
or after the reduction of variables, see the comment in 4.3.2.2):

(a) § = H = L'/L and p is the composition X —+ L' — L'/L.

(b) H=0and p=0.

This choice has an effect on the equivariant decomposition f¢ =% f,[g] of f too.
In case (a) usually we have G = H and the decomposition is given by 4.17. In case (b)
we can take either G = 0 (this can happen e.g. when we forget the decomposition in
case (a), and we sum up all the components), or we can take any G (by specifying each
fy)- In this latter case each fixed f, behaves like a function in the non-equivariant
case G = 0, hence can be treated in the same way.

Since the case (b) follows from case (a) (by forgetting the extra information from
$), in the sequel we provide the details for case (a). Hence let us assume ) = G =
L'/L.

Consider the matrix A with column vectors |H|a; and write A, for its rows. Then
the construction of (4.12) can be repeated (eventually completing each A, to assure

the inequalities z; > 0 as well). For l € > [,E, € L consider

Py i={x€ (Rx)" : |H|- > wi;, <L} and P*:=|J P} (4.19)
i v=1

The closure P, of P is a dilated convex (simplicial) polytope depending on the one-
dimensional parameter [,,. Moreover, P is described via the partial ordering of L ® R
as the set {l : >, x;a; 2 I/|H|}. Since L' C L/|H|, we can restrict ourself to the
lattice L' (preserving all the general results of section 4.2). Hence for any I’ € L' we

set

P = {x € (Ro)* : Y ma; 21}, P") = closure of (P")). (4.20)
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The combinatorial type of P*) might vary with I’. Nevertheless, by definition, the
facets will be grouped for all different combinatorial types by the same principle: we
consider the coordinate facets F := PU) N {z; =0}, 1 < i < d, and we denote by T
the collection of all other facets. Hence P!)< = PU)\ U, el (). The construction
is motivated by the summation from (4.11) (although in the general statements the
choice of T is irrelevant).

Then 4.1.3.2 and 4.3.1 lead to the next counting function defined in the group

ring Z[H] of H:

LAT V)= Ly(AT.)-[n]:=> 1-["] € Z[H], (4.21)
heH
where the last sum runs over " € (P(l/) \ UFa/)ETF(l/)) NL =pPY<nL.
The corresponding non—equivariant counting function, corresponding to G = 0 is
denoted by
Lo AT )= Ly(ATl)€EL

heH
Similarly, we set L¢(A,F \ T,1') too. For both of them Theorem 4.2.0.1 applies.
By the very construction, we have the following identity. Consider the equivariant
Taylor expansion at the origin of the function determined by the denominator of f,

namely

Fe(t) = ! S gt [ e Z[E/ (). (422)

d o
[[ma (1= ladte) 57
Note that since all the {F, }—coefficients of each a; are strict positive, for any I’ € L’

the set {{" : py # 0,1" # '} is finite. Then, by the above construction,
> b 1] = LA T, (4.23)
l//zl/

4.3.3.2. Combinatorial types, chambers. Next, we wish to make precise the

combinatorial stability condition. The result of Sturmfels [99], Brion—Vergne [18],
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Clauss—Loechner [23] and Szenes—Vergne [100] implies that £¢ from (4.23) (that is,
each L},) is a piecewise quasipolynomial on L': the parameter space L ® R decomposes
into several chambers, the restriction of £¢ on each chamber is a quasipolynomial,
and L° is continuous. The chambers are described as follows.

Notice that the combinatorial type of P!) in (4.20) vary in the same way as the

closure of its conver complement in R‘io, namely
{x€ Re0)" : > wia; > 1}, (4.24)

since both are determined by their common boundary 7. The inequalities of (4.24)
can be viewed as a vector partition ), x,a; + >, yo(—E,) = I, with 2; > 0 and
Yy, > 0. Hence, according to the above references, we have the following chamber
decomposition of L ® R.

Let M be the matrix with column vectors {a;}¢, and {—FE,}_,. A subset o of
indices of columns is called basis if the corresponding columns form a basis of L ® R;
in this case we write Cone(M,) for the positive closed cone generated by them. Then
the chamber decomposition is the polyhedral subdivision of L ® R provided by the
common refinement of the cones Cone(M,), where o runs all over the basis. A
chamber is a closed cone of the subdivision whose interior is non—empty. Usually we
denote them by C, let their index set (collection) be €.

We will need the associated disjoint decomposition of L ® R with relative open
cones as well. A typical element of this disjoint decomposition is the relative interior
of an intersection of type NeceC, where €' runs over the subsets of €. For these cones
we use the notation C,p.

Each chamber C determines an open cone, namely its interior. And, conversely,
each top dimensional open cone determines a chamber C, namely its closure.

The next theorem is the direct consequence of [18; 4.4], [100, 0.2] and (4.2.0.1)
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using the additivity of the Ehrhart quasipolynomial on the suitable convex parts of
PU) . (We state it for our specific facet—collection 7, the case which will be used
later, but it is true for any other facet—decomposition of the boundary whenever

Upaner FY) is homeomorphic to a (d — 1)-manifold.)

Theorem 4.3.3.3. (a) For each relative open cone C,, of L @ R, PY) is combina-
torially stable, that s, the polytopes {P(l/)}yecop have the same combinatorial type.
Therefore, for any fived h € H, the restrictions ﬁgo"(A, T) and Ei"”(A, FN\T) toCop
of Li(A,T) and L,(A,F \ T) respectively are quasipolynomials.

(b) These quasipolynomials have a continuous extension to the closure of C,p.
Namely, if C,, is in the closure of Cp, then L’%”’(A, T) is the restriction to C,, of the
(abstract) quasipolynomial E}C;”’(A, T). (Similarly for E}C;"’(A,]—"\’T).)

In particular, for any chamber C one has a well-defined quasipolynomial LS (A, T),
defined as Ei"p(A,T), where C,p is the interior of C, which equals Ly (A, T) for all
points of C.

This also shows that for any two chambers C; and Cy one has the continuity prop-

erty
Eicz'l (Av T) |Clﬁc2 = ‘C% (A’ T) |C10C2' (425)

(c) LS(A,T) and LE, (A, F\T), as abstract quasipolynomials associated with a

fized chamber C, satisfy the reciprocity
£§L(A7 T, ll) = <_1)d ) EC—,h(A7 F \ T, _l/)

We have the following consequences regarding the counting function I — @, (I") of

fe(t) defined in (4.18):

Corollary 4.3.3.4. (a) Qy is a piecewise quasipolynomial. Indeed, for any h € H
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and l' € I/
Qn(l') =)tk Lo (AT, 1 — by). (4.26)
k

In particular, the right hand side of (4.206) is independent of the representation of
[ as in (4.16) (that is, of the choice of {by, a;}r;), it depends only on the rational
function f.

(b) Fix a chamber C of LQR, cf. 4.3.53.3, and for any h € H define the quasipoly-

nomaial

Onl) =t L5 (AT, U —by). (4.27)
k

Then the restriction of Qn(l") to Nk(bx + C) is a quasipolynomial, namely
—C
Qn(l") = Q,(l') on M (bx +C). (4.28)

Moreover, there exists I, € C such that I, +C C N(bx + C).
(Warning: ,C,cl_[bk](A, T U —=b) # Lo (A, T, = by) unless I — [by] € C.)
(c¢) For any fixed h € H, the quasipolynomz’al@,cl(l’) satisfies the following property:

for any ' € L' with [I'| = h, and any q € O (the semi-open unit cube), one has

—C

Q) = Q' — ). (4.29)
In particular, by taking l' = q = ry,:
@) = @, (0). (4.30)

Proof. For (a) use (4.20) and the fact that by + > x;a; 2 I if and only if Y z;a; 2
" — by. Since the coefficients of the Taylor expansion depend only on f, the second

sentence follows too.

For (b) use part (a) and the fact that C N (), (bx 4+ C) contains a set of type I, +C.
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(c) Consider those values " in some I, +C for which all elements of type I’ — b, and
I' —q—Dy, are in C. For these values I', (4.29) follows from the identity P*)<np=1(h) =
PU=9<n p=1(h) whenever [I'] = h. This is true since for any I” with [I] = [I'], " > I
is equivalent with [” > [’ — ¢. Indeed, taking y = [ — I, this reads as follows: for any
y € L,y >0if and only if y > —q.

Now, if two quasipolynomials agree on [{, + C then they are equal. O

Remark 4.3.3.5. Thanks to [100, Theorem 0.2], the continuity property 4.25 has
the following extension (coincidence of the quasipolynomials on neighboring strips).
Set O(A) :=>.[0,1)a;. Then for any two chambers C; and Cy, and S := (-O(A) +
Ci) N (—0O(A) +Cy)

LA T)]s = LA, T)ls. (4.31)

4.3.3.6. The d = 0 case. All the above properties can be extended for d = 0 as
well. Although the polytope constructed in 4.20 does not exist, we can look at the

polynomial f(t) = >, 1;t% itself. Then using notation of (4.18) we set

S =Y w1 = Y b

heH 1A {k:by AU}

Moreover, we have the chamber decomposition of L @ R defined by {—F,}5_; via the
same principle as above. This means two chambers: Cy := Rso(—F,) and C;, the
closure of the complement of Co in R®. Then Qn(I') = >y jp=n} tk 00 Ni(br + C1)

and 0 on Ng(bx + Co).

4.3.4 Multivariable equivariant periodic constant

We consider the situation of 4.3.2.1 and 4.3.3.1(a). For each h € H define r, € L’ as

in 4.1.1.

Definition 4.3.4.1. Let K C L’ ® R be a closed real cone whose affine closure aff(K)
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has positive dimension. For any h € H we assume that there exist
ol €K
e a sublattice L C L of finite index, and

e a quasipolynomial I’ — @h(l’), defined on L N aff(KC) such that
Qu(l') = Qn(l') for any LN (I’ + K). (4.32)
Then we define the equivariant periodic constant of f associated with K by

pe(f) =Y pek(f) - [h] ==Y Qn(0) - [h] € Z[H], (4.33)

heH heH

and we say that f admits a periodic constant in K. (Sometimes we will use the same

notation for the real cone I and for its lattice points XN L' in L'.)

Remark 4.3.4.2. The above definition is independent of the choice of the sublattice
L: it can be replaced by any sublattice of finite index. The advantage of such sublat-
tices is that convenient restrictions of (), might have nicer forms which are easier to

compute. The choice of L corresponds to the choice of p in 4.3.1, and it is responsible

for the name ‘periodic’ in the name of pc®*(f).

Proposition 4.3.4.3. (a) Consider the chamber decomposition of L @ R given by
the denominator [[.(1 —t*) of f as in Theorem 4.5.5.5. Then f admits a periodic

constant in each chamber C and

—C

pe(f) = Qulra) = Q5 (0). (4.34)

(b) If two functions fi and fo admit periodic constant in some cone K, then the same

is true for aq fi + asfy and

pc (a1 fi + asfo) = arpc(f1) + aopc(f2) (a1, az € C).
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(c) If f admits periodic constants in two (top dimensional) cones Ky and Ko, and
the interior int(K, N KCy) of the intersection Ky N Ky is non—empty, then pc®i(f) =
pc2(f).

In particular, if {C;}iz12 are two chambers as in (a), and f admits a periodic

constant in K, and int(C; NK) # 0 (i =1,2), then pc® (f) = pc®2(f).

Proof. For (a) use Corollary 4.3.3.4; (b) is clear. For (¢) we can assume that Ky C Ky
(by considering K; and Iy N Ks). Then if @, is quasipolynomial on I} 4+ KC; (with
I} € K1), then (17 4+ KC3) N Ky contains a set of type I; + ICq with I, € ICy, on which

one can take the restriction of the previous quasipolynomial. O

Remark 4.3.4.4. Note that in the rational presentation of f we might assume that
a; € L for all i. Indeed, take o; € Z~( such that o;a; € L, and amplify the fraction

by [1,(1 —t%%)/(1 — t*). Therefore, for each h we can write f,(t) in the form

_tthLk 1—taz)

where a;, by € L, hence f,(t)/t"™ € Z[[t]]t™}]. Then if we consider the non-
equivariant periodic constant pcC of f,(t)/t™, 4.18, 4.28 and 4.34 imply that pc§ (f(t))

pcC(fu(t)/t™) for all chambers C associated with {a;};.

Example 4.3.4.5. Assume that L = L' = Z and K = R, and consider S(t) as in
4.3.1. If S(t) admits a periodic constant in K, then pc*(S) = pc(S), where pc(S) is

the periodic constant defined in 4.3.1.

Example 4.3.4.6. (a) (The d = 0 case) Assume that f(t) = > ,_, t,t%. Then,

using 4.3.3.6 (and its notation), pc®®(f) = 0 and pc®C*(f) = > 7 _, w.[bx] € Z[H].
(b) Assume that the rank is s = 2 and f(t) = t*/(1 — t%), with both entries

(a1,az) of a positive. We assume that a € L while b € L'. Again, for h # [b] the

counting function, hence its periodic constant too, is zero. Assume h = [b], and write
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b = (by,b2). Then the denominator provides three chambers: Cy := Zxo(—E1, —E»),
Cy :=Z>o(a,—Es), Co := Z>¢{a, —Ey). Then the three quasipolynomials for 1/(1—t%)
are LS =0, L5 (ny,ny) = [ni/a;]; hence pcs®(f) =0, pcsi(f) = [~bi/ai] (i =1,2).

In particular, pc§(f), in general, depends on the choice of C.
£91452
(1—t1te)(1—t3ta) "

ciated with the denominator are: Cy := Rso(—E1, —E»), Cy = Rso(—F1,(1,1)),

Then the chambers asso-

(c) Assume that L = L' and f(t) =

C :=R>0((1,1),(2,1)) and C; := R>(((2,1), —E»). Then, by a computation,

Lo =0 Loy, 1) = % + &
(k) =5 +3 (4.35)
)ll+1

Lo ) =S+ B+ Y —lly; Loy, 1) =5 + 4 4 L

Hence, by Proposition 4.3.4.3 and (4.27), one has pc® (f) = L (—by, —bs).

Example 4.3.4.7. Normal affine monoids. Consider the following objects (cf.
4.3.2.1): a lattice L with fixed bases {E,}?_, (hence s = d) and with induced partial
ordering <, L' C L ® Q an overlattice with finite abelian quotient H := L'/L and
projection p : L' — H. Furthermore, let {a;}¢, be linearly independent vectors in L’
with all their {F,}-coordinates positive. Let I be the positive real cone generated

by the vectors {a;};, and consider the Hilbert series of

fe)= Y t"

l'eknL’

Since K depends only on the rays generated by the vectors a;, we can assume that
a; € L for all 1.

Set O(A) = 327 ,[0,1)a; as above, and consider the monoid M := Zsq(a;) (cf.
e.g. [20, 2.C]). Then the normal affine monoid K N L' is a module over M and if we

set B:=0(A)N L', [20, Prop. 2.43] implies that
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In particular, f(t) equals Y., t°/ [T2,(1 — t%) and has the form considered in
4.3.2. If the rank d is > 3 then K usually is cut in more chambers. Indeed, take e.g.
d=3,a;=(1,1,1)+ E; for i = 1,2,3. Then K is cut in its barycentric subdivision.
Nevertheless, if d = 2 then I consists of a unique chamber and f admits a periodic

constant in K. Indeed, one has:
Lemma 4.3.4.8. If d =2 then pc(f) =0 for allh € H.

Proof. 1t is elementary to see that K is one of the chambers (use the construction
from 4.3.3.2). Take B = {by}, and write f = >, fi, where f = t% /(1—t")(1—t").
The only relevant classes h € H are given by {[b;] : b; € B}, otherwise already the
Ehrhart quasipolynomials are zero (since a; € L). Fix such a class h = [b;]. Let
LX(T) be the quasipolynomial associated with the chamber K and the denominator
of f. Then, by (4.34) and (4.27), pck(fx) = Eﬁi_bk](’T)(—bk). This, by Reciprocity
Law 4.3.3.3(c) equals El[%k_bi] (F\ T)(br). Again, since the denominator is a series in
L, for [by —b;] # 0 the series is zero; so we may assume [by —b;] = 0. But, since by, € K,
the value L& (F \ T)(by) of the quasipolynomial carries its geometric meaning, it is
the cardinality of the set {m = nja; +ngas : ny > 0, ng > 0, m % by }. But since for

any such m one has m > ay + ay > by, contradicting m ¥ by, this set is empty. O

Example 4.3.4.9. General affine monoids of rank d = 2. Consider the situation
of Example 4.3.4.7 with d = 2, and let N be a submonoid of N = KN L of rank 2,

and we also assume that NN is the normalization of N. Set

fe)=>y t".

l'eN

Then f(t) is again of type (4.16). Indeed, by [20, Prop. 2.35], N \ N is a union of a
finite family of sets of type (I) b € N, or (IT) b+ Zka;, where b € N, ke Zso,i=1or

2. Obviously, two sets of type (II) with different i-values might have an intersection

110



CEU eTD Collection

point of type (I). In particular,

. thi tbi2 b
f(t) - Zt _Zl_tkmm _Z 1 — tki202 +Z<:|:t ’C)
k

VeN i J

Note that the periodic constant of the first sum is zero by Lemma 4.3.4.8, and the
others can easily be computed (even with closed formulae) via Example 4.3.4.6, parts
(a) and (b).

The computation shows that the periodic constant carries information about the
failure of normality of N (compare with the delta-invariant computation from the
end of 4.3.1).

The situation is similar when we consider a semigroup of N , that is, when we

eliminate the neutral element of the above N as well.

Example 4.3.4.10. Reduction of variables. The next statement is an example
when the number of variables of the function f can be reduced in the procedure of the
periodic constant computation. (For another reduction result, see Theorem 4.5.1.2.)

For simplicity we assume L' = L.

Proposition 4.3.4.11. Let f(t) = ﬁ and assume that b= >Y""_, b,E, € C,
where C is a chamber associated with the denominator.

We consider the subset Pos := {v : b, > 0} with cardinality p, and the pro-
jection R® — RP, defined by (r,)5_; — (7v)vepros and denoted by v +— vl. Ac-

cordingly, we set a new function f1(z) = i p variables, and a new

__ oz
H‘ii:1(1_zaﬁ)
chamber C' := Rzo({w;}j% where w; are the generators of C = Rso({w,};). Then
pe’(f) = pe'(f7).

Proof. This is a direct application of Theorem 4.2.0.1(b). Indeed, by the Ehrhart—
MacDonald-Stanley reciprocity law, we get pc¢(f) = LE(A, T, —b) = (—1)%-LE(A, F\
T,b). Since b € C, by the very definition of L°(A, F \ T), this (modulo the sign)

equals the number of integral points of P®)\ UF<b)€;\TF(b) C R But, if v ¢ Pos,
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ie., b, <0, then in (4.12) P has only non—positive integral points. Therefore we
can omit these polytopes without affecting the periodic constant. Then, this fact and

bt € €' imply that pc® can be computed as (—1)?£C (AT, FI\ 77, b1). ]

Remark 4.3.4.12. Under the conditions of Proposition 4.3.4.11 we have the following
application of the statement from Remark 4.3.3.5 (based on [100]): Assume that
be OWA)—-C and b > 0. Then pc(f) = 0. Indeed, pc(f) = LA, T,—b) =
LEEY(A, T, —b), where C(—b) is a chamber containing —b. But since —b < 0 one

gets LY (AT, —b) =0 by 4.3.4.11.

One of the key messages of the above examples (starting from 4.3.4.6) is the
following: ‘if b is small compared with the a;’s, then the periodic constant is zero’

(compare with 4.3.1 too).

4.3.5 The polynomial part in the d = s = 2 case

In this case rank(L) = 2, and we have two vectors in the denominator of f, namely
a; = (a;1,0;2), 1 =1,2. We will order them in such a way that as sits in the cone of a;
and Fj, that is, det (Z; Z;;) < 0. The chamber decomposition will be the following:
Co := Rso(—E1, —Es), Cy := Rso(—E1,a1), C := Rsp(ay, az) and C; := Rxo(ag, —E»)
(the index choice is motivated by the formulae from 4.3.4.6(b)).

Our goal is to write any rational function (with denominator (1 — t)(1 — t2))
as a sum of f*(t) and f~(t), such that f* € Z[L'] (the ‘polynomial part of f’), and
pcC(f~) = 0. This is a generalization of the decomposition in the one-variable case
discussed in 4.3.1, and will be a major tool in the computation of the periodic constant
in Section 5.2 for graphs with two nodes. The specific form of the decomposition is
motivated by Examples 4.3.4.6(b) and 4.3.4.7.

As above, we set J(A) = [0,1)a; + [0, 1)as and for i = 1,2 we also consider the
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strips

== {b: (bl,bg) cL®R | 0< bl < am‘}.
Theorem 4.3.5.1. (1) Any function f(t) = (> j_; wt"™)/ [T, (1 —t%) (with v €
Z) can be written as a sum f(t) = fT(t) + f(t), where

(a) fF(t) is a finite sum Y, ket?, with r, € Z and B, € L';

(b) f~(t) has the form

PO D D IR L LD D (4.36)
,(1_te) 1-to [ e '

() =

with b, € L' NO(A) for all k, and b;; € L' NZ; for any i and j = 1,2, and
L liy Li2 € 7.
(2) Consider a sum

Q(t) n Q1(t) n Q2(t) + (), (4.37)

Y(t) =
Ve e e

where Q(t) = Y 1, utl with b}, € L' NO(A) for all k; Q;(t) = YoM, it with
bi; € L'NE; for any i and j =1,2; and finally f* € Z[L'] is a polynomial as in part
(a) above.

Then, if 3(t) = 0, then Q(t) = Q1(t) = Q2(t) = fT(t) = 0.

In particular, the decomposition in part (1) is unique.

(3) The periodic constant of f~(t) associated with the chamber C is zero. Hence,

in the decomposition (1) one also has pc®C(f) = pc®©(f*) =, kelBe] € Z[H].

Proof. (1) For every by € L' we have a (unique) b), € L' N(A) such that by — b, €
Z{ay, az). Set Q(t) := Sr_, xt¥%. Then f(t) — Q(t)/ [[_, (1 — t%) is a sum of terms
of type t¥ (tk1ar+h2e2 _ 1) /TT7_ (1 — t%). This decomposes as a sum with terms of
type t¢/(1 — t*). Then for every such expression, there exists ¢; € =Z; such that

(t°—t%)/(1 —t%) is as in (a).
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Part (2) is again elementary. First we show that Q(t) = 0. For any v/ € L'NO(A)
consider Zy = ' + Z{ay, ay). For any P(t) = 3 1t% write Py(t) = D ez, Lt
for its part supported on Z,. This decomposition can be done for (), ()1, ()2 and
/T, hence for 3(t). Note that it is enough to prove (2) for such ¥y (t), for a fixed
b'. Hence, we can assume that (t) is supported on some =, ¥’ € L' NJ(A). Since
=y NO(A) = {¥'}, in this case Q(t) = +t¥. Multiplying X(t) by [[7,(1 — t%) and
substituting t; = t2 = 1 we get « = 0. Hence Q(t) = 0.

Next, consider the identity (1—t%2)Q;(t)+(1—t)Qa(t)+][-_, (1—t%)- f¥(t) = 0.
Since Zlt1,t5] is UFD and the polynomials 1 — t* and 1 — t* are relative primes,
we get that 1 — t% divides @;(t). This together with the support assumption of Q;
implies Q; = 0.

(3) The vanishing of the periodic constant of the first fraction of f~ follows from
the proof of Lemma 4.3.4.8. The vanishing of pc® of the other two fractions follows

from Example 4.3.4.6(b). For the last expression see Example 4.3.4.6(a). O

Remark 4.3.5.2. (a) Part (a) of the proof provides an algorithm how one finds the
decomposition.
(b) Since pc®“(f~) = 0 by (3), the above decomposition f = f++f~ is well-suited

for computing the periodic constant of f associated with chamber C via f+.

4.4 The case associated with plumbing graphs

4.4.1 The new construction. Applications of Section 4.3.

Consider the topological setup of a surface singularity, as in subsection 4.1.1. The
lattice L has a canonical basis { £, },cy corresponding to the vertices of the graph G.
We investigate the periodic constant of the rational function Z(t), defined in 4.1.3
from G. Since Z(t) has the form (4.16), all the results of section 4.3 can be applied.

In particular, if € = {v € V : §, = 1} denotes the set of ends of the graph, then A
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has column vectors a, = E} for v € £. Hence, the rank of the lattice/space where the
polytopes P") = U, P, sit is d = |€|, and the convex polytopes {P,} are indexed by
V. Furthermore, the dilation parameter [" of the polytopes runs in a |V|-dimensional
space. In the sequel we will drop the symbol A from LS(A,T,1').

(The construction has some analogies with the construction of the splice—quotient
singularities [30]: in that case the equations of the universal abelian cover of the
singularity are written in C¢, together with an action of H. Nevertheless, in the
present situation, we are not obstructed with the semigroup and congruence relations
present in that theory.)

In this new construction, a crucial additional ingredient comes from singularity
theory, namely Theorem 4.1.3.2 (in fact, this is the main starting point and motivation

of the whole approach). This combined with facts from Section 4.3 give:

Corollary 4.4.1.1. Let S = Sg be the (real) Lipman cone {x € RV : (2, E,) <
0 for all v}.
(a) The rational function Z(t) admits a periodic constant in the cone S, which

equals the normalized Seiberg—Witten invariant

2
pef(z) = DIV oy ), (4.38)

(b) Consider the chamber decomposition associated with the denominator of Z(t)
as in Theorem 4.3.5.3, and let C be a chamber such that int(CNS) # 0. Then Z(t)

admits a periodic constant in C, which equals both pcs (Z) (satisfying (4.38)) and also

pCi(Z) = Z (27 Ei—[bk](T7 —bk) = Z (27 E[C;,k]fh(f \ T, bk) (439)

k k

In particular, pc$(Z) does not depend on the choice of C (under the above assump-

tion).
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Proof. Write I!' = [+ 1, with [ € L in (4.11). Since ZZGL,lzo Pyl = Zl"zi, wr]=ry PV
(a) follows from Theorem 4.1.3.2. For (b) use Corollary 4.3.3.4 and Proposition

4.3.4.3. [l

We note that the Lipman cone S can indeed be cut in several chambers (of the
denominator of Z). This can happen even in the simple case of Brieskorn germs.
Below we provide such an example together with several exemplifying details of the

construction.

Example 4.4.1.2. Lipman cone cut in several chambers. Consider the 3-
manifold S?,(T3) (where Ty 3 is the right-handed trefoil knot), or, equivalently, the

link of the hypersurface singularity 27+ 23+ 2% = 0. Its plumbing graph G' and matrix

37! are:
42 21 14 6
E, E, E;
-2 -7 21 11 7 3
—1 _3—1:
B, 43 14 7 5 2
6 3 2 1

where the row/column vectors of =371 are E, Ef, Ej and Ej in the {E,} basis. The
polytopes defined in (4.12), or in (4.19), with parameter [ = (ly, 1, l2,l3) C Z*, sit in
R3. Let uy,us,us be the basis of R®. Then the polytopes are the following convex

closures:

PP = conv (0, (Io/21) uy, (Io/14) us, (Io/6) us)
PO = conv (0, (Iy/11) uy, (I1/7) ua, (11/3) us)
PP = conv (0, (Iy)7) ur, (Io/5) uz, (I2/2) us)

P = conw (0, (I3/3) ug, (Is/2) uz, (I3/1) us) .

Since Ej + e(—Ep) is in the interior of the (real) Lipman cone for 0 < ¢ < 1, we

get that the Lipman cone is cut in several chambers. The periodic constant can
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be computed with any of them. In fact, by the continuity of the quasipolynomials
associated with the chambers, any quasipolynomial associated with any ray in the
Lipman cone, even if it is situated at its boundary, provides the periodic constant.
One such degenerated polytope provided by a ray on the boundary of § is of special
interest. Namely, if we take [ = AEZ € S for A > 0, then PV = Ui:o PY s
the same as Pél) = conv(0, 2\uy, 3\ug, TAug). Moreover, if C is any chamber which
contains the ray RsoE; at its boundary, then for any | = AE}; one has L°(A,T,l) =
C(ﬁo,T, A), where the last is the classical Ehrhart polynomial of the tetrahedron
]50 := conv(0, 2uy, 3ug, Tuz). Here we witness an additional coincidence of ﬁo with the
Newton polytope Gy of the equation 23 + 23 + 21.

We compute £(Py, T, A) as follows. From (4.7)—(4.8) and Corollary 4.3.3.4, we

get that
Y(AE?)+geometric genus of {22+23+21 = 0} = L(Py, T, \)—L(Py, T, A—1). (4.40)

Since this geometric genus is 1, and the free term of E(ﬁO,T, A) is zero (since for
A = 0 the zero polytope with boundary conditions contains no lattice point), and
—K = 2Ey+ B, + Ey + E3, we get that £(Py, T, ) = TA3 + 10A2 + 4X. We emphasize
that a formula as in (4.40), realizing a bridge between the Riemann—Roch expression x
(supplemented with the geometric genus) and the Ehrhart polynomial of the Newton

diagram, was not known for Newton non—degenerate germs.

In the sequel we will provide several examples, when the Newton polytope is not

even defined.

4.4.2 Example. The case of lens spaces

As we will see in Theorem 4.5.1.2, the complexity of the problem depends basically

on the number of nodes of G. In this subsection we treat the case when there are
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no nodes at all, that is M is a lens space. In this case the numerator of the rational
function f(t) is 1, hence everything is described by the 2-dimensional polytopes
determined by the denominator. In the literature there are several results about lens
spaces fitting in the present program, here we collect the relevant ones completing
with the new interpretations. This subsection also serves as a preparatory part, or
model, for the study of chains of arbitrary graphs.
—k1 —ky —ks—1 —k
Assume that the plumbing graph is e e— with all k£, >

2, and p/q is expressed via the (Hirzebruch, or negative) continued fraction
oo ] = i — 1y — /(o = 1]k ). (1.41)

Then M is the lens space L(p, q). We also define ¢’ by ¢¢ = 1 mod p, and 0 < ¢’ < p.
Furthermore, we set g, = [E}] € H. Then g, generates H = Z,, and any element of
H can be written as ag, for some 0 < a < p. Recall the definitions of r, and s;, from
4.1.1 as well.

From the analytic point of view (X, 0) is a cyclic quotient singularity (C?,0)/Z,,

where the action is & x (z,y) = (£x,&%) (here £ runs over p-roots of unity).

4.4.2.1. The Seiberg—Witten invariant. Since (X,0) is rational, in this case

Z(t) = P(t) (cf. subsection 4.1.2). Moreover, in (4.8) H'(Oy) = 0, hence

(K A2+ V] KP4V N

g S X(7h)- (4.42)

Em_h*acan (M) =

On the other hand, in [61, 64] a similar formula is proved for the Seiberg—Witten
invariant: one only has to replace in (4.42) x(rn) by x(sn). In particular, for lens

spaces, and for any h € H one has

X(rn) = x(sn). (4.43)
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(Note that, in general, for other links, x(r,) > x(sp) might happen, see Exam-
ple 5.1.4.2. Here, (4.43) follows from the vanishing of the geometric genus of the
universal abelian cover of (X,0).)

In general, the coefficients of the representatives s, and .y, (0 < a < p) are
rather complicated arithmetical expressions; for s,,, see [61, 10.3] (where g, is defined

with opposite sign). The value x(s4,) is computed in [61, 10.5.1] as

o) =02 D 4 52 (90, (441

2p

For completeness of the discussion we also recall that K = Ef + EX — " FE, and
(K2 +VI)/4=(p—1)/(2p) = 3- s(q,p), (4.45)

cf. [61, 10.5], where s(q,p) denotes the Dedekind sum

{z} —=1/2 if z€eR\Z
s(q,p) = <<§>><(%)>’ where ((z)) = 0 if xiZ.

In particular, st0_j.,.,, (M) is determined via the formulae (4.42) — (4.45).
The non-equivariant picture looks as follows: ), st0_j.,.. = A, the Casson-

Walker invariant of M, hence (4.42) gives
A= —p(K* + V])/8 + 3, x(rn)-

This is compatible with (4.45) and formulae A(L(p, q)) = p-s(¢,p)/2 and >, x(r3) =
(p—1)/4—p-s(q,p),cf. [61,10.8].

4.4.2.2. The polytope and its quasipolynomial. We compare the above data
with Ehrhart theory. In this case Z(t) = (1 —t1)7}(1 —t¥:)~1. The vectors a; = E}

and a;, = E? determine the polytopes P®) and a chamber decomposition.
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For 1 < v < w < s let n,, denote the numerator of the continued fraction

[ky, ..., ky] (or, the determinant of the corresponding bamboo subgraph). For ex-
ample, ni; = p, nes = ¢ and ny 1 = ¢. We also set ny41, := 1. Then pE} =
Zf}:l nv+1,sEv and PE: = Zf}:l nl,vflEv-
In particular, for any I’ =% Il F, € &', the (non—convex) polytopes are
PY = { (z1,25) € RY) ¢ T1ngt1,s + TNy < pl;} c R%,. (4.46)
v=1

The representation Z2 -2 Ly is (1, x5) = (qr1 + T5)gs.

Though P") is a plane polytope, the direct computation of its equivariant Ehrhart
multivariable polynomial (associated with a chamber, or just with the Lipman cone)
is still highly non—trivial. Here we will rely again on Theorem 4.1.3.2. On a subset of
type [, + S’ the identity (4.11) provides the counting function. The right hand side
of (4.11) depends on all the coordinates of I, hence all the triangles P, contribute in
P®)_ Since this can happen only in a unique combinatorial way, we get that there is
a chamber C which contains the Lipman cone. Let £¢€ be its quasipolynomial, and
L5 its restriction to S. Since the numerator of Z(t) is 1, @i = LS. Since this agrees
with the right hand side of (4.11) on a cone of type [ + &', and the Lipman cone is

in C, we get that

(K +20')* + |V

_C
Qu(l') = Q') = LE() = =81 _pso,,,, (M) — 5 (4.47)
for any I’ € (r, + L) N'S" and h € H. Using the identity (4.42), this reads as
LT V) =x(U)=x(r), Ue@n+L)NS' (4.48)

Note that for any fixed h and any I’ there exists a unique ¢ = ¢y, € O such that

I'+q:=1"€r,+ L. Indeed, take for ¢ the representative of r, —{" in [J. Then (4.29)
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and (4.48) imply
LT V) = LT ") = XU+ av) = x(rn)- (4.49)

This formula emphasizes the quasi-—periodic behavior of £ (7 ,1') as well.

If I is an element of L then gy j = 13, hence (4.49) gives in this case
LT, 1) =x(U+ry) —x(rn) =x(1) — (I,r) forle LNS. (4.50)

In particular, pc(L3(T)) = x(rn) — x(rs) = 0 (a fact compatible with H'(O5) = 0).

Even the non-equivariant case looks rather interesting. Let £5.(T) = >,y £5(T)
be the Ehrhart polynomial of P%) (with boundary condition 7°), where we count all

the lattice points independently of their class in H. Then, (4.50) gives forl € LN S

Loo(T ) =p-x() = () = —p- (LD)/2=p- (LK)/2 = (1,3, rm). (451)

In fact, ), r, can explicitly be computed. Indeed, set d, = ged(p, n1,,-1) and p, =

p/d,. Then one checks that aE} =" nlﬂ,_I%Ev, =Y, {nl,v—I%}Ev and ), 1, =
b1

>, B,

The coefficients of the polynomial £ (7 ,1) can be compared with the coefficients

given by general theory of Ehrhart polynomials applied for P®. E.g., the leading

coefficient gives

—p-(1,1)/2 = Euclidian area of PY,

Knowing that in P® all the P,’s contribute, and it depends on s parameters, and the
intersection of their boundary is messy, the simplicity and conceptual form of (4.51)

is rather remarkable.
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4.5 Reduction theorems for Z(t)

The number of terms in the denominator [[,(1 —t%) of the series equals the number

of variables of the corresponding partition function (associated with vectors a;), and
it is also the rank of the lattice where the corresponding polytope sit. In the case of
the series Z(t) associated with plumbing graph, this is the number of end vertices of
G. On the other hand, the number of variables of Z(t) is the number || of vertices
of G. Furthermore, in the Ehrhart theoretical part, the associated (non—convex)
polytope will be a union of |V| simplicial polytopes. Hence, the number of facets and
the complexity of the polytope increases considerably with the number of vertices as
well.

Nevertheless, the Theorem 4.5.1.2 eliminates a part of this abundance of parame-
ters: it says that from the periodic constant point of view, the number of variables of
the series, and also the number of simplicial polytopes in the union, can be reduced
to the number of nodes of the graph. Hence, in fact, the complexity level can be
measured by the number of nodes.

We can do even more: if we apply the machinery of the Reduction Theorem
3.3.2.2 from the previous chapter, one can reduce the number of variables of Z(t) to
the number of the chosen bad vertices of the graph G (in the sense of 3.1.3).

The first approach is purely combinatorial, using the specialty of G. However, the
second uses the Reduction Theorem 3.3.2.2, i.e. the hidden geometry which measures

the rationality of the graph.

4.5.1 Reduction to the node variables

Let N denote the set of nodes as above. Let Sy be the positive cone Rso(E)en
generated by the dual base elements indexed by N, and Vi := R(E*),cn be its

supporting linear subspace in L ® R. Clearly Syr C S. Furthermore, consider Ly, :=
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Z{E,)nen generated by the node base elements, and the projection pry : L@ R —

Ly ® R on the node coordinates.

Lemma 4.5.1.1. The restriction of pras to Vi, namely pry - Ve — Ly @ R, is an

1somorphism.

Proof. Follows from the negative definiteness of the intersection form of the plumbing,
which guarantees that any minor situated centrally on the diagonal is non—degenerate.

]

Our goal is to prove that restricting the counting function to the subspace Vi,
the non—node variables of Z(t) and Q(!') became non—visible, hence they can be
eliminated. This fact will provide a remarkable simplification in the periodic constant
computation. But, before any elimination—substitution, we have first to decompose
our series Z(t) into Y, Zx(t)[h] if we wish to preserve the information about all

the H invariants, cf. the comment at the end of 4.3.2.2.

Theorem 4.5.1.2. (a) The restriction of L5 (A,T,l') to Vi depends only on those
coordinates which are indexed by the nodes (that is, it depends only on pr(l') when-
everl' € Vy).

(b) The same is true for the counting function Qy associated with Zy(t) as well.

In other words, if we consider the restriction

Zh(tN) = Zh(t’)|tvil for allv g N

then for any l' € Ly, the counting functions ..y, pi[l"] of Zyn(t) and Zy(ty) are
the same.
(¢) Consider the chamber decomposition of Sy by intersections of type Cnr :=

CNSy, where C denotes a chamber (of Z ) such that int(CNS) # 0, and the intersection
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of C with the relative interior of Sy is also non—-empty. Then
pcC(Zu(t)) = pc™ (Zy(tw)). (4.52)

The theorem applies as follows. Assume that we are interested in the computation
of pct(Z(t)) for some chamber C (e.g. when C C S, cf. Corollary 4.4.1.1). Assume
that C intersects the relative interior of Syr. Then, the restriction to C N Sy of the
quasipolynomial associated with C has two properties: it still preserves sufficient
information to determine pc$(Z(t)) (via the periodic constant of the restriction, see
(4.52)), but it also has the advantage that for these dilation parameters I’ the union
Uvequfll)’q equals the union of significantly less polytopes, namely U,,¢ NPél/)’q.

For example, when we have only one node, one has to handle one simplex instead

of |[V| many.

Proof. (a) We show that for any I’ € V) one has the inclusions

P U P for any v & N. (4.53)
neN
We consider two cases. First we assume that v is on a leg (chain) connecting an end
e(v) € € with a node n(v) (where e(v) = v is also possible). Then, clearly, (4.53)
follows from
P c P for any I € Sy (4.54)
Let Ef, = (E}), = —(E?, E¥) be the v—cordinate of E. Note that E, = E’, . Using

the definition of the polytopes, (4.54) is equivalent with the implication (cf. 4.3.3.1)

( erE;e <l)=( Zme e < lnw ) forany I’ € Sy and z, > 0. (4.55)

ec& ec&

Let W be the set of vertices on this leg (including e(v) but not n(v)). Then, one
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verifies that there exist positive rational numbers a and {c, }wew, such that

Ey=aE,,+ Y auE,. (4.56)

wew
The numbers a and {ay }wew can be determined from the linear system obtained
by intersecting the identity (4.56) by {Ey,}w and E,). Intersecting (4.56) by £}

(e € £), we get that £, = ok for any e # e(v), and Ej

vie(v) —

= B} ) ) T Qelv)-
Hence

Z r B, =« Z :ceE* e+ Te(w) Qe(v)- (4.57)

ecf ec€

On the other hand, intersecting (4.56) with £}, for n € N, we get Ej, = aE;

v)n’

Since I’ is a linear combination of E’s, we get that

— b= E)) = al', E5,)) = —alyq. (4.58)

n(v

Since Ze(y)Qewy > 0, (4.57) and (4.58) imply (4.55). This ends the proof of this case.

Next, we assume that v is on a chain connecting two nodes n(v) and m(v). Let
W be the set of vertices on this bamboo (not including n(v) and m(v)). Then we will
show that

P C PR U P for any U € Sy (4.59)

This follows as above from the existence of positive rational numbers «, S and

{aw }weW with

weW

(b) follows from (a) and from the fact that all by entries in the numerator of Z(t)
belong to Sy
(¢) If pc€Z,(t) is computed as Q,(0) for some quasipolynomial @), defined on

L C L, then part (b) guarantees that pc®~ Z, (t) can be computed as (@h\ZmSN)(O),
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which equals Q,(0). O
Example 4.5.1.3. Consider the following graph G:

Eunw By En Ey Ewe Ex En
—1 —1 —1

. — e D
9 [ 9 [ 13 [
-3 -2 -3
Ei Eos Eo

By Theorem 4.5.1.2 we are interested only in those polytopes P, C R5 which are
associated with the nodes Ey, Ey and Ey. Let [ € Sy, i.e. [ = M E] + MBS + N Ej.
Then one can verify that Sy is divided by the plane A\; = (13/9) 2. Hence, in general
Sy can also be divided into several chambers. (On the other hand, for graphs with

at most two nodes this does not happen.)

4.5.2 An application of the Reduction Theorem 3.3.2.2

As we already discussed earlier, Némethi [57] proved that the normalized Euler char-
acteristics of the lattice cohomology also agrees with the Seiberg—Witten invariant.
This result together with Theorem 4.1.3.2 emphasize that the Seiberg—Witten invari-
ant can be recovered from the topological Poincaré series as well. The fact that (by
Reduction Theorem 3.3.2.2) the Euler characteristic can be replaced by the Euler
characteristic of the reduced lattice, suggests the existence of a reduction for the
series as well.

First of all, let us recall the theorem from [57] (same as 4.1.3.2) in a different form

which is more convenient for this subsection.

Theorem 4.5.2.1 (] Fiz one of the elements ly,. Then the following facts hold.
(1)
Zy,(t) = > (Z(_l)lll-&-lw(l’ ])) (e

leL 1T
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(2) Fiz some | € L with | + 1) € —kean + interior(S’). Then

> Prey, = X (1) + eu(H (G k).
leL,T#1

(In [57] w(k) is defined as —(k* + | J|)/8 for k € Char. If k = k, + 2l then w(k) =
Xk, (1) — (K2 +|TJ|)/8. The last constant can be neglected in the sum of (1) since
> e (= Il = 0. The sum in (2) is finite since Z is supported in Z>o(E?); and all

the entries of £ are strictly positive, cf. (2.1).)
Recall that 7 = T U J *, where J is an index set containing all the bad vertices.
Let ¢ : L — L be the projection to the J-coordinates. We also write t = {t; bie7 f
€L

the monomial variables associated with L, and ' = [z t] fori= (i1,...,4,)
7o)

Therefore, tl'|t].:1,vjej* —

Definition 4.5.2.2. The reduced series. For any h € H define
7h<£) = Zh(t)ltjil,VjEJ*'

(We warn the reader that the reduced ‘non-decomposed’ series Z(t)[;,—1,vje s
usually does not contain sufficient information to reobtain each term Z,(t) (h € H)
from it.)

Fix one [y, and write ka] (t) = Yz p1+¢(l/k])tl+¢( ) Morcover, let S, be the
projection of &' N (l{k} + L). Then Z,(t) is supported on 3;, and for any i the sum
Zi';fi Pir+(1,) is finite (properties inherited from Z). Note that S := ¢(S'N L) is a
semigroup, and 3; is an S-module.

Our next goal is to show that the series introduced above with reduced variables
preserves all these properties from Theorem 4.5.2.1: it can be recovered from the re-

duced weighted cubes and has all the information about the Seiberg-Witten invariant.
Theorem 4.5.2.3. Let (L,W[k]) be as in 5.3.2.1. Then
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(1)
1y ® =0 (Y (1), 1) e,

iecL ICT
(2) There exists ig € S (characterized in the next Lemma /.5.2.4) such that for
anyic€ip+S

mew =w(i) + eu(H" (L, w[k])).
1’7,)51

Here w(i) is a quasipolynomial and eu(H*(L,w[k])) equals eu(H*(G,k,)).

Proof. (1) We abbreviate k, by k and w[k| by w. By 4.5.2.1(1) we get

Zl, ZZ |I|+1< Z Z Dl ( (i) + 1%, IUI*)) o )

icL ICT I*eL* [*CJ*

where L* C L is the sublattice of J*—coordinates. For a fixed i and I C 7, denote the
coefficient in the last bracket by T'= T'(i, I). Then we have to show that T = w(i, I).
We define a weighted lattice (L*, w*) as follows: the weight of a cube (I*, I*) in L*
is w*(I*, I*) := w(z(i) + I*, T U I*) (hence it depends on (i, I)). This is a compatible
weight function on L* since w is so, moreover T = Y. /o > e 7o (1) lw* (1%, 17).
Note also that for any fixed i there are only finitely many [* € L* for which
(i,1*) € &' (use (2.1)). Hence, the sum in 7 is finite. Therefore, (cf. 3.3.3.2 and
3.3.3.6), we can find a ‘large’ rectangle R* = R*(I1,13) = {l* € L* : I <I* <[5}

with certain [ and [3 such that
T=> > ()", 1") and HY(L",w*) =H(R",w").
R [*CT*

Using the result and methods of [57, Theorem 2.3.7], for the counting function

M(t) =Y peepe o pecy (DI ) we have

t tmm w*|gx)
lim M ) = Z )4 ranky (H? ,(R*, w")).

t—1 Ted
q>0
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The Reduction Theorem 3.3.2.2 and its proof says that (L*, w*) has vanishing reduced

cohomology, in particular H? (R* w*) = 0 for any ¢ > 0. Hence

red

AM(t)
- dt ‘t:l

T

= min(w*|g+) = lﬂiﬁ{w($(i)+l*’7)} = min max{yx(z(i)+I"+E5)}.

*eL* JcT

By Lemma 3.3.1.5 x4 (z(i) + I* + E5) > xx(z(i+ 15)), hence

max i (z(i) + I* + F7) > max . (z(i + 15)) = w(i, I). (4.61)
JcI JCI

But, by Lemma 3.3.3.23(a) (for notations see also 3.3.3.22), the minimum over [* of

the left hand side is realized for I* = Ez with equality in (4.61), hence 7" = w(i, I).

We start the proof of part (2) by the following lemma, the analogue for (L,w) of
Lemmas 3.3.3.4 and 3.3.3.8, which identifies ij.

Lemma 4.5.2.4. (a) Fiz | + 1, € S' and take the projection i := ¢(1). Then
x(i) + 1 € S', hence w(i+ 1;) > w(i) for every j € J.
(b) There exists iy € S such that for any i € iy+S one has a sequence {in}tn>0 € S

with

(i) ig = i, ip41 = in + 1) for certain j(n) € J, and all entries of i, tend to

infinity as n — oo,

(ii) for any n and 0 < i, <1i, with the same j(n)-th coefficients, one has
W, + L) > ().

Proof. (a) Since [ + I}, satisfies conditions (a)-(b) of 3.3.1.1 in the definition of z(i),
by the minimality of x(i) we get that [ — z(i) is effective and is supported on J*.
Hence, (z(i) + I, E;) < (I + 1), E;) < 0 for any j € J. The last inequality follows

from 3.3.1.7.

129



CEU eTD Collection

(b) The negative definiteness of the intersection from guarantees the existence of
ip with (i). For (ii) note that if i = ¢(I) as in (a), and 0 < i’ < i, such that their
j-entries agree, then automatically w(i' + 1;) > w(i’). Indeed, z(i) — z(i’) is effective
and supported on J \ j, hence (z(i') + I}, E;) < (z(i) + lj), £;) < 0 and 3.3.1.7

applies again. O

We fix an i as in Lemma 4.5.2.4(b). Then similarly as in subsection 3.3.3.6, one

obtains

(L, @) = H*(R(0,1), @), (4.62)

where R(0,i) = {i’ € L : 0 <{i <i}. In particular, if we set

E(R(0,)) = Y (=)@, T)

(i",1)CR(0,i)

(sum over all the cubes of R(0,1)), then [57, Theorem 2.3.7] ensures that
E(R(0,1)) = eu(H"(R(0,1),w)). (4.63)

In the sequel we follow closely the proof of Theorem 4.5.2.1(2) from [57, Theorem
3.1.1]).

We choose a computation sequence {i,},>¢ as in 4.5.2.4 and set R’ := {i’ € L :
i’ >0and 3j € J with (i’ —i); < 0}. R’ is not finite, but R’ﬂg;g is a finite set. Fix n
so that R’ﬂg;C C R(0,iz), and define R'(n) := R'NR(0,iz), O R'(n) := R'NR(,1iz),
and

HR(M):={i € R'(n) : 3j € T with (i’ — in); = O},

Then by part (1) of the theorem we have

> P, = E(R(7) — E@R'(7) U8R (7).
i'#i
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The right hand side is simplified as follows. First, notice that we may find n sufficiently
high in such a way, that if we choose a sequence {j,,},,_, from jo = 0 to j, = i with

Jm+1 = Jm + 1jim), we have the following property:

for every j’ € O, R (n) with j’ > j,,, and (§')jum) = (m)j(m) one has
w(j’ + 1im) < ().

Indeed, (z(J') + I, Ejom)) is increasing in j’ with fixed j(m)-th coefficient. (Any
j/ € 0R'(n) has ‘large’ entries corresponding to coordinates j when (j' — iz); = 0,
and ‘small’ entry corresponding to j(m). Hence, when we increase the j(m)-th entry
by one, the positivity of the quantities (z(j) —i—lfk], Ej(m)) is guaranteed by the presence
of ‘large’ entries.)

Therefore, using the sequence {j,,} and 3.3.3.5, there exists a contraction of
Oy R'(n) to 01R'(n) N 0, R'(n) along which W is non—increasing. Then similarly as
in (4.63), one get £(OLR'(n)) = E(01R'(n) N 0xR'(n)), hence (0, R'(n) U LR (n)) =
E(01R'(n)) too.

Next, we claim that £(R'(n)) = £(R(0,1)). Indeed, using induction on the se-
quence {i, }o<n<s, it is enough to show that E(R'(n)) = E(R'(n + 1)). This follows
from 4.5.2.4, since for all I containing j(n) and each (i",1) € R'(n+ 1)\ R'(n) we
have

Wi, T) = Wi’ + Ljm), I\ j(n)).

This ensures a combinatorial cancelation in the sum E(R'(n+1)), or an isomorphism
in the corresponding lattice cohomologies, which gives the expected equality.

With the same procedure applying to 0; R'(n)) we deduce the equality E( R'(n)) =
E(R'(0)) = —w(i). Hence the identity follows. O

Example 4.5.2.5. In the reduced case, the expression w(i) usually is a rather compli-
cated arithmetical quasipolynomial. E.g., assume that G is a star—shaped graph whose

central vertex has Euler decoration b and the legs have Seifert invariants (a, Wj)?:p
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0 < wj < aj, ged(aj,w;) = 1. We fix the central vertex as the unique bad vertex.
Then the lattice cohomology is completely determined by the sequence {w (i) };>0, for
details see e.g. [01].

E.g., in the case of the canonical spin®—structure, w(0) = 0 and

Wi +1) —w(i) =1—ib— > [iw;/a;| (i>0).
J
Remark 4.5.2.6. The fact that w(i) is a quasipolynomial can be seen as follows.
Choose | € 8'N L, | = (I,1*), such that (I, E;) = 0 for any j € J*. Then one checks
that z(i + nl) = x(i) + nl for any n € Zs, hence w(i + nl) = x, (z(i) + nl) is a

polynomial in n.

4.6 Ehrhart theoretical interpretation of the
Seiberg—Witten invariant

Let G be a negative definite plumbing graph, a connected tree as in 4.1.1. Let N
and & be the set of nodes and end-vertices as above. We assume that N # ). If 4,
denotes the valency of a node n, then |E] =2+ (5, —2).

We consider the matrix J with entries J,,, := —(E¥, E¥)) for n,m € N. By (4.1.1)
it is a principal minor of —J~! (with rows and columns corresponding to the nodes).
Another incarnation of the matrix J already appeared in subsection 5.2.5, as the

negative of the inverse of the orbifold intersection matrix. Indeed, let for any n € N
take that component of G'\ Uj,epnn{m} which contains n. It is a star-shaped graph,
let e,, be its orbifold Euler number. Furthermore, for any two nodes n and m which
are connected by a chain, let a,,, be the determinant of that chain (not including
the nodes). Then define the orbifold intersection matrix (of size |N|) as o0 = e,

Jor% = 1/apm if the two nodes n # m are connected by a chain, and J° = 0
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otherwise; cf. [13,4.1.4] or 5.2.1. One can show (see [13, 4.1.4]) that J3° is invertible,
negative definite, and det(—J°?) is the product of det(—J) with the determinants of

all (maximal) chains and legs of G. This fact and 4.1 imply that J = (—=J°7)~1.

4.6.1 The Ehrhart polynomial

In the sequel we assume that L = L/, that is H = 0.

By 4.4.1, PY sits in R/l Moreover, by Theorem 4.5.1, we can take [ of the form
I =23 ,cn MEy, from the subcone of the Lipman cone generated by {E; }nen

Then 4.5.1 guarantees that the associated polytope is PY = Unen P,(Ll”), Pr(f")
depending only on the component I, = —(I, E). Note that the coefficients {\, },, and
the entries {[,}, are connected exactly by the transformation law (1,,), = J (\,),,-

Take any chamber C such that int(CNS) # 0, as in 4.4.1.1. Let LE(P, T, (An)n) be
the Ehrhart quasipolynomial £¢(P, T, (l,)), associated with the denominator of Z,
after changing the variables to (), via (1,),, = J (A\s),,- It is convenient to normalize
the coefficient of [[, A" by a factor [[, m,!, hence we write

m
A

'7
my,!

T, 0= Y a0 T

En mn<|E| n
mn>0; neN

for certain periodic functions a¢ in variables (\,),. By 4.11, 4.3.3.4 and 4.5.1.2

(mn)n

V(D AE) +peS(2) = A, (4.64)

neN
where
A(Ma) = > (=L, ) LXPT (A = k) =
0<kn<dn—2 n n
T VneN
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n on=2 5, — A\ —Pn
> ( >, =y (m)<2(—1)’“"( " 2)kgn>>.a(cmn)nn ,;n'p
Dbl o w AP o " Pl

On the other hand, since x(I) = —(K + ,1)/2, the left hand side of (4.64) is the

quadratic function

> am/2DAAm + > (=K, E})/2)A, + pc®(2).

n,meN neN

Now we identify these coefficients with those of A((\,),) above. The additional
ingredient is the combinatorial formula (5.31), which also shows that for the non—
zero summands one necessarily has p, > 6, — 2 for any n. One gets the following

result.

Theorem 4.6.1.1.

~C _
A (G —2mgn) = I
a?an—L&m—l,(aq—z)q#mm) = Jum forn#m
a%nq,(émq)m#n) = —%<K7 Ey) + % > men (Om = 2) Jnm

5, —2)(K,E}, (50—2) (36, —7) Jn ) (6 —2) T
A I I

m#n
Recall that pc®(Z2) = —(K2+|V|)/8 — A\(M), where A\(M) is the Casson invariant
of M. Hence a€5n_2)n equals the normalized Casson invariant modulo some ‘easy

terms’.
We emphasize that these formulae also show that the above coefficients are con-
stants (as periodic functions in (A,),) and independent of the chosen chamber C in

the Lipman cone.
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Chapter 5

Seiberg—Witten and Ehrhart
theoretical computations and

examples

Applying the general theory developed in the previous chapter, we make detailed
computations for graphs with less than two nodes. As we have seen in 4.4.2, even
in the special case of graphs without nodes (that is, the case of lens spaces), the
description of the equivariant Ehrhart quasipolynomials is new.

In the one—node case (star-shaped graphs) we provide a detailed presentation of all
the involved (Seiberg—Witten and Ehrhart) invariants, and we establish closed formu-
lae in terms of the Seifert invariants. Here we make connection with already known
topological results regarding the Seiberg-Witten invariants of Seifert 3—manifolds,
and also with analytic invariants of weighted homogeneous singularities.

In the two node case again we make complete presentations in terms of the analogs
of the Seifert invariants of the chains and star-shaped subgraphs, including closed

formulae for sto(M). But, this case has a very interesting additional surprise in store.
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It turns out that the corresponding combinatorial series Z(t) associated with G,
reduced to the two variables of the nodes, is the Hilbert (characteristic) series of an
affine monoid of rank two (and some of its modules). In particular, the Seiberg—
Witten invariant appears as the periodic constant of Hilbert series associated with
affine monoids (and certain modules indexed by H), and, in some sense, measures
the non—normality of these monoids.

At the end of the chapter, we provide some examples in which we demonstrate
the calculation of the periodic constant (or equivalently, the normalized Euler char-
acteristic of the lattice cohomology as well as the Seiberg—Witten invariant) from the

topological Poincaré series Z(t).

5.1 The one—node case, star-shaped graphs

5.1.1 Seifert invariants and other notations

Assume that the graph is star—shaped with d legs. Each leg is a chain with normalized
Seifert invariant (o, w;), where 0 < w; < «;, ged(a;, w;) = 1. We also use w; satisfying
wiw; =1 (mod o), 0 < Wi < a.

If we consider the Hirzebruch/negative continued fraction expansion, cf. (4.41)
aifwi = [bir, s b ] = bin = 1/(big = 1/ (- = 1/biv,) - +)  (big = 2),

then the i leg has v; vertices, say v;1, . . ., v;,,, with decorations —b;y, . .., —b;,., where
vi1 is connected by the central vertex. The corresponding base elements in L are
{Eij}j=1- Let b be the decoration of the central vertex; this vertex also defines Ey € L.
The plumbed 3—manifold M associated with such a star—shaped graph has a Seifert
structure. We will assume that M is a rational homology sphere, or, equivalently, the

central vertex has genus zero.
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The classes in H = L'/L of the dual base elements are denoted by g;; = [E}}]
and go = [E§]. For simplicity we also write E; := E;,, and ¢; := g;,,. A possible

presentation of H is

d
H = ab(go,91,---,9a] _b'gozzwi'gi; go=0q;-g; (1<i<d)), (5.1)

i=1

cf. [78] (or use (5.3)). The orbifold Euler number of M is defined as e = b+, w;/ay.
The negative definiteness of the intersection form implies e < 0. We write o :=

lem(ay, ..., aq), 0 := |H| and o for the order of gy in H. One has (see e.g. [78])
0=oaq---aqlel, o=alel (5.2)

Each leg has similar invariants as the graph of a lens space, cf. Example 4.4.2, and we
can introduce similar notation. For example, the determinant of the i'" leg is a;. We
write nél j, for the determinant of the subchain of the ith leg connecting the vertices
v;;, and v;;, (including these vertices too). Then, using the correspondence between
intersection pairing of the dual base elements and the determinants of the subgraphs,

cf. (4.1) or [61, 11.1], one has

(a) (EG, Ef —njy,,E) =0 () g =nj 00, 1<i<d 1<j<uv)

Wy

(c) (Bf Eg) =4 (d) (B3, E3)=1.

ase e

(5.3)

Part (b) also explains why we do not need to insert the generators g;; (j < ;) in
(5.1).

For any I' € L' we set ¢(I') := —(E§,l'), the Ey-coefficient of . Furthermore, if

I'=cokg + 3, ;cijE; € L', then we define its reduced transform by

! . * ) *
lred T COEO + E :Cij ) nj+17ViEi :

.3
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By (5.3) we get [I'] = [I'.,] in H, &(l') = &(l,,), and if I/, = S°% _o Gl then (1], is
1 e
c::H-<co+;ai>. (5.4)

If h € H, and I}, € L' is any of its lifting (that is, [l,] = h), then [} ., is also a
lifting of the same h with ¢(l}) = ¢(l},.q)- In general, ¢ = ¢(l}) depends on the
lifting, nevertheless replacing I} by l; £ Ey we modify ¢ by £1, hence we can always
achieve ¢ € [0,1), where it is determined uniquely by h. For example, since 7, € O,

its Fo—coefficient ¢(ry,) is in [0, 1).

Finally, we consider
1 1

V:ZH'@_Q_;@_)' (5.5)
It has several ‘names’. Since the canonical class is given by K = =" E, + > (d, —
2)E¥, by (5.3) we get that the Ey—coefficient of —K is (K, E}) = 7+ 1. The number
—~ is sometimes called the ‘log discrepancy’ of Ey, v the ‘exponent’ of the weighted
homogeneous germ (X, 0), and o7 is the Goto—Watanabe a—invariant of the universal

abelian cover of (X, 0), see [34, (3.1.4)] and [19, (3.6.13)]; while in [78] ey appears as

an orbifold Euler characteristic.

5.1.2 Interpretation of Z(t)

By Theorem 4.52, for the periodic constant computation, we can reduce ourself to
the variable of the single node, it will be denoted by .
First we analyze the equivariant rational function associated with the denominator

of Z¢

20 = [ (1=t EEfg)) = 37 pEemslakd [ng]e2t1/°1J[H1

The right hand side of the above expression can be transformed as follows (cf. [70,
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§3]). If we fix a lift ch‘l:(] ¢; EF of h as above, then using the presentation (5.1) one

gets that Z?:l x;g; equals h if and only if there exist ¢, /1, ...,¢; € Z such that

(a) —cyg = li+---+Llg— b
(b) x—c¢ =—wl —ail; (1=1,...,d).
Since z; > 0, from (b) we get l; = LC;—‘ZMJ — {; > 0. Moreover, if we set for
c=(co,C1,---,Cq)
d c; — wil
Ne(O) =1+ — b+ | - | (5.6)

i=1
then the number of realizations of h = ). ¢;g; in the form ), ;g; is given by the
number of integers (gl,...,gd) satisfying ¢; > 0 and > 0 = N¢(¢) — 1. This is

(Nc (£)+d—2

+97%). Moreover, the non—negative integer >, ;/(ce|) equals £+ ¢. Therefore,

JH Ne(O) +d =2\ iz
ZIM7 () = ZN( i tre. (5.7)
>—c

This expression is independent of the choice of ¢ = {¢;}&,. Similarly, for any function
¢, the expression Znggqﬁ(]\fc(f))t”g is independent of the choice of ¢, it depends only
onh=>.¢g.

Furthermore, one checks that N.(¢) < 1+ (£ 4+ ¢)|e|, hence if ¢ +¢ < 0 then
Nc(¢) <0, therefore (NC(?fldd) = 0 as well. Hence, in (5.7) the inequality £ +¢ > 0
below the sum, in fact, is not restrictive.

Next, we consider the numerator (1 — [go]t!/1€1)4=2 of Z¢(t). A similar computation

as above done for Z¢(t) (see [78] and [70, §3]), or by multiplying (5.7) by the numerator

and using 314 (52) (V442 = (), gives

Zy(t) =Y max{0, N(£)} . (5.8)

>—¢
In order to compute the periodic constant of Z(t) we decompose Z,(t) into its ‘poly-
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nomial and negative degree parts’, cf. 4.3.1. Namely, we write Z,(t) = Z,5 (¢t)+ Z, (1),

where

Zy(t) = > 4 _; max {0, —=Nc(€)} ¢*7° (finite sum with positive exponents)
(5.9)

Zy (1) = Yes s Ne(l) 142

In Z, it is convenient to fix a choice with ¢ € [0, 1), hence the summation is over

¢ > 0. Then a computation shows that it is a rational function of negative degree

d o;—1

Zn () = (11__6755_ 1— )2 -2 Z { wm} T —1taz’) i (5.10)

i=1 r;=

(This expression can be compared with the Laurent expansion of Z;, at t = 1 which
was already considered in the literature. Dolgachev, Pinkham, Neumann and Wa-
greich [27, 94, 78, ] determine the first two terms (the pole part), while [70, (1]
the third terms as well. Nevertheless the above Z," + Z, decomposition does not
coincide with the ‘pole+regular part’ decomposition of the Laurent expansion terms,
and focuses on different aspects.)

Since the degree of Z, is negative (or by a direct computation) pc(Z, ) = 0, cf.
4.3.1.

On the other hand, since e < 0, in Z,} (t) the sum is finite. (The degree of Z is

< 7, see e.g. [71]. Since Ny, ,.)(£) = No(£), the degree of Z; is < 4 &(rp) too).
By 4.3.1,
pe(Zy) = Zy (1) = Y max {0, —Ne(0)} (5.11)
>—¢

for any lifting ¢ of h =), ¢;g;. In this sum the bound ¢ > —¢ is really restrictive.

We consider the non-equivariant version, the projection of Z¢ € Z[[t'/°]][H] into
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Z[[t*/°]] too
(1 — ¢V/lelyd=2

- - TI%, (1 — ¢1/(ela))

We can get its Z, + Z,, decomposition either by summation of Z;" and Z, , or as

e Z[[t°]).

follows. Write

1 4 — gl s
Zne(t) = (1= /)2 H 1 — ¢/0elan — (1= t1/| 2 Z £ (5.12)

=1 0<z; <oy
0<z<d

where S(z) := Y, 2. Then its decomposition into Zf,(t) + Z, (1) is

(2

1 r5(x 1 S(x
Y prs@r ((1 T 1L_(t1)/Je|> (5.13)

0<z; <oy
0<i<d

s £ 5O — | S(a) |7 + [S(x)) — 1 (514
(1 — t1/lel)2 : .

0<z,; <oy

0<i<d

After dividing in Z (¢) (or by L’'Hospital rule), we get

pel(Zu) = Z5(1) = 5+ 3 18] [S() 1. (5.15)

0<z;<a;
0<:<d

5.1.3 Analytic interpretations

Rational homology sphere negative definite Seifert 3-manifolds can be realized an-
alytically as links of weighted homogeneous singularities, or by equisingular defor-
mations of weighted homogeneous singularities provided by splice—quotient equations
78, 801,

Consider the smooth germ at the origin of C? with coordinate ring C{z} =
C{z1,...,24}, where z; corresponds to the i*" end. Then H acts on it by the diagonal
action h*z; = 0(g;)(h)z;. Similarly, we can introduce a multidegree deg(z;) = Ef € L/,

hence the Poincaré series of C{z} associated with this multidegree is [],(1 — t¥)~*
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Moreover, considering the action of H on it, Z(t) = [[,(1 — [g:]t" )" is the equiv-
ariant Poincaré series of C?, the invariant part Zo(t) being the Poincaré series of the
corresponding quotient space C?/H.

In C? one can consider the splice equations as follows. Consider a matrix {)\;;};;
of full rank and of size d x (d — 2). Then the equations Z?Zl Nijzit =0, for j €
{1,...,d — 2}, determine in C? an isolated complete intersection singularity (Y, 0)
on which the group H acts as well. Then (X,0) = (Y,0)/H is a normal surface
singularity with the topological type of the Seifert manifold we started with. The
equivariant Poincaré series of (Y,0) is Z(t) ([78]). For (X,0), [I1] proves the identity
P(t) = Z(t) mentioned in Subsection 4.1.2, hence Z(t) is also the Poincaré series of
the equivariant divisorial filtration associated with all the vertices.

Theorem 4.5.1.2 reduces the filtration to the Zfiltration: the divisorial filtration
associated with the central vertex. In the weighted homogeneous case this filtration is
also induced by the weighted homogeneous equations. Then, Z/f(t) is the Poincaré
series of C¢/H, Z(t) is the equivariant Poincaré series of Y, hence Zy(t) is the Poincaré
series of X, cf. [27, 78, 94].

By 4.1.2, {pc(Z}) }hen are the equivariant geometric genera of the universal abelian
cover Y of X, hence pc(Zy) and pe(Z,.) are the geometric genera of X and Y respec-

tively, cf. [59)].

5.1.4 Seiberg—Witten theoretical interpretations
Fix h € H. Then, for any lifting ) . ¢;g; of h, Corollary 4.4.1.1 and Equation 5.11

give

(K4 2m)* 4 V)
2 .

pe(Zy) = Y max {0, ~Ne(£)} = —st0_puo,,. (M) (5.16)

>-¢
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Recall that ), st0_p.,,.. (M) is the Casson-Walker invariant A(M). Hence, for the

non—equivariant version we get

pe(Zu) = 1 30 18] - 186) ~ 1) = 200 —2- IV S ) )

0<z;<a;
0<i<d

For explicit formulae of A\(M) and K? + |V| in terms of Seifert invariants see e.g. [70,

2.6]).

Remark 5.1.4.1. (5.16) can be compared with a known formulae of the Seiberg-
Witten invariants involving the representative s,. This will also lead us to an expres-
sion for x(rn) — x(rs) in terms of N¢(¢). Let c(sn) = (co, .- .,cq) be the coefficients
of Spred, cf. 5.1.1. The set of all reduced coefficients c(s;), when h runs in H, is

characterized in [01, 11.5] by the inequalities

>0, a;>¢>0 (1<i<d)

(5.18)
Nc(€) <0 for any ¢ < 0.
Moreover, for this special lifting c(sy) of h, in [61, §11] is proved
K + 2sp,)?
S max {0, — Neo) ()} = —510_yagn, (M) — 2T Sg) alld} (5.19)

>0

Using the discussion from the end of 5.1.1, this can be rewritten for any lifting c of

h as

S max {0 -Ne()} = —sro_y,,, (1) - LEEEV (59

£>—c+[¢(sn)]

This compared with (5.16) gives for any lifting c of h

Z max {0, —=Nc(0)} = x(rn) — x(sn). (5.21)

—e+|E(sp) | >>—C
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Example 5.1.4.2. The sum in (5.21), in general, can be non—zero. This happens, for
example, in the case of the link of a rational singularity whose universal abelian cover
is not rational. Here is a concrete example, cf. [0, 4.5.4]: take the Seifert manifold
with b = —2 and three legs, all of them with Seifert invariants (a;,w;) = (3,1). For
h = Zf’:lgi one has s;, = Z?:1 E}, the Ey-coefficient of sp, is 1, 1, = s, — Ep, and

X(sn) = 0, x(rn) = L.

5.1.5 Ehrhart theoretical interpretations

We fix h € H as above and we assume that ¢ € [0,1). Note that Z,(t) has the
form t© > >0 pet’; here the exponents {¢ + £}, are the possible Ey—coordinates of
the elements (r, + L) NS'.

Let us compute the counting function for Z,. If S(t) = > p,t" is a series, we

write Q(S) (') = >, .. pr, for 7 € Q.

Lemma 5.1.5.1. For any n € N> one has the following facts.

(a) Q(Zn)(n) = Q(Zy)(n+7).
(b) Q(Z;")(n) is a step function (hence piecewise polynomial) with

Q(Z))(n) =pc(Zy)  for n > deg(Z)).

(¢c) Q(Z,)(n) is a quasipolynomial:

d a;—1

Q) = (1= e — - WL SN fGZ I NEN] (5)

&.
=1 r;=0 ¢

622 (ry+1_2~) ZZ{CZ wlrz}<{7‘i;in}_;_i>.

i=1 r;=0

In particular, if n = ma for m € Z, and n > deg(Z,"), then the double sum is
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zero, hence

Az = =2+ D1 20) + pe( ). (523)

This is compatible with the expression provided by Theorem 4.1.3.2 and Theorem
4.5.1.2. Indeed, let us fix any chamber C such that int(C N'S’") # ), and C contains
the ray R = Rsq - Ej. Since the numerator of f(t) is (1 — t£6)472 all the by—vectors
belong to R. In particular, Ng(by+C) intersects R along a semi-line R=¢ = R onst Eiy
of R. Since Q,(I') is quasipolynomial on Ng (b + C), cf. (4.28), and a restriction of
it is determined by (4.11) whose right hand side is a quasipolynomial too, we obtain
that the identity (4.11) is valid on R=¢ as well.

Recall that for any h € H and I’ € L' we have a unique gy € O with I" + ¢y, €
r, + L. Hence we get

(K + 2l/ + 2qy,h)2 + |V|
8

Qu(l') = —s10_pup,, (M) — (I' e R=°). (5.24)
The term gy, is responsible for the non-polynomial behavior. Nevertheless, if we
assume that ' = moE} € R=N L, m € Z, then gy 5, = 13, hence by (5.16)

"'+ K+ 2rp)

Qnl') = — 5 +pe(Zn). (5.25)

By Theorem 4.5.1.2 Qp(I') from (5.25) depends only on the FEy-coefficient of I! =
moEg§, which is exactly ma. One sees that in fact (5.25) agrees with (5.23) if we set

n =mao.

The non-equivariant version can be obtained by summation of (5.23). For this
we need ), ¢(ry). Consider the group homomorphism ¢ : H — Q/Z given by
h— [c(rp)], or [EX] — [—(E], EY)]. Its image is generated by the classes of 1/(«;|el),
hence its order is 0. Hence, ¢(r,) vanishes exactly 9/o times (whenever h € ker(yp)).

In all other cases ¢(r) # 0, and ¢(ry)+¢(r_p) = 1. In particular, 2, ¢(r,) = 9—0/0.
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Therefore, the summation of (5.23) provides

den? den 1
9 + 7(7 + E> +pc(Zye) (for n € aZ). (5.26)

Q(Zne)(n) = —

Next, we will identify the coefficients of (5.23) and (5.26) with the first three
coefficient of the Ehrhart quasipolynomial £$(7) via the identity (4.28).

For simplicity we will assume that o = 1, in particular all the by—vectors belong
to L.

If ' € R, then by Theorem 4.5.1.2 the counting function £$(7,1’) of the polytope
P") depends only on the Eycoefficient of I’; let us denote this coefficient by IJ).

Hence, this £S(T,1j) is the Ehrhart quasipolynomial of the d-dimensional simpli-
cial polytope, being its h—class counting function. Via (5.3) the definition (4.19) of

this polytope becomes

Py = {(1’1, o 20) € (Rsg)? Z | } (5.27)

Let
(5.28)

L5(T,1y) = Zah] )

be the coefficients of the Ehrhart quasipolynomial: each ay ;(1;)) is a periodic function
in [}, and is normalized by 1/j!. Since the numerator of f is (1 — t!/I¢))?=2 by (4.28)

we obtain for I’ € R

; AR 5~ ( )(zg— %)J (5.29)

g
J: k:O

This equals the expression (5.24) above. The non—polynomial behavior of these two
expressions indicate that a;(l() is indeed non-constant periodic, and can be deter-

mined explicitly.
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Since we are interested primarily in the Seiberg-Witten invariant, namely in
pc(Zy), we perform this explicit identification only via the expressions (5.23) and
(5.25). Hence, similarly as in these cases, we take I’ = moE; € R=°N L, and we
identify (5.23) with (5.29) evaluated for ', whose Ey—coefficient is [, = ma = n. In

this case a,,j(n) is a constant, denoted by ay, ;, and

en® ne 1 & j
LR TP (Zn) § —-§ ( ——). .
5 + 7 (’7 + A) -+ pC h - apj j ( ) n |6| (5 30)

Here the following combinatorial expression is helpful (see e.g. [95, p. 7-8])
0 if j <d—2,
&2 d—9\ 1 if j=d—2,
. <_1)k<k>kj:< ]
(d=2t = (d—2)(d—1)/2 itj—d—1,
\ (d—2)(d—1)d(3d—5)/24 if j =d.
(5.31)
We obtain
Gha 1
le]d 7 el
e = G-l +1-2) (5:52)

Oh,
lel

LL

=2 = pc(Zn) + —(d@ff:'l*?) — %(7 +1—20).

Q..

In particular, the aj, 42 can be identified (up to ‘easy’ extra terms) with pc(Zp)
(with analytical interpretation dim(H(Y, O3 )omy) and Seiberg-Witten theoretical
interpretation (5.16)). The first coefficients can also be identified with the equivariant
volume of Py, (a fact already known in the non-equivariant cases). Usually (in the
non—equivariant case, and when we count the points of all the facets) the second
coefficient can be related with the volumes of the facets. Here we eliminate from this
count some of the facets, and we are in the equivariant situation as well.

nJ

In the non—equivariant case, if Z =0 %57 is the classical Ehrhart polynomial of
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Py, then
\z_dd = JLa
S = Lo (“2+ 3 2) 2 (5.33)

o = Too(Bffed - €200 4 ez 14 57 1)),

In this non—equivariant case the identities (5.33) are valid even without the assump-
tion 0 = 1 by Theorem 4.6.1.1.

The formulae in (5.32) and (5.33) can be further simplified if we replace P, by
le| Py, or if we substitute in the Ehrhart polynomial the new variable A := |e|lf, instead

of lj); cf. Section 4.6.

5.2 The two—node case

5.2.1 Notations and the group H

We consider the graph G from Figure 5.1.

Figure 5.1: Graph with two nodes

The nodes Ey and Eo have decorations by and Eo respectively. Similarly as in the
one—node case, we codify the decorations of maximal chains by continued fraction
expansions. In fact, it is convenient to consider the two maximal star—shaped graphs
Gy and 6—’0, and the corresponding normalized Seifert invariants of their legs. Hence,
let the normalized Seifert invariants of the legs with ends E; (1 < i < d) be (a;,w;),

while of the legs with ends E; (1 < j < d) be (a;,w;).
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The chain connecting the nodes, viewed in Gy has normalized Seifert invariants
(g, wp), while viewed as a leg in éo, it has Seifert invariants (ag,&p). One has

wowg = a7 + 1. Clearly, aq is the determinant of the chain, and

B, E, E .
) &Ozzdet(-l—~~ Hl) T::det(o2—~-- Hl)‘

— z.
wp := det( PO

We denote the orbifold Euler numbers of the star—shaped subgraphs Gy and Go

by
wo Wi ~ 7 @0 @j
e=by+—+ — and e=by+ — + =
’ Qo Z 0%} ’ Qo ; Qj
. _ e 1/ag
Consider the orbifold intersection matriz J°° = , cf. [13, 4.1.4].
]_/CYO €

Then, the negative definiteness of J (or G) implies that J° is negative definite too,

hence

- 1
e:=det I = e — — > 0.
ag

Then the determinant of the graph is det(G) = det(=J) = e-ag [[; a; [[; @y, cf. [13].

Using (4.1) we have the following intersection number of the dual base elements:

(B2 =5 (Eg)?=¢ (EpEp)=—2 (B E) =2

- | mae (BB =5 (5.34)
(B3 B7) = — ooty (B B7) =~y (5L B5) = 5%

Similarly as in 4.4.2 or 5.1.1, we can write nj . , ﬁilm resp. M, i, for the determinant
of the sub-—chains of the ‘left’ i'* leg, ‘right’ /" leg and connecting chain connecting
the vertices vg, and vi,. Let v; and ; be the number of vertices in the legs, cf. 5.1.1.
Then (with the standard notations, where E; and Ejg are the vertices of the legs)
one has the following slightly technical Lemma, but whose proof is standard based

on the arithmetical properties of continued fractions:

—n} 1”@+1
= W
o LEy.  for any

*x 7 * 1,4—1""r+1,v;
Lemma 5.2.1.1. (a) Ej, =nj,, B +>, ., L

1§A€<VZ
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(There is a similar formula for Ej*z )

i i N1,r—1Mk+1,s N1, k—1Mr+1,s T
(b) Ek = n17k_1E1 — 7127].3_1E8 + Zl§r<k : : Er, fOT 1<k <s.

«@Q

(This is true even for k = s+ 1 with the identification E, ., = E;.)

Next, we give a presentation of H = L'/L. Set g; := [E}] (1 <1i < d), g; := [Ej*]

(1 <j<d), g :=[E] and g := [E;]. Moreover we need to choose an additional
generator corresponding to a vertex sitting on the connecting chain: we choose g :=

[E7] (this motivates the choice in Lemma 5.2.1.1)(b) too). The above lemma implies

[E5] = "é+1,ui9i7 [E;A = ﬁz+1,§j§j and [EZ] = N1 k-19 — N2,k-190; (5.35)

and similar arguments as in the star—shaped case provides the following presentation

for H

H = ab(g0,90,9,95-9 90 = i - gi; Go =05 -Gj; & -g=wo-go+ go;  (5.36)

—g—bo - go=D_;Wi" G ~BoG+T g0 —boJo = > Wi gj)-
Moreover, for any I’ € L/,
' = coEj + @By + 3 By + Yy el + 30500y,
if we define its reduced transform I, by

(co= Y Mok 1) B +CEg+ @+ Y s 1) By + Y iy, Bf + > Gty 5 B,
k>1 k>1 it ]

then, by Lemma 5.2.1.1, [I'] = [I..;] in H. Moreover, if for any I’ € L’ we distinguish

the Ey and E, coefficients, that is, we set ¢(I') := —(Ez, ') and &(I') := —(EZ, 1), then

c(l'y = ¢(ll,y) and ¢(I') = ¢(ll,,) as well. Lemma 5.2.1.1(b) (applied for k = s + 1)

red
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provide these coefficients for E;:

—x 1 ~ ]_ —% =~ 1 Wo
B E) = — - — E, B = —(e——). .
(B, EY) cag (WOe a0)7 (B, o) g (6 Oéo) (5.37)

: : B ~ : _—
We will use the coefficients ¢ = (¢, o, ¢, ¢;,¢;) to write an element I/, = coEf +

GE; + By + Y., ¢;Bf + Y, Er. Then (5.34) and (5.37) imply that

(- () (D) () o
¢ ) A N1y —e A

red

where

c Wy ~ Ci 1
A:=cy+ — + —¢, A:=¢ A —
0 ; a; + (7)) 0 + ; O./j (%))

Therefore, any h € H has a lift of type [}, 4. Although the corresponding coefficients
¢ and ¢ depend on the lift, by adding +F and +Ej to U rea We can achieve ¢, ¢ € [0, 1),
and these values are uniquely determined by h. For example, the reduced transform
(7h)rea Of Ty, satisfies c((74)rea) = c(r) € [0,1) and ¢((74)rea) = ¢(r) € [0,1) since
rp, € L.

As we will see, for different elements of h € H, we have to shift the rank two

lattices by vectors of type (c,¢), hence the vectors (¢, ¢) will play a crucial role later.

5.2.2 Interpretation of Z(t)

If we wish to compute the periodic constant of Z¢(t), by Theorem 4.5.1.2 we can
eliminate all the variables of Z¢(t) except the variables of the nodes; these remaining

two variables are denoted by (t,t). Therefore the equivariant form of reciprocal of
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the denominator is

2T = H (1_ﬂEﬁE;)f(E;,Ea)[gi])—l.H (1_t—@;ﬂé);—@;ﬁé)[5].])—1
J

%

= Z t%gzl%ﬁ

x3,2;>0

1 i1
aoszjaij t @o¢

> ?Z"'%e 2 é [szzgz + ijjgj] )

We fix a lift co By +co B +¢ B+, ¢ E: +>; ’cvjE]* of h. Then the class of ), 2, £ +
> y @E’; equals h if and only if its difference with the lift is a linear combination of

the relation in 5.36. In other words, if there exist /g, 170,2, l;, ZJ € Z such that

(a) —co :Zifz‘—bofovLTZOﬂLwoz () wi—¢; =—wly—oly (1=1,...,d)
(b) —d =X, 0 —bolo+1 (d) ¥-7 =-@l—al; (j=1....d
(6) —C = —60 — C’UOE) — aoz.

From (e) we deduce that

lo + Goly = ¢ (mod ap). (5.39)
Since z;,Z; > 0, (c) and (d) implies “=2ife > ¢, E’_&M > Ej Recall also that
wog = aoT + 1. Therefore if we set m; := | =< | —¢; and m; = [Zfiﬂj —Zj non-—

a; Q;

negative integers then the number of the realization of A in the form ) . 2,9, +) ; z;g;

is determined by the number of non-negative integral (d+d)-tuples (m;, m;) satisfying

Ne(lo, lo) = co + 87— (bo + 2)bo — ool + i 5520 | = 50,m,
Ne(lo, bo) =2y + QLOE — (bo + 5—3)170 - O%Ogo + ZJLEJ}YMJ =22 m;

To)+d—17\ (Ne(lo,lo)+d—1y - ~ ) .
Nc(foff);“d 1)( o 0~°)1+ ) if N, and N, are non—negative, otherwise

This number is ( 5

it is 0. Note that (5.39) guarantees that both N, and N, are integers. Furthermore,

(¢) and (d) and (5.38) show that the exponent of ¢ and ¢ in the formula of Z}/lH(t,~)
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are equal to y + ¢ and bo+7¢C respectively. Hence

= Ne(6,0) +d =1\ (Ne(t,0)+d =1\ . 7.
M HEDY ( ( d)_l ) ( < )t“ e

where the sum runs over ((,() € Z* with ¢ + @ol = ¢ (mod ap).

The numerator of Z(t,t) is (1—t_(E5’E5)Z_(E3’ES)[go])dfl : (1—t—(ESvE6)f—(EE§756‘)[50])‘7’1.
Hence we get Z¢ by multiplying this expression by ), Z,/lH[h] Recall that h =
cogo + Cogo + TG+ D_; cigi + Y ¢;g; is paired with c. Set h':=h + kgo + kgo which
corresponds to ¢ = ¢ + (k, k,0,0,0). Hence Zy[h] is the next sum according to the

decompositions b’ = h + kgg + Eﬁoz

() S ()

NC(K,Z)—Fd— 1 Nc(g,Z)—l—(j— 1 é+c+7€k+%/a0 ~Z+E+76E+k/a0 ’
21 X . A 11
+3 d—1 d—1

h /=2 (o)

“Eer ()

k=0
Ne(t,0) —k+d—1\ (No(t,0) =k +d =1\ , 052\
0 > - g 7)),
£ d—1 d—1
h (+Tol=t (o)
Rearranging and using the combinatorial formula Z;(l)(—l)k(N fjldfl) (dgl) =1 for

N > 0 and = 0 otherwise, we get the following.

Theorem 5.2.2.1. For any h € H one has

Zn(t,t) = Z tre FEE where (5.40)
(£,0)eSc

S = {(E,Z) €7+ No(0,0) >0, No(€,0)>0 and {+ &l = (mod ao)}.
(5.41)
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It is straightforward to verify that the right hand side of (5.40) does not depend
on the choice of c, it depends only on h. The identity (5.40) is remarkable: it realizes
the bridge between the series Z¢ and the equivariant Hilbert series of affine monoids

and their modules.

5.2.3 The structure of S,

Recall that for any h € H we consider a lift of h identified by a certain ¢ which

=

detemines the pair (¢, ) (cf. (5.38)), and the integers Ne(I) and Ne(I), where [ =

(¢,0) € Z*. We define
Z*(c) := {(@,Z) €7 : {+ &yl =7 (mod ap)}.

If h = 0 then we always choose the zero lift with ¢ = 0.

If, in the definition of Ne(I) and Ne(I), we replace each [y] by y, we get the entries

(A—eﬁo—g/ao> b(€+c>
- 5 .
A-éo/&o—ggo E—f—g

This motivates to define

of

5. = {1e2e) - _jOTb( “C> >0} (5.42)

(+¢
Clearly S. C Se. We also consider C°, the real cone {I € R? : —3°°.[ > 0}. Then
S, = (€ — (¢,8) N Z2(c).
Lemma 5.2.3.1. (1) Sp and So are affine monoids. Sg is the normalization of Sp.
(2) S. and S are finitely generated So-modules, S, is a submodule of S.
Proof. (1) is elementary. By Corollary [20, 2.12] S, is finitely generated over Sy, but

Sy itself is finitely generated as an S, module. m
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Lemma 5.2.3.2. There exists v, and vy elements of Z* with the following properties:
(a) vy and vy belong to Sp and Rxgv; + Rsgby = Co™.

(b) For any | € S, one has:

(i) Ne(t401) = Ne(D); () Ne(l+02) = Ne(1);
(ii) Ne(I+ vy) > 0; (ii) Ne(L+vy) > 0.
Proof. We choose v; and v, such that NO(Ul) >d—1and No(vs) > d — 1, and with
(A) vy = (61,l71) € Z*(c) such that {—w;¢1/a;} = 0 for all 4, and Ny(vy) = 0;
(B) by = (£5, ) € Z2(c) such that {—aj%/&j} =0 for all j, and No(v3) = 0.
Then by and v, satisfy (a), and (b)(i), and (b)(z). Furthermore, note that Ne(I+v5) >
N (1) + No(vy) and for any [ € S¢ one has N(I) > —(d — 1), hence all the conditions

will be satisfied. O

Remark 5.2.3.3. Usually, the ‘universal restrictions’ No(by) > d — 1 and Np(os) >
d — 1 in the proof of Lemma 5.2.3.2 provide rather ‘large’ vectors v; and v,. Never-
theless, usually much smaller vectors also satisfy (a) and (b). Here is another choice.
Besides (A) and (B) we impose the following;:

(C) Let O = O(vy,02) = {{=q101 + by : 0<¢qy,q < 1} be the semi-open
cube in C°®. Then we require No(vy) > 0 and N.(Ig + vy) > 0 for any I € (O —

(¢,¢)) N Z*(c); and symmetrically: No(v1) > 0 and Ng(Ig + v1) > 0 for any Iy €

(O = (¢,0)) NZ*(c).

The wished inequality for any [ € S, then follows from Ne(lg+ k101 + kabe +05) =
Ne(lg + koto + 0v2) > Ne(Ig + 02) + k2 No(v2) (and its symmetric version).

In the sequel the next two subsets of S, will be crucial.

Sc1={le(@—(c,0)NZ*c) : N(I) <0},

Son={l€ (0 (¢,)NZ%c) : N(I) <0}
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Again, both sets S;; and S, are independent of the choice of ¢, they depend only

on h.

Proposition 5.2.3.4. Let v, and vy be as in Lemma 5.2.53.2. Then

(1) Se= |_| [+ Z>o01 + Zxo02
(e(0—(c.2))NZ2(c)

(2) gC\SC:( |_| [+Z2001) U ( |_| [+ZEOUZ)7

les,, (€S,

but (|| 14+ Zso0) 0 (|| (+2Z2000) = || .

(eS, (€S, (€S,1NS,,

Proof. The statements follow from the choice of v; and vy and properties (a) and

(b) of Lemma 5.2.3.2. Compare also with the structure theorem [20, 4.36] of Sp

modules. O

5.2.4 The periodic constant and stv in the equivariant case.

Set t = (t,1). Using (5.40) and Proposition 5.2.3.4 one can write Z,(t)/t(>? in the

next form:

t! t! t! (
re(D—(a%Wn(zc) (A=t —t) r§ Lt IGSZC’Q e IGSESM :
Next, we apply the decomposition established in subsection 4.3.5. Here it is

important to choose ¢ in such a way that ¢ € [0,1) and ¢ € [0, 1).
Note that v; € R.o(1/ap, —e) and vy € Rog(—¢, 1/ap), hence vy sits in the cone
determined by b; and (1,0). Then, as in 4.3.5, we set =, := {(£,0) : 0 < ¢ <

first coordinate of v;} and Z, := {(£, ) : 0 < < second coordinate of vy}, and for

any [ € S_, the unique n(; such that [ — n;;0;, € Z;, i = 1,2. Then subsection 4.3.5

)
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provides the following decomposition

Zif (t) =t <Z[€S‘ Zn[ 1B+ Z[es— Zn[g £ 4 Elesclms— t[)
I np 101

_ cc £ m202
Z, (t) =t <Z[€(D ,8))NZ2N(= C)W Z[es— T1—t°1 Z[es— 1tz ) :
Therefore, by 4.3.4.4 and Theorem 4.3.5.1 we get

Corb

pei (Z) = p (Zu(6)/67) = Zi(1L,1) = Y na D e+ [Se; N Seal -

165;1 [ES;2

Corollary 5.2.4.1. Choose c in such a way that ¢ € [0,1) and ¢ € [0,1). Then one

has the following combinatorial formula for the normalized Seiberg—Witten invariant

of M

(K +2r)% + V] _ _
— 3 — S _puooum (M> = Z ni + Z N2 + |Sc,1 N Sc,?"
€S, €S, 5

Proof. Use Corollary 4.4.1.1, the Theorem 4.5.1.2 and the above computation. O

5.2.5 The periodic constant and A(M) in the non—equivariant
case

Though the non-equivariant Z,,. can be obtained by the sum ), Z, treated in the
previous subsection, here we provide a more direct procedure, which leads to a new
formula. Write J := (=3°°)~! and () for o, Applying the reduction 4.5.1.2 for

the definition (4.9) of Z, we get
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Set S(z) == >, z;/a; and S(7) = >_;Zj/a;. Similarly as in 5.12, Z,(t) can be

written as

) ) )
L2 Je e flond) =Sy o

0<7;<&;,0<j<d

By the substitution u; = £7(0) and Uy = t‘](?), f(z,Z) transforms into uf(m)ug(g)/(l -

u1)(1—wusg). The division of this fraction (with remainder) is elementary, hence f(z, )

equals

Sint—1 Sint—1 Sint—1 tJ(lS) Sint—1 tJ(%) 1

— +
c1-t70) =76 -ty - ¢’ 0))
where Siny := |S(2)], Sit = |S(T)], Spar := {S(x)} and S,q := {S(F)}.

Srat
Then, by 4.3.4.8 pc¢”” (tJ(gmt)/(l — t‘]((1)>)(1 — tj(g))) = 0. Moreover, 4.3.5 gives a
k+Srat
unique integer s(k) > 0 for k € {0,...,S;,: — 1} such that tJ(*SUngmt)/l —¢t’() has
vanishing periodic constant with respect to C°. It turns out that s(k) = | —eapg(k +
*3(;)+S7‘at

Srat) + gmtj. Similarly s(%) = L—eao(EnL gmt) + Syqt] in the case of tJ( k+5pat )/1 —
£/(). Therefore, by 4.3.5.1, for

Pc(Zpe) = =A(M) —0 - M + ZX(Th)

8
we get
_ Sint_l . gint_l - ~
Z (SintSint + Z L_gQO(k + S?“at) + SratJ + Z L—@Oéo(kf + Srat) + SratJ ) )
0<z; <a;,0<i<d k=0 k=0

0<% ;<&;,0<j<d
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5.2.6 Ehrhart theoretical interpretation

In general, in contrast with the one-node case 5.1.5, the direct determination of

the counting function of Z(t), or equivalently, of the complete equivariant Ehrhart
quasipolynomial associated with the corresponding polytope, is rather hard. Never-
theless, those coefficients which are relevant to us (e.g. those ones which contain the
information about the Seiberg-Witten invariants of the 3—manifold) can be identi-
fied using the right hand side of (4.11). The computation is more transparent when
L' = L. In that case, the two—variable Ehrhart polynomial has degree d + c?, and a
specific d+d—2 degree coefficient is exactly the normalized Seiberg—Witten invariant
of the 3—manifold. We will not provide here the formulae, since this identification was
already established for any negative definite plumbing graph with arbitrary number

of nodes, see Section 4.6, where several other coefficients were computed as well.

5.3 Examples

Example 5.3.1. Consider the following plumbing graph.

El El
E;
E2 Eg

Figure 5.2: Graph for Example 5.3.1.

The corresponding Seifert invariants are oy = 2, as = 3, a; = 5, o9 = 9 and

wi = W; = wy = Wy = 1 for all ¢ and j. Hence e = —1/18, € = —13/45 and
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e =1/(3%-10). For h = 0 we choose ¢ = 0. Then

( ~ ) 4 ~ 3\
(,0) € Z? (,0) € Z?
8C—(+9-(F]+[5) >0 _ (—20>0

So=19 _ I+ and Sy = B
8 —(+27-[F] >0 —5(+130>0
\E—I—ZEO(HIOCIQ) ) \E—{—ZEO(mon) J

If we take the generators v, = (60,30) and vy = (26, 10) (via conditions (A)-(B)-(C)

following Lemma 5.2.3.2), one can calculate explicitly the sets

13,5), (19,8), (25,11), (6,3), (19, 8), (12,6)

31,14), (37,17), (43, 20), -
and Sy, = (25,11),(24,12),(37,17),

(
(
(49,23), (55, 26), (61,29),
( (42,21), (55, 26)

This generates the next counting function of Sg \ Sp, namely Z( 0.7€50\S0 i —

Z . tf’i’z o t13g5+t1928+t25?11+t31?14+t37?17+t43¥20+t492‘23+t55z‘26+t61%‘29+t67%32
(£,£)eS0\So - 1460730

673 1276 1938 24712 25711 37717 4 442721 55726 % ~ ~ ~
_|_t to 4t P74t tlj-tt%%w U e v A it i A t19t8 _ t25t11 _ t37t17 _ t55t26 ,

which by 5.2.4 provides ZJ (t,t) = tt=1 + 32 + t 22+t~ + t"'7 + 16411 4+ 10 +
129716 ¢35 41978 4 425311 4 3T L 455726 Hence pel”(Z) = Z5(1,1) = 13.

It can be verified that there exists a splice-quotient type normal surface singularity
whose link is given by the above graph. It is a complete intersection in (C*,0) with
equations 23 + (yo + 2y3)% — y1y2(2y2 + 3y3) = v + (2y2 + 3y3)yeys = 0. Its geometric

genus is 13 according to the above computation and [72].

Example 5.3.2. Let G be the graph in Figure 5.3.

The corresponding generalized Seifert invariants are oy = a; = 5, wy = Wy =

wi=w; =1, e=e=-9/35and ¢ = 8/(7-35) for all 4,5 € {1,...,3}. Let h e H
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El E1
EZ EQ
E o E
3 -5 Ey E £, 5 3
Figure 5.3: Graph for Example 5.3.2.
determined by the following coefficients: ¢o = =2, ¢y =1,¢=2,¢; =3 and ¢; = -2

for any i,7. Then (c¢,¢) = (3/4,3/4) which is uniquely determined by the h. It is
immediate that

( ) ( -

(0,0) € 72 (0,0) € 72
60— +21-[34 > 12 _ 90— 50> -3
S = _ B and S. = { N
60—(+21-[=F]>9 —50+ 90> =3
k6—1—5752(mod7) ) \ﬁ—i—?EQ(mod?))

If we choose vy := (5,9) and v, := (9,5) as generators for C", one can calculate S

and S, explicitly, i.e.

Se1=1(1,1),(4,5),(5,4),(9,7)} and S;,={(1,1),(4,5),(5,4),(7,9)} .
Therefore, the counting function of S, \ S, is
—tABA (AP ) | (1 0) + (H+ P+ HT0) (1170 ) —tt— ' —178).

Finally, using 5.2.4 we get Z,F (t,£) = —t3/43/4(— 10—t 12—t =5 —t 2 —tt 11> —1°1%),

hence pc$”™" (Z) = Z;F(1,1) = T7.
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Chapter 6

Lattice cohomological calculations

and examples

Némethi’s very first article on lattice cohomology [01] presents a method, using
graded roots (see [61, §3]), to compute the lattice cohomology in the case when the
negative definite plumbing graph G is almost rational, i.e. has only one bad vertex.

In this case, as the Reduction Theorem 3.3.2.2 shows, L = Z>q and only H° might
be non-zero. Moreover, one can find a bound 4, € Zsq, such that {w(i)}o<i<i,
contains all the lattice cohomological data of (G. Hence, it is enough to determine
how the function w behaves along the ‘interval’ [0, i,,].

As an example, one can look at the case, when M is a Seifert 3—manifold (G is star—
shaped). Then w(i + 1) —w(7), hence the lattice cohomology itself, can be calculated
using the normalized Seifert invariants. Moreover, the sum »  max{0,w (i) —w(i+1)},
or equivalently, the Euler characteristic of the reduced lattice cohomology, equals the
Dolgachev—Pinkham invariant (cf. [91],[61, 11.14]). Therefore, it gives the geometric
genus of a normal surface singularity, which admits M as its link and a good C*-

action.
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This example automatically connects us to the Seiberg—Witten invariant conjec-
ture (2.3.2 and 3.2.2). Note also that in this almost rational case, the interval [0, i,,]
can not be simplified further. In other words, one can say that [0,4,,] is the mini-
mal reduction of the original lattice L. On the other hand, in the case of more bad
vertices, a (multi)rectangle R(0,1,,) can be ‘reducted’ further.

In this chapter, we will make some calculations and illustrations of the lattice
cohomology for graphs having only two nodes. The first part applies the Reduction
Theorem 3.3.2.2; calculates the special cycles z(i,j) and their weights in terms of
the normalized Seifert invariants of the maximal star-shaped subgraphs. We con-
tinue with the characterization of the optimal bound i,, and prove that the rectangle
R(0,1,,) contains all the lattice cohomological informations. Notice that this can be
generalized to arbitrary bad vertices as well.

In the second part, we provide some examples with figures to illustrate their lattice

cohomology.

6.1 Graphs with 2 nodes

Go R R
. ‘ = ‘
: {qu;}veﬁ" E, | {Ev}veﬁ : E {Ezl)}v@,gl:
\ : w
i ™ . L o |
}(al,wl)lel,d.- bo : (a,w,w) | bo (al’wl)za,il
i - l | N
e 4 G,

Figure 6.1: Seifert invariants in the two—node case

Similarly as in Section 5.2, consider a negative definite plumbing graph G with
nodes Fy and Eg, which have decorations by and 50 respectively (as it is shown in
Figure 6.1). One has d legs connected to Ey, d legs connected to EO, and a chain

connecting the two nodes.
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Recall that one can consider the two maximal star-shaped subgraphs G, and éo,

and their normalized Seifert invariants: we codify the legs with vertices {E!},c15; by

(oy,w;) for any I € 1,d , while the legs with vertices {Ef)}veﬁ by (&, &) for L € 1,d.

For any 1 < v < w < s;, we may define nﬁjjw as the determinant of the chain starting

from E} and ending with E., and similarly 7! , as well. Notice that w, = n

2,81
and respectively &, = nh ;. We also set nl,, , = nl, , :=1landnl, =7, =0
for w < v —1, cf. [61, 10.2]. The chain connecting the nodes, viewed in Gy, has

normalized Seifert invariants (o, w), while it has (o, @), viewed as a leg in Gy. One
satisfies wwo = a7 + 1 and, if we define the integers n,, for this chain too, then
W="Nggs, W="n141 and 7 =ngs .

The orbifold Euler numbers of the star—shaped subgraphs and the determinant of

G can be calculated via the formulae

d ~ d ~ d d
w wy ~ 7 w Wy ~
e 0+Oé+lz_1:al7 e O+O[+Z an e( ) & O[()HO[ZZ/];EOQ

ay

where € := det 37" = e€ — & > 0 (see 5.2.1).
0

6.1.1 Reduction and the cycles z(i,j)

Lemma 6.1.1.1. G is a 2-rational graph.

Proof. We may assume that for all the vertices of G, except Ey and EO, we have
—b > ¢, where b is the weight and ¢ is the valency of the vertex. Otherwise, we
blow down first all these non—nodes with weight —1. Then if we replace b, and 750
with —d — 1 and —d — 1, the Laufer algorithm 2.2.1.2 shows that we get a rational

graph. O

Now we can apply the reduction procedure associated with the two bad vertices
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Ey and EO. This says that
H* (G, k,) = H*(L,w[k]),

where L = 72, and w[k|(i, j) == xx, (x(i, §)) for all (i,5) € Z2,.

For simplicity, from now on we assume that [k] is the canonical class, hence k, =
kean and lfkam] = 0. Since any kind of object will be associated with this class, we
will omit k from the notations.

In the sequel we start to determine the cycles x(i, j) and their xy—values.

Proposition 6.1.1.2. Assume that

2(i,j) = iBo + jEo + > m,E,+ Y miEL+ Y L El,
v=1 1<v<s 1<v<5;
1<i<d 1<i<d

where m,,,ml and m! denote the coefficients of the corresponding E,, E' and Efj (we
set also mo = ml =i and m,y1 = mh = j). Then these coefficients can be calculated

by the following recursive formulae

(a) — ’Vm'ul 'nv+1,3+]-‘ ’VZ_'_varl'nl,vl—‘ for ve{l,... s}

nv,s nl,v
! mi}—l 'nfj+1,sl .
(b) m,=|———>——| for le{l,...;d} and ve{l,... s}
nv,sl
X ~1 mv—l ’ ﬁv—i—l '§l_ 7 g
(b) m, = |————| for l€{l,...,d} and ve{l,... 5}
v,8]

Proof. We use the interpretation of (7, j) from 3.3.1.2. This claims that x(i, j)* is

the minimal solution for the following system of inequalities:

—C-x(z‘,j)*z—Bt-<i), (6.1)
J
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where C' is the intersection matrix of the graph obtained from G by deleting the bad

vertices Fy, E() and all their adjacent edges. Hence we may write

0 0
C=| 0 T 0 [,
0 0

where the diagonal of the block structure contains the intersection matrices of the
legs of GG. Since these blocks/legs do not interact, one can split the system (6.1) and
look for each leg separately.

Therefore, the problem reducts to finding the minimal integral solutions of the

system
kk =1 0 0 0 1 a
-1 k -1 0 0 T2 0
0 -1 -1 0 > ) (6.2)
0 0 -1 key -1 Ts—1 0
0 0 0 -1 K Ts b

where —k; denotes the weight of F; on a chain with vertices {Ey,..., Es}, a and b
are some integral parameters. We have to observe, that if we multiply the t"* row by
N1, and use the equality kg1 s — niyos = nys (consequence of Lemma 5.2.1.1 or

(61, 10.2]), then it gives an equivalent system

Ny sTp — Nyt1,6Te—1 = Npp1,sTer1 — Nig2,sT for 1<t <s,

where we set x_; := a and x4y := b. Its minimal solutions can be calculated
recursively. Indeed, the minimal solution for x; does depend only on x;_; and it is
determined by the inequality n;sx; — 1441 s24—1 > b.

Therefore, x; = [(z4—1n4415 + b)/nes]. In particular, 1 = [(aw + b)/a]. Notice
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that one can achieve the solutions from the other way around, if we multiply the
t" row by ny;1. In this case, we get z; = [(a + 441m14-1)/n1,], in particular,
zs = [(a+ bw)/al.

Then, it is straightforward that if we choose a = ¢ and b = j, we find m,,, for a =1

and b = 0 we get m! and finally a = 0 and b = j gives m!. O

Remark 6.1.1.3. (a) We can compare this formula with [61, 11.11], since if we
take j = 0 (resp. ¢ = 0) we get the special cycles x(i) (resp. z(j)) associated

with the almost rational graph Gy (resp. Gy).

(b) Since one can get a recursive formula for m, from both directions (either starting
from Fy or from Eo), this gives interesting arithmetical relations between the

coeflicients.

(c) Notice that in general, the recursive formula for m, can not be simplified to
ml, = [(iNyt1s + Jnip—1)/a], except v € {1,s}. E.g., one can imagine a leg
connecting to only one bad vertex Ey (that is j = 0), as it is shown in the next

picture.

Then if we choose i = 5, one can calculate easily that my = 3,m3 = 2 and
my = 1. But m} = 3,m5 = 1 and m) = 1, which do not satisfy the needed

inequality —xo + 3x3 — x4 > 0.

(d) However, it turns out that the weight of the cycle 2/(i, j) (with coefficients m)
equals the weight of z(i, j), since the only coefficients which contribute to the

weight, are the ones ‘around’ the bad vertices.
The general result 3.3.1.7 and the previous formula provides w (i, j) for any (i, j) €
L.
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Corollary 6.1.1.4.

(a) Di(i,§) =00 +1,5) = W(i j) = 1 — by — [25] = $L, || and

(b) Aol g) =i, + 1) =i, 5) = 1 — jbo — [ 2] = XL, |2,

Moreover,

Proof. The formulae follow from 3.3.1.1 and 6.1.1.2. The formula for w is calculated
by inductions on ¢ and on j. Hence, when we change the order of the inductions, we

get a similar formula for . O]

6.1.2 The optimal bound for the reduced lattice

Consider the subset Gol of L with the following definition:
Gol:={(i,j) € Lso : A(i—1,7) <0, Ag(i,j —1) <0} . (6.3)

Set d(i) :=1—i(bp+w/a) — sz:l [iw,/oy] and similarly d(j) := 1 —j(bo+ & /) —
Zle [jw;/a;]. Then using the explicit formulae 6.1.1.4 of A; and A, one can see

that (i,j) € Gol if and only if the following system of inequalities holds:

i>a-di—1)+1 6.4

j>a-dii—1)+1.

Indeed, using the formulae from 6.1.1.4 and the definition of the ceiling function

[ ], e.g., the first inequality A;(i — 1,7) < 0 is equivalent with ((i — 1w + j)/a >
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1—(i—1)by— Zldzo [(i—1)w;/cq]. Then we multiply by a and use that the expressions
on both sides are integers.

We write ag, respectively aq, for the least common multiple of the numbers «o; for
any [ € 1,d, respectively of &, for all [ € 1,_67 Then (7, 7) can be written in the form
(g + io, Aoq + jo) for some q, G € Zsq and (ig, jo) € {0,...,a0—1} x{0,..., & —1}.

(6.4) implies that for a fixed (ig, jo), if (¢, q) satisfies the system

(aage) -q+ag-q > a-d(io—1) = (jo — 1)
(ST i.jo))

ap - g+ (adge) - ¢ > a-d(jo — 1) — (i — 1),

then (apq + ig, aoq + Jjo) belongs to Sol.
The next lemmas provide some important properties of this set and give the
optimal bound for the lattice cohomological data, in the sense mentioned in the

introductory part of this chapter.
Lemma 6.1.2.1. The number of elements in Sol is finite.

Proof. We multiply the first (resp. second) inequality in (57, ;) with the posi-
tive number —ae (resp. —ae), and sum up the two inequalities. Then, using that

—a?ape < 0 (resp. —a’ape < 0), we get
q < V(io,jo) and G < V(io, jo), (6.5)

where 9(ig, jo) = L(oﬂg- d(ip — 1) — a(e(jo — 1) + d(jo — 1)) + o — 1)/a2a5J, and
symmetrically one defines 5(2’0, jo) as well. Tt is enough to look at the cases when
Y(ig, jo) and 5(2’0, Jo) are non—negative. The facts, that the number of possible pairs
(10, jo) is finite and each of them can be completed with finitely many solutions

(q,9) € {0,...,9(ig,J0)} x {0,...,9(ig, jo)}, proves that Gol has only finitely many

elements. [
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Lemma 6.1.2.2. (a) If iy = (i1,/1) and iy = (ig,J2) are elements of Sol, then
max{iy, s} = (max{iy,is}, max{ji,j2}) € Sol too. In particular, there erists

an element i, = (i, jm) which is the (unique) mazimum of Sol.

(b) We have the isomorphism

H*(G, kean) = H*(R(0, i,,), W).

Proof. For part (a), notice that the formulae in Corollary 6.1.1.4 imply that A;(i; —
1,7) <0, Ay(i,71—1) < 0 for any j > j; and ¢ > ¢;. Similarly, one gets A;(io—1,7") <
0 and Ay(7,jo — 1) < 0 for any j' > jo and @' > iy5. Hence, Aj(max{i; — 1,iy —
1}, max{j1,j2}) < 0 and As(max{iy, s}, max{j; — 1,72 — 1}) < 0 as well.

In the case of (b), we pick an element (7,j) which does not belong to Gol. By
(6.3), it satisfies at least one of the inequalities: A;(i—1,7) > 0 and Ay(i,j—1) > 0.
Without loss of generality, we may assume that Aq(i — 1,7) > 0.

Then one can consider the natural inclusion ¢ : R[0, (i — 1, )] — R|[0, (¢, )] and
its retract p : R0, (4,7)] — R0, (i — 1, 7)], where p|gjo,i—1,j) is the identity map and
p(i,7") = (i—1,5") for every 0 < j" < j.

Since the explicit formula 6.1.1.4(a) implies A;(i — 1,5") > Ay(i — 1, 5) for 5/ < 4,
for any N the inclusion ¢y : Sy N R[0, (i — 1,7)] — Sy N R0, (4,7)] and its retract
pn : SNNR|0, (4,7)] — SNNRI0, (i—1, j)] induce isomorphism at the level of simplicial

cohomology. Hence, 3.1.1.8 implies

H*(R[0, (2, 5)], w) = H(R[0, (i — 1, )], ).

Choose i € L as in the Lemma 4.5.2.4, for which there exists a sequence {i, =
(in, Jn) }n>0 with the following properties: iy = i, i,,+1 is either (i,+1, j) or (in, jn+1),

i, tends to the infinity, and for any i/, = (i,j,) < i, with i/, = 4, (respectively
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Ji = jn), one has Aq(in,jn) > 0 (respectively As(ip,7,) > 0). Moreover, we have
H*(L,w) = H*(R(0,i),w) as well.

Therefore, if i € Gol, then this argument implies that this is the maximum point
and we are done. Otherwise, we apply the above procedure. The procedure stops
after finitely many steps when arrives to i, € SGol (by the same argument as before)

and we get

H*(R(0,1), W) = H*(R(0,1,,), T).
]

Remark 6.1.2.3. (a) Notice that, with the previous lemma, we give a ‘bound’ for
H*(L,w). In other words, all the lattice cohomological data is concentrated into

R(0,1,,). Moreover, the proof emphasizes that this bound is optimal.

(b) If we look at x(I) = —(I,1 4 kean)/2 as a real function on L ® R, then y is
increasing if | > —k.,,. Hence, it can be shown that the lattice cohomology
is concentrated into R(0, —kean). Let ican = (| (—Kean, £5) ], L(—kcamES‘)J), ie.
the projection of | —kq,| (the floor function | | is taken componentwise) via
¢ : L — L. Therefore, R(0,i.q,) has the same lattice cohomology as L. Notice
that almost all the examples in 6.2 have the property i, = iz, however, this

is not the case in general, see Example 6.2.2.

6.2 Examples

In this section we provide some examples and their lattice cohomology calculations

using illustrating pictures on the weight structure of the corresponding R(0, i, ).
These pictures have the lattice point (0,0) at the lower left corner, the horizontal

direction is the direction of i, while the vertical is for j. The red frames highlight the

generators of H° and the dashed red frames are for marking H'. We also display a
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chosen minimal reduction set, i.e. a (non—unique) subset of R(0,i,,), which contains
the lattice cohomology information, and it is a minimal set with respect to this prop-
erty. As a consequence, we read off eu(H*), eu(H®) and eu(Vmin) := min, ew(7, kean),

where v connects 0 with i,,, and in most cases, we discuss their relations.

Example 6.2.1. Let us consider the graph from Figure 6.2. The reduction of its

Figure 6.2: Graph for Example 6.2.1

lattice is simple in the sense that the bound (see Lemma 6.1.2.2) i,,, = (7,7) is small.
Notice that it is also equal to i, since |(—kean, Eg)] = L(—kmn,ﬁa‘)j = 7, where
E, and Ej represent the nodes, as ususal. Therefore, Figure 6.3 presents R|0, (7,7)],

from where one can read off the full lattice cohomological data. Hence,
HY(G, kean) = T © T-2(1) @ To(1) and H'(G, kean) = To(1).

Moreover, these imply that eu(H°) = 7, eu(H*) = 6 and the minimal reduction helps

us to see eu(Ymin) = 6.

Example 6.2.2. Let GG be similar as in the previous example, except we increase the
weights of the legs on the right side (Figure 6.4). Then, as we will see in the sequel,
the structure is much more tricky. Notice that the coefficients of —k.,, corresponding
to the nodes are 122/9 and 83/9, hence iy, = (13,9). On the other hand, the
bound is (10, 7), which is, in this case, smaller than i.,,. One can read off the lattice

cohomology of R[0,(10,7)] from Figure 6.5. Namely,

HY(G, kean) = T ® T-10(1) @ T(1)> ® To(1) and HY (G, kean) = T_6(1).
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Figure 6.4: Graph for Example 6.2.2

11 -1 -2-2-1-3-3

1 1 -1 -2 2 -1 -2 -3 -3.2,-3

| l——a |

1 -1 3 4 4 3 4 4—4—3]4
9 9 4[5 FrAdE=5 4 -3
9 9 4ds—5|als 54 2 3
1 -3 4 4 3 4 4 3 1 4
=1 1 2 2 1 2 2 1 1 1

@1—1—2—2—1—2—2—111

Figure 6.5: Lattice cohomology for Example 6.2.2
Then eu(Ymin) = eu(H*) = 9 < eu(H°) = 10.

Example 6.2.3. In this example, we put two vertices on one of the legs and consider

the graph in Figure 6.6. The bound is (12,7), R[0,(12,7)] is shown by Figure 6.7,
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Figure 6.6: Graph for Example 6.2.3

hence the lattice cohomology is
H°(G, kean) = T o @ T-12(1) @ T_s(1)* @ To(1) and HY(G, kean) = T—6(1).

Therefore, these formulae and the minimal reduction set shows that eu(Ymin) =

eu(H*) = 10 and eu(H°) = 11.

1 1 -1 2 3 3 -2 -3 -3 M-s
1 1 -1 -2 -3 -3 -2 3 -3 -3 -31-2,-3
1 -1 3 4 5 -5 -4 5 -5 5—-4—-3-4
2 2 4 5 [6—6+-5-6—06-=6] -5 -3 |4
2 2 4—5—6 6|-5|6 6 6|5 -3 -3
1 1-3 4 5 5 4 5 5 5 4 2 2
1—1 -1 2 3 3 2 3 3 3 2 0 0
@ 1 -1 2 3 3 -2 3 3 3 2 0 0

Figure 6.7: Lattice cohomology of Example 6.2.3

Example 6.2.4. Now, we take an example when the graph has two vertices on the

chain connecting the two nodes. Let G be as in Figure 6.8. Then, R[0,(20,14)]

Figure 6.8: Graph for Example 6.2.4
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has to be checked for the lattice cohomology calculation, as it is in Figure 6.9. The

cohomology is

HY(G, kean) = T @ T-2(1)* @ To(1) and HY(G, kean) = To(1)2.

However, the minimal set for the reduction is much more interesting: contains the set
R[(6,6), (14, 8)], which can not be reduced further and contains the two H' generators.

Together with the cohomology modules show that

eu(H*) = 4 < eu(Ymin) = 5 < eu(H’) = 6.

22 1 1 1 1 11000001000 0 0 140]
221 1 1 1 1100000710000 0-191
1100 0 0 0 01 1 1 1 aJ0[1 1 1 1 1]00
11000 0 001 -1 -1 -1 -1[0[-1 -1 -1 -1-1[00
11000 0 001 -1-1-1 -1/0[-1 -1 -1 -1 -1[00
110000 001 -1 -1 -1 -1[0[-1 -1 -1 -1-1[00
110 0 0 0 0=04d=-1--1--1--140f-1=-1=-1=-1-1]0 0
1100 0 0 0i110 0 0 0 01110 0 0 0 0 1 1
0 0fT=T=T=T=-1404T=T1=T1-1-140-0 0 0 0 0 1 1
0 0[1 1 -1 -1 -1|0]1 1 -1 -1 -1[00 00 0 0 11
0 0[1 1 -1 -1 -1|0[1 1 -1 -1 -1[00 00 0 011
0 0[1 1 -1 -1 1|0[1 1 -1 -1-1{00 00 0 0 11
001 1 1 1 1fol1 1 1 1 -1/00 0 0 0 0 11
-1 0000010000011 1 1 1 122
0]t 0 00001000001 1 1 1 1 122

Figure 6.9: Lattice cohomology of Example 6.2.4

Example 6.2.5. In the previous examples, the generators of H! have a very special

‘shape’ (that is, the loop is the smallest possible, containing only one lattice point).
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We provide a graph, shown in Figure 6.10, which is interesting in this sense, i.e. it

has more complicated H' generators. Since the bound for the reduced lattice is big

Figure 6.10: Graph for Example 6.2.5

and can not be illustrated here with a picture, we give only the cohomology modules.
HY(G, kean) = Tas © To(1) & Toa6(1) & Toao(1) & Toae(1) & Toaa(l) & Taa(1)? &
T 46(1)* and H (G, kean) = T-24(1) & T_40(1) & T_42(1) & T_44(1), where the last three
components are generated by the 1—cycles from Figure 6.11. The lower left corners

of the blocks are in positions (24,24), (39,39) and (44, 44).

20 20 21 22 21 21 21 -22 22 22 22 -23
-20 1-191-20 -21 21 1-20 -20; -21 -22 121 21} -22
20 |-19  -19] -20 22 =21 | -20] -21 23 =22 | -21) -22
21 20 -20 -20 23 22 21 -21 24 23 22 -22

Figure 6.11: The ‘shape’ of some H! generators in Example 6.2.5

Example 6.2.6. The last example provides a counterexample for the SWI Conjec-
ture. In other words, for the graph G given in Figure 6.12, there exists an analytic

realization for which the p, > eu(H*). This example appeared in [10, pg. 6] and [0,

Figure 6.12: Graph for Example 6.2.6

7.3.3], since this topological type admits a superisolated hypersurface singularity with
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geometric genus pésj) = 10. On the other hand, if we take the complete intersection
{23 + 25 4+ 2524 = 27 + 22 4 212 = 0} C (C*,0) divided by the diagonal Zs-action
(p*,p*, p,p), we get a splice—quotient type singularity with geometric genus e = 8.
For other ‘generic’ analytic types, p, drops even more.

Then we can analyze the lattice cohomological structure using the reduction to
the nodes. The bound is (30,34). Hence, in Figure 6.13 we show how the weight
structure of R|0, (30,34)] looks like. Since this rectangle is rather big, the figure is
constructed in a way that the point (0,0) stays at the upper left corner, the vertical

direction stands for ¢ and the horizontal is the direction of j. Moreover, the chosen

minimal reduction set is visualized by the bold face characters. One can read that
HY(G, kean) = T ® T-10(3) @ To(1)* and HY (G, kean) = T_a(1)%.

This implies that eu(H®) = 10, eu(H*) = 8 and by traveling along the minimal
reduction set one calculates et(Ymim) = 10. Therefore, pi™ = eu(Ymin) > cu(H),
which also shows that the superisolated hypersurface structure is ‘extremal’ in the

sense that its geometric genus hits the maximum of possible values (cf. 3.2.2).
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[0]100-1
1100-1
00-1-1-2
1-1-2-2-3
1-1-2-2-3
1-1-2-2-3
2-2-3-3-4
2.2-3-3-4
2.2-3-3-4
2-2-3-3.4
2.2-3-3-4
2.2-3-3.4
2-2-3-3-4
1-1-2-2-3
1-1-2-2-3
1-1-2-2-3
00-1-1-2
1100-1
1100-1
22110
33221
44332
5544 3
66554
77665
99887
10109 9 8
11111010 9

131312121110 8
151514141211 9
161615141211 9

1-2-2-2-2-2-2-2-2-2-1-10 0 112345678 9111214151616
1-2-2-2-2-2-2-22-2-1-10 0112345678 9111214141515
-2-3-3-3-3-3-3-3-3-3-2-2-1-10 0 1 2 3 4 5 6 7 8101112121313
3-4-4-4-4-4-4-44-4-3-3-22-1-10123 45679 910101111
3-4-4-4-4-4-4-44-43-3-22-1-101234567889 91010
3-4-444-4-444-43322-1-101234566778899
45555555554-4-332210123444556677
4-5-5-5-5-5-5-5-5-5-4-4-3-3-2-2-10 1 23333445566
4-5-5-5-5-5-5-5-5-5-4-4-3-3-2-2-10 122222334455
4-5-5-5-5-5-5-5-5-5-4-4-3-3-2-2-10 1 1 1 111223344
4-5-5-5-5-5-5-5-5-5-4-4-3-3-2-2-10 000000 1 1 2233
4-5-5-5-5-5-5-5-5-5-4-4-3-3-2-2-1-1-1-1-1-1-1-10 0 1 1 2 2
4-5-5-5-5-5-5-5-5-5-4-4-3-3-2-2-2-2-2-2-2-2-22-1-1 0 0 1 1
-3-4-4-4-4-4-4-4-4-4-3-3-2-2-1r2-2-2-2-2-2-2-2-2-1-1 0 0 1 1
3-4-4-4-4-4-4-4-4-4-3-3-2-2-2-3-3-3-3-3-3-3-3-3-2-2-1-10 0
3-4-4-4-4-4-4-4-4-4-3-3-2-3-3-4-4-4-4-4-4-4-44.3-3-2-2-1-1
-2-3-3-3-3-3-3-3-3-3-2-2-2-3-3-4-4-4-4-4-4-4-44.3-3-2-2-1-1
1-2-2-2-2-2-2-2-2-2:1+2-2-3-3-4-44-4-4-4-4-4-4-3-3-2-2-1-1
1-2-2-2-2-2-2-2-2-2-2-3-3-4-4-5-5-5-5-5-5-5-5 -5|-4 -4-3-3 -2 -2
0-1-1-1-1-1-1-1-1-2-2-3-3-4-4-5-5-5-5-5-5-5-5-5/-4 -4 -3 -3 -2 -2
10000000-1-2-2-3-3-4-4-5-5-5-5-5-5-5-5-5-4-4-3-3 -2 -2
21111110-1-2-2-3-3-4-4-5-5-5-5-5-5-5-5-5-4 -4 -3-3-2 -2
32222210-1-2-2-3-34-4-5-5-5-5-5-5-5-5-5/-4 -4-3-3-2-2
43333210-1-2-2-3-3-4-4-5-5-5-5-5-5-5-5-5/-4 -4-3-3-2-2
54443210-1-2-2-3-3-4-4-5-5-5-5-5-5-5-5-5-4 -4 -3 -3 -2 -2
766543210-1-1-2-2-3-3-44-44-4-44-4-4-3-3-2-2-1-1
$76543210-1-12-2-3-34444-4-44-4-4-3-3-2-2-1-1
976543210-1-1-2-2-3-3-44-4-4-4-4-4-4-4-3-3-2-2-1-1
765432100-1-1-2-2-3-3-3-3-3-3-3-3-3-2-2-1-1 0 0
§7654321100-1-1-2-2-2-2-2-2-2-22-1-100 1 1
87654321100-1-1-2-2-2-2-2-2-2-2-2-1-10 0 1[0]

Figure 6.13: Lattice cohomology of Example 6.2.6
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