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Chapter 1

Introduction

First a short introduction is provided regarding the different problems
the thesis discusses. Standard notations are used, for convenience these are

defined in Chapter [2]

1.1 On the minimal length of the longest trail
in a fixed edge-density graph

One typical problem of extremal graph and hypergraph theory is the
Turan-type question: Given a certain forbidden structure or family of struc-
tures, how large can a graph (hypergraph) be, i.e. how many edges (hyper-
edges) might it contain on n vertices so that it does not contain any of the
forbidden structures as substructure. The popularity of this type of prob-

lems traces back to Turan’s famous article [49] about the maximal number



CEU eTD Collection

CHAPTER 1. INTRODUCTION 2

of edges of a graph on n vertices without a complete graph on k vertices K}

as subgraph, and the extremal graph’s exact structure.

Theorem 1.1.1 (Turdn’s Theorem). A graph G on n vertices not containing
a Kj1 as a subgraph can have at most as many edges as the complete, evenly
distributed k-partite graph on n vertices, T'(n, k), and in case it has this many

then it is isomorphic to T'(n, k).

Later the general question for the graph case was more or less solved by
the theorems of Erdés, Stone and Simonovits ([21] and [20]), determining that
the extremal configuration can be characterized by the chromatic number.
This gave a solution for all excluded configurations which have a chromatic

number larger than 2:

Theorem 1.1.2 (Erdés, Stone, Simonovits). If F is a family of graphs for
which the minimal chromatic number amongst the members of the family is
X, and G is a graph on n vertices not containing any member of the family

F as a subgraph, then it has at most (1 — ﬁ) (5) 4+ o(n?) edges.

This theorem does not settle the case when the chromatic number is 2, the
excluded graph is bipartite. For excluded bipartite graphs there is no general,
all-including theory, but in a lot of cases the question is solved as well. One
such theorem is the theorem of Erdés and Gallai [18], who determined the
maximal size and the configuration of a graph on n vertices not containing

a path of k£ — 1 edges:
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Theorem 1.1.3 (Erdds, Gallai). If G is a graph on n vertices, and it does

not contain a path of length k—1 then it cannot have more than # edges.

They also proved that the extremal configuration is the graph consisting
of disjoint complete graphs on k — 1 vertices.

Chapter |3|introduces a similar result but with the twist that the forbidden

structure is an [-long trail.

1.2 A Turan-type extremal question on 3-
graphs

In general, Turdn-type questions have proven to be much harder in the
general setting than in the graph case. Knowing Turan’s theorem one of the
logical things to ask is the same question for 3 (k)-uniform graphs. Unfortu-
nately, this proves to be a tough nut to crack, as the question of the excluded
complete 3-graph on 4 points is a famous open problem since Turan’s orig-
inal paper [49], where he conjectured that the graph could have at most
gnS + o(n?) edges, and gave such a construction. Since that several non-
isomorphic constructions have been created with the same amount of edges,
but the conjecture could not be proven or disproven. If Turan’s conjecture is
true then the fact that there are several different extremal families with the
conjectured size might show why the question is so hard compared with the

graph case.



CEU eTD Collection

CHAPTER 1. INTRODUCTION 4

The best known upper bound for the size of 3-uniform hypergraphs with-
out a complete subhypergraph on 4 vertices is from Chung and Lu [14], and
it gives an upper bound of %ﬁrﬁ + o(n?).

Another famous open problem is the question of the excluded graph
K3(3,4), which has 3 out of the possible 4 edges on 4 vertices. This can
be rephrased as to determine the size of the largest 3-graph not containing a
C5 in any of its vertices’ neighborhood graphs. The best known bounds on
the size of the extremal graph gives the number of edges between %(g) +o(n?)
and 3 (%) + o(n®), given correspondingly in [24] and [15].

Chapter 4] describes a similar problem, the extremal behavior of k-fan-free

3-uniform hypergraphs.

1.3 Almost intersecting families

One of the basic results about extremal set families is due to Erdés, Ko
and Rado [19] and states that if 2k < n and F C ([Z]) is intersecting, then
the size of F is at most (Zj), furthermore if 2k < n, then equality holds if
and only if F is a trivially intersecting family. The non-uniform version (i.e.
when sets in F do not necessarily have equal size) of the above theorem is
also due to Erdos, Ko and Rado. However, it is rather an easy exercise to
prove that any intersecting family G C 2[" can be extended to an intersecting
family F of size 2! and there exists no intersecting family of larger size.

These theorems attracted the attention of many researchers. Several gen-
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eralizations have been proved, the intersecting condition has been relaxed or
strengthened in many ways. One relaxation is to allow some fixed number
of disjoint pairs formed by members of the family F [1],[6],[23].

In Chapter [5| such families F C 2" are considered that for any F € F

there are at most a fixed number of sets (/) disjoint from F.

1.4 Cross-Sperner families

One of the first theorems in the area of extremal set families is that of
Sperner [46], stating that if we consider a family F C 2[" such that no set
F € F can contain any other F’ € F, then the number of sets in F is at most
(Ln72 J) and equality holds if and only if F = (U% J) or F = ((7£7}21) Families
satisfying the assumption of Sperner’s theorem are called Sperner families
or antichains. There have been many generalizations and extensions both to
the theorem of Sperner and to the Erdés-Ko-Rado theorem (two excellent
but not really recent surveys are [16] and [17]). One such generalization is
the following: a pair (F,G) of families is said to be cross-intersecting if for
any FF € F,G € G: FNG # (). Cross-intersecting pairs of families have been
investigated for quite a while and attracted the attention of many researchers
(15, [25), 261, (271, 0], 1, [39).

Chapter [6] deals with the analogous generalization of Sperner families to

cross-Sperner families that has not been considered in the literature.
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1.5 (< [)-almost properties

Chapter [7| contains a more general collection of similarly defined prob-
lems on finite set systems. The definition is inspired by, and contains as a
sub-problem, some well-researched problems. One of them is the Sperner-
property [46] which has been described above. Others are the almost inter-
secting property [28] (which includes the intersecting property as a sub-case),
Katona’s r-fork problem ([10], [48], [31]), and the intersecting Sperner prop-

erty [44], [36].
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Chapter 2

Notations and definitions

A collection of notations and definitions used in the dissertation is provided

here for the reader.

2.1 Basic notations

Definitions of standard notations will not be repeated within the chapters
using them, but naturally more specific definitions and notations are defined
at their logical place as well.

Notations through the dissertation are the standard notations unless
stated otherwise. The base set is {1,...,n} = [n], n € N. The collec-
tion of all possible subsets of [n] is 2("l. The size of a set S is denoted by |S].
The complement of a set F is marked with F. The letters k and [ will be

typically used as parameters.
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The notation (f(x) = O(g(x))) stands for: |f(z)| < ¢- g(x) for some
constant ¢ € R as x — oco. Similarly, the notation f(z) = o(g(z)) stands for
lim, oo % = 0, and the notation f(x) = Q(g(z)) stands for f(z) > c- g(x)
for some constant ¢ € R as x — oo.

The notation [z] stands for the smallest integer m with m > x, and
similarly |x| stands for the largest integer m’ with m’ < x.

G = (V,E) is a graph with vertex set V' and edge set E. V(G) means
the vertex set of graph G, F(G) the edge set of G and e(G) = |E(G)| the
number of edges in G. When the identity of the graph in question is clear it
might be left out of the notation. For subsets the notation e(V') stands for
the number of edges spanned on the vertex set V' and e(V;, V3) is the number
of edges between the disjoint vertex sets Vi, V5. The same notations stand
for hypergraphs as well. The shorthand notation v € S (E € ) will be
used for v € V() and E € E(s) when the meaning of the notation is
clear.

A path of length [ in a graph is a sequence of edges e; = {vy, v}, €2 =
{vy,v3}, ... , e, = {v,v1} where the vertices v, i = 1,...,1 4+ 1 are all
different. A trail of length [ is defined the same way, but only the edges need
to be different, not the vertices. A cycle of size [ in a graph is a sequence
of edges e; = {v1,v2}, ea = {wg,v3}, ... , ¢ = {v,v1} where the vertices
v;, 4 =1,...,1 are all different.

K; stands for the complete graph on [ vertices, and K, for the complete

bipartite graph with vertex set sizes a, b for the two parts of the graph.
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The neighborhood graph %, for a 3-uniform hypergraph 2 with respect

to its vertex v 1is:

Definition 2.1.1 (Neighborhood graph). H, = (V(4¢) — {v},{E — {v} :
veE e E)}).

In general the neighborhood of a vertex v in the hypergraph (V| E) is
Nw)={peV:3ec E: {ptU{v} C E}.

A notation for convenience is the following.
Definition 2.1.2. Dz (F)={G e Z : FNG = 0}.
Some useful definitions for hypergraphs follow.

Definition 2.1.3. A k-uniform hypergraph is a set system 7 C 2" where
all edges have size k: VF € A : |F| = k.

Definition 2.1.4. A chain of length k in 2" is a collection of sets Fy C
Fy C --- C F, C[n]. The set of all chains in 2" is denoted by € = G,.
For any C € € the complementing chain is C = {S|S € C}. (C,C) is a

complementing pair of chains.

Definition 2.1.5 (Upset). A family .# C 2" is an upset if for any F €

F .G D F implies G € F.

Definition 2.1.6. Let % (F) = {G € 2" : F C G} and L (F) = {G € 2" ;

G C F} be the upper and lower set of F.
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Definition 2.1.7 (Sperner property). A family F has the Sperner property,
or simply F is Sperner, if for any distinct Fy, Fy, € F, F; and F are
incomparable: Fy € Fy and Fy € F}.

Definition 2.1.8 (Intersecting property). A family F has the intersecting

property, or simply F is intersecting if for any F1, Fy € F: Fy N Fy # .

Definition 2.1.9 (Comparability graph). For any family F of sets, the
comparability graph G(F) is the graph with vertex set V(G) = . and edge
set E(G) = {(Fl,FQ) . (Fl g FQ) V (F2 g Fl)}

2.2 Definitions specific to the thesis

One of the constructions studied in the dissertation is the k-fan.

Definition 2.2.1 (k-fan). Let a k-fan to be the S-uniform hypergraph on
k + 2 wertices which contains k edges, E1,Fs,... ,Ey, such that |Nf_| E;| =1

and |E; N E;| =2 if and only if |[j —i| = 1.
The following definitions are used to generalize the intersecting property.

Definition 2.2.2 (Cross-intersecting family). The pairs of sets (A;, B;)™,
form a cross-intersecting family if for any 1 < i,7 <m : A;NB; =0 if and
only if 1 = j.

Definition 2.2.3 ((< [)-almost intersecting family). .# is a (< [)-almost
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intersecting family if for every F € % :

{GeZF : FnG=0}<I.

Definition 2.2.4 (l-almost intersecting family). .# is an [-almost intersect-

ing family if for every F' € F :

HGe F . FNG=0}=1.

Definition 2.2.5 (l-almost ((<l)-almost) cross-intersecting pair of families).
The pair of families (F,9) is l-almost cross-intersecting ((< [ )-almost cross-
intersecting) if |D#(G)| =1 (|D#(G)| < 1) and |Dy(F)| =1 (|Dy| < 1) for
dlFeZF andGeY.

Definition 2.2.6. A family .# is (p, ¢)-chain intersecting if Ay C Ay C -+ C

A,, B € By C --- C B, with A;, B; € & implies A, N B, # (.

Definition 2.2.7 (Cross-Sperner family). A pair of families (F,9) is cross-
Sperner if there is no pair of sets (F,G) with F' € .#,G € 4 and F C G or

GCF.

Definition 2.2.8 (cross-Sperner k-tuples of families). .71, %, ..., % is
cross-Sperner if for any 1 <i < j <k there is no pair F; € #; and F; € %;

that Fl QF] OTF}' QE

Definition 2.2.9 ((< [)-almost intersecting Sperner family). A family F is
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(< 1)-almost intersecting Sperner if for any F € F the following equation

holds: |% (F)| + |L(F)| + | -Z(F)| <1+ 2.

Definition 2.2.10 ((< [)-almost unrelated family). The family F C 2"
is (< 1)-almost unrelated if for any F € F: |% (F)| + | ZL(F)| + | £ (F) U

U(F)| <l+2.

The next configuration implies an interesting extremal question on its

own, and will be used for other investigations as well.

Definition 2.2.11 (r-fork). An r-fork is a family of r + 1 distinct sets

Fo, Fy, ..., F,. where Fy C F; foralli=1,...,r.

Definition 2.2.12 (Hamming distance). The Hamming-distance of two sub-
sets of an n-element set is the size of the symmetric difference of the two

sets. For F,G € F the distance is: d(F,G) = |F — G|+ |G — F|.
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Chapter 3

On the minimal length of the
longest trail in a fixed

edge-density graph

3.1 Background and main theorem

Paths have been studied extensively by extremal combinatorics, as they are
one of the most natural notions in a graph. Some of these results are the
famous Erdos-Gallai theorem and the Faudree-Schelp theorem regarding the

existence of an [-long path:

Theorem 3.1.1 (Erdés, Gallai [18]). If G is a graph on n vertices, and it
does not contain a path of length | then it cannot have more than n(l —1)/2

edges. FEquality holds if and only if G is a disjoint union of multiple copies

13
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Ole.

Theorem 3.1.2 (Faudree, Schelp [22]). If G is a graph of order n > 5
with d(u) + d(v) > n for each pair of distinct nonadjacent vertices u and v,
then there is a path of length i between any two distinct vertices for every

4<3<n-—1.

Inspired by the results above, and not having found any similar result
for trails, the following problem is investigated in the next chapter: find the
graph on n vertices with a fixed average degree k that has the longest trail.

The following theorem will be proved about connected graphs.

Theorem 3.1.3. A connected graph G on n vertices with an average degree
at least k = 2e/n > 12.5 contains either a trail of length at least ([k]+1)k/2

orn < [k|+2.

It is easy to see that for a graph with multiple components the longest trail
is contained in one of the components, thus the theorem implies the structure
for the not connected case as well. The theorem is the best possible for the
length of the longest trail without adding extra constraints on the size of
n. Indeed, a graph can be easily constructed where the average degree is
close to k and has about ([k] + 1)k/2 edges by taking a complete graph
on [k] + 1 vertices and deleting edges until the needed average degree is
reached. If k is large enough then the proof yields additionally that the
connected components of G cannot be larger than [k| + 2, so the extremal

configurations should look like disconnected components of size [k] + 2 or
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[k]+1. Good candidates are those graph that are obtained from a complete
graph on even number of vertices (thus having odd degree) by deleting some
cycles, but due to the flexibility of this construction in most cases there will
not be a unique extremal configuration.

The method of the proof is to find a large Eulerian circuit in a subgraph
of G’ and to construct from this a long enough trail in G. A similar problem,

finding spanning circuits have been studied extensively, see [13].

3.2 Proof of theorem |3.1.3

During the proof four graphs are used. These are the original graph G and
three subgraphs: a forest H, the Eulerian graph G’ which remains after the
deletion of the edges of H, and the component A with the highest average

degree in G/, or one of these, if there are more with the same average degree.

3.2.1 Initial setup

It can be supposed that the degree of each vertex in G is strictly larger than
k/2, as by deleting every vertex with d(v) < k/2 the average degree of the
graph does not decrease (new parameters marked by '), as

- 26’_26—2d(:€)>26—k_kn—k
n  n—-1 T n-1  n-1

=k=d.
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It can be supposed also that G has odd degree vertices, otherwise G is an
Eulerian graph, all edges are contained in an Eulerian circuit, thus there is

a trail of length at least e = kn/2 > ([k] + 1)k/2.

Proposition 3.2.1. Any graph G is an edge-disjoint union of an Fulerian

subgraph G’ (not necessarily connected) and a sub-forest H of G.

Proof: The following algorithm deletes the edges of a sub-forest of G to
obtain an Eulerian graph. Take a pairing on the odd degree vertices of G
and connect the paired vertices by shortest paths. By taking the collection
of those edges which are used in an odd number of paths, a subgraph H of
G is formed where the parity of the degrees of the vertices is the same as in
G. Eliminate cycles one by one in H by taking a cycle C' and dropping its
edges out of H (and replace H with the new graph). Continue until there
are no cycles left in H, thus at the end H is a forest, so H has at most n — 1
edges. An Eulerian graph G’ is obtained by deleting the edges of H from
G. O

Take those sub-forests of G which have the smallest number of edges and
G minus the edges of the forest is an Euler graph. Choose H out of these to
be such that the number of the connected components of G’ is minimal. The

edges of H will be sometimes referred to as deleted or dropped edges. The
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edge-density of G’ is strictly larger than k — 2, as

d/:2_622(€—(n—1)):26+2
n

n n

2
—2=k—-2+4 =
n

Let A be the component of G’ with the largest average degree. A contains
more than k—1 vertices as the average degree is more than k—2 in the whole
graph, so in A as well. A case analysis follows by limiting the size and the

edge-density of A.

Proposition 3.2.2. If dy > k or |V(A)| > [k] + 4, then the statement of

the theorem holds for k > 10.

Proof: If the average degree of A, dyu, is at least k, then either A has
strictly more than £+ 1 vertices or it is exactly K1 and £ is an even integer.
In both cases there is an Eulerian component with at least k([k]+41)/2 edges.
If A has at least [k] + 4 vertices, then there is an Eulerian trail of length

longer than

<k—2><2w +4) Wﬂ;l)k +§—4—<W — k).

This gives a trail of the needed length for £ > 10. O]

A has [k] 4+ z vertices, where z is between —1 and 3. G, and conse-
quently G, has [k] + x + y vertices, where the sum is at least [k] + 1 as
dg = k.
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3.2.2 Analysis of a disconnected Euler-graph

Proposition 3.2.3. There is a trail of the required length provided k — 2 <
da <k—1,k—1<|V(A)| < [k] +3, k>64/6 , and there are at least 3
vertices in V(G) — V(A).

Proof: A lower estimate on the number of edges of G’ outside A follows.
There were ([k] +2+y)k/2 edges in G, at most [k]+x +y— 1 were dropped
out, and in A there are at most ([k] + z)(k — 1)/2 edges, thus at least the

following amount of edges remain in G' — A

(O o adk (R EZD) (1 1) =

(k—2y+2—[k] -
: .

As y > 3 and x < 3, a lower bound on the average degree of G' — A is

[(Kl+z=2_, , k+1+3-2 2%-8

dev_ s >k —2—
oA = y 3 3

This implies that there are at least dgr— 4 +1 > (2k—5)/3 vertices outside
A. Ask > 12.5 > 8.5 this is an improvement. Repeating the previous average

degree argument yields an average degree

(k] +2—2 7T x+3/2
k=53 "2 =5

dor-a >k —2—
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A new estimate is obtained by using the bounds of z and k

i 7 3/2 7 9/2
doa>ho L _g43/2 T 3972

2 2k —5 — 2 20>k_5‘

Therefore there is a component B in G’ that is disjoint of A. B has at
least the upper average degree and at least [k| — 4 vertices, so its edges form
an Eulerian trail of length at least: (k — 5)([k] — 4)/2. The circuit in A,
a connecting path from H and, if necessary for the connecting path, more

edges from some other components form together a trail longer than

P =DE=2)  (R=DE5) gy Tig Fyrn

This is larger than ([k] 4+ 1)k/2 if & > 64/6. O

Proposition 3.2.4. There is a trail of the required length provided k — 1 <
da <k, [E]+1<|V(A)| < [k]+3, [V(G) -V (A)| > 1 and [k] > 12.

Proof: The size of A is at least [k| because of the average degree. If
the size of A is at least [k] + 2, then there is an Eulerian trail strictly longer

than

([E1+2)(k—1) _ k([k]+1)  k—Tk]
2 R T S R

As there were edges outside A in G, there is a trail in G of length at least

two, which is outside A and ends in A due to the minimal degree condition.
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The union of this trail and the Eulerian trail of A yields a desired trail in

G. ]

Proposition 3.2.5. There is a trail of the required length provided k — 1 <
da <k, k—1<|V(A)| <[k]+1, |V(G)=V(A)| >4 and [k] > 12.

Proof: The remaining case is when the size of A is at most [k]+ 1. The
same process as before is used to estimate the number of edges outside A.
In A there are at most ([k] + x)k/2 edges, at most [k] +z +y — 1 edges

were dropped out, so |E(G’ — A)| is at least

(LR 13 K

(k —2)y+2— 2[k] — 22
> .

As before the average degree is counted as

JG_AZ]C_Q_QM.
Yy
_ k k

This gives y > [k]/2 — 2, which applied again in the inequality above gives

k] 8
=k—6— >k —8.
f?_z U;]_Q

deroa >k —2—2

Again, this yields an estimate for y > [k] — 7, another bound for the degree
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is obtained by repetition

K,

lgr-a >k —2—2 =
do—4 2 K (k] -7 k] -7

[terating the process once again, y > [k| — 6 and

k] 12
TRt Sk v S

dera>k—2-2

This estimate for the average degree and the subsequent estimation y >

[k] — 5 gives a trail in G with length longer than

Uﬂ(l;— D, (k—6>(2m -5, 2mk—5k2— Tk] +32

As [k] > 12, this is already longer than the trail needed. O

Proposition 3.2.6. If [k] > 12 theny = |[V(G)—V(A)| > 4, y =0 or[3.1.5
18 already proven.

Proof: Suppose y = 3. Either there are no edges in G’ — A or there is a
C'3 component. As the minimum degree of G is larger than k/2, the number
of edges in H is larger than 3(k/2 — 2). In G’ there are no edges between A

and the vertices outside.

Suppose there is a C3 in G’ — A. If outside A there is a C3 then in G

every vertex of A is connected to only one of the vertices outside. Otherwise
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if any vertex of A is connected to two such vertices, then these three vertices
would form a triangle (C3) where two edges are in H. By switching them

with the third edge a smaller H is obtained, but H was minimal.

The same argument shows that there are no edges going between vertices
which are in GG and are connected to the same vertex outside A. If there is
an edge between vertices connected to different vertices outside, then these
form a Cy in G. Switching between the deleted and the kept edges of this
Cy does not increase the number of edges of H. This operation extends A
to contain more vertices. Switching the edges only deletes one edge from A,
leaving an Eulerian trail, thus A is still a connected component, and now
there are less connected components in G’. This contradicts the definition

of H.

Therefore it can be assumed that in A there are no edges in the neigh-
borhood of the three vertices outside A. This gives an empty graph in A of

size larger than ([3(]“/2272)]). An estimate for the number of edges in A is

(W; "””) > (K] + o)k~ 1) + (B(%; 2)1) |

The left side is larger than

(M) (P P) = w0,
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But there are too many edges in the component already, as

(3(%2—2)) (M D> (3k—12)(3k—814) —8k =16 (ir>s.

A slightly better estimate is obtained if there is no edge outside A. At

most [k] +x+3 —1 < [k] + 3 edges are in H, and not less than 3k/2, so

3= <[k]+3=k<8.

N

Therefore the case y = 3 cannot happen.

If y < 2, there are no edges outside A as there are not enough vertices to
support an Eulerian graph. Note that for any path vjvsvs of length two in
H, the edge vyv3 is not in G. Otherwise vjvy and vovs could be switched to
vivg and a smaller H would be obtained, but H is the smallest already. Thus
if there is at least one vertex outside A, then there is an empty subgraph in
G of size more than k/2.

For y = 2 observe that the two vertices outside A, P and P,, cannot
share more than one common neighbor in GG. Otherwise, there is a C in H,
but H is a forest. As the neighborhood of P, (and of P) in G cannot contain
any edge, there are two large (more than k/2 — 1 vertices) empty subgraphs
in G which share at most one vertex. Similarly, using the minimality of H
it can be observed that there are no two edges on the union of the neighbors

of P, and P, which do not share a common vertex. Otherwise there would
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be a (g, from which 4 edges would be in H. Switching the edges of the Cj
would give a smaller H, but it is minimal. This implies that N(P;) U N(P)
has at most |[N(P;) U N(P,)| — 1 edges in G. Then G contains a big empty

subgraph, and G satisfies
+x+2 1 2[5 -1
(Uﬂ . ) >§(Uﬂ—|—x+2)k+( BL )

Using x < 3 and [k] > 12 in the upper inequality gives a contradiction, so

the graph G could not hold these many edges.

For y = 1 (with the bound on the size of A) G is already a subgraph of
Kip42. Nevertheless, a similar elementary argument also yields a contradic-
tion with a larger bound on k. Again, there is a big empty subgraph in G.
Denote the vertex outside A by P. As before the neighborhood of P does
not hold any edge, and a similar computation of the number of edges yields

(M) 2 g0+ i (87) o 4]+ o - s

Solving this with z < 3 and [k] — k < 1 gives the inequality

34+ /49 1 8[k
O[] + 10 > deg P(deg P — 3) = deg P < 2+ 2+ Ly

As deg P > [k]/2, the condition above can be satified only if [k] < 16. This

is again a contradiction if k is large enough. O
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3.2.3 Analysis if the connected Euler-graph covers all
of G

Proposition 3.2.7. Let A and G have the same vertex set and k = 2e/n >

12.5. If in G there is no trail of length at least ([k]+1)k/2, thenn < [k]+2.

Proof: The size of V(A) is either [k] + 2 or [k] + 3. Otherwise there
is a long trail by Proposition , or G is a subgraph of Kp41. It will be
shown that knowing the size of the graph limits the number of edges of H.
If there are [k] + 3 vertices, then the question is whether during the process
no more than k edges are deleted

([k]1+3)k  ([k]+ 1Dk
2 B 2

=k.

Suppose that at least [k| edges are deleted. This means that H consists of
at most three components, covering nearly the whole graph. As in A there
are no edges between vertices of the same component of H, an inequality for
the amount of edges follows (here formulated for the worst case, when H has
three roughly equal-sized components)

<[/<;12+ 3) > ([%] 2+3)k i +3(W;+3> |

Solving this inequality gives £ < 12.5, a contradiction. This proves that
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there is a long enough trail in G.

Unfortunately it might happen that the size of V(A) is [k] + 2, and
there is no trail of length ([k] + 1)k/2. An example is obtained by taking a
large complete graph on an even number of vertices and deleting a cycle of
length n — 1. It is easy to check that this graph does not contain a trail of

length ([k] + 1)k/2. Many examples can be constructed similarly.

As a conclusion, the densest graph with a given maximal trail length is a

nearly complete graph. O]

3.3 Consequences and open cases

One consequence of the theorem is that given an upper bound on the length
of the maximal trail for large enough base set, the graph with the most edges
should consist of disconnected components which all have at most [k] + 2
vertices (where k comes from the theorem) and all components have edge-
density about k.

The problem of smaller edge-densities (or shorter longest trails) remains
open for now, as the amount of possible configurations makes the checking

of every candidate nearly impossible.
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Chapter 4

A Turan-type extremal

question on 3-graphs

4.1 Introduction

The neighborhood graph H, for a 3-uniform hypergraph H with respect to

its vertex v is:
Definition 4.1.1. H, = (V(H) —{v},{E€ —{v}:ve F € E(H)}).

Probably the most famous question which can be easily reformulated to a
question avoiding a neighborhood graph is the size of a maximal triple system
(3-uniform hypergraph) with any 4 vertices spanning at most 2 hyperedges.
The rephrased question is to determine the size of the largest 3-graph not

containing a C3 in any of its vertices’ neighborhood graphs. This question

27
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is studied extensively but the exact size remains unknown (for the latest

results, see [45], [47]).

Definition 4.1.2 (k-fan). Let a k-fan to be the S-uniform hypergraph on
k + 2 wvertices which contains k edges, Ey,Es,...Ey such that |NE_| B =1

and |E; N E;| = 2 if and only if |j —i| = 1.

The following theorem establishes an upper bound on the size of the
extremal graph not containing a k-fan and an infinite family of hypergraphs

reaching this bound is given as well.

Theorem 4.1.1. Any 3-uniform hypergraph H not containing a k-fan has at
most (3)(k — 1)/3 many edges. There are infinitely many pairs (n, k) where
there is an extremal graph G(n,k) on n vertices containing (5)(k — 1)/3

3-edges and not containing any k-fan as a subhypergraph.

The condition is equivalent to demanding that none of the neighborhood
graphs of H contain a path of length k& (measured as the number of edges
in the path). During the proof we will use the Erdds-Gallai Theorem [I8] as
stated in THeorem

4.2 Proof of the theorem

The first step is to prove the upper bound for these graphs. Since H does
not contain any k-fan, one can see that for any vertex v H, does not contain

Py, a path of length k. Therefore by the Erdds-Gallai theorem [18] there is
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an upper bound on the degree of v as deg(v) < (n—1)(k—1)/2. This bound
is reached only when the graph is the disjoint union of complete Kjs. The

implication is that the upper bound for the number of edges of H is:

Yo=Y d(v)/3§n(n—1)(k—1)/6:(Z)(k—l)/?).
)

ecE(H) veV(H

In order to have such amount of edges the 2-graph H, for every vertex
should be the disjoint union of complete Kis. Let us define H(m, k) in
the following way: First, take PG(m, k), a finite m-dimensional projective
space of order k. PG(m,k) exists if k is a prime power. The space has
n = (k™" —1)/(k — 1) points, these will form the base set of H(m, k).
For every point there are (K™ — 1)/(k — 1) lines going through this point,
partitioning the whole space without the point to sets of size k. Define
the 3-graph on the vertices by putting on every line a complete 3-uniform

hypergraph (on k + 1 vertices):
E(H(m,k)) ={(P,Q,R) € PG(m, k)|PQR collinear}

It is easy to see that for any vertex v the 2-graph H(m, k), is the disjoint
union of Kjs, as each and every line defines a K. Therefore H(m,k) is a
graph without a k-fan. For a given k£ an infinite, though sparse family of
extremal k-fan-free 3-graphs is obtained this way as the dimension of the

projective space increases.
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Finally, to see that the number of edges really gives our bound, the num-

ber of the edges of H(m, k) count out as:

dv)n k™ —=1/(kK\n (k™ —-kn (n-1)(k-1)n
< )3 B 6 6 '

B(H(m, k)| = S0 = (]

4.3 Additional notes

The extremal hypergraph above is not unique in general, as there might be
multiple projective spaces for a given ¢q. For now it is not known if there
is a projective plane with not prime power order. As it is obvious from the
construction method, the transformation can be used the opposite way as
well, so a finite projective space can be built from a 3-graph which satisfies
the conditions of the theorem with equality. Unfortunately finding such 3-
graphs does not seem to be easier at all than finding appropriate projective

spaces.
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Chapter 5

Almost intersecting families

5.1 Introduction

The following chapter proposes a possible way to generalize the Erdos-Ko-
Rado theorem [19] about the maximal size of an intersecting set system in
2"l and the maximal size of an intersecting k-uniform set system in ([Z]). The
results are due to joint research with D. Gerbner, N. Lemons, C. Palmer and

B. Patkés [28], and additionally with D. Pélvolgyi and all the others [30].

Theorem 5.1.1 (k-uniform Erdds-Ko-Rado [19]). If n > 2k and .7 C ([Z])
where any pair of sets from F intersects, then | F| < (Zj) If n > 2k then
equality hold if and only if F is a family of all k-element subsets containing

a common vertex.

Theorem 5.1.2 (Nonuniform Erdés-Ko-Rado). An intersecting family % C

([Z]) has size at most 2"~1. Any intersecting family on n wvertices can be

31
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extended to this size.

These theorems have been generalized many ways, and similar theorems
were found in different settings. One way of relaxing the intersecting condi-
tion is to allow a number of exceptions to the intersection rule, that is, to
allow some non-intersecting pairs of sets ([1],[6],[23]).

In this chapter the intersecting property is relaxed by letting each set have
(at most) [ disjoint sets in the system. This property is called (<)l-almost
intersecting property. First we define the set of disjoint elements from a set

F in % for convenience.
Definition 5.1.1. Dz (F)={G € .Z : FNG = 0}.

Definition 5.1.2 ((< [)-almost intersecting family). .# is a (< [)-almost

intersecting family if for every F € % :

Dr(F)| <.

Definition 5.1.3 (l-almost intersecting family). % is an (I)-almost inter-

secting family if for every F' € F :

Dz (F)| =1.

Obviously every l-almost intersecting family is a (<l)-almost intersecting
family, and the opposite is not true. [ = 0 gives back the original intersection

property. The 2 definitions above together with the possibilities of observing
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the uniform or the non-uniform case give rise to four distinct problems. The
extremal families differ significantly. This is the most significant in the case of
the uniform (< [)-almost intersecting and the uniform [-almost intersecting
properties, where the latter seems to have a maximal size which does not
depend on the size of the base set, if certain size conditions are satisfied.
The next two sections deal with the [-almost intersecting case for the
uniform and the non-uniform families. The two sections after consist of the

same families regarding the (< [)-almost intersecting case.

5.2 k-uniform [-almost intersecting families

5.2.1 k-uniform 1-almost intersecting families

In order to investigate the extremal question the notion of a cross-intersecting
family is important to note.
Definition 5.2.1 (Cross-intersecting family). The pairs of sets (A;, B;)™,
form a cross-intersecting family if for any 1 <i,j7 <m A; N B; =0 if and
only if 1 = j.

The following is the main theorem about cross-intersecting families. It is

due to Bollobés [1].

Theorem 5.2.1 (Bollobas [7]). If the pairs (A;, B;), form a cross-

intersecting family then
(IAi\HBil) -
|As]

=1
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In particular, if |A;| < k and |B;| <1 for all 1 < i < m then m < (kzl),
equality holds if and only if the pairs give all possible partitions to size k and

[ of some (k +1)-set X.

This theorem gives the size of the maximal k-uniform 1-almost intersect-

ing family for arbitrary k.

Corollary 5.2.1. If .7 is a k-uniform 1-almost intersecting family, then

7| < (°F) and equality holds if and only if F = () where | X| = 2k.

Proof: For F;, € % let A; = F; and let B; be the only set in .%# which
is disjoint from F;. Then the pairs (A;, B;) form a cross-intersecting family,

and we are done by Theorem [5.2.1] O

5.2.2 Conjecture and best known bound on [-almost

intersecting k-uniform families

The exact upper bound is not known for general [ and k, the conjectured

value and family is described below.

Conjecture 5.2.1. For any k there exists lo = lo(k) such that if | > ly and

F is a k-uniform l-almost intersecting family, then | F| < (I + 1)(2:_—12)‘

If this is true then the bound is sharp as the following example shows:

(FU{i} : Fe ([2:__12]>,i6 {2k —1,2k,... 2k +1—1}}.



CEU eTD Collection

CHAPTER 5. ALMOST INTERSECTING FAMILIES 35

The following theorem gives an upper bound for the size of a k-uniform
[-almost intersecting family, which is independent from the size of the ground

set and is close to the conjectured bound.

Theorem 5.2.2. Let .% be an l-almost intersecting family of k-sets. Then

7] < (20 -1)(%).

The proof of the theorem is a special case of a more general theorem. To
state this the idea of [-almost cross-intersecting families needs to be defined.
This is a similar generalization of the cross-intersection property (see for
ex. [7]) as the [-almost intersecting property is the generalization of the

intersecting property.

Definition 5.2.2 (l-almost cross-intersecting pair of families). The pair
of families (#,9) is l-almost cross-intersecting ((< [)-almost cross-
intersecting) if |D#(G)| = | (|D#(G)| < 1) and |Dy(F)| =1 (|Dy| < 1)
forall F € # and G € 9.

An easy observation is that for any l-almost cross-intersecting pair .%, %
| F| =|¥|if | > 1. This follows from double-counting the number of disjoint
pairs: |[{(F,G): F e #,Ge ¥, FNG =0} =17 =1¥9| If afamily &
is l-almost intersecting, then the pair (.%,.%) is [-almost cross-intersecting.

This observation is used to gain the theorem above from the following one.

Theorem 5.2.3. Let (#,9) be a pair of l-almost cross-intersecting families,

where F C ([:]) and F C ([Z]). Then |F| =|9| < (21 — 1)('“?)
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Proof: Let B be the bipartite graph with vertex classes .# and ¢ and
edge-set E(B) = {(F\G) : F € #,G € 4, FNG = 0}. As (#,9) I-
almost cross-intersecting B is [-regular. so there exists a complete matching
M on its edges with |M| = |Z| = |4|. Let the graph I" be defined on the
edges of this matching: V(I') = M and E(T") = {((F,G)(F',G")): F'NG =
() and/or FNG' = 0}. As (F#,9) is l-almost cross-intersecting, the maximum
degree in T" is at most 2(I — 1), therefore its vertices can be properly colored
with at most 20 — 1 colors (actually, with at most 2/ — 2 colors as well by
Brooks’ theorem [I1], provided I' is not complete and is not an odd cycle).
For any color class C' in the proper coloring the vertices (F, G) belonging to C
form a cross-intersecting family. This is due to the fact that (F,G), (F',G")
not connected in I' means F NG’ # ) and F' NG # (). Thus by Bollobas’
theorem regarding cross-intersecting families their number is at most (kzr)

and the theorem follows by adding up these for each color class. O

Proof of Theorem Apply the previous theorem with . =¥¢. [

5.2.3 [-almost intersecting graphs

The conjecture above is proven for k& = 2, that is, when the (2-uniform)
hypergraph is a graph. The theorem and its proof is stated in the language

of graphs.

Theorem 5.2.4. If G is an l-almost intersecting graph with no isolated ver-

tices and | > 1, then G has at most 2l + 2 edges and the unique extremal
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graph is Ko, provided that 1 # 1,3,5,6. Forl =1,3,6 the unique extremal
graphs are K4, K5, Kg. Forl =5 there are two extremal graphs: Ky and the

complement of a matching on 6 vertices.

Proof: It can be supposed that G is connected. Otherwise there would
be a cut Cp,Cy of V(G) with e(C,Cs) = 0, e(Cy),e(Cy) # 0. By the [-
almost intersecting property e(C1), e(Cs) < I, and so e(G) = e(Ch) +e(Cq) +
e(Ch,Cy) < 2l. Let e be e(G) and n = |V(G)|. As there are exactly [ disjoint
edges from any edge (u,v), the degrees of the vertices u, v need to satisfy the
condition d(u) 4+ d(v) — 1 = e —[. Thus for any vertex its neighbors have the

same degree. There are two main cases.
Case 1. G is d-regular.

Clearly e =2d+1—1and dn =2e =2(2d+1—1),s0 (n —4)d = 2l — 2.

Of course d < n — 1, so:

3 9 3 1
l (n—4)d = (d=3)d=(d-5)° 7= d< S+ /2+]

This gives an upper bound on the number of edges of G:

/ 1
e=2d+1-1<1+2 2l+1+2<2l+21fl>8.

n—2

If d=n—1then G = K,, and every edge is disjoint from ( 5 ) other edges.
By the bound on [ above (";2) =[] < 8, thus n < 6. By checking the

possibilities it can be seen that Ky, K5, K¢ contain more edges than 2/ + 2
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for the respective Is.

If d < n — 2 then the previous counting argument gives us e < [ +
220 — 141 < 2142 if [ > 5. For | = 5 there is an equality here which gives
the other extremal graph.

For [ < 5 the only meaningful integer solution of the equation 2/ — 2 =
d(d—2), I =1 and d = 2 characterizes K5. So it can be supposed that

d < n — 3. The calculation from before leads to e <[+ 2,/2] — 421 <20+ 2.

Case 2. (' is not regular, then the degrees give a 2-partition of the

vertices such that there are no edges within a partition, so G is bipartite.

Let the two sides of G be |A| = a and |B| = b, the degrees d4 and dp.
It can be supposed that a < b and then from e = ads = bdg follows that

dAZdB- AS€:l+dA—|—dB—11

® fa>2.

2
e§2dA+l—1:§+l—1:>e§(l—l)a_

For a > 4 this is smaller than 2/ + 2. For a = 2 it is easy to see that
G =Ky
For a = 3 the equation on the number of edges is:
bdp 2bdp

de:e:l—i—dB—l—i—T,so 5
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Thus

e:de:g(lerB—l)g;(l+2):3§l+3<21+2if123.

If I < 2 then by the previous argument e < (I —1)3 < 2/ +2. The case a = 1

implies [ = 0. O

5.3 Non-uniform [-almost intersecting fami-
lies

The following definition and proposition will prove useful for investigating

non-uniform [/-almost intersecting families.

Definition 5.3.1. For any family F of sets, the comparability graph G(F)
is the graph with vertex set V(G) = . and edge set E(G) = {(F1, Fy) : (F1 €
)V (F, C F)}

Proposition 5.3.1. If .Z is an l-almost intersecting family then all con-

nected components of G(F) have size at most [.

Proof: Within a component of G(.%) the set Dz is the same, as for any
Fy C F; the collections of disjoint sets are the same: Dz (F}) = D#(Fy). This
is due to the fact that Dz (Fy) C Dg(F)) and for any F € .F |Dg(F)| = .
Therefore if any component C' would have more than [ vertices, then for

F € C any set H € Dz(F) is disjoint to all elements of C, which is a
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contradiction with the [-almost intersecting property. O

An interesting related configuration is the r-fork.

Definition 5.3.2 (r-fork). An r-fork is a family of r + 1 distinct sets

Fo, Fy, ..., F,. where Fy C F; foralli=1,...,r.

The maximal size of a family not containing an r-fork is a much researched

question, one of the related theorems is the following one.

Theorem 5.3.1 (De Bonis, Katona [I0]). If a family .# C 2" does not

contain an r-fork, then | F| < (1+ 2—,: + O(#»(W%J)

As a special case an [-almost intersecting family is also [-fork-free by

Proposition [5.3.1]

Corollary 5.3.1. If .F is an l-almost intersecting family, then

21

#1< s 2roe(,),)-

This bound is asymptotically tight for [ = 1. For [ = 2 it is twice as big
as the real bound as it will be shown by Theorem For larger [s it is

probably even further from the real bound, but no results are known.

5.3.1 Non-uniform 1-almost intersecting families

Let us settle the case [ = 1.
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Theorem 5.3.2. If % C 2" is a 1-almost intersecting family, then

" if n is even
2(“;;2]171) if m is odd,
and equality holds if and only if F# ([7]2) provided n is even, or ¥ = {F €

(UE%J) rx € FYU{F € ([7[3]2}) cx & F} for some fized x € [n] provided n is

odd and n > 5, or F consists of two arbitrary disjoint sets in case n = 3.

Proof: Let .# be an l-almost intersecting family which is of maximal
size. Then by Proposition [5.3.1] we know that .% is Sperner, therefore if n is
even Sperner’s theorem [46] gives the needed result.

Suppose n is odd. % consists of pairs of disjoint sets due to the 1-almost
intersecting property. Let %' C % be the family which consists of the
smaller sets from each pair, choosing arbitrarily if they have the same size,
and let .#” be the rest of the family, 7" = .% —.%'. Now %' is intersecting,
Sperner, and 2|F| < n for any F' € .#'. The following theorem of Bollobés

[8] (only stated for odd n) deals with such families.

Theorem 5.3.3 (Bollobds [§]). If n is odd and .# C 2" is an intersecting

Sperner family with 2|F| < n for all F € Z, then

and equality holds if and only if F = {F € (Lv[LT/L}QJ) cx € F} for some fized
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x € [n].

As |[F'| = |.#"| it follows that |F| < Q(L 2] ' ) and if equality is true
then .’ = {F € ([n/Z[J zeF)} for some fixed z € [n]. If #" = F' = {F':
F’" € 7'} then the theorem is proven. Otherwise there is a set F” € %"
with |F”| < n/2. Let #* be the family obtained from .%#’ by switching F’
and F”, where F' € %' is the unique set in .%#’ disjoint from F": 1 =
(F'—{F'})U{F"}. the family .F* satisfies the conditions of Theorem [5.3.3]
so Ft ={F € ( ] ) :y € F} for some fixed element y € [n], but neither

[n/2]
x # y nor x = y is possible. O]

5.3.2 Non-uniform 2-almost intersecting families

The following constructions are 2-almost intersecting families for a base set

of even and odd size. They will turn out to be best possible.

Construction 5.3.1. If n = 2k + 2, then let %,% be a partition of (%])
so that G € 4, if and only if G € 9. The following family is 2-almost

intersecting and has size 2(2:) ( + 0(1))(7172)

G =49 U{GU{2k+1}:GeH} UL U{GU{2k+2}:G € %}.

If n = 2k+1 then there is a similar construction. Let % = {G € ([Qk 1]) :

reG}and% ={G € ([Qkk_l) cx & G} for some fized x € [n]. The following



CEU eTD Collection

CHAPTER 5. ALMOST INTERSECTING FAMILIES 43

family is 2-almost intersecting and has size 4(2:_—12) = (5 +o(1)) (752) :
G=%U{GU{2k}:Ge%}U%bU{GU{2k+1}:G € %}.

Let .# C 2" be a 2-almost intersecting family. Let .#Y = {F € .F :
F e F.F' C F}y, L = {F e Z :3F € Z,F C F'} and #, =

F - FY - FL.
Proposition 5.3.2. If F € ., then for anyG 2O F : G ¢ .

Proof: If there was a G like this in .% then the two sets in .# disjoint

from G would be subsets of F', so F & %1, a contradiction. m
Proposition 5.3.3. Zf N2 =10

Proof: For aset F' € ZLN.ZY the component in the comparability graph

G (%) which holds F' would have size at least 3, which is a contradiction with

Proposition [5.3.1] O]

Proposition 5.3.4. For any F € FY (F € FF) there exists exactly one set

Fre #F (F' € #Y), such that F 2 F' (F C F').
Proof: This is implied by the special case [ = 2 of Proposition [5.3.1 [
Corollary 5.3.2. If F € .Z} then for any GO F : G ¢ .F.

Proof: Such a G would contain the two sets in .% disjoint from F’ € .Z,

FCF. 0
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Proposition 5.3.5. For any 2-almost intersecting family # < 2" there

ezists another family 4 with |.F| = |¥| such that
(1) G € GV implies G € 47,
(2) for any pair G1,Gy € 9, Gh C Gy implies |Gy — G| = 1.

Proof: If 7Y U.ZL = () then .Z already satisfies (1) and (2). Otherwise
let Fi, Fy € %, Fy C F,. There are two distinct sets F', F” € .% which are
disjoint from Fy, and therefore from F as well. All other sets of .% intersect
Fy. By replacing Fy with any G ¢ # satisfying F; C G C Fy, |[Fo — G| =1
the 2-almost intersecting property is retained. By repeating this operation a
family satisfying (2) is obtained.

If (1) is not satisfied by the new family, then we have F’, F” # F,. Then
either of these sets can be replaced with F, and the new family still is 2-
almost intersecting. By repeating this operation combined with the previous

step after finite many steps a family satisfying (1) and (2) is obtained. [

Definition 5.3.3. A maximal 2-almost intersecting family will be called good
if it satisfies (1) and (2) from the above proposition.

If 4 is good, then for any G € 4 there are G, Gy such that G; C G,
Gy CGand |G—Gi|=|G—Gy| =1. Let {2} = G — G, and {y} = G — G,
and let G* =G — {z} U{y} = G, U{y}.

Proposition 5.3.6. Let ¢ C 2" be a good 2-almost intersecting family.

Then for any G € 4 the sets G, Ga, G* defined as above satisfy the follow-

mg:
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(i) G ¢4,

(ii) G* ¢ 9,

(#ii) the only set in 9 U9 contained in G* is G,

(iv) the only set in 9 UG containing G* is Gy,
(v) {G*: G €94} is a Sperner family.

Proof: The properties (i) and (ii) follow from Proposition used
for G; and G,. If there would be a set G' € ¢ contradicting (iii) then
there would be three sets in ¢ disjoint from Gy. If G € 4 would contradict
(iii) then G’ would contradict Proposition for Go. The statement (iv)
follows the same way using GGy instead of Gy. The last property, (v) follows
from the face that G*" C G* implies that G5 and G are disjoint and therefore

there are three sets in ¢4 disjoint from Gs. O

Lemma 5.3.1. Let 4 C 2" be a good 2-almost intersecting family. Then

the following LY M-type inequality holds:

2 2
2 & o)
2 1
_G;%L ((n - ‘G|)(|g\) ' (n—1G)(n — |G| - 1)(|g)>

1 1 .
_ 232 ((n— |G|)(\g|) + |G|(‘g|) B IG|(n — |G|)(|g)) < 1
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Proof: First note that () ¢ ¢ as otherwise there would be only one
other set in ¢ due to () being self-disjoint, and the other set would not
have two disjoint elements. The proof follows a LYM-type argument [7] of
double counting maximal chains and sets from ¢ on the chains. Consider
the following pairs: (G, %) where G € ¢ and % is a maximal chain in 2"
and G € €. For a set G there are exactly |G|!(n — |G|)! different maximal

chains containing G, thus the number of pairs is:

> G~ |G

Ge¥

On the other hand every chain % contains at most 2 sets from ¢ by Proposi-
tion So the number of such pairs is n! + c; — ¢o where ¢; is the number
of maximal chains containing 7 sets from ¢. From the same proposition and

from Proposition [5.3.6| we have:

=Y |Gl(n—I|G|-1).
Gedk
In order to obtain a lower bound on ¢y consider the set Sz of the chains
which contain G for some fixed set G € 4 U ¥4, By Proposition and
Corollary there is no G/ € 4,G' O G. A k-subset of G is contained in
|G|!k!(n — |G| — k)! chains that go through G.
Thus, if G € ¥4, as the empty set is not in ¢ and there are exactly 2 sets

in ¢ which are disjoint from G, there are at least (n—|G|—2)(n—|G|—1)!|G|!
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chains in Sz that do not contain any set from .

If G € 4L, then the 2 sets in ¢ contained in G have size (n — |G| — 1)
and (n — |G| — 2) and thus the number of chains in Sz that avoid ¥ is
|IG|{((n — |G])! = (n — |G| = 1)! = (n — |G| — 2)!). By definition there are no
2 sets G,G' in 4 UZ} with G C G, thus we have Sz N Sz = 0 for any
distinet G, G’ € 4 UGy,

Finally consider the sets G € 4Y. By Proposition using the same
notations, any chain containing G* but neither G; nor G avoids ¥ U ¢.
So these chains are different from all those in Ugeg, iy S, and they do not
contain any set from ¢. By Proposition (v) Sgre N Sgre = 0 for any

G',G" € 4. For a fixed G € 4/ the number of new chains is:
(IG]' = (1G] = DH((n = [GD! = (n = [G] = 1)Y).
These observations yield the following inequality:

MG -GN < al+ ) |GN(n - |Gl - 1) -

Ge¥ Gevf

Y (n=1Gl=2)-|G|(n — |G| - 1)! -

Ge4

Y G (=GN = (n =G| = 1)! = (n — |G| = 2)!) —

Gegf

> (G = (1G] = ))((n = G])! = (n = |G| = 1)Y).

U
Ged!

Rearranging and dividing by n! yield the statement of the lemma. O
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As the main term in Lemma [5.3.1)is the first term )., ﬁ, and the
|G|

other terms are negligible compared to it, Construction [5.3.1] is asymptoti-

cally best. The next theorem shows that it is best not only asymptotically.

Theorem 5.3.4. Let F C 2" be a 2-almost intersecting family, then

2(2;22) if n is even
ER= :
4(Ln72_Jg—2) if n is odd,

and this bound is best possible as shown by Construction|5.5. 1.

It can be assumed that .# is good. By definition and the previous ob-
servations, the sets in #Y U Z) come in pairs with sizes differing by one.
Consider the summands in Lemmal[5.3.1] Let a; be the sum of all summands
from sets in .%#; with size k and let b, be the sum of the summands from
pairs in ZL U.ZY where the size of the smaller set is k. If m = min{ay, % :
1 <k <n—1} then |F| < L. Let a}, = nlay, = 2k!(n — k)! — 2k!(n — k — 1)!

and

b, = nlby=2kl(n—k)!+2(k+1)!(n—Fk—1)! —2kl(n —k—1)!

— Kn—k-2)—(k+1ln—k-2)! —kl(n—k -1+ kl(n — k—2)!
Observe that the minimum of aj, is at k = |n/2]:

Aa=dj —ap,=2kln—k—=2)[(k+1)(n—k—2)—(n—k—1)%
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Here the expression in the brackets is quadratic, and one of its roots is

between n — 3 and n — 2 and the other is between [n/2] — 1 and [n/2].
For b}, the place of the minimum depends on the parity of n. For even

n the minimum of b, is ¥/, ,, while if n is odd then b}, ,, = bf, 5. This is

shown by a similar calculation for:

A, = b, — b, =k(n—k—3)!x
2k + D)k +2)(n—k—2)—2(n—k)n—k—1)(n—k—2) —

(k+1)(3n — 2k —4) + (3n — 2k — 2)(n — k — 2)].

Finally, by substituting, a|,/2) > %bwz | and the theorem follows as the size

of the families in Construction [5.3.1]is exactly b 2/2J ) m

A related open question is the following one: What is the maximal size of
a family which is Sperner and 2-almost intersecting (or l-almost intersecting,
[ >2)7

The following construction is a Sperner [-almost intersecting family:

Construction 5.3.2. Let . be an optimal 1-almost intersecting family on

[n— 1 —1]. These are known from Theorem[5.3.3. Then
[n—1,n]
G =F x ) ={FU{z}:FeZ xecn—Inl}

is a Sperner l-almost intersecting family of size (4 + o(1)) (LnT;QJ)'

This construction together with Corollary proves the following corol-
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lary:

Corollary 5.3.3. Let .Z C 21" be an optimal l-almost intersecting Sperner

family. Then

71=0(( )

5.4 (< l)-almost intersecting uniform families

5.4.1 k-uniform (< /)-almost intersecting families

The main result regarding k-uniform < [-almost intersecting families is the
following proposition. It states that if n is large enough then regarding the
largest family we do not gain anything by relaxing this way the intersecting

property from the Erdés-Ko-Rado theorem [19)].

Proposition 5.4.1. For any k,l € N there exists ng = no(k,l) such that if
n > ng and F C ([Z]) is an (< l)-almost intersecting family, then | F| <
(Zj) with equality if and only if F is the family of all k-sets containing a
fized element of [n].

Proof: If . is intersecting, then by the Erdds-Ko-Rado theorem the
proposition stands. If Fy, Fy € .% are disjoint, then any F' € % — (D& (F;)U

D#(F,)) should meet both F; and F, and thus |#| < k? (Z:;) + 21 which is

n—1

k_l) if n is large enough. O]

smaller than (
This argument gives ng(k,1) < O(k® + kl). By a theorem of Hilton and

Milner [34] stating that the largest possible size of a non-trivially intersecting
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family is (Zj) - (";ﬁ;l) + 1, a better bound of ng(k,1) = O(k*]) can be

obtained if [ = o(k). Determining the exact values remains an open problem.
If1> (7;;) for some m, then (Lkzmj) is (< [)-intersecting. If [ > (”;ﬁ;l),

then the trivially intersecting family % = {f € ([Z}) : 1 € F} is not maximal.

5.4.2 Uniform (< 1)-almost intersecting families

The following theorem determines ng(k, 1).

Theorem 5.4.1. If k > 3, n > 2k + 2 and F C ([Z]) is an (< 1)-almost
intersecting family, then | F| < (Zj) with equality if and only if F is the
family of all k-sets containing a fixed element of [n]. For k =2 andn > 7

the same statement is true.

Proof: Note that if £ = 2 then either .# is intersecting, and the theorem
is a corollary of the Erdés-Ko-Rado theorem [19], or there are two disjoint
edges e; Ney = (. All other edges meet both, so they are subsets of e; U eq,
therefore |#| < (3) = 6. This proves the case k = 2.

For k > 3 Katona’s cycle method [35] will be used.
Definition 5.4.1. A set S C [n] is an interval in cyclic permutation 11 of
(n] if S = {11(3),11(¢ + 1), ..., (i + |S| — 1)} for some i, where addition is

modulo n.

Definition 5.4.2. Two sets S, T C [n] are separated in a cyclic permutation
I1 if there are disjoint intervals S, T" in IT with S C S’, T CT" and S'UT" =
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Let # ={F € Z : |Ds(F)| =i}, where i = 0,1. Weighted objects are

defined the following way:

e Type 1 object: For F' € %, and II such a cyclic permutation of [n] that

Fis an interval in II, the type I object (F,II) has weight 1.

e Type 2 object: For F, F’ € .%#; and II such that II separates F, F’ the

type 2 object ({F, F'},II) has weight %

Lemma 5.4.1. If 2k < n and F C ([Z]) is a (< 1)-almost intersecting
family, then for a cyclic permutation 11 of [n] the sum of weights of all objects

having Il in their second coordinate is at most 1.

Proof: Take a cyclic permutation II. For simplicity objects will be referred to
as their first coordinates, the second will be II for the proof. Let a milestone
mark every pair of consecutive elements I1(7), I1(7 4 1), laying between them.

Define separating milestones as:

e For a type 1 object the separating milestones are the 2 milestones laying

between the endpoints of the interval and its complement.

e For a type 2 object {S,T'} the separating milestones are those laying
between the endpoints of S” and T” of an arbitrary separating interval

pair.

A separating milestone belongs to its object. The main observation is the

fact that any milestone can belong to at most one object. Otherwise, if a



CEU eTD Collection

CHAPTER 5. ALMOST INTERSECTING FAMILIES 53

milestone belongs to two type 1 objects, then to be different they must lie
on the two sides of the milestone, but then they do not intersect each other
as 2k < n, this contradicts the definition of a type 1 object. If type 1 object
F and type 2 object {S, T} would share a milestone then either FF C S or
F C T, thus either FNT = (0 or F NS = (. This again contradicts the
definition of a type 1 object. Finally, if the milestone would be shared by two
type 2 objects, {S1,T1} and {Sy, T2} then either S; C S or Sy C 5!, giving
S1NTy =0 or SoNTy =, again a contradiction, now with the (< 1)-almost
intersecting property.

As all objects have 2 separating milestones, the lemma follows if there
are only type 2 objects. If F is a type 1 object then F' crosses the milestones
between any two of its elements. For any object O the interval F' crosses at
least one of the separating milestones of O as F' € .%,. As F'is an interval of
size k it can cross at most (k— 1) milestones, so in this case there are at most
k objects with second coordinate II and as % > % the lemma is proven. [

Let « be the number of cyclic permutations in which the disjoint k-sets

S and T are separated. Obviously « is independent from the choice of ST

Lemma [5.4.1] implies the following inequality:

1 1
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Thus it is enough to show that

1 1
I(n — k)= —
kl(n k:)k <o

Consider the family ¥ = ([2:]) and count the type 2 objects ({Gy, G2}, 1I)
with G1, G5 € ¥ and separated in II. The number of these objects is %(2:)&.
At the same time this number is k(n — 1)! as any cyclic permutation II of [n]

contains exactly k separated pairs from ¢. Thus

2k(n — 1)!

(%)

By substituting this to the previous inequality it changes to

o =

1 2k(n-—1)!
Kl(n — k)1t < 28— 1!
This is equivalent to
(2k)!  2(n—1)!

k2~ (n—k)n
This holds if 2k +2 < n provided k > 5. For k < 5 the inequality above is
true except for the following cases: £k =3,n =8 or 9 and k = 4,n = 10. For
these cases the weight of the type 2 objects ({F, F'},II) need to be changed
to + when F or F” (or both) is an interval in II. Lemma holds with

the modified weights as well for these special cases. This finishes the proof

of Theorem B.4.11 O
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The bound ng(k, 1) = 2k + 2 is best possible as the family ([Qkk]) shows.
This is a (< 1)-almost intersecting family with size (%) > (*'[).
The following proposition settles the question for n = 2k + 1. It will be

used for the non-uniform (< 2)-almost intersecting case.

Proposition 5.4.2. If # C ([2k]jl]) is an (< 1)-almost intersecting family,
then |7 | < (zkk) and equality holds if and only if F is the family of all k-sets

not containing a fived element of 2k + 1].

Proof: The proof is a double counting argument on (F,G), F € %,
G ¢ .. The number of such pairs is at least k|.7| as for any F' € .% there
are k + 1 disjoint sets of size k, and at most one of them is in .%. On the
other hand the number of such sets is at most ((*") — [Z#[)(k + 1). This
gives us ((*/1) — |.Z|)(k + 1) > k|.Z|, which yields the stated bound.

In order to characterize the case of equality note that all lower and upper
bounds in the argument hold if and only if .# is an 1-almost intersecting

family. The proof is finished by Corollary O

5.5 Non-uniform (< [)-almost intersecting
families

The conjecture for the general case is the following one:

Conjecture 5.5.1. For any positive integer | > 2 there exists an ng = ng(l)
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such that if n > ng and F C 2" is an (< 1)-almost intersecting family, then

S e (M) if n is even

i=n/2 \j

7| <
() + Sty (7)if mis odd,

and equality holds if and only if F is the family of sets of size at least § and

(if n is odd) the sets of size || not containing a fized element of [n].

Definition 5.5.1 (Upset). A family .F C 2" is an upset if for any F €

F,G D F implies G € .F.

For any (< [)-almost intersecting family .%# there is another such family
7' with the same size, but %’ is an upset. Indeed, for any F € % G ¢
F,F C G the family #' = F — {F} U{G} is (< )-almost intersecting if
7 is as well. Noting this it is enough to consider upsets to prove the upper
bound in Conjecture |5.5.1L Uniqueness for upsets also implies uniqueness
for arbitrary families, as for any maximal family .# we can obtain an upset
of the same size by the operation above, so this must be the one in the
conjecture, but then the family before the last operation in not (< [)-almost
intersecting. Indeed, if %’ is the family before the last operation, that is ,
F' —{F} U{G} = Z#" where .Z" is the family in the conjecture, G ¢ %',

F e FCG then Dg/(F) > |%5+], a contradiction.
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5.5.1 Non-uniform (< 1)-almost intersecting families

The following lemma will be used to settle the cases [ = 1,2 and might be

useful for the general conjecture as well.

Lemma 5.5.1. Let !l be a positive integer. If Fis an (< 1)-almost intersecting
upset where the size m of the smallest set is less than ”T’l, then there is an
(< 1)-almost intersecting upset F' with |.#| < |Z'| that the size of the
smallest set is m+ 1. If | > 2 then for m = "T_l there is such a family F'

with | Z| < |.7'].

Proof: Let % = {F € % : |F| = i}, and define the bipartite graph
GV, Vo, BE)as Vi = F, Vo={Ge (" V)~ Fn1:3IF € F,,FNG =
0}, E={(F,G): FNG = 0}. Clearly d(G) < m+ 1 for any G € V, . For
any F' € #,, = V; the degree d(F') > n —m — [+ 1 as there are n —m sets
of size n —m — 1 disjoint from F' and at most [ — 1 of them belong to .% as
if any is in .% then I € .%. It follows that |V;| < |Va| and if m < % then
V| < [Val.

Take the family .#' = .F — V; U Va. Then |.#'| > |Z] and if m < 25!
then this is a strict inequality, so it is enough to show that #' is (< [)-
almost intersecting. As sets in V5 have size n — m — 1 and the minimum
set size in ¥’ is m + 1, then for any G € V5 : |Z4/(G)| < 1. For any set
Fe ZnNF' |F|>m+2: 2#(F) C 9%(F), so the (< [)-almost intersecting
property still holds. Finally, for a set |F| = m+ 1, F € .Z N.%’, the set

Dzi(F) = Dz(F) if there was no F' C F with F’ € #. If there is such an
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F' then 94/(F)— 9#(F) = {F},s0 |Z24/(F)| < |2#(F)|+1,butas F’ € ¥
we have |27 (F)| < |Z2#(F")| <. O

Theorem 5.5.1. If n > 2 and % C 2" is an (< 1)-almost intersecting

family, then

S (1) if n is even

7| <
(I_n/QJ) + Zz [n/2] (n) if n is Odd,

and equality holds if and only if ¥ is the family of sets of size at least n/2

and (if n is odd) the sets of size |n/2]| containing a fized element of [n].

Proof: Let .# be an (< 1)-almost intersecting family of maximal size,
it can be assumed that it is an upset. By Lemma the size of the
smallest sets in .# is at least (”T_W For even n this implies the theorem as
FCAFC ) |F 2 ).

If n = 2k + 1 then by Lemma [5.5.1.% C {F C [n] : |F| > k}. Then
([2::11]) C Z,asfor G e ([Qkkjll]) D#(G) < 1 so due to the maximality of .%#
G would not be in .% only because G € .% and some G’ € %, G' C G, but
this contradicts that .# is an upset.

As ([Qkkjll ) C .Z for every F € F, F € F so %}, needs to be an intersect-
ing family. By the Erdds-Ko-Rado theorem [19] the proof is finished. O

Theorem can be derived from a result of Bernath and Gerbner [4]

as well.

Definition 5.5.2. A family Z is (p,q)-chain intersecting if Ay C Ay C -+ C
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A,, B1 C By C --- C B, with A;, B; € . implies A, N B, # 0.

As the (1,2)-chain intersecting property is equivalent to the condition
that Dg(F) is Sperner for any F' € .#, the following theorem implies Theo-

rem [5.5.1l The authors also give a uniqueness proof.

Theorem 5.5.2 (Bernath, Gerbner [4]). If # C 2" is (p, q)-chain inter-

secting, then

7| <
n—1 n n . .
(un—p—q+3>/2J—1) + i f(n-p-g+3)/2] (7) ifn—p—qiseven

5.5.2 Non-uniform (< 2)-almost intersecting families

Here and in the next chapter Lovasz’s version of the Kruskal-Katona theorem

will be used repeatedly.

Theorem 5.5.3 (Lovész [42]). Let .7 C ([Z]) and let x be the real number
defined by |.F| = (7). Then |§(F)| > (,*,), where §(F) = {G € (k[ﬂ)BF €

F,G C F}
The following theorem shows that Conjecture [5.5.1]is true for [ = 2.

Theorem 5.5.4. Forn > 2 and % C 2" is an (< 2)-almost intersecting

family, then

D ien/2 (") if n is even

.| < 1
(L:LJQJ) + Z?:[n/g] (TZL) if n is Odd,
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and equality holds if and only if F is the family of sets of size at least n/2

and (if n is odd) the sets of size |n/2] not containing a fixed element of [n].

Proof: Consider the case n = 2k + 1. It can be assumed that % is
an upset and by Lemma all sets have size at least k, also that |.#] is
maximal. Therefore all sets |F| > k+2 belong to .# as for these D& (F) = .
If % is maximal then ([2,?11]) C .Z, as for any G € ([2:j11]), D#(G) <1, so
it might not be in .% only because G € .# and D#(G) = 2. But as .% is an
upset, G € .%, a contradiction.

Consider .7, = .7 N ([2’“,:1]). As before, for any F € %, F € F, so %,
is (< 1)-almost intersecting and by Proposition the proof is ready (for
odd n).

If n = 2k then again .% is an upset and all sets have size at least k—1. By
Lemma there is an upset .#’ with size |.%|, and with smallest set size
at least k. This proves the bound in this case. For the uniqueness suppose
Fr-1 # Dandlet By, = {B € ([2:]) — %}, then from the proof of Lemmal5.5.1
| Fr—a| = |{([2kk]) — F}| because Z is the largest (< 2)-almost intersecting
family, and .Fy_, = 0%, = {F € (") : 3B € %, that (F C B)}.

By Lovasz’s version [42] of the Kruskal-Katona shadow theorem (The-
orem if B, = (z) for a real x then 0%, > (kfl) As (z) < (kfl)
if z < 2k — 1, the size | F_1| = |%] > (°}7)). To finish the proof note
that .%#,_, is intersecting. Indeed, if F,F' € %,_,, FNF = ( then
Dz (F) > {G : F' C G C F}| = 4 as % is an upset, a contradiction.

By the Erdds-Ko-Rado theorem [19] |Z;_1| < (%f:;) < (Qkk:ll). This is a



CEU eTD Collection

CHAPTER 5. ALMOST INTERSECTING FAMILIES 61

contradiction again, which concludes the proof. O
For the general case one can obtain a better upper bound than the one
from Lemma by using Theorem |5.5.2, as an (< [)-almost intersecting

family is (1, p)-chain intersecting as well for p = [log, (I 4+ 1)].
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Chapter 6

Cross-Sperner families

6.1 Introduction

This chapter contains results inspired by two theorems mentioned previously,
Bollobas’s cross-intersecting theorem [7] and Sperner’s theorem [46]. The
results are due to joint research with D. Gerbner, N. Lemons, C. Palmer and
B. Patkds [29].

The definition of a cross-intersecting pair of family is:
Definition 6.1.1 (Cross-intersecting family). The pairs of sets (A;, B;)™,
form a cross-intersecting family if for any 1 <i,j7 <m A; N B; =0 if and
only if 1 = j.

The question of cross-intersecting sets is one which attracted many re-

searchers ([5], [25], [26], [27], [40], [41], [39]). This chapter investigates the

analogous question of a cross-Sperner family.

62
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Definition 6.1.2 (Cross-Sperner family). A pair of families (% ,9) is cross-
Sperner if there is no pair of sets (F,G) with F € #,G € 4 and F C G or

GCF.

The size of the pair of families (.#,%) can be measured multiple ways.
The questions considered below are the sum of the sizes of the families,
|.Z| +|¥| and the product of those, | #||¥|.

Also, the cross-Sperner property for (.%,%) is equivalent to (.#, %) being
cross-intersecting and cross-co-intersecting, where the latter means that the

complements of the sets from the families are cross-intersecting.

6.2 Additively maximal cross-Sperner fami-
lies

Clearly the trivial family .# = 0, 4 = 2["] satisfies the cross-Sperner property,
and due to definition . # N¥ = (), so this is a maximal possible family as well.
From now on both families are assumed to be non-empty.

The problem can be reformulated into an isoparametric problem. Let
G, = (V,, E,) be a graph with V,, = 2"l and E,, = {(F,G) : F,G € V,,, F C
G or G C F}. Then the size of the largest cross-Sperner pair of families,

max{|Z|+|¥4|} = 2" — ¢(G,,), where ¢(G,,) is the vertex connectivity of G,,.
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Also, if F'(n,m) is defined as:

F(n,m) = %HCIE;[)E]H% 3.7 C 2 with |.F| = m, (F,9) cross-Sperner},

then with the usual notation Ng, (U) for the neighborhood of U C V,, in G,
F(n,m)=2" —m —min{|Ng, (F)| : F CV,,|.Z| =m}.

The main theorem is the following one:

Theorem 6.2.1. There is an integer ng that for any n > ng and F,9 C 2"

if (Z,9) is cross-Sperner, then
|\.Z|+ 9] < F(n,1) +1=2"—2[51 23] 4 9

and equality holds if and only if one of ¥ or 9 consists of exactly one set S
of size | 5] or [5] and the other family consists of all possible sets (all sets

not containing S and not part of S).

Again Lovész’s version [42] of the Kruskal-Katona shadow theorem (The-
orem will prove useful in proving the key lemma during the proof of
Theorem [6.2.11

Before proving Theorem the following observations need to be made:

Note that for any F € 2" we have Ng, (F) = 2171 +27=1Fl — 2 which is
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minimal if |F| = |7 ]. This implies:
F(n,1) =27 — 231 —2l5) 11

Proposition 6.2.1. If a cross-Sperner pair (% ,9) maximizes |.F|+|9| then
both families are interval-closed, i.e. forany Fy C F C Fy, F; € F (i =1,2)

implies F € .

Proof: Obviously if F, Fi, F, are as above then F' can be added to the
family as any subset of F' is a subset of F; and any superset of I is a superset
of F}. O

Let Fy and Gg be sets of minimal size in .% and ¢, which are cross-

Sperner.
Proposition 6.2.2. If |Fy| + |Go| < [5] — 1, then |Z |+ |9| < F(n,1).

Proof: No set which contains Fjy U Gy can be a member in either of the
families. [

Proof of Theorem [6.2.1; As (#,¥) is cross-Sperner if and only if
(Z,9) is as well, and by the previous proposition, it can be assumed that
the size of one of the minimal sets, Fy, is m = |Fy| > [§]. Subsets of Fj
are not in ¢4 due to definition and not in .% due to the minimality of Fj.
Let #* = {F € F : Fy, C F}, the collection of sets covering Fy. For any

=

F*e 7" let

B(F*) = {F*— F|: F, C Fy,|F* — F| <m}.
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For any two distinct sets F}, Fy € #* the families B(F}) and B(Fy)
are disjoint, as F} and Fy differ outside Fy. By definition no set in
B = Upscg-B(F*) is a subset of Fy. Therefore Z N % = () due to the
sizes and B N¥Y = () due to the cross-Sperner property. It is enough to
show that |.#*| < |#| in order to finish the proof. This is due to the fact
that no subset of Fj is in .% U ¥ and no superset of Fj is in ¢4 either. So
by showing |.Z#*| < |#| we obtain a lower bound on the number of sets
not in the union of .% and ¢ by the number of sub- and supersets of Fj:
" — [ FUY| > |B]+2m—1 > |F*|+2m —1 > 2ol pon-IBl 9 > F(n, 1).

Note the following properties:

o [B(F™)|= ZZ‘Z\F*—FMH (T)?

o F* = {F*—F,: F* € #} is downward closed as .% and .Z#* are

interval-closed,
o [F[=]7.

Noting the points above, the following lemma finishes the proof of Theo-
rem by choosing & = .#** k =m and n’ =n — |Fy|.

Lemma 6.2.1. Let () # o C 2" be a downward closed family and k > %'

Then if n' is large enough the following holds:

DS (’“) 6.1)

Aed i=|A|+1
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Proof: Let a; = [{A € & : |A| =i} and w(j) = Zf:jﬂ (k) Then the

7

statement can be reformulated in the following way:

n/

Zaj < Zajw(j) :
=0 =0

Let  be defined by ay_1 = (,*,). By Lovész’s theorem [42] (Theo-
rem if j < k—1 then a; > (f) When in the previous inequality
a; is replaced by (f) the left hand-side decreases by a; — (f) and the right
hand-side decreases by (a; — (f))w(j), which is larger.

For j > k—1 by the same theorem a; < (j) By replacing a; with (j) the
left hand-side increases and the right hand-side does not change as w(j) = 0

for j > k. So it is enough to see that

n' - n’ T .

> < ) <> < ,)W). (6.2)
=\ S\

First we prove this for the special case where x = n’. In this case the left
hand-side is 2" while the right hand-side is monotone increasing in k, so it

is enough to prove for the smallest one, k = f%}

> (N)er= ()50 = (D7)

J=0
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Let j = an’ for some 0 < a < % By Stirling’s formula

(0L =) () -
- (%(oﬂa(l - a)l—a311/3(1/3 - 04)1/3_0‘)”/) '

The value of this fraction is larger than 2 to a suitable «a, for example for
a = 2/9. This proves for x = n/ which is large enough.
For an arbitrary z let ¢ = (kfl)/(lﬁl) If j >k —1 then ¢ > (j)/(’;/),

while if j < k—1 then ¢ < (f) / (’;l) Based on the previous case the following
inequality is true:

n’ / n’ /

Zc(n) < Zc(n)w(j) :

=0 \J =0 \J

T
J

By replacing c(’;/) with () the following might happen:
o If 5 > k — 1 then the left hand-side decreases and the right hand side
does not change,

e If j = k — 1 then nothing changes due to the definition of c,

e If j < k—1 both sides increase, but the right hand-side increases more

asw(j)>1for0<j<k-—1.

So the inequality holds after this operation, and now it is the same as [6.2]

This proves the lemma. O
As we have seen, Theorem follows from the theorem, so the proof

of the theorem is also finished. O
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One might wonder whether a similar theorem is true if the definition of

a cross-Sperner family is changed so that sets can belong to both families:

Definition 6.2.1 (Alternate cross-Sperner families). and ¢ form an al-

F
ternate cross-Sperner family if for any F € %, G € F neither F C G nor

G C F occur.

For the additive case Theorem [6.2.1] still holds, basically with the same
proof. Let € = NY # 0, and D(¢) ={C —C":C,C" € €}. Then D(%)
is disjoint from both .# and ¢, and by a result of Marica and Schonheim [43]
|D(%)| > |€|. The proof of Theorem [6.2.1] gives |Z| + |4| < F(n,1) + 2.

6.3 Multiplicatively maximal cross-Sperner
families

Here the question is how large can |.Z#||¥| get if (.#,¥) is a cross-Sperner

family. The main result is the following theorem.

Theorem 6.3.1. If n > 2 and (F,9) is cross-Sperner with F,4 C 2"

then the following inequality holds:
|71l <2

This bound is best possible as shown by F = {F € 2" : 1 € F.n & F} and
¥ ={Gec2":necqG1¢aG)}.
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The main tool of the proof is a special case of the Four Functions Theorem
of Ahlswede and Daykin [2]. The following notation will be used in the
statement: for any pair of families &7 and & let &/ VB = {ANB: Ac

o, BeRBtand 4 NB={AUB:Ac o, Bec A}

Theorem 6.3.2 (Ahlswede-Daykin, [2]). For any pair of families < , %
| || B| < | N\ BN B|.

The following lemma will be used in the proof.

Lemma 6.3.1. If (%#,9) is a pair of cross-Sperner families, then the families
F.9, F NG, F NG are pairwise disjoint.

Proof: .# and ¢ are disjoint as they are cross-Sperner. They are both
disjoint from .# V¥ and .# A ¥ again because of the cross-Sperner property.
Finally, % V¥ and . A ¥ are disjoint, as F; N Gy = F, U G5 would imply
F, C Gy. O

Proof of Theorem Clearly if |Z| + 4| < 27!, then the state-
ment of the theorem holds. If |.Z| +|¥4| > 277!, then by the previous lemma

\F NG|+ |F v¥g| <27 and by Theorem [6.3.2)
|\F|9| < |.F NY||.F vE| <2,

This proves the theorem. ]

Corollary 6.3.1. Forn > 2 F(n,2" %) =22,
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6.4 Open problems

One natural way to generalize the cross-Sperner property is to extend it to

k-tuples of families instead of pairs.

Definition 6.4.1 (cross-Sperner k-tuples of families). %y, %, ..., % is
cross-Sperner if for any 1 <i < j < k there is no pair F; € F; and F; € F;

that F; C F; or F; C F;.

For the additive case the trivial family (% = 2[" - all other families are
empty) is still the best, so it is best to consider only non-empty families. A
natural conjecture in this case is that the best possible k-tuple of non-empty
families would be the one where all except one family contains a single set.
Here these families would form a Sperner family. Therefore the following

function could prove useful (as it is a parallel of F'(n,m) from the proof of

Theorem |6.2.1)).

F*(n,m) = max{|%| : ¢ C 2,37 C 2" with | 7| = m,

(F,9) cross-Sperner, .# Sperner} .

For the multiplicative case the following statement is conjectured to be

true.

Conjecture 6.4.1. If F1, %s,...,.Fr C 2 for a k-tuple of cross-Sperner
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famalies, then

k
[[17:] <2800,

=1

where [ is the least positive integer with (Ll/l2j) > k.
The following construction is optimal if the conjecture is true.

Construction 6.4.1. Let [ be as in the conjecture, then take a Sperner family
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Chapter 7

(< l)-almost properties

7.1 Introduction

This chapter attempts to extend the (< [)-almost intersecting, [-almost and
(< 1)-almost Sperner, I-fork-free properties into a common point of view and
analyze similar questions. For this aim the following families need to be

defined.

Definition 7.1.1. Let % (F) = {G € 2"l : F C G} and L (F) = {G € 2I"] .

G C F} be the upper and lower set of F.

Many extremal questions can be reformulated to a question of the maxi-
mal possible family with limited size intersections with the upper and lower

sets. The two most studied properties are probably the intersecting property

73
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and the Sperner property, which are equivalent to:

VFeZ: ZL(F)NF =10 Intersecting property,

VE e ¥ . (L(F)U%(F)NF ={F} Sperner property.

Another famous extremal question which can be easily expressed in this
language is the r-fork ([10], [48], [31]). As a reminder, an r-fork is the
configuration of (r 4+ 1) distinct sets F,Gy,Gs,...,G, with FF C G; for
Vi € {1,2,...,r}. A family % is r-fork-free if and only if VF' € F :
% (F)NZ| <r.

The idea in this chapter is to investigate properties of the form ¢ |.% N
U(L)| + o F NL(F)| +c3|FNUF)| + eyl F N ZL(F)| <1, where ¢; are
either 0 or 1. As mentioned above many extremal properties can be stated
in this form.

First of all, an easy observation is that ¢; = ¢o = ¢3 =0, ¢4 = 1, that is,
|.Z(F) N .Z| < 1is the (< I)-almost intersecting property.

For any property defined with c1, ¢o, ¢3, ¢4, for any family .# satisfying this
property there is a family of equal size satisfying the property defined with
¢y = ca, ¢y = 1,y = ¢y, ¢y = c3. This family consists of the complements of
the sets in .#: .F = {F : F € .%}. Therefore it is enough to investigate only
one of the two properties above to describe the extremal behavior of both.

Considering this it is easy to see that there are two significantly different

properties when exactly one of the four ¢;-s is nonzero. These correspond to
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the [-fork-free property (|% (F)N.%#| < [41) and the (< [)-almost intersecting
property (|2 (F)N.Z| <1).

Similarly, there are three properties where two of the coefficients are
nonzero. One of them, when |% (F) N Z#| + | L (F) N ZF| < [+ 2 is the
(< 1)-almost Sperner property, which is defined similarly to the (< 1)-almost
intersecting property.

If there is only one coefficient which is zero, then there are again two
properties which can be investigated. The case of |% (F) N .Z| + |Z(F) N
F|+|ZL(F)N.F| < 1+2is the (< [)-almost generalization of the intersecting
Sperner property.

Finally, in case all the coefficients are ones then the property is |% (L) N
F|+|LF)NZF| +|%(F)NF|+|L(F)N.F| <1+ 2. This will be called

(< l)-almost unrelated property.

7.2 2-almost and (< 2)-almost Sperner fami-
lies

The main theorem in this section is about 2-almost and (< 2)-almost Sperner
families. This is again the result of joint work with D. Gerbner, N. Lemons,

C. Palmer and B. Patkds [30].

Theorem 7.2.1. If F C 2" is 2-almost Sperner or (< 2)-almost Sperner,

then || < 2([;721). The only families with this size are isomorphic to
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F = ([L:LJQIJ]) U{FU{n}: Fe€ ([LZ;;J})} when n is odd. If n is even then

Fo = F, and Fsy = (7[17}]2) are the only extremal families.

The bound stated in the theorem was first proved by Katona and Tarjan
[38] and recently reproved by Katona [37]. Katona’s proof will be sketched
(but some tedious calculations omitted) as the argument will use it heavily
to determine the extremal families. Before starting the proof the context of
both previous papers will be sketched and some terminology introduced.

The comparability graph G(P) of a poset P is a directed graph with vertex
set P and (p, q) is an edge if and only if p <p q. The components of a family
Z C 2l are the subfamilies of which the corresponding vertices form an
undirected component of G(Pgz), where Pz is the subposet of the Boolean
poset induced by .%. The poset P contains another poset @ if G(Q) is a (not
necessarily induced) subgraph of G(P) in the directed sense. For any set &
of posets La(n, &) denotes the maximum size that a family .# C 2" can
have such that Pz does not contain any P € Z.

Proof: First follows a sketch of Katona’s proof for the bounds [37]. If .#
is (< 2)-almost Sperner, then any connected component in the comparability
graph G(P) is either an isolated vertex or an edge. Let there be «; isolated
vertices and ay edges. Then |.Z| = a3 + 2a,. Let ¢(P(1,a)) (¢(P(2,a1,a2)))
denote the number of full chains going through a one element component

(two element component) where the size of the set in the component is a
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(a1,a2). Katona [37] showed that

n—1 n-—1

e IR (&Y

e(P(La)) > |G 1[5 Tle(P(2 a1.a2)) > n]

where equality holds if and only ifa = | 2] ora = [2] and a1 = ap—1 = [ 25}]
ora; = ay—1 = [21]. Let us count the pairs (C,¢’) where C'is a connected

component of .% and % is a full chain in [n|. As any full chain can meet at

most one component, by ((7.1)

gf‘;ljl[”;lugn!. (7.2)

n n
(03] |_§J ! [§—| ! + 2(1/2

(o + 2@%{ 1 < nl. (7.3)

Rearranging gives the bound on |.#| = a3 + 2as.

Note that to prove that a particular 2-almost Sperner (or (< 2)-almost
Sperner) family is not maximal it is enough to show that there is at least
one full chain that does not meet .# and thus strict inequality holds in .
Also, by the above computations if .# is of maximum size, then the connected
components of .% must be of the following types:

e if n is even, isolated points with corresponding sets of size 5, pairs of

sets with sizes § —1 and § or 5 and § + 1,

e if n is odd, pairs of sets with sizes |7 | and [F].
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The following two claims reduce the problem to the situation when % con-

tains only one type of components, provided n is even.

Lemma 7.2.1. If n is even and % contains both isolated sets and pairs of

sets as connected components, then F is not of maximum size.

Proof: Let F be an isolated set of .# and Hy; € Hs be a pair of sets in
F such that d(F, Hy) + d(F, Hs) is minimal (where d denotes the Hamming
distance of F and H;). As |F| = 2 and, by changing to .Z if necessary, it can
be assumed that |H,| = |H,|—1 = §. First assume that d(F, H,)+d(F, Hy) =
5, which is the minimum possible. Let C = F N Hy,{z} = F — Hy and
{#} = Hy — H; and consider any full chain ¢ containing A = C'U {2z} and
B = CU{x, z}. By the assumption on the sizes of sets in #, FNE C {A, B},
but A is a proper subset of Hy different from H;, thus A ¢ .% and B is a
proper superset of F', thus B ¢ .#. This proves .# N¢ = () which shows that
cannot hold with equality and thus .# cannot be of maximum size.

Assume now that d(F, Hy) + d(F, Hy) > 5. Consider two cases: if Hy —
H, € F, then fix an arbitrary f € F'— H; and write {h} = Hy— H;. Consider
a full chain containing G; = (F—{f})U{h} and Gy = FU{h}. Again, by the
assumption on the sizes of sets in #, # NE€ C {G1, Gy}, but Gy is a proper
superset of F', thus Gy ¢ %, while (G is closer to the pair (Hy, Hy) than F' (in
Hamming distance) and also if G; was contained in a pair component of %
then its distance from F would be 5, thus G ¢ .#. So there exists a chain ¢
so that . # NE = 0, thus cannot hold with equality and thus .%# cannot

be of maximum size. Similarly, in case Hy — H; € F then let {f} = Hy — H;
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and fix an arbitrary h € H; — F. Then with the same notations as above
we again found a full chain not intersecting .%, so .# cannot be of maximal

SiZe. D

Lemma 7.2.2. If n is even and % contains pairs of sets as connected com-

ponents with different set sizes, then F is not of maximum size.

Proof: Suppose not and pick two components Fy; C F, and Gy € Gy of
Z such that the sizes of the sets are different (and thus, by the optimality of
F, 5 = |Fi|+1=|F| = |G| = |G2| — 1) and d(F5, G1) is minimal. Assume
first that d(F»,G1) = 2 and let = be the single element of F» — F} and let u
be the single element of Fy — G. As d(Fy,G1) = 2 and F} € G one obtains
x # uwand z € G;. Consider any full chain ¢ going through G; — {z} and
(G1 — {x}) U{u}. € cannot contain any set from .# as its members with
size at most § — 1 are proper subsets of G; and those with size at least %
are proper supersets of I} different from F5, therefore these chains show that
cannot hold with equality, which contradicts .# being of maximum size.

Now suppose d(F»,G1) > 2 and let us fix © € F; — Gy and y € Gy — Fb.
Consider any full chain € going through A = F;, \ {z},B = AU {y},C =
BU{z} = F», U{y}. By the maximality of .# we have € N.# C {A, B,C},
but A is a subset of F, different from Fi, C is a superset of F5 and thus A
and C' cannot be in .%#. While B € .% would contradict the minimality of
d(F,,Gy). Again the existence of such & shows that cannot hold with

equality, which contradicts .# being of maximum size. O
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Lemma 7.2.3. If all components of % are pairs of the same type but for
two pairs Fy C Fy and Hy C Hy of sets in % we have Fy — Fy # Hy — Hy,

then Z is not of maximum size.

Proof: Again, pick the two pairs such that the sum d(Hi, Fy) +
d(Hy, F5) + d(Hsy, Fy) + d(Hs, F5) is minimal. This sum is at least 12 by
the assumption Fy — Fy # Hy — H;. First assume that this sum is 12. Then
let h be the only element of Hy, — Hy, f be the only element of F; — H; and
let C'= F; N Hy. Consider any full chain ¢ containing A = C' U {h} and
B = C U{h, f}. By the assumption on the sizes of sets in .%, we know that
F NE C {A B}, but A is a proper subset of Hy different from H;, thus
A ¢ .7 and B is a proper superset of F different from Fy, thus B ¢ .%. This
proves that .# N% = () which shows that cannot hold with equality and
thus .# cannot be of maximum size.

Assume now that the sum mentioned above is strictly larger than 12. Let
h be an element of H; — F; and if the only element x of F, — F} is contained in
Hy, then let h = x. Furthermore, let f be an element of Fy — Hy. Consider
a full chain % containing Gy = Hy — {h} and Gy = (Hs — {h}) U {f}.
Again, by the assumption on the sizes of sets in #, F NE C {G1,G2}. We
have H; # G1 C Hs, thus G; ¢ Z. Finally, observe that Gy ¢ % as the
component (G, Gy) containing Go would be closer to the pair Fj, F; and as

x ¢ Go we would still have that Fy, — F} # Go — G'. O

Lemma [7.2.3| completes the proof of Theorem [7.2.1 O]
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7.3 (< l)-almost intersecting Sperner families

Here the property which is investigated is |% (F) N Z#| + |Z(F) N 7| +
|.Z(F)N.Z| <1+ 2. This property will be called (< [)-almost intersecting
Sperner property. For [ = 0, the smallest possible parameter (as {F} =
U (F)NZ(F)), this is equivalent to .# being intersecting and Sperner. This
problem has been solved by Milner in [44], later Katona gave a simple proof

[36).

Theorem 7.3.1 (Milner). An intersecting Sperner family on an n-element

set has at most ((&]) members.
2

A bound on the size of the maximal (< [)-almost intersecting Sperner
family gives immediately a bound for the size of the maximal (< [+1)-almost
intersecting family through the following observation. Recall that any max-
imal (< [)-almost intersecting family is an upset, so for any F' € % and

F C G it follows that G € .Z.

Proposition 7.3.1. Let ¥ be a mazimal (< 1)-almost intersecting family on
n vertices. Then there ezists a (< I-1)-almost intersecting Sperner family F

on (n — 1) vertices with size at least || — 2" .

Proof: ¢ contains two type of sets: complementing pairs and sets whose
complement is not in ¢. Therefore if the number of the complementing pairs
is a then |4| < a+2""1. It is very easy to see that due to the maximality of ¢

this is an equality, otherwise ¢ could be extended by adding extra elements
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from those complementing pairs where neither set from the pair is in 4. Let
the subfamily ¢, be the family of the complementing pairs from ¥ .

First note that ¥, is interval-closed, for any Fi, F5 € % and any F; C
G C F; it follows that G € .

Next note that the (< [)-almost intersecting property of ¢ implies for
4 that for any F € 4, |[L(F)NG| -1+ |%(F)N%| -1 <1-1. Tt
is easy to see this for those sets F' for which Z(F) N % or Z(F) N %
consists of F' only, as it follows straight from the (< [)-almost intersecting
property and the fact that ¢, is complement-closed. Let’s suppose that
|L(F)NG|—1+|% (F)N%|—1 > [ for some F' € 4. Thereis F;, C F C Iy,
Fy, Fy € %, where Fy; and Fp, are the ends of a maximal interval in %.
Suppose for simplicity that |.Z(F)N%|—1 > {/2. Then |.Z(Fy)N%|—1 > 1.
This is so as if ¥ € Fy — F # () then for any set G in £ (F)N%, — {F'} the
set GU{z}isin (Z(Fy)N%) — (L (F)NG),sol—1>|L(Fy)N%|—1>
2(]Z(F)N%| —1) >, which is a contradiction. The other case can be seen
with the same argument by taking the complement of every set and noting
that ¢ is complement-closed.

The next step is to reduce the family to half of its size. This is performed
by selecting an arbitrary vertex v from the base set, and retaining the sets
not containing v for the new family .. As %, is complement-closed this
drops from every complementing pair exactly one of the sets, so 2|.7| = |4|.
The family .# is (< [-1)-almost intersecting Sperner, as for any F' € % the

number of sets containing F’ and disjoint from F' equals the number of sets
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containing F in %: |% (F) N .Z|+|ZL(F)N.Z| = |%(F)N%)]. Obviously
|.Z(F)NZ| = |ZL(F)N%)|, which implies the property. O

Theorem 7.3.2. A (< 1)-almost intersecting Sperner family on n = 2k

n—1

vertices can have at most || < Z(an) many edges. Any (< 1)-almost

intersecting Sperner family with |F| = Q(L?J?lJ) s isomorphic to F; =
n—1 . n—1 o n
([Ln/QJ]) U{FU{n}: Fe€ ([Ln/QJ])} or Fy = (r[z/]Q)

Proof: Any (< 1)-almost intersecting Sperner family is 2-fork-free by
definition, as the conditions exclude a 2-fork and other configurations as
well. Thus it is enough to prove that the families above are (< 1)-almost
intersecting Sperner, as Theorem already proves that the extremal fam-
ilies cannot be larger. It is easy to see that .#; is (< 1)-almost intersecting
Sperner, as any F' € %7 is compared with exactly one other set from .%7, and
is disjoint from all other sets. It is also easy to see that %, also satisfies the
property. The only step remaining is to show that .% is not (< 1)-almost in-
tersecting Sperner, this is again easy to see from the fact that for any F' € .,
there are n/2 disjoint sets in .7. ]

For the case of an odd n the unique extremal family given by Theo-
rem [7.2.1]is not applicable as the family contains disjoint pairs of sets. Our

conjecture is that the extremal family is the extremal Sperner family: (#/L]ﬂ)
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7.4 (< l)-almost unrelated families

Definition 7.4.1 ((< [)-almost unrelated family). The family F C 2" is
(< 1)-almost unrelated if for any F € F: |U(F)NZ|+ | L(F)NZ| +
L(FYu (F)NZF| <Il+2.

Theorem 7.4.1. Any (< 1)-almost unrelated family has size at most (7:/‘2).
The extremal families have only sets with size n/2 if n is even and |n/2] or
[n/2] if n is odd.

Proof: Let . be a (< 1)-almost unrelated family. The method used to
show the theorem will be using the LYM inequality by double-counting the
intersections of .# and the family of all maximal chains in 2", which will be
noted as ¢. For any C' € € the complementing chain is C' = {S|S € C}.
(C,C) is a complementing pair of chains. For any F' € .# there are exactly
|F|!(n— | F|)! pairs of complementing maximal chains containing F'. For any
pair of chains (C,C) they contain at most 2 sets from .% due to the (< 1)-
almost unrelated property. There are exactly n!/2 maximal complementing

chain pairs. Therefore the number of pairs ((F, (C,C))|F € C U O) is:

Y IFMn = [F])! = {(F,(C,O)|F € CUC}| < 2n!/2
Fes
Dividing by 2 yields the usual LYM inequality:

1
Zmﬁl

Feg \|F|
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This proves that any extremal (< 1)-almost unrelated family contains at

most (n’;Q) sets, and the extremal family has only sets with size [n/2] if n is

even and |n| or [n] if n is odd. O
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