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INTRODUCTION

The main goal of this paper is to describe the result of Goldston-Pintz-Yildirim [1], obtained by
this group of authors in 2005, about the small gaps between prime numbers and makes this result

more available to the reader. Namely, the following result will be described:

R TI Pn+1 — Pn\ _
A= Al—r&mf( log p,, )_ 0 1)

where p,, is the n-th prime. In 2006 Motohashi [2] found easier proof of (1), and the final chapter
of this paper will be based on his variant of proof.

Result (1) is the best known estimation of gap between two consecutive primes for today, but
the smallest gaps of such type are generally believed to be 2, as predicted by the Twin Prime
Conjecture. From this position the gap between (1) and general belief is still infinity. From the
other side, the history of researches towards Twin Prime Conjecture says that result of type (1) is

the breakthrough in this area. In general case, let us define

T . Pn+v — Pn
A,= lim inf (—log - ) )

First nontrivial unconditional result was obtained by Erdds in 1940 using Brun’s sieve:
A< 1.

After appearing the Bombieri-Vinogradov theorem in 1965, Bombieri and Davenport made a

breakthrough:
1
A<v— >
Then Huxley made a several essential refinements and the last one (1984) was:
5 1
Ay Sv—g+0 (5) and A;<0,43494 ...

In 1988 Majer applied his own new method and got a solid result:
A<e7V-04425..=0,2484 ..,

where y is Euler’s constant . In 2005 Goldston and Yildirim proved that
2

A, < (ﬁ—%) .

And finally in the same year Goldston, Pintz and Yildirim showed that
3
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A< (Vo—1)" and A= 0.
The principal idea which made the Goldston-Pintz-Yildirim work is the introduction of

k+l
parameter [ in the Selberg sieve with weight u(d) (logg) (see Chapter 6 of this paper).

Appearance of additional parameter [ plays the crucial role in several estimations in the proof.

Despite the complexity of problem, authors of [1] believe that mathematical society is not so

far to show that
d; = Al_r)rolo inf(pn+1 — pn) < 0. 3)

The hypothesis stated in form (3) is called Bounded Gap Conjecture. Belief in inequality (3) has

strong basis. Suppose we have the following inequality:

. _r _a
Y(v;q,a) o) < x(logx)™4. (4)

max max
A (a,)=1 y=x
qs<x

Statement which says that for a large x with any positive 6 < % inequality de (4) holds is called

Bombieri-Vinogradov theorem. Statement which says that in (4) we can have 6 < 1 is known as

Elliot-Halberstam Conjecture. Under this conjecture Goldston-Pintz-Yildirim proved in [1] that

d, < 16.

This paper has 6 chapters. Chapter 1 is consisted of basic definitions, lemmas and theorems
about the distribution of prime numbers, knowledge of which are required for understanding the
next chapters. The theorems about a logarithmic order of Riemann zeta function in chapter 1 are
necessary for estimations in Chapter 6. Chapters 2, 3, 4 are mainly auxiliary tools for proof of
Bombieri-Vinogradov theorem, but also contain wide applicable and powerful methods.
Chapters 5 and 6 contain complete proofs of Bombieri-Vinogradov and Goldston-Pintz-Yildirim

theorems up to similar cases.
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Chapter 1

BASIC TOOLS IN ANALYTIC NUMBER THEORY

1.1 Basic arithmetic functions and their properties

Definition 1.1.1. A nonzero function f: N — C is multiplicative if f(mn) = f(m)f(n) for all

coprime n and m. If equality holds for all pairs of m and n, then f is completely multiplicative.

Definition 1.1.2. Md&bius function is a function of the form:
1 ifn=1,
pu(n) = {(—1)r if nis the product of r distinct primes,

0 otherwise.

Note 1.1.3. Mdbius function is multiplicative.

Lemma 1.1.4. Suppose that f and g are multiplicative functions. Then

(F ) =) f(DgC),

din
is also multiplicative.
Lemma 1.1.5. Next equality is the famous property of Mdbius function:
(1 ifn=1
z u(n) = {O otherwise.
din

Proof. Suppose that n is squarefree and n = pp, -+ Py, and m = p;p, -+ Pr—1. Then

D ud) =) ud + ) pdp) = ) u(d)+ ) (~u(d) = 0.m

din dlm dlm dlm dlm

Lemma 1.1.6 (Mobius inversion formula). Suppose that f: N — C and define F(n) = X4, f(d),

then f = F x pand f is multiplicative if F is multiplicative.

Proof. If f = F = u then

D F@u =) Y fou) =) > flou(3)=> > flouG)

dln dn k|d k|n d|n k|n m|(ﬂ)
k|d k
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If k # n then sum over m is zero, so first claim is proved. Multiplicativity of x and Lemma 1.1.4

give us the second claim. m

Lemma 1.1.7 (Abel summation formula). Suppose that f(x) is continuously differentiable on

[a, b] and a,, are complex numbers. Then
b
> anf () = ABF®) - [ ACF@dx,
a<nsb a
Where A(x) = Y g<n<x On-

Proof. We can apply the Stieltjes integration by parts on the sum above:

bt b

> anf = [ F@dAC) = FA@IE - [ Awarw),

a<ns<b a
And the result follows. m

Corollary 1.1.8. There is a constant ¢ such that

1
ZH =logx +c+0(x™1).

nsx

Proof. This famous result can be obtained by applying Abel formula with f(n) = % anda, =1

foralln <x. m
Definition 1.1.9. The following function is called a von Mangoldt’s function:

lo if n is apower of primep,
A(n) = { gp ifnisap f primep
0 otherwise.
Note 1.1.10. Von Mangoldt’s function is multiplicative.

Theorem 1.1.11 (Mertens). There is an absolute constant B such that

1
Z > =loglogx + B + 0((logx)™1).

p<x

Proof of this classical result can be found by reader in [3], page 12.
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1.2 Dirichlet series and Perron’s formula

Definition 1.2.1. Suppose that a,, are complex numbers and s = o + it is a complex variable.

Then a series of the form

o)
Z ann_s’

n=1
is called Dirichlet series. The finite sum of the above form is called Dirichlet polynomial.

Lemma 1.2.2. Suppose that s, = g, + it, and the series Y.;°-; a,n~%0 converges. Then the sum
Y1 axn~S converges uniformly on the compact subsets of the half-plane Re(s) > g, and the

sum function f(s) is holomorphic in that half-plane.

Definition 1.2.3. Abscissa of convergence of the Dirichlet series };—; a,n™° is the number

inf {Re(s): Z a,n=’s converges}
n=1

Abscissa of absolute convergence of Dirichlet series is called the abscissa of convergence of

Ynetlann™s.

Lemma 1.2.4. Suppose that a,, and b,, are complex numbers and the following Dirichlet series

are converge in Re(s) > agy:

f(s) = i a,n® and g(s)= i b,ns.

If f(s) = g(s) for Re(s) > gy, then a,, = b,, for all n.

Lemma 1.2.5 (Multiplication of Dirichlet series). Suppose that the following Dirichlet series are

converge absolutely in Re(s) > ay:

f(s) = i a,n* and g(s)= i b,n=s.

Then the Dirichlet series

h(s) = Z cyn”s
n=1
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with ¢,, = Y,=n ay, by, is also absolutely convergent in Re(s) > o, and h(s) = f(s)g(s).

Proofs of Lemmas 1.2.2, 1.2.4 and 1.2.5 can be found in [3] pp. 14-17.

Lemma 1.2.6 (Perron’s formula). Suppose that a > 0. Then

a+iT

(1+ O(w*(T(logw)™) ifu>1,
1 u® 1
i ~ds =12 -1 e
i 5 ds i2+0(aT ) ifu=1,
O(u%(T|logul|)™) ifo<u<l.

a—iT

This variant of Perron’s formula can be obtained by using the contour integration.
Corollary 1.2.7. Suppose that g, is the abscissa of absolute convergence of ., a,n"*, and x
is not integer. Also let a > g, and f(s) = Y51 a,n"*. Then

a+iT

D= f_ Fs)xsids +0 ;z ;;ng'?_‘)]

nsx

Proof. Since x is not integer, we have

nsx

where I, is 1, if n < x and I, is zero, whenn > x. Letu = % then by Lemma 1.2.6:

D aln= Yt >S%+O(<—>“ (roe G)1) =
n=1 n=1 _
a+lT [o0) xa 0 |an|n—a
S_ I
T J ) Zan AT ;|10g<%)| ’

and Corollary is proved. m

1.3 Divisor functions and Euler function.

In this section we consider several standard estimates for divisor function and for sum of

reciprocal Euler functions.

Definition 1.3.1. The divisor function d(n) denotes the number of different divisors of integer n.
8
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Definition 1.3.2. The generalized divisor function 7, (n) denotes the number of ways, in which

integer n can be written as a product of k integers.
Note 1.3.3. Itis clear that d(n) = 7,(n) .

Lemma 1.3.4 (Elementary bound for d(n)). For every integer n we have:
d(n) < 2vn.

Proof. Let n = d,d,. If d; < v/nthend, > /n, reverse is also true, hence

d(n)=21322132\/ﬁ.

dln dlVn
Lemma is proved. m
Theorem 1.3.5. For d(n) and any nonnegative integer k we have:

Sier(y )

nsx nsx

Proof. We will prove it by induction. Case when k = 0 is trivial. Assume inequality above holds

for k > 0. For k + 1 we can write:

zd(n)"+1 zd(n)kz Z d(ml)k Z (d(mrzi(z))" 3

nsx n<x min mls<x mlsx

ool 5 a5 (50

msx msx nsx
I=x

And result follows. =

Theorem 1.3.6. Suppose that k is nonnegative integer. Then

Z d(n)* < x (Z %)2 _1.

Proof. We will prove this theorem by induction again. Case when n = 0 is clear. Assume that

n > 0 and do induction for n + 1:
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Z d(n)k = Z d(mk)k < Z dm)*d(D* = 2 d(m)* z d(h)*.

nsx milsx milsx msx h<X
“m

By induction hypothesis theorem:

1 2k—1 d(m)* 1 2k—1
Yaom Y aors S amr k(T ox T ()
m n m n
msx hs% msx nsx msx nsx
By previous Theorem:
2k—1 2k 2k-1
d(m)* ( 1) ( 1 1
SO ()
m n n n
msx nsx nsx nsx

And statement of the Theorem follows. =

Definition 1.3.7. Euler totient function (or just Euler function) ¢ (n) is the number of positive

integers, which are less then n and coprime with n.

Lemma 1.3.8. For ¢p(n) two following statements hold:

a) ¢(n) is multiplicative

b) p(p*) = p* —p®~1 for prime pand a > 1.
The proof of Lemma 1.3.8 can be found in book of Apostol [9], page 28.

Lemma 1.3.9. For any x > 1 we have

Proof. Itis easy to see that for a prime p and any nonnegative multiplicative function f(n):

Yrmw <] ) ren.

n<x p<x k=0

Hence by Theorem 1.1.11 and Lemma 1.3.8:

10
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1 1
= ex —-+0 Z— < logx.
| 2o o) <o

Proof of Theorem is finished. m

1.4 Prime number theorem and Riemann zeta function.

Definition 1.4.1. Prime counting function rr(x) is the function counting number of primes in

interval [1, x].

Definition 1.4.2. Denote the Chebyshev function y (x) as:

Y = ) Am).

nsx

The next theorem describes a classical result in analytic number theory, and appears in many

important theorems about the distribution of prime numbers.

Theorem 1.4.3 (Prime number theorem).

) _,

im =
x—o0 x /In x

Proof of PNT can be found in most books on analytic number theory, for example in

Titchmarsh [4], in section 3.
PNT has many alternative formulations, the next theorem is one of them.

Theorem 1.4.4. There exists an absolute constant ¢ > 0 such that for x > 2

Y(x)=x+0 (xexp(—cwllog x))

Definition 1.4.5. For Res > 1 define the Riemann zeta function as:

{(s) = i n==.

n=1

Lemma 1.4.6. For Res > 1 we have an Euler product for {(s):

11
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w=[16-Y

p

Note 1.4.7. We deduce from Lemma 1.4.6, that {(s) doesn’t have zeroes in Res > 1.

Lemma 1.4.8. For {(s) the following equality holds:

i un _ 1

n:

Proof. We have

Hny Lo
n_
n=1 n=1

by Lemma 1.1.5 and property of multiplication of Dirichlet series. m

Theorem 1.4.9. The function ¢(s) can be analytically continued to a regular function for all
values of s, except s = 1, where there is a simple pole with residue 1. Extended {(s) satisfies the

functional equation:
1
{(s) =255 1sin (E sn) I'1-s)¢(1-ys).

Zeroes of {(s) in 0 < Res < 1 are of special interest in analytic number theory. Existence a
zero-free region of {(s) in 0 < Res < 1 gives many powerful properties to {(s), so the general
problem in studying such zeroes is an extension of zero-free region to the left of Res = 1. A part

of original proof of PNT was the next result:

Theorem 1.4.10. There is a constant A such that {(s) is not a zero for
c=21———
logt

For t > t, = const.

Theorem 1.4.11. For any ¢ > 1 and absolute positive constant A the following inequality holds:

|{( )| Z__ ¢(o) <L1'

12
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Theorem 1.4.12. {(s) = 0(logt) uniformly in the region

A
1-——<0o<2(t>ty).
logt

A

Theorem 1.4.13 Inaregiono > 1 — Toat

1
@ = O(IOg t).

Theorems 1.4.9-1.4.13 reader can find in book of Titchmarsh [4]: Theorem 1.4.9 on p. 13,
Theorem 1.4.10 on p. 54, Theorem 1.4.11 on p. 45, Theorem 1.4.12 on p. 49, Theorem 1.4.13 on

p. 60.

13
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Chapter 2

DIRICHLET CHARACTERS
AND POLYA-VINOGRADOV INEQUALITY

2.1 Group characters

Definition 2.1.1. Let G be a finite commutative group of order m. A group homomorphism :

G—C* is called a character of G if y(xy) = y(x)x(y) forall x,y € G.

Note 2.1.2. It can be easily established that y(e) = 1 and that y(x) is an m-th root of unity:
x()™ = x(x™) = x(e) = 1.

Note 2.1.3. Group characters y(x) form a group G under pointwise multiplication: (yx,)(x) =
x1()x2(x) for all x € G. Trivial character is the identity of G: y,(x) = 1 forall x € G, and

complex-conjugate character j is inverse of y.
Theorem 2.1.4. G and G are isomorphic to each other.

Proof. Suppose that G is cyclic with generator g. Since every y(x) is the m-th root of unity,

x(g) must be of the form: y(g) = exp(%) for some integer a. If x = g” then y(x) = x(g%) =
exp(%). We can define y, = exp(%) and see that all G is generated by y,, which mean that G

is cyclic of order m.

Now, let G be arbitrary finite abelian group. G can be represented as the direct product of cyclic
groups, G = C; X C X =+ X Cy. Consider y = y1y, - yx,y; € C;. We can define y € G by
x(x) = x1(x)x2(x2) -+ xi(xx) for x = x,x, - x, € G,x, € Cy, here y; is the character in 5]
corresponding to y;. So, we constructed now an isomorphism between G and G. Theorem is

proved. m

Corollary 2.1.5. Let G be an abelian group of finite order and x € G, x # e. Then there is a

character y € G such that y(x) # 1.

Proof. Let write G as the direct product of cyclic groups, G = C; X C, X -+ X C,, and x =
XX -+ X . SOme x; is not identity, so let it be x;. Let g be the generator of C,. Consider the
character y corresponding to ge --- e under the isomorphism from the Theorem 2.1.1. Character

1l m
14
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Lemma 2.1.6. Let G be a finite abelian group and denote by y, the trivial character of G. Then

the following two relations hold:

ZX(x) B { 0 otherwise; 21D
XEG
|Glif x =e,
= 2.1.2
Z x(x) { 0 otherwise. ( )
XEG

Proof. Clearly, when y is trivial, then (2.1.1) holds. Suppose now that y is nontrivial and for

some x,, x(xo) # 1. We can write

x(xo) z x(x) = Z x(xxo) = z x) = z x().

XEG XEG VYEXoG YEG

Since y(xy) # 1, the sum on the right side must be equal to 0. Thus (2.1.1) holds.
Clearly, when x = e, then (2.1.2) holds. So, suppose that x # e. Thereisa y,(x) # 1 by

Corollary 2.1.2. We can write

0@ ) 1@ =) xx®= ) b= ) b

XEG XEG YEXo G YeC
Again, sum on the right side must be equal to zero. This establishes (2.1.2). m
2.2 Dirichlet Characters

Let g > 1 be an integer. Let G, = (Z/qZ)* be the multiplicative group of (Z/qZ). Then G, is a
cyclic group of order ¢p(q), where ¢(q) is Euler’s function. Let us introduce an extended

function y(n) = 0 if gcd(n, q) > 1, where y is a character of G,.

Definition 2.2.1. Extended function denoted above is a Dirichlet character modulo g, or just a

Dirichlet character.

Note 2.2.2. Dirichle characters are not group homomorphisms anymore, but they preserve
multiplicativity: y(n)y(m) = y(nm) for all n,m € Z. Also we will denote the extension of

trivial group character y, as principal character modulo q and preserve the notation y,.
Next lemma is a straightforward consequence of Lemma 2.1.6

Lemma 2.2.3. If y is a Dirichlet character modulo g, then

15
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q
Z)((n) ={g)(q) X = Xo 2.2.1)

otherwise;

_(¢(q) if n = 1(mod q),
Xn;q)((n) _{ 0 otherwise, (2.2.2)

where the sum on the right side is over all Dirichlet characters modulo g.

Let y be a non-principal character modulo g, let g; be a proper divisor of g, and let y, be a

non-principal character modulo g, also let y, be a principal character modulo g such that

x(n) = xy;(n)yo(n) forall neZ (2.2.3)
Definition 2.2.2. We say that y; induces y, if (2.2.3) holds.

Definition 2.2.3. Dirichle character y is imprimitive, if we can find y; and y, as in (2.2.3),

otherwise y is called primitive.
Note 2.2.2. Principal characters are neither primitive, nor imprimitive.

Definition 2.2.4. Let y be an imprimitive Dirichlet character modulo g. Conductor of y is the
least modulus g* such that there exists a (necessarily primitive) character y* modulo g*, which

induces .

Note 2.2.3. If y is primitive, we define its conductor to be equal to the modulus g, and if y is

principal, we define the conductor to be equal to 1.
2.3 Gaussian Sums

Let a is an integer, and y is a Dirichlet character modulo q. Let us introduce the sum

(x,a) = Z y(m)e (a7m> (2.3.1)

m modq

Where the summation is over any complete system of residues modulo q.

Lemma 2.3.1. Let y be a Dirichlet character modulo g and suppose that gcd(a,q) = 1 or y is

primitive. Then

() = x(@)t(x, . (232)

16
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Proof. Suppose that (a, q) = 1. If m runs through a complete system of residues modulo q, then

so does am. Then

) = 2@ ) rame(TT) = 5@ ) xme(7) = K@t D,

mmodq n modq

Now, suppose that y is primitive and (a, q) = k > 1. Obviously that y(a) = 0. Let a = ka,,
q = kq,. There exists such an integer b that (b,q) = 1, b = 1(mmod q,), x(b) # 1. Then

)= Y xeme(E) = N xomre() = o)

mmodq mmodq

It follows, that 7()y, a) = 0, which establishes the claim of the lemma. m

Lemma 2.3.2. Let y be a Dirichlet character modulo g and y* its conductor modulo g*. Then
a\ _.(4 .
D) =u )X\ (x5 1D (2.3.3)

Moreover, if y is primitive, then |[t(y, 1)| = \/E

Proof. First, let y be primitive. Summing (2.3.2) over all a modulo g, we get

D Y k@P= Y [l =

amod q amod q
> )((m)e(—) > xme(- “q”)
a=modq m modq nmodq
Z Z x(m)x(n) Z (a(m n)> (2.3.4)
m modg n modq a modq

We know that ¥, moaq € (@) is the sum of all group characters, corresponding to cyclic

group of order g, so it is g or 0 according as m = n(modgq) or not. Hence,

D Y @P=g Y xml

amod q mmod q

thus, the second claim of lemma holds.
Now turn to general case. Using the properties of mébius function in Lemma 1.1.5, we can

write the principal character y, modulo g as xo(n) = Xq|n,q) #(d). Thus,

17
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D= ) rmume(g)= ) xme(T) ) u@

mmodq mmodq d|(m,q)

We can change an order of summation in the last sum, so first we will over d|q and then sum
over nmodgq. Butifm =ndandq = ¢q;d © nmodq =1d, 1 =0,1,. ——1 e nd =

ndk +ld © n =n.k + 1. So, we can replace n mod g by n modn, or n mod q/d:

=) ud )("(nd)e(%):

dlq nmod q/d
. . nd
=D udr@ Y xrme(=)
d|q nmod q/d q

Note that all terms in last sum will be zero if (d, g*) > 1, so we may restrict the summation over

d to the divisors of qy = q/q":

D=y @y rwe(™)

d|qo nmod q/d

Now our aim is to represent n moq q/d as q*v + u. Let write g = q,q" and % = %q*. Thus v
runs over a complete system of residues modulo 2 and u runs over a complete system of
residues modulo g*. We can write

(q"v + u)d) _

=) udr@ Y ) xr@viwe(t—

dlqo umod q* vmod qo/d

= Y u@r@ Y x*<u)exp<% 2. e(%)

d|qo umod q* v mod qq/d

Note that Y., 1mod q,/d e( ) vanishes When 2> 1,s0d = g, and result follows. m

2.4 The Pdlya - Vinogradov inequality.

Theorem 2.4.1. (Polya — Vinogradov). Suppose that M and N are positive integers and y is a

non-principal Dirichlet character modulo q. Then

> xm

MsnsM+N

< 2./qlogq. (2.4.1)

Proof. First, let y be a primitive character. Then, by (2.3.2),

18
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@D Y oxm= ) Y gme(T)= Y xm ) e(7)

MsnsM+N MsnsM+N m modq mmodq MsnsM+N

Applying Lemma 2.3.2 we can see that

-1
1 . mn
Z x| <qz e (—) (2.4.2)
M=snsM+N m=1IMsnsM+N q
Modulus of Y p<n<men € ( ) is equal to:
m(N + 1 m(N + 1
|- [ g I et
el— || = m e ‘: m
M<nsM+N 1 1- e(a) q 1- e(;)

Absolute value of (1 —e (%)) is:

|1 —e (%)| = \/(1 — cos(2m (g))z + sin(m (%))2 = \/4sin(n (%))2 =2 |sin(7t(%)|.

Similarly we can calculate modulus of (1 — (m(N“))) Thus, the inequality (2.4.2) will

transform to

m
<q'? ) csc(n (—)

q-1 k-1 q-1
m m
Z csc(m (—) = z csc(m (—) + Z csc(n( ) +1<
m=1 m=1 1 m=k+1
k-1 k-1 k-1
<qY —+1s 2 _t1sq )1 (ZmH) 1=
=T mT =  oam—1 T T L% am—1) T T
m=1 m=1 m=1

=qloq(q —1) +1 < qloggqg.

Here we used the fact, that log(x) is concave and log(x) > x — 1 forall x > 1. When q =

2k + 1, we have

q-1 k K
1 2m+1
z csc(n( ) q Z —<q Z ( ) = qlogq.
=1 m=1m m=1

This establishes the theorem for primitive characters.
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If x is induced by a primitive character y* modulo r, r < g, we have

D= ) xm ) w@d=) @@ ) xm).
M+

MsnsM+N Msns<M+N d|(nq) dlq

The sum over m is bounded above by r/2logr, since y* is primitive. Thus,

> xw

MsnsM+N

1 q\ 1
< r2long|)(*(d)| <d (;) rzlogr,
dlq

where the terms with (d,r) > 1 are equal to 0. If we use that d(n) < 2v/n from Lemma 1.3.4,

then the result follows. =
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Chapter 3

AUXILIARY TOOLS IN ANALYTIC NUMBER THEORY

3.1 Some generalized counting functions and primes in arithmetic progressions.

Definition 3.1.1. For a Dirichlet character y define

Y, 1) = Epax A x(n). (3.11)

Definition 3.2.2. Define

Y(x,q,a) =Y nex  A(N).

n=a(modq)
Lemma 3.1.1. Suppose that y is a character modulo g induced by a primitive character y*

modulo r, 1 < r < q. Also let y, be a principal character modulo q. Then following three

relations hold:

[w(x, 1) — PG, x| < (log(gx))?. (3.1.2)
Y(x, xo) = x + xexp(—const,/log(x)). (3.1.3)
Y(x,q,0) = 5=y moaq K@) P(x. ). (314)

Proof. First we will prove (3.1.2). We have

0~ PGS ) A < ) (og®) ) 1< log(@)log(x) < (og(q))?,

n=sx plq k: ka
(n,q)>1 P

which establishes (3.1.2). Using the Theorem 1.4.4 and (3.1.2) we can write for ¥ (x, x,):

Y(x, xo) = P(x) + 0((og(x))?) = x + xexp(—const,/log(x)),

which proves (3.1.3). For right part of (3.1.4) we have

1 ; -1 ; _
@X;dq;((a) VD) =g ) 2@ Y A

x modq nsx

S A Y F@x)

nsx X modq

If denote the # as inverse of » modulo g, and of we write a as lq + r, then y(a) = y(r) and
¥(@)y(n) = y(nr). y(nr) # 0 & n = r = a(modgq), and the right part of last equality will be

equal to
21



CEU eTD Collection

ﬁz ) D) H@m - @ 2 Mm@

n=a(modq)
and the result follows. =

Theorem 3.1.2 (Siegel-Walfisz). Let A be a real fixed constant and (a, q) = 1, where g <
(log(x))4. Then exists a positive constant C(A) depending only on A such that

Y(x,q,a) = + O (xexp ( C(A)\/log(x)). (3.1.5)

¢>()

Theorem 3.1.2 describes the asymptotic law of distribution of prime numbers in arithmetic
progressions with best known error term. More about Siegel-Walfisz theorem can be found in
book [5] of Davenport.

3.2 Vaughan ldentity

Theorem 3.2.1 (Vaughan). Suppose that 2 < U,V < X. Then

Z AF(n) = 5, +5, + 35, (3.2.1)

u<n<X

where

L= ) kmogdf(mk), L= ) D anf(mk)

msV U<mksX msUV U<mk=<X
Zi= ) > AGbf (),
m>U k>V
mks<X

with coefficients |a,,| < log(m) and |by| < d (k).

Proof. Let us write a trivial identity

D= L(s) = M($)T'(5) = LM () + (B2 = L)1 = M()()  (3:22)

{

We can choose L(s) and M(s) to be arbitrary functions, in particular Dirichlet polynomials:
L(s) = Ynsy Am)n™* and M(s) = Ypey p(m)n”".

Our task is to compare the coefficients of n=° in the Dirichlet series representations of the left

and right sides of (3.2.2) to obtain an identity for A(n). We have
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[ee)

Z An)n™s = Z A(m)n=s Z u(n)n~ Z( Inn)n™* Z A(n)n™s Z u(n)n=* Z n—s

n=<U nsv n<vU nsv n=1

. (Z Ao~ Y A(n)n—s> (1= MEXE) =
n=1

n<U

Z pOm) (=l = )" AR+ Y A0 (1= MGXE))

uvk=n n>u
m<V usu,vsvV

From Lemmas 1.4.8 and 1.1.5
Yn=1#(mn™* =1/{(s) and  Xgpu(d) =0, whenn > 1.

Last summand from (3.2.2) can be written as

> amne ZA(n)n D wn =Y AN Y pawn =

n>U n>v n>U uv=n
u>Vv

Yawn Y —pm= Y AR —p)n,
n>uU uv=n mk uv=k
usv,n>v m>u,k>V usv

So, for n > u we obtain the following identity for A(n):

A == Y pm(-l) - ) A@r®+ Y AN —p)n.

mk=n uvk=n mk uv==k
msV usu,vsv m>u,k>V usv

Multiplying both sides by f(n) and summing over U < n < X, we obtain Vaughan identity with

am= ) AWu), be= ) u@w

uv=m uv=~k
usu,vsv usv<uv

And, easy to see that |a,,| < ¥, /m A(u) = log(m) and |by| < d(k). m

Vaughan identity was found by Vaughan in 1977, and can be used for decomposing sums over
primes into double sums, which are easier to evaluate. One of the applications of the Vaughan

identity is simplification of proof of Bombieri-Vinogradov’s theorem; it will be demonstrated in

Chapter 5 of this paper.
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Chapter 4

ONE RESULT FROM THE LARGE SIEVE

4.1 Inequality, which is involving an exponential sum

Theorem 4.1.1 Suppose that a_y, ..., ay — arbitrary complex numbers and

N

S(x) = Z a,e(nx).

n=-N

Moreover, let be x;, ..., x, — arbitrary real numbers and § = min||x; — x|, where operator

|I-]| means distance to the closest integer. Then

R

N
ZIS(xr)IZ < 2,2 max(8~1, 2N) Z la,|2.

r=1 n=-N

Proof. Letn be an arbitrary real number, such that 0 < n < (%) 8, b, — real number, such that

b_,, = b, and

00 = ) bye(nx)

- arbitrary Fourier series, which contains only cosines, and for which series Y, b2 converges, and

function @ (x) = 0 when ||x|| > n. Also suppose, that b,, # 0 when |n| < N. Denote

T(x) = Z by la,e(nx).

Then S(x) is convolution of functions ¢(x) and T (x), it means

1 n
S(x) = f oOITGx—ydy or ()= f oONT(x — y)dy.
0 -n

After applying the Cauchy inequality we have
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x+n

n n
SGOI2 < f (0 ) dy f (TCx = y)2dy f (0))* dy f T2z ).
- -n

Let us replace now x by x,- and sum over all r. Intervals (x,, — 1, x,- + 1) doesn’t overlap

(mod 1) according to the definition of § and assumption that n < G) 6. Thus,

ils(xr)lz = f(‘l’()’))z dy f(lT(Z)DZdZ = (i b%) (i b772|an|2>-

r=1
Now we can denote function ¢(x) by another way:

ooy = 1 =0 D when el <1
0 otherwise.

Hence, coefficients b,, can be calculated according to Fourier formulas:

i

b, = jgo(x)e(—nx)dx =2n71 j(l —n71x) cos(2mnx) dx.
0 0

sm(m‘m))z

After integrating by parts we obtain that b,, = (——)“. Moreover,

1) 1 n

2
Z b2 = f((p(x))z dx =2 f n72(1 —n~x)%dx = 577_1'
-0 0 0

So, previous inequality can be written as

R

Yiser < 3 (S

r=1

Now suppose that N < 1/2, hence coefficient near |a,|? is maximal if n = +N, because

function x /sin(x) is monotonically increasing when 0 < x < m/2. Thus

R
2 nmn
2<_ -1 Z 2
le(xm <1 (Sm(m)) .

The parameter n has only two restrictions: n < G) 6 and Nn < 1/2,in other cases it is still

arbitrary, so denote mnn = 6, then
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E—l( mnn )4 2 63

37 sin(mtnn) - §7TN (sin(6))*

Where 8 is arbitrary number, satisfying two conditions 6 < (g) Né and 6 < m/2.
Function 83/(sin(8))* is decreasing, when @ is increasing from 0 to 8,, where 8, is the
unique solution of equation tan 6, = (3)90, suchthat 0 < 6, < m/2.If 6, < (g) N§ then

denote 6 = 6,. Then
2 63 2 63

3™ Gin@)? 3™ Gsin(ay))*
T T - B
If 6, > (5) N§, then denote 6 = (E) Né < 8, in this case

03 4 0 4 0,
<=5 (——

3N (sin(@))4=§6_1(sin(9))4 3 _1(sin(00)

)"

After calculations we find that 6, = 0,8447, it means that

2 0

SaN— 99
3™ Gsin(Bg))*

Theorem is proved. m

Lemma 4.1.2 Suppose that M and N are positive integers. Then

M+N 2 M+N
bn ) )
Y aneCo| <22max(,09) Y lagl
q<Q 1sb=q In=M+1 q n=M+1
(b,g)=1

Proof. First we will replace variable of summation n to n’, where n’ is running between
integers —L and L. Denote L = G) N or G) (N—-1),ifNisevenorodd,andn=n"+ M +
+1 + N. So, now n' is running between —N and N or N — 1, in the last case we can create extra
zero coefficient.

Now we can apply Theorem 4.1.1. Numbers x4, ..., x,- in this theorem will be rational
numbers a/q, for which the smallest of possible denominators g < Q. Now, if a/q # a’/q’ and
we have

Hence, § > Q2 and lemma is proved. m
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4.2 Main lemma

Lemma 4.2.1. Suppose that Q, M, N are positive integers. Then

M+N 2 M+N
q
Zm z Z anx(M)| < (N +Q?) Z la,|?,
q<Q q xX*modq In=M+1 n=M+1

Where y*modq denotes a summation restricted to primitive characters.

Proof. When y is primitive, from Lemmas 2.3.1 and 2.3.2 we can deduce that
2

M+N 2 M+N 2 b
a| D aum| =| > ar@n| =| Y 1),
n=M+1 n=M+1 1<b=<q q

(b,q)=1

Where S(a) = YN_, c,e(an), |c,| = |la,|. Hence
1 2

M+N 2
2 | 2w <5 > | 5 xws(l)
— ax(n)| <——= X || =
¢(CI) x*modq In=M+1 d)(Q) x modq | 1sb<q q
(b.9)=1
>SS Y ababy) s(2)|
=~ 3 — ) X(Db201) = =,
$(@ 1<bi<by=q 1 1 x modq 1=b<q q
(b1,baq)=1 (b,q)=1

Where b, denotes the multiplicative inverse of b, modulo g. Thus, the result follows after

applying the Lemma 4.1.2. m

Lemma 4.2.1 plays an important role in estimating sums in Bombieri-Vinogradov theorem.
More about large sieve reader can find in book of Davenport [5], p.151 and in Russian version of

this book [6], p.147.
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Chapter 5

BOMBIERI-VINOGRADOV THEOREM

5.1 Main theorem

Bombieri-Vinogradov theorem is extremely important result in analytic number theory, which
was proved in 1965, and has various applications. Sometimes it is called just Bombieri theorem.

Theorem 5.1.1 (Bombieri-Vinogradov). Suppose that Q is real number and 2 < Q < x. Then

for any fixed real number A > 0,

1
(max max |ip(y;q,a) ~ m « x(logx)™ + Qx2 (logx)°>.
q=Q

Proof. First define

5. = {1 if xisprincipal,

* o otherwise.
By (3.1.4),

: Z

4, Q) — =< a ) 5.1.1

hence

SR 2 O .
¢ ¢<q)|g¢(q))(;dqll”(y"0 o0l

Writing X(x, Q) for the left side of (5.1.1), we find that
E QS Y s 9 maxp(n2) 6,y =T+ X
X, = — max ) - = ,
¢(q) y<x X )(y 0 1
q=Q X modq

where X, denotes the contribution from the principal characters and X, from all other characters.

Lemma 1.3.9 says that

D (@G < ($(m) " logz, (5:12)

ns<z

By (3.1.3) and (5.1.2) we have
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1
%o < xexp(—cy4/logx) z o) < x(logx)™4,
qsQ

Where —c, is the absolute constant. Let y* be the primitive character inducing y modulo g. By

(3.1.2),

¥, K Z z max|yY(y, x| + Q(log x)2.
d(q) ysx
qs=Q X modq
Let g = rq; < Q. Then we can estimate the sum over the characters by double sum, where the
summation in first sum will be over all » < Q, and summation in second will be over all

primitive characters modulo . We have

¥ < Z z maxll,l;(y,)()l z e + Q(logx)? «

r<Q x modr

CI1<—
1
« <logx>;% ;d max|(7,.0| + Q(logx)?, (5.1.3)

where we have used (5.1.2) again. Now, our idea is to estimate the contribution from the “small”

moduli r. For this we can represent 1 (y; q, a) in (3.1.4) as in Siegel-Walfisz theorem and

W(y, x) as in (3.1.3) for principal characters. We have
max|y (¥, )| < xexp(—czq/logx).

For all primitive characters to moduli » < (log x)4*> = Q,, say. Hence

2 o) Z maxlzp(y,)()l « xQqxexp(—cz/logx) < x(logx) ™41,

T=Qo Xx*mod

Combining this estimation and (5.1.3), we obtain

¥, < (logx)X, + x(logx)™ + Q(log x)?, (5.1.4)
where
L=y s Y a0l
Qo<r=Q )( modr
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5.2 Decomposition into sums, using Vaughan identity

I~

Let U be a parameter to regulate. We can apply (3.2.1) with f(n) = y(n),X = y,U < xz:

Y0 =500 —S2(nx) —S:s(v, x) + YU, x),

Where S;(y, x) is corresponding to the sum X; on the right side of Vaughan Identity. And,
Y, KE3+2,+2;4+QU,

Where

1
ij z m z rjrllsag(lsj—z(y')()l (.i=3'4"5)

Qo<r=Q X" modr

Let estimate X5 first. For S; (y, x) we can write inequality:

SO0 ) | D Goghyx(0| < Gogy) D | D x|,

msU |U<mk<y msU |U<mk<y
We can apply the Polya-Vinogradov inequality for sum with characters, thus

1
max|S; (v, ¥)| € r2U (log x)2.
y<x

And for Z; we have:
3
¥; < QzU (logx)2. (5.2.1)

Now we will use large sieve for estimating Xs. Suppose that a4, ... ,ay and by, ... , by are

complex numbers. By Lemma 4.2.1 and Cauchy’s inequality:

¢6,) > iiambmmm

X modr lm=1k=1

T<R ¢Er) Z

X modr

<

M

27
> anxm)

m=1

K

K 2
> bexi)

k=1

« Z o) Z

X modr

& (M + R?)V2(K + R?)1/2 (Z la,, |2> <Z|bk|2) . (5.2.2)

m=

Before applying (5.2.2) for bounding X5, we would like to make summation in S5(y, x) more

straightforward.
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5.3 Main estimation

Interval U < m < xU ™! can be splitted into 0 (log x) subintervals M < m < M, such that

M; < 2M. Then we can choose M; and M such that

S3(v,x) < (logx) Z Z A(m) by y(mk)|. (5.3.1)

M<msM Y
1 U<ksm

Next, we apply Perron’s formula (Corollary 1.2.7) witha = (logx)™!, T = x? and u = % We
get

a+it

—dt +0(), (5.3.2)

D Z Am)b(mid) =~ j S t)

M<msM; U<k<_

Where

; “ A(m)d(k
S(x,t) = Z Z A(m) by (mk) (mk)=e"it, A= 3’? (m) ()i

M<msM; U<ks% M<msM; k<y

We can assume that {y} = % then |log(ﬁ)| > %y‘l. PNT and Theorem 1.3.6 (where we using

just Dirichlet polynomial) give us

A« x? z z A(m)d (k) «x~? Z AGm) Z d(k) «

M<msMq ksyM~1 M<msM, ksyM~1

xtyM~tlogyM~! Z A(m) <logx.

M<mSM1

Also clear that f_TTla + it]~1dt « log x. Returning to (5.3.2):

D A () < (S(x, )] + 1)logx,

M<msM Y
1U<ks:i

For some |t,| < T. Combining this inequality and (5.3.1), we get
max|S3(y, )| « (logx)* (log 2)*(ISCx, to)| + 1.

Hence,
5 « (logx)? z — Z ISCx, £)] + O (log x)2. (5.3.3)
d(r
Qo<r=Q )( modr

Now we can apply (5.2.2) for X5, observing that
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Z A(m)?m=2% < Z A(m)? < A(M,) Z A(m) « Mlogx,

M<mSM1 M<mSM1 M<mSM1

because of PNT and

d(k)?> k=2 < z d(k)? « xM~(log(xM~1))3 < xM~1(log x)3,

U<k<xM~1 U<ksxM~1

because of Theorem 1.3.6. Hence (5.2.2) yields

r 11
;% Z 1S(x, to)| < (logx)? (x +xRUZ + x2R2>.

X modr

From this inequality and (5.3.3) a new inequality can be derived for X< by using a dyadic

decomposition:
-1 1
Ts K (logx)*(xQyt + xU ™2 (log x) + xZQ). (5.3.4)
5.4 Completion of the proof

1
We can still regulate parameter U, now let U = V < x3. Then we can decompose S, (y, x) on

two smaller sums, where in firstsum m < U and inthe second U < m < UV < xU™1:

Sy x) = z z amx(mk) + z 2 amx(mk) =

msU U<mk<y U<msxU~1 U<mk<y
S,' .0 + 8" (v, 2, say.
We can estimate S, (y, y) right now:
15001 < (og) ) | > amx()|.
m<U |U<mk=<y

So, clearly S,"(y, x) can be bounded similarly to S; (y, x) , and S,” (y, x) similarly to S5(y, x),
hence the contribution of S,’(y, x) and S,” (y, x) to £, can be estimated similarly to £; and to

X respectively. Omitting all calculations, we can write for Z,:
3 11
¥, < (logx)* (QZU +xQot+xU2+ x2Q>. (5.4.1)
So finally Z(x, Q) can be estimated. For this we need to combine all bounds for X, — X<, we get
3 _1 1
2(x,Q) < (logx)® (QZU + xQot + xU 2(logx) + xZQ>.

We can see that to satisfy the condition of theorem the next two inequalities must hold:
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N =

3 1
Q2U < x and U 2(logx) < (logx)™~> ,
Thus (logx)?4t12 < U < (%)1/2 and Q < x(log x)~*4=24 for which theorem is proved. Now

suppose that Q > x*/2. Consider the trivial bound for Z(x, Q):

(gnaxl r)r}:ax |1/)(y, q,a) — m < z (rr(lgx maxIA(y)yI Z A(X)x < QA(x)x <

q=Q as< a=Q
x?log x,

which is better, then bound in the theorem for such Q. Bombieri-Vinogradov theorem is

proved. m

Proof of Bombieri-Vinogradov theorem introduced here is based on proof in [3], pp. 77-81.
Alternative proof can be found in book of Huxley [7], pp.103-107
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Chapter 6

GOLDSTON-YILDIRIM-PINTZ THEOREM

6.1 Main theorem and preparations

Theorem 6.1.1 (Goldston-Pintz-Yildirim). Let p,, be the n —th prime. Then

lim inf(w> =0.
ol log pr,

Proof. First let define all parameters, which will play essential role in a proof. Let N be an

integer, which tends monotonically to infinity. Also define parameters H, R, k, [, where
H <logN < logR < logN,
and k and [ are some given integer constants, where k is large and [ is much smaller.

Let H = {hq, hy, ..., b} € {1, H} N Z, where all h; are different. For a prime p let Q(p) be g
the set of different residue classes among —h(modp), h € H, and let write n € Q(p) &
n(modp) € Q(p).

We will consider only those primes p, which are sufficiently large and |Q(p)| = k < p.

Next we extend Q multiplicatively. Suppose that d is square-free. Then we will write n €
Q(d) © n € Q(p) for all p|d, which is equivalent to condition d|(n + h;)(n + hy) ... (n + hy).

Now we should define the weights, specific form of which will make our result to be true.
First, let introduce functions

0, ifd >R
Ap(d,a) =41 R\* .
a,u(d) (loga> , ifd <R
And

1 R\?
M= Y A@da= Y —u@(logg) -
neQ(d) neq(d)
d<R d<R
Also we will define auxiliary functions

o= 1(-57)05)

D

-k

And

logn, if is prime
0, otherwise.

w(n) = {
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Our main goal is to show that

Z w(n + h) — log 31v> 22(n, 7,k + D) (6.1.1)

HCS[1,H] N<n<2N <th
|3 |=k

is positive. When it is true then exists n € (N, 2N] such that

ZW(n+h) —log3N > 0.

n<H
That means that there exist two primes p,, p,4+1 € (N,2N + H] such that p,,; — p, < H. If we
will show that we can make H = elog N, where ¢ is an arbitrary small number, then theorem

will be proved. Positivity of sum in (6.1.1) follows from next three lemmas:

1
Lemma 1. Assume that R < Nz/ (log N)¢ with some large ¢ > 0 depending on k, [. Then
S(H)

21
(k + 2D)! ( l )N(logR)“Zl + O(N(log N)**2!~1 (loglog N)©).

z A2(n, ke + 1) =

N<n<2N

Denote an error term above as Err.

Lemma 2. Assume, in addition to the above, that also R < N°/2, where o is a parameter below

1/2. Then

Aa(m,H, k+Dwn+h)

N<ns<2N
Sran (0w, new
SH) 2(l+1
Gt 1a1 ) NOBRH 0@, R

Lemma 3 (Gallagher 1976). Suppose that H — oo. Then

S(H) = (1+ 0(1))H*,
H<S[1,H]

17| =k
where summation is over all ordered subsets of [1, H] of length k.

Now we will combine all of this Lemmas to estimate sum in (6.1.1). Thus

w(n + k) 22(n, H, k + 1) — log 3N Z Z A2(nH k + 1) =

h<H H<[1,H] Nsns2N HCS[1,H] N<n<2N
|H =k |H =k
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=Z z Z w(n+h)l§(n,}[,k+l)+z Z w(n + h) A%(n, 3, k + D)

<H HC<[1,H] Nsn<2N hsH HC[1,H] Nsn<2N
|=k heX |31=k

—log 3N Z Z A H, k+1) =

HCS[1,H] N<n<2N

|H =k
B S U (h}) /21 o
= Z IO (l>1v(1ogR) + 0(Err) +
h=H #C[1,H]
heH | |=k

+

h<H HCc[1,H
heH | |=k

S(H) (21
—1 N z —( )Nl R)k+2L ~
og3 G+ 201\ 1 (logR) + O(err)
HE[1,H]

|H =k

S(H) (2(l+ 1)

Gr2r DI\ 141 >N<l°g"’>"+2’“+0("’”)‘
| .

HF+1 kH* <2(l +1)

- k+21 k2041 _
(k+zz)!<z)N(1°gR) ThrarDi\ 1+1 )N(logR)

ko2l
—log SNM( l >N(logR)k+21 —
HY 2l ko QI+2)Q2l+1)
— k+21 _
(k+2[)!(l)N(logR) <H+k+21+1 T 1 logR —log3N ). (6.1.2)

We can choose in (6.1.2) R = N°/2, | = [Vk] and H = elog N. Then (6.1.2) will turn to

Hk

21 k+21
m( I )N(IOgR) logN (g + 20 + 0(1) — 1 + o(1).

So with large N we can choose o(1) to be arbitrary small, and o to be arbitrary close to 1/2,
hence € can be chosen arbitrary small to make sum in (6.1.1) positive, and statement of the

theorem follows. Now we will prove Lemma 1.

6.2 Proof of Lemma 1.

Proof. Letk +1 = a. Then

2 A2(n, H,k + 1) = z Z Ax(d,a) | =

N<ns2N N=<n<2N \d:neQ(d)
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=Y @l Y 1= Y M@ Aldpw) Y 1=

dqd, N<ns<2N d,d, N<ns<2N
neQ(d,)ne(ds) ne(LCM(dydz))
N
- Z 2 (dy, @) 2r(dz, @) |0 (LCM(dy d7) )| YA o) | =
1,d2

did;

|2 (LeM(dy az))|
LCM(d, d,)

=N Z Ar(dy,a) Ag(dy, a)

a1 d,
+0 ZAR(dl,a)AR(dz,a)|Q(LCM(de2))| .
dydy

since | (LCM(d; d;))| < 12(d1)112(d,)] and |2(d)| < 7,.(d), and Theorem 1.3.6 the error

term in the sum above can be written as:

Z Ar(dy, @) Ap(dy, @) |Q(LCM(d1,d2))| < Z (1 () Ar(d, @))? = O(R?(log R)®).

did; d<R?2

Define [d;d,] = LCM(d, d,). Then the sum in Lemma 1 is NT + O(R?(log R)°), where

Q(ld,d
T =) i) 2y ) 2Dl
Z @)
S
We can write A (d, @) =52 [ (%) =, 50 for T we have:

1 jj 1Q([d,d, ]I | R+ ds.d
= — S51AS5.
a2 ) ) dz [did,]dS dS? | (s;5)8%1 12

Define F (s, 52, Q) = Y4,4, lad ‘t;dfi])]'s ;szg‘ 2@ Using properties of Riemann zeta function and

multiplicativity of Q(d) and [d,d,], we can write the Euler product for F(s;,s;, Q):

Q 11 1
P = [ [(1- BRI L)
p \p% p% phte

D

Also define our main auxiliary function in this proof:

{(s1+ 1)I(s, + 1))"_

G (51,52, ) = F(s1,52, Q) ( (s +5s,+1)
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The Euler product for G (s, s5, Q) is:

-k -k

Q Q Q 1 \k 1 1
1_[ <1 - | s(zi)ll + | s(?2| + Is Ef)+|1> (1 T s +1> (1 T s +1> (1 T s +s +1>
p 1 p 2 p 1 2 p 1 p 2 p 1 2

p

We assumed earlier that [Q(p)| = k, hence the logarithm of the corresponding Euler factor is

k k k 1 1
1
+klog (1 — W), for Resy,Res, = ¢ > —5

This logarithmic factor is equal to O(p~*“1~%). Hence for 0 > ¢; > —% and Res,, Res, = ¢, the
sum of this logarithms converge absolutely, i.e. G(sy, s5, Q) is holomorphic in this region.
Moreover, we will note that G (0,0, Q) = S(H). For bounding G (s4, s, Q) we will estimate its
logarithmic sum:

)| | 1@ | 12@)I 1 1
z <10g<1 - p51+1 + p52+1 + p51+52+1 - klog (1 - p51+1) - klog (1 - p52+1> +

p<H

1 1
+ klog (1 - W)) <o)+ Z p2 min(Resy Res,0)+1 =

p<H

1
<H?% Z 5 < H™*7loglog H « (log N)™*7 logloglog N,
p<H

Where ¢ = min(Res,, Res,,0) > ¢; > —i and Zng% < loglog H by Merten’s theorem

1.1.11.
Hence G (sq,s,, Q) < exp(0((log N)~2?)logloglog N). So, again consider the T as

1 {(s1+s2+1) \\ R+
= W(!) (!) <G(51’SZIQ) (((51 + 1D{(sz + 1)> ) (51572)2+1 dsyds;.

C

> and from Res, = 110 Res, = —°_ where

Now shift a contour from Res; = 1to Res; = og 2log U’

U = exp(y/log N). Also we truncate s, - integral to |Ims,| < U and s,- integral to [Ims,| <
U /2, and denote the results by L, and L, respectively. We didn’t obtain any new poles while

shifting, so we only need to calculate truncated parts. Thus
G (51,52, 0) < exp(0((log N)~2Res1) Jogloglog N) <« loglog N°™ (6.2.1)

By Theorem 1.4.11 we have

{(s; +s,+1) < ./logN, (6.2.2)
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|C(s; + )7 < /logN ,  |{(s;+1)7 ! «/logN. (6.2.3)

(01402)
S1+52| = 01402 | = =
|R | =|R | = exp < TogR exp(0

@) 0(log N) « exp(y/log N). (6.24)

Combining (6.2.1)-(6.2.4) we have

{(s1+s,+1) k RS145:
{(s1+1){(s2 + 1)> )

< exp(c,/log N), (6.2.5)

|<G(51: 2, Q) (

For some constant ¢ > 0. So, we can write for truncated error:

1 I(s1+ S, +1) \\ R+
(2mi)? -U <G(51’52, 2 (((31 + 1){(s2 + 1)) > (s152)2%1 dsyds; <

truncated
domain
< exp(c,/log N) ff max(|x|, |[y])"¢ 1 dxdy «

(x,y)ER?
u
max(|x|.lyD=r>%

< exp(cy/log N) j rr=%ldr < exp(cy/log N) U™® < exp(—clogN),  (6.2.6)

Uuj/2
—co
logU

for a sufficiently large a. Now let fix s, and shift a contour from Res; = % to Res; =

and denote the result by L. For calculating the error after shifting, we should admit that
G (sq, S5, Q) is still holomorphic at the L;, hence bounded, {(s; + s, +1),{(s; +1),{(s; + 1)

are the powers of log N by Theorem 1.4.12, term (s;s,)~%"1 is also bounded here, and R51+52

makes an error small:

—Co —Co

—¢o
%, _—Co_ —cologR
|RS1+52| = Ro1+92 = RlogU"2logl = Ry108N — exp <0—g> = exp(—c14/logN), (6.2.7)

J91og N

where c; is a positive constant. Similarly to the previous calculations the new error will be of
exp(—clw/logN). Denoting
<G(Sl, SZ) ‘Q‘) (

{(si+s,+1) )") Rs1+52
{(s1+ 1){(s2 + 1)/ ] (s15)%**

as g(sy,s2) and applying (6.2.6) and (6.2.7) we can write for T

1
T = - f(Resslzo(g(sl,sz)) + Resg -, (g(sl,sz))) ds, + 0 exp(—clw/logN) (6.2.8)
Ly

First, let calculate Res,, -, (g(sy,52)). For this we will create a circle C(s,) with center in —s,

with sufficiently small radius. Then on C(s,):
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CO _CO 1
——— , Res; = — :
2./logN 2,/logN logN

—Cy

S0 0 = min( Resy, Res,, 0) = Jiog' Hence

Res, =

G(s1,52,Q) < (loglog N)°W (6.2.9)
Also on C(s,)
{(s;+5s,+1) <logN. (6.2.10)

Our task is to exclude the s; from further calculations of Ress, -, (g(s1,52)). Thus by Theorem

1.4.13 we have
log(|sz| +2)

S+ 1 (6.2.11)

(Q(s1+ s, ({(s2 4+ Dsy) ! «

Hence, applying (6.2.9)-(6.2.11)

2k
log(s;| + 2)> 1 (6.2.12)

k_
Ress -5, (9(s1,52)) < (loglog N)°@(log N) 1< S N

To calculate the contribution of Res, —_, (g(sl,sz)) in (6.2.8) we will write

J log(|sz| +2) 2 s, = j log(|s,| + 2) S| s +
ol +1 ) Jsprz 2" TSl + 1) TspEeE
0

Lz Res;

2 log N

Imsys—=0

272 JlogN

log(ls,| + 2\ 1 log(ls,| + 2\ 1
+ sz ds2 + 217z 452
|so| +1 |so |24 |so| +1 |so |2t
Res;= ] Resy= ‘o
2,/logN 2,/log N

<Ims,<1 Ims;>1

Co

2,/logN

For the first integral in the sum above the following estimation will be true:

k
log(Is,| + 2)\** 1 1
ds, < ———ds, K
f ] < 2l +1 ) s, 7#2 %% f s

Res,

Res,

— 0
2,/logN
Co

Co
Ims; < Ims,<
2 2,/logN 2 2,/logN

— 0
2,/log N

1

J91ogN

(JIogN)™* = (log ). (6.2.13)

<
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For the second integral we have:

k
log(Is,] +2)\* 1 1
fc < |52| 1 |52|21+2 ds, < JC mdsz K
Resz:ﬁ Reszzzw/lc(;gN
] <Ims,<1 Co <Ims,<1
2./logN 2= 2./logN 2=
1
dt 21+1 1
f =iz < (VIogN) = (log )" (6.2.14)
1
J]1ogN
And the third integral can be bounded in the following way:
k (o]
log(|s,| + 2)\* 1 (log(t + 2))%*
f < s, + 1 |5, |20+2 ds; < 2k+2l+2 dt < 1. (6.2.15)
Resy;=—-=2
2,/logN
Imsy>1
Combining (6.2.8) and (6.2.12)-(6.2.15) we have
1 1
T=-— f Resg,—o(g(s1,52)) ds, + (loglog N)°@ (log N)**+72. (6.2.16)
Ly

We will call z(s3, s,) the following function:

{(s1+ 524+ 1)(s; + 52))k
510(s1 + 1)s,0(s, + 1) .

Note, that z(s;, s,) is holomorphic around (0,0) and z(0,0) = G(0,0,Q) = S(H). Now shift

Z(SliSZ) = G(Sll SZ)‘Q)(

Co U —Co U
_— < — = = — <-%L
gU,Imsz < 2} to L, = {Res, gU,Imsz < 2}

the integration contour from L, = {Res, = 2lo lo

This way we get

RS1+52

(5152)%%1(sy + sp)k

T = Res,,—oRess, =02z(51,52)

RS51+52

z(s¢, S
2mi? Iss1=p Isuiz2p (s1.5) (5152)%t1(sy + 5)*
21— 11—

1
ds,ds, + (loglog N)°@ (log N) 12,

where p is the positive small constant and error from shifting the contour can be calculated in
similar way to (6.2.7), and is of order O(exp(—c/log N)). Let change the variables in double
integral above: s; = 5,5, = s&. Then

RS51+52

z(s4,S
2mi? lsl=p Isuiz2p (s1.5) (5152)%4%1(sy + s52)*
21— 11—

d51d52 =
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s+s&

(ss§)*+1(s + sk

1
T 272

J. z(s, s&) dsd¢ =

I§1=2|s|=p

1 1 s(1+8)
= 2m'2 f (1 +€)k§.’l+1 .l- Z(S,Sf)md.gdf. (6217)
1&]=2 Is|=p

s(1+&€) L
To calculate the pole of f(s) = (z(s, sé) fmTH) we need to know the coefficient near s~ of

Teylor series of f(s) in neighborhood of zero, which has value (i(fzol;, (1 + &**2l(logR)*+2t +

k121=1(1 + &)" (Iog R)" £, (§), where |£.(6)| « z(0,0) « (loglog N€). Substituting this value

r=o0

into (6.2.17) we get

1 1 s(1+8)
2mi? j (14 &)kei+1 j Z(sysf)mdsdf =
§1=2 Isizp

1 (1+ 82 2(0,0)

(log R)**2'd¢ + 0(log N¥*2!=1]oglog N¢) =

~ 2mi s FH (k + 20)!
z(0,0) ka2t 1 1+ k+21-1 c
m(logR) o = dé + O(logN loglog N¢). (6.2.18)
[§1=2
21

We observe that (1;2 = Y=o (21) Em=1=1, hence the pole of this function and integral in
(6.2.18) will be equal to (*'). Hence

2(0,0) /21

= m( l ) (log R)**2t + 0(log N*¥+2=1|oglog N©).

Remembering that the sum in Lemma 1 is NT + O(R?(log R)®), we finishing proof of Lemma 1.

6.3 Proof of Lemma 2.

Proof. We should make remark, that the sum in Lemma 2 doesn’t change if we replace H by

H\{h}. Thisis because if w(n + h) is not a zero then n + h is prime and

A(n, 3, @) = > %u(d) (logg)“ .

d|(n+h)(n+hy)..(n+hy)
d<R
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so factor (n + h) doesn’t make a contribution to the sum above. We can assume that ' doesn’t

contain A. The sum in Lemma 2 is:

Z A2(n,H,k + Dw(n +h) = ZAR(dl,k+l)AR(d2,k+l) Z wn+h) =
N<n<2N

N<n<2N dl dz
neﬂ(dl),neﬂ(dz)

- z Ap(dy, k + D) Ap(dy, k + 1) z z wn + h). (6.3.1)

d,d; beqQ([d,,d;] N=ns2N
n=bmod([d,,d;])

In (6.3.1) [d4, d,] denotes the LCM (d4, d,). The inner sum from above is

wn+h) = Z w(#i + h) = 2 w(#) +
N<n<2N N+h<ni<2N+h N<n<2N
n=bmod([dq,d;]) Ai=b+hmod([dq,d;]) Ai=b+hmod([d4,d;])
+0(hlogN) = Z w(#) + 0((log N)?). (6.3.2)
N<n<2N

Ai=b+hmod([d4,d3])

The errors after replacing the (6.3.2) in (6.3.1) will add up to

(log R)**2'1Q([dd,D)|0((log N)?) =

d,d,<R
0(Qog)9) ) 19(did; DI =0(ogN))) > la@I ) 1=
d1d;<R d<R? did,<R

d—-squarefree [d1dy]=d

= ((0gM)*) )" 1(d)r3(d) = O(R* logn)°)

d<R?

Main part in (6.3.1) will be equal to

D Anlduk+DAn(r k+D) D a"(Nb+h[dyds))

did; beQ([dq,d;]
(b+h,[dq,d2])=1

where 6* =Y, y<n<2y w(n). So, the sum in (6.3.1) will equal to

n=a(modq)

N
Z Ae(dok + D) Ag(dy, k + D) Z e

did, beQ([d1,dz]
(b+h,[dq,d2]D=1

plus an error term of size
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ZA (dy, ke + 1) Ag(dy, e + 1) Z ’a*(Nb+h[d &) - —
A A 2R R T (dy, oD

d1d2 bEQ([dlidZ])
(b+h,[d1,d2])=1

o*(N,b + h,d) — (6.3.3)

N
el

< (log N)2k+2! z 75(d)

d<R? beQ(d)
(b+h,d)=1

Now we will decompose sum in (6.3.3) into two sums, where in first sum 7, (d) < (log N)4/3
and in the second 7, (d) > (log N)4/3 for A, which should be sufficiently large. For a first sum

we have:

N
(log N)2k+2l Z 75(d) Z |a*(N, b+hd) — —| <
d<R? beQ(d) (p(d)

A —_
i (d)<(log N)3 (b+hd)=1

o*(N,b + h,d) — (6.3.4)

N
e

24
< (logN)3 Z max

bmod(d)
d<R? (p+h,d)=1

For estimating the (6.3.4) Bombieri-Vinogradov theorem can be applied. For R? < N°we have:

24 N 24
(logN)3 max |6*(N,b + h,d) — —‘ &< (logN)3 = . (6.3.5)
bmod(d) d log N)4 4
s (bTZ,d):l o(d) (log N) (logN)3
For a second sum we can write:
N
(log N)2k+2l Z 75(d) o*(N,b+ h,d) — —| <
A p(d)
d<R beQ(d)
A —
T (d)>(og N)3 (b+hd)=1
d aA)Q(d A d
0(log N) (log N)?2k+2t Z Te(d)s( 1)4 () « (log N)*+2i+1-3 # «
a=rz (logN)3d dsN
N

K —. (6.3.6)

(logN)3

It means that the sum in Lemma 2 is

N

NT* + 0| —— |, (6.3.7)
(logN)3

where
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Ap(dy K +1
T* = Z ACTL D PR 2 1

dy d

(b+h,[d1,d2])=1

The innermost sum is by Chinese theorem:

=[] > 1= [] cormi-u,

beQ([dq,d2]) plldi.dz] beQ(p) plldq.d;]
(b+h,[dq,d2])=1 (b+h,p)=1

where |QF (p)] is the cardinality of the set {—hl’—hz, v, —hy,—h modp}. As before |Q* (p)| =

=k + 1. We can calculate T* similarly to T in Lemma 1 and T* will have a following form:

. |Q+(p)|—1 1 1 RS1t52 ds.d
’ (Zm)z f f ﬂ (psfﬁ‘pslﬂz) (5,57t o1z
Mm@ p

Omitting the calculations we can write for T*, when h & H:

_ S U{h) (21

e+ 201 \1 ) (log R)**2t + 0((log N)**+2:=1 (loglog N)©).

And when h € {:

* —

S(H) 21+ 2
_(k+21+1)!(

I+ 1 ) (log R)**21+1 + 0((log N)**+2 (loglog N)©).

Substituting the expression of T* into (6.3.7) we will obtain the result of Lemma 2. m

This chapter is based on paper of Motohashi [2], who found easier proof in 2006, then the
original proof of Goldston-Pintz-Yildirim, which reader can find in [1]. Proof of Gallagher

Lemma can be found in [8].
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CONCLUSION

In this work we introduced the complete proof of Goldston-Pintz-Yildirim theorem — the best
known result on estimating the small gaps between consecutive primes. Also various wide
applicable inequalities were highlighted, such as Bombieri-Vinogradov theorem, Pélya-
Vinogradov inequality, large sieve method for character sums. Correlation and utility of analytic
tools were presented — we showed the Vaughan identity as a simplifier in Bombieri-Vinogradov
theorem’s proof, and Bombieri-Vinogradov result as crucial part of Goldston-Pintz-Yildirim

theorem.

The flexibility and variety of tools in analytic number theory demonstrate us, that many areas in
prime number theory experience rapid development, and breakthrough is possible not only in
bounding the small gaps between primes, but also in estimating the number of primes in short

intervals, in Goldbach conjecture and other topics related to distribution of primes.
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