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Abstract

This PhD dissertation is based on a research that originates from extremal combinatorics.
In the first part we consider the problem of characterizing shattering-extremal set systems
and extremal vector systems. We propose two different approaches, an algebraic and a
graph theoretical one, and prove several characterisations of these extremal structures. The
algebraic approach uses the standard monomials and Grobner bases of vanishing ideals of
finite point sets, while the key elements of the graph theoretical approach are the inclusion
graphs of set systems. The second part of the dissertation is devoted to Noga Alon’s famous
Combinatorial Nullstellesatz and Non-vanishing Theorem. We prove generalizations of
these results in different directions. First we introduce a version for multisets, then we
consider the problem over arbitrary commutative rings instead of fields. At the end we
investigate the problem of determining which finite sets X, beside discrete boxes, admit a

version of the Combinatorial Nullstellensatz and the Non-vanishing Theorem.
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Chapter 1

Introduction

1.1 Historical background

Extremal combinatorics is one of the central branches of discrete mathematics. It is not
just an independent mathematical discipline, but appears also in several other mathemat-
ical areas. It deals with the problem of estimating the size of a combinatorial structure
satisfying certain requirements by providing a lower or upper bound. In case this bound
is sharp, it also tries to characterize somehow the extremal examples. It the particular
case when the structures considered are set systems over a finite ground set, we talk about
extremal set theory. A good survey on the topic in general is provided by [21] and [27].
In the past many results in this field were obtained mainly by ingenuity and detailed
reasoning, however during the last few decades this field has experienced an impressive
growth and some very efficient tools were developed. One of the main general techniques
that played an important role in this development was the application of algebraic methods.
Among these methods one of the first and probably the best-known are the linear algebra

methods, see [9] for a good survey. Here we deal with a relatively new collection belonging
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to the family of polynomial methods, see [48] for a recent survey. It borrows some of
the philosophy of algebraic geometry. Given a combinatorial object C, we fix a field F,
represent C as a finite set of points in the affine space F", and study its vanishing ideal
I(C) instead of the combinatorial object itself.

When studying such polynomial ideals, it turned out, that standard monomials and
Grobner bases can be very useful. While standard monomials form a nice basis of the
F-vector space F[zy,...,x,]/I(C), Grobner bases are special systems of generators of the
ideal. They were introduced in 1965 by Austrian mathematician Bruno Buchberger in
his Ph.D. thesis, and named after his supervisor, Wolfgang Grobner. He was motivated
by questions from commutative algebra and algebraic geometry, but since then, Grobner
bases have been applied in various fields of mathematics e.g. coding theory, symbolic com-
putation, automatic theorem proving, integer programming, statistics, partial differential
equations and numerical computations. A good survey is provided by [1] and [13].

The combinatorial structures we will examine using the above technique are shattering-
extremal set systems. They are set systems that are extremal with respect to the well known
Sauer inequality that was first proved in the 70’s. Since then many interesting results have
been obtained in connection with these combinatorial objects, among others by Bollobés,
Leader and Radcliffe in [11], by Bollobds and Radcliffe in [12], by Frankl in [21]. Firedi
and Quinn in [23], and recently Kozma and Moran in [33] provided interesting examples
of shattering-extremal set systems. However for the time being shattering-extremal set
systems do not have a good structural description, ... a structural description of extremal
systems is still sorely lacking.” (Bollobdas, Radcliffe 1995).

Probably the best-known member of the family of polynomial methods is Noga Alon’s
famous Combinatorial Nullstellensatz and the resulting Non-vanishing Theorem. Since its
publication in 1999 it became one of the most powerful algebraic tools in combinatorics. It

has several beautiful and strong applications, see [3] for some classical ones and [14], [18],
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25], [28], [29], [30], [41], [46] for some recent ones.

1.2 Introduction to the theory

To get a better overview of what is contained in this thesis, let us shortly (and sometimes

informally) introduce the basic concepts.

Extremal set and vector systems

We say that a set system F C 2" shatters a given set S C [n] if2°={F N S: F € F}.
The size of the largest set shattered by F is called the Vapnik-Chervonenkis dimension of
F. The Sauer inequality states that in general, a set system F shatters at least |F| sets.
Here we concentrate on the case of equality. A set system is called shattering-extremal if it
shatters exactly |F| sets. Our aim is to characterize somehow shattering-extremal families.

Let IF be an arbitrary field. When representing sets by their characteristic vectors, then
a set system F C 2" can also be viewed as a set of 0 — 1 vectors in the affine space F".
In this way one can study the vanishing ideal I(F) instead of the set system itself, which
consists of all polynomials from F [x] = F[z1, ..., x,] that vanish at all of the characteristic
vectors of elements of F.

In the study of these ideals, our key tools are standard monomials and Grébner bases.
To define them, one first needs a term order - a complete ordering of the monomials of F [x],
with some additional properties. As an example one can take the standard lexicographic
ordering of monomials. By reordering the variables, we can get another lexicographic
order, so we will talk about a lexicographic term order based on some permutation of
the variables x1, o, ..., ,. The greatest monomial of a polynomial with respect to some
term order is called its leading monomial. In the univariate case, the leading monomial is

simply the highest degree term of the polynomial. Given a polynomial ideal I < F[x], a
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monomial is called standard, if it is not the leading monomial of a any polynomial f € I.
We write Sm(I) for the collection of all standard monomials for the ideal I. Standard
monomials possess some very nice properties, among others they form an F-vector space
basis of F [x]| /I. A finite subset G of I is a Grobner basis of I, if the leading monomial
of any nonzero f € [ is divisible by the leading monomial of some g € G. Then G also
generates the ideal in a 'nice’ manner. For more details on Grébner bases see [1].

Given a family F C 2", by investigating the standard monomials of the vanishing ideal
I(F) for different lexicographic term orders, one can prove a very useful characterization
of shattering-extremality, namely that a set system is shattering-extremal if and only if the
family of standard monomials of its vanishing ideal is the same for every lexicographic term
order. Based on this characterization one can fully describe the reduced Grobner bases
of shattering-extremal set systems, it results an efficient algorithm for testing extremality
and also allows us to generalize the notion of extremality for general finite sets of vectors,
not merely set systems. We define a finite system ¥V C F" to be extremal if the family of
standard monomials of the vanishing ideal I()) is the same for every lexicographic term
order.

Beside the previously outlined algebraic one, we can take a graph theoretical approach
to shattering-extremal set systems as well. The inclusion graph of a set system is a directed
edge-labelled graph whose vertices are the elements of the set system, and there is a directed
edge going from G to F' with label j exactly if F' = G'U{j}. Inclusion graphs offer a good
framework to study different properties of set systems. In case of shattering-extremal set

systems they possess some very nice properties, for example they are always connected.
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Alon’s Combinatorial Nullstellensatz and Non-vanishing Theorem

Let S1, 59, ...,5, be finite nonempty subsets of an arbitrary field F and let
S:Slegx~--><Sn§IF".

For i = 1,...,n put g; = gi(z;) = [[,cq,(zi —s) € F[x]. Alon’s Combinatorial Nullstel-
lensatz (Theorem 1.1 in [3]) is a specialized and strengthened version of the Hilbertsche
Nullstellensatz for the vanishing ideal I(S). It states that if a polynomial f(x) € F[x]
vanishes over all the common zeros of g1, ..., ¢, (i.e. f € I(S)), then there are polynomials
hi, ..., h, € F[x], satisfying some degree bounds, so that f = i hig;.

This result can be easily rephrased using Grobner bases. ZTrll Grobner terminology it
states that the polynomials gy, ..., g, form a universal Grobner basis of I(S).

From this, a simple and widely applicable non-vanishing criterion has been deduced.
It provides a sufficient condition for a polynomial f € F [x] for not vanishing everywhere
on the discrete box S. Let tq,...,%, be nonnegative integers such that |S;| > t; for every

i. Given a polynomial p € F[x] of degree Y, t;, suppose that the coefficient of the

monomial z - - % in p is not 0. Then there is some vector s € S such that p(s) # 0.

1.3 Overview of the thesis

After the Introduction, in Chapter 2, all the necessary concepts and theorems needed to
understand the subsequent parts are collected. We discuss standard monomials, Grobner
bases and shattering-extremal set systems in detail. Right away comes the essential portion
of the thesis divided into two separate parts.

Part I deals with shattering-extremal set systems and extremal vector systems, and

contains 3 chapters. The first one, Chapter 3, summarizes results concerning the algebraic
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approach to shattering-extremal set systems. We present a characterization using standard
monomials and describe the reduced Grobner bases of the vanishing ideals of such systems.
The chapter also contains an efficient algorithm for determining the extremality of a set
system. Next, Chapter 4 follows, where we prove the generalizations of the previously
mentioned results for arbitrary finite sets of vectors instead of set systems. As a corollary
of these results we also give a new proof for a result of Li, Zhang and Dong from [34],
where they investigated the standard monomials of zero dimensional polynomial ideals.
In the last chapter of this part, Chapter 5, we take a different approach and investigate
the inclusion graphs of shattering-extremal set systems. Although this method is not at
all an algebraic one, for the sake of completeness it is still included in this thesis and the
results provide a better understanding of the structure of these combinatorial objects. The
general task of giving a good description of the inclusion graphs of shattering-extremal
set systems seems to be too complex at this point. We restrict therefore our attention to
the simplest cases, where the Vapnik-Chervonenkis dimension is bounded by some fixed
natural number ¢. First we characterize in a nice way the inclusion graphs of shattering-
extremal set systems of Vapnik-Chervonenkis dimension 1. This allows us to relate things to
earlier chapters and to compute a Grobner basis of the vanishing ideal of such set systems.
Next, shattering-extremal families of Vapnik-Chervonenkis dimension 2 follow. We give
an algorithmic procedure for constructing the inclusion graphs of all such set systems.
To finish this chapter we study a conjecture about the eliminability of elements from a
shattering-extremal set system in such a way that the resulting system is still shattering-
extremal. There are several examples where the conjecture holds, e.g. our results provide a
positive answer for every shattering-extremal set system of Vapnik-Chervonenkis dimension
at most 2.

Part II consists of one single chapter, Chapter 6, and is devoted to generalizations of

the Combinatorial Nullstellensatz and the Non-vanishing Theorem. Both theorems offer
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various directions to look for generalizations. After introducing the original theorems of
Alon, for the sake of completeness, in Section 6.1 we present a generalization of the Non-
vanishing Theorem for multisets - discrete boxes where we add multiplicities to the elements
in some natural way. Next, in Section 6.2 we consider variants over arbitrary commutative
rings, not merely fields, and as an application we present a generalization of Theorem 6.3
from [3]. The last section of this chapter, Section 6.3, contains a possible generalization of
the Combinatorial Nullstellensatz for balanced systems - vector systems with the property
that independently of how we fix the last some coordinates, we get the same number of
vectors.

The present thesis is mostly based on our papers [31], [36], [37] and [38]. We tried to
make the thesis itself as coherent as possible and to select topics in an order that is the

easiest to understand. Some parts, mostly from Chapter 4, have not been published yet.
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Chapter 2

Preliminaries

Before getting started with the main definitions, we introduce some notation. Through-
out the thesis F will stand for an ordinary field, and n will be a positive integer. The
set {1,2,...,n} will be referred to shortly as [n], its powerset as 2" and the collec-
tion of k-sets by ([Z]). Vectors of length n will be denoted by boldface letters, and we
denote their coordinates by the same letter indexed by respective numbers, for example
y = (y1,-..,Yn) € F". For the ring of polynomials in n variables over F we will use the usual
notation F[zy,...,z,] = F[x]. To shorten our notation, for a polynomial f(xy,...,x,) we
will write f(x). If w € N", we write xV for the monomial " ...z%" € F[x]|. For a subset

M C [n], the monomial x; will be [],.,, #; (and zp = 1).

2.1 Standard monomials and Grobner bases

Term orders

To start with, we will need the notion of term orders.
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Definition 2.1. A relation < on the monomials from Flxy, ..., x,] is called a term or-
der if it is a linear order with 1 as minimal element and it is monotone with respect to

multiplication.

An example of a term order is the standard lexicographic (lex for short) ordering of
monomials. We say that x" is smaller than x* # x" according to the standard lexicographic
order if for the first index ¢ such that w; # u;, we have w; < w;. This is clearly a term
order, and we have 1 < z9 < -+ < x,,.

For example for n = 2 the lexicographic ordering of the first few monomials is the

following;:

1 <Ty <28 <20 < <2 <129 <3105 < --- <22 < 2wy < TiTE <.
By reordering the variables, we can get another lexicographic term order. Let m € S,
be an arbitrary permutation, where S,, denotes the symmetric group of order n. x" is
smaller than x* # x" according to the lex order based on 7 if for the first index ¢ such
that wr() # Ur@), We have wr ;) < ;). In this way one can obtain n! different lex orders.
As a special case, choosing m to be the identity permutation, we get the standard lex order
back.

Term orders in general posses two fundamental properties:

Proposition 2.2. ([1, Proposition 1.4.5 and Theorem 1.4.6]) Every term order < is the

refinement of the divisibility between monomials and is a well-ordering.

Proof. For the first part, let us suppose that x“|x". Then ;‘—Z is a monomial as well, so
1= ;‘—Z And then when multiplying by x* we get the desired inequality.

For the proof of the second part see [1, Theorem 1.4.6]. ]

The second part of Proposition 2.2 about term orders being a well ordering is known
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in the literature as Dickson’s lemma.

Leading and standard monomials

From now on, if not stated otherwise, we will always assume that we are given a fixed
term order <. The leading monomial Im(f(x)) of a nonzero polynomial f(x) € F [x] is the
greatest monomial according to < appearing in f(x) with nonzero coefficient, when written
as the usual linear combination of monomials. The leading monomial of a polynomial f(x)
together with its coefficient is called the leading term of f(x) and is denoted by [t(f(x)).
For an ideal of polynomials I <F [x] we denote by Lm(I) the set of leading monomials of

the polynomials in I:

Lm(I) = {Im(f(x)) | f(x) € [, # 0}

A monomial which is not a leading monomial of any polynomial in [ is called a standard

monomial. The set of standard monomials is denoted by Sm(I):

Sm(I) = {x" € F[x]}\Lm(I) = {x% | #f(x) € I, for which Im(f) =x"}.

The standard monomials will be important tools in our arguments.

Definition 2.3. A set S C {xV € F[x]} is downward (upward) closed with respect to

divisibility or shortly a down-set (up-set) if x¥ € S and x"|x™ (x¥|x") imply that x* € S.

It is easy to see by definition that Lm(I) is an up-set and hence Sm([/) is a down-set.

The set of standard monomials has a very important property:

Proposition 2.4. ([35, Proposition 2.3]) The canonical image of Sm(I) is a basis of

F(x)/1 as an F wvector space.

10
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Corollary 2.5. Fach leading monomial X" has a representation by standard monomials,
i.e. there are standard monomaials x™', ..., x" and coefficients aq,...,ap € F such that
x" 4+ iaix“i el.

Proof. If we consider x" as an element of F(x)/I, Proposition 2.4 implies that it is an
F-linear combination of the x"*’s. Hence there are coefficients (i,..., 3, € F such that
x" = é Bixz™ in F(x)/I. However this happens if and only if x" — i Bz € I. Putting
o = izﬁlz we get the desired result. - O

Grobner bases

When working with a polynomial ideal, a nice ideal basis can facilitate things. An impor-

tant example of such nice bases are Grobner bases.

Definition 2.6. Let I be a nonzero ideal of F[x]. For a fixed term order <, a finite subset
G C I is a Grébner basis of I if for every nonzero f € I there exists g € G such that Im(g)

divides Im(f).

Consider two polynomials f, g € F[x], and suppose that there is one monomial x% in

f with nonzero coefficient ¢; that is divisible by Im(g). Let the coefficient of Im(g) in g be

cg and let
~ Cf . XW
f(x) = (%) = ————=9(x).
cg - lm(g)
Since the leading monomial of % g(x) is x%, in the above operation the term ¢;x" in

f gets eliminated and is replaced by a linear combination of monomials strictly less than
x%. This operation is called reduction.

If G is a finite set of polynomials and f(x) € F[x] is an arbitrary polynomial, we say
that f is reduced with respect to G if there is no monomial in f with nonzero coefficient

that is divisible by lm(g) for some g € G. Now take an arbitrary f and reduce it with the

11
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elements of GG, at each step replacing the greatest monomial with smaller ones, until we
get a reduced polynomial with respect to G. Since there is no infinite downward chain of
monomials starting with im(f), this process terminates in finitely many steps ending up
with a factorization

f(x) = Zgi(x)hi(x) + /(%)

~

where G = {g1,.--,9m}, h1,...,hyy € F[x], f is reduced with respect to G and
Im(g;h;) = Im(f) for every index i. We say that f is a remainder of f with respect

to G if such polynomials hy, ho, ..., h,, exist.

Example 2.7. Let gi(z1,22) = 2223 + x1, go(T1,72) = 23035 + 22, G = {g1,92}, < the
standard lexicographic order and consider f(x1,z2) = z3x3. If we reduce f with g; we get
—ux1, if with go we get —z5. It is easy to see that both, —x; and —xy are reduced with

respect to G.

This example shows that in general the remainder of a polynomial f(x) is not necessary
unique with respect to some fixed family of polynomials G.

Grobner bases have several characterizations, the next proposition contains two of them.

Proposition 2.8. (/1, Theorem 1.6.2 and Theorem 1.6.7]) Let I < F [x]| be a nonzero
tdeal. Then the following statements are equivalent for a finite family G C I of nonzero

polynomials.

(1) G is a Grébner basis of 1.

(11) A polynomial f € F[x] belongs to I if and only if it can be reduced to 0 using G.
(111) Every polynomial f € F[x]| has a unique remainder with respect to G.

As a corollary one can prove the following important property of Grébner bases.

12
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Proposition 2.9. ([1, Corollary 1.6.3]) If a finite family G of nonzero polynomials is a
Grobner basis of the ideal I <TF [x], then I = (G).

The question naturally arises, whether every nonzero ideal I <F [x] has a Grobner basis
with respect to a fixed term order <. The answer is fortunately yes. A possible way to
prove this is Buchberger’s algorithm, which explicitly constructs a Grobner basis of an

ideal I < F [x].
Definition 2.10. The S-polynomial of nonzero polynomials f, g € F[x] is

L L

S(fyg)z—f—m

It(f) &

where L is the least common multiple of the monomials Im(f) and lm(g).
Buchberger’s theorem gives us another characterization of Grobner bases.

Proposition 2.11. (/1, Theorem 1.7.4]) A finite family G of nonzero polynomials g1, . . ., g,
is the Grébner basis of the ideal I = (gy1,...,¢g:) if and only if for all 1 < i < j <t the

S-polynomial S(gi, g;) can be reduced to 0 using G.

Accordingly, Buchberger’s algorithm starts from a generating set GG of I. In each step
it reduces using G the S-polynomial of two polynomials from GG and if the remainder is not
0, then adds it to G. The main point is to prove that this process finishes after finitely

many steps.

Proposition 2.12. (/1, Theorem 1.7.8]) Given a finite family of nonzero polynomials
{f1,--., [s}, Buchberger’s algorithm will produce in finitely many steps a Grébner basis G
of the ideal I = (f1,..., fs)-

We remark that although Buchberger’s algorithm computes a Grobner basis of the

ideal I, the size of G may be exponentially large in s and so from a practical point of view

13
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the algorithm is not really efficient. However, a recent improved version from [17] could
produce results for surprisingly large examples as well.

The Grobner basis G of a nonzero ideal I is not unique. For example by adding finitely
many polynomials from I to G, the resulting set of polynomials will also be a Grobner

basis of I. For uniqueness we need a bit more.

Definition 2.13. If G is a Grébner basis of some nonzero ideal I <F [x], and every poly-
nomial g € G has leading coefficient 1 and is reduced with respect to G\{g}, then G is

called a reduced Grobner basis of I.

Reformulating this, we get that a Grobner basis G is reduced if and only if every
polynomial g € G, apart from Im(g), consists only of standard monomials and has 1 as
leading coefficient.

Proposition 2.14. ([1, Theorem 1.8.7]) Every nonzero ideal I has a unique reduced

Grobner basis with respect to any fized term order.

Standard monomials of vanishing ideals of finite point sets

Let ¥V C F” be a finite set of vectors, and denote by (V) the set of polynomials vanishing

on V, i.e.

IV) ={fx) eF[x] | f(y) =0 forally € V}.

It is easy to see that I(V) is an ideal in F[x], it is called the vanishing ideal of V.
According to Proposition 2.4 for any fixed term order Sm(I(V)) is a basis of F(x)/I(V) as
an [F vector space. On the other hand as V is finite, by interpolation we get that this factor
space is isomorphic to the space of functions from V to F, which clearly has dimension |V|.

In this way we obtain the following:
Proposition 2.15. Let V C F" be a finite set of vectors. Then |Sm(I1(V))| = |V| for every

term order. O

14
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For a finite set of vectors V C F" let A C F be the collection of all elements from F
that appear as coordinates, i.e. A is the smallest subset of F for which V C A™. Denote
the size of A by k.

Felszeghy, Rath and Rényai in [19] gave a combinatorial description of the standard
monomials of vanishing ideals of finite point sets by introducing a two player game, called
the Lex game. This combinatorial description has many interesting corollaries. Using it,
one can prove for example, that the degree of any variable in a lexicographic standard

monomial of (V) can be at most k — 1, i.e.
Sm(I(V)) C{xV:we{0,1,....k—1}"}.

Further, the Lex game also shows that given the lexicographic standard and leading
monomials of the vanishing ideal /(}) one can compute them for I(V°) as well, where
Ve =A"\V.

Proposition 2.16. (19, Corollary 9]) For every exponent vector w € {0,1,... k — 1}"

we have V" ... 2% € Sm(I(V)) if and only if i7" . ak—1=wn € Lim(I(V°)).

Now suppose that Fis an arbitrary field, and for j = 1,2, ..., n take injective functions

w; A= F. Let F be the image of V under the action of (1, ..., p,), i.e.

V={(1(01),- -, 0u(va)) | (v1,-..,0,) € V}.

The following proposition is also a direct consequence of the Lex game:

Proposition 2.17. (/19, Corollary 7]) The standard monomials of I1(V) < F [x] are the

same as those of I(V) <F[x] for any lezicographic term order.

However the most important corollary of the Lex game is an efficient algorithm that

calculates the standard monomials with respect to any lex order in essentially linear time.

15
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Proposition 2.18. ([19, Theorem 14]) Let V C F™ be a finite set of vectors and < an
arbitrary lex order. Also let A be the smallest subset of F for which )V C A™ and denote
its size by k. Then there is an algorithm that computes Sm(I(V)) in O(n|V|k) time. If
we assume that there exists an ordering on the coordinate set A, which can be tested in

constant time then the algorithm makes O(n|V|logk) steps.

Note that the natural size of the input of the algorithm is n|V|log k. This result shows,
that from an algorithmic point of view, standard monomials are a promising tool, since

they are as efficiently computable as possible.

Standard monomials of set systems

The characteristic vector v of a set F' C [n] is a 0 — 1 vector of length n, whose ith entry
is 1 if and only if i € F. Let now F C 2" be a set system. We will identify F with the
collection of characteristic vectors of its elements. In this way it makes sense to consider
the vanishing ideal I(F) of F C {0,1}" C F". The study of this ideal, in particular the
study of the standard monomials and Grobner bases of I(F), turned out to be very useful
when investigating combinatorial properties of F.

The polynomial z? — x; is trivially a member of the ideal I(F) for every index i € [n]
and for every term order, hence {z?, ... 22} C Lm(I(F)). This latter fact implies that
Sm(I(F)) contains only square-free monomials. Note that any square-free monomial m
can be uniquely written as xg = [[, . #; for an appropriate set H C [n], and so, via the
bijection m = xy <> H C [n], the family of standard monomials of a set system has also a
set system representation, and conversely any set system can also be considered as a family
of square-free monomials. It will always be clear from the context which representation is
considered.

From the algorithmic point of view one can note that when computing standard mono-
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mials of finite set systems with respect to some lex order, then, as the size of the coordinate
set is 2, the running time of the algorithm from Proposition 2.18 is O(n|F]), hence in this

case it is linear.

2.2 Shattering and strong shattering

Shattering

Definition 2.19. A set system F C 2I" shatters a given set S C [n] if
2°={FNS:FecF}

The family of subsets of [n] shattered by F is denoted by Sh(F). The notion of shat-
tering occurs in various fields of mathematics, such as combinatorics, statistics, computer
science and logic. As an example, one can mention the Vapnik-Chervonenkis dimension of

a set system F.

Definition 2.20. The Vapnik-Chervonenkis dimension of a set system F C 20" VC' di-
mension for short and denoted by dimyc(F), is the mazimum cardinality of a set shattered

by F.

The Vapnik-Chervonenkis dimension is a widely known and used notion, appearing in
several areas of mathematics, among others in machine learning (see e.g. [10], [39], [20])

and probability theory (see e.g. [47]).

Definition 2.21. A set system F C 2" is downward (upward) closed with respect to

inclusion or shortly a down-set (up-set) if F € F and H C F (F C H) imply that H € F.

Clearly, by definition Sh(F) is always a down-set, and if F C F’ are set systems then
Sh(F) C Sh(F'). The following inequality deals with the size of Sh(F) and states that in
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general, a set system F shatters at least |F| sets.

Proposition 2.22. (See e.g. [7, Theorem 1.1].) |Sh(F)| > |F| for every set system

F C ol

This result, known as Sauer inequality, was proved by various authors (Aharoni and
Holzman [2], Pajor [40], Sauer [43], Shelah [44]), and studied by many others.

We are interested in the case of equality, when a set system shatters exactly |F| sets.
Definition 2.23. The set system F is called shattering-extremal if |Sh(F)| = |F|.

As an example let F be an arbitrary down-set. It is easy to see that in this case
Sh(F) = F, and so by definition every down-set is shattering-extremal.

The main aim here is to characterize somehow shattering-extremal set systems. Be-
fore getting started with this, we first present an interesting results in connection with

shattering.

Proposition 2.24. ([43, Theorem 1]) Let F be a family of subsets of [n| with no shattered

set of size k. Then
k—1
n
Fl<> ,
i=0

and this inequality is best possible.

Proposition 2.24, also known as Sauer lemma, has found applications in a variety of

contexts, including applied probability.

Strong shattering

In [11] and [12] a different version of shattering, strong shattering was introduced .

18
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Definition 2.25. A set system F C 2" strongly shatters the set F' C [n], if there exists
I C [n]\F such that
28 +I1={HUI|HCF}CF.

The family of all sets strongly shattered by some set system F is denoted by st(F).
Clearly st(F) C Sh(F), st(F) is also a down set, and similarly to Sh(F) if F C F’ are
set systems then st(F) C st(F'). Also note that S € st(F) exactly if [n]\S ¢ Sh(2"\F).

Using this duality for the size of st(F) one can prove the so called reverse Sauer inequality:
Proposition 2.26. ([11, Theorem 1.1]) |st(F)| < |F| for every set system F C 2.

In [11] the authors actually prove the statement for so called ”order-convex” sets, but
the same proof yields this general form of the reverse Sauer inequality as well.
This inequality would enable us to define a new type of extremality, however according

to [12] this is not necessary.

Proposition 2.27. ([12, Theorem 2]) F C 2 is extremal with respect to the Sauer
inequality (shattering-extremal) if and only if it is extremal with respect to the reverse

Sauer inequality i.e. |st(F)| = |F| < |Sh(F)| = |F]|.

Since the two extremal cases coincide, we will call such set systems shortly just extremal.
As a consequence of the above facts, we obtain that for extremal set systems we have

st(F) = Sh(F).

2.3 Some set system operations

Definition 2.28. The standard subdivision of a set system F C 2" with respect to an

element i € [n| consists of the following two set systems:

F={F|FeFandig¢ F} C 20N\
FO ={F\{i} | F€ F andi € F} C 2"\i},
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For a pair A C B C [n] of sets let

Fap={F\A|FeF, ACFCB}
and
Fap={F|FeF, ACFCB}CF

With the above definitions in mind, note that
Fs) = Fopngrs F = Frapjul
and if A= {i1,...,i4} € B C[n]and [n]\B = {j1,...,J¢} then
Fap = (oo (o (FF - f)e0) )5

The standard subdivision of a set system can be used to prove Proposition 2.22. For
the sake of completeness we provide a possible proof, whose main idea will be useful later

on.

Proof. (of Proposition 2.22) We will prove the statement by induction on n. For n = 1
the result is trivial. Now suppose that n > 1, and consider the standard subdivision of
F with respect to the element n. As fé”),fl(") C 21 by the induction hypothesis
we have |[Sh(FS™)| > |F™| and [Sh(FM™M)| > |F™|. Moreover |F| = |FM| + |F™)],
SHF™M) U Sh(FM™) € Sh(F) and if S € Sh(F™) N Sh(F™), then according to the
definition of ]-"O(n) and ]_-1(n) we have S U {n} € Sh(F). Summarizing

ISh(F)| > |Sh(FSN)| + [SRFM)| > |FP] + | FP| = | F.
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From the proof of Proposition 2.22 it is immediate to see, that if F is extremal, then
so are the systems Féi) and fl(i) in the standard subdivision with respect to any element
i € [n], and hence, by a previous observation, so is F4 p for all pairs of sets A C B C [n].
On the other hand F 4. can be obtained from F,4 p by adding A to every set in it, and
as this does not change neither the size of the family, nor the family of shattered sets, we

also get that the subsystem F a.p of F is also extremal.

Definition 2.29. For i € [n] let ¢; be the ith bit flip operation, i.e. for F € 2"l we have

F\{i} ifieF
Fu{i} ifi¢F

and for F C 2" put 0i(F)=A{pi(F) | F e F}.

If 7 C 2", then the family of shattered sets is trivially invariant under the bit flip
operation, i.e. Sh(F) = Sh(p;(F)) for all i € [n], and hence so is extremality. This means
that when dealing with a nonempty set system JF, and examining its extremality, we can
without loss of generality assume that () € F, otherwise we could apply bit flips to it, to

bring ) inside.

Definition 2.30. The downshift operation for a set system F C 2" by the element i € [n]

1s defined as
Di(F)={F|FeF, i¢ F} U{F|FeF, ieF, F\{i}eF}
U{F\{i} | FeF,ieF, F\{i}¢F}
={F\{i} | FeF} U{F | FeF,icF, F\{i} e F}.
It is not hard to see that |D;(F)| = |F| and Sh(D;(F)) C Sh(F), hence D; also

preserves extremality (e.g. [12, Lemma 1]).
The downshift operation is an important tool in the study of set systems, in particular

downshifts can be used to give a possible combinatorial description of the family of standard
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monomials of the vanishing ideal I(F) for lexicographic term orders. For indices iy, is, . . ., ¢

put
Di1,i2 ,,,,, ie(‘F) = D”Ll(DZz((DZz(F))))

Proposition 2.31. (35, Theorem 6.1]) Let F C 2I"l and < be a levicographic term order
for which z;, = x;, > -+ > x; . Then

Sm(I(F)) = Dip iy, (F)-

Note that in the above equality the set system representation of Sm/(I(F)) is considered.
Definition 2.32. For a set systems F C 2" and i € [n] let

M(F) = Fp" nFY,
Uy(F) = F U FY.

The following equalities follow easily from the definitions:

My(F) = Fo' 0 ) = (i)Y,
Ui(F) = ) uF = (D(F)) -

From these it follows that if F is extremal then so are M;(F) and U;(F), since we can

obtain them from F using operations preserving extremality.

Definition 2.33. For a set system F C 2" and a set B C [n] let
FB)={IC[n\B|I+2°CF}

We remark that if B = {i1,...,4,} C [n], then
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and hence F(B) is extremal if F is extremal.

Definition 2.34. The projection of a set system F C 2" to a set of indices X C [n] is
f|X:{FﬂX | FE.F}

Note that X € Sh(F) if and only if F|x = 2%. Also if X = {z,...,2,,} then Flx
is just Uy, (Usy(. ..Uy, (F)...)), thus if the original set system is extremal, then so is its
projected version. Moreover, if Y C X then we have that Y N (FNX) =Y N F for all
F C [n], meaning that Y C X is in Sh(F|x) if and only if it is in Sh(F), in particular

Sh(Flx) = Sh(F)|x.
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Part 1

Shattering-extremal set systems
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Chapter 3

An algebraic approach to shattering

3.1 Order shattering

Anstee, Rényai and Sali in [7] were the first who related standard monomials to shattering.

They defined the concept of order shattered in an inductive way.

Definition 3.1. We say that the set S = {s1,82,...,8q4} C [n] is order shattered by a
given family F C 2" if the following holds: in the case S = 0 the family F has to contain
a set; when |S| > 0 and s < sy < -+ < sq, then there are 2 sets in F that can be
divided into two families Foy an Fy such that sq ¢ Fy for all Fy € Fo, sq € Fy for all
Fy € Fi, and both Fy, Fy order shatter the set S\{sq}, furthermore T'N Fy =T N Fy holds
for T ={sq+1,84+2,...,n} and for all Fy € Fo, Fy € F;.

Let osh(F) be the family of sets order shattered by F. It is easy to see that osh(F) is
a down-set for every F C 2["l and osh(F) C Sh(F). For the size of osh(F) Anstee, Rényai

and Sali proved in [7] the following:
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Proposition 3.2. ([7, Theorem 1.4]) Let F be a family of subsets of [n].

losh(F)| = | F|.

In fact they proved, that osh(F) is equal (with the usual bijection between sets and
square-free monomials in mind) to the family of standard monomials of I(F) with respect
to the standard lex order, and so the above definition also gives a combinatorial description

of standard monomials. For further definitions and properties of osh(F) see [7] and as an

example of its application see [22].

3.2 Shattering and standard monomials

In [35] and [42] we developed a new algebraic technique for the investigation of extremal set
systems. Most results in this section were already part of my master’s thesis at Budapest

University of Technology and Economics, see [35], however they are included in this thesis

as well as they are essential to get a more complete picture of extremality.
Lemma 3.3. ([42, Lemma 1.]) Let F C 2l

(a) If xg € SM(I(F)) for some term order, then H € Sh(F).

(b) If H € Sh(F), then there is a lex order for which we have xy € Sm(I(F)).

Combining the two parts of Lemma 3.3, we obtain the following:

Proposition 3.4. (/42, Equation 1])

ShF) = |J sSmIF)= |J SmUF)),

term orders lex term orders

where any set H C Sh(F) is identified with the square-free monomial X .
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Note that besides of giving an algebraic description of the family of shattered sets, the
second equality of Proposition 3.4 is interesting on its own as well, only considering the
algebraic setting.

To obtain a similar result for st(F) first recall that
S € st(F) < [n]\S ¢ Sh(2"\F),
and so by Proposition 3.4

< X[@n\s S ﬂ Lm(I(Q["]\]:)).

lex term orders

However by Proposition 2.16 for any lex term order
zpps € Lm(I2MN\F)) <= xg € Sm(I(F).

Putting things together we get the following:

Proposition 3.5.

st(F)= () Sm(I(F)),

term orders

where any set H C st(F) is identified with the square-free monomial Xp.

As noted previously, for set systems one can compute Sm(I(F)) efficiently for any
lex term order. However, as the number of lex orders is n!, Proposition 3.4 does not
immediately provide an efficient way to calculate Sh(JF), nevertheless, when comparing

cardinalities, it results at once a simple algebraic characterization of extremal set systems:
Theorem 3.6. ([{2, Theorem 18]) For a set system F C 2" the following are equivalent:
(i) F is extremal.
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(11) Sm(I(F)) is the same for all term orders.
(111) Sm(I(F)) is the same for all lex term orders.

Theorem 3.6 leads to an algebraic characterization of extremal set systems, involving

the Grobner bases of I(F).

Definition 3.7. A Grébner basis G of and ideal I<F [x] is called a universal Grobner basis

of I if it is a Grobner basis for every term order.

Definition 3.8. For a pair of sets H C S C [n] let

fon(x) = (Hl’z) IT ==

icH jeS\H

Note that fsp(vr) # 0 exactly if SN F = H, and the leading monomial of fgp is xg

for every term order.

Theorem 3.9. ([42, Theorem 19]) F C 2" is extremal if and only if there are polynomials
of the form fs g, which together with {x? — x;,i € [n]} form a universal Grobner basis of

I(F).

The sets S in the above theorem are actually the minimal sets outside Sh(F), implying
that the above collection of polynomials is reduced with respect to any term order. For
one such fixed S, H is the unique(!) subset of S for which there is no F' € F for which
FNS = H. In this way one can assign to every extremal family F a collection of pairs of

sets

Pr={(H,S) | fs.u is in the reduced Grébner basis of I(F)}.

It may be interesting to obtain insight into the structure of Px.
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Open problem 1. Given a finite collection of pairs of sets
P={(H;,%) | H; €5 Cln], i €1},

under what condition is there an extremal family F C 20" such that P = Pr?

We remark also that in Theorem 3.9 it would be enough to require that I(F) has a
suitable Grébner basis for some term order. Indeed suppose that I(F) has an appropriate
Grobner basis for some fixed term order <, and take some monomial x* € Lm(I(F)).
Since G is a Grobner basis, there is some g € G C I(F) such that im(g)|x". From this
we get that the polynomial %g(x) is a member of I(F). g is either 2? — z; for some i
or is of the form fg . Since term orders are monotone with respect to multiplication, in
both cases the leading monomial of % g(x) is x" for every term order. This implies that
x" is a leading monomial for every term order. However by Proposition 2.15 the number
of standard monomials, i.e. the number of non-leading monomials, is the same for every
term order, namely |F|. Accordingly the previous observation also means that the family
of standard monomials is the same for every term order, and hence by Theorem 3.6 F is
extremal.

In addition to this characterization, Theorem 3.6 leads also to an efficient algorithm

for testing the extremality of a set system. The test is based on the theorem below.

Theorem 3.10. ([42, Theorem 20]) Take n orderings of the variables such that for every
index 1 there is one, in which x; is the greatest element, and take the corresponding lex
term orders. If F is not extremal, then among these we can find two term orders for which

the standard monomials of I(F) differ.

Accordingly to decide whether F is extremal or not, it is enough to compute and
compare the standard monomials for n lex orders. Using the lex game one can compute

the standard monomials for one fixed lex order in linear, i.e. O(n|F|) time, and so the
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total running time of this algorithm is O(n?|F|). This (in typical cases, when n < |F|?)
improves the algorithm given in [24] by Greco, where the time bound is O(n|F|?). But it

is still open whether one can do better.

Open problem 2. Given a family F C 2", can the estremality of F be tested in linear,

i.e. O(n|F|) time?
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Chapter 4

Extremality in the general case

Set systems, when representing their elements by their characteristic vectors, can be consid-
ered as special types of finite point sets. Some of the previous results concerning extremality
remain true in a more general setting as well.

There is a usual way of generalizing the notion of shattering (see e.g. [45]) for collections
of vectors from {0, 1, ...,k — 1}". Here the vectors are considered as [n] — {0,1,....k — 1}

functions.

Definition 4.1. Let V be a class of [n] — {0, 1, ..., k—1} functions. We say thatV shatters
a set S C [n| if for every function g : S — {0,1,...,k — 1} there ezists a function f € V

such that fls = g.

As previously, for a finite set ¥V C {0,1,....k — 1}" let Sh(V) denote the family of
shattered sets. In the definition of extremality the Sauer inequality played a key role,
however in this case we cannot expect a similar inequality to hold. Indeed, as Sh(V) C ol
there are at most 2" sets shattered, but at the same time the size of V can be much larger,

up to k™.
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This lack of a Sauer-like inequality suggests to forget about shattering, and define
extremality according to Theorem 3.6. Before this we first prove the equivalence (i7) < (i)

from Theorem 3.6 in this general setting.

Definition 4.2. A polynomial f(x) € F[x] is called degree dominated if it is of the form
f(x) =x%+ szlaix"", where XVi|x% for every i. XV is called the dominating term of f.
As an example of a degree dominated polynomial one can consider any polynomial of
the form fsp or for i = 1,...,n the polynomial 27 — x;, all of them appearing in Theorem
3.9.
Note that any monomial appearing in a degree dominated polynomial divides its dom-
inating term. Accordingly, since any term order is the refinement of the divisibility of

monomials (Proposition 2.2), the dominating term of such a polynomial is also its leading

term for every term order.

Proposition 4.3. If V C {0,1,...,k — 1}" is a finite set, then Sm(I(V)) is the same for

every lezicographic term order if and only if Sm(I(V)) is the same for every term order.

Proof. One direction is just trivial. For the other direction suppose that the standard
monomials of (V) are the same for every lex order, and denote this collection of monomials
by S. Take an arbitrary monomial x" ¢ S. x" is a leading monomial with respect to every
lex order. Fix one lex order, and take the standard representation of x" according to

Corollary 2.5.
f(x)=x"+ Z ayzY € 1(V).

zveS
As S is the family of standard monomials for every other lex order as well, the leading
monomial of f can be only x" for them as well. This is possible only f(x) is a degree
dominated polynomial with dominating term x". Indeed suppose this is not the case, and

there is some monomial v € § that appears with a nonzero coefficient in f and xV r z".
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For this there has to be an index ¢ for which v; > u;, but then for any lex order where
x; is the largest variable we would have that " < 2V, contradicting our assumption that
Im(f) = z".

On the other hand, by our earlier remark, the leading monomial of f is z" for every
term order. This results, that every monomial x" ¢ § is a leading monomial for every
term order. Adding the fact that the number of standard monomials, i.e. the number
of non-leading monomials, is [V| for every term order, we get that the family of leading
monomials, and hence the family of standard monomials of 7(}) is the same for every term

order as desired. O

Definition 4.4. A finite set of vectors V C {0,1,....k—1}" C R"™ is extremal if Sm(I1(V))
is the same for every lexicographic term order, or equivalently if Sm(I(V)) is the same for

every term order.

Proposition 4.3 was needed to guarantee that the definition of extremality in this general
setting is compatible with the special case of set systems.

In the above definition I(V) is considered inside R [x]. At first sight we restrict our
attention only to special types of finite vector systems, however Proposition 2.17 justifies
that in fact it is enough to deal with the special vector systems from Definition 4.4.

As mentioned earlier, one can use the Lex game to describe combinatorially the family
of standard monomials of the vanishing ideal of some finite point set for lexicographic
orders. In the case of set systems the downshift operation provided us another method
to get some insight into the structure of the family of standard monomials. This method,
especially Proposition 2.31, can be generalized to the present setting as well.

For 1 < i <mn, the i-section of V C {0,1,...,k — 1}" for n — 1 arbitrary elements

Ozl,...,OZi_l,OZi+1,...,()én6{0,1,...,]{3—1}
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is defined as

Vi(al, ey O, Oy ,Oén> = {Oé | (O[l, R 6 7 I 6 796 7 T IO ,Oén) c V}

Using i-sections one can define D;, the downshift operation at coordinate ¢ in the general
case. For any finite point set V C {0,1,...,k — 1}, D;(V) is the unique point set in

{0,1,...,k —1}", for which

(Dz’(V))i(ala v O, Qg 1, --;Oén) = {0, 1., |Vz‘(041, e QG1, Qg - Oén)| - 1}

whenever V;(aq, ..., 1,41, ..., Q) is nonempty, otherwise it is empty as well.

As before, for indices i1, 19, ..., 1, let

Dil,iQ,m,ié(V) = Dil (D22( - (Dlz(V))))

Proposition 4.5. ([35, Theorem 10.1]) LetV C {0,1,...,k—1}" be a finite point set and

< the lexicographic term order order for which x;, > x;, = --- = x; . Then

Sm(I(V)) = Dip iy s.,...in(V).

In [35], beside Proposition 4.5, several other results concerning this general setting were
proved, however the general versions of the two main results from Chapter 3, Theorem 3.9

and Theorem 3.10, were missing. Now we eliminate this shortcoming.

Theorem 4.6. A finite set of vectors V C {0,1,....k — 1} C R™ is extremal if and only
if there is a finite family G C R[x] of degree dominated polynomials that form a universal

Grébner basis of 1(V).

Proof. First suppose that V C {0,1,....,k — 1} C R" is extremal. By definition Sm(I(V))
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is the same for every term order. Denote the family of all minimal (with respect to
division) monomials outside of it by S. From this point we follow the line of thinking
from the proof of Proposition 4.3. Each monomial x" € S is a leading monomial for
every term order, in particular for the standard lex order as well. By Corollary 2.5,
x" has a representation by standard monomials with respect to the standard lex order,
i.e. there are standard monomials ", ..., ", and coefficients a1,...,a, € R such that
fu(x) = x" + f: a;z% € I(V). As by assumption Sm(I(V)) is the same for every term
order, and excej; of z% every monomial in f,(x) is a standard one, we necessarily have that

Im(fy) = x* for every term order. However, in the same way as in the proof of Proposition

4.3, this is possible only if f, is degree dominated with dominating term z". Put now
G={ful|x" €S}

By the definition of S the family G is clearly a Grobner basis for every term order, i.e. it
is a universal Grobner basis.

For the other direction suppose that we are given a finite family G C R[x] of degree
dominated polynomials that form a universal Grébner basis of 1(V). We prove that the
fact that there is a common Grébner basis for every term order, without knowing anything
about the members of the Grobner basis, already guarantees the extremality of V.

If we are given a Grobner basis G of some ideal I for a fixed term order, it determines

Lm(I), and hence Sm(I), namely
Lm(I) = {x" | 9g € G such that Im(g)|x"}.

Indeed the containment in one direction follows from the definition of Grobner bases. For

the other direction note that if for some g € G we have that im(g)|x", then the polynomial

xll

im(g)

g(x) € I shows that x“ € Lm(I).
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However as G is a common Grobner basis for every term order, it gives us the same

family of standard monomials for every term order, and so the extremality of V follows. [

We remark that similarly as in the case of Theorem 3.9, in Theorem 4.6 it is also enough

to require that I()) has a suitable Grobner basis for some term order.

Theorem 4.7. Take n orderings of the variables such that for every index @ there is one
in which x; is the greatest element, and take the corresponding lex orders. If a finite set of
vectors ¥V C {0,1,....,k —1}" C R™ is not extremal, then among these we can find two term

orders for which the standard monomials of I(V) differ.

Proof. By contraposition it is enough to prove that if the standard monomials of I()V)
are the same for the above term orders, then V is extremal. Accordingly suppose the
condition holds, and denote the collection of standard monomials for the above term orders
by §. From now on we again follow the proof of Proposition 4.3. Take an arbitrary
monomial x" ¢ S. In this case x" is a leading monomial with respect to all of the n lex
orders considered. Fix one of these lex orders, and take the standard representation of x"

according to Corollary 2.5.

) =x"+ )" aa’ € I(V).

zvesS

As § is the family of standard monomials for the other n — 1 lex orders as well, the
leading monomial of f can be only x" for them as well. This is possible only if f is degree
dominated with dominating term z". Indeed suppose this is not the case, and there is

some monomial zV € § that appears with a nonzero coefficient in f and zV + x".

Now
there has to be an index ¢ for which v; > wu;, but then for any lex order where x; is the
largest variable, in particular for the one in our collection of lex orders, we would have that

" < xV, contradicting our assumption that Im(f) = z*.
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From this the extremality of V follows exactly as in Proposition 4.3. O

Theorem 4.7 has several interesting consequences. First of all it means that in the
definition of extremality it would have been enough to require that the family of standard
monomials is the same for a particular family of lex orders of size n.

Next, Theorem 4.7 also results an efficient algorithm for deciding whether a finite set of
vectors V C {0, 1,...,k—1}" C R" is extremal or not. As in the special case of set systems,
it is enough to compute and compare the standard monomials for n lex orders. According
to Proposition 2.18 that can be done in O(n?|V|k) time.

To finish, we remark that Theorem 4.7 also proves a result of Li, Zhang and Dong
from [34], where they investigated the standard monomials of zero dimensional polynomial

ideals.

Definition 4.8. LetF be a field and I<F [X] a polynomial ideal. I is called zero dimensional

if the factor space F x| /I is a finite dimensional F-vector space.

It is easy to see that vanishing ideals of finite point sets are special types of zero
dimensional ideals.

A term order < is called an elimination order with respect to the variable z; if z;
is larger than any monomial from Flzy,...,z; 1,%i1,...,2,]. As an example one can
consider any lex order where z; is the largest variable.

Now for 1 <4 < n let <; be an elimination order with respect to z;. Part (2) < (3) of
Theorem 3.1 in [34] states that if F has characteristic zero, then the standard monomials of
any zero dimensional ideal I < [x] are the same for every term order if and only if they are
the same for <y, ..., <,. We claim that Theorem 4.7 together with Proposition 2.17 prove
the same result for arbitrary fields. For this first note, that in Theorem 4.7 the lex orders
can be substituted by arbitrary elimination term orders with respect to the variables, since

in the proof only the elimination property is used. Similarly also observe that about the
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ideal considered we only needed that the number of standard monomials is the same for
every term order. However as the standard monomials form a linear basis of the F-vector
space F [x] /I this is by definition true in general for zero dimensional ideals, not merely
vanishing ideals of finite point sets.

With these observations in mind one gets the following form of Theorem 4.7, which ge-
neralizes part (2) < (3) of Theorem 3.1 from [34] to arbitrary fields instead of algebraically

closed ones.

Theorem 4.9. Let F be an arbitrary field and for 1 < i < n let <; be an elimination order
with respect to x;. Then the standard monomials of any zero dimensional ideal I <TF [x] are

the same for every term order if and only if they are the same for <y,...,<,. O
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Chapter 5

Graph theoretical characterization of

extremality

In this chapter we introduce a simple graph theoretical interpretation of the topic of the
original set theoretic setting and develop an effective method for the study of extremal set

systems.

Definition 5.1. The inclusion graph of a set system F C 2"l denoted by G, is the simple
directed edge-labelled graph whose vertices are the elements of F, and there is a directed

edge with label j € [n] going from G to F exactly when F' = G U{j}.

See Figure 5.1 for an example. The inclusion graph of the complete set system 2"
will be denoted by H,,. The undirected version of H,, is often referred to as the Hamming
graph H(n,2), or as the hypercube of dimension n, whose vertices are all 0 — 1 vectors of
length n, and two vertices are adjacent if and only if they differ in exactly one coordinate.
When computing distances between vertices in the inclusion graph Gz, we forget about

the direction of edges. We define the distance between vertices F,G € F, denoted by
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Figure 5.1: The inclusion graph of {{2},{1,5},{2,5},{1,2,5},{2,4,5},{2,3,4,5}}

de,(F,G), as their graph distance in the undirected version of Gz, i.e. the length of
the shortest path between them in the undirected version of Gr. Similarly, some edges
in Gr form a path between two vertices if they do so in the undirected version of Gr.
For example, the distance between two vertices F,G C [n] in H, is just the size of the
symmetric difference F' A G, i.e. dy,(F,G) = |F A G|. As a consequence, when only
distances of vertices will be considered, and the context will allow, we omit the directions
of edges to avoid unnecessary case analysis, and will specify edges by merely listing their
endpoints.

In terms of the inclusion graph, the ith bit flip operation ¢; (see Definition 2.29) flips
the directions of edges with label 4, i.e. there is a bijection between the vertices of Gx and
Gy, (F) that preserves all edges with label different from 4, and reverses edges with label 1.
This bijection is simply given by the reflection with respect to the hyperplane x; = % in
the Hamming graph, when viewed as a subset of R".

This graph theoretical point of view has already appeared in the literature several times.
As an example consider a result of Greco. To be able to state the result, first note that for
any set system F C 2/ the identity map naturally embeds the inclusion graph G £ into H.,,.
We say that the inclusion graph Gz is isometrically embedded (into H, ), if this embedding
is an isometry, meaning that for arbitrary F,G € F we have dg,(F,G) = dg, (F,G), i.e.
there is a path of length dy, (F,G) = |F A G| between F' and G inside the undirected

version of Gx. Greco in [24] proved the following:
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Proposition 5.2. ([24, Lemma 8]) If F C 2" is extremal, then Gz is isometrically

embedded.

As this fact will be used several times, we provide the reader with our simple proof

from [35]:

Proof. Suppose the contrary, namely that G is not isometrically embedded. Then there
exist sets A, B € F such that dy, (A, B) = k < dg,(A, B). Suppose that A and B are such
that %k is minimal. Clearly & > 2. Without loss of generality we may suppose that A = ()
and |B| = k, otherwise one could apply bit flips to the set system to achieve this. Note
that distances both in Gz and in H,, are invariant under bit flips.

We claim that there is no set C' € F different from A with C' & B. Indeed suppose

such C exists, then
dHn(A, C) + dHn(C, B) = dHn(A, B) =k< dG]_.(A, B) < dGJ,_.(A, C) + dG]_.(C, B)

From this we have either dy,(A,C) < dg,(A,C) or dy,(C,B) < dg,(C,B). Since
dm, (A, C) and dy, (C, B) are less then k, we get a contradiction in both cases with the
minimality of k.

Now, since F is extremal, so must be .7-/:@, B (see Definition 2.28). However, in our case
Fos = {0,B}, and so if B = {by,..., by}, then Sh(Fy ) = {0,{b1},..., {bx}}. Counting
cardinalities we get that |[Sh(Fyp)| = |B|+1 =k+1> 3> 2 = |Fy/, implying that

]-A"@, p cannot be extremal. This contradiction finishes the proof. ]

Another earlier appearance of inclusion graphs was in [11], where Bollobds, Leader and
Radcliffe characterized extremality in terms of the inclusion graphs of the systems F(B)

(see Definition 2.33):
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Proposition 5.3. ([11, Theorem 2.3]) F C 2" is extremal if and only if G zp) is connected

for every B C [n].

Proposition 5.3 in this form appears first in [12], the authors in [11] prove the statement
for so called ”order convex” sets, but the same proof yields this form of the proposition as
well.

The "only if” direction follows easily by earlier results. Indeed, previously we already
noted that if F is extremal then so is F(B) for every B C [n|. However if F(B) is extremal,
then G z(p) is isometrically embedded, in particular connected.

It is easy to see that S € st(F) (and so in the extremal case S € Sh(F)) is just
equivalent to the fact that Gys is isomorphic to a subgraph of Gr as a directed edge-
labelled graph, i.e. there exists a bijection between the vertices of Gos and 21°! vertices of
Gz preserving edges, edge labels and edge directions. If this happens, then we will say,
that there is a copy of Gas in Gx.

Suppose that for a set S C [n] there are 2 different copies of Gys in Gz, i.e. there are
two different sets Iy, I, C [n]\S such that 2% + I,,2% + I, C F. Since I; # I, there must
be an element o ¢ S such that a € I;AI,. For this element o we clearly have that F

shatters S U {a}.

Observation 5.4. If F C 2" is extremal and the set S C [n] is a mazimal element
in st(F) = Sh(F), in the sense that S € st(F) = Sh(F) and for all S" 2 S we have
S" ¢ st(F) = Sh(F), then S is uniquely strongly shattered, i.e. there is one unique copy
of Gys in Gr.

5.1 Extremal families of VC dimension 1

When examining the inclusion graphs of some specific extremal set systems, one can come

up with the observation, that in some sense the complexity of the inclusion graph depends
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on the VC dimension of the set system considered. Accordingly, to get some insight we
first restrict our attention to simple cases, where the VVC dimension of F is bounded by
some small fixed natural number ¢. This kind of relaxation of problems is a usual method
in extremal combinatorics, see [8].

To start with, in [36] we considered the case ¢ = 1.

Proposition 5.5. (/36, Proposition 2]) A set system F C 2 is extremal and of VC

dimension at most 1 if and only if Gx is a tree and all labels on the edges are different.

Proof. For the 'only if’ direction suppose that F is extremal and dimy ¢ (F) < 1. According
to Proposition 5.2 we know that G must be isometrically embedded into H,,, in particular
GF is connected. Next we prove that all labels on the edges of G are different. Suppose
for contradiction, that there are two edges with the same label. Without loss of generality
we may assume that this label is 1. Since there are no two edges going out from a set
with the same label, there are sets A, B,C, D € F, all different, such that 1 € AN B,
C = A\{1} and D = B\{1}. Since A # B, A A B is nonempty, so there is an element

a#1¢e€ A A B. Without loss of generality we may assume that a € A\B. Now

{L,a}nA={1,a} {1l,a}nB={1} {1,a}nC ={a} {1,a} N D =0.

So {1,a} is shattered by {A, B,C, D}, consequently {1,a} € Sh(F), contradicting the
assumption dimyc(F) < 1.

To finish with this direction note that the fact that all labels are different implies that
G is acyclic. Indeed suppose for contradiction that it is not the case, and G contains a
cycle. Pick one edge from this cycle and let a be its label. On the remaining part of the
cycle there must be another edge-labelled with a, since it connects a set containing a with
one not containing a. However this is impossible, since all labels are different. Adding the

connectedness of G, we obtain that it is actually a tree as wanted.
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For the reverse direction suppose that Gr is a tree and all labels on the edges are
different. It is easily seen that this implies that G is isometrically embedded into H,.
Otherwise a path from a set A to B in Gx which is not a shortest in H,, would contain 2
edges with the same label, corresponding to the addition and deletion of the same element
of [n].

Now we prove that dimyc(F) < 1. Suppose the contrary, namely that F shatters a

set of size 2, e.g. {1,2}. This means that there are sets A, B,C, D € F such that

{1,2ynA={12} {1,2}nB={1} {L.22nC={2} {1,2YnD =0

Consider a shortest path in Gz from A to B. Since 2 € A\B, this shortest path has to
contain an edge labelled with 2. Repeating this argument for C' and D one gets another,
different (since on a shortest path between A and B every set contains the element 1, on
the other hand on a shortest path between C' and D none of the sets does) edge with label
2, what contradicts the assumption that all labels are different.

Now we calculate Sh(F). If i € [n] is not an edge label, then either all sets from
F contain ¢ or none of them does. In particular {i} is not shattered by F. Thus Sh(F)
consists of () and the sets {i}, where i is an edge label. However all edge labels are different,

so we get that |[Sh(F)| = |E(Gz)| + 1 = |F| (since Gr is a tree), i.e. F is extremal. [

Let now F C 2" be an extremal family such that supp(F) = UperF = [n] and
NrerF = (. By Proposition 5.5 to every extremal family of VVC' dimension at most 1 we
can associate a directed edge-labelled tree Gz, all edges having distinct labels. We have
seen that Sh(F) consists of () and the sets {i}, where ¢ is an edge label. On the other
hand, since NpexrF = (), we also have that Sh(F) = {0} U{{j} | j € supp(F) = [n]}. As
a consequence the tree must have n edges and thus n 4 1 vertices, i.e. such an extremal

family has n + 1 elements.
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Now conversely suppose that we are given a directed edge-labelled tree T on n + 1
vertices with n edges, all having a different label from [n]. This tree at the same time also
defines a set system T = {F, | v € T'}. Take the edges one by one. When considering an
edge with label s going from u to v, then for all vertices w closer to v than to u in the
undirected tree put s into F,,. Clearly 7' = G+, and by the previous proposition JF must
be extremal. Figure 5.1 illustrates such an example with n = 5.

This gives a bijection between the set of all extremal families of V' C' dimension at most

1 and directed edge-labelled trees.

Theorem 5.6. ([36, Theorem 3]) Let n > 1 be an integer. There is a one-to-one corre-
spondence between extremal families F C 2" of Vapnik-Chervonenkis dimension 1 with
supp(F) = [n], NperF = 0 and directed edge labelled trees on n + 1 wvertices, all edges

having a different label from [n].
As a corollary one can prove the following statement.

Corollary 5.7. (/36, Corollary 4]) There are 2"(n + 1)"~2 different extremal families

F C 21 of Vapnik-Chervonenkis dimension at most 1 with supp(F) = [n] and NperF = 0.

Proof. There are (n + 1)"2 different edge-labelled undirected trees on n + 1 vertices (see
e.g. [15, Proposition 2.1]), all edges having a different label from [n] and each of these trees

can be directed in 2" ways. [

Extremal families from consecutive layers

For an uniform family F the inclusion graph G is not connected, hence F cannot
be extremal. As a relaxation of uniformity we consider families which belong to two
consecutive layers of 2["). The next proposition shows that extremal families among them

are actually special cases of the previously studied ones.
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Proposition 5.8. (/36, Proposition 5]) Let F C (”) ( ) be an extremal family of
1.

U
subsets of [n] with n >k > 1. Then we have dimyc(F) <
Proof. We will do induction on k. For k = 1 the statement is just trivial for every possible
value of n. Now suppose that k£ > 1 and the result holds for all values smaller than & (for
all possible values of n). Note that for n < 2 the statement can be verified by an easy case
analysis, hence we may suppose that n > 2.

We prove that such an extremal family cannot shatter a subset of size 2. Suppose the
contrary, namely that F shatters for example {1,2}. Consider the standard subdivision of

F with respect to the element n:

FW —({F|FeFandn¢F}C C”;l])u([;;j]),

FO — (F\{n} | F€ Fandne F} C ([Z:D U ([Z:;]),

Since F is extremal, both ]-"é") and .7-"1(") must be extremal and for the shattered sets

we have the general formula

Sh(F) = Sh(F)Y U Sh(FMYU{F U{n} | F € Sh(F™) N Sh(F™M)}.

Since n > 2, by the induction hypothesis {1,2} € Sh(]—"l(n)) cannot hold, thus we
have {1,2} € Sh(]:é")). In this way we constructed an extremal family with the same
properties but on a smaller ground set. Continuing this we arrive to an extremal family
F C ([Z]) U (k[ﬁ]l) that shatters {1,2}. However this is easily seen to be impossible, because

for any F' € F we have |F'N{1,2}| > 1. This finishes the proof. O

Using essentially the same argument one can prove the following:

Proposition 5.9. (/36, Proposition 6]) Let F C ([Z]) U (k[f]l) U---U(, [t—i-l) be an extremal

family of subsets of [n] withn >k >t—1> 1. Then we have dimyc(F) <t—1. O
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We return now to the situation when F C ([Z}) U (k[’_L]l) for some n > k > 1 and
supp(F) = [n], NperF = 0. Proposition 5.5 states in this case that F is extremal if and
only if Gz (the undirected version) is a tree and all labels on the edges are different. As
before, we also have that this tree has n + 1 vertices and n edges.

Now suppose that we are given a tree T" on n + 1 vertices having n edges labelled with
elements of [n], all edges having a different label. T' can also be viewed as a bipartite graph
(since it is acyclic, and so contains no odd cycles) with color classes A, B. Direct all edges
from A to B, and let T be as before the set system this directed tree just defines. It is
easily seen that we have T C ([Z]) U (k[f}l), where k = |A| and using the characterization
of extremal families we also get that 7 is extremal. If we swap the role of A and B we get
the "dual” set system

=ganeirerie () 0 o),

n—k+1

which is clearly also extremal using the same reasoning.

Permuting the labels on the edges corresponds just to a permutation of the ground set
[n], so if we want to characterize extremal set systems up to isomorphism, we can freely
omit the labels from the edges.

Summarizing the preceding discussion, we have the following:

Theorem 5.10. ([36, Theorem 7]) Up to isomorphism and the operation of taking the
"dual” of a set system, there is a one to one correspondence between extremal set systems
F from two consecutive layers on the ground set [n] (supp(F) = [n] and NperF =0) and

trees on n + 1 vertices. The bijection is realized via the map F — Gr. [
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Ideal bases of extremal families of VC dimension 1

As an application of Proposition 5.5, we determine the Grobner bases of extremal set
systems of V' C' dimension 1.

Suppose that F C 2" is an extremal system such that dimyc(F) = 1, supp(F) = [n]
and NperF = (. By Theorem 3.9 there are polynomials of the form fgz, which together
with {? — z;,4 € [n]} form a universal Grobner basis of I(F). Moreover any set S in the
above description is a minimal set that is not shattered by F, and H is the unique subset
of S for which there is no F' € F for which F'NS = H. In our case we know that Sh(F) is
the collection of all sets of size at most 1, so the minimal sets outside Sh(F) are exactly the
sets of size 2. Fix one such set S = {«, 8}, and consider the 2 edges in the inclusion graph
GF labelled by a and 5. As G is a tree, one can consider the unique path connecting the

2 edges. There are 4 possibilities:

e The edges are directed towards each other on this path:

In this case the corresponding set H is 0, so fs g = (o — 1)(xs — 1). Indeed then

every F' € F contains either « or f.

e The edges are directed away from each other each other on this path:

In this case the corresponding set H is {a, 5}, so fsug = z,x3. No F' € F contains

{a, B}

e The edges are directed in the same direction towards the edge with label @ on this

path:
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In this case the corresponding set H is {a}, so fsu = zo(xsg—1). If a € F for some

F € F then 8 € F as well.

e The edges are directed in the same direction towards the edge with label 5 on this

path:

Similarly to the previous case H = {3}, so fsu = (x4 — 1)x5.

Now given Gz, if we do the above analysis for every pair a, § € [n], we obtain a Grébner
basis for I(F). This Grobner basis will have (}) + n elements. If we want just an ideal
basis of I(F) and not necessarily a Grébner basis, things become easier as we do not need
to consider all pairs. Indeed consider 3 consecutive edges in G, i.e. a path of length 3

with labels «, 3, 7.

O
O

)
N\

O
They define 3 pairs and hence 3 polynomials,
fop = (Ta —ca)(xs —€8); for = (Ta —€a)(Ty — &), [y = (x5 —1+¢ep)(xy — &),

where ¢,, g and ¢, are 0 or 1 depending on the orientations of the edges. By checking all

23 possibilities for the values of e, €5, £, one can easily verify that

(m’y - 5’7)fa,/5 — (7o — 5a)fﬂ,7 =(1- 25,3)fa7'Y'

Here 1 — 2e4 is either 1 or —1, so f,, is superfluous in the ideal basis, since it can be
obtained from f, s and fz,. This means that when constructing an ideal basis of I(F) it

is enough to consider only adjacent pairs of edges in G. In this way, depending on the
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structure of G one can substantially decrease the number of polynomials. For example if
G is one single path of length n, we get only n — 1 4+ n polynomials. However, if Gr is a

star, one has to take all (Z) + n polynomials as in the Grobner basis.

5.2 Extremal families of VC dimension 2

In [38] we increased ¢ and considered families of VC' dimension 2. We characterized ex-
tremal systems in this case by providing an algorithmic procedure for constructing the
inclusion graphs of all such set systems. In the following first we describe a building pro-
cess for the set system and then study how the inclusion graph evolves in the meantime.
Let Step 0 be the initialization, after which we are given the set system {(}. Now
suppose we are given a set system F and consider the following two types of operations to

enlarge F:

e Step A - If such exists, take an element « € [n]\supp(F) together with a set W € F
and add the set V = {WW,a} to F.

Note that the singleton {«a} is strongly shattered by F U {V'}, as shown by the sets

W and V, but is not by F, by the assumption « ¢ supp(F).

e Step B - If there exist, take two elements «, 5 € supp(F) such that {«a, 8} ¢ st(F),
together with sets P,W,Q € F such that Q AW = {a} and P AW = {3}. Let
V =W A{a,B}. V is also the unique set satisfying PAV = {a} and QAV = {§}.
For these sets we have that {P,W,Q,V} = W NV + 2{ef = pnQ + 2{*8} and
hence V' cannot belong to F, otherwise the sets P,W,Q,V would strongly shatter

{a, 8}, contradicting our assumption. Therefore, it is reasonable to add V' to F.

Note that the set {a, 5} is strongly shattered by F U {V'}, as shown by the sets

P W, Q and V| but is not by F by assumption.
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Let £ be the collection of all set systems F that can be built up starting with Step 0

and then using steps of type A and B in an arbitrary but valid order.
Lemma 5.11. (/38, Lemma 14]) Any set system F € & is extremal and dimyc(F) < 2.

Proof. We will use induction on the size of F. If |F| = 1 then necessarily F = {(}, which
is clearly extremal and dimyc(F) = 0. Now suppose we know the result for all members
of £ of size at most m > 1, and consider a system F € £ of size m + 1. As F € £ it can
be built up starting from {@} using Steps A and B. Fix one such building process, and let
F' be the set system before the last building step. As noted previously, independently of
the type of the last step there is a set S that is strongly shattered by F but is not strongly
shattered by F’. S is either a singleton or a set of size 2, depending on the type of the last
step. By the induction hypothesis F’ is extremal and dimyc(F’) < 2. Using the reverse

Sauer inequality we get that

| = [st(F)| < [st(F)| < |F| = [F| + 1,

what is possible only if |st(F)| = |st(F')|+1 and |st(F)| = |F|, in particular F is extremal.
However in the extremal case the family of shattered sets is the same as the family of
strongly shattered sets, and so the above reasoning also gives that there is exactly one set

that is shattered by F and is not shattered by F’, namely S, and so

dimyc(F) < maz(dimyc(F'),|S]) < 2.

]

The proof of Lemma 5.11 also describes how the family of shattered/strongly shattered
sets grows during a building process. After each step it grows by exactly one new set,

namely by {«a}, if the step considered was Step A with the label «, and by {«a, 8}, if the
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Figure 5.2: Step A

step considered was Step B with labels a, 8. By our assumptions on the steps it also follows
that a valid building process for a set system F € £ cannot involve twice Step A with the
same label a, neither twice Step B with the same pair of labels «, 8. Moreover we also

have that

Sh(F) (F) {@} U {{a} | Step A is used with label a} U
= st = .
{{Oéa B} | Step B is used with labels o and B}

Now consider a valid building process from £, and let us examine, how the inclusion
graph evolves. We use the notation from the definitions of Steps A and B. Suppose we
have already built up a set system F, and we are given its inclusion graph G.

In Step A we add a new vertex, namely V to Gz, together with one new directed edge
with label o going from W to V. As a ¢ supp(F), V has no other neighbors in Gx. Figure
5.2 shows Step A in terms of the inclusion graph.

In Step B we also add one new vertex to Gz, namely V. As the distance of V' from
both P and @ is 1, and P AV = {a} and Q AV = {§}, we have to add at least 2 new
edges, one between P and V with label o and one between ) and V with label 5. The
direction of these edges is predetermined by the vertices P, W and (). Figure 5.3 shows all
possible cases for the directions of these edges. We claim that no other edges need to be

added, i.e. V has no other neighbors in Gr. Indeed suppose that the new vertex V' has
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Figure 5.3: Step B

another neighbor X in Gz, different from P and (), that should be connected to it with
some label v different from o and . See Figure 5.4, where edge directions are ignored,
only edge labels are shown.

Here dy, (P, X) = |P A X| = [{a,7}] = 2. On the other hand as F was built using
Steps A and B starting from {(}}, it is a member of £, and so by Lemma 5.9 it is extremal.
According to Proposition 5.2 this implies that G is isometrically embedded. This means
that there should be a vertex Y in Gz connected to both P and X with edges with labels
~v and « respectively. The same reasoning applies for () and V' with some intermediate
vertex Z and edge labels 3, 7. However in this case, independently of the directions of
the edges, we have {X N {a, 8}, Y N{a, B}, Z N {a, B}, W N {a, B}} = 2{*F} ie. the sets
X,Y, Z, W shatter the set {«, 8}, and so by the extremality of F we have that {«, 5} is

also strongly shattered, what contradicts the assumptions of Step B.
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Figure 5.4: Case of Step B

From now on it will depend on the context whether we regard Steps A and B as building
steps for extremal set systems of V' dimension at most 2 or as building steps for their
inclusion graphs.

Figure 5.5 shows a possible building process in £ for the set system

F=1{0,{1},{2},{3},{2,3}}

in terms of the inclusion graph.

Take an element of £ and fix a valid building process for it. The above observations also
imply, that when observing the evolution of the inclusion graph, after the first occurrence
of an edge with some fixed label a, new edges with the same label can come up only when
using Step B always with a different label next to a. By easy induction on the number
of building steps, this results that between any two edges with the same label a there is
a "path of 4-cycles”. See Figure 5.6. Note that by assumptions all the §;’s in Figure 5.6
must be different. Along this path of 4-cycles we also obtain a shortest path between X;

and Xs, and similarly between Y; and Y5.

o4



CEU eTD Collection

Step 0
ANAN

Step A

with label 3
N\ NN

e

Step A

with label 1
NNANN>

{1}

1
o

\2\ 3

{2}

B

Step A
Wlth label 2

[

Step B 7&
with labels 2,3

ANAANAS 0]

{1}

2

°d
<

\ 3

Figure 5.5: Example of the building process in €

N B
N «
o
. Be-1
O

Figure 5.6: Path of 4 cycles

95

U



CEU eTD Collection

The first of the main results of this section is that the set systems in £, described above,

are actually all the extremal set systems of V' C dimension at most 2 and containing ().

Theorem 5.12. (/38, Theorem 15]) F C 2" is an extremal set system with () € F and

dimyc(F) < 2 if and only if F € €.

Before turning to the proof of Theorem 5.12, we first prove a lemma about the building

processes in £, that will play a key role further on.

Lemma 5.13. (/38, Lemma 16]) Suppose that F', F are elements of € such that F' C F.

Then F' can be extended with valid building process to build up F.

Proof. Suppose this is not the case, and consider a counterexample. Without loss of
generality we may suppose that the counterexample is such that F' cannot be continued
with any valid step towards F. F’ and F are both extremal and so Gz and Gx are both
isometrically embedded, in particular connected, hence the neighborhood of Gz inside G
is nonempty. Now take a closer look at the edges on the boundary of Gz .

If there would be an edge going out from Gz with a label o € supp(F)\supp(F’), then
Step A would apply with this label . On the other hand there cannot be an edge going
into Gz with a label a ¢ supp(F’), otherwise the endpoint of this edge inside Gz would
contain «, what would be a contradiction.

We can therefore assume that the label of any edge on the boundary of Gz, indepen-
dently of the direction of the edge, is an element of supp(F’). However as § € F' and Gz is
isometrically embedded, an element belongs to supp(F’) only if it appears as an edge label
in Gz. Now take an edge (W, V') on the boundary of Gz with W € F', V € F\F' and
with some label «, together with an edge (X,Y) with the same label inside Gz. Denote
the distance of the edges (W, V) and (X,Y) by ¢, i.e. dy,(W,X) = dg,(V,Y) = . The

latter equality means, that depending on the direction of the edges, W and X both do
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Figure 5.7: Case | > 1

contain the element «, or neither of them does. Suppose that the triple o, (W, V), (X,Y")
is such that the distance ¢ is minimal.

First suppose that ¢ > 1. Since the edges (W,V),(X,Y) have the same label and
F € &, there is a path of 4-cycles of length ¢ between them inside Gz. This path of
4-cycles also provides shortest paths between the endpoints of the edges (W, V), (X,Y).
By the minimality of our choice, in this path, except the edges at the ends, there cannot
be an edge with label a neither totally inside Gz, neither on the boundary of it, meaning
that this path of 4-cycles is essentially going outside Gz . See Figure 5.7.

Since G is isometrically embedded and dy, (W, X) = ¢, there must be a path of length
¢ between W and X inside Gz. As this path runs inside G, it has to be disjoint from the
path of 4-cycles. Along the path of 4-cycles all the ;s are different, so for each i exactly
one of the sets W and X contains the element §;. In particular for ¢ = 1, the shortest

path between W and X inside Gz also has to contain an edge (7,S) with label §; with
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Figure 5.8: Case ¢/ =1

direction determined by the sets W and X. However the distance between W and T is at
most ¢ — 1, and hence the triple 51, (W, Q1), (T, S) contradicts with the minimality of the
initial triple a, (W, V'), (X,Y) where the distance was /.

By the above reasoning only ¢ = 1 is possible. In this case the endpoints of the edges
(W, V), (X,Y) are connected by edges with the same label. Let this label be 5. See Figure
5.8. The direction of these edges is predetermined by Gz. {«, 8} ¢ st(F’), otherwise there
would be already a copy of Gyasy in Gz, which together with the vertices W, V, XY
would give us two different copies of it inside G, which is impossible by Observation 5.4,
as {a, B} is a maximal set strongly shattered by the extremal family F. Hence Step B
applies with new vertex V', edges (W, V), (V,Y) and labels a, 8 respectively, contradicting

with the fact, that we started with a counterexample. ]
Now we are ready to prove Theorem 5.12.

Proof. One direction of the theorem is just Lemma 5.11. For the other direction we use
induction on the number of sets in F. If |F| = 1, then F is necessarily {0}, and so it
belongs trivially to £. Now suppose we proved the statement for all set systems with at
most m — 1 members, and let F be an extremal family of size m, of VC dimension at most
2 and containing (). Take an arbitrary element o appearing as a label of an edge going out

from @) in Gz, i.e. an element « such that {a} € F. Consider the standard subdivision of
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F with respect to the element o with parts Fy and F; (see Definition 2.28), and let
Fi={Fu{a} : FeFR}

Note that with respect to shattering and strong shattering F; and j\:l behave in the same
way. Since F is extremal, so are Fy, F; and hence ]?1 as well, and clearly their VC
dimension is at most 2. The collection of all edges with label « in the inclusion graph
Gz forms a cut. This cut divides Gz into two parts, that are actually the inclusion
graphs Gz, and Gz . Note that Gr and Gz are isomorphic as directed edge-labelled
graphs. Let T and 77 be the induced subgraphs on the endpoints of the cut edges in G,

and G=

7,» respectively. See Figure 5.9. Ty and T} are isomorphic, and they are actually

the inclusion graphs of the set systems Ty = Fo N F1 = My(F) (see Definition 2.32)
and T, = {FU{a},F € Ty}. Similarly to the pair Fj, F;, the set systems 7g and
71 also behave in the same way with respect to shattering and strong shattering. By
assumption F is extremal, and hence so are 7y (since M, preserves extremality) and 7;.
For every set S in Sh(Ty) = Sh(Fo N Fy) C 2PMed the set S U {a} is shattered by F,
implying that dimyc(Ty) < dimyc(F) — 1 < 1. Therefore 7 is an extremal family of
VC dimension at most 1, and so by Proposition 5.5 we get that 7y (and hence T7) is a
directed edge-labelled tree having all edge labels different. Note that for any edge label
[ appearing in Ty (and hence in T}), there is a copy of Gy along the cut, implying
that {«, 5} € st(F) = Sh(F). By the VCdimension constraint on F the set {a, 5} is a
maximal element of st(F) = Sh(F), and so by Observation 5.4 there cannot be another
copy of Gytasy in Gz, neither in Gz, nor in Gz , in particular {«a, 8} ¢ st(Fo).

Let’s now turn to the building process of F. Our choice of o guarantees that ) € Fy, Fy
and so by the induction hypothesis both of them belong to £. In particular we can build up

Fo, and in the meantime G £, according to the building rules in €. « ¢ supp(Fy) and so we
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@7@ Gz,

Figure 5.9: Building up extremal set systems

can apply Step A with a to add one fixed cut edge to Gz,. Then we apply Step B several
times to add the whole of T to Gz, and simultaneously 7; to Fy. By earlier observations
all edge labels of 77 are different, and if 3 is such a label, then {«, 5} ¢ st(Fy), and hence
all these applications of Step B will be valid ones. The building process so far shows that
FoU T is also a member of £. Gxup; is just Gx, and T glued together along the cut in
the way described above.

Ty shows that 7y can be built up using only Step A, and hence it belongs to £. The
inclusion 77 C ]?1 shows that 7y C Fi, therefore by Lemma 5.13 7 can be extended with
a valid building process to build up ;. This extension can also be considered as building
up ]/-:1 from 77. 0 ¢ Tq, .7?1 and so neither of the two systems is a member of £, however this
causes no problems, as the pairs 7y, 71 and Fi, F, behave in the same way with respect

to shattering and strong shattering, and so all building steps remain valid.
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We claim, that this last building procedure remains valid, and so completes a desired
building process for F, if we start from Fy U 77 instead of 7;. First note that if there is a
label appearing both in Gz, and Gz, then it appears also in Ty, and hence in 77. Indeed
let 5 be such a label, and consider 2 edges with this label, one going from W to Vj in G£,
and the other going from Wi to V1 in Gz . See Figure 5.9. G is isometrically embedded,
therefor there is a shortest path both between W, and W; and between Vy and V; in G.
Thanks to § these two paths have to be disjoint. Both of these paths must have a common
edge with the cut, say (FPp, P1) and (Qo, @Q1), with Py and Qg in Gz,. Since § € Py A Q,
along the shortest path between Py and @)y in the isometrically embedded inclusion graph
T, of the extremal family 7, there must be an edge with label 5. According to this, when
applying Step A in the extension process, then the used element will be new not just when
we start from 77, but also when starting from Fy U 77.

Finally suppose that an application of Step B with some labels 3,7 in the extension
process turns invalid when we start from JFy U 77 instead of 7;. This is possible only if
{8,7} € st(FoU Ti)\st(Tp), i.e. there is a copy of Gys already in Gg,up. However
this copy together with the copy, that the invalid use of Step B results, gives two different
occurrences of Gyis,y inside Gx, which is impossible by Observation 5.4, as {,v} is a

maximal set strongly shattered by the extremal family F. [

5.3 The eliminability conjecture

Concerning the structure of extremal set systems the question naturally arises whether an
extremal family can be built up from the empty system by adding sets to it one-by-one in
such a way that at each step we have an extremal family. Accordingly in [36] we posed the

following question:
Open problem 3. For a nonempty extremal family F C 2" does there always exist a set
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F € F such that F\{F'} is still extremal?

From Theorem 2 of [12] we know that F is extremal if and only if 2I")\ F is extremal,

thus the above question has an equivalent form:

Open problem 4. For an extremal family F C 2" does there always exist a set ' € F

such that F U {F} is still extremal?

There are several special cases when the answer appears to be true for Open problem

Example 5.14. As previously noted, if F is a nonempty down-set then F is extremal.
Moreover in this case if we omit any maximal element from F then it remains still a down

set and so it will be still extremal.

Example 5.15. If F is an extremal family of V' C' dimension 1, then according to Propo-
sition 5.5, if we omit a set corresponding to a leaf, i.e. to a vertex of degree 1 in G, then

the resulting set system will still be extremal.

Example 5.16. Take F C 2" to be a nonempty extremal family of VC dimension at
most 2. Let F' € F be an arbitrary set from the set system and let ¢ = ], . ;. Since
bit flips preserve extremality, ¢(F) is extremal as well. Moreover ¢(F) = 0 € ¢(F), and
hence by Theorem 5.12 we have ¢(F) € &, and we can consider a building process for
it. Let V € ¢(F) be the set added in the last step of this building process. The same
building process shows that o(F)\{V} € &, and hence by Theorem 5.12 we have that
©(F)\{V} is an extremal family of VC' dimension at most 2 and containing (). However
o(F)\{V} is clearly o(F\{¢(V)}), and since bit flips preserve extremality, we get that
e(p(F\{e(V)})) = F\{e(V)} is also extremal, meaning that the set (V) € F can be

removed from the extremal system F so that the result is still extremal.
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Example 5.17. Anstee in [6] considered maximal set systems F C 2" |F| = (2)+(1)+(3)
without triangles, i.e. set systems with the property, that for all 3-element subsets F' we
have that F|p (see Definition 2.34) does not contain all 2-element subsets of F'. Note that
in particular the VC' dimension of F is bounded from above by 2, hence we have that
Sh(F) C ([3]) U ([’lﬂ) U ([g]), implying that [Sh(F)| < (;) + (}) + (5). Comparing the sizes
of F and Sh(F) we obtain that such set systems are extremal.

Clearly any such maximal set system F contains the extremal subsystem ([g]) U ([T]).

For the remaining part of these set systems Anstee’s construction can be interpreted in an

inductive way as follows:
e = ()

e For k =2,3,...,n suppose we already constructed F;_;. Let Gx_1 be the collection
of all £ — 1-element sets in Fp_1. Define G;_; to be a graph, whose vertex set is
Gr—1 and there is an edge between A, B € G;_; exactly when |A A B| = 2. Take a

spanning tree Ty_1 of Gy_1.

Fr:=Fr1U{AUB | (A, B) is an edge of Ty}

o Fi=F,

It is not hard to prove that when we add A U B, there will be a unique new element
that gets into the family of shattered sets, namely A A B, hence the resulting system after
each step will be extremal. Reversing it, if F is such an example, then its elements can
be deleted one-by-one in such a way that the remaining set system is extremal after each

step.

Example 5.18. More generally one can consider set systems F C 2" with the property,

that for all ¢-element subsets F' we have that F|r does not contain all l-element subsets
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of F', for some [ with n > ¢ > 1 > 0. Fiiredi and Quinn in [23] constructed for all values
n>t>12>0 aset system F(n,t ) with the desired property and of size Zz;é (’;‘) The
same argument as above shows that Sh(F(n,t,[)) consists of all sets of size at most ¢ — 1
and hence F(n,t, 1) is extremal for all possible values. Their construction is as follows.

For xq,...,2; € [n], x1 < -+ < x; let

E(ajl?uxz):{QJE[n] ]x:x]forjgl}

U{z € [n] | x > x; but = # x; for any j > [},

in particular E(@) = 0. Let F(n,t,1) consist of all E(x1,...,x;) where i <t — 1. Order
the sets of F(n,t,[) as follows: E(X) = E(Y) if either | X| > |Y], or |[X|=|Y|and X > Y
with respect to the standard lexicographic ordering. It is not hard to see, that if we remove
the elements of F(n,t,1) with respect to this ordering one-by-one, starting from the largest
one, then each time when we remove some E(X), then X is eliminated from the family of

shattered sets, hence after each step the resulting family will be still extremal.

To finish this chapter we remark that the building process from Section 5.2 can be
generalized to the case when the V' dimension bound is some fixed natural number ¢ > 2
as well. We can define a building step for every set S C [n] with |S| < t. Let Step()) be
the initialization, after which we are given the set system {(}}. For some set S C [n] with
|S| <t, Step(S) can be applied to a set system F, if there exists some set F' C [n], F' ¢ F,
such that S € st(F U {F})\st(F). If such set F exists, choose one, and let the resulting
system be F U {F'}. In terms of the inclusion graph S € st(F U {F})\st(F) means, that
by adding the set F' there arises a copy of Gys inside Gryyr) containing the vertex F.
Similarly as previously, one can prove that F’s only neighbors are the ones contained in
this copy of Gys. Using this observation Step(.S) could have been defined in terms of the

inclusion graph as well (as it was done in the case t = 2).
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Restrict our attention to those set systems, that can be built up starting with Step((),
and then using always new building steps, i.e. not using a building step with the same set
S twice. Along the same lines of thinking as in Lemma 5.11, one can prove that every such
set system is extremal and of V'C' dimension at most ¢t. We think, that these set systems are
actually all the extremal families of V'C dimension at most ¢. Unfortunately, for the time
being we were unable to prove a suitable generalization of Lemma 5.13. Once it is done,
the generalization of Theorem 5.12 would follow easily for general . Although this general
version would not give such a transparent structural description of extremal systems as in

the case t = 1, but still it would imply an affirmative answer for Open problem 3.
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Part 11

Alon’s Combinatorial Nullstellensatz

66



CEU eTD Collection

Chapter 6

The Combinatorial Nullstellensatz

and the Non-vanishing Theorem

Alon’s famous Combinatorial Nullstellensatz is a specialized and strengthened version of
the Hilbertsche Nullstellensatz, a fundamental theorem of algebraic geometry.
Let, as before, F be a field and for a finite set of points V' C F" let I(V') be the vanishing

ideal of V. On the other hand, for an ideal I < [x] let its vanishing set be defined as
V() ={veF"| f(v) =0 for every f € I}.

At first sight one would think that these two operations are in some sense inverses of each
other, i.e. for an ideal I <IF[x] one has I(V(I)) = I. However this is not necessarily the
case as it is shown by the ideal I = (z?) <F[z], where we have that I(V(I)) = (z) 2 (z?).
Before resolving this problem, we will need one more definition. The radical of an ideal
I<F[x]is

VI={feF[x] | 3t €N such that f* e I}.
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Note that in the above example we have that \/(22) = (), i.e. [(V((2?))) = 1/ (2?). With

an extra condition on the ground field this is true in general.

Theorem 6.1. (Hilbert’s Nullstellensatz - see e.g. [16, Theorem 1.6]) If K is an algeb-
raically closed field and I <K[x] a polynomial ideal, then I(V (I)) = /1.

By Hilbert’s Basis Theorem [ is finitely generated as an ideal, i.e. there are polynomials
fi(x),..., fn(x) € K[x] such that I = (f1,...,fny). This means that some polynomial
f(x) € K[x] belongs to I if and only if there are polynomials h(x), ..., hy(x) € K[x] such
that

f=hfi+-+hnfn,

and also that V' (I) is just the set of common zeros of the f;’s. With this in mind Hilbert’s
Nullstellensatz can be reformulated. Indeed it states that over an algebraically closed field
K a polynomial f(x) € K[x] vanishes over all the common zeros of some polynomials
fi(x),..., fn(x) € K[x] if and only if there are polynomials h;(x),...,hy(x) € K[x] and

a positive integer ¢ such that

ff=hifi+-+hyfn.

Let’s now turn to the Combinatorial Nullstellensatz. Henceforth we won’t assume
anymore that the field we are working with is algebraically closed. We return to the
assumption that F is an arbitrary field, however we restrict ourselves to polynomials of

some special type.

Theorem 6.2. (Alon’s Combinatorial Nullstellensatz - [3, Theorem 1.1]) Let F be an arbi-

trary field and let f(x) be a polynomial in F [x]. Further let Sy, ..., S, be finite, nonempty
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subsets of F and for 1 <1i <n define

gi(wi) = H (zi — ).

SES;

If f vanishes over all the common zeros of the polynomials gy, ...,g, (that is f(s) = 0
foralls € S = S; X Sy X -+ x S,), then there are polynomials hy(x), ..., h,(x) € F[x]

satisfying deg(h;) < deg(f) — deg(g;) so that

f= Z hig;.
i=1

The point set S is called a discrete box. Note that the vanishing set of the ideal
(g1,---,9n) is just S and by the above theorem I(S) = (g1, ..., gs) also holds.

Theorem 6.2 can be easily reformulated using Grobner bases. It states that the poly-
nomials {gi, ..., g,} form a universal Grobner basis of the vanishing ideal I(S).

As a corollary, a simple and widely applicable non-vanishing criterion has been deduced.
It provides a sufficient condition for a polynomial f(x) € F [x] for not vanishing everywhere

on the discrete box S.

Theorem 6.3. (Alon’s Non-vanishing Theorem - [3, Theorem 1.2]) Let F be a field,
S1,..., S, CF,|S;| > t;, where each t; is a nonnegative integer. Put S = S X Sy x -+ xS,
and let p(x) € F[x] be a polynomial. Suppose that degp = > t; and the coefficient of the

=1
monomial

_ b1t tn
m—$1$2 "'QZn

in p is not 0. Then there exists 5 € S, such that p(5) # 0.

In [31], [32] and [37] generalizations of these results are considered in various settings.
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6.1 The Non-vanishing Theorem for multisets

One possible direction when trying to generalize Theorem 6.3 is to allow multiple points.
Results in this section were formulated and proven by Géza Kés and Lajos Rényai in [32],
and so are included in this thesis only for the sake of completeness. The proof of the main
result will be omitted.

It is well known that if F is a field then for an arbitrary s € F" we can express a
polynomial f(x) € F[x] as

F) =) fals)x —s)%,

where the coefficients fu(s) € F are uniquely determined by f, u and s. In particular we
have fo(s) = f(s) for all s € F". Observe that if uy + - -+ + u,, > deg f, then f, = fu(s)
does not depend on s.

Suppose now that Sq, .5, ...,5, are nonempty finite subsets of F, and assume further
that for i = 1,...,n we have a positive integer multiplicity m;(s) attached to every element
s € S;. This way we can view the pair (S;,m;) as a multiset which contains the element
s € S; precisely m;(s) times. We shall consider the sum d; = d(S;) := > m;(s) as the
size of the multiset (S;, m;). As before, we put S = 57 x Sy X ---Snfefsgr an element
s = ($1,...,5,) € S we set the multiplicity vector m(s) = (my(s1),...,mn(s,)) and write
Im(s)| = ma(s1) + -+ + mu(sn).

Now we are able to formulate a version of the Non-vanishing Theorem for multiple
points over fields. From this one can obtain Alon’s result by setting m;(s) = 1 identically.

Theorem 6.4. (/32, Theorem 6]) Let F be a field, f = f(x) € F[x] be a polynomial of

degree Y t;, where each t; is a nonnegative integer. Assume, that the coefficient in f of the
i=1

monomial ' 2% - - - wtr is nonzero. Suppose further that (S1,m1), (S2,ma), ..., (Sn, my) are

multisets of F such that for the size d; of (S;, m;) we have d; > t; (i =1,...,n). Then there

exists a point s = (s1,...,8,) € S =51 X --- xS, and an exponent vector u = (uq,. .., uy,)
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with w; < my(s;) for each i, such that fu(s) # 0.

As an application of Theorem 6.4 we present an extension of [3, Theorem 6.3]. The
original result, which is the special case when every multiplicity is 1, was obtained by Alon
and Fiiredi, see [4, Theorem 1], and later reproved by Alon using the original non-vanishing
argument. By a hyperplane H in F" we understand the set of zeros of a linear polynomial
of the form

((x) =a1x1+ -+ apx, —b=(a,x) — b,
where ay,...,a,,b €.

Theorem 6.5. ([32, Theorem 12]) Let (S1,m1), ..., (Sn, my,) be finite multisets from the
field F and put S = S; X -+ x S,. Suppose that 0 € S;, with m;(0) = 1 for every i, and
Hy, ..., Hy are hyperplanes in F™ such that every point s € S\ {0} is covered by at least

|m(s)| —n + 1 hyperplanes and the point O is not covered by any of the hyperplanes. Then
k> d(Sy) +d(S2) + -+ d(S,) —n.

Proof. For j =1,...,k let £;(x) be the linear polynomial defining the hyperplane H;, set
k
f(x) = 1] ¥¢;(x) and t; = d(S;) — 1. Let
j=1

Px)=]] ] (xi—sm™®

i—1 se5,\{0}

and

Fx) = P(x) - % (x).

Note that we have f(0) # 0, because the hyperplanes do not cover 0. If the statement is
false, then the degree of F'is t; +ty+---+1t, and the coefficient of :E'il -+ -zt is 1. Theorem
6.4 applies with (S1,mq),...,(S,, m,) and t1,...,t,: there exists a vector s € S, and an

exponent vector u with u; < m;(s;) for each i, such that Fy(s) # 0. We observe that s can
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not be 0, because F'(0) = 0. Thus s must have at least one nonzero coordinate, implying
that P,(s) = 0.

Moreover, as s is a nonzero vector, f(x) must vanish at s at least |m(s)| —n + 1
times, implying that f,(s) = 0 (expand the product at s; for every term (x —s)¥ obtained
there will be an index j such that v; > mj;(s;)). These facts imply that Fy,(s) = 0, a

contradiction. This finishes the proof. ]

6.2 The Combinatorial Nullstellensatz and the Non-
vanishing Theorem over commutative rings

Another possible direction to generalize Theorems 6.2 and 6.3 is to consider the problem
over commutative rings instead of fields.

First we remark that if in Theorem 6.2 all the polynomials f, g1, ..., g, lie in R[x]| for
some subring R of F, then the same can be required for the polynomials hy, ..., h,, see [3].
Accordingly, both theorems remain true if we replace F by some of its subrings. However

if R is an arbitrary commutative ring, then some additional assumption is needed.

Example 6.6. Let R = Zg, the ring of integers modulo 6 and consider polynomials in two
variables. Further let S} = Sy = {2,4}, i.e. gi1(z) = (x —2)(x — 4), 9o = (y — 2)(y — 4)
and consider the polynomial f(z,y) = 322 + 3zy + 3y>. It is easy to check that f vanishes
everywhere on S = S; X Sy C Z2. If Theorem 6.2 would hold, then according to the degree
bounds h; and hy should be constant polynomials. However a linear combination of the
form ¢1g1(z) 4 c292(y) does not contain the monomial xy, and so cannot be equal to f.
Also, if we put t; = t5 = 1, then the coefficient of xy in f is nonzero, which shows that

Theorem 6.3 does not hold either.

When we examine the proof of the Combinatorial Nullstellensatz from an algebraic
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point of view, then we can come up with a natural extra assumption on the S;’s.

Theorem 6.7. ([31, Theorem 3]) Let R be a commutative ring and f(x) a polynomial
from R[x]. Further let Si,...,S, be nonempty finite subsets of R with the property that if

s # s* €.8S;, then s — s* is a unit in R, and for 1 < i <n define

gi(x;) = H(% —5).

SES;

Then for every polynomial f(x) € R[X] there are polynomials hy(X), ..., h,(X),7(x) € R[x]
such that deg(h;) < deg(f) —deg(g:) for alli and the degree of r is less than deg(g;) = |Si]

in every x;, for which

f(x) =r(x) + Z hi(x)gi(:).

Moreover, if we put S = Sy X +-- xS, then f € I(S) if and only if r is identically zero,
hence

I(S) = (g1,---.9n)-

Proof. Let us denote by V' the R module of all functions from S to R. V is a free R module

of rank

rankpV = [S| =[] di.
=1

where d; = |S;| = deg(g;). In fact, for s € S we denote by f(s) the S — R function taking
value 1 on s and 0 everywhere else in S. Then the set F' = { f(s)|s € S} is a free generating
set of V over R, and |F| = [S| = [[\_, d;. Next observe, that every f(s) can be written as

a polynomial from R[x], using interpolation. For s = (s1,...,s,) € S we have

n

fo) =110 TI @-a)s-a)™.

i=1 a€S;,a#s;

Since s; # a € S;, the element s; — « is a unit in R by assumption, hence the definition
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of fs)(x) makes sense.

Consider the following set of monomials:
M={x";, w; <d;—1,i=1,...,n}.

Take an arbitrary polynomial f from R|[x], reduce it with G = {¢1, ..., g,} and denote
the remainder by r. Note that during this reduction process no divisions with ring elements
have to be made, hence the process is well defined. The fact that r is reduced with respect
to G just means that the degree of r is less than d; in every x;, meaning that r is an
R-linear combination of monomials from M. During this reduction process we also obtain

polynomials h;(x), ..., h,(x) € R[x] such that deg(h;) < deg(f) — d; for all i and

f(x)=r(x)+ Z hi(x)gi(z;).

To finish the proof first note that f and r are equal as functions on S. Accordingly,
if we reduce elements of F' with G, we obtain a collection of |S| polynomials which, as
functions, are independent over R, and each of them is a linear combination of monomials
from M. Using also that |M| = |S|, we infer that M, as a set of functions from S to R,
is also linearly independent over R, meaning that f € I(S) if and only if r is the all zero

linear combination. ]

We remark that the proof actually gives that the polynomials ¢y, ..., g, form a universal
Grobner basis of 1(S). When developing Grobner theory over commutative rings instead
of fields one has to be cautious, for details we refer the reader to [1, Chapter 4].

From Theorem 6.7, using the original argument of Alon, one can easily deduce a version

of the Non-vanishing Theorem over commutative rings.

Theorem 6.8. ([31, Theorem 2]) Let R be a commutative ring, and let f(x) be a polyno-
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mial in R[X]. Suppose the degree deg(f) of f is Y., ti, where t; is a nonnegative integer,
and suppose that the coefficient of ], x¥ in f is nonzero. Suppose further that Sy, ..., Sy

are subsets of R with |S;| > t;, and with the property that if s # s* € S;, then s — s* is a

unit in R. Then there exists a vector s € S =Sy x -+ X Sy, such that f(s) # 0.

Proof. The proof is essentially the same as the one in [3]. Clearly we may assume that
|S;| = t; + 1 for all . Suppose that the result is false, i.e. f € I(S), and for all 7 define
9i(i) = [l,eq,(zi —s). By Theorem 6.7 there are polynomials hy(x),...,h,(x) € R[x]
such that deg(h;) < deg(f) — deg(g;) = > i, ti — (t; + 1) for all j, for which

F) = D hi)gi(x).

Here the degree of h;(x)g;(x) is at most deg(f) = > ., t;, and if there are any monomi-
als of degree deg(f) in it, then they are divisible by ZL‘LSil = 2/t for a suitable 7. It follows
that the coefficient of []}_, z¥ on the right hand side is zero. However by our assumption
the coefficient of []/_, # on the left hand side is nonzero, and this contradiction completes

the proof. [

In the case R = F, when we work over a field, the preceding results specialize to
Theorems 6.2 and 6.3. To see this, only note that if R is a field, then s — s* is always a
unit, whenever s and s* are different.

Next, as an application of Theorem 6.8, we present another generalization of [3, Theo-

rem 6.3] to the Boolean cube over a commutative ring R.

Theorem 6.9. ([31, Theorem 10]) Let R be a commutative ring, and let Hy, ..., H,, be
hyperplanes in R™ such that Hy, ..., H,, cover all the vertices of the unit cube {0,1}" C R",
with the exception of 0. Fori=1,...,m let (a',x) — b; be the polynomial defining H;. If
[1;2, b #0, then m > n.
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Proof. The proof is essentially the same as the one in [3]. Assume that the assertion is

false, i.e m < n, and consider the polynomial

m n m

P(x) = (=1 o [ [ = 1) + ]I %) — 0l

j= =1 =1

The degree of this polynomial is clearly n, and the coefficient of [[}, z; in P is
(_1>n+m+1 H bj7
j=1

which is nonzero by assumption. By applying Theorem 6.8 with S; = {0,1}, ¢t; = 1, we
obtain a point s € {0,1}" for which P(s) # 0. This point is not the all zero vector, as
P vanishes on 0. But otherwise, if s # 0 then s; # 0 for some j and (a;,s) — b; = 0 for
some i (as s is covered by some hyperplane H;), implying that P does vanish on s, and so

resulting a contradiction. [

If we put R = Z,, for some square-free integer n € N, then in this particular case an
application of the original Non-vanishing Theorem over [F,,, where p is a prime factor of n
for which [[%, b; # 0 in F,, proves the statement. However, if n has square factors, then
Theorem 6.8 appears to give a new result.

To finish this section, we remark that [31] also contains a common generalization of
Theorems 6.4 and 6.8. Similarly, as Theorem 6.4, this result is also due to Géza Kdés and

Lajos Rényai, and is included only for the sake of completeness.

Theorem 6.10. (/31, Theorem 4]) Let R be a commutative ring, f = f(x) € R[x] be

a polynomial of degree > t;, where each t; is a nonnegative integer. Assume, that the

=1
coefficient in f of the monomial 2% - - -2t is nonzero. Suppose further that (S1,m1),
(S2,ma2), ... ,(Sn, my,) are multisets of R such that for the size d; of (S;, m;) we have d; > t;

(i=1,...,n), and for each i if s # s* € S;, then s — s* is a unit in R. Then there exists
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a point s = (s1,...,8,) €S =51 X -+ xS, and an exponent vector u = (uy,...,u,) with

u; < my(s;) for each i, such that fu(s) # 0.

6.3 The Combinatorial Nullstellensatz and the Non-
vanishing Theorem for balanced systems

In [37] we examined the possibility of extending the Combinatorial Nullstellensatz and the
Non-vanishing Theorem for a wider class of point sets, not merely discrete boxes.
Let again F be an arbitrary field and X C F" a finite point set. For 1 < k < n define

the projection of X to the last n — k 4 1 coordinates as

X ={(sk,...,8,) | 3 51,...,8,_1 € Fsuch that (s1,...,s,) € X)} CFF+
Theorem 6.11. ([37, Theorem 3.1]) For a nonempty finite set X C F™ and for positive
integers dy, . .., d, the following are equivalent:

(1) Sm(I(X)) ={x" | u; < d; for all 1 < i < n} with respect to the standard lex order.

(i) The reduced Grébner basis of 1(X) with respect to the standard lex order is of the

form {Fy,..., F,}, where for all 1 < i < n we have lm(F}) = 2.

(i1i) For allk =1,...,n—1 the size of
{s€TF | (S Ski1,--,5n) € Xi}

is dy for all (Sgy1,--.,8n) € Xgy1, and | X,| = d,.

Proof. First we prove that () and (¢i) in Theorem 6.11 are actually equivalent for every

zero dimensional ideal and every term order.
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Lemma 6.12. Let [ < F [x] be a zero dimensional ideal, < an arbitrary term order and

dy,...,d, positive integers. Then with respect to <
Sm(l) = {x" | u; < d; for all 1 <i <n}

if and only if the reduced Grébner basis of I is of the form {Fy,...,F,}, where for all

1 <i < n we have Im(F;) = z%.

Proof. Fix an term order < and suppose that for this Sm(I) = {x" | u; < d; for all i}. By
assumption :L';i is a leading monomial for all 7z, hence by Corollary 2.5 it has a represen-
tation by standard monomials. Denote the corresponding polynomial by F;. The leading

d;

7 7

monomial of F; is clearly x;*, since any other monomial appearing in F; is a standard
one. Now if we take any non-standard, i.e. leading monomial x", then by the structure
of Sm(I) there will be an index j such that w; > d;. This implies that im(F;)|x", in
particular {Fy, F, ..., F,} is a Grobner basis of I. Moreover, Im(F;) = x?i cannot divide
a standard monomial (again by the structure of Sm(I)) neither im(F}) for j # i, meaning
that the family of polynomials {F}, F5, ..., F,} is a reduced Grobner basis.

For the other direction, suppose that the reduced Grébner basis of I <F [x] is of the form
{F\,F,,...,F,}, where for all 1 < i < n we have that Im(F;) = z%. By the properties

of Grébner bases, for any leading monomial x* € Lm([) there is an index i such that

Im(F;) = 2%|x". On the other hand, if for some monomial x* there is an index i such that

xf x" (i.e. d; < wu;), then x" is the leading monomial of the polynomial ’%FZ € I. These

facts together imply that Sm(I) = {x" | u; < d; for all 1 <7 < n}. O

For (ii) = (iii) suppose that X C F” is such that the reduced Grobner basis of
I(X) with respect to the standard lex order is of the form G = {F}, ..., F,,}, where for all

1 < i < n we have that Im(F;) = . The fact Im(F;) = 2% implies that x; with j <

)
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does not occur in Fj, i.e.

F, € Flzy, ..., x,] CFlzy, ...z,

For k =1,2,...,nput G, = {Fy, Fpi1,..., Fp} and I, = (Gy) <F[zy, ..., x,]. As a special
case we have that G = G and [(X) = I;.

Lemma 6.13. If a polynomial f € Flxy, ..., x,]| reduces to 0 using G inside Flzy, ..., x,],
then it reduces to 0 using Gy, inside Flzy, ..., x,).

Proof. Take a reduction process for f inside F[zy, ..., x,] that results 0. We claim that this
reduction process takes place actually inside F|xy, ..., x,]. The first step in the reduction

of f by G can only be by a polynomial g € G, C G, as only these have their leading term

in Flzg,...,z,). For the polynomial f, obtained after the first reduction step we again
have ]7 € Flzy, ..., z,) as Gy C Flag, ..., x,]. The claim now follows by induction on the
length of the reduction process. ]

Lemma 6.14. G}, is the reduced Grobner basis of I, for 1 < k <n.

Proof. Recall that by Buchberger’s theorem (see Proposition 2.10) G, is a Grobner basis of
I, if and only if the S-polynomial (see Definition 2.11) of any two polynomials in Gy, can be
reduced to 0 using Gy, inside Fxzy, . .., z,]. Now take F}, Fj, k <1 < j < n, and let S(F}, F})
be their S-polynomial. Since G is a Grébner basis of I(X), S(F;, Fj) € Fla, ..., x,] can
be reduced to 0 using G inside F|xy, ..., z,], and so by Lemma 6.13 it can be reduced to
0 using G; C Gy, inside Flz;, ..., x,] C Flag, ..., x,].

The fact that G} is reduced easily follows as it is a subset of G which is a reduced

basis. O]

It is easily seen that [ is a zero dimensional ideal, however a bit more is true.
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Lemma 6.15. I(X}) = I

Proof. I, C I(Xy) follows directly from the definitions. For the other direction let f be
an arbitrary polynomial from I(Xj) < Flzy,...,z,]. Since Gy is a Grébner basis of I, to
prove that f € I} it suffices to show that it can be reduced to 0 using Gj. By the definition
of X the fact that f € I(Xy) < Flzg,...,x,] implies that f € I(X), and hence it can be
reduced to 0 using the Grobuner basis G inside Flxy, ..., z,]. Again by Lemma 6.13 this

means that it can be reduced to 0 using Gy, inside F|xy, ..., z,] as well. O

Lemma 6.14 and 6.15 together imply that Gy = {Fk,..., F,} is the reduced Grébner

basis of the vanishing ideal I(Xy) < F[xy, ..., z,]. Now Lemma 6.12 implies that

Sm(I(Xy)) = {azps x| u; < d; for all k < i < n},

and hence by the properties of standard monomials of vanishing ideals of finite point sets
we get that | X| = |Sm(I(Xy))| = [, di, in particular | X, | = d,.

Independently from the proof, we remark that from the general properties of elimination
term orders (see [1, Theorem 2.3.4]) we know that G}, is a Grobner basis (and hence an

ideal basis) of the elimination ideal I(X) N F[zg,...,z,]| as well, and hence

I(X) QF[JZk,...,JIn] = I(Xk)

Now fix 1 <k <mn—1,let (Sgs1,-..,50) € Xgy1 and put h(zy) = Fie(Th, Skats-- -5 Sn)-
h is a polynomial in F[xy] of degree dy. If s € F is such that (s, sky1,...,8,) € Xy, then
h(s) = Fy(s, Sks1,-.-,5k) =0, i.e. sis aroot of h. By the degree bound on A, the number
of such elements s is at most dy. However | Xy | = di - | Xy41|, what is possible only if for all
fixed (Sg41,-..,5n) € Xgs1 the number of suitable elements s is exactly dy. This finishes

the (ii) = (¢ii) part of the proof.
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To complete the proof of Theorem 6.11, suppose that the finite set X C F” satisfies the

given combinatorial condition, i.e. for all K =1,...,n — 1 the size of
{s€F| (s Sks1,---,5n) € Xy}

is dy for all (Sgi1,...,5n) € Xgy1, and | X,| = d,,. Let A be the set of all field elements
occurring as a coordinate in X and put m = |A| — 1. For i = 1,...,n fix some injective
functions ¢; : A — {0,1,...,m} C R, and using them, define X C {0,1,...,m}* CR"as

in Proposition 2.17. By the injectivity of the ¢;’s X inherits from X its structural property,

i.e. for all 1 <k < n —1 the number of elements « for which (o, agi1,...,q,) € )/fk is dj,
for all (agy1,..., ) € )A(kH, and |)/5n] = d,. However this strict structure immediately

implies that after applying downshifts in a suitable order we get that
Dyp(Dy_1(...Dy(X)...)) ={ueN"| u < d; for all i},
and hence using Proposition 4.5 and Proposition 2.17
{x" | u; < d; for all 1 <i < n}=Sm(I(X)) = Sm(I(X)).

This finishes the proof of Theorem 6.11. [

We remark that Theorem 6.11 remains true if we replace the standard lex order with
another lex order based on some permutation o € S, only that projections have to be

defined with respect to the appropriate ordering of the variables, i.e.
X]g = {(Sk, .. ,Sn) | 3 S81y...,8k-1 € IF such that (Sg—l(l), ey Sg—l(n)) € X)} - ank+1’

and accordingly part (iii) of the theorem also has to be modified:
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(271)° For all k =1,...,n — 1 the size of

{seF| (s 8k1,---,5:,) € X7}

is do(r) for all (spi1,...,5,) € X7, 1, and | X7| = dy(n)-

There are several examples of point sets that satisfy the structural property in part

(7i7) of Theorem 6.11.

Example 6.16. Let S = 57 x --- x §,, be a discrete box as in Alon’s original Nullstel-
lensatz. Here we have d; = [S;| and Fi(z, ..., zn) = Fi(%;) = [[,eq,(xi —5), i =1,...,n.
This example shows that Theorem 6.11 is indeed in some sense a generalization of the

Combinatorial Nullstellensatz.

Example 6.17. Let aq,...,a, be different elements from I, and consider all possible

permutations of these elements as vectors in F".

Pn(ab oo 7an) = {(aﬂ(l)7a7r(2)7 o ;aw(n)) ‘ ™ E Sn}7

where S, is the symmetric group of degree n. The reduced Grobner basis of the vanishing
ideal I(P,(ay,...,a,)) with respect to the lex order was determined in [26]. There we have

d; =i for 1 <i < n. For the precise polynomials and proofs see [26].

Example 6.18. Let A be an n x n matrix with entries a; j, 1 <4,j < n from the field F,
and suppose that each column contains n different elements, i.e. a;; # a;,; for all j and
11 # is. Put

P(A) = {(a1r(1), G2n(2) - - - Anm(m) | T € Si},

where S, is the symmetric group of degree n. Sets of the form P(A) are the generalizations

of permutations, and clearly satisfy the combinatorial condition (#i7) from Theorem 6.11.
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In connection with norm graphs (see [5]), the polynomials

fi(xl,...,xn):H(xj—aij), ?::1,...,71

J=1

turn up, where the field elements a;; satisfy the same condition as above. Their set of

common zeros is exactly P(A).

For simplicity, above we considered only the standard lex order, however, because of

their symmetry, all 3 examples behave similarly for other lex orders as well.

Example 6.19. For this example let F = C and for n > 1 different nonzero complex
numbers zq, 2o, ..., 2, put

f(z,y) =" -y,

g) =W —21)(y —22) - (Y — 2a).

h

For 1 < i < nlet w; € C be one n'* root of 2, and let ¢ € C be a primitive n'" root of

unity. The vanishing set of I = (f, g) < C[z,y] is
X = {(c"w;, z) | 1 <i,k <n} CC%

X clearly possesses the desired combinatorial property with d; = ds = n, and hence by
Theorem 6.11 for the lex order we have Sm(I(X)) = {z*y® | a, 8 < n}. f,g € I(X) by
definition, moreover, using f and ¢ any polynomial h € Clz,y] can be reduced to some
polynomial h whose degree is smaller than n both in z and in y, and so h is a linear
combination of standard monomials. This implies that f and g form a reduced Grobner
basis of [(X) with respect to the lex order, in particular I(X) = (f, g).

Similar examples can be given in higher dimensions as well.

A Grobner basis G is called degree reducing, if for every element g € G the leading
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monomial Im(g) is the unique monomial of maximal degree, i.e. deg(lm(g)) = deg(g)
and for any other monomial x" occurring in g with a nonzero coefficient we have that
deg(x*) < deg(lm(g)).

If X C F” is such that I(X) has a degree reducing Grobner basis, then the original

proof of the Non-vanishing Theorem from [3] applies to obtain:

Proposition 6.20. (/37, Proposition 3.7]) Let X C F™ be a nonempty set such that 1(X)
has a degree reducing Grobner basis G for some term order. If a polynomial f € F [x]| of
degree d contains a standard monomial for 1(X) of degree d with nonzero coefficient, then

there is some point s € X where f does not vanish, i.e. f(s) # 0.

Proof. Denote the elements of G by ¢1,...,¢9; and let w be the exponent vector of the
standard monomial of degree d appearing in f with a nonzero coefficient. Suppose by
contradiction that the statement is false, i.e. f € I(X). As G is a degree reducing Grobner
basis of I(X), the polynomial f can be reduced to 0 using G, and during this reduction
process no terms of degree more the d can appear, meaning that at the end we obtain a

representation

£ = D hi()gi(x),

where hy,...,h € F[x] and deg(h;g;) < deg(f) for every i. The coefficient of x™ on the
left side is nonzero by assumption, hence so it must be on the right side. Because of the
degree bounds on the summands this is possible only if x% = Im(h;) - Im(g;) for some 7.

W

However in this case Im(g;)|x"¥ and so the polynomial ] g:(x) shows that x¥ cannot

be a standard monomial, which is a contradiction. O

Note that in the original case of the Non-vanishing Theorem in [3] the polynomials
g1,---,9, formed a universal degree reducing Grobner basis. An interesting feature of
Example 6.19 is that it provides an example of a finite point set that is not a discrete box,

but we still have a degree reducing Grobner basis and hence a Non-vanishing Theorem.
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Moreover, in this case, by Theorem 6.11, the condition from Proposition 6.20, that there
is a standard monomial of maximal degree, reduces to a simple degree bound as in the
original Non-vanishing Theorem.

We also remark, as pointed out by Gabor Hegediis, that, according to Theorem 3.6
and Theorem 4.6, shattering-extremal families and extremal vector systems from Part I
provide us other examples of finite point sets with degree reducing Grobner bases. For
this only note that 2? — z; for ¢ € [n], polynomials of the form fgy for H C S C [n] (see
Definition 3.8) and degree dominated polynomials (see Definition 4.2) are all special types
of polynomials with a leading monomial being the unique monomial of maximal degree. In
this case however the condition from Proposition 6.20 may be harder to check. It would
be interesting to find combinatorial problems where the Non-vanishing Theorem, applied

to extremal systems, would work.

Example 6.21. For our last example suppose that for 1 < i < N we are given positive
integers d;1, . . ., d,, and a point set X (@ C F™ satisfying property (i4i) from Theorem 6.11.
By Theorem 6.11 the vanishing ideal I(X®) <F[z;1, ..., 2i,] has a reduced Grobner basis

dij
ij

G; ={Fi, ..., Fy,} such that Im(F;;) = x;7, 1 < j < n,; with respect to the "standard”

lex order <; (for which @i, <i Zign,—1) <i -+ < ). Now let

N
X = XU 5 XO x o XV &

and < be the "standard” lex order for which zy,, <+ < 2n1 < T(N_1)ny_, <+ < T11
From the construction it follows that X satisfies the given combinatorial property as well,

so by Theorem 6.11 for the lex order < we have

Sm(X) ={x"|u; <d;jforalll <i< Nand1<j<n}
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On the other hand, using G, any polynomial f in the variables z;;, 1 <i < N,1<j <n,
can be reduced to a form fvwhere the degree in each variable z;; is less than d;;, and so fis
the linear combination of standard monomials. These imply that GG is a reduced Grobner

basis of I(X).

This direct product construction allows us to combine the earlier examples and to
obtain more complicated ones.

In Example 6.19 we introduced a wider class of point sets, not merely discrete boxes,
where the Non-vanishig Theorem holds in its full generality. The conditions of Theorem
6.11 are in general not sufficient for the Non-vanishing Theorem to hold. For example in

the case of permutations (Example 6.17), the polynomial

n n
flz,. ... x,) = sz —Zai
i=1 i=1

has standard monomials in its maximal degree part (s, 3, ..., x, are all standard mono-
mials), but it vanishes on the whole set of permutations, it is actually a member of the
reduced Grobner basis. It would be interesting to develop an understanding of the finite

sets X C ™ for which a version of the Non-vanishing Theorem holds.
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