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Introduction

Consider the Cauchy problem

{ u'(t) = Au(t), t >0,
u(0) = =z,

where A = (a;;) is an n x n matrix with a;; € Cfor 4,5 =1,2,...,n, and z is a given
vector in C".

It is well-known that the above Cauchy problem has a unique solution given by
u(t) = ez, t >0,

where e represents the fundamental matrix of the linear differential system
u'(t) = Au(t) which equals I for ¢ = 0. We have

valid for all t € R. Here A and e can be interpreted as linear operators, A € £(X),
et € L(X), where X = C", equipped with any of its equivalent norms.

Note that the family of matrices (operators) {T(t) = e, t > 0} is a (uniformly
continuous) semigroup on X = C". Even more, {T'(t), t > 0} extends to a group of
linear operators, {e4, t € R}.

The representation of the solution u(t) as
(1) u(t) =T(t)z, t >0,

allows the derivation of some properties of the solution from the properties of the
family {T'(¢), t > 0}. This idea extends easily to the case in which X is a general
Banach space and A is a bounded linear operator, A € L(X).

If A is a linear unbounded operator, A : D(A) C X — X, with some additional
conditions, then one can associate with A a so-called Cy-semigroup of linear opera-
tors {T'(t) € L(X), t > 0}, such that the solution of the Cauchy problem is again

2



CEU eTD Collection

represented by the above formula . In this way one can solve various linear PDE
problems, where A represents linear unbounded differential operators with respect
to the spacial variables, defined on convenient function spaces.

It is worth mentioning that the connection between A and the corresponding semi-
group {7'(t), t > 0} C L(X) is established by the well-known Hille-Yosida theorem.
Linear semigroup theory received considerable attention in the 1930s as a new ap-
proach in the study of linear parabolic and hyperbolic partial differential equations.

Note that the linear semigroup theory has later developed as an independent theory,
with applications in some other fields, such as ergodic theory, the theory of Markov
processes, etc.

This thesis is intended to present fundamental characterizations of the linear semi-
group theory and to illustrate them by some interesting applications.

Structure of the Thesis

In Chapter [I}, we give some important examples of semigroups, theorems related to
them and their connection to differential equations. First, we present an example
about matrix semigroups, second, multiplication semigroups and we conclude with
translation semigroups.

Chapter [, starts with an introduction of the theory of strongly continuous semi-
groups of linear operators in Banach spaces, then we associate a generator to them
and illustrate their properties by means of some theorems. Hille-Yosida genera-
tion theorem characterizes the infinitesimal generators of these strongly continuous
one-parameter semigroups, by providing a necessary and sufficient condition for an
unbounded operator on a Banach space to be a generator. This theorem will be
stated and proved on the last part of the thesis and then proceeded by the Feller-
Miyadera-Phillips theorem, which is the general case of it.

In the end of each chapter, a section of notes will be provided, where we identify our
sources and suggest further reading.
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Chapter 1

Examples of semigroups

In this chapter we describe the matrix valued function 7'(-) : Ry — M,,(C) which
satisfies the functional equation discussed on Section 1.1. We will see that, for
A € M,(C), the continuous map R, > t — e € M, (C) satisfies the functional
equation and that e forms a semigroup of matrices depending on ¢t € R,.. We
call {T'(t) := "4t > 0} the (one-parameter) semigroup generated by the matrix
A € M,(C) and we are done with the first example on semigroups. After this,
we will proceed with the next two examples, namely multiplicative semigroups and
translation semigroups.

1.1 Motivation

Exponential function e*, where x € C, is one of the most important functions in
mathematics and can be expressed by power series

2 3

PN LT
e _25_1+x+2l+3!+

or as a limit n
e’ = lim (1—!——) )
n

n— o0
Consider the following functional equation

(1.1) { u(t +s) = u(t)u(s), t,s >0,

u(0) =1

where u(-) : Ry — C. It is easy to see that the exponential functions ¢ — €', a € C,
satisfy this equation. Furthermore we pose the problem in finding the solution of
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the initial value problem
d
(IVP) { artl)

Again we see that u(t) = e'*, a € C satisfies this (IVP) and later we will show that
actually this solution is unique.

In the exponential function if we put instead of z the matrix A € M, (C) = L(X),
we can write the exponential of A in the form

1 A% A3
(1.2) Zk— =T+ A+t
i 13l

e? is called the matrix exponential.

Proposition 1.1. The matriz exponential e? is convergent.

Proof. Let A € L(X) and ||A|| = max Z |A;j|. For all A, B € £(X) we have

1<5<n

> ApBy

k=1

|AB|| = max Zy (AB);;| = max
1<j<n 1<j<n —

n n
< . .
= 121;2% Z Z | Air| | Bl

i=1 k=1

< max Z [Ai| max Z | Brj| = (AN BI|
=1

1<k<n

By induction we will have

1AM < JIA]1", ¥V & € N.

Below we prove some properties of the matrix exponential.

Properties 1.2. Let A, B € L(X), I and 0 be the identity and 0 matrices respec-
tively,

i) If AB = BA then edef = A5,

ii) e+9A = etAesA for all t, s > 0,
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iii) ¢* = 1.

Proof.
1 1
: A 2 3 2 3
(i) ee? <I+A+2A +3A )(I+B+§B + 5B +)
:[+B+EB2+—B3+A+AB+1AB2+1A2+1A23+1A3+
2 3! 2 2 2 3!
1 1
:]—|—(A+B)+§(A—|—B)2—|—§(A+B)3+---:eA+B.

N R AR N sP kAR gk AR (4 s)m A
(if) ZO X k;u ZZ })I&! => o

k=0 n=0 k=0 n=0

Next, we use the fact that matrix A = 0 is diagonal and its exponential can be
obtained by exponentiating each element of the diagonal, namely,

(iii) e’ = diag(e®,e’,--- ") = I.

|
By the proceeding theorem we will show the relation between the matrix exponential
and the differential equations. Using Picard iteration, we prove that the solution to

the initial value problem ([1.3)) exists and it is of matrix exponential form. Actually,
by Proposition [1.5], this solution is unique.

Theorem 1.3. There exists a solution u(t) of matriz exponential form to the initial
value problem

(1.3) { Lu(t) = Au(t), t >0

u(0) = o,

where A € M, (C) and uq is a given number.

Proof. Using Picard iteration,
U()(t) = Up

t t
uy(t) = up + / Aug(s)ds = ug + Auo/ ds = ug + tAuyg
0 0

t t t 2
us(t) = up + / Auy(s)ds = ug + Auo/ ds + A2u0/ sds = ug + tAug + %AQUO
0 0 0

C AT

J=0
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Take n — oo, we get

(1.4) u(t) = lim u,(t) = — A,

This suggests that eug is the solution of (1.3)). Actually, plugging (1.4)) into the
differential equation (1.3]), we see that the differential equation with initial condition
is satisfied. [ |

Next we see another proof which shows that et is differentiable.

Theorem 1.4. e is differentiable and its derivative is Aet?.

Proof. From the definition of the norm we know that
[A[l = max{|A;| | 1 < 4,5 < n}.

For any two matrices A, B € £L(X), denote by (AB);; the element of the ith row and
jth column of the product matrix AB. Note that

> AuBy

k=1

< D 1Aal|Biy| < nllAll| B

k=1

(15) (AB)y) =

For et to be differentiable we need to have

d ,, . eWrwA A (ehA )
— =1 I N T tA'
dte hli% h hli% h €
We claim that lim &h_n = A.
h—0
ehA_I [_i_%_{_(h;f_i_(h;)g_'__[ h ) h2 5
(1.6) - — A= - _AZEA +§A 4o
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Using the property in (1.5 we will estimate the series (1.6)

h o h*
()

1 1
< §|h(A2)ij‘ + §|h2(‘43)ij‘ +

1 1
< SIlnllAI + SRR AP + -

1 1
1A] <§|h|nHA|\ + g AP AIP - )

Al |h|n|| Al
= oy (e =1 — [hn[lA]
AT )
Ihlnl Al _
e
=14l (h—A - 1) -
|h[n]| Al
Take h — 0 -
eltmiAl — 1 d
lim————— — 1= —¢€" |, —1=1—-1=0.
oo |hln|[All gz =0
So 1) is equal to 0, proving the claim that }llin%) (ehz’l) = A and consequently
doAl — AetA, ’ u

dt

As a conclusion to what we discussed above, we have shown that applying Picard
iteration to the differential equation ([1.3) and the differentiability of e!* proved on
Theorem , indicate that the solution of (1.3]) exists and is of matrix exponential

form.

Proposition 1.5. The solution to the initial value problem 1S unique.

Proof. Indeed, suppose there are two solutions satisfying (|1.3). The second one is

{ doy(t) = Av(t), t >0

al}
v(0) = uo.

We want to show that u(t) = v(t). Define
2(t) = e ()

dz(t)
dt
So z(t) is constant. For t > 0,

= —Ae (t) + e M (t) = —Ae o(t) + e Au(t) = 0.

It can be seen that

So the solution is unique. [ |
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Remark 1.6. We may pose the same problem in a Banach space. Let the vector space
X be a Banach space over C (or R), so X is equipped with a norm and is complete
with respect to the norm, let A be an operator in L(X), where L(X) is the space of
all bounded linear operators on X and M, (C) be the space of all n X n matrices with
complez entries. By defining any norm on M, (C) the matriz exponential

o
A tkAk
N k!

k=0
15 convergent and bounded, namely
||€tA|| < Al
The solution of , for A bounded linear operator, exists and is unique, i.e.,
u(t) = eug. The function e in M, (C) satisfies the functional equation and forms
a semigroup of matrices which depends on the parameter t € R,. We call (etA)t>0

the (one-parameter) semigroup generated by the matriz A € M,(C). See Theorem
where this is proved.

1.1.1 Matrix semigroups

Now let us show how to compute the matrix semigroups e’ when we have A € M,,(C)
given.

We illustrate this by the following cases:
i) Let A = diag(ay,--- ,a,). The semigroup generated by matrix A is
et = diag(e'™, - - -, el™m).

So what we do here is exponentiating the diagonal elements.

ii) Let Jyxm be a Jordan block

A1 0
0o X 1 0
J = 0
A |
0 - o 0 N
where A € C. We can decompose J into J = A\I + N, where [ is the identity

matrix and N is

[0 1 0 0
0 0 1 0
N = 0
0 . 1
0 - - 0 0|
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It is easy to see that N™ = 0. From the definition of matrix exponential we

m
n n
know that eV = £ namely

n=0
- 2 gm—1 7
1ot L =
tm T
0 1 t m=2)!
etN — .
0 : t
0 0o 1 |

Using the fact that A\l and N commute,

6tJ — €t)\€tN.

We will consider the above cases and the following theorem to give a full answer to
the question on how to find ¢4 when A is given and conclude that the above cases

are sufficient.

Theorem 1.7. Let A be a compler n X n matriz. There exists a linear change in
coordinates U such that A can be transformed into a block matriz,

J 0 0 - 0
o J 0 - 0
UTAU = |+ - S
0 Jl—l 0
_() 0 Jl_

where each J has the form J = X + N as in the above case ii).

Proof can be found in the book [16], Chap.3, Thm. 3.2.

1.2 Multiplication semigroups

Let Cy(R) be a Banach space equipped with sup-norm (uniform or infinity norm) of
all continuous, complex-valued functions f € C(R) on some bounded or unbounded
interval in R that vanish at infinity, namely

Ve > 0,3 a compact subset K, C R,such that |f(s)| <€,V s € R\K..

10
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Definition 1.8. The multiplication operator M, induced on Cy(R) by some contin-
uous function q : R — C is defined by

M,f=q- f, Vf € D(M,)
D(M,) :=={f € Co(R):q-fe€Co(R)}.

In the following proposition we will state and prove some properties of the multipli-
cation operator M, which are related to the continuous function g.

Proposition 1.9. Let M, with domain D(M,) be the multiplication operator induced
on Co(R) by some continuous function q, then the following hold:

i) M, is closed and densely defined.
ii) M, is bounded (with D(M,) = Co(R)) iff q is bounded. In that case one has

| Myl = llql| := sup|q(s)|.
seR

iii) M, has a bounded inverse iff ¢ has a bounded inverse é, i.e, 0 ¢ q(R). In that
case one has
M, =M.

i) The spectrum of M, is the closed range of q, i.e,

o(Mg) = q(R).

Proof. 1) By definition the operator M, : D(M,) C Cyo(R) — Cp(R) is said to
be closed if for every sequence {f,} C D(M,) such that f, — f € Co(R) and
M,f. — g € Co(R) we have f € D(M,) and M,f = g. Actually, having f,
converging to f such that lim qf, := g, since convergence in norm implies

n—oo
pointwise convergence, we get g = ¢f = M, f and f € D(M,).
To show that M, is densely defined it is enough to show that the continuous
functions with compact support C.(R) := {f € C(R)|supp f is compact} are
dense in Cy(R), because of the fact that C.(R) C D(M,) C Cy(R).
For every compact subset K in R we can find hx € C(R) with compact support

where
0<hg<land hg =1, Vs € K.

So for every f € Cy(R),
1f = f - hell = sup [f(s)(1 = hi(s))] <2 sup [f(s)]

SER\K SER\K

meaning that for every K C R the functions f - hx with compact support in
R, are dense in Cy(R), that is what we wanted to prove.

11
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ii)

iii)

iv)

Let M, be bounded and fs; be a continuous function with compact support
such that || fs]| =1 = fs(s), Vs € R. Then

[ Mll = [[ My fsll = la(s) fs(s)] = [q(s)].
Let ¢ be bounded and f € Cy(R), then

1Mo fIl = suplg(s)f(s)] < lallll £l

So having || M,|| > ||¢|| and ||M,]| < ||g|| we conclude

1Ml = llall = sup [q(s)].
seR

0 ¢ ¢(R) means that the inverse of ¢, which is é, is also a continuous and
bounded function. The inverse of the multiplication operator M, is M.

Let M, have a bounded inverse Mq’ I Then we have
Il = 1M, Mo fIl < 1M Mo SNl Vf € D(M,).

For ||]| = 1

1
0:= < sup |q(s)f(s)].
LT SeR! (s)f(s)]

Suppose in]fR < g, there will exist an open set A C R, where |g(s)| < g for all
ElS

s € A. There will exist a function gy € Cp(R) such that go(s) = 0 for all
s € R\A and go(s) =1 for all s € B where B is closed subset of A. We have

J

sup |q(s)go(s)] < suplg(s)go(s)| < 3
seR scA

which is a contradiction to what we supposed. So ¢(s) must bein 0 < 3 < |q(s)|
for all s € R and M1 is bounded and it is the inverse of M, namely
q

[ ()] (0) = = (M) (0) = 1)

1
(MM | () = (Mo )(5) o5 = F5)
A€ o(M,) iff A\I — M, is not invertible.
My_of = M = q)f = \[f = M,f = (M — M,)f, ¥V f € Co(R).

Thus,
M —M,=M,_,

12
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is not invertible.

o(M,) C q(R) : By i) we know that the operator M)_, has a bounded inverse
iff A — ¢ has a bounded inverse 1, i.e., 0 ¢ A — g(R), meaning that A ¢ ¢(R).
So M)_, does not have a bounded inverse iff A € ¢(R).

o(M,) D q(R) : Trivial by the definition.

Definition 1.10. Let g : R — C be a continuous function such that sup Re q(s) < oo.
seR
Then the semigroup {T,(t);t > 0} defined by

T‘](t)f = etqf7

fort > 0 and f € Co(R) is called the multiplication semigroup generated by the
multiplication operator M, (or the function q) on Co(R).

The exponential functions
s et >0,

where s € R and ¢ : R — C is any continuous function, satisfy the functional
equation ((1.1). The multiplication operators

T, f = e'lf
must be bounded on Cy(R) so one can get one-parameter semigroup on Cy(R),
t sup Req(s)

namely e sk < 00.

Proposition 1.11. The multiplication semigroup {T,(t);t > 0} generated by
q : R — C s uniformly continuous iff q is bounded.

Proof. First, given that ¢ is bounded, by the Proposition [I.9]the operator M, will be
bounded and T, (t) = e'™s. As e"™s is uniformly continuous, then 7T} (¢) is uniformly
continuous.

Suppose ¢ is unbounded. We want to show here that ||7,(0) — T,(¢,)| does not

converge to 0 as n — oo. Define t,, = m — 0, where (s,)nen C R is any
sequence such that |g(s,)| is divergent as n — oo. So we will have [t,q(s,)| = 1.

Exponentiating this function we get e'9*») £ 1, s0 3 § > 0 such that
|1 —et6n) |> 6 ¥V neN.
Let ||full = 1 = fu(sn), for f, € Cy(R), then
IT2(0) = Tyta)l| > [1fo — €0 fol 2| 1 — oo |> 5

So ||T,(0) — T,(t,)|| does not converge to 0 as n — oo, that is {T,(¢);t > 0} is not a
uniformly continuous semigroup. [ |

13
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Theorem 1.12. Let {T,(t),t > 0} be the multiplication semigroup generated by a
continuous function q : R — C, satisfying sup Re q(s) < co. Then the mappings
seR

R, >t T,(t)f =e"f € Cy(R)

are continuous for every f € Co(R).

Proof. Let f € Cy(R) such that || f|| < 1. For € > 0, let K be a compact subset of

R, where
€

lf(s)] < Vs € R\K.

= Clsup,cz Rea(s)] 11’

There exists ¢y € (0, 1] such that
e — 1| <, Vs € K and 0 < t < t,.
Then for all 0 <t < t,

lef — fII < sup(|e'™ —1[| f(s)[) + (e!*Pserfea) +-1) sup |f(s)] < 2e.
seK SER\K

That is the above mappings €' f are continuous for every f € Cy(R). [ |

So this theorem means that for the multiplication semigroups {7'(t);t > 0}, gen-

erated by an unbounded continuous function ¢ : R — C | where sup Re¢(s) < oo,
seR

although we can not achieve a one-parameter semigroup that is uniformly continuous,
we can achieve continuity property.

In the following proposition we see that if a semigroup is composed of multiplication

operators T'(t) f := myf on Cy(R), for t > 0, and the mappings R > ¢ — T'(t) f € Cy(R)
are continuous for every f € Cy(R), then there exists a continuous function ¢ : R — C,
whose real part is bounded from above, such that the semigroup defined by

T,(t)f :=¢"f for t >0 and f € Cy(R), is a multiplication semigroup.

Proposition 1.13. Fort > 0, let m; : R — C be bounded continuous functions and
assume that

i) the multiplication operators
T(t)f = mtf
form a semigroup {T'(t);t > 0} of bounded operators on Cy(R),

it) the mappings
Rt T(t)f € Co(R)

are continuous for every f € Co(R).

14
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Then there exists a continuous function q : R — C, where sup Req(s) < oo such that
seR

my(s) = 1) Vs e R, t > 0.

Proof can be found in book [4], Chap. 1, Prop. 4.6.

1.3 Translation Semigroups

Translation semigroups are another very good example which satisfy the semigroup
properties and produce one-parameter operator semigroups whose continuity prop-
erties depend on the space on which we are working on. First of all let us define
them.

Definition 1.14. For a function f: R — C and t > 0, we call
(L) f)(x) = flz+1), v €R,

the left translation (of f by t), while
(T.()f)(x) == f(z —1), z €R,

is the right translation (of f by t).

Let X := Cy(R) be the Banach space of all continuous functions on R vanishing at
infinity. Define the operator T'(t)

(T() ) () = f(t +x)

where z,t € R and f € X. The translation of the function f satisfies the semigroup
properties, namely T'(t + s) = T'(t)T'(s) and T(0) = I. Furthermore since

lim sup [|f(t + ) — f(2)]| =0
t—0t LeR
we have that
lim T(t)f = f

t—0t

forming so a translation semigroup {7'(¢);¢ > 0} on R which is continuous. Actually,

since ||T'(t) f|| = || f||, we have to do here with a contraction semigroup. Note that
IT(t) = 1| < sup [[T(t)f = fll = sup sup[f(s+1) = f(s)]
lfl<1 [F1<1 s€R

does not converge to 0, so the semigroup is not uniformly continuous.

So the translation operators define strongly continuous semigroup on the space

Co(R).

15
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Notes

The matrix valued exponential functions as solutions of linear differential equations
are treated in books about ordinary differential equations (see [Coddington [3], Chap.
1., pg. 1-32], [Hartman [8], Chap.4., pg. 70-92], [Teschl [16], Chap. 3., pg. 59-
103]). Also we may find the material about matrix exponentials in texts about
matrix analysis (Gantmacher [[6], Chap. 4., pg. 135-198), or some other books on
semigroups like for e.g, [Engel [5], Chap. 1., Sec. 1 and 2], or books about functional
analysis ([Schechter [15], Chap. 10., pg. 225-238|, [Rudin [14], Prologue, pg. 1-4]).

The multiplication operators and multiplication semigroups can be found in ([Engel
[5], Chap. 1, Sec. 4., pg. 24-33|, [Nagel [4], Chap. 1, pg. 11-26], [Nagel [12], Chap.
C-11., pg. 248-290]). Translation semigroups appear in ([Engel [5], Chap. 1, Sec. 4,
pg. 33-36], [Nagel [4], Chap. 1, pg. 30-34], [Nagel [12], Chap. B-IL., pg. 122-162]).

16
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Chapter 2

Abstract theory

As described in the examples of the first chapter, we see that although a semigroup
may have the continuity property, this does not mean that it will be uniformly contin-
uous, thus making the uniform continuity a very strong property for the semigroups.
Still we notice that in Theorem the strong continuity holds, therefore it is useful
to write a chapter on the theory about them. We will start with the definitions, go
on with the properties of the strongly continuous semigroups of bounded linear oper-
ators and conclude with the generation theorems of strongly continuous semigroups
of closed linear operators.

2.1 Basic properties

In this section we describe some definitions, theorems, corollaries, which provide us
with some properties of the semigroups.

Definition 2.1. A semigroup is a pair (S, *), where the set S # 0 and * is a binary
associative operation on S and x : S x S — S. That is Vx,y,z € S, we have
(x*xy)*z=uxx*(yx*z).

Example 2.2. Set of all natural numbers N = {1,2,3,---} forms the semigroup
(N, +) under addition and (N, -) under multiplication.

Example 2.3. Consider the Cauchy problem

{ u/'(t) = Au(t), t >0,
u(0) = =z,

where A € L(X) and x is a given vector in C".

From Theorem and Proposition the above Cauchy problem has a unique so-
lution given by
u(t) = ez, t >0,

17
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where et represents the fundamental matriz of the linear differential system u'(t) = Aul(t)
which equals I fort = 0.

Let X be a Banach space over C with norm || - || and let £(X) be the set of all linear
bounded (continuous) operators T : D(T) = X — X. £(X) is also a Banach space
with respect to the operator norm,

1T} = sup{|[Tx|| : x € X, [l] <1}

Further on we proceed with the definitions of strongly continuous semigroup.

Definition 2.4. A semigroup is called the one parameter family {T(t);t > 0} C L(X)
satisfying:
Tt+s)=T(t)T(s), t,s>0

T(0) =1,
where I is the identity operator on X.

Definition 2.5. A Cy-semigroup (or strongly continuous semigroup, or a semigroup
of class Cy) is called the one parameter family {T'(t);t > 0} of bounded linear oper-
ators from X to X if

T(t+s)=T(t)T(s), t,s >0

T0)=1
lim |T(t)xr —z|| =0, Vz € X.
t—0t

Definition 2.6. The family {G(t),t € R} C L(X) is said to be a group if
G(t+s)=G(t)G(s), Vt,seR

G(0) = 1.

{G(t),t € R} C L(X) is said to be a Cy-group if we add to the above definition the
continuity property

lim |G(t)r — z|| =0, Vo e X.

t—0t+

Definition 2.7. The one parameter family {T(t);t > 0} satisfying:
Tt+s)=T(t)T(s), t,s>0

T(0) = I
lim |T(t) — I|| = 0

t—0t

is called a uniformly continuous semigroup of bounded linear operators.
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Note that uniformly continuous semigroups are a subset of strongly continuous semi-
groups, because of the third condition of the uniformly continuous semigroups which
is much stronger than the third condition of the strongly continuous semigroups.

Definition 2.8. The linear operator A : D(A) C X — X is called the infinitesimal
generator of the semigroup {T'(t);t > 0} if it satisfies

1
Ax = lim —(T'(h)x —x), Vx € X
where D(A) is the set of all x € X such that the above limit exists.

This definition tells us how to find the (infinitesimal) generator A when the semigroup
{T'(t);t > 0} is given, that is by differentiating the semigroup {7'(t);t > 0} as t tends
to 0, namely

d
dt
Theorem 2.9. Let us have a bounded operator A from X to X, then {T(t);t > 0},

T(t) |t=0: AetA |t=0: A.
where T(t) = e = 3" % is a uniformly continuous semigroup.
n=0
Proof. Given that A is a bounded operator, this means that ||A]| < co and

m e (tA)"
© _Z n!

n=0

converges to the bounded linear operator T'(t) for every t > 0. Lets check whether
the power series fulfills the conditions to be a semigroup and even more a uniformly
continuous semigroup.

First of all check T'(t +s) = T'(t)T(s):

) E) 5

i=0 j=0 k=

Secondly, T'(0) = I, where [ is the identity operator in X. This is obvious.
The last thing we need to check is the condition of uniformly continuous semigroup

li T(t)—I| =0.
lim | T()) — 1|

[e.9]

Z

=1

IT(t) — I =

t—0

— A +
n=1

19
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Adapting the proof of Theorem [I.4] we will show that

ietA T e(t-i—h)A _ et4 . (ehA _ I) tA'
dt h—0 h h—0 h
We claim that lim &h_l) = A.
h—0
ehA_] ]—f—%—f—(hﬁﬁ‘f—(h;)s—’——] h ) h2 5
(2.1) — A= - _AIEA +§A 4.

Using the property in (1.5)) we will estimate the series ({2.1))

h o, W, 1
(b )

1
< §|h(A2)ij| + §|h2(*’43)i]’| +o

1 1
< SRl AI® + PR AP + -

1 1
WM@wwﬂ+ywﬁMW+n>

A |hjn|| Al
= o e =1 — [hfn|[All
AT )
ollnllAl _ 1
~ 141 (S~ 1)
|h|n]| Al
Take h — 0 il
e/MmiAl — 1 d
oo |hln|[Al az¢ le=0
So 1) is equal to 0, proving the claim that }llirr(l) @ = A and consequently
_)

d AT AtA
i€ = Ae.

Now we pass to some theorems related to Cij-semigroups.

Theorem 2.10. Let {T'(t),t > 0} C L(X) be a Cy-semigroup, then there exist
M >1, w e R such that
IT()[ < Me*, V¥t >0.

Proof. First, we prove that there exists 6 > 0 such that ||7'(¢)|| is bounded for
0 <t < 4. Suppose this is not true. So, there must exist a sequence (¢;) N\, 0 such
that || T(ty)|| — oo as k — oo. By the condition of the continuity of the function

t — T(t)xr we may compute

1T (te) ]| < T (k)2 — 2l + flof] < M+ [l ¥ £ €0, 0]
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where v € X, k € N, M > 0. By the Uniform Boundedness Theorem we have
that ||T'(tx)z|| is bounded which is a contradiction, so ||T'(¢)|| < M. We know that
|T(0)|| = ||I]| = 1, which means that M > 1. ¥V ¢t > 0 we can do the following

t=nd+r, t>0, 0<r<d, neN.

From the semigroup we use the property that T'(t + s) = T(t)T(s), YV t,s > 0,
namely,

IO = 1T T < NTOIMIT () < M < MM = M

Wherew:% . [ |

Corollary 2.11. Let {T'(t),t > 0} C L(X) be a Cy-semigroup, then for each x € X,

t — T(t)x is a continuous function from [0,00) to X.

Proof. The following proof will again use the properties of the Cy-semigroup and the
previous Theorem [2.10l We will show that the ¢ — T'(t)x is continuous from the
right and the left.

For t,h > 0 we have,
IT(t+ h)x = T(t)a|| = T[T (h)x — ]| < [TWOT(h)x — | < Me*|T(h)x — x|
for 0 < h <t we have,

|T(t—h)x—=Tt)z|| =|T(t—h)x—=T({t—h+h)x| =|T{t—h)x—T—h)T(h)z|
<|T(t = m)llz = T(h)z|| < Mt ||z — T(h)x|

implying that ¢ — T'(t)x is continuous. |

Theorem 2.12. Let {T'(t);t > 0} be a Cy-semigroup and A its infinitesimal gener-

ator. Then

a) For each x € X,
t+h

o1
}lllir(l) h T(s)xds =T(t)x.
b) For each z € X,
¢
/ T(s)xds € D(A)
0

and

A ( /0 t T(s)xds) _ Tt —a.
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c) Vt > 0,2 € D(A) we have,
T(t)x € D(A)

and

(2.2) %T(t)x = AT(t)z = T(t)Az.

d) For each x € D(A),

T(t)z — T(s)x = / t T(r)Awdr = / t AT (7)zdr.

Proof.  a) From Corollary [2.11] we know that ¢t — T'(s)z is a continuous function.
From this follows a).

b) For z € X and t > 0,

_ % { /h T (s — /0 tT(s)xds]
_1 /t T (s)ads — - /0 T(s)ads.

As h | 0 the right hand side goes to T'(t)z — x, namely

.1 !
hlgél+ E<T(h) - ])/0 T(s)xds =T(t)x — x.

c) Fort >0, h>0 and z € D(A),

T(r)Ar = lim %T(t)[T(h)x ~ ] = Tim, %[T(h)T(t)x 7)),

So we have T'(t)x € D(A) and

Lets compute the right derivative of T'(t)x

lim ~[T(t+ h)z — T(#)a] = lim T(t)%[T(h)x o] = T(t) A

h—0t h—0t+

This implies that
+

d
Tty = AT(t)e = T(0) Az
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Lets compute the left derivative of T'(t)z

H Tt)z = Z(t — My adl| = HT(t —h) {—T(h);f —r T(h)Ax}
< M=) {HTW; —T  Az| + || Az - T(h)AxH} .
So this implies that
Cfl—tT(t)x — T(t)Ax.

Concluding, right and left derivatives exist and are equal to T'(¢) Ax.

d) Let’s integrate what we have in part c),
d
ET(t)l‘ = AT (t)x =T(t)Az

from s to t, namely,

/st %T(T)xdT =T(t)r —T(s)r = /St T(r)Adr = /st ATr)adr

and we are done with the proof. [ |

Theorem 2.13. Let {T'(t);t > 0} be a Cy-semigroup and let A be its infinitesimal
generator. Then

1. D(A) =X (D(A) dense in X, where D(A) is the domain of A);

2. A is a closed linear operator.

Proof. 1. We start with proving that D(A) = X. First, show that Vo € X and
x = %fg T(s)xds one has x; € D(A) and 2y — x as t — 0.
We have z; € D(A) from part b) of the previous theorem and z; — z ast — 0
follows from part a) of the theorem.

2. Now lets pass to the proof of A is a closed operator. Let x,, € D(A) such that
for n — oo,we have x,, —» x and Ax,, — vy.

t

t
T(t)x, — x, = lim T(s)h [T (h)z,, — z,)ds = / T(s)Ax,ds, V't > 0.
0

h—0t 0

t
T(t)xr —x = / T(s)yds, ¥Vt > 0.
0
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Divide both sides by ¢ > 0 and let ¢ \, 0,

T(t)x — I
Ar = lim Tt)e—= = lim — [ T(s)yds =y,

t—0+ t t—0t T Jo
sox € D(A) and y = Ax.
|
Theorem 2.14. Let {T'(t);t > 0} and {S(t);t > 0} be Cy-semigroups of bounded lin-

ear operators. If their infinitesimal generators are the same, then the Cy-semigroups
coincide.

Proof. Let © € D(A) where A is the common infinitesimal generator. By Theorem
2.121 we have
=
ds
From the above equation it can be seen that V ¢ > 0 and z € D(A), s = T(t—s)S(s)x

S
is a constant, furthermore T'(t)z = S(t)z and T'(t) = S(t) on D(A). D(A) = X and
we are done with the proof. [ |

T(t—s)S(s)x] =T(t —s)AS(s)x —T(t — s)AS(s)z =0, V0 < s < t.

Now that we got introduced to the generators, we return to the example on trans-
lation semigroups from Chap. 1, Sec. 1.3. What we are going to do in the following
proposition is to identify the generator (A, D(A)) of the translation semigroup on

Co(R).

Proposition 2.15. The generator of the left translation semigroup {T;(t),t > 0} on
the space X := Cy(R) is given by
Af=f

with domain

D(A) ={f € Cy(R) : f differentiable and f" € Co(R)}.

Proof. We have to show that the generator (B, D(B)) is a restriction of the operator
(A, D(A)), so what we need is B C A and p(A) N p(B) # 0.

For the generator (B, D(B)) of the contraction semigroup {7;(¢),t > 0} on X, we
have that if ReA > w, w € R, then A € p(B). So for the operator (A, D(A)) we have
that A € p(A) too.

Let f € D(B) be fixed, where (B, D(B)) is the generator of {T;(t),t > 0}. For a
strongly continuous semigroup {7;(t),t > 0} and z € X we know that for the orbit
map 1, : t — Tj(t)x we have ¢, (-) differentiable in R,. Furthermore Bz := 1/ (0).
So for a continuous linear form §; on Cy(R) we have

Ry >t o(Ti(t) f) = f(t)
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and
Bf = ST0f o= (1) 0= £
dt —odtt T
So D(B) C D(A) and the restriction of A in D(B) is B, therefore A = B. |
After introducing the basic definitions and theorems on strongly continuous semi-
groups of linear operators, we are now ready for the generation theorems. Before

turning to them, it is necessary to define what is a semigroup of contractions, recall
the definition of the resolvent and prove an important lemma.

2.2 Generation Theorems

2.2.1 The Hille-Yosida Theorem

Let {T'(t),t > 0} be a semigroup of linear operators. From Theorem we know
that there 3 w € R and M > 1 such that ||T(¢)|| < Me*". In the case when w = 0
and M =1 we call T'(t) a Cy semigroup of contractions, namely ||7(¢)|| < 1.

Given A a not necessarily bounded linear operator on X, the resolvent set of A is

denoted by p(A) = {AAl — A is invertible, A € C}. The resolvent of A is called the

family R(\, A) = (Al — A)™!, X € p(A) of bounded linear operators.

Note that for A € C such that R(\, A)z = [ e T(s)zds exists Vo € X, we call
0

R(\, A) the integral representation of the resolvent. The integral can be interpreted
here as Riemann integral, i.e.,

¢
R\ Az = lim [ e™T(s)xds, Vo € X

t—o00 0

which can be further written as

(2.3) RO\, A) = / M) ds

We prove (2.3)) later on.

Lemma 2.16. Let A be a closed densely defined operator in D(A), such that the
resolvent set p(A) of A contains Rt and for every X > 0 we have [|[R(\, A)| < 1,
then for A — oo we have

i) AR\, A)x - x forall xe€ X,
ii) NMAR(N, A)x = AR(\, A)Ax — Az for all x € D(A).
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Proof. i) By the definition of the resolvent of A at the point A\, R(\, A) := (A, A)~1,

we get that
AR(MA) — ARNA) =1

and
AR(M\, A)x = R(\, A) Az + x.

Then for z € D(A) and A\ — o0
1
IR(A, A) Az < | Az]| — 0.

Since D(A) dense in X and ||AR(), A)|| < 1, we have for all z € X

AR(N, A)x — .

ii) This is a consequence of the first statement, namely

)\lim AR(N, A)Ax = Ax.

For every A > 0 we define the Yosida Approximation of A by
MR(N, A) = Ay = N2 R(\, A) — M

So the lemma indicates which bounded operators A, we have to take in order to
approximate the unbounded operator A. The following Hille-Yosida theorem will
characterize the generators of strongly continuous one-parameter semigroups of linear
operators on Banach spaces. It is a special case on contraction semigroups of the
general case Feller-Miyardera-Phillips theorem.

Theorem 2.17. (Hille-Yosida) Let A be a linear unbounded operator, that is
A: D(A) = X, then the following are equivalent

i) (A, D(A)) generates a Cy-semigroup of contractions.
it) (A, D(A)) is closed, densely defined and for every A > 0 we have A € p(A) and

1R A <

> =

Proof. i) = ii) Theorem m proves that A is a closed, densely defined operator in
D(A).
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Given that {e T (t),t € R} is a semigroup of contractions
[e.e] B o) B 1
IRO Al < [ e T@llelde < [ e et < J o]
0 0

where z € X and A > 0. So we defined a bounded linear operator R(\, A). For
A > 0, we have the semigroup of contractions {e MT'(t),t € R}. Let’s compute its
generator

7)\tT t _ _)\ 7)\tT t 7)\tA
Az = lim etz -z = lim —2° Wz +e L= At Az = (=M +A)z
t—0+ t t—0+ 1
where A; is the generator and namely in this case we have A; = —AI + A in the

domain D(A). By Theorem b) we know that for z € X,
t
(=M + A)/ e MT(s)axds = e MT () —z, v € X.
0

Namely,
t
x= (N — A)/ e MT(s)ads + e MT(t)x, € X.
0

Let ¢ — oo. For A being closed, [e**T(s)zds € D(A). Using the Dominated
0

Convergence Theorem,
r= (A — A)/ e MT(s)xds, © € D(A).
0

This means that
= (A —A)R\ A)zx, for x € D(A).

By the other side for z € D(A) we have
ARN, A)x = A/ e MT(t)xdt :/ e MAT (t)adt
0 0
= / e MT(t)Axdt = R(\, A) Az,
0

So for all A > 0 we have that R(\, A) is the inverse of AI — A, meaning that A € p(A).
So the conditions ii) are necessary.

i1) = i) Let the uniformly continuous semigroups be given by
Th(t) :== e t > 0.

where Ay is the Yosida approximation of A and is bounded. e is a semigroup of
contractions since

HetA)\H _ e—t)\Het)\QR()\,A)” < e—t)\et)\QHR()\,A)H <1
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For every x € X, \,n > 0 we know that A, and A, commute which each other so

IT\()z =T, ()| =

bd
/0 £(T,\(t —s)T,,(s)x)ds

t
= / t|Ty(t = 5)Th(s)(Ax = Ay)l[ds < t][ Ay — Ayz]].
0

By Lemma we have that for x € D(A), ez converges to T'(t)r as X — oo,
because for each x € D(A), where D(A) dense in X, T\(t)z, for A € N converges
uniformly on bounded intervals.

So we will have

lim = e = T(t)a.
A—00

This implies that the limit family 7'(¢),¢ > 0 satisfies the semigroup property, that
is T(0) = I and ||T'(¢)|| < 1, hence is a semigroup of contractions. On the other side
t = T(t)x, t > 0 is uniform limit of continuous functions ¢ — ez, so it is strongly
continuous.

Let (B, D(B)) be the generator of {T'(t),t > 0} and x € D(A). On bounded
intervals the differentiated functions e*4* A x converge uniformly to T(t)Az. So the
functions ¢ +— T\ (t)x are differentiable and at point t = 0 we have T\(t)Ax =
T(t)Azx. This implies z € D(B) and Az = Bz, so D(A) C D(B).

For A > 0, by definition of the resolvent we have that A\l — A : D(A) — X is a
bijection and A € p(A). Since B is the infinitesimal generator of 7'(t), where T'(t) is
a contraction semigroup, it follows that A € p(B). So A\l — B : D(B) — X is also a
bijection. On the other side on D(A) we have

(M —A)D(A)=(M —B)D(A) =X
so AI — B coincides to AI — A, implying that D(B) = D(A) and therefore A = B. &

2.2.2 The Feller-Miyadera-Phillips Theorem

Theorem 2.18. Let (A, D(A)) be a linear operator on a Banach space X and let
w € R, M >1 be constants. Then the following properties are equivalent

i) (A, D(A)) generates a Cy-semigroup {T'(t),t > 0} satisfying
IT(#)]| < Me*, ¢ >0.

ii) (A, D(A)) is a closed, densely defined and for every X\ € C where Re(\) > w
we have A € p(A) and

M
|R(A, A" < —, Vn € N,

(ReX\ —w)
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Proof. ii) = i) Let A : D(A) € X — X be linear operator satisfying (0, +o00) C
o(A) and [[\"R(X, A)™)|| < M for each n € N and A > 0.
For 41 > 0 define the norm |- |, : X — R, by
2], = sup |1 R, A)'z].
neN
We can see that these norms have the following properties

(a) )l < fal, < M|

(b) R (p, A < |2,

By the resolvent equation we have

R\, A)x = R(u, A)x + (n — AN R(u, AYR(N\, A)x = R(u, A)(z + (n — A)R(A\, A)z).

therefore | )
[ —
|R()‘:A)xu‘ < _’x‘u + —\R()\,A)x\ﬂ.
7 7
that is
(c) IAR(N, A)zx|, < |z|, for all X € (0, p.

From (a) and (c) and each n € N and A € (0, u], we have that

(d) [A"R(A, A) ]| < A"R(X, A)" ]y < fal-
For n € N and for each A € (0, 00| the Slelg |A"R(\, A) x| gives
(e) 2[5 < [l

We can define a norm | - | on X such that satisfies the properties
(f) 2]l < fo| < M|

(2) IAR(A\, A)z| < 2 for all z € X and A > 0.

Notice that the property (g) satisfies the Hille-Yosida condition on Cy-semigroups
on contractions, so A generates a strongly continuous semigroup of contractions

{S(t),t > 0}.

[S@)x|| < [S(t)x] < [a] < M|, vt =0,z € X.
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so here {S(t),t > 0} is of type (M,0). Considering the general case we will have
that the semigroup will be of type (M,w) with generator A.
i) = i1) From (2.3), for ReX > w and = € X we have,
%R()\, Az = di/\ /000 e T (s)rds = — /000 se T (s)xds
Thus by induction
o i

(_1)n—1 /oo dn—l 7/\
A = ST
=g N AT =TTy | e T(s)eds
1

= m/o s"Le™MT(s)ads.

for ReA > w and all x € X. From Theorem we have that ||T(¢)|| < Me**, so

RN\ A)"x =

1 > 1 0
R )\ A n — n—1 7)\5T d < / n—1 fResM wsd .
IROAYsl = g | [ e T s | < oty [ e e s o]
< M =DV My
~ (n—1)! (ReA —w)" ~ (Rel —w)"
for all x € X.

Assume that w = 0. We will try to find a norm equivalent to the one defined above,
namely define ||| - ||| : X — R by

[[[][] := sup || S(¢)]]
t>0

where {S(t),t > 0} is a Cp-semigroup. We want to show that actually this is a

semigroup of contractions. The norm defined above is equivalent to || - || because it
satisfies
() [zl < [ll=[ll < Mllz[], for all € X.

On the other side we have that

1S (@)z][] = sup [[S(s)S(t)z|| < sup [[S(B)z]| = [|]]]],
520 0
and the property
() AR, A)z[[] < [[|[[]-
So the semigroup {S(t),t > 0} satisfies the condition of the Hille-Yosida Theorem
for the norm ||| - ||| by generating a Cp-semigroup of contractions. From the

Generation Theorem on semigroups of contractions we have that A is closed, densely
defined and for every A € C where Re\ > w we have A € p(A) and

RN, A)"| < for all n € N.

M
(ReX — w)
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Notes

Many books on semigroups give the definitions of strongly continuous semigroups
and their properties. On this thesis we referred to ([Bétkai [I], Chap. 1, pg. 3-11],
[Goldstein [7], pg. 151], [Nagel [4], Chap. 1 and 2, pg. 1-19, 34-46] and [Pazy [13],
Chap. 1, pg. 1-8]).

The generation theorem proof is taken from ([Engel [5], Chap. 2, pg., 73-76], [Nagel
[4], Chap. 2, pg. 63-74], [Hille [9], Chap. 12, pg. 237., Thm. 12.2.1], [Pazy [13],
Chap. 1, pg. 8-13], [Vrabie [10], Chap. 3, pg. 51-56], [Yosida [I§], pg. 15-21] ). The
Generation Theorem for the general case can be found on (Engel [[5], Chap. 2, pg.,
77-79],[Vrabie [10], Chap. 3, pg. 56-58]).
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