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Introduction

First, I will give a brief story about Ramanujan and his lost notebooks.

F1cUrE 1: S. Ramanujan

Most famous mathematicians were educated at renowned centers of learning and were
taught by inspiring teachers, if not by distinguished research mathematicians. The one
exception to this rule is Srinivasa Ramanujan Aiyangar, generally regarded as India’s
greatest mathematician. He was born on 22 December 1887 in Erode, located in the
southern Indian State of Tamil Nadu. He started to focus on mathematics at the age of
15 years and borrowed a copy of G. S. Carr’s Synopsis of Pure and Applied Mathematics
which served as his primary source of learning mathematics. At the age of 16 years,
Ramanujan went to a College where he solely devoted himself to mathematics without
paying attention to other subjects and consequently failed his examinations at the end
of the first year. He therefore lost his scholarship and was forced to halt his formal

education because his parents were poor.

During his time at the college; he began to record his mathematical discoveries in note-
books. Living in poverty with no means of financial support devoted all of his effort to
mathematics and continued to record his discoveries without proofs in notebooks for the

next 6 years.

He later visited G. H. Hardy, who was then a Fellow of Trinity College, Cambridge where
he worked for some time and by the end of his third year in England, became ill and
returned home after the World War [ ended and died on 26 April 1920 the age of 32. In

1
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a letter to one of his friends, Ramanjuan admitted, “I am doing my work very slowly.
My notebook is sleeping in corner for these four or five months. I am publishing only

my present researches as I have not yet proved the results in my notebooks rigorously”.

He is known for his asymptotic formulas in number theory but has not received much
recognition for his asymptotic methods and theorems in analysis because his beautiful
asymptotic formulas, both general and specific, laid hidden in his notebooks for many

years.

After his death, G. H. Hardy strongly urged that Ramanujan’s notebooks be edited
and published. By “editing”, Hardy meant that each claim made by Ramanujan in his
notebooks should be examined. For more information on the story of Ramanujan story,
see Andrews [1], Berndt |2, 3], Hardy [9].

We will present some new results about two problems of Ramanujan from the lost note-
book 1 [6] and 5 [7] in this thesis. The first problem is about an approximation of the
inverse of the Digamma function, which was proposed by Ramanujan with no proof and
without a formula for the general term. B. C. Berndt |6, pp. 194-195, Entry 15| also
did not give any proof for the problem but only showed that, the first few terms of the
proposed problem agree. The second problem is about an asymptotic formula of the
Harmonic numbers in terms of the triangular numbers, which again was proposed by
Ramanujan, see B. C. Berndt [7, pp. 531-532, Entry 9. In 2012, M. D. Hirschhorn [10]

gave a proof, but there is a gap in his proof which he admitted and our aim is to fill this

gap.
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Chapter 1

Preliminaries

1.1 Fundamental Concepts and Results

In this section, we present some fundamental concepts of asymptotic expansion which

will be very useful hereinafter. For additional material, see, e.g., Olver [13].

1.1.1 Asymptotic Expansion

Let H be a domain in the complex plane. Let f(z) and g(z) be two continuous functions

defined on H. Let 2z be an accumulation point of H.

Definition 1.1.1. We say “f(z) is big-oh g(z)” or we write f(z) = O(g(2)), as z — 2o
to mean that there is a constant C > 0 and a neighbourhood U of zy such that |f(z)| <
Clg(2)| for allze UNH.

Definition 1.1.2. We say “f(z) is little-oh g(z)” or we write f = o(g), as z — 2 to
mean that for every e > 0 and a neighbourhood U of zy such that |f(z)| < €|g(z)| for all
zeUNH.

If g(z) # 0 in a neighbourhood U of zg, then f(z) = 0(g(2)) as z — z is equivalent to

Definition 1.1.3. We say that f(z) is asymptotically equal to g(z) as z — 2y and
write f(z) ~g(2), if f(z) = g(z) + 0(g(2)) as z — 2.
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If g(z) # 0 in a neighbourhood U of zp, then f(2) ~ g(z) as z — 2¢ is equivalent to

lim 1)
Z—r20 g

=1.
zeUNH (Z)

Definition 1.1.4. Let H be a domain in the complex plane and let zg be an accumulation
point of H. We say that the sequence {¢}}7, defined on H is an asymptotic sequence

as z — 2o if

(1) there is a neighbourhood U of zy such that ¢x(z) #0 if z € U;

(2) dr+1(2) = o(or(2)), as z — zp.

Definition 1.1.5 (Poincaré). Let f : H — C be continuous. We say that the (not

necessarily convergent) series

> ari(2)
k=1

is an asymptotic series of f(z) corresponding to the asymptotic sequence {¢r}52, if

for any N > 0 we have
N
f(z) = Zak¢k(z) = o(én(2)) as 2z — 2. (1.1)
k=1
In this case we write (1.1) as

f(z) ~ Zakd)k(z) as z — zp in H.
k=1

Definition 1.1.6. Let f(z) be defined on a domain H. If f(z) has an asymptotic series

k

corresponding to the asymptotic sequence ¢p(z) = 27" as z — oo, then we call it an

asymptotic power series of f(z).

Theorem 1.1.1. Assume
a b
k k . :
~Y and g(2) ~ Y Fasz— domain H.
f(2) 2 & an g(2) 2 ~k 82— 00 in a domain

Then for any complex numbers o and B, we have

o0

af(z)+ Bg(z) ~ >

k=0

aag + Py

T as z — 00 i1n the domain H.
z
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Moreover,
0 c k
f(2)g(z) ~ Z Z—Z as z — 0o in the domain H, with ¢, = Zak,jbj.
k=0 Jj=0
If ag # 0, then
1 & 1 =
—~ —, as z — o0 in the domain H, with dy = — and d, = —d ap—_;d; fork > 1.
T~ 2 °= 02 iy f

Theorem 1.1.2 (Uniqueness). Let {¢}72, be an asymptotic sequence. If
(o.9) (e 9]
F(2) ~ ) axdr(z) and f(2) ~ Y brow(z) as z — zo in H,
k=0 k=0

then ai = b, for oll k > 0. Moreover

ayg = 11m f(Z)
v PG)

o = lim () =Y akcﬁk(z).
et on(2)

1.2 The Gamma and the Digamma (or Psi) Function

In this section, we present some basic notions and concepts of the Gamma function,
the Digamma function, and a bridge connecting Chapter 1 and Chapter 2 which will be

useful hereinafter.

Definition 1.2.1. The Gamma function also known as the Fulerian integral of the

second kind can be defined in the right-half plane as

+o0
I'(z) = / e tt*Ldt.
0

When R(z) <0, I'(z) is defined by analytic continuation. It is a meromorphic function

with no zeros, and with simple poles of residue (7n1!)” at z = —n, n € N. The ﬁ is

entire with simple zeros at z = —n, n € N.

Definition 1.2.2. The Digamma function or the Psi function is given by the fol-

lowing expression

d T ,
¥(2) = o-logT(2) = 1~ with 2 #0,-1,-2,....
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The function 1(z) is meromorphic with simple poles of residue —1 at z = —n, n € N,

An integral representation of the Digamma function [14, p. 140, 5.9.12] is given by

+oo —1 —zt
w(z):/o <et_ 1e—e—t>’ for R(z) > 0.

The functions M”)(z), n=1,2,..., are called the polygamma functions. In particular,
Y/(2) is called the trigamma function, ¢33 ) are respectively called, the tetra-,
penta-, and hexagamma functions. The properties of these functions are obtained simply

by differentiating the properties of the Digama function.

Definition 1.2.3. The Fuler constant also called Euler—Mascheroni constant, usu-

ally denoted by vy, is defined as

= 1l 1 L1 + ! 1
*y—n_l>rfoo —|—2—|—3 ...n—ogn .
The numerical value of the Euler constant is 0.57721566490153286060. . . .

Here we state some basic properties of the Digamma function, for additional information
see [14, pp. 137-139]

1.2.1 Some Properties of the Digamma Function

1 /1 1 "1
(1) w(z>:_7_z+z<n_n+z>:ngrfoo<log”_zk+z>'
k=0

n=1

(2) ¥(1)=-7, and ¥(2) =1-1.

® WD =vE =+ 3 (3 g )

n—+z
n=1

n—1 n—1

@) Gletn) =)+ Y s Y= =z - Y

n=1 n=1

(5) ¢(1—|—n):—'y+2%
k=1

©6) ¥ (;) o 2log2.

n—1
1 1
(7) w<2:l:n> ——7—210g2+2k§_0 TR
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(8) For = > 0, the Diagmma function satisfies the following functional equation

Y (x + ;) = 2¢(2z) — P(z) — 2log 2. (1.2)

Definition 1.2.4. The Bernoulli polynomials By(x) are sequence of polynomials with
rational coefficients and play an important role in several areas of mathematics. These

polynomials can be defined by the exponential generating function

ZBk k', ‘Z‘|<27T.

The special values B (0) = By, are called the Bernoulli numbers. For odd index k > 1,
all the By’s are zero, and the even-indexed By alternate in sign The first few values of

the Bernoulli numbers are Bop =1, By = —%, By =z, By = 30, Bs = %, Bg = —%.

The following proposition gives the asymptotic expansion of the Digamma function, for

more information see [14, pp. 140-141].

Proposition 1.2.1. We have

as z — +oo.

From (1.2) and (1.3) we obtain the following asymptotic series

2nz2n

¢< ) Nlogz—l—z -2 Qn)BQ”, (1.4)

as z — +oo.

1.3 Harmonic Numbers and the Hurwitz Zeta Function

In this section, we present the fundamental concepts of the Hurwitz zeta function, Har-
monic numbers, and a short history relating to some approximations of the Harmonic
numbers which will be be useful hereinafter, see the paper of Villarino [15] for more

details.
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1.3.1 Harmonic Numbers

Definition 1.3.1. For every natural number n > 1, the nth Harmonic Number, H,
is the nth partial sum of the harmonic series
1 1 1
H,=14+-4+-4+--+—.
n + 5 + 3 + et -
The asymptotics of H,, was determined by Euler in his famous formula, which follows
from (5) in Subsection 1.2.1 and Proposition 1.2.1.

H, ~logn +~+ L !
~ logn - - ...
n OB T T S T o2 T 12004

1 =By 1

There are several approximations of H,, among which are

1
H, ~logn+~y+ o (Euler’s approximation),
n

1
H, ~logn+~v+ —— (Toth-Mare approximation),

2n + 3

anlog\/n(n—i—l)—&—'y—i—G
n

W (Lodge-Ramanujan approximation),
5

1
H, ~log (n + 2) +v+ (Detemple—Wang approximation).

24 (n+1)° +2
1.3.2 Hurwitz Zeta Function

Here we state some definitions and representations of the Hurwitz zeta function [14, p.

607-609, Section 25.11| that we shall use in Chapter 2.

Definition 1.3.2. The Hurwitz zeta function ((s, a) was introduced by Hurwitz (1882)

and is defined by the series expansion

oo
1
((s,a):ngo(n_i_a)s for R(s)>1 anda #0,—-1,-2,.... (1.5)
The ((s,a) has a meromorphic continuation to the s-plane, with a simple pole at s = 1
with residue 1. As a function of a, with s # 1 fized, ((s,a) is analytic in the half-plane

R(a) > 0. Moreover, the Riemann zeta function is a special case

((s,1) = ¢(s)- (1.6)



CEU eTD Collection

Chapter 1. Preliminaries 9

Proposition 1.3.1 (Series representation). We have

o0

1 1 1 (_l)n
C(s,5a) =((s, 50+ ) +2° ——
2 22 ;:O(rH-a)

for R(s) >0, s # 1 and R(a) > 0.

Proposition 1.3.2 (Integral representation). We have

1, as I 1 11
— g ts—l . - —atdt
Cls,a) = 5a +5—1+F(3)/0 (et—1 t+2>e ’

for R(s) > —1, s # 1 and R(a) > 0.

1.3.3 Triangular Numbers

Definition 1.3.3. A Triangular Number enumerates the objects that can form an
equilateral triangular. The nth triangular number is equal to the sum of the natural

numbers from 1 to n.

The sequence of Triangular numbers is given by
0,1,3,6,10,15,21, 28, 36,45, 55,66, 78,91, ...,

The nth Triangular number can be given explicitly by the following formulas

n
m::m(n):Zk:1—|—2—}—3+4~-+(n—1)+n:
k=1

nin+1)
—

1.4 Formal Power Series

In this section, we present some basic notions of formal power series and some tools that

will be useful hereinafter.

Definition 1.4.1. A formal power series can be defined formally as infinite sequence

(ag,a1,as,...) of complex numbers; and can also be represented in the form
(o]
ao+art+agt’ +--- =Y ant”.
k=0

In simple terms, a formal power series is a power series (or Taylor series) in which the

question of convergence is ignored.
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Definition 1.4.2 (Addition). Addition of formal power series is term by term.

o o o
S att + bth = (ay + bi)tt.
k=0 k=0 k=0

Definition 1.4.3 (Multiplication). The product of two formal power series is again a

formal power series:
o o (o]
(St ) () =3t
k=0 k=0 k=0

where ¢, = Zﬁ:o nbl—n.

Definition 1.4.4 (Substitution). Let B(t) be a formal power series with constant term
zero and if A(t) = >3 axt® is another formal power series, then A(B(t)) = > o, arpB(t)*
and B(t)" has no terms in t* for k < n.

Here we state some two important theorems about formal power series that we shall use

in the next chapter (see, e.g., Comtet [8, p. 148 and pp. 133-134)).

Proposition 1.4.1 (Lagrange Inversion Formula). Let f(t) =y = Y oo, axt® be a formal

power series and a1 # 0. Then

R d’“‘l[tr
t_;k!{dtkl f(t) t:O‘

Proposition 1.4.2. The exponentiation of a formal power series is give by

exp Zakt = Z Z Hp(aj) (N A
k=1 m=0 ki k2,..okm>0 =17

k142ko+-+mkpm=m

Lemma 1.4.3. Let o € C be fized and let F(t) = > 2, futk, fo =1 be a formal power

series. Then
Ft)™ = pit", (1.7)
k=0

with po = 1 and

1"
m = —— k — k)pm— )
= D@k =+ Rp-i(a)

form > 1.
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Proof. Firstly, we differentiate (1.7) on both sides to obtain

00 a=1l /oo (9]
a (Z fktk> <Z kfktk_l> = kprt*
k=0 k=1 k=1

and after shifting the index we arrive at

00 a—1 00 00
o (Z f@’“) (Z (k+1) frt ) Z k+ 1) pp1t”. (1.8)

k=0 k=0 k=0
By multiplying both sides of (1.8) by a copy of 1.7 we obtain

a (ki;o fktk>a (i (k4 1) frs1t ) (i:: (k+ 1)ppyit ) (i fktk> ,

k=0 k=0

0o k oo k
Sl pitk—i+ Dfemjr | =D [ DG+ Dpjsafey | "
j=0 j=0 J=0 \j=0

Applying the Cauchy product of two infinite series and equating coefficients, we obtain

k k
> alk—j+pjfejrr =Y (G + Dpjarfeis
7=0

7=0
where
k k—1
> G+ Dpjsifemi = (E+ Dpeerfo+ O (G + Dpjsa femjs
=0 =0
and
k-1 k—1
G+ Dpjarfo—y = > G+ Dpjsaferi—grn = D 30iferi—j-
7=0 7=0 7=0
Therefore
k k
ZO‘ — i+ Upjfa—jir = (k+ Dpesafo+ Y ipifr—jin-
Jj= 7=0

Since fo = 1, we obtain

k k
(k+ Vpryr =Y alk = j+Vpife—jir — Y ipjferi—s
7=0 7=0
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M-

(k+ Dpgy1 =) (k=37 +1) = 35)pjfr—j+1,
7=0
;K
Pr1 =377 Z (alk—j+1) = 5)pjfr—jt1:

Il
=)

J
Replacing every k + 1 by m and every j by k, we obtain

1

Pm = ——
m

(alk —m) + k) pfn—t;

7M:

which completes the proof.
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Chapter 2

Ramanujan’s Inverse Digamma

Approximation

In this chapter we present some new results of an unsolved problem of Ramanujan, found
in the book of B. C. Berndt [6, pp. 194-195, Entry 15] titled “Ramanujan’s Notebooks
Part I”. B. C. Berndt only showed that, the first few coefficients of an asymptotic series we
are about to discuss in the subsequent section agree with the ones given by Ramanujan.
But in general neither Ramanujan nor B. C. Berndt was able to come up with a formula
for the general term and since then nothing has been done as of this date, that is why
we deem it interesting to come up with possible solutions to the problem. This chapter
is divided into two sections, the first section deals with the description of the problem.
In the second section, we will give the main results that is all the theorems we have

propounded.

2.1 Elaboration of the Problem

Ramanujan [6, pp. 194-195, Entry 15| first defines a by the equality
loga = (x + 1), (2.1)

and regards a as a function of x which is assumed to be real and positive. We know
from (1.4) that ¢(x + 1) = log(z + 1/2) + o(1) for large x, which further implies that
a ~ x + 1/2 for large x. This actually means that Ramanujan’s notation is reasonable.

Ramanujan [6, pp. 194-195, Entry 15| proposed the following asymptotic expansion

13
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without a proof and a formula for the general term

~1- _ o 2.2
6a? + 720a% 80720a’ + (2:2)

1\ 4 2 3 2
x+ 3 n 10n® +11n  70n° + 231n“ + 891n
a

as a — +00. Let us denote the mth coefficient in Ramanujan’s expansion (2.2) by g,,(n),

so that

1 4an 00
(x * 2) ~ Z 9212(7:) as a — +oo. (2.3)
m=0

a
Remark 2.1.1. If we replace n by 1/4 in (2.2) we obtain

po Ly L3 5%
2 24a ' 640a3 12915248

_i_...’

and by applying (2.1) we find

1 1 3 555
~ =g p¥laetl) T (D) P =3(z+l) 90 =B(z+l) 4
vy e 24° T 510° 129152° L
This means that Ramanujan’s approximation really gives the inverse of the Digamma

function asymptotically.

2.2 Main Results

The first aim of this section is to provide formulae for the computation of the coefficients
om(n). We find that these coefficients can be derived explicitly when n = —%, whereas
for the general complex n, we have a recurrence relation for the general term g,,(n)
involving the o,,(—7). The second aim is to provide an asymptotic formula for g,,(n)

when n is fixed and m — +o0o.

Here we give an explicit formula for computing g,,,(n) when n = —i, which we shall use

to determine a recurrence relation for the coefficients g, (n).
Theorem 2.2.1. For any m > 0 we have

o (_D - 2m1+ 1 > ﬁkl <(2m + 1)(12; 21_2]-)32],)1@’

.|
k1 k2,eoikm >0 j=1"7"
k1+2ka+--+mkm=m

where B; denotes the jth Bernoulli number.
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Proof. Substituting x = z — % into (1.4), we obtain the following expression

as z — +oo. Then

with some real coefficients pi,,. By Olver’s theorem [13, pp. 22-22|, we can invert this

series to arrive at the following

as a — 400, with some real coefficients A,,,. To determine the \,;,’s we can use Proposi-

tion 1.4.1 with the choice of y = é, t= % and

00 00
B B (1 o 21—2m)B2m 5
= g Mmtm = texp <— mgl om tem ’

m=0

to arrive at
o
=3
m=1

where

1 [am? X (1—22%)By o\
Am = oo [dtm—l exp (Z BT — t t_o.

k=1

Returning to the original variables, we have

1 < 1 [gmt > (1 - 21—% B "
z Z mla™ [dtm 1 &XP <Z ( ) th% )
t=0

z
m=1

I P S )

lgm+1 ’

z = (m+ 1)la™ dgm — —o

-~ i : i exp i mrl) sz(l -2 Qk)t%

z o (m+ 1)la™ | dt™ = .
m= t—
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Because the coeficients of odd powers of é vanish, we consider only the even powers and

by applying Proposition 1.4.2, we find that

o0 o0 m
a 1 da?m 1 /(2m+1 212\ B,
S e [ 2 m( 2
0 m=0 ki Kz km>0 j:
k1+2ko+--+mkym, t=0
It follows from Taylor’s Theorem that
00 m . k.
1 1 /(2 (1 =21"2"By:\ ™ 1
Y g > 11 2m + 1)1~ 1B L (24)
z (2m+1) LLz! 2j a?m
m=0 kiko,ookm>0  j=1

k14+2ka+--+mkm=m
Substituting back z =z + § in (2.4) we find that

-1 . .
R M= S | o e
a A= (2m+1) ! 2j a?m’

kikz,...km>0  j=1
k1+2ko+-+mkm=m

With n = —%, we have by (2.3) that

1\ ! 1
T + 3 Qm(_z)
~ —F— as a — Q.
< a ) Z a2m +

It follows from the uniqueness on the coefficient of asymptotic power series that

I 71 ((2m 4 1)(1— 217%) By \ M
Qm( 4) T oam+1 2. E[k< 2 ’

k1,k2,....km >0
k142ko+---+mkpy=m

which completes the proof. O

Here we present a recurrence relation for the general term g,,(n) with the help of Lemma

1.4.3 and Theorem 2.2.1.

Theorem 2.2.2. For m > 1, the coefficients o (n) satisfies the recurrence relation

> ((4n — Dk -+ m)on i(mor(~)

with go(n) = 1.



CEU eTD Collection

Chapter 2. Ramanujan’s Inverse Digamma Approzimation 17

Proof. From (2.3), we have

(Z em<—1/4>tm> S
m=0 m=0

Thus by Lemma 1.4.3, we obtain

> ((n — Dk + m)om-k(m)o(—),

which completes the proof. O

Here we state some Lemmata and Theorems which we shall use to determine the asymp-

totic form of the coefficient g,,,(n) as m — +oo.

Lemma 2.2.3. For any k > 0 we have that

2(2k)!
(27.‘-)%

4(2K)!
(27T)2k'

< |Bai| <

Proof. Tt is know that

B2k: _ (_1)k+1

which means that

2(2k)!
(2)2k |Bar
To prove the upper bound, note that
o0 [e.e]
1 1 P
2 S =g <2
n=1 n=1

Lemma 2.2.4. We have

ma12(2m)!

1-2
(1 -2 m)BQTH ~ By ~ (71) (27.[.)2m’

as m — +oo.

Proof. Clearly,

) (1 o 21—2m)32m
lim =
m—-+00 BQm
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The second statement follows from the fact that

1< i Bam = i i1<1' i1—1
B m—1>r-I|-100 (_1)m+1 2(2m)! m—1>I-iI-loo k2m — m—1>r—I|—1c>o L 92jm 7
(2m)2m k=0 =0
where we made use of Lemma 2.2.3. O

Theorem 2.2.5 (E. A. Bender, [4]). Let
a(z) = Zakxk, F(z)= kaxk,
k=1 k=1
be two formal power series, and let
B() == Fla(x)) = 3 Bra®.
k=1
Assume that F(z) is analytic in x in a neighborhood of 0, ay # 0 and

(1) ag—1=o(ax) as k — 400,

k—1
(2) Y lojonj| = Oak-1) ask — +oc.
j=1

Then By, ~ frax as k — 4o00.

Lemma 2.2.6. Define the formal power series A(x) with coefficients a1, aq, ... via the
erpression
o0 o0
1— 21—2k B
Afw) = exp (; g et ) 1= Yt

Then we have

(—1)F+1(2k)!
“ e

as k — +o00.

To prove Lemma 2.2.6, we apply Theorem 2.2.5 together with Lemma 2.2.3 and Lemma
2.2.4.

Proof. We apply Theorem 2.2.5 to the formal power series

> BQk(l _2172k) k

X - x
a(z) == Tw , F(z):=¢€"= Zﬂ
k=1 k=0
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It follows that

(1—2'72)Byy,
Q=
2k

we obtain
(1 —2172k)(2k)! 2(1 — 2172k (2k)!

PN A ¥ O

for every k > 1. Then we have

(2k)! 2(2k)!
2.
oh(am < 1ol < 3 (25)
for every k > 1. Since ay # 0, and
) -1 ) 4(2m)?
<1 1 =
O e | e o yee—
we have
ak—1 = o(ay) as k — +o0.
Hence condition (1) of Theorem 2.2.5 holds. From (2.5), we find
k—1
2] 2k:—2j) 2k— )! (25 — D12k —25— DYk -1)
Z lajen—j| < Z J2m)F (k 1) (222 ; 2k — 2)!
42k —2)! ’“ZZ i+ DMk =2 =3 o ”“ 225 + 1)I(2k — 25 — 3)!
2k - DEm)F2 £ (2k — 3)! ot pard (2k — 3)! '
We have
k . k , k=2 .
ZZ]+1 (2k — 2j+1)!22(2j—|—1) oy 6 n (27 +1)
= (2k +1)! = 2k +1 k(2k+1) = 2k + 1\’
2) 25
2k +1
and ( 2;_ > > Ck3, therefore
2 (27 + D2k — 25 — 3)! <3+K§: L
~ (2k — 3)! - — k?
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Finally, we obtain

o

—1
\ajak,j\ < 16]ak,1|(3 + 2]{) < C‘ak,ﬂ,
1

<.
Il

which implies that

k—1

lajag—j| = O(ag—1) as k — 4o0.
j=1
Since condition (1) and (2) of Theorem 2.2.6 are satisfied, we can conclude that

(1 —-21728)By, (=1)F1(2k)!
ak ~ fra o PO

as k — +o0. O

Theorem 2.2.7 (E. A. Bender and L. B. Richmond, [5]). Let A(x) be a formal power
series with coefficients ap, where ag = 0 and a1 # 0. Let py, be the coefficient of ™ in

(14 A(z))*™+8 where a # 0 and B are fived complex numbers. If
(1) kax—1 = o(a) as k — +oo,
then py, ~ (am + B)am, as m — +00.

Here we present our result concerning the asymptotic behaviour of g,,(n) whenn = —1/4
by applying Lemma 2.2.6 and Theorem 2.2.7, which will be useful in our next result about

the asymptotic formula of the general term g, (n).

Theorem 2.2.8. We have

om <_1) ~ (_1)m+12((227::);nl)!7

as m — +oQ.

Proof. Let A(x) be the formal power series given in Lemma 2.2.6, and define the sequence
Po,P1,P2; -+ by
o0
(14 A(@)? 1 =3 ppat.
=0

From Lemma 2.2.6 we have that

(—1)F+12(2k —1)!
(27-r)2m )

ajp ~
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which implies that

=0.

lim Fag—1 _ lim —k
k—+oo ap B k—+o00 (2]€ - 1)(2k — 2)

Hence the condition (1) of Theorem 2.2.7 holds. Thus, we can conclude that

(=1)™H2(2m + 1)(2m — 1)!
(2m)2m ’

Pm ~ (2m + 1)ay,

as m — 4o0. Applying Proposition 1.4.2, we can write

(14 A())+ = exp (i (2m + 1)1~ 212 By, wk)

2k

m

Sy (e
- 3 . ™,
e O S SR 2j

k1+2ka+--+mkm=m

and by comparing coeflicients we obtain

m m _ 91-2j A ki
b — 3 H}:( (2 +1)(12j 2 )BQJ> | )

kikz,....km>0  j=1
k1+2ka+-+mkm=m

From Theorem 2.2.1, (2.6) and (2.7) we find

1 2(2m +1)(2m — 1)!
o2m 4+ 1)om [ —= | = pm ~ (—=1)™H!
(2m +1)o < 4> pm ~ (—1) G2 :
and finally,
1 2(2m — 1)
m | —— ~ 1m+1
on (-7) ~ (e 2O
as m — —+oo. O

Here we present our final result on the asymptotic formula for the general term g,,(n)
for every complex number n. This can be achieved with the help of Theorem 2.2.5 and

Theorem 2.2.8.

Theorem 2.2.9. For every fized complex number n, we have

om(n) ~ <—1>WW,

as m — +0o0.
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Proof. We apply Theorem 2.2.5 to the formal power series

Fz)=01+ 11)74” = Z <—:n> z*, a(z) = Qm(—%)l‘m =: Z oamx™.

k=0

From Theorem 2.2.8 we know that

2(2m —1)!
~ (=1 m~+1 <\« )
which implies
2¢1(2m — 1)! 2¢2(2m — 1)!
_— —_— 2.8
(27T)2m < |Oém| < (27T)2m ’ ( )
for some ¢y > ¢1 > 0. Since oy, # 0, and
_ 2m)?
i |9l = g 2T
m—+0o | m—+o0 c1(2m — 1)
the condition (1) of Theorem 2.2.5 holds. From (2.8), we have
m_1| . <mz—14c§(2j—1)!(2m—2j—1) 4c2(2m — 2)! mzl 2j — )I(2m — 2j — 1)!
L 1% 0m=il S (2r)2m T (2m)m (2m — 2)!
J=1 J=1 Jj=1
42 (2m — 2)1 "= (2m — 2)!
— (2n) T (9)2m z; 29m — 92 O( (2m)2m > = O(am-1).
j=
27 —1
Hence the condition (2) of Theorem 2.2.5 also holds and it follows that
1
om(n) ~ —4nay, = —4npn, 1)
and finally by Theorem 2.2.8, we have
8n(2m — 1)
—1
Qm(n) ( ) (27T>2m )
as m — +oo0. O

Remark: Although the general terms are given by a complicated formula, their asymp-
totic behaviour are simple and it also shows the divergent character of Ramanujan’s

series.
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Chapter 3

Ramanujan on the nth Harmonic

number

Ramanujan |7, pp. 531-532, Entry 9] provided an asymptotic series for the nth Harmonic
number, but he expresses the asymptotic expansion in powers of 1/m instead of 1/n,
where m is the nth triangular number. B. C. Berndt |7, pp. 531-532, Entry 9] says
“We cannot find a natural method to produce such an asymptotic series”. In 2012, M. D.
Hirschhorn [10] provided a natural derivation of the asymptotic series by computing only
the first 11 odd powers for the tail of the Riemann zeta function with no rigorous proof,
which he admitted by saying “the reader might note that I am avoiding the word “prove”
?. Our aim is to give a general expansion which works for any odd power and as a special
case, our result will contain the expansions given in the result of M. D. Hirschhorn , not
only that but with formula for the general coefficient and a precise error term. This means
that the special case of our result together with M. D. Hirschhorn’s result completely
solves the problem. This chapter is divided into two sections. The first section deals
with the description of the problem and a brief history of other related problems. In the

second section, we present our main results.

3.1 Elaboration of the Problem

Ramanujan |7, pp. 531-532, Entry 9] proposed the following asymptotic expansion for
the partial sum of the harmonic series without proof and also without a formula for the

general term

n
H, =
k=1

1 1 . 1 1
12m  120m? = 630m3  1680m4

~

log(2m) + v+ +---. (31

1
2

| =

23
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In 2008, M. Villarino [15] gave a proof and a formula for the general term with a nice error
term. M. Villarino remarked that it would be interesting to find a similar representation
for logn! in terms of % In 2010, G. Nemes [11] proved such an asymptotic series for
logn! with a very nice error term. B. C. Bernt , M. D. Hirschhorn described (3.1) as
“somewhat enigmatic” and mentioned that “we cannot find a “natural” method to produce
such an asymptotic series”. In 2012, M. D. Hirschhorn gave a natural derivation of (3.1)
also called natural method. In proving (3.1), M. D. Hirschhorn mentions that “I hesitate
to use the word “prove”” and derived the following results for the odd powers, that is

2541 for 1 < j <11 of the tail of the Riemann zeta function.

Z i L _ 1 n 1 _ 1 n 1 _ 1 n
k3 dm  16m2  48m3  96m?* = 120m5  96mb ’
=n
— 1 1 1 11 5 13 1
ZT)N 2 3 T 3 5T 6 7T
Pt k 16m 24m 384m 192m 384m 16m
S
k23 45056m11 ’
k=n-+1
and showed that the following expression results to (3.1)
n oo o o
1 1 1 1 1 1 1
r T ples2m—y=g Z@ 52*5 727
k=1 n+1 n+1

3.2 Main Results

The first aim of this section is to provide an expression for the Y 72 a1/ k7 where j > 1
with a formula for the general term and a precise error term. Secondly we will as a
special case provide an expression for the odd powers, that is j = 2¢ + 1 for ¢ > 1 with
a formula for the general term and nice error term. M. D. Hirschhorn just computed
the first few terms of those series for the first 11 odd numbers without error term and a
general term. So our result is not only going fill in this gap but will add beauty to his
result base on formulas we are going to provide. We start by first proving the following

lemmata which will serve as a springboard for our result.

Lemma 3.2.1. For R(s) >0, s # 1 and R(a) > 0, we have

C(s,a+1)=2°C(s,2a+1) — ((s,a +1/2).
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Proof. By Proposition 1.3.1 we can write

> 1

2°¢(s,2a +1 +
C(s,20+ 1) = ([s,a n+2a+1 2}(n+a+;)s

i

> 1
_Z 1
—(2+at+3) = (nta+i)s

1 1 1 1 1 1
= + + + + + + -
(a+3) (a+1)  (a+3) (a+2) (a+3) (a+3)°
1 1 1 1
(a+3) (a+3) (a+3) (a+3)
Since it is telescoping, then
1 1 1 1 >
“larir " at2r T@x3r  (atap " } ; (n+a)
— i 1 C(S, a + 1)
= (n+a+1)

which completes the proof.

Lemma 3.2.2. We have

_(a+ )t 1 T 1 L\ —(a+dy
Csatl)="—=9—+ QF(S)/O F s ")

for R(s) > -1, s # 1 and R(a) > —3.

Proof. Applying Proposition 1.3.2 to Lemma 3.2.1, we obtain

_(at+g)t 2° [T 1 L 1N oarye
((s,a+1) = —2—+ F(S)/O P (g ) e dt| —

1 [t /1 11 )
L 5= _ 2 L) atdr
ol )

After simplification we deduce

(a+3)'* 1 T 1 2 2 LY ~r2
1 — s _ o (a+ )t
((s,a+1) s—1 * 2F(s)/0 t et/2—-1 et—1 t/2 c 27t

which is equivalent to the statement.
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Here we present a series representation of the reciprocal of the hyperbolic sine with an

error term. This will enable us to evaluate the integral in Lemma 3.2.2 and obtain a

series representation of the Hurwitz zeta function with a precise error term.
Lemma 3.2.3. For any x >0, N > 0, we have
N-1 (2 _ 22n+2)

+2
n=0

1 _ (2 _ 22N+2)

1
sinh(z) =z

Bop o L2+
(2n + 2)! +6(z,N)

(2N +2)!

with a suitable 0 < O(z,N) < 1

Boni2 oniq

Proof. We shall use the following well know expressions, which can be found in [14, p.

126, 4.36.5], [14, p. 592, 24.8.1 and p. 590, 24.4.27].

Ty g2y CU

sinh(z) — z? + m2k2’

2220 + 2)! S cos(2mka)

Bonta(z) = (—1) (2m)2n+2 L2tz
k=1

B, (;) =—(1-2""B,.

Using (3.3) and (3.4), we obtain

(2m)2" 2 Bynia(3)  (2m)27H2(272071 — 1)Byyys

'I’L

M8

H k2n+2 N 2(2n + 2)! N 2(2n + 2)!

Applying the well-know identity

N-1 ZN
k=0
and (3.5) we can write (3.2) as
N-1 )
T 9 _ 22n+2 B $2N
sinh(x) 2(2n + 2)! (mk)2N (22 + 72k2)
n=0 k::l
or
N-1 9 _92n+2\p p2N+2
x :1+Z( )Bany2 2n+2+22 )N+
sinh(z) (2n + 2)! (k)2N (22 + 72k2)

n=0

To work on the error term in (3.6), we first define

00 k 1
Ry = 2= (1) @R @) (2= 22V ) Bono 22N+2
Zzozl(_l)k(ﬂk)m\rl(wzkz) (2N + 2)! ’

(3.2)

(3.5)

)

(3.6)
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then N
T — (2 _ 22n+2)B2 12 9
=1 TS 2t .
sinh(x) + Z (2n +2)! v + Ry
Let - it .
Oz, N) = S 2 O A
7 ZO:I(_l) kQN(;.2k2) f(o) ’
where
k1 1
fl) = ) (=1)

12N (22 + w2k?)

e I0#

1 1
A [(2m +1)2N (22 +72(2m +1)2)  (2m+2)2N (22 + 72(2m +2)2) |

3
Il

Here we try to find the range of ©(x, N). For the general term, we have

fm(x) = ! - ! >0
2m+1)2N (22 +72(2m +1)2)  (2m + 2)2N (22 + 72(2m + 2)2)

and

/ o 2z(2m+ 2)~2N 22(2m + 1)72N 21(2m + 2)"2N — 2¢(2m + 1)~2N iy
fm(@) = (2% 4+ m2(2m + 2)?) N (22 4+ 72(2m + 1)2) < (@2 + 72(2m + 2)2) <0.

Because fi,(x) > 0 and f],(z) < 0 it implies that for all > 0, f(z) < f(0) and thus
0 < ©(z, N) < 1 which completes the proof. O]

Here we present our first result concerning the nth Harmonic number which will be very

useful for our next result. This result can be achieved with the help of Lemma 3.2.3.

Theorem 3.2.4. For j > 1, n >0, r >0, we have

1 L ) A =2)By,  ()ap
I R I e ===
k=1 J p=1 p): (n+3)
1_2—27“—1 Br oy
+0r(j,n)( )Bar 2 (Jzz +1 ’
(2r + 2)! (n+ 1)2r+i+1

where (a)mym = T'(a+m)/T'(a) and with a suitable 0 < 6,(j,n) < 1.

Proof. Using Lemma 3.2.3, we can write

N-1 2n+2 2n+1 2N+2 2N+1
1 1 2—2 By, t 2—2 B t
——_—_—— ( JBanyz (8 +o(t/2, M), JBawsa (L :
sinh(t/2) t/2 (2n + 2)! 2 (2N +2)! 2
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and by substituting the result into Lemma 3.2.2, we obtain

(at+3)'™ 1 (=272 =2)Boss /+°° s —(at]
1 = n t n+s (a+ )tdt
Clsa+l)=—77 T & a2l ¢
1 (272Y ~2)Bynys oN
O(t/2, N)t2N+se—(ata)tgy
M) 2N +2)! / (t/2,N)
Note that

T ptsgatbig = LT ngs ey, Tt st D)
0 (a+ 5)2+st1 Jo (a+ 3)2ntstl’

and by the mean value theorem for integration we have that

oo (2N +s+1)
ON+s —(atd)t g _ (

; O(t/2, N)t=" e 720 dt = 0N (s, a) (a+ 1)2N+st1’
with a suitable 0 < On(s,a) < 1. We arrive at the following expression after combining

all the partial results

INi—s  N—-1 5 9p1
5 27" —1)Boy I'(2 1
C(S,a+1):(‘l"’_2)1+ ( 5 2)'2 +2 (n+15;+2+1
s — — (2n+2)! I'(s)(a+3)
(272N=1 —1)Bon2 T(2N + 5+ 1)
0 . .
HON (s ) S EN o) (a4 1)2Ntstl (3.7
From (1.5) and (1.6) we have that
} j L= ()~ Uit ). (3.5)

Substituting (3.7) into (3.8) with s = j and a = n, we obtain obtain the statement of
the theorem. O

To prove our main result, we need the following lemma, which is an easy consequence of

Taylor’s Theorem with Lagrange remainder.

Lemma 3.2.5. For |z| <1 and a <0, we have
W a «
(1+2x)*= Z (m>m” + 95\?) <N>CL‘N,
n=0
with a suitable 0 < @5\?) <1

Now, we are ready to present our main result. Here we present an expansion of the odd

powers of the Riemann zeta function in terms of the reciprocal of the nth triangular



CEU eTD Collection

Chapter 3. Ramanujan on the nth Harmonic numbers. 29

number m, with a nice error term and a formula for the general coefficient. This can be

achieved with the help of Theorem 3.2.4.

Theorem 3.2.6. Fori>1,n >0, r >0, we have

G | 1 T A Al
o . P N Ay
Zw—C(QZ‘i‘l)‘i_W Zonlp‘f’fir(n,Z)mr_"_l s

with a suitable 0 < k,(n,i) < 1, and with

A j — ' 220 _ 2)B
A’:( 1) Z(_l)q p+i—1\ [2i+2q)\ ( ' )Qq.
b 8P ‘ p—q 2q 21 + 2q

q=

Proof. Replacing j by 2¢ + 1 for ¢ > 1 in Theorem 3.2.4, we obtain

~ 1 n+3)* <~ S r1
— ; N —
kz f2i4+1 T C(2i+ 1)+ —9 T Z (n + %)2;0-&-22' +6r(n, i) (n + %)21”-&-21’-&-2'
=1

where O,(n,i) = 6,(2i + 1,n) and

gi (1 —2172P) By, T'(2i + 2p)
P (2p)! r2i+1)"

First, let us modify the term (n + %)722’ using the binomial series

A N 1\ &K (i 1

To obtain the series expansion in terms of %, we apply the binomial theorem again

T SZ@) T SZ T SZ

pZ:; (n+ %)2p+22 pz:; (2m + %)pﬂ pz:; (2m)Pti(1 + %)pﬂ
e 5 &K\ 1 G (i Sy
- ; (2m)pt l; L) 8ml ; ; ) s

By collecting all the partial results, we arrive at the following

1 N1 (=i 1 N~ (—p—i S,
_ ; p

> e =i+ 0+ 24 (3 ) g+ D () g
7
+0,(n, i) ——- ot

(n 4 %)2r+2i+2 :
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, TR RN G —p—i\ 5
ZC(2Z+1)+W Z <l>231+1m1+22< )23l+pml+p+E’" ’

p=11=0

where

Here we try to simplify the above expression while concentrating much on the error terms

o0 . T .
1 /— 1 1 1 /[—2 1
Z_( )ww:‘wzl_xp)ww“ﬁ’
p:

=0

where

oo .

1 [—1 1
B 30 ()

I=r+1
and
T 00 —p—i r.T—p , —i Sz T o0 —p—i Sz

p p

S (0 Vg = (N Vgt X (g
p=1 =0 p=11=0 p=1l=r—p+1

Replacing every p by p — [ and every [ by p — ¢, we obtain
r 00 —p— i Sz
q
S5 (M g =22 () st o
p=11=0 p=1 q=1
where
T 00 —p— i Sz
. P
o= > () g
p=1l=r—p+1

Therefore
1
Z L2i+1
k=1
,

, 1 1 1 [—i 1 S (—q—i Sy
:C(Ql‘f‘l)'i‘m —%+Z;i<p)w+zz<pq>w+6r+l% +E
p:

p=1g¢=1

Here the second term is the value of the third term when ¢ = 0, which means that

the second term can be absorbed by the third term and this simplifies to the following



CEU eTD Collection

Chapter 3. Ramanujan on the nth Harmonic numbers. 31

expression

n 1 1 1 r P 4 i Si .
- — . - q 1
; L2+l C(2i+1)+ (2m)? 2i + pz:l qz% <p —q ) 5327  p +é + R+ E.

Again, here the first term in the bracket is the value of the second term when p = 0,

which means that the first term can be absorbed by the second term, which results to

G| 1 U A A 1
E — ; E § q
k_IW—C(QZ—Fl)—FW <p_q>23p_2q 7+€7~+R7~+E7‘

p=0 | ¢=0
(3.10)
Here we insert (3.9) into (3.10) for further simplification of the general term and as result
we obtain
Zp: <—q - z) si zp:(_l)pq(p—i—i— 1> S
_ 3p—2¢ _ 3p—2
g P q 20p—2q o p q 29p—2q
P . )
_ =y Z(_l)q p+i—1\ (2i+2q\ (229 — 2) By, s
8P p—q 2q 214+ 2q P

Now what is left, is to show that for » > 1 the error term has the properties specified in

the theorem. We have that

N 1\ N
ET:@T(n,z)zrﬂ v 1+8—m :ar(n,z)QHl g

because 0 < (1 + E%m)_r_i_l < 1land 0 < ©O,(n,i) < 1 it implies that 0 < o,.(n,7) < 1.

Using Lemma 3.2.5 for the error terms R, and ¢, we obtain

1 (i 1 (=) 1+i—1 1
Ry = Z Z( I )23l+1ml - Z — < I )23l+1ml

l=r+1 l=r+1

_ NG EER 1
=7 = 1) S

and
I Ny A R AT T S yltpti=1y 1
€r = Z 2P mp Z l 23l Z 2P MP Z (_ ) l 23l
p=1 l=r—p+1 p=1 l=r—p+1
_Zﬁ o T )Zi P\ (<)l
-~ op PN 41 ) g3yt T ! <20 \r —p+1) 230=ptl)yr+l?
p= —

where 0 < o0,(n,1),7(n,1),wp(n, ), A (n,i) < 1for r > 0and 1 < p < r . Moreover
0 < Q(n,i) < 1, because for a fixed r, all the terms with the weights w,(n,7) have the
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same sign. Since €., F, and R, always have the same sign, we deduce

S e (—1)r—ptl Sioo1
. . D A M+l
& + Er + R, = Qp(n,1) Z < )WW +0r(n,1) or+1 yyr+1

p:1277 r—p+1
NC W TEY 1
T 1) e

Sy i B e - AP | 1) (r i 1
— /@T(n,i) Zl ( ) + r+1 + ( ) ’
- 20 \r —p+ 1) 230r—p+1)pr+1 or+1 ypr+1 i r+1)230r+)+1yr+1
p:

where 0 < k,(n,7) < 1. Finally, we have that

r+1 @i . _ i
S o r+i (—1)r—ptl A

&+ E-+ R, = KT(naZ)Z%(r_p_'_ 1>23(’“P+1)m7“+1 = ’ir(”al)mrﬂa
p=0

which completes the proof.
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Conclusion

This thesis has provided some new results of two problems which were proposed by

Ramanujan.

For the first problem, which is Ramanujan’s inverse Digamma approximation (2.2).
Firstly we gave an explicit formula for computing the coefficients when n = 1/4. Sec-
ondly, we provided a recurrence relation for the general term of the asymptotic series
for every complex number n. Finally, we provided an asymptotic formula for the gen-
eral term. From our final result, we realized that even though the general terms looks
very complicated, their asymptotic behaviour are simple which also shows the divergent

character of Ramanujan’s series.

For the second problem, which is about Ramanujan’s asymptotic formula for the nth
Harmonic number. Firstly, we provided an expression for the >~ 22 al/ k7 where j > 1
with a formula for the general term and a precise error term. Secondly, we provided an
expression for the odd powers, which is in terms of the reciprocal of the nth triangular
number, with a formula for the general term and a nice error term. This as a result,
improved the paper of M. D. Hirschhorn entitled “Ramanujan’s enigmatic formula for

the harmonic series”.
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