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Preface

Parts of chapter 3-5 have been published in the Pus, Matyas and Hornok [2013] working
paper, and will be presented at the 19th Panel Data Conference in London, July 4-5.
Chapters 3-4 are joint work with Laszlo Matyas and Cecilia Hornok. Chapter 1, 2, 5, 6

and 7 are solely my own work.
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Abstract

This thesis deals with the problems of formalizing econometric models on firm-product
level trade data sets, or similar economic flows. A multi-dimensional random effects panel
data approach is adopted. Several models are introduced taking into account different
types of specific effects, interactions and cross correlations. The respective covariance
matrixes are derived, as well as procedures to estimate the unknown variance and covari-
ance components, in order to make the Feasible Generalized Least Squares estimation
operational. Whenever possible, the spectral decomposition of the covariance matrixes
is also provided to make the estimation procedure simpler to implement. Both balanced

and unbalanced data sets are considered.

i



CEU eTD Collection

Acknowledgement

I would like to express my great appreciation to my thesis supervisor Laszlo Matyas for
his valuable and constructive help during the thesis writing period and throughout the
period of my studies. His willingness to give his time and support so generously has been
very much appreciated. I would also like to thank my groupmates for useful comments

on the work and moral support, especially Laszlo Balazsi and Ivan Vovkanych.

il



CEU eTD Collection

Contents

1__Introductionl 1
7 Rewd rRel i | 4
[3 The Model Specifications Considered| 6

[4 Covariance Matrixes and the Estimation of the Variance Components| 11

4.1 Covariance Matrixes of the Different Models . . . .. .. .. ... ... .. 12
[4.2  Estimation of the Variance Components| . . . . .. . ... ... ... ... 28
4.3 Covariance Matrixes of the Models with Cross Correlations/ . . . . . . . . . 37
[4.4  Estimation of the Variance Components and Cross Correlations| . . . . . . 39
6__Unbalanced Datal 49
0.1 Covariance Matrixes of the Different Models . . . . . .. .. ... ... .. 51
[5.2  Estimation of the Variance Components| . . . . . . . . .. ... ... ... 60
0.3 Covariance Matrixes of the Models with Cross Correlationl . . . . . . . .. 68
[5.4  Estimation of the Variance Components and Cross Correlations] . . . . . . 70
(6 Available Data Sources and Potential Applications| 79
(__Conclusion| 82

v



CEU eTD Collection

Chapter 1

Introduction

The mass-media is overwhelmed with the reports about how big data revolution will trans-
form all the aspects of economy. Many new large socio-economic data sets appeared which
led to a vast interest in the use of multi-dimensional panel data regression methods. Panel
data is most likely to be one of the most popular data structures, as compared to cross
section data and aggregated time series data; it has the large number of observations,
the possibility to separate within group variation and between group variation. With
the rapid grows of the data it became crucial to derive appropriate estimation methods
for the higher dimensional panel data sets, to turn from ”"usual” two dimensional (ij)
case to tree- (ijt) and four- dimensional (ijst) cases. These data structures are frequently
used to analyze different types of economic flows, like capital flows (FDI) or trade re-
lationships. While due to recent research three-dimensional panel data, mostly related
to macro trade, and other macroeconomic flows, is now better understood (Matyas and
Balazsi [2012], Matyas, Hornok and Pus [2012]), in higher dimensions, with potentially
extremely large number of observations, the models and, even the simplest, estimation

methods can quickly become very complex.
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In this thesis I focus my attention on four-dimensional panel data case in a trade
context, specifically on estimation methods for different types of linear model specifica-
tions. These four dimensions consist of firm or disaggregated sector (called in short firm),
product (or, again sector, called in short product), destination country and time period.
As the number of observations usually in these cases is (very) large, a fixed effects ap-
proach would mean the explicit or implicit inclusion into the model of tens of thousands
of additional parameters and dummy variables. This would look in fact very much like
a case of over-fitting, mostly ”destroying” the explanatory power of any other variables.
And also, in these higher dimension, different fixed effects specifications can substantially
change the estimation results, so instead, in this thesis, I introduce and analyze several
appropriate random effects model specifications.

This thesis begins with an introduction to the topic and review of the relevant lit-
erature. In Chapter 3 the baseline model for this four-dimensional panel data approach
is introduced, followed by the description of sample size and sample structure. Then 7
different model specifications are considered, which in fact are different structures of dis-
turbance term. And the main assumptions on the error components for the models are
presented. Described models are mostly generalizations of the ”usual”error components
panel data models or approaches used in multilevel modeling, which are widely applied
in trade.

In Chapter 4 proper estimation methods for the balanced case are derived for the
models introduced in Chapter 3. The most efficient way to estimate them is through the
Feasible GLS estimator. Firstly, I derive covariance matrixes in Section 4.1. Given the
four-dimensional set up, sample size can become very large, and inverse matrix needed for

FGLS estimation can not be easily calculated, thus spectral decomposition is presented
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for each covariance matrix. In Section 4.2 estimation of unknown variance components of
respective covariance matrixes are derived using identifying equations and Within trans-
formation which cancels out specific effects (Matyas and Balazsi [2012]). So the FGLS
estimation can be made. In the case of trade models, and in general for most of the
flow type data, assumption that random effects are pairwise uncorrelated may be too
restrictive as it does not allow for any type of cross correlation. Thus in Sections 4.3
and 4.4 I relax this assumption and derive covariance matrixes and estimation of variance
components for the models with cross correlation.

In Chapter 5 I present how the procedure will change if the data in hand is unbalanced.
The unbalanced data structure is very general in this case, as most of the trade data sets
are presented with no-observation holes in it. Introducing a range of new notations and
different index sets makes derivations for these case quite complex but feasible. I present
covariance matrixes in Section 5.1, estimation of variance components in Section 5.2 and
same for the case with cross correlation in Sections 5.3 and 5.4, respectively. Then I discuss
available data sources and present potential applications in Chapter 6 and conclude in

Chapter 7.
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Chapter 2

Review of Relevant Literature

Analysis of panel data has always attracted a lot of attention of researchers in economet-
rics. Work by Wallace and Hussain [1969], Nerlove [1971a, b], Fuller and Battese [1974],
Wansbeek and Kapteyn [1989], Baltagi [1985], Baltagi et al. [2008] and others provide
comprehensive description of the estimation methods both for balanced and unbalanced
two-dimensional panel data cases, especially error components models. However, the fast
grows of multi-dimensional panel data sets was not accompanied with the same grows of
methods to analyze them. The literature on multi-dimensional panel data sets developed
from the one that describes the "usual” two-way set up. Most of the models were based on
the direct generalization of the "usual” fixed effects and error components models. Three-
dimensional panel data is now better understood, due to the research conducted in recent
years. One of the first researches in this area was done by Matyas [1997], who presented
a correct representation of gravity model in a form of triple-index model with countries
and time effects, and estimated it using OLS. Three-dimensional fixed effects panel data
models were studied by Matyas and Balazsi [2012]. They derived the appropriate Within

transformations which eliminate fixed effects from the model in order to make Within
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estimation operational. Matyas, Hornok and Pus [2012] derived appropriate estimation
methods for the balanced and unbalanced cases for several random effect specifications
for tree-dimensional trade panel data sets.

However, as was already mentioned previously, micro trade relationships are better
described in a four-dimensional panel data framework. Bekes and Murakozi [2012] study
the length of export spells for Hungary in firm-product-destination level data with one
observation in the dataset being the export of a product j by firm i to country k in year t.
The same structure of dataset was use by Berthou and Fontagne [2009] to test hypothesis
of effects of trade liberalization (see also Corcos et al. [2012], Gorg et al. [2010], and
Defer and Toubal [2007]). Arkolakis and Muendler [2009] develop a model of firm-product
heterogeneity in a four dimensional setup, and show the potential falsity of fixed effects
approach, as different fixed effects specifications change the estimation results. Thus it is

crucial to develop literature on estimation methods of higher dimensional panel data sets.
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Chapter 3

The Model Specifications Considered

In this thesis I introduce different types of random effects model specifications suited for
this four-dimensional panel data approach, derive proper estimation methods for each of
them, and analyze their properties under different data structures.

The baseline model to be considered is
Yijst = B'wrsy + Wijst

where x are the explanatory variables of the model, g are the the unknown parameters, u
are the idiosyncratic disturbance terms (which are assumed to be uncorrelated with the
explanatory variables x), and IS is the time-invariant Index Set (it can be: ijs, ij, is, js
or just have a single index for the explanatory variables, and can be different for different
for each one of them).

It is important to be specific about the sample size and sample structure. First of all,
the baseline sample structure - let me call it the balanced one - is when s = 1,..., N,
j=1,...,N® s=1,... N®andt=1,...,T,Vi,s,j. Note here that a “real” balanced
sample would mean, as in Davis [2002], that N = N® = N®) but in our case this makes

little sense, as essentially we are dealing here with micro trade data. Typically 7 stands for
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firms, j for products (or disaggregated sectors like ISIC level 1, 2 or 3 classifications), and
s for the trade destination countries. The unbalanced data structure considered in this
thesis is quite general as most of these data sets present themselves in “granular” form
(looking like an Emmental cheese with high density of missing data bubbles). Individual
time series may not only be of different length, but may also have no-observation holes
in it. This can only be handled by the introduction of different index sets, referring to
different groups of observations, which makes the analytical treatment of these cases quite
complex.

As I am using here a random effects approach, the different model specifications are
characterized by different structures of the disturbance terms u;js. In fact Moulton [1990]
already pointed out more than two decades ago how important these structures are from
a practical point of view. For each of them I derive the covariance matrix of the model,
and then proper estimators for its variance and covariance components in order to be able
to use the Feasible GLS (FGLS) estimator to estimate the unknown parameters of the
model.

The simplest model considered is a straight generalization of the “usual” error com-

ponents panel data model (see, for example, Matyas [1997], and Baltagi et al. [2008])

Ugjst = i + 75 + 0 + N + Eijst (1)

where the error components are pair-wise uncorrelated, have zero expected values, and

their variances are

2 e 9 e -
o, ifi=i oy ifj=

E(Mz‘m') = E(%’%") =

0  otherwise 0  otherwise
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2 : o 2 : o/
o, ifs=s oy ift=t

E(OCSOCS/) = E<>\t)\t’) =

0  otherwise 0  otherwise

The next model to be considered is
Wijst = Mijs T Eijst (2)

o ifi=4,j=j ands=¢

E(Mijs,ui'j's/) =

0  otherwise

This is the “usual” panel data model with random individual effects, where the indi-

vidual effects correspond to the (ijs) triplets. An extended version of this model is
Ugjst = Mijs + Ne + Eijot (3)

where

o ift=t
E()\t)\t’) ==

0  otherwise

The next model to be considered is with pair-wise interaction effects

1 2 3
Uigsr = 105 + i+ 1) + g4 (4)

where MS), mf), Ng) and €;;¢ are pair-wise uncorrelated, have zero expected value, and

oV ifi=i and j = j'
E (i) =
\0 otherwise
.
0&2)2 if i =4, and s = ¢
E(pispirs) =
0 otherwise
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0,83)2 if j=4, and s =¢

E(pjspryrs) =

0 otherwise

The next model is the extension of model (4) with a time effect
Uigst = iy + 1)+ 1)+ A + €ijue (5)

Another form of heterogeneity is to use individual-time-varying effects. This in fact is
the generalization of the approach used in multilevel modeling (see for example, Snijders
and Boske [1999], Ebbes, Bockenholt and Wedel [2004], Hubler [2006] or Gelman [2006]).

In this case model (2) is extended with pair-wise split individual specific time effects

®3)

(1) 2) + Vst + Eijst (6)

Uijst = Mijs + Uiy + th

H (2 3 L
where vz(t), o' vgt) and €;;¢ are pair-wise uncorrelated, have zero expected value, and

it
.
051)2 ifi=14,andt =1
E(Uz'tvz"t') =
0 otherwise
\
052)2 if j=7,andt=1¢
E(vjivy) =
0 otherwise
\
(
01(,3)2 if s=¢,andt ="t
E(Ustvs’t’) -
0 otherwise

\

Finally, the last model to be considered is an all-encompassing model with

®3)

( (2) + Vgt + gijst (7)

1 2 3 1
wijr = 1y + iy + ) + o)+ ol

In some cases it is important to deal with cross-correlations as well. The cross-
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correlations to be considered are for models (2), (3) and (6)

E(Mijsm’j's’) =

and for models (4), (5) and (7)

and

E(pijpiy) =

E(Mis,ui’s’) -

E(pjspyrs) =

o i=1i,7=j and s = ¢
pay 1#i,j=7jands =5
pey i=1,j# jands =5
pEy =1, =7jands # s

0 otherwise

o t=14and j =7
poy G777 andj= J'
Py 1= i" and j # j'

0 otherwise

o, i=17ands=y¢
Pg; i#14 and s = ¢
(2 ' — 4/ and '
Py =7 an S#s

0 otherwise

oy j=j and s=¢

PGy J #j5 and s = ¢

/

P2 j=j and s # s

0 otherwise

10
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Chapter 4

Covariance Matrixes and the
Estimation of the Variance

Components

As it is well known, the most efficient way to estimate the models introduced in Chapter
3 is through the Feasible GLS estimator. First, starting with the balanced case, I need to
derive the covariance matrix of each model (1) - (7). However, given the four dimensions,
the sample size can become very large quite quickly, meaning that the inverse of the
covariance matrix (needed to perform a the FGLS estimation) frequently cannot easily be
calculated in practice. To overcome this problem I also derive the spectral decomposition
for each covariance matrix, which makes the inverse operation much more easy to perform.
Then, I estimate the unknown variance and covariance components of the respective

covariance matrixes in order to make the FGLS operational.

11
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4.1 Covariance Matrixes of the Different Models

As the four dimensional setup makes the matrix algebra a bit more complex, some new

notations are needed to be introduced upfront. Let me make the following definitions:

B, = % ® Iy ® #((?;
B, = %@Imﬂ ®%
Bij = Iyoyye ® %
Bis = Inyo) ® (5\1;[((;; R Iye ® %
Bjs = (]]\Z;/((l)) @ Iyeyne @ %
By = Iyo) ® % ® It
Bj, = % ® N(2)% ® It
By = % Iner
Bijs = Inoyyeone) & %
Biji = Inoynye ® {]]\J;(S)) ® It
Bjs = % ® IneneT
Bist = Ino) ® %
7o Ino N N T
NONONGBT
I =Iyoyener
B = Iy ® %
B} = iVN((;) ® Iy & %
B! = % ® Iy

12
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I
ij =Ivone ® —=

N®)
. Ine@
Bj, = Iy ® NN—(;) ® Ine
. JIyo
Bjs = % (024 IN(2)N(3)
g INON@ NG
NN NGB

I = Inoyye NG

Model (1)

To derive the covariance matrix of model (1) I start from composite disturbance term
Uijst = i + 75 + Qs + A + €55t
For all T" observations I get

uijs:,ui®lT+fyj®ZT+045®ZT+)\+61‘]‘5
Elugsui;,) = El(p; @ lr) (s @ Ip)'] + El(v; @ Ir) (7 @ 1)+

+ El(as @ lr)(as @ Ir)'] + EAN] + Eleijseij) =

= O'EJT + aiJT + aiJT + ailT + UEQIT

Continuing this building up of the observations for the s index and then the j and ¢

indexes as well, I get

Uij = 1 @l @ lye) + 79 @ lr @ lye +a @l +Iye @ A+ €;

E[Uu“;j] = UZJN(3)T + 03JN<3)T +0ilye @ Jr+ 05 Iye © Iy + 0 yerr

U= i Qlr @y @lye) + 7RIy @lye) +ive @a @l +Iye @ lye @A+ €
E[uzu;] = UiJN<2>N(3)T + 03IN(2) ® Iy + Uz{JN(z) ® Ine @ Jr+

2 2
+oxIneone @ It + o Ine) e

13
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So this gives finally

U=pRIlr lye lye + iy @YRIlr @lye +Ilyo @lye @a®lr
+lyo @ lye @lye @A+ €
Elu] = o2 Iyo @ Iy yer + 03Iy @ Ine @ Iyer + oadyone ® Ine ® Jr+
+ o3Iy nene @ It + 02 Iy ye yer = O
where [ is the vector of ones (all elements being 1) with its size in the index, J is the
matrix of ones with its size in the index and I is the identity matrix, with its size in the
index, and u, «, v, A and € are the vectors containing the elements of p;, v;, as, A, and
€5t Tespectively.
Like in the usual panel data case let me work out the spectral decomposition of this

matrix to simplify the inverse needed for the FGLS. Using the notation

Cy=Bi—J
Cip=B;j—J
Cis = Bo—J
Ciu=Bi—J

WIZI_CH_CIQ_CIB_CM_J
we get
Q= NONOT (Cy + J) + NONOTG2 (Cra + J) + NONOTo2 (Crs + J) +
+ NONONOG2 (Cy+ J) + +02 (W, +C1y + Cra+ Crs +Cra + J) =
= (NONOT2 + NONOIT2 + NONOIT2 + NONONGGE + 62) J+
+ (N(2)N(3)Tai + 062) Ci1 + (N(I)NB)Tai + ‘752) Chao+

+ (N(Q)N(?’)Tai +07) Chs + (N(I)N@)N(B')ai +02) Cia + 02W,

14
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Now using

0.2
"= NON®T2 1 o2
0.2
Oy = ¢
N(l)N(3)T02Y + o2
0_2
0y = ¢
NON®PTo2 + g2
0, = e
1T NON@NGG2 4 o2
2
95 - o

N(2)N(3)ng + N(I)N(3)ng + NON@To2 + NONANBGg2 4 o2
I get for the inverse of the covariance matrix
U?Q_l = 01011 + 02012 + 93013 + 64014 + 95J + W1 =
+(3—0,—0;—05—0,+05)J
Now this model is suited to deal with purely cross sectional data as well, that is when
T = 1. In this case
Eu] =o:Iyo @ Iyeye + 02dym @ Ino ® Iye + oadyone @ Ine+

2
+o; ]N(I)N(Z)N(B) =0

with
Chi= B~
Ciy = B; - J*
Cis=B,—-J

Wf:]*—C’fl—C’ﬁ—Ci}—J*

15
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and I get
0 =NONOe2 (Cy) + J) + NONOG2 (Cry + J*) + NONO6? (CFy + J*) +
= (N(Q)N(?’)Uz + N(l)N(3)U?/ + NONGG2 4 052) J* + (N(2)N(3)UZ + 062) C+

+ (NON®G2 +62) Oy + (NONBG2 4 62) Oy + 02 W7

Proceeding like in the panel data case above, with the notation

,
L= N@) NG)o? + o2
03 = i
> NONBG)g2 + o2
2
0; = Oc

NONRg2 + g2
o?
- N(2)N(3)a§ i N(l)N(:s)gg + NON@g2 4 52

I get

G20 = 0107, + 0505, + 03C T + 05T + Wi =

=1—-(1-07)B —(1-03)B; —(1-03)B; +(2—0] —0; — 05 +0}) J"

Model (2)

Proceeding likewise for model (2) I first build up the covariance matrix

Wijst = Mijs T E€ijst
Uijs = Mijs @ lp + €5
/ 2 2
E[uijsu ] = O-HJT + UejT

ijs

Uij = i @ lr + €

16
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/
ij

E[uiju | = UELIN(s) Jr + U?IN(s)T
up = i Qlp + ¢
E[ulu;] = Ji[N@)N(?’) (%9 JT + 062[N(2)N(3>T

UZM®ZT—|—E

/ 2 2
E[uu ] = O'MIN(1)N(2)N(3) ® Jr + o; Iy nep =

Then using

CQ :Bz’js—J

Wy =1 — Bjj,
I get for the covariance matrix
Q="To, (Co+J)+02(Wa+CotJ) = (To,+0?2) J+ (To,, +02) Co+ 02 Ws
and for the spectral decomposition
o2 =0J+0C, + Wy =1 — (1 —0)By,

with

0.2

S
- 2 2
To, +o;

The GLS estimator then is
Bors = [X' (I — (1= 0)By,) X] 7' X' (I — (1 - 0)Byjs) y

The GLS estimator is in fact an OLS estimator on the transformed model, where all the

variable of the model are transformed like
|

Uijst = Yijst — (1 —6) Z T Yiist

t=1

17
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Model (3)

Proceeding in the same way as above for model (3) T get
Uijst = ijs + M\t + €ijst
Eluu'] = O-iIN(l)N(Q)N(S) @ Jr + o3 Inone e ® Ir + 02 Iyo ye yeor = Q
and so
Q=To> (Cyp+ J) + NONONOGS (Ca1 + J) + 02 (Ws + Ca1 + Caz + J) =
= (To2 + NONONOGS +062) J + (Tol + 02) Cs + (NUNONGGS + 67) Cay + 02 W

with
031 - Bt - J
C(32 = Bijs —J
Ws=1-C3 —Cs—J

For the spectral decomposition I get

O'?Qil = (91J+(92032 +03031 -+ W3 = [ - (1 - 92) Bijs - (1 - 03) Bt -+ (1 -+ 01 - 62 - 93) J

with
6, = i
' To2 + NON®ONGIG3 + 02
2
Oy = To? + o2 206 5
o, + o;
2
93 == Ue

18
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Model (4)

For model (4) I get

uijst ,UZ(]) + /’L'Ei) + ,Ulgs) + 62]515
E[uu’] = Ul(})QIN(nN(z) ® Jyer + Uiz)QIN(1> ® Iy @ Iye @ Jr+

3)2 2
+ UIS ) Ine @ Iy @ Jr + o Inoyye NeT

and

Q=NOTeW* (Cy+ B+ B — J) + NOTo®* (Cyp + B+ B, — J) +

+ NOTe® (Cys 4 B; + By — J) + 02 (Wy+ B; + B; + By + C41 + Cyy + Cyz — 2J)

= o?Wy++ (N(g)TJ(l) +o ) Cu + ( N© )TU,(f)2 + CT?) Cit+
+ (N O1s®” 4 af) Cis + (N O 4+ NOTR® + af) Bi+
p p

+ (N(3)TJ (* 4 ya TO' 062) B; + (N(2)TO'(2)2 + N(I)Taff)z + 062) Bs—
- (N<3>Taf}>2 + NOTG? L NOTE? 4 203) J
with
Cn=Bj;—B,—B;+J
Cip = Bjs—B; — Bs +J
Ciys=DBjs—Bj — B+ J
Wy=1-B,—Bj — By —Cyy —Cyp — Cy3 +2J
The spectral decomposition now is
o2 =Wy + 0,Cyy + 02Cu5 + 03Cu3 + 0,B; + 05B; + 0B — 0, =
=1—(1—-61)B;; — (1 —62)Bis— (1 —05)Bjs + (1 — 6, — 6, + 04) Bi+

+(1—601—05+05)Bj+(1—0;—05+0) Bs — (1 —0; — 0y — 63+ 67) J

19
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with

o¢
b= (1)?
N®Tag,” + o2
2
O-E
b2 = (2)?
NOTo,”" + o2
2
UE
O3 = (3)2
NOTo,” 4 o2
o2
0y = <
NOTD 4 NOTeP? 4 52
o2
05 = <
]\7(3)TJ,(})2 + N(I)TUS))Z + 02
52
= 6
’ ]\f(2)TU,(12)2 + ]\/'(UTUL(?)2 + o2
2
0; = T

NOTY + NOTR* 4 NOTE 4 202
This model seems to be the perfect choice when one is dealing with cross sectional

data. In this case

Eluw] = U,Sl)QIN<1>N<2) ® Iy + U,SQ)QIN(l) ® Iy @ Iye) +

3)2 2
+ U,S P Ivw ® Iyeyye + 02 Iyoye e = Q

with the notation
L:B;‘j—Bz‘—B;+J*
o= BB - B+
13:BJ’.‘S—B;—B:+J*

Wi =I'= B = Bj = B, = Cjy — Cjp — Cjy + 2J'

20



I get

Q= NO* (Cy + By + B — J*) + NOo@* (C, + Bf + B — J*) +
+ NWe®* (Cry + By + B — J*) +
+ 02 (Wi + B + B} + B + Ciy + Cy + Cjy — 27°)
= o2W; + (NP 4 02) Oy + (NDol2’ + 02) Ot
+ (N We®” 4 af) o+ (N B + NDD" 4 af) B+

+ <N B + NO®” 4 af) B; + <N @@ + NO®" 4 af) Bi—

~ (N 4 NG 4 NOGHF 1 202)

Introducing a similar notation than earlier

g o7
' N® g + 52
gt — o7
2T N@GR? 4 g2
) o?
93 = (3)2
NWg”" + o2
0.2
0; = ‘
ON® + NOe®’ 4 o2
0.2
9* — €
T ON®D 4 N0 4 2
0.2
0 = ‘
" NOGR 4§ NI 4 52
2
* UE
07 2

CEU eTD Collection

21
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I get
o2V = Wi +0;C5 + 05C5, + 05C5 + 05 B + 0 B +0sB; — 07" =
=I"—(1-07)B}; — (1 —-03) B, — (1 = 03) B, + (1 — 0] — 0, + 03) B/ +
+ (1 =07 =05 +05) B + (1 —05 — 03 +65) Bi—

—(1—6—-605—05+07)J"

Model (5)
For model (5) I get
Ujjst = /iz(]) + Mz(i) + ,UJS + A+ €ijst
Bluv] = Q = oV’ Iyoyye © Jyor + 0@ Iya @ Jye @ Iye © Jr
+ 05’)2JN(1> ® Ineye © Jr + o Iyo e ne @ Ir + 02 ym ye vorr
This leads to
Q= NOToM* (C51 + B; + B)) + NOTo?” (Cs + B + B,) + NVTo® (Cs3 + B, + B;) +
+ NONONOG2Cs, + 02 (Ws + Csy + Csg + Csz + Csy + B, + Bj + B,) =
= o?W; + (]\7(3)710/(})2 + 03) Cs1 + (]\T(Q)Tal(f)2 + 03) Cso + (]\7(1)Tal(f’)2 + 03) Cs3+
+ (NONONGG2 1 62) ¢y, + ( OTe(* 4 NOTG? 4 af) B+
+ (N O 4 NOTeE® + af) B; + (N @1s®" 4 NOTeE + af) B,
with
Cs1 = B — B, — B;
052 = Bis - BS - B’L
Cs3s = Bjs — B, — B;

Csq = By
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Ws=1—Cs1 —Csg — C53 — Cs4 — By — Bj — By
and the spectral decomposition is

039_1 = W5+ 01C51 + 0,C50 4 03C53 + 04Cs4 + 058; + 05 B; + 0:Bs =
=] — (1_01)Bm_ (1 —QQ)BZS— (1—93).8]5— (1-&4)3,5—’—(1—91 —02—’—95)32—{—

+(1—60, —05+06) Bj + (1 — 0, — 05+ 67) By

with
2
UE
b = (12
N@Tg,” + o2
2
0-6
b2 = 2)?
NOTo,” + o2
o?
93 = (3)2
NOTo,” + o2
0,2
b= NoNe N® g2+ 52
0,2
05 = -
P NOT L NOTR | o2
0.2
O = -
N(3)TU£¢1)2 + ]\f(l)Tcrl([g’)2 + +o?
0.2
b = TP DTGP L
N®To,” + NOTo,” + o?
Model (6)

For model (6) I get

Uijst = Mijs + Uz(tl) + UJ('?) + Ug’) + €ijst

Eluu] =Q = o Iyoyeve @ Jr+ o Inw ® Jyerye @ Ir+

+ 01(,2)2JN<1) R Ine @ Jye @ It + 01(,3)2JN<1)N(2> ® Inoyr + 02 Iyw N NG T
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leading to

O =To?(Co1 + B; + Bj + By — J) + NONOG* (Co, + B + B, — J) +
+ NONC G (Cys+ B+ By — J) + NON@ O (Coy + By + B, — J) +
+02(Ws + Ce1 + Coa + Co3 + Cos + B + Bj + B, + B, — 2J) =
= (Tai +0?2) Co1 + (N(Q)N(3)U,L(,1)2 + 03) Ce2 + (]\7(1)]\7(3)0&2)2 + 03) Ces+
(N MN@E? 4 af) Coa + (Taﬁ + NONGGL? 4 af) Bi+
(To—i + NON® G 4 af) B, + (Tai + NON@GB? 4 af) Bo+
( NONG G 4 NONOD? | NONE@ 3 | Ug) B,—
(

v v

To? + NONOGD? 4 NONEG@? 4 NO NGB | 203) J+02Ws

“w v
with

Ce1 = Bijs— Bi— Bj — B;+ J
Cep =By — Bi — By +J
Ces=DBjy—Bj— B, +J
Ces = Bsy — Bs — B, +J

We=1—Cs — Csa — Cg3 — Cos — B; — Bj — By — By +2J
The spectral decomposition now is

O’?Qil = W6 + 61061 + 92062 + 93063 + 94064 + 95Bz + 968j + 9735 + egBt - (99J =
=1—-(1—-61)Bijs—(1—63)Biy — (1 —603)Bjy — (1 —04) By + (1 — 61 — 62+ 65) B+
+(1—61—05+65)B;+(1—6, —04+07) By + (2— 0y — 03 — 0, + 05) B,—

(2= 0, — 0y — 05— Oy + 0o) J
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with

2
91 = —T 20-6 5
o + o;
o?
b2 = 1)z
NONGGD® | 52
o?
Os = )72
NON®GD® | 52
o?
b1 = BB
NON@GD® | 52
2
O-E
b5 = BE
TO'i + NONB g,/ + 052
2
0-6
b = @)
2
0-6
b = 3
TO'i +N(1)N(2)0'v _|_0-€2
0.2
0y = :
S NONOG 4 NONGPT L NON@D 4+ 2
= oe
" To2 + NON®GW 4 NONGGE" 4 NON@GET 4 902
Model (7)

Finally, for model (7) I get

Uijer = p) + ple) + p + ol + 0 + o)

+ €ijst
N — o172 (2)°
Eluu'] = 0,7 Inoyye @ Iyer + 0,7 Ivo @ Iye @ Iye @ Jr+

+ 0£3)2JN<1> R Iy ne & Jr + 051)211\/(1) ® Jyene @ Irt

2 2
+ 01(,2) Inw @ Iy & Jye @ Ir + 01()3) Inone @ Iyey + U?IN(l)N(Q)N(B)T
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leading to

Q= NOToM* (Cry + B, + By — J) + NPTo®" (Cry + B; + B, — J) +
+ NOTe®" (Cry + Bj + B, — J) + NONOoV* (Cry + B + B, — J) +
+ NON®D® (Co 4+ B+ B, — J) + NON®O (Crg + By + B, — J) +
02 (Wr 4 Cr1 + Cra + Cr3 4+ Cos + Crg + Bi + B; + By + B, — 3J) =
= 02 Wi + Cry (NOTo + 62) + Cpy (NOTo®” 4 02) + Oy (NOTo " 4 02) +
+ Coy (NONOGD 4 62) + Cry (NONDo* 4 62)
4 Chg ( HN@GE? 4 Ug) + B ( NOTGD* 4 NOTGRP 4 NONGGD? 4 03) I
+ B, (N To* + NOTe®* 1 NONG 527 4 03> +
+ B, ( NOT®* 4 NOTEE" 4 NON@GE? 4 Ug)
+ B, (N IN®GW? 4 NO NG @ | NON@ G | af) -

- J<N<3>To—f}>2 + NOTe?* 4 NOT®"  NO NG D7

+ ]\[(1)]\7(3)01(}2)2 + ]\[(1)]\](2)01()3)2 + 3062)
with

Cn=DBi;;—B,—Bj+J
Cra = Bijs— B — Bs+J
Cr3 =Bjs—Bj — Bs+J
Cu=By—B;— B +J
Cws=Bj—Bj— B +J
Cr6 =By — By — By +J

Wi=1-Cpn—Crp—Crg—Cpqg —Crs —Crg — By — Bj — By — By + 3J
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The spectral decomposition now is

o2 = Wy + 0,Cqy + 05C70 + 03C73 + 04Cry + 05Co5 + 06C6 + 07 B; + 03B+
+ 09Bs + 010B; — 011 =
=1 —(1—6,)Bi; — (1= 05) Bjy — (1 — 03) Bjs — (1 — 04) By — (1 — 05) B —
—(1—0s)Bst +(2—6, —0y—0,+07) Bi+ (2 — 0, — 05 — 605 + 0s) B+
+(2—0—05—06+0y) Bs+ (2 — 04 — 05 — 06 + 019) B —

(3= 0y — 0y — O3 — Oy — 05 — 06+ 011) J

with
2
b = U(En?
N®Tg,”" + o2
2
02 = 0(2)?
NOTo,”" + o2
2
Os = O@)?
NOTo”" + o2
2
0, — 06(1)2
NONBg, "™ 4 o2
2
0 — 06(2)2
NONEG) oy’ + 0’62
o2

€

NON@gP 4 52

0.
"y OTeM* + NOTe?® + NONOD 1 52
05 = oc
NOTo + NOTo + NONGGP” + o2
Oy = o¢
NOToE” + NOTo + NON@GP" + o2
010 = o?

NONG D + NONG D £ NONE@GP? 4 52

€
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0.2

011 = :
U NOT + NOTP £ NOTeP + NONGD 1 A

A= NON®GR? | NON@GG? 4 352

v v

4.2 Estimation of the Variance Components

In order to make the GLS estimator feasible I need to estimate the variance components
of the different models. Given the four dimensions this is quite tedious and unfortunately
there is no way to get around it. This is done below for all models in two steps. First,
using the appropriate Within transformation for each model, which cancels out the specific
effects (see Matyas and Balazsi [2012]), identifying equations are derived for the unknown
variance components. Then, using these identifying equations, estimators for the variance

components are derived one by one.

Model (1)

The Within transformation that cancels out the specific effects for this model is

uijst—ui—ﬂj—ﬂs—ﬂt+3ﬂ:eijst—6i—6j—€3—€t+3€

which leads to the following identifying equations

MONCNOT - NO _ @) — NG
E [(ujor — U — Uj — —@t+3ﬂ)2]:a2N NENTT - N N N r+s
e Lo € NONRQNGT

E [u }:E[(/Li—l—”yj—l—as—l—)\t—l—eijstﬂ :ai+o—3+ai+a§+af

ijst

T 2 T 2
1 1
E <T 521 uijst) =F <T E (i + 75 + s + A + Eijst)) =

t=1

— B[+ B[] + B0l + —F

1
2 2 2 2
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Al 1 |
_ 2 2 2 2 2
E Zulﬂst T NOh T 99T % + N e
om
@)
N® £ wyst T N@) T N(@) ¢
]:
So the appropriate estimators for the variance components are
NONRNGT
652 = Wit hinUwithi
€T NONAONGT — NO) — N@) — NB) — T 4 g withinTwithin
N@ NGB T N N@

6’2‘:(1\1(1)_1 NON®G ZZZ Z Hige Zu”st

~2
2
N NG T N(®2) N(®2)
~2

. 1 R
03 - NO (N( Z Z Z Z Wijst = N@) Z Wigst
J

NONO NG [ 7 T 2
53 = a2
)= NONON Z Z Z § R (E u) 5’
t
NO N@ NG T

&2_ N(Q)N ZZZZ Wijst — ‘27_63\_662

where the “within” index means that it is the residual obtained from the appropriate

Within estimation of the model.

For cross sectional data only, the Within transformation that cancels out the specific

effects for this model is

uijs_ai_uj_a5+2ﬂ:€ijs_€i_€j_€s+2€

which leads to the following identification equations

NONONG) — O _ N2 — NG L9
_ 21 2
E [(ujs — 0 — 0y — Uy + 20)") = 07 NONDONG

E[u?}:aijtagjtai—l—af

K

i N e )

FE ZUUS =N i T+ N(l)og
- N om 1

B Zulﬂs =0, N® : 3t N® o¢
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Thus the estimators for the variance components are

" NONE) NG . .
o, = UnyyithinUwithin
NONRNG — NO) — N©2) — NB) 42
N@ NG [N N 2
2 2
= N Z Z Z s, — Z e | | =
NO NG [N N 2
~92 ~2
Oy = N (N(Q) —1)N® Z Z Z Ugjs — N(2) Z Uijs — O
N N(©@) NGB

% = NONOND 2 2o 2 e Lm0
Model (2)

The Within transformation now is
Ujjst — Uijs = €ijst — E€ijs
The identifying equations are

E [(uijor — Uijs)’] = E [(€ijst — &3s)°] = E [€]j5 — 26550615 + E5j) =

1, L,T-1

N ?0 = 0. 7

2
A

2
o. +

E[ua] = B [(ij + €jst)”] = B[] + B [éj] = 0} + ¢

1jst
So the estimators for the variance components are

A~ . / A~ . .
Oc = 7 _ 1Uwithmuwzthm

N1 N©@) NGB

%= T 222 2 T O

Model (3)

The Within transformation is

Ugjst — Uijs — Ug T U = €ijst — €ijs — € T €
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which leads to the following identifying equations

E [(ujsr — Uijs — Uy + ﬂ)ﬂ = E [(€ijst — €5 — & + 5)2] =
=F [ ”St] +FE [ ”8] +F [Eﬂ +E [52} — 2F [€j5t€ijs) — 2F [€155€:] +

+ 2F [€;5t€] + 2FE [€;j5€) — 2F [€;j:€] — 2E [€:€] =
1 1 s 2, 2

_ 2, * 2 2 _ S22 2
SO0t F0 T NONON® e T NONONOT e T 7% T NONON® T
2 2 , 2 ,
+ Y ONONGT T NONONOT  ~ NONONGT
2 ;L (NONANG — 1) (T —1)
- o:=0
NON@ NG e ~ e NONONGT

The estimators for the variance components now are

9 NO NG NG y A
<7 (NONONG) — 1) (T — 1)uwithinuwithm

o
N1 N©@) NB)

T
53 -~ NONEC )N(3)T —1) ZZZ (Z aiﬁsf) Z Wigst

NO N2 NG T

Ry s 2,222 U= 0i

Q>

Model (4)

The Within transformation now is
uijst —Hz-j _ﬂis —ﬂjs—i‘ﬂi—i‘ﬂj +ﬂ5 —Uu
The identifying equations are

B [(uijsr — Wij — Wis — Ujs + U + ) + 0y — 1)°] =

2N(1)N(2)N(3)T ~NON@ - NONG) - NONG) 1 NO) 1 N@) 4 NG 1
= % NONGNGT
E [u?jst] = O'ul)Z + 022)2 + US)’)Q + o?
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&
b Nzumt - Nl(l) o + ]\[1(1)0512)2 +o + Nl(l) o;
i N 27 . 2 2 , 2 '
E Z Uijst - WO_E) +o? 4 WUS’) n WJS
The estimators of the variance components now are
- NONONGT o
Te “NONONOT - NON® _ NONG _ NONG + NO - N@ 1 NG _ | Lwithhwith
N@ NG T N 2 N0
‘(‘3)2 NONEC )N(3)T (NW —1) ZZZ ;aijst _Z Ujst
NO NG T N 2 v
o = NON® N<3>T (N® —1) Z Z Z Ej:%‘st - Z Uit

NO) N(@2) NGB

Y = yon N(3)T Z Z Z Z W — 07 — 617 — 7

For cross sectional data only, the Within transformation now is

Q>

Uijs—ﬂij—ais —I_Ljs+ﬂi+ﬂj+ﬂs—ﬂ
The identifying equations are

E [(uijs — ij — Uis — Ujs + U + U + Uy — 0)°] =

2]\[(1)]\[(2)]\7(3) ~NON@ - NONG) - NONG) - NO) 1 N©@) 4 NG 1

— e NONDNG
E [uﬁjs} = oW 4 o 4 507 4 &
oo N 1 1
E (1) Z uis | | = WUE})Q + Wo—ff)Q +o® 4+ o
: ¥\ 1 1
E (2) Z Uijs =+ o 4 5@ 4 o @ 4 @ o2
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And so the estimators of variance components now are

5 NO N @) NG
Te = NONONG — NONER — NONG) — NONG) + NO) + N2 + NG — ] x

N N
X Uithin Wwithin

. NO NG [ [N 2 N
&£3)2 - NONP NB) (N(l) _ 1) Z Z : @ijs - Z ﬁ?js
7 s i i
. N NG NE@ )
6L2)2 T NONON®G (N® —1) Z XS: A Uijs | — Za?js
N N@) NG) ] J

oA = R 2 2 2 i —of ol
i 5 s
Model (5)
The Within transformation now is
Ujjst — Uiy — Ujs — Ujs — Up + U; + Uj + Us
The identifying equations are

E (ot — Ui — s — Uy — Uy + U + 15 + G,)°] =

2N(1)N(2)N(3)T ~NONO - NONG) - NONG) —7 1 NO 1 N@) L NB)

— % NON@ONGT

E [u?jst] = 0181)2 + 0182)2 + 0,83)2 + 03 + o7

E_ Ly | W2 @2y g2 L2 1 s

T;Uijst> =0, +o0,7 +o0, +TU’\+TU€

1 T e 1

E N ; Ugjst = N(l)al(}) + Waff) + JE’) + 03 + N o2
1 T a1 1

E N ;uijst = WU’(}) + aff) + N@ O'l(f’) + 03+ N@ o’
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The estimators of the variance components now are

o NONER NG
Te TNONONGT - NONG@ — NONG) — NONG) —T+ N+ N2 4+ NG

NO N NG [ T T 2
O O N(3) T—1) ZZZ Z Uijsr = (;u1t> —o¢

wzthuwlth

o
N® NG T N 2 No
53 — e _ a2
T = NONE )N(3)T N(l) Z Z Z Z Wijst Z Usjst O
NO NG T N 2 y@
527 — o _ a2
T = NO)N(@2 )N(3)T N(Q) Z Z Z Zu”St Z WUijst O
J

N N(@) NGB

21)2 T NONONGT Z Z Z Z Wigst — &(2)2 N 6;83)2 — X 0¢

Q>

Model (6)

The Within transformation now is
Wijst — Wijs — Uip — Ujp — Usg + Ui + Uj + Us + 20 — 20
and the identifying equations are

B [(ijst — Usjs — iy — Ujy — gy + Uy + Uy + s + 20, — 20)°] =

2]\7(1)]\/(2)]\7(3)T ~NONONG) - NOT - NOT - NOT 1 N £ N@) o+ NG 197 — 9

—e NONONGT
E [u?jst] = ai + 01()1)2 + 07(}2)2 + 07(}3)2 + o7
5 (1 B LOCICRN N C) S JC R
(T ;Uijst) = Uu + = 70 + 77 + 7% + T
(1 & T . 2 b e ery ey 1o
EN v ; “"ﬂ'st> SN0 TN T T o
RS 1 2 o2, L @2y @, L o
Bl ve ; “Z’ﬂ'st) SN@% T TRy T T ye
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The estimators of the variance components now are

.2 NONC NG
e NONQONCT — NONCNG — NOT — NOT — NOT + A wzthmuwzthm

with A= NO £ N@ 4 NG 4 o7 9

NO NE@ NG T
%= N N(2)N —1) Z Z Z <; ﬁijst) Z Uit
NO NG 7 [N N 2
~ 2 N N
o) = (ND — ONOT Z Z Z Z Wijst — N(1) Z Uigst — 6, =6
NONG 7 [N® N 2

5(2)2 _ E E E E _ " _ 52 _ 52
Ov " = N (N zyst N Uijst 0, — 0¢
NO N@) NGB

&53)2 N(2)N )T Z Z Z Z Uijst — &i o &1()1)2 - 6—1()2)2 - 6—62

Model (7)
The Within transformation for this last model is
Uijor — Tij — Tis — Tjs — Uy — Tjy — Ty + 20 + 275 + 21 + 20y — 30
The identifying equations are
E [(wijse — g — s — Tjs — gy — Uy — Uy + 20; + 205 + 205 + 20 — 30)°] =

2N(1)N(2)N(3)T ~NONO - NONGC) - NONGC) - NOT — NOT _ NOT 1 A4
€ NONCNGT

=0

with A = 2N® £ oN®@ ;L oNG) o7 3

B[] = o 40" 4 o0 1 ol 10 1 0" 407

o | 2(1:) Ly L o) (3)2 L ap (2)° (3)? L o
Wijst =N o, + N(l)au +o, + N o, t+o,7 +o,7 + N(l)ge

> z§ L gy (2)2 L w2, L o (3)? 2
Uit —Nm% Tt Ne TR TRe% T T ye o
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N@®3)
1 1 1 1
NCI BN SN e LR SN c O C RN CHNE SN C RN S
E Zumst =0, +N(3)J“ +N(3)0“ ‘o, + o0, —|—N(3)UU +N(3)Ue
N N@) 2 ) ) ] 1
(1)2 @, L @2 1 ap
b N(2 22% NOoN® s TNw% TRxe% TRm
i=1 j
1 . 1
@, @, _ L
TN@% T T NN %
2
N@O NGB)
1 1 1 S T T
SR Nt S SN C) NN SR C) ()
L NONG) 22“”“ = Nk +N(1)N(3)Ju T N® Tu JrN(1> v T
1
@, L e L
Tl TN T NN O

Finally, the estimators of the variance components are

NONECNOT

< T NONONGT - NON@ — NONG) —

uwzthm

N(Q)N +A wzthzn

with A = —NOT - NOT - NOT 4 oND 4 oN®) L oNG) o7 — 3

63" = ! X
v T NONONOT (N —1) (N@ — 1)
N® 7 [N NG NO /N 2 N /N 2 N N@
x Z Z Z Z g =\ Dt | =D | Dt | + Zumst
6" = ! X
v N(l)N(Q)N(3)T(N(1)—1)(]\[(3)—1)
N® 7 [ND NG N /NG 2 Ne /N 2 N NG
x ZZ ZZ GREDDE DI I i |+ Z“wst
% S s )
5" = ! X
v N(l)N(Z)N(i")T(N(?)—1)(]\[(3)—1)
N® T [N® NG N@ /NG 2 N [NO 2 N@ NG
x Z Z Z Z U Z Z e | =D Dt |+ Z Z“wst
E J
N@ NG T N 2y
~(3)% _ o _ N2 _ A2 _ A(3)?
Tu T NONE )N(3)T (ND = 1) Z Z Xt: Z“wst Z“mst Ty Ty
NO NGB T N(©2) 2 N(®2)
~(2)% _ o _ N2 _ A1) A(3)?
Tu T NONE N(3>T (N® _1) Z Z Z Z“wst Z%st 0y’ =0y
J J

NO N@) NGB T

&;(»1)2 N(l)N IN®T Z Z Z Z Yijst

2)2 &l(f»)Q _ 50?527 _ 5067 _ 52
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4.3 Covariance Matrixes of the Models with Cross

Correlations

Models (2), (3) and (6)
Both for models (2), (3) and (6) I have
Elpijpi;) = ool @ Jr+ p) (Iyor — Ine @ Jr)
E[,u,-u;] = UiIN(z)N(g) ® Jr + P(3) (]N(z) R Jnyer — Inoyne ® JT) +
+pe) (v — Iye) @ (Iye ® Jr))

Elpp] = o2 Iy yeve @ Jr+ pe) (Inoye @ Iyer — Inoyeye @ Jr) +

+ P2 (INU) &® (JN(Q) — IN(z)) X (IN(:s) (%9 JT)) + P (JN(1) — IN(l)) & (IN<2>N(3) & JT)
Thus, the covariance matrix of model (2) takes the form

Eluu'] = 031N<1)N<2>N<3> ® Jr + pe3) (Inoye @ Inerr — Iyone ye @ Jr) +

+ P2 Iy @ (Iye — Iy@) @ (Ine @ Jr)) + P(1) (Jyaw — Inw) @ (Iyene Q Jr) +

+ 062[N(1)N(2)N(3)T
and the covariance matrix of model (3) looks like

E[uu’] = 02]N<1)N(2)N(3) ® Jr + P(3) (]N(1>N(2) R Iy — Inoy v ye @ JT) +
+ P2 (IN(U ® (JN(Q) — ]N(z)) ® (]N(s) & JT)) + P (JN(I) — _[N(l)) ® (]N(Q)N(S) X JT) +

2 2
+ oIy nene @ It + o Ivo ye e
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Finally, the covariance matrix of model (6) is

Elu'] = o2 Ixoy v ne © Jr+ pe) (Ivove @ Iyer — Inoyeye © Jr)+
+p@) (Iym @ (Iye — Ine) @ (Ine @ Jr)) + pay (Iyo) — Iyo) @ (Inene @ Jr) +
(1)? (2)2
+o0, Iyoy @ Iyenye @ It + 0, Iya) @ Iye @ Jye @ Irt+

3)2 2
+ 01(; ) Inonye @ Ineyp + 02 o) v e

Models (4), (5) and (7)

The covariance matrixes of models (4), (5) and (7) are slightly more complicated as there
more variance components to take into account. The covariance matrix of model (4) now
is
Elu] = o’ Iyay yer ® Iy + ,083 (Uno @ Iyeyerr — Inone ® Iyer) +

+ /38; (Jyvw = Iyw) @ (Iye) ® Jyer)) + U,SZ)QIN(l) ® Iye @ Iy @ Jr+

+ pgg (Iyw ® Jyonerr — Iy @ Jye @ Iye @ Jr) +

+ Pg; (Ivy = Inw) @ Jye ® Ine @ Jr) + 05’)2 Inw @ Ineye @ Jrt

+ pg’; (Jyw ® Ine @ Jyer — Iy @ Iyeye @ Jr) +

+ pg?g (JN(I) & (JN(2> - IN(2)) & IN(3) & JT) + 062]N(1)N(2>N(3)T
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For model (5) I get

Eluu'] = 0,(})2[ NONG@ @ e + pg; (Inw ® Iyonverr — Inone @ Iyer) +
+ [)EB (Tyoy = Iym) ® (Iye ® Iyor)) + 02 Iyw © Jye @ Iye © Jr+
+ pgg (Ino @ Iyoner — Ine @ Iye @ Ine ® Jr) +
+ pgg (Ivey = Inw) ® Iy @ Iye @ Jr) +

+ J/SS)Q Ina) @ Ineoye & Jr + pgg (JN(1) R Ine @ Jyoyr — Iva) @ Ineye @ JT) +

+ pg% (JN(l) X (JN(2> - IN(2)) ® Iy ® JT) + UE\JN(I)N@)N(B) ® It + 062[N(1)N(2)N(3)T
Finally, for model (7) I get the covariance matrix

Eluu'] = Uf,,l)QfN(l)N(z) ® JIner + ,083 (Ino) ® Inener — Inone ® Iyer) +
+ PEB (Invowy = Inw) ® (Iye @ Iyer)) + UELQ)QfNu) ® Iy @ Ine ® Jrt+
+ ng (Inm @ Iyeyner — Iyo @ Iye @ Iye @ Jr)+
+ ng (Jyw = Inw) ® Jye ® Iy ® Jr) + 0 Ty @ Iye e @ Jr+
+ pgg (Jnvw ® Ine @ Jyer — Iy @ Ineye @ Jr) +
+ 08 (v ® (Jy@ — Iy@) ® Iye ® Jr) + oW Iya) ® Jyaye @ Irt

2 2
+ 0'1(]2) JN(I) & ]N(Q) & JN(B) & ]T + 0',513) JN(l)N(Z) & IN(S)T + UEIN(UN(Q)N@)T

4.4 Estimation of the Variance Components and Cross

Correlations

Models (2) and (3)

The estimation of the variance components for models (2) and (3) does not change in this

case, but of course the cross correlation coefficients need to be estimated. For model (3)
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the identifying equation are

- 2_
N
1 , 1 5, NO-1
E Z uzjst = N(l) O-‘LL + N(l) Ue + N(l) p(l)
- -
N@®)
1 , 1 , N®-1
FE Zuwst = N®@ U# + N® O, + N @) P2)
- )
N®3)
1 , 1 , NO®-1
B Z“wsf “Ne TN T Tye e
So I get
N2 NGB T N@) 2 1 1
~ _ 7 .. J— 52 —_
= T o (S| -y - g
] 1 s=1 t=1 i=1
NONG® 7 [N® 2 . )
~ — ¥ .. 52 —_
Pe) = (N(Q) — 1) ONSONGT ; ; ; < Uijst N@) 10'u N@) —1¢€
NOND T [N 2 . )
I J— . — 52 —
PE) = (N()_1) NONBG) Tz;;; Szlu”st NG —17n " N — 1%
Turning our attention to model (3) now
— 2_
N©
1 5, 5, 1 , NB-
£ 5w 2 s || = FmO At gm0
- -
N(2)
1 1, 5, 1 , N®_1
Ell ~ve Z;u““ TN T AT NG’ T Ty O
=
VR 1 1 NG _1
_ 2 2 2 —
Pl ve z;u”“ SNt AT Ne% T T Ne P
s=
and so
. 1
PO = (NO — ) NON@NOT
2
N@ NGB T N@)
R 1 o ND s 1
" ;;; ;uim TNO 17T NO 1T N
. 1
PO = (N® ) NON@NOT <
2
NO NGB T N(®2)
L o N® 1
" 22; X_:u”“ TN 17T N 1T N® 1
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. 1

Pi) = (NG —1) N(l)]\[@)]\I(B)T><

2
1) Ny(2) (3)
- [ 1 N® 1,

x> D D |\t | —vm 1% v 10 w10

i=1 j=1 t=1 \ s=1I

Model (6)

In the case of model (6) the estimation of the variance components of € and p remain

unchanged (i.e., are as in the case of the model without cross correlation); otherwise

155t o v
(1 N T 1 N 1
_ o, L g, o2, @ -
e ;“W TN@O TN T T T Nme T Tym Ao
(1 v 1 1 1 N® _1
) _ 2 (12 @2 () 2 -
FE ND ZIUUSt N o, +o, + N(Q)U” +o,) + N o. + N@ P2)
J:
(1 v 1 1 NG _1
— = 52 (1) (2)? (3)2 2 -
Pl ve ;“W BRI ORI O RO VO RS
- N
N®O T
1 1, 1 s 1 e 1 e
R ) _ L w2 L o2 1
E NOT ; ;ul]st N(1)Uu + N(l)TOv + TU’U + TUU T
1 NO 1
+ N(l)TJE N(l) p(l)
] NBr i 1 1 1 1 1
| 2, L @2, L (32 2
E NOT ;t_zlu”st N o, + TUU + N(Q)TO” + TJU + N(z)TO€+
N® —1
+ N@ PO

So I get for the estimation of the cross correlations and the variance components

R 1
Py = (T —1) (N(1> —1) N(l)N(2)N(3)TX
NON® [ /N0 7 2 N 2 )
A ~ ~2
SN - (S |- e
j=1 s=1 =1 t=1 t=1 =1
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) 1
PO = T (N® = 1) NONONGT

2

N NGB NE@) T N®)

2
T
N ) 1 .
S Y | =0 (Y| |~ 0
i=1 s=1 j=1 t=1 t=1 j=1
N(2) N(3) T N(l) N(l) 2
51" = M )
v N (N(l) — 1) (I)N 3)T Zl Zl ; N Z z]st Zl U’Z]St + p(l)
J s
N NGB T N @) NG 2
59" = N©@ )
Uv N (N(Q) — 1) (I)N (3)T Zl Zl ; Z zjst Zl uzyst + p(g)
NO N NG
5(3)° _ 2 A @R 2
v T NON N(3)T Z Z Z Z U = O — 6 — 5"
i=1 j=1 s=1 t=1
N N@) T N®)
1, NO
(3 = - 5 7 _
P@) (NG —1) N(I)N NGT ; ; zt: Zuwst NGO 100 T NE 1%
N e L o e
N® _ 1% T N® 1% T NG _17

Model (4)

For model (4) the Within transformation remains as for the model without cross corre-
lation, so the estimation of the variance of € is exactly as in section 3.2. Overall, the

following identifying equations can be derived

FE [uz- } = ULI)Q + 0L2)2 + 0&3)2 + 052

VEL
TR ; 1 1 1 N _ 1
N _ w2, 1 @2 @ > -1 @
Nu);“”st = 0% Tym% T T ym% T Tym PoT
N -1
+ p
NO PO
2
N(©@
1 ) ) 1 2 1 N®@ 1
LN b e (3) > 1)
£ N(2>;“W =Ne% % tNe% tTNe% T T Nm Lot
N® 1
+ p
N@ )
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2
N@®3)
1 1 1 NG —1
I 6 ) L ¢) LT S ) b 2 2
E (N Zumst =0, + N(3)0“ + N(3)U“ + N(S)Ue + Piayt

N® —1 @

tTNe Lo

=1 j=1

NN 2 | 1 1 1
S ¢ ) L S ¢') T S (-) T S
L Na N(z Zzuwst ~ NON®D K + N + N@ + N(l)N(2)06+

N® 1 N® 1 N® 1 N® 1
(1) (2) (1) + (3)
NON@PO T yON@PO T yoyOPe T ya oo

NN 2 1 1 1 1
_ (1)2 (2)2 (3)2 - 2
E N N(3 ZZ“”“ = N u + NONG r + NG n + N(l)N(3)U€+

_I_

i=1 s=1

NO—1 ) NU-1 o NY-14 NY-1 g
+ Py + P+ varom P T e P
NONGTQ) T yONGTL & yONBTR T O NGB T2
NE N ; 1 1 1 1
_ O EAE SN C R SR N SR
Ell~ve N(3> 22“”“ NO% TN®% T NoN®TE T NON® T
j s
N®—1 ) N®—1 @ NI—14 NI—1 g
T Pt P G —— ) p
NONBTR) & yNGTL & NyONBTR T N NGB @)
N N@ NG 2 ) . .
I S ¢ LR SN IS SRt
E Na N(z lelzlu”“ T NOND +N(1)N(3)Uu +N(2)N(3)Uu +
i j s
1 », NO—1 4 NO-1 4  NO—1
TNONONG T T NONON® PO T NONONG PO T NONO NPT

LN e N1 g NI -1 g
NONONGPO T NONON® O T NONONG @

Altogether I have 8 identifying equations but unfortunately 9 unknown variance compo-

nents and correlation coeflicients. These cannot be estimated without further restrictions

2 2 2
on the parameters. Let me impose the additional assumption that O’,(}) = 0&2) = 0,83) =

UZ' Under this assumption I need to estimate only 7 unknown parameters. From the first

identifying equation
N@) N(©2)

NG T 1
N 7 2 D D1 D i — 3¢

zljlsltl

Q>
TN

Note however, that the above identifying equations 5 — 8 are, unfortunately, linear com-

binations of the equations 2 — 5. This means that I need to impose further restrictions on
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the model.

Let us assume, in addition, that

1
E[:U’z(j):ui’j’

EI:ILLEE)IU"L’S/

E[/’L‘gi)lu/]’sl

P(2)

(2)] _

P(3)

0

\

Now, the identifying equations take the form

- 2_

€9)
1
E W Z Usjst =
i=1
1 2
E N2 Z Wijst =
j=1

1 NG
E NG Z Wijst =
s=1

1=1 and j = j
i=i and j # '
1#14 and j = j

i and j # §

i=1and s=¢
i=1 and s # 5
i1#14 and s = ¢

i#1 and j # j'

j=7and s =
j=7 and s # s
j#£j and s=¢

1141 and j # j

24+ NO ) 1, NO
o o, +

NO  THE T N@) T N®

24+ N® ) 1, N@ _
o o, +

N@  Tr N(E@) € N®)

24+ NG ) 1, NG —
o o; +

NGB Hr NG € NGB
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So I get the following estimators for the cross correlations

N NG T N(©2) 2

R 1
PO = SNONONGT —1) ZZZ Zumt +

i=1 s=1 t=1 =
] NON® 7 /NG 2
+2N(1)N(2)N( 5 1) ;;; ;Uijst —
1 NON® T [NO 2
L1 (N® 2 N L2 NO 42
"l \Ne 1T Ne 1 T NO—1)
! 1 1 1
TlG\ N1 T N® 1 T N1
2

NO N2 T N®)

P2) = N(1)N(2)N( —1) Z Z Z Uist

’Lljltl s=1

NO NGB T N(2)

P(3) = N(l)N(2)N( —1) Z Z Z it

i=1 s=1 t=1 j=1

Model (5)

Like for the previous model, the Within transformation is still as for the model without

cross correlation, so the estimation of the variance of € and that of \ remains as in section

3.2. Making the same assumption as above for model (4), the identifying equations now

are
Elu},,] = 302 + 03 + 07
E _ %umt ) = 2;—5\2(1)02 +o5+ Nl(l)aez + N;i;(l_) 1
E - %uust | = 27]:7—2[)(2)‘75 + o5+ N1(2) oc + N;i/)(;) 1
E - Nz(gfuwst | = 2}:7—27)(3)02 +ox+ N1(3) o + N;ff)(?; :
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And so this leads to

NO N@ NGB T

1.
~ 3N( N(Z)N ZZZZ Wijst — 2 5062

zl]lsltl

Q>
TN

NO NG T N(®@)

ﬁ(l)zle)N N _1 ZZZ Zuz]st +

=1 s=1 t=1 =
NON® T [NG 2
+ 2N<1)N(2>N( (NG — ZZZ Uijst | —
i=1 j=1 t=1 s=1
2

N@ NGB T N@)

2N« )N(Q)N( ) —1) ZZZ Ugst | —

jlsltl i=1

L1 (N® 12 N2 NO 42 o1 NGO N®@ N®
D) <N<3> 1T N® -1 NO— 1) By (N(3) 1T N® -1 NO— 1) -
! 1 1 1
T3 \WN® 1T N® 1 NO 1
2
NO N@) T N@®B)
P(2) = 1 200, Uij AQ—NE 2 &Q—N(S) —
(2) NONCNGT (NG) —1) 4 L L 1 ijst T NG —q ANG) —q
1= J= = S=
o 1
_Je N(g) 1 _p(l)
2
NO) NGB T N(@)
o = ! I3 T B LR S
@7 NONONOT (N® — 1) & £u £ s PNG 1 TAN® —1
o1 .
— 0 N@ 1 — P)

Model (7)

Finally, for model (7), making the same additional parameter restrictions as for models

(4) and (5) I get the following identifying equations

[\

Elu?] =302 + ol + 0@ 4 ol 1 57

zyst v

1 <& 1 1 1
- - _ (1) (2)2 S (3?2
(T ;uwst> 30 + = T oy’ + = T + TUU + TGE
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NO e Nm N
ND 1 NO _q
+ NO P@ T No P®
| O 2 24 N '
— 2 (1) (2)? 3) 2
B\ w2 i N@ Cut O TNt T o Tt
j=1
N® —1 N® _q
TN PO No PO
;] NO 2 2 NG )
2 2 (2)? 3)2 2
FE NG Zuwst NG o,to,’ +o7 + N(3)U“ + N(3)0€+
s=1
NG —1 NG _1
TN® PO T e PO
1 N® 2 91 N( ) 1 1 ]
2 m2 . = (22 = (32
E N(l)T;;u”St NO %t NoT% + 700 TR0
1, NO -1 NO _q
tyoroet TNw ot T m Pe
2
N® T
2+ N® , 1 e 1 PR R
= — 51 (2) 2 ®3
FE NQT ;;uz]st N Oy + TUU + N(2)TUU + To'v —+
1, N®—1  NO®_
+ N(Q)TUE + N(2) p(l) + N(2) p(g)
which lead to the following estimators
NO @) NyGB) T
A2 o .
O-u - SNON@N 3)T — ]_ 222 (; ul]St) Z z]st
i j s =
N N NG
~(1)?
0 = RO D) NONOT 2= 2 2 D
i=1 j=1 s=1 t=1
] NONG® T [N 2
~ NO(NO 1) NE >N<>(T_1)ZZZ > e |+
7j=1 s=1 t=1 =1
1 NENO N T R
. 9
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N N@) NGB T

o7 = oo DI IP I

zl]lsltl

1 NO NG 7 [N@ 2
_N(l)N(Q)(N()_l _1 z;z;tz: z;uz]st +
1= S 7

NO NG 2

1
N® T
1 NG
+N<1>N<2>(N<)_1) GT(T —1) ZZ ZZumst TN@ — 1% T %

i=1 s=1 \ j=1 t=1

NO @ NGB T

A(3)2 ~9 . ~9 . A(1)2 . A(2)2 ~9
T N(l)N INGT ZZZ Uijsr — 30, — Oy 0y o

=1 j=1 s=1 t=1

NO NGB T [N©@ 2

ﬁ(l):2N(1)N()N( 2 1) ZZZ Z“wst +

i=1 s=1 t=1 j=1

1 NO N 7 (NG 2
T ONONONGT —1) ZZZ Z“ia‘st -
i=1 j=1 t=1 s=1
2

N2 NGB T N@

1 A
T ONON@NBT ) —1) ZZZ ;Uijst —

jlsltl

1 (N® 12 NO 42 NO 42 521 1 1
NO 1 N®_1 NO_1) %3 \N® _1TN® _1 NO_1
1

%
1
2N 1 e 1 g
v 2N v oN® 70 ON®)
NO N@) T N@®B)
(3)

; > | FLLEEE
7 NON@ONOT (NG — 1) £ £ £ s NG 1
=1 j=

1 2 21
_ 52 WP @2 532
O¢ NG —1 Oy Oy N®) Oy P(l)
2
1) NG (2)
o 1 NO NG T N2A LN 12
PO = NON@NOT (N® — 1) 2 Yast | = uN@)
i=1 s=1 t=1 \ j=1
1 1
— o — W = o = 6~
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Chapter 5

Unbalanced Data

In order to be able formalize the nature of the data here, some new notations need to be

introduced. Let be:

e Z;;s the set of time periods when firm ¢ sells product j to country s, with 7j;, now

. . Ti;
being the number of elements in Z;j,, Z;js = {z}js, e zi;;s};

° Zj(i) the set of time periods when any firm sells product 5 to country s, with T](S1 )

being the number of elements in Z J(.?;

o 7% the set of time periods when firm i sells any product to country s, with 7.°)
is p Yy b y S, s

being the number of elements in Z ).

18 )

) Zi(;’) the set of time periods when firm ¢ sells product j to any country, with 7}(]-3)

being the number of elements in ZZ(;’ );

° Zi(l) the set of time periods when firm ¢ sells any product to any country, with Ti(l)

being the number of elements in Zi(l);

o / J@) the set of time periods when any firm sells product j to any country, with Tj(Q)

being the number of elements in Z ](2);
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7t the set of time periods when any firm sells any product to country s, with 7

being number of elements in Z”;

Qgsi the set of firms that sell product j to country s at period of time ¢, with IV j(;t)

being the number of elements in Q]St,

let the set of products that firm 7 sells to country s at period ¢, with stt being

the number of elements in let,

being

Qg’t) the set of countries to which firm ¢ sells product j at time ¢, with N”t

the number of elements in th’

Q(3) the set of countries to which firm ¢ sells product j at any time, with N belng

the number of elements in Q” :

QS) the set of firms that sell any product to country s at period of time ¢, with /N, gtl )

being the number of elements in Qg);

Qﬁ) the set of firms that sell product j to any country at period of time ¢, with NV ](tl )

being the number of elements in Q it

Qgt) the set of products that firm ¢ sells to any country at period ¢, with N belng

the number of elements in fo );

Q( ) the set of products that firm ¢ sells to any country at any time, with N belng

the number of elements in Ql@),

QZ(»?’) the set of countries to which firm ¢ sells any product at any time, with Ni(?’)

being the number of elements in Qgg),

Q;g) the set of countries to which any firm sells product j at any time, with N ;3)

being the number of elements in Q§3);
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e QW the set of firms that at least sell a product to any country at any times, with

N® being the number of elements in QM);

e Q@ the set of products being sold by any firm to any country at any times, with

N@ being the number of elements in Q®);

e QB the set of countries to which any product has been sold by any firm at any

times, with N® being the number of elements in Q®).

5.1 Covariance Matrixes of the Different Models

Model (1)

For this model I have

Uijst = i + 75 + Qs + e+ €5t

So I can build up the covariance matrix in the following way

Uijs = i @ Iy, + 75 © by, + s @ Iy + Az, + €ijs

/ 2 2 2 2 2
E [Uz‘jsu ijs] = O-HJT- + O-’}/JTijs + O-QJTijs + O-AITijs + o ITijs

Vs
Uij = [l @ ZZS Ty T 7 ® lZsTms + Q5 + S\ij + €
E [uju's;] = aiJZS Ty T ‘73‘]25 Ty T 02 Ay + 03Dy + 062[25 Tijs
Ui = @ Uy s my, + %+ 0+ A + €
Eudy] = op sy 1, + 02Bi+ 0L F i+ 03Di + olly s 1y,
U=+ +a+ e

Eluu) = 0.C+ 0B+ 0.F+ 05D +0lly. 5, 5. Tise
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where

JES Tils O 0
B; = 25 T -
0 0 . JZST¢N<2>S
where
J(Zb Tilsxzs Tpls) 0
P’L'7p — O J(Zs Ti2sxzs Tp23>
0 0

i = M1l M2 - 2
—— ——

Zj > T1js times Zj > Tojs times

sz Zsles 0
C 0 JE]’ 25 Tojs
0 0
A= - J2--- 72
i —— ——

> s Tiistimes Y- Tjo, times

¥ = (¥, o F)

&l = Ap...001 Q9...09
i N—— N —

Tijltimes Tjigtimes

~! ~/ ~/ /
O{Z _— (a17az2, ...,OZZ.N@)) P (6%

1

52

(1) (1)
KN - BNy
————

22 TN(l)js times

JE]’ 2s T

(2) (2)
IN - IN
~———r

> T n(2), times

Py P 5 Py o
P2,1 P2,2 P27N<1>
Pywy Py Py no
0
0

J
(Zs T, n(2) X205 T,,N@)S)

QN @3) - .- NG
—_————

TijN(3)times

= (&4, d, ..., dyw)
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Fi,p =

Jr, 0 0
. 0 Jr, 0
0 0 Jr,

J(Tijl ><Tp11> 0 0
0 J 0
K (Tig2 % Tpiz)
Lp
0 0
(Tyn Ty )
1,1 1,2 1,N®
Ky  Kip K} Py Fip Fy yo
2,1 2,2 2,N®2)
Ky K} isp Fon Fap Fy v
s F =
N®@ 1 N®@ 2 N®@ N@)
Ki,p Ki,p Kip FN(l),l FN<1>,2 FN(l),N(l)

Let me denote by Az, the vector of length T, of time effects associated with time periods

from the set Zij,. Then X, = (AZW AZUN(S)> and

)\’/L = (5\;15\;2, ooy X;N@))

/N\/ = (5\,1, 5\,2, ceey N/]V(l))

Now about the Mr,, w7, matrix of size (Tijs X Tipr) -

column is

1 if 22
{m}nk =

0 otherwise

23

k

Element of n-th row and k-th

ijs ler
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Further,

MTz’jl XTijs

MTz‘j2><Tijs
E, = , Djj = (B, Ea, ..., Enes))

MT (3>><T1‘j5

ijN
MTill xTijs
MTilZXTijs
Ejsz 5 Dz: (E117E127"'aEN(2)N(3))
T¢N<2)N(3) XTijs
MT111 XTijs
MT112 XTjs
Eijs = 3 D= (E1117E1127"'7EN(1>N(2)N(3))

Ty n@) n3) X Tijs
Model (2)

This is a slightly simpler case than model (1) above. I have
Ugjst = Mijs + €ijst
So I can build up the covariance matrix in the usual way

Uijs = Hijs & lTijs + €ijst

/ 2 2
E [uijsuijs] - O-,uJTz‘js + O ITijs
Uij = Hij + €ij

E [uijul“] = UZAU + U?[ZS Tijs
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U = b + €
2 2
u=ji+e€

E [uu/] - UiA + 062[21_ 3 Tijs

where
Ti]' ;trimes Ti]' ;ﬁmes Tij N (;)rtimes
/1; = (/1;'17 /1;'27 7&23) ] ﬂl = (/1/17 /E/Qa >ﬂé>
Aqn 0 ... 0 Ay 0 L. 0
0 Az‘g C. 0 0 Alg c. 0
Ai - 5 A p—

0 0 ... Ao 0 0 ... Ayoye
Model (3)
Now I have

Wijst = ijs + At + €ijst
I have already derived the covariance matrix of j;;s in model (2) and A, in model (2).

Thus for model (3) covariance matrix takes the form

E [uu'] = UzA + O'/Z\D + 062]21’ 3 Tijs

Model (4)
The composition of the disturbance term now is
(3)

wijar = iy + ) + ) + €
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So I have

ui]S /’Lz]) ® l + ILLZS ® lleS + /'L_]S ® lTlJS + Eijs

E [umsu

’Lj81| ijs

M’L]) ®ZZ T’L]S _I_ME])

ijs

K [uwu”} = 021)2[]2 Tye T+ U AZ] + U

= JT —|—CT JT —|-0

ijs

o,

ijs

‘|‘O'IT

ijs

+ €5

Azg + o IZ Tijs

=i+ 51? + 5 + ¢
E[uu}] = o, B—l—a Fm—l—a()A—l—UIZZTW
U = /1(1) + /](2) + ﬂ(3) + €

E[uu’] G+J L—G—U(S) ]\/[—1—0212 > 3 Tijs

with

2 2 2 2
/](,2.) = Hz(l) : M§1) MEQ) : ‘NEQi
() ~~ N~
T ;j1times T} jotimes

~(2 ~ ~(2 ~(2
:u( ) = (N51)7/'Lz(2)7 . 7“51\3(2))

~ ~ ~(2
= (i i )

VvV
S T} j2 times

3
,%1- ,%1 N§2)~ /~L§2)
Zjltlme

ﬁz(l a:&iQ ) a,u”\gm )

(1) @) (1)

> Tzls times >, les times

~ ~(1 1
= <,U, 7Mg)7' J/"L§V?1)>

56

Ia(l): L P I '/Li2l

(2) (2)

Hine -+ Hine)
—_—

T'LjN(3) times

3) ®3)

HinG -« Hine

g

TzJN(?’) times

(1) (1)
HFine@ -+ Hine
————

25T,y (2), times
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and

By 0 0 Fii 0 0
0 B, 0 0 Fy 0
G = s L =
0 0 e BN(l) O 0 . e FN(l),N(l)
J(Ti11><Tp11) 0 . o O
0 J(Til2><Tp12) e O
Zip=
0 0 .
(TiN(2>N(3> XTPN(2>N<3>)
Zl,l ZLQ ce ZLN(I)
Z27]_ 2272 e ZZN(U
M =
ZN(l),l ZN(l),Q e ZN(I),N(U

Model (5)

The disturbance term is now structured as

wijer = i)+ 2+ )+ N+ €

Given that I have already derived the covariance matrix of ME;), ,ug), and ufs’) in model

(4) and \; in model (1), for covariance matrix of model (5) I get

Euu] = Jf})QG + ULQ)QL + JELS)QM + 03D +olly, >, 5, Tige

Model (6)

The disturbance term now is

3)

(1) + Vgt + €ijst

Ugjst = Mijs + Uy + v

Jt

o7
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so I get for the covariance matrix

Uijs = Mijs & ZTMS + U(l) + U](2Z)ijs + Ui?é)ijs + €ijs

E [uljsul‘]s} =0 JTZ]S ( ) [TZ]S + 0—( ) [TZ]S _|_ O—( ) Ings + 9 [les
iy + 70 472 + 79 + e
E [umuw} = ‘72141] + 0(1) D;j+ o, (2)* D;; + cr( )y Iy 1, + 03]25 Tjs

wi =i + 00 + 50 + 50 + g
E[uu]—a2A+a ‘Di+ @R + ¢ NH""UIZZTW
w=fi+7"+0@ +5% 4 ¢

E[uu’]zaiA—i—a V'H+0®Q+ 0B’ N + o2 Iy s 5.1

Denoting by

vz%)ijs the vector of length Tj;s of the individual-time varying effects associated with the

firm ¢ and time periods from the set Z;;s,

v](?] the vector of length Tj;, of the individual-time varying effects associated with the

product j and time periods from the set Z;j5, and

vg?ijs the vector of length T;;s of the individual-time varying effects associated with the

country s and time periods from the set Zj

I get
1) _ (@ oD 5 WM
Ul'j - (UZZUl" ) zZ N(3)) ( Vin s Vig s oo Z ())
~ ~ ~(1
U(l) = <U§ , U ( ) oy N(1)>
~(2) _ (,(2) ~(2) 52 52) ~(2)
Yij- = (UJZUN' > JZ >> ( Vit Bz N(2)>
@(2) == (@§ 6é2)7 ceey ~§3()1)>

28
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~(3 3
59 (<>

53 — (@§3)7 553)

®3)

v 5 =
) N(B)Zz‘jN(3) s Y

~(3)

(~<3) ~(3) 5(3)(2)
7N

Vi1 7 Vs -

) Di] = (ELEéa'--aEﬁVB))

0 MTijZ xTs12

and
D,
0
H =
0
MTijIXles
My o,
I ij2 X155
E, =
T in(3) *Tijs
l
Dy 0 0
l
R A 0
R’L’ —
l
0 0 Dl o
MTijIXTsll
j?l JE—
Si,s -

1,1
S.7

%,8

2,1
S

1,8

(2)
SN ,1

1,8

1,2
S,

1,8

2,2
S

1,8

(2)
SN 2

2,8

29

1 2
RN(l) RN(l)

Mr,

PINICIRARINTE)

1,N(2)
S

©,S

2,N®
Si S

N® N@)
Si s

)

N@)
Ry

N@)
Ry

N@)
RN(l)
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Nl,l NLQ . Nl,N(l)
N271 N272 e NQ,N(l)
N =
NN(l),l NN(l),Q e NN(l),N(U

Model (7)

The disturbance term now is

wijor = 1)+ 1fy) + 4152 +0f) + o) + 0 + €

18

Fortunately,I have already derived the covariance matrix of ,u”), Mz(?a #gi), l(tl ) ](5) , and

vg’) previously, thus for model (7) the covariance matrix takes the form

Euu]=0""G+ 0L+ M+ olV"H+ 0P Q+ 0" N+0’Iy v v 1,

5.2 Estimation of the Variance Components

Just like in the balanced case, the estimation of the variance components is carried out
in two steps. First, some identifying equations are presented, then; based on these,
estimators for the different variance components are derived. But first, some additional

notation need to be introduced. Let denote

T DIDID NP

’LGQ (1) jEQ (2) SGQ(3> tEZ”S

1
= Z (3 Z Z 1) Z Uijst
]EQ(Q) Q(S) jS tGZ jSt ZGQEB
2
~ 1 1
=50 % TR R
zeQ(l) Q(3) ZS tGZ(Q) zst Jngz

60
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zeQU) eQ(z) teZ(s) z“ SGQS@
2
- 1 R
E= Z (3) Z » Wijst
’LGQ(l Z EQ(2) EQE?) J tGZZ‘jS
and
1 1 1 1
b= 3o NG 2 70 2. N
JEQW "I e\ TS 1ez(D " st
1 1 1 1
C=N0 Z NO Z 7@ Z N
i€ 7 SGQE:}) is tEZi(:) ist
1 1 1
d= NO Z N® Z 7@ Z NG
1€QW i e M yeg® Vit
1 1 1 1
CTND NO > NO Z T,
ieQ) Vi jGng) ij SGQE;)
Model (1)
The identifying equations are the following
FE [u?jst} = O'i + 03 + O'i + 0/2\ + 062
— 2_
1
Elvm 3 N > =m oD (1 D i | | =b(og+0l) + 0l +oi+ 0}
]GQ@) EQ(3) jS tEZ(l) jst EQ;Q |
p— 2_
E (3) (2) Z Usgjst (U +0')+0' ‘|—0' +O')\
lEQ(l) EQ(3) zs tEZ(Q) zst Eng
- 9m
1
FE (2) (3 Zuwst d(a —1—0)—1—0 —1—0 —l—a/\
i lGQ(l) Q(z) ’Lj tGZ(3) QSE ]
[ 2
1
E (2) T Uijst (U)\+0')+O' "‘O’ "‘O’
zeQ(l) 6Q<2> GQ@) Y% e Z;
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These leads to the following estimators

ﬁ:fif—ﬁ

ﬁ:ﬁ:f—f

e
Model (2)

Using the identifying equations

E[u2~ }:Ui—l—af

VEL
1
Z (2 Z (3 Z Zuwst :U;ZNLGU?

’LS
,EQ o N jeQ® seQ® 15 teZizs

the estimators of variance components are

Model (3)

The identifying equations are

E[u2~ ]zai—l—a/z\—l—af

178t
B 2
1
E Z Z (1) Z B Z Uijst =b (0, +0?) + 03
]EQ(Q) EQ(S) ]S tGZ(l) jst ZEQ(l?5
L Jjs
[ 2
1 1 ,
B 2) N 7= > i | | =e(aA+0l) oy
7,€Q(1) EQ(z) Z] GQ(d) L8 tGZijs
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And so the estimators are

L E—cd
g =
’ 1—e
., B—bA
oy =
A 10
62 =A—o)— 63
Model (4)
The identifying equations in this case are simply
B ] = o +0f?" + 0 + o7
- 2_
gl t ZLZ 1 3 LZU.. b (60 4 @2 4 2) | g
N@ N ) N st [ =0\ " ) T
J€Q® T seQ'® TIs tez(V Ist ieQll)
9
|t ZLZL Lzu — o (60 4 @ 4 o2) L g7
N NG 2) N® st | | T C\Tus T T )T O
e i SEQ(-g) is ez ist jEQ@g
- i~
|t 1 $ L 3 L S uy — (0@ 4 6@ 4 52 4 oW
N®) N@ 73 NG st - I 0 ¢ 1
i€QW i je® il e g it seQ®
And the estimators are
D —dA
5(1)?
n 1—d
N (2)2 . C — CA
O 1—c
B —-bA
5(3)%
i 1—b
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Model (5)

The identifying equations now are

52?7 _

I

53?2 —

m

FE [u2

ijst

N(z) Z Z (1 Z

]GQ(Q)
=0 (Jf})
1
N(l) Z (3

zEQ(l)

seQ®

I

>

seQ®

Ts tez()

4o 4 03) + 0£3)2

1
W Z uijst)

1
@ 2

L tez?

i

| = o+ o 4ol o3 4

1
() Z Uijst)

jst

2
+ oy

st jEQ(Z)

ist

=c (aLI)Q + 05’)2 + 03) + 0/22)2 + o3

N(l) Z

N(l) Z

1
NE)) Z uijst)

1 1
(2 Z (3 Z (¢
zEQ(l) Q(Z) z] tEZ(J) ijt SEQS‘%
=d <0(2)2 +o@" 4 0—2) + oV 4+ o2
B B € H A
1 1
(2 Z Z T..
ZEQ(1> Z] eQ(S R te€Z;js
=e (0/2\ + U?) + 0,&1)2 + 0&2)2 + 05’)2

1( B C LD
3\1-b 1-c 1-d
D—dA

14 7
C—cA
1-c ~ 9
B-bA
-y 7

=A-60" 5@ 507" _ 53
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Model (6)

The identifying equations for this model are

Eluly] =02+ 0 + 6@ 4o 4 o2

Z]St 173

1
N(2) Z Z (1 Z ) Z WUigjst

seq 1V s€QS” T ez \ I ieQll)

1 1 1
E N(l)z (3 Z (2 Z qui]’st

zEQ(l) GQ(J) s teZ<2) ist jeQ(z)

ist

=c (02 + 01(,2)2 + of) + 01()1)2 + 01()3)2

1 1 1
E N(l)z (2 Z (3 Z quijst

zEQ(l) Q‘Q’ ez ut seQ?)

2

=d <Ui + ol 4 O'?) +o(* 4 o®

&=

icq IV Ny e Ljs &7,

1
N(l) Z (2 Z Z Z Uijst

~2 ~—€121
Ou = 1—e
i b c d 1{ B
A2
=A(1 _
7 (+2(1—b)+2(1—c)+2(1—d)> (1_b
A-B
5(1)% A2 a2
Tol Ty T
s _ATC o
1—c #
R R R o
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Model(7)

For this last model I need to introduce some additional notations:

2
1
- N(3) Z Z NO Z (2) Z Uijst
seQ(S) tGZ(d) st eQ(l) zst EQEQ
2
- N(2 Z (2) Z (3) Uijst
JGQ(Q) teZ(Z) ]t ZEQ(l) ”t SEQE;E
1
hi= (3) Z (3) Z 1)2 Z N®
SEQ(B) tGZ(B) Q(l) iSt
f2= N(3 Z (3) Z
56Q(3) EZ(S)
1 1 ]' [st
fs = N(3 Z (3) Z (1)2 Z ) + Z N® il
56Q(3) EZ(S) ZEQSP ist leQ(l) l?él st
f= 1—f2 f3
A
1 1
T D e ) (1)2 2 ~®
jEQ<2 j tEZ<2 EQEP ijt
B L
- el ERD Sl o
jEQ(2) tGZ(2) 74€Q§1) ijt peQ;P p]t
1 1
= 5@ 2 o > (1)
jeqw L tEZ(Q)
g= 1 —g2—g3
0

where I is the number of common products that firm ¢ and [ sell to country s at time ¢,
and JZ-]; is the number of common countries to which firms ¢ and p sell product j at time
t.

Turning now our attention to the identifying equations

E [uz- ] = o’ 4 0&2)2 + 0&3)2 + afjl)g + 01(12)2 + 0,(]3)2 + ‘752

66



CEU eTD Collection

1
L 2) Z (3) Z 1) Z Z Wijst

2 3 1 t 1
]eQ() Q() ]s te Z() ]s Qgsi

:b( Ml) +0-(2) —|-O'(1) +0 _|_ (3) —|—O'(2 (3

E 1) Z 3 Z Z (2) Z u”“)

iequ IV Q(3> tez® Nigi ieQ®

p 0 v v
2
1 1 1 1
E NO Z N©@ Z N® Z Tijs Z u”“) -
i€QW TN e T seQl? t€Zijs

tEng) st GQS) zst EQ(Q)

ist

s (Uf}ﬁ + Ug) s ( @? 4 0(1) o)

(2)

jEQ(Q) tGZ(g) jt Q(l) l]t seQE?E

1 1 1
Elye 2 ® 2 ) > (2) > “wst> -
+o

Z (3) Z Ust> -

=0 <a£2)2+o—f>+g2 <0£3)2+ ®) +93 Hl ()>—|—0( ?
So the estimators of variance components of the last model are
. A b, c . d e 1( B C D E
7e T2 1-b 1—c 1-d 1-¢) 2\1-b 1-¢ 1-d 1-e
wr_ 1 (E—eAd D-dA f, C—cA [ B=bA F .,
o, = — - — = — —20
v 1—|—f 1—e 1—-d f1 1—c¢ f1 1-5b f1 ¢
61(}2)2— 1 E~’—e~_é’—cfl_@.B—bA_@_D—dA_i_g_Q&g

1+g\ 1—e 1—c g 1-—0 g 1—d g1
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E—ecA

sor = EmeA_ge_sor o
— €
D —dA
~(1)? _ ~(1)? _ ~(2)?
o = — 0, — 0
2z T
5_/&2)2 _ C — CA _ (1)2 . 5_(3)2
1—c¢c Y Y

5.3 Covariance Matrixes of the Models with Cross

Correlation

Let us turn now our attention to the models with cross correlations. For models (2), (3)

and (6) I have

Elpijpi;) = 02 Ai; + pe) (Inorr — Aij)
Elpapr;) = UZAz‘ + p) (Bi — Ai) + pey (Fig — Ay)

Elup] = 05 A+ p@) (G — A) + py (L — A) + pay (M — A)
Thus the covariance matrix of model (2) takes the form
Eluu'] = 0p A+ p) (G = A) + py (L — A) + pay (M = A) + 0I5 52 5, 73
and the covariance matrix of model (3) looks like
Elud] = 0p A+ p) (G — A) + py (L — A) + pay (M — A) + 03D + olly s 5 135,
Finally, the covariance matrix of model (6) is

E[uu] = UiA + P(3) (G—A)+ P(2) (L—A)+ P(1) (M —A)+

+ 0'1(}1)2H —+ US)Q)QQ + 0-1(}3)2]\[ + O'?[Zi 2 Tijs
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In the case of models (4), (5), and (7) I have for ,ug)

Bl " = ol B, +P <JZ S Tijs — B>

B[V = oG + ply) (C — G) + p3) (B~ G)
for ot

B i = 0@ Fui+ ol (Jzznp F)

E[® i = oL+ p3) (C = L) + pff) (F — L)
and for u(3)

E[a ) = 0@ Ay + 03) (Js, 1, — Ai)

3 2 3 3
E[#ﬁ )ME ! ] = £3) Ai + PEQ; (B; — A;) + p&; (Fii — Ay)
- (32 2
E[i® i = oM + pf3) (B = M) + p(y) (F = M)
So the covariance matrix of model (4) now is

Efur] = 00°G + ply) (C — G) + pl}) (B — G) + 02" L+ pl3) (C — L) + pl3) (F — L) +

2 3 3
+ 0 M) (B — M) + p) (F — M) + 0’ Is 5 v 1,
for model (5) T get

Blu] = 0°G + o) (C — G) + pl}) (B~ G) + 0@ L+ p3) (C — L) + pl3) (F — L) +
oM+ p3) (B~ M)+ p) (F — M) + 03D + 0’5, v 5.1,
and, finally, for model (7) I get the following covariance matrix
Elud] = o0°G + py) (C — G) + o) (B = G) + 0L+ p3) (C — L) + p3) (F — L) +
ag3>2M+p8§ (B—M)+p§f§(F—M) oW H +6®@°Q + o’ N+
+ ‘762]21- 35 26 Tijs
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5.4 Estimation of the Variance Components and Cross

Correlations

Again, some additional notations need to be introduced:

2
1
SEDIELD ol FEb o o
zeQ<1 T tz<1 it jeQ,E s€QL)
1
(2)2 2 N
zeQ(l z t€Z<1) QQE? ijt

1 1 1 1 .
kBZNmZWZ ZW L+ >, —5Sk

ieQw ti e jeQ® it keQ® kg ' ikt
1)
1 1 1 N, —1
1) __ st
b = N©) Z N(s) Z T(l) Z N(l)
JEQ® T 5e@W® IS yezlD) jst
1 1 1 N2 1
(1) — _ 15t
= Fwm 2 NG 7@ 2 N
i€QW TN 5e® Tis ez () ist
(3)
1 1 1 N —1
1) _ - ijt
e ~ i jEQ(-Q) i 4ez® ijt
i ij

1

1 1 1 1
1 — _ - = gst
DI D JET =D D DU e oY

sGQ(3) T t€Z£3) Nst zGQ(P lEQ(P,l#’L ist lst
1 1 1 N® _q
2 - - - ist
;= NG 7@ Z N Z NO®
seQ®) — 8 t€Z£3> st iGQS) ist
1 1 1 11
1) — = - = gt
7 TN 70 24 NP 2. 2 N N i
JEQ® T 1ez® it el pell i it Rt
3
3 _ 1 1 1 T NG =1
7T NO® 7@ N NG
JEQ® "I 4ez® Tt i@y ijt

1 1 1 1
2 — — — 54
NO - (1) Z (2 Z Z N(3) N(3) gk

t€Z~(1) ’Lt ]GQ(Q) keQ(Q) k?é] Z]t ikt
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N® 1
171
(2 Z (3)

ZEQ(l) tEZ(l) GQEE) gt

where Sﬁ is the number of countries to which firm ¢ sells both products j and k at time

Model (2)

The estimation of variance components of € and p remain as in the model without cross
correlations, but the cross correlation coefficients themselves need to be estimated. In

this case the identifying equations are

— 2_
1
B N<2 Z (3 Z Z 1) Z“wst =b (o, +02) +0Wpq)
jeq» N, seQ!? 35 tez{! Njsi i€\l i
- -
1 1
E Z (3 Z (2 Z Z Uijst (U + 0o ) —+ C( )p(g)
16@ 1> Q(3 is teZ<2 zst ]test
- )
1 1
E Z (2 Z (3 Z Zuust d(a +0)+d
zEQ W N, jeQ® T ez z" s€Q) |
So I get
A L B —b (AQ ~2
Py = b o, + Ue)
. 1 1+ .
P(2) = o) [C’ —c (02 + ‘752)]
R 1 7=~ R R
pw = =y |D —d (52 + 7))
Model (3)

The estimation of the variance of p remains the same, as above; however it changes for

other variance components. Now the identifying equations are

E[u2~ }:afﬂ—ai—l—af

VEL
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E 2) Z (3) Z (1) Z
]EQ(Q) EQ(3) ]S tGZ(l)
E 3
15Q(1) seQ® T teZ(2>
1
Elym 3 = X 7@ 2
ZEQ(l) EQ(2> Zj tEZ(3>
I 1 1
O X 7@ 3 0 2 Nw
s€Q® T teZ<3 stieQly)
= fi(o) +02)+or+ fYp
and thus
62 = ! )
€ (1 (2
fi=1= -Vl - (e i
63 =A—¢62—67
~ . 1 » b ~2 ~2 ~2
POY =y [P (6, +62) — a3
A 1 = A2 | A2 ~2
Py = 7 |C — (6, +67) —ox
A L 1= ~2 | A2 ~2
PE) = am [D —d (6, +6°) —Ux}

Model (6)

E uzgst
N €@,

E uz]st
Nii i€Q3
(3) Z uz]st
Nt el

E uZ]St
Nid jeQid

2
+ f( )

@

- f(l)
(e

Eo)

_1)__~_

=b(os+02) + 05+ bpg

(0' —i—a)—i—a)\—i—c( )p(g)

d(a +0)+U,\+d £(3)

Again the estimation of the variance of y remains unchanged, but I need, of course, to

estimate all the remaining variance components and cross-correlations. The identifying

equations now are
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! 1
E N(Q) Z (3 Z Z N_( Z Ugjst

JEQ(2) EQ(3) jS te Z(l) gst EQEQ

1 1 1
E N(l) Z (3 Z (2 Z W Z Uijst

ZEQ(l) Q(B) te Z ist jEQ(Q)

ist

2
1 1 1
FE N(l) Z (2 Z T Z NE) Z uijst) =

= d U + ol 4 2 oV* + o 4 AP pa)

E N(3 Z (3) Z ( (2) Z uijst) =

SEQ(3) teZ(S) eQ(l) 1st EQ(Q)

ist

= fi (02 +02) + fool" + f50P" + 0P + FWpay + P pgy)

E N(2) Z (2) Z

J EQ(Q) tEZ(E)

3) E uijst

EQ(l) zjt SEQE?Z

)2
=0 U "‘U +9203 —l—gal +0'() +9(1)P(1)+g(3)p(3)
2

ZEQ(I) tEZ(l) Q(Q) zgt SEQ(3)

ijt

E N(l Z Z ( @ Z 3) Zuijst
+ koo

= ki (o, +o¢ O+ kso® + o + k@ piay + kW s

In order to get estimators of variance components and cross-correlations one needs to
2 2
solve the following system of 7 equations for 7 unknowns: &) , &1(,2) Ag(d), 62, P(1)s P(2)

P(3)
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G 6@+ 6%, +62=A-06

2
I

b (61" +62) + 6" + 6% +0Vpg) = B — b

c (61()2)2 +0 ) + 0(1) + 6g<3> + c(l)ﬁ@) =C —ch

d (6% +62) + 6" + @7 1 aWp

62+ f2600° + £26° 4 6% + fO

G162 + 6262 + 9360 + 67 + gWpay + 9P sy =

k162 + koo @’ 4 kg2 + 6007 4 K

1)‘|‘f

+k p(g :K—lﬁ&Q

;

5 =D—do
F - fi6,
G- gl&z

It is hard to solve this system in its general form. However, it can easily be solved for

given data set.

Model (4)

For models (4), (5) and (7) I make the same assumptions for the variance components

2 G

of ,ul(]l-), Wis s thys and for covariance parameters as in the balanced case. Now I have the

following identifying equations

E [u?jst} = 305 + o2

1 1 1
E N@®) Z N(3) Z (1) Z Z Uijst
L ieQ® = 5€Q§'3> is ezl JSt Zerst
ol = 1 1
N(l) Z N(3) Z T(2) Z Z Ujjst
ieQ Vi SEQES) s tGZg) zst JGQEEQ

E U'Ljst

i€QM i @ Tij teZl.(f) i' EQW

74
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1
Z ( Z (3) Z T_s Z Ujjst = 303 + ea?

,eQu z Q<2) sco® \ V0 tezy
ij
Thus
A—FE
~2
e T C e
1/~
ot == (A-5?)
A - 2 A2
p(l)zm[ —(2b+1)0'u—l)0'6}
A . L ~ . (2 _I_ 1) ~2 _ ~2
PR = e Cc Uu Co
. I 7= . .
Model (5)

From the identifying equations

E[u? }:305—1—0?\—1—03

IVEL

2
1 1
N(2) Z (3 Z Z W Z WUijst
]EQ(Q) eQ(3> js tEZ 1) jst EQEB
b(20 +0)+0 + 03 + b
2
1 1
(1) Z (3 Z Z N@ Z Wijst =
ZGQ(1> 3) ’LS tEZ ist jngz
(20 +07) —1—0 + 0241 )p(z)
2

1 1 1
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Here again, as in the case of the previous model, it is hard to get estimators of variance

components in general form. However, it can easily be done for a given data set. One

needs to solve the following system:
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Chapter 6

Available Data Sources and

Potential Applications

Even though in the last decade many new data sets became available, it is still hard to find
a database which consists all the necessary information to make analysis on micro trade,
especially in our set up. Probably, the most useful database is customs statistics, where
data is collected from custom declarations. Usually it contains information on import
and export flows at the firm, origin country and product level. For example, Bekes
and Murakozi [2012], Gorg et al. [2010] used data from Hungarian Customs Statistics
for their firm-product-destination level dataset; data coming from the French Customs
Office was used by Corcos et al. [2012], Berthou and Fontagne [2009]. Another good
data source is survey and census, which are held constantly by the research statistical
centres and ministries. One of the examples is EIIG (Echanges Internationaux Intra-
Groupe) database which comes from a survey conducted in 1999 by the French Ministry
of Industry’s SESSI. This database documents the firm’s yearly imports and exports

by origin country and industry code. However, these databases usually don’t contain
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firm characteristics, thus it is necessary to link the data with another sources, like firm
level balance sheet and income statement data from tax authority or another database.
Usually, those databases don’t contain firm names, however, they do have identification
numbers (SIREN), which allows to merge the data from two databases and thereby to
match exports with financial information. The process might seem difficult, but there is
no easier way so far.

The next question which arises is potential applications of this thesis. Having the data
in hand I have all necessary tools to be able to implement derived models using standard
econometric/statistical software packages like Stata or Matlab. Higher dimensional panel
data sets, however, can become very large, very quickly. Even for smaller data sets, the
number of observations can be in the magnitude of 10*—10°, but can easily reach 10°. This
is translated into huge computational resource requirements, both in hard drive capacity
and CPU time. Typically, the models and methods presented for the balanced case (when
closed form spectral decompositions are available) can be used when the data is of the size
10°. However, when the data set becomes bigger or unbalanced methods and models need
to be used, resource requirements can be forbidding. The main difficulty is that in the
case of the GLS estimator the covariance matrix of the model, which has the size of the
overall number of observations, needs to be inverted. If we run out of computing power
the solution can be to use OLS instead of GLS. The OLS estimator is still consistent,
although not optimal, for the models introduced in this thesis. But then the covariance
matrix of the OLS estimator needs to be properly adjusted using the covariance matrix
of each model and the estimated variance components derived above, in order to get the
appropriate standard errors of the estimated parameters. Another way to ease computing

power requirements is to use lower level programming languages like C+, etc., but this
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requires serious code writing skills and additional resources.

The importance of the model can be seen analysing previous literature on micro trade.
For example, Berman et al. [2012] identify the effect of changes in export sales on domestic
sales using firm-specific structure of exports by destination and by product. They run
two-stage-least-squares estimator in a two-dimensional (firm-year) panel data set up and
correct covariance matrix for heteroscedasticity. They include sector-year dummies to
capture sector-specific business cycle. In order to illuminate the problem of endogeneity,
they use instruments that are independent from firm-specific shocks. However, it is clear
that four-dimensional set up will describe the data better in this case. Moreover, it will
allow to account not only for firm-specific unobserved characteristics, but also for product
and destination characteristics, which are clearly present in the data. Also estimation of
sector-year dummies will absorb explanatory power and eat up degrees of freedom. Thus
from my point of view random effects estimation of four dimensional panel data will

produce the best estimation results in the second stage for the given model.
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Chapter 7

Conclusion

In this thesis I derived several four-dimensional random effects panel data models, suited
to deal with economic flow type data like trade or FDI. I presented appropriate Feasible
GLS estimation method which was done in two steps. Firstly, I derived covariance ma-
trixes for each model specification, and to ease computation of inverse matrixes needed
for FGLS, I presented spectral decomposition for each matrix. Then I obtained estima-
tion of variance components for respective covariance matrixes. Later was presented an
important extension. I relaxed assumption that random effects are pairwise uncorrelated.
It is too restrictive in the case of trade models, and in general for most of the flow type
data as it does not allow for any type of cross correlation. Two step derivations were
repeated with the relaxed assumption. Finally, the most important case was presented -
unbalanced data case. Unfortunately, most of the trade data is unbalanced in its nature.
Moreover, individual time series may not only be different in length, but also have "holes”.
For example, given firm may export certain product to a country at time ¢, stop exporting
at time ¢ + 1 and start again at time ¢ 4+ 2. Dealing with this data structure turned out

to be difficult, but possible. A range of new notations were introduced in order to derive
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FGLS estimation method.

It is worth mentioning that content of this thesis can be easily used in standard
statistical software packages to implement derived models. However, implementing it
one should be cautious about the huge computational resources needed to process the
data, due to the very large data sets. The main problem is that one of the steps of GLS
estimation is inverting of covariance matrix. I eliminated this problem in the balanced
case presenting spectral decomposition, however, it is very costly or even unfeasible for
unbalanced set up. One of the solutions can be to use OLS estimator instead, which is
still consistent but not optimal for given models, but then the covariance matrix should

be adjusted. Another solution is to use lower level programming languages like C+, etc.
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