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“The richest people in the world look for and build networks;
everyone else just looks for work.”

Robert Kiyosaki
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ABSTRACT

Spreading is one of the most important dynamic processes on complex networks as it is the
basis of a broad range of phenomena from epidemic contagion to diffusion of innovations.
The speed and the behaviour of spreading models depend on number of factors. One of such
factors, the topology of the underlying network, has been shown to influence the spreading
process. In the current thesis we investigate both mathematically and numerically, how
the changes in topological structure of the networks, such as appearance of new cycles by
introducing extra edges or paths, which are so-called ’bridges’, influences the model of non-
Poissonian SI spreading on static, random and temporal networks.

The structure of the thesis is the following. In Chapter 1 we present the historical overview
and main developments in the subject. In Chapter 2 we study the SI spreading with trans-
mission times following power-law distribution with infinite mean. We derive the results both
for general graphs and for specific models of random graphs. We study how the introduction
of even one extra edge to a tree graph severely accelerates SI spreading on it. In Chapter 3
we study how the introduction of bridges influences the speed of the SI spreading on the real
dataset of mobile phone calls. We derive that the introduction of topological bridges boosts
the spreading and define a model which replicates this phenomena and compare results of

this model on various theoretical network. We finish the thesis with the Discussion.
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CHAPTER 1

INTRODUCTION

1.1 Networks as complex systems

Complex systems consist of interacting units on which processes take place. The constituents
are represented by vertices and the interactions by edges of a graph. With reference to
complex systems often the following names are used: graph — network, vertex — node and
edge — link. Complex systems are abundant in nature and society and so are complex
networks. Nodes in the networks represent people, vehicles, computers, braincells and links
represent their connections or interactions. We can find examples of networks everywhere,
starting from the macroscopic the networks of social interactions, computer networks and
transportation networks around the globe, up to microscopic networks of protein-protein
interactions in the living species or networks of neurons in the brain. These networks are
dynamic in their nature and spreading is one of the examples of the dynamic processes
that run in these networks. It can be the spreading of a computer virus in the computer

networks [57], disease over a flight network [16] or innovation in the online social network [35].

Traditionally the study of networks has been the territory of graph theory. While initially
small or regular graphs were in the focus, since the late 1950s large scale networks with
no deterministic design principles have been described as random graphs. Large random
graphs were first studied in detail by the Hungarian mathematicians Paul Erdés and Alfréd
Rényi [23]. According to their model, one starts with N nodes and connects every pair of
nodes with probability p, creating a graph with approximately pN(N —1)/2 edges distributed
randomly. While the approximate character of this model was clear from the beginning, it
dominated the thinking about complex networks for decades. The drastically increasing

amount of data on complex systems had the effect that interest has shifted to more realistic
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models. Our intuition clearly indicates that complex systems must display some organizing
principles, which should be at some level encoded in their topology. As the topology of these
networks indeed deviates from that of a perfectly random graph, tools and measures had
to be developed to capture the underlying organizing principles in quantitative terms [4,51].
Simple models were invented, like the Barabési-Albert or the Watts-Strogatz models, in order
to capture important quantitative features of empirical networks [51]. Even those features
that are vaguely defined, such as community structure, can be replicated in the network
models [44].

Networks are not static in several sense. They usually result from dynamic, non-stationary
processes, like growth in the number of nodes. Even in the stationary case, when the number
of nodes remains constant, rewiring, death and birth processes may take place. Moreover,
the function of a network is usually also dynamic. In all of the above mentioned examples
the networks represent only the scaffold of the systems, where dynamic processes take place.
These processes are random because of the topology and because of intrinsic stochasticity
in their dynamics. Such processes include traffic (both internet and vehicular), chemical

reactions, communication, and all kinds of spreading phenomena.

1.2 The development of spreading models

Spreading is one of the most important dynamic processes on complex networks [56,68] as it is
the basis of a broad range of phenomena from epidemic contagion to diffusion of innovations.
One of the original, and still primary, reasons for studying networks is to understand the
mechanisms by which diseases, information, computer viruses, rumors, innovations spread
over them [51].

The spreading problem initially came from epidemiology and had no relation to networks
at all. Therefore we at the beginning use the language of "people’ for the vertices and ’diseases’
that pass between them. Spreading processes can be described by different states a person
can stay in. The simplest one is a two-state SI model, when a particular person is either in
susceptible (S) or in infected (I) state, meaning that once a person caught a disease, there is
no cure of it. More complicated case is three state SIR model, when we add a recovered (R)
state, meaning that a person recovered from a disease is not any more susceptible. Among
another well-studied models one can mention SIS model, when a recovered person can become

susceptible again and the SIRS model, when a recovered person becomes susceptible only after
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some time period.

The spreading problem initially came from epidemiology and had no relation to networks
at all. Therefore, we at the beginning use the language of "people’ for the nodes in the network
and ’infections’ that pass between them. Spreading processes can be described by different
states a person can stay in. The simplest one is a two-state SI model, when a particular
person is either in susceptible (S) or in infected (I) state, meaning that once a person caught
an infection, there is no cure of it. More complicated case is a three state SIR model, when
we add a recovered (R) state, meaning that a person can be recovered from an infection is
not any more susceptible. Among another well-studied models one can mention SIS model,
when a recovered person can become susceptible again and the SIRS model, when a recovered
person becomes susceptible only after some time period.

The simplest approach to the modelling of the spreading process makes no reference to
the topology of peoples’ interactions, considering a population, where every person could in
principle have contact with anyone else with equal chance. This assumption is called the
fully mized approrimation. In order to give a brief introduction to the mathematical models,
consider the SI model under this approximation. Let s(¢) be a fraction of individuals who
are susceptible at time ¢ and let z(¢) be a fraction of people who are infected. Suppose 3 is
the rate the infection spreads per unit time. Then this process can be described by system

of differential equations:
ds

— = —fsz,
dt 8
dx
— = fsz.
dt p
which gives an exact solution
CCoeﬁt

a(t)

In reality the structure of networks is far from the fully mixed, or complete graph assump-

T 1— 20 + 20ePt

tion. Fortunately, the above models can be redefined in consideration of network structure.
Consider again for simplicity the SI model on a connected network of n vertices. Let s;(t) be
the probability for a vertex i to be susceptible and let x;(¢) be the probability for a vertex i
to be infected. Denote A = (A;;); j=1.n the adjacency matrix and 3 the transmission rate.

Then the describing system of differential equations is

dSZ'
o = P > Agaj,
J

d:ZZZ'
dt = ,382‘ zj: Az’jxj'
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Despite the fact this model is the simplest one, it cannot be solved for arbitrary graphs in
an exact way [50]. Therefore when studying the spreading processes one should use various
kind of approximations, develop mean-field theories or operate with infinite graphs.
Spreading is a stochastic process. The usual approach, e.g. for simulations, is that one
takes the static network and assumes that transmission of a disease is governed by a Poisson
process. That means we take a network on N nodes and assume that transmission happens
with at random times that are exponentially distributed. This approach heavily relies on the
memoryless property of exponential distribution and thus the process is itself Markovian [66].
However, it has been shown empirically that spreading models with this Poissonian ap-
proach again produce results far from reality [67]. Complex systems are characterized by all
kinds of inhomogeneities. The network itself is very inhomogeneous: the degrees, the activity
of the constituents, the inter-event times have all broad distributions, which, together with
various types of correlations do much impact on spreading in the network. The topological

inhomogeneities are captured by the complex network models. [30,55].

1.3 Studies of spreading on temporal networks

The underlying complex network is that of human interactions, however, this ”Social Con-
nectome” cannot be characterized by a static graph. The links may be active for some, often
only short period and then inactive for the rest of the time [8]. An adequate framework to
describe this situation is that of temporal networks [30].

A temporal network can be represented by a set of N nodes between which a complete
trace of all interaction events £ occurring within the time interval [0, 7] is known. Each such
event can be represented by a quadruplet e = (u,v,t,dt), where the event connecting nodes
u and v begins at t and the interaction lasts until ¢ 4 dt.

Recently large datasets on communication have been made available, where not only the
participants are recorded but also the time stamps and durations of the communications,
sometimes together with some additional information called metadata (like gender or age).
The standard approach to analyze these data is to aggregate them over time and construct
this way a weighted static network on which at most inhomogeneous Poisson processes are
assumed. However, the empirical data shows that human interactions are bursty and dynamic
of spreading differs from earlier expectations. The failure of Poissonian approximation was

first shown in [67], where the empirical study of email activity patterns has been provided.
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Recent empirical studies stimulate us to argue that inter-event communication times can be

described more precisely with heavy-tailed or power law distributions [30].

The strategy of studying the effects of different kinds of inhomogeneities on spreading on
temporal networks is to compare results obtained from empirical case with those reference
networks [38]. The latters are obtained by randomizing the initial temporal one, preserving
some properties of the original network. For example, network obtained by randomizing
the times of each contact is such an example. This randomization preserves the number of
contacts on each link and the structure of the aggregated network, whereas it destroys the

temporal structure of the contact sequence on each link.

Thus, the main question is: how does the temporal structure affect the spreading on
temporal networks [47]. The SI model was numerically simulated on the temporal network of
phone calls between people, consisting of 4.5 million nodes and 9 million links. The authors
showed that epidemic spreading slows down on temporal network compared to different ran-
domized ones [38]. Another simulation for SIS model on artificial temporal network data led
to similar results [49]. On the other hand, in a variant of the SI model, in which multiple
infection attempts by infected individuals within a short time is necessary for a suscepti-
ble individual to be infected, epidemic spreading is more facilitated by empirical temporal
structure compared to randomized reference data. The SIR model has been simulated on a
temporal network of 20 million nodes with fixed recovery time [49]. The authors conclude,
regarding to the bursty nature of contacts, that global outbreak in this model is suppressed

on this type of temporal structure.

Empirical studies have shown that, in addition to the non-trivial distribution of events,
there are dependencies between them [36,37]. It has been shown for SIR model that temporal
correlation of events occurring on links tend to enhance the spreading process [49]. Corre-
lations may occur in one time series on a link or there can be dependencies between events
of different links resulting, e.g., in overrepresented patterns called temporal motifs [43]. The
importance of correlations also has been noted in modeling of epidemic spreading on network
of sexual contacts in Internet-mediated prostitution [30]. Recently such dependencies have
become particularly interesting and simple queuing type models could shed light on how they
influence the characteristic quantities of the process even on a single link [63]. Their effect

on temporal networks remains to be shown.



CEU eTD Collection

6 1. Introduction

1.4 Mathematical studies of spreading

It has been already mentioned that networks can be modeled as finite random graphs. The
geometric structure of sparse random finite graphs (Erdds-Rényi graphs, d-regular random
graphs, configuration models, preferential attachment models) is most often understood via
passing to an infinite limiting random graph, e.g., a branching process tree. Taking this
limit is done either via the Benjamini-Schramm local weak limit [6,11,12], or by exploration
processes [17,58,64], where generating function methods and martingale techniques can be

successfully applied.

On the other hand, the spreading phenomena can be modeled as a stochastic process.
The limits of stochastic processes on finite graphs can be taken: the classical examples are
thermodynamic limits from boxes of the Z¢ lattice. Understanding a stochastic process is
often simpler on the infinite graph, and the behavior of the finite graphs may be deduced
from that. However, it is usually not clear without a careful study whether the behavior of
a given stochastic process is determined by the local structure of the graph (such as degree
distribution, local clustering effects, etc), or also influenced by some global structure that
is lost in the above limiting procedures (such as bipartiteness). For instance, the maximum
density of an independent subset of vertices (i.e., pairwise non-neighbors) is not local, while

the maximum density of an independent subset of edges (i.e., a matching), is local.

An interesting example is bootstrap percolation, which is a dynamic percolation model
where occupation probability depends on the number of already occupied neighbors. This is
a spreading model similar to SI, more relevant to the spreading of innovation than to epi-
demics. On d-regular random graphs, despite the non-trivial geometry, a differential equation
technique (analogous to the one we sketched above) was applied successfully in [7] to find
that the initial critical density for complete occupation is basically the same as on d-regular
trees [18].

First passage percolation is a mathematical analogue of the notion of SI spreading intro-
duced on networks. It has been shown that the behavior of first passage percolation on sparse
random graphs is universal across a lot of models [13]. The model of first passage percolation
has also been studied on different types of static regular structures, such as hypercube and
complete graph [22,25]. In these models one is mainly interested in obtaining a limit law for
the length of shortest weighted paths between two random vertices, which can be translated

into spreading from one source. The more sophisticated approach is by using general type
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branching processes [14]. This approach allows to study the spreading processes in full gen-
erality, such that there is no assumption on the transmission times of the disease. There the
locally tree-like property of the network plays a crucial role in the result. In general most of
the general mathematical methods of studying the spreading processes fail when the topology
includes cycles.

In a number of works the influence of the topological properties on the spreading models
is studied [20,27,65]. In these works authors are mainly providing the evidence to extend
the usual phenomenon that ”conductance determines mixing time of random walk” to SI,
SIS, etc. models, and from Markovian to non-Markovian dynamics. The topological measure
used by the authors is conductance, or equivalently, spectral gap. In our work adding a single
edge does not significantly change conductance, but we show that the speed is significantly
changed.

In the current thesis we investigate both mathematically and numerically, how the ap-
pearance of new cycles by introducing extra edges or paths, which are so-called ’bridges’,
influences the model of SI spreading on various networks. The structure of the thesis is the
following. In Chapter 2 we study the SI spreading with transmission times following power-
law distribution with infinite mean. We derive the results both for general graphs and for
specific models of random graphs. We study how the introduction of even one extra edge
to a tree graph severely accelerates SI spreading on it. In Chapter 3 we study how the in-
troduction of bridges influences the speed of the SI spreading on the real dataset of mobile
phone calls. We derive that the introduction of topological bridges boosts the spreading and
define a model which replicates this phenomena and compare results of this model on various

theoretical network.
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CHAPTER 2

THE ROLE OF EXTRA EDGES IN SMOOTHING OF

THE SPREADING CURVE

2.1 Motivation

In the current Chapter we analyse the behaviour of the SI spreading on tree-like networks with
transmittion times having power-law distribution with infinite mean. The main motivation
of this research is a question posed in the work of Kertesz and Horvath in [31]. Authors have
found the presence of ”jumps” in the SI spreading curves of computer simulated model of SI
spreading. The spreading curve N (t) is one of the main characteristics that identifies the SI
spreading. The function N (t) records pairs (k/n,T}), where 1 < k < n and T} is the time to
infect k vertices in the graph. In computer simulations M spreading curves are collected and

averaged over M, thus obtaining an average spreading curve (N (t)), which is a set of pairs

M (%)
T

(W >, 1 )
M

where T,gi) denotes the time to infect k£ vertices in the ¢’th spreading curve. The authors
have empirically studied the SI spreading process on several classes of trees and found that
average spreading curves have ”jumps” which are not smoothed out by increasing number of
runs M. These jumps are explained by the presence of temporal ”bottlenecks”, which are
large weights that occur on some edges. It is clear that if the theoretical expectation E(Tk)
is infinite, then by the law of large numbers, for any function f(k) there exists m such that
for all M > m we have
s, 1

SRS (k).

Therefore the jumps are expected for such k with E(7}) = co.

9
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However, performing the same simulation on a cycle C,, with n = 1000 vertices with power-
law weights « = 0.8 we find no jumps after averaging over M = 1000 runs (see Figure 2.1).
In Section 2.3.1 we find that in the case of a cycle E(T}) =< k'/®, where a € (1/2,1) and

1<k <n.

0.9 -

0.8 -

0.7

0.6

N(t)

0.5

0.4

0.3 +

0.2 +

0.1

‘ ‘ ‘ Cn
0 2000 4000 6000 8000 10000 12000 14000 16000

t

Figure 2.1. Simulation of SI spreading with power-law weights with o =

0.8 on the cycle Cy, with n = 1000 vertices.

At each time the cycle has two active edges that transmit the infection. In this case, for
a < 1/2 it is easy to see that the average time to infect the first vertex is a minimum of two
i.i.d. weights and thus E(T7) = oo, therefore @ = 1/2 is a threshold. On the contrary, when
there are n active edges initially transmitting the infection, then for o > 1/2 the average
time to infect n — 1 vertices is also of order n'/®, which we establish in the Section 2.3.2.
Motivated by these two ”extreme” constructions we derive that for any graph G there exist
a number of vertices k(G), such that there are no jumps before this £(G). The number x(G)
identifies the place where the first bottleneck may appear. The following result is proven in

Section 2.4.
Theorem 2.1.1. Consider the graph G with root s on n vertices and the SI spreading process
T = (TJ)?:1 with power-law weights with o € (1/2,1). Then there exist k(G) such that for
each k, where 1 < k < k(G), the expected time to infect k vertices is bounded by

E(Ty) < CkY,
and for k > k(G), the E(T}) = oo.

We have performed the simulation of the considered SI process with power-law weights

with o = 0.8 on the critical Galton-Watson tree with N = 1000 vertices and the average
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spreading curve over M = 1000 runs and found the same jumps in the spreading curve (see
Figure 2.2). However if we perform the same simulation with an extra edge attached to a
root and a random vertex in the critical Galton-Watson tree, we observe there are no jumps
up to fraction of the total size of the tree. This result is explained with mathematical rigour
in Section 2.2.5.

0.9

0.8

0.7 |

0.6

0.5

N(t)

0.4
0.3
0.2

0.1 H
Te
T
0 . . . .
0 500000 1 x 106 1.5 x 106 2 x 109 2.5 x 108 3 x 106
t

Figure 2.2. Simulation of SI spreading with power-law weights with o =
0.8 on the critical Galton-Watson tree T with n = 1000 vertices and the
same tree with extra edge attached to the root and a uniform verter denoted

as TE€.

Theorem 2.1.2. Consider the critical GW tree T conditioned on Zn > 0 and the SI spread-

ing process T = (T])Lzl

of T. Then there exist k(T) < |T| with tight distribution such that for any k > k(T ),

| with power-law weights with o € (1/2,1), where |T| denotes the size

E(T) = oo.

Denote as Ty the tree T with an extra edge attached to a root and one of the vertices of T

uniformly at random. Then as N — oo for any € > 0 there exists § > 0, such that

P(ﬁffﬁr) > 5) >1—e.

The first statement of the Theorem 2.1.2 tells us that the jumps start to appear after

some short time in the spreading curve of the critical GW tree, but if we introduce one more
edge, with high probability we infect a positive fraction of the vertices. This phenomena we
call smoothing of the spreading curve, when a small topological change decreases jumps in

large part of the spreading curve.
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2.2 Basic definitions and technical lemmas

2.2.1 Graph-theoretic notions

Denote a simple graph G = (V, E) with n vertices and m edges. We call a root of the graph
G a distinguished vertex from V. We denote the set of vertices of graph G as V or V(G)
and the set of edges as E or E(G). Let s,t € V, then define a (simple) path (s,t) between
vertices s and ¢ of length [ as the sequence of vertices (v, v1,...,v;), such that vg = s, v; = ¢
and each v; # vj, for 0 < i # j < 1. We denote a path between s and t as (s,t)-path. Define
the graph distance d(s,t) between vertices s and ¢ as the length of the shortest (s, ¢)-path.

Suppose there is a function € : E — R™, then define the weight of an edge e € E as the
value of this function £(e). The function £ is called a weight function or, simply, weights.
Then G¢ = (V, E,§) denotes a weighted simple graph G with weights .

The graph H = (V’, E’) obtained by selecting the vertex subset V/ C V with the same
root s along with the edges E’ C E connecting them, is called an induced subgraph of G and
denoted as H C G. We call graph G a cycle if it is a path (vp,...,v;), such that vy = v;.
We call the graph T a tree if it is a connected graph without cycles. It is easy to see that
if T'= (V,E) is a tree on n vertices, then |E| = n — 1. We call a root of the graph G a

distinguished vertex s € V. Denote |G| to be the total size of the vertex set, or |G| = |V|.

2.2.2 Functional notions

Let f and g be positive real-valued functions. Denote f ~ g as x — oo, if f(z)/g(x) — 1;
f=o0(9) as x — oo, if f(x)/g(x) — 0, and f = O(g) as z — oo, if |f(z)| < M|g(z)| for
all z > xo for some zy. We say f(x) < g(z) for all z, if there exist independent non-zero
constants ¢ and C, such that cg(x) < f(z) < Cg(z) for all x.

In our computations we use the following approximation of an exponential function.

Lemma 2.2.1. Let (a,)22, and (by)52; be real sequences, such that a, — 0, b, — oo and

anb, — 0 when n — oco. Then,
(1 - an)bn ~ exp(_anbn)'

Since the product a,b, — 0 we may write that for all n > ng by the Taylor expansion of

exponential function we have the following:

(1 — an) ~ exp(—anby) ~ 1 — anby + (anbn)?/2. (2.1)
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Let (s, x) denote the lower incomplete Gamma function,

xT

v(s,z) = /ts_le_tdt,

0

and I'(s,z) the upper incomplete Gamma function,

[e.e]

[(s,z) = /ts_le_tdt.

T

The following Lemmas show the asymptotic behaviour of (s, x) and I'(s,z) [53].

Lemma 2.2.2. Let v(s,x) be a lower incomplete Gamma function. Then as x — 0,

Lemma 2.2.3. Let I'(s,z) be an upper incomplete Gamma function. Then as x — oo,

(s, z)

prs—le—w
We also use a well-known Lemma from analysis.

Lemma 2.2.4. Let f(x) be a continuous monotonic concave function. Then,

n+1

flk) < f(z)dx.
Y [

1

Denote as (by,)72 ; the positive sequence that satisfies the following recurrence relation for
some C' >0and 1/2 < a < 1:

byt < by + CbL, (2.2)

with the initial condition

by =d = (aC)"°. (2.3)
The following Lemma presents an upper bound on the sequence (by,)22 ;.
Lemma 2.2.5. Suppose (by)o2; defined as above in (2.2), (2.3). Then,
by < dn'/®,

where d = (a Q).
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Proof. We prove the statement by induction. By definition the statement holds for b; := d.
Suppose the statement holds for n > 1 and for any k, where 1 < k < n, we have by, < dk'/®.

Then prove the statement for n + 1. We can rewrite (2.2) as
b1 — by < ObL™.
Making a telescopic sum, we have
bpy1 — b1 < Z Cb. .
Then by induction hypothesis,

n
bur1 — by < ) Cd RV
k=1
and by Lemma 2.2.4 we may bound the sum with an integral and obtain:

n+1

bpt1 — b1 < / Cd ezt dr = aCd' ((n + 1)l 1)
(2.4)

—d ((n+ 1) 1) .
Since by is equal to d, then we can add it to both parts of the Equation (2.4) and have

b1 < d(n+ 1)1/

This finishes proof of the Lemma. O

2.2.3 Probabilistic notions

Denote random variables with small greek letters £, 7, ... and denote the pdf of an absolutely
continuous random variable £ as p(t) and cdf as F'(t) := P( < t). Let £ be a random variable,
then we use the letter u to denote the expected value E(¢) and o for variance Var(£). We
call a random variable £ to have a power-law distribution pow(tmin, ), where tpin, a > 0, if

it has the following density function:

£ e, Af tyin <t
p(t) = (2.5)
0, otherwise.

Further in this chapter we shall refer to a power-law distributed random variable as the one
with the parameter t,,;, =1, or P({ > t) =t~%, when ¢t > 1.
Two random variables X and Y are coupled when they are defined on the same probability

space and they have the correct marginal distributions. Formally speaking, random variables
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(X1, X») are a coupling of the random variables (X1, X5) when (X1, X») are defined on the
same probability space, and are such that the marginal distribution of X; is the same as the

distribution of X; for ¢ = 1,2, i.e., for all measurable subsets F of R,

~

P(X; € E) =P(X; € E).
Let X and Y be two discrete random variables with
PX=z)=ps;;, PY=y)=¢q, z€X,yc),

where (p;)zex and (gy)yey are any two probability mass functions on two subsets X and Y
of the same space. Define the total variation distance dry (p,q) between measures p and ¢ in

following way:

1
drv(p,q) = 5 > lpe — gl

The main result linking the total variation distance of two discrete random variables and a
coupling of them is the following Theorem, named after Strassen (see [61] for the original

version; we use the formulation as in [64], p.59).

Theorem 2.2.6. For any two discrete random variables X and Y with measures p and q,

there exists a coupling (X, Y) of X andY, such that

P(X #Y) = drv(p,q),
while for any coupling ( X, Y) of X andY,
P(X #Y) > drv(p, q)-

Let X and Y be two random variables, not necessarily defined on the same probability
space. The random variable Y stochastically dominates the random variable X, which is

denoted as X <Y, if for every x € R, the following inequality holds:
P(X >z) <PY > ).

By definition the stochastic domination X <Y implies E(X) < E(Y). We also make use of

the following Theorem [46].

Theorem 2.2.7. The real random variable X stochastically dominates Y if and only if there

s a coupling (X,Y) of X andY, such that

P(X>Y)=1.
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2.2.4 Levy stable laws

Let X be a power-law distributed random variable with 0 < a < 1. Then it is easy to see

that E(X) = co. The function L is called a slowly varying function, if

lim L(tz)/L(z) =1 for allt > 0.

T—r00

Consider the sequence of power-law distributed random variables Xi, Xo,.... Then the

following limit Theorem holds for their sum (see [21], p.138).
Theorem 2.2.8. Suppose X1, Xa,... are i.i.d. with a distribution that satisfies
(i) limg_yoo P(X7 > ) /P(|X1| > ) =6 € [0,1];
(i) P(|X1| > z) = 27 L(x),
where o < 2 and L is slowly varying. Let S, = X1+ -+ X, and
an = inf{z : P(|X1| > z) <n"'} and b, = nE(X11(x,[>2))-
Then as n — oo, (S, — by)/an 4, Y, where Y has a nondegenerate distribution.

It is known that if P(|X;| > ¢t™%) with a < 1, then the normalizing constants are the

following (see [21], p.142):
an =n"* and b, =0.
Along with the limit Theorem 2.2.8 the local limit analogue holds [60].
Theorem 2.2.9. Let X1, Xo,... be the sequence of i.i.d. random variables such thatIP’(Xl > t) =
t= fort > 1,0 < a < 1. Then for any x € supp(Y) and h > 0
Sk 1
]P’(m € (a:,:c+h)) =B(Y € (r.x+h) +o1) (h+ 57 ). (2.6)

The limit distribution Y is called a stable law with same parameter v as X and is given

via a characteristic function ( [21], p.141)
¢y (t) = exp(itc — b|t|*(1 + irsgn(t) tan(ra/2))),

where k = 20 —1. The random variable Y is supported on (0, 00) and by the following Lemma

has continuous density (see [24], p.657).

Lemma 2.2.10. The stable law Y is absolutely continuous on (0,00), therefore has density

fy(t).
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The following Lemmas describe the approximations of the starting and tail behaviour of

the distribution Y for any 0 < a < 1 [24].

Lemma 2.2.11. Let Y be the stable law with parameter 0 < a < 1. Then ast — oo the

probability density function of Y is
fy(t) <t L,

Lemma 2.2.12. Let X1, Xo,... be a sequence of i.i.d. random variables with IP’(Xl > t) =

k __
t= and denote Sy, = Y X; and Sy = Si/kY . Then for any small ¢ > 0

i=1
P(Sp<c)<e " (2.7)
Proof. We have max{Xy, Xo,..., X;} < Sk for every k > 0, then for any ¢ > 0
— max{ X1, Xo,..., Xi} B
P(Sk<c) <IP’< /o <c> =
(2.8)

-5

—a k —a
The value of ¢ is small, thus by Lemma 2.2.1 we can write (1 - CT> ~e ¢ ,as k — oo,

and since the interval (0, ¢) is bounded, we can find uniform constants such that
IP’(Silg < c) e "
]
The stable law Y with the exponent a = 1/2 has an explicit form of the distribution with
the following density (see [21], p.141, Eq.(3.7.12)):

1 _ _1
py (y) = E?J 3/2¢ 72y, (2.9)

2.2.5 Critical Galton-Watson trees

A Galton-Watson process is usually defined as a process (Z,, : n > 0) of evolution of a particle
system. We start with one particle, Zy = 1. It splits into k offspring particles with probability
pr and they constitute generation Z;. Then each of these offsprings (should there be any)
also have children with the same offspring distribution (pj : & > 0), independently of each
other and of their parent. This continues forever or until there are no children born.

In order to give a formal definition, let fﬁj ), éj ), ..., where 5 € N denote i.i.d. non-

negative integer distributed random variables with distribution P(§ = k) = p,. We define the
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Galton-Watson process (Z,, : n > 0) as the Markov process on the non-negative integers with

the following recursion:
Zn
Tpir = Zgi(nﬂ)'
i=1

The quantity Z,, where n > 0, is called a n’th generation of the process and we assume
(pr : k > 0) is not degenerate to avoid trivial cases. The process is called critical if E() = 1.

For each Galton-Watson process one can define a genealogical tree where vertices are
associated with the particles at each generation and there is an edge between two particles if
one is the parent of the other. We denote these trees as Galton- Watson (GW) trees. Denote
the set of all GW trees as (GW) and a random GW tree as 7. Let the root of the tree 7 be
the particle in generation Zy. We define the size of 7 as the number of vertices it contains. It
is well known that a critical Galton-Watson (CGW) tree is almost surely finite (e.g. Theorem

3.1, p.84, [64]) and the following Theorem holds for the size of a CGW tree [412].

Theorem 2.2.13. Let T be a critical GW tree with offspring distribution & such that Var(§) :=

0% < 00. Then as n — 00,

n_3/2.

P(T]=n) ~

oV 2w
The height of a GW tree T is the length of the longest path from the root or the maximum
N, such that (Zy > 0). The following limit Theorem holds about the height of the tree 7 [41].

Theorem 2.2.14. Let T be a critical GW tree with offspring distribution & such that Var(§) :=
0% < 00. Then we have:

2
lim NP(Zy > 0) = —.
N—oo

o2
The following Theorem provides the estimation of the probability of having a tree of

height at least NV conditioned on the exact size of this tree [3] and [42].

Theorem 2.2.15. Let T be a critical GW tree with offspring distribution &, such that
Var(€) := 0% < co and let H(T) denote the height of the tree T. Then there exist con-

stants C' and ¢, such that
P(H(T) > z||T| = n) < Ce~"/,

We consider the set of GW trees conditioned on Zy > 0, where N > 0, as the subset of
trees (GW) with height at least N. Denote this set of conditioned GW trees as (GW |Zy > 0).
The expected limit size of the k’th generation in such trees is given in the following Theorem

[48].
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Theorem 2.2.16. Let T be a critical GW tree with offspring distribution &, such that

Var(€) := 02 < 0o. Then we have:
lim E(Zi|Zy > 0) =1+ ko?.
N—o0

We also consider the set (GW) of infinite CGW trees which are the geneological trees
of a critical Galton-Watson process conditioned on non-extinction. We present the following
construction of an infinite CGW tree due to Kesten [40].

The infinite critical GW tree T°° has two types of vertices: normal and special, with root
being special. Normal vertices have offsprings according to independent copies of &, while
special nodes have offspring according to independent copies of size-biased distribution E,

such that

P(§ = k) :== kpx,

where k = 0,1,2,.... All offsprings of a normal vertex are normal; when a special vertex
produces a number of offsprings, one of its children is selected uniformly at random and
becomes special, while all other children are normal.

An alternative construction of the critical infinite tree 7°° is to start with the spine v
(an infinite path of special vertices from the root) and then at each node in the spine attach
independent critical GW trees. The number of branches at each special node in the spine is
a copy of é — 1. Since each CGW tree is a.s. finite, it follows that 7°° a.s. has exactly one

infinite path from the root, viz. the spine.

2.2.6 SI spreading process

We are going to define the ST spreading process T = (T})}_; as a stochastic process on the
weighted graph G = (V, E,&) on n vertices and a root s, where for each e € E the (e)
are i.i.d. random variables having some non-trivial distribution £. By definition each vertex
v € V may be in one of the following two states: susceptible (S) or infected (I). The edge
e € F is called awailable if one of the end vertices is in the infected state I and the other is
susceptible S; occupied, if both vertices are in the infected state I; and unavailable otherwise.
An infection is transmitted along the available edges from infected vertices to susceptible.
The weight £(e) of an edge e = (u,v) is a passage time of an infection and if the vertex u

becomes infected at time ¢, then v by definition immediately turns into infected state at time

t+&(e).
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Another view on the SI process is the following. Consider £(e) as a length of an edge
e € E. Then we can think of the transmission of the infection as a flow from infected vertices
to susceptible ones through edges of lengths ¢ with constant rate 1.

The process starts at time ¢ = 0 with all vertices being in the state S and the root s is
turned into the infected state I and along with time ¢ the infection is transmitted along the
available edges at rate 1. An available edge that transmits the infection at time ¢ is called
an active edge. The process runs until all vertices turn into infected state.

We refer to this process as an SI process on graph G with weights having distribution &.

2.3 Examples

2.3.1 Spreading on a cycle

In the following Subsection we consider the example of SI spreading with power-law weights
on the graph on a cycle C}, on n vertices. The spreading on a cycle can be well approximated
by a graph of a doubly infinite line. The graph of doubly infinite line, denoted as G = (V, E),
is defined by the vertex set of integers V' = {0,£1,42,...} with a root at 0 and for each
i,j € G the pair (i,j) € E iff [i — j| = 1. We consider the SI spreading process T = (T})32,
with power-law distributed random weights with « € (1/2,1), denoted as X;, where i is
a label of the greater vertex, if one of the ends is positive, and is the label of the smaller

otherwise.

Theorem 2.3.1. Let G be the graph of a doubly infinite line with root 0. Then in the SI
spreading process (Ty,)72, with power-law weights o € (1/2,1) the expected time to infect k

vertices is bounded:
E(Ty) = kY.
k
Proof. Let N; denote the number of vertices infected by time ¢ and denote as Sy = > X;
i=1

—k
and Sy = ) X;. Then the probability of infecting n vertices by time ¢ is the following:
i=—1

P(N; =n) = Z]P’(Sk <t < Spp1)P(Sy_ <t < Sh_iy1)- (2.10)
k=0

Consider the probability P(Sk <t< Sk+1). By definition of X;, P(X; < 1) = 0, therefore
when 0 <t < k:
]P’(Sk <t < Sk+1) =0.
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Xt = —L_. We can rewrite for ¢, where k < t < 0o

Denote the Sj, = /e

S R
kl;coz? Xk+1 =

P(Sk <t < Sk+1) = ]P’(Sk <t< S+ Xk+1) = P(?k <c< Sy +7k+1>

E<1{§k<c<§k+fk+1}> - E(E<1{§k<c<§k+y’“+1} ‘ §k>) (2.11)
- E<E(1{§k<0}1{yk+1>ﬁ§k} ’ gk»
= E(P(Y}CJ’»]_ > Cc— §k ‘ §k>1{§k<c}>

1

It is clear that IP’(Y;CH >c— S ‘ ?k) = ]P’(XkH >t— S ‘ Sk). Then, if we denote 7 = RYCE,

we have

(t—Sk)ia, if t—85p>1;
P(Xpi1 >t — Sk | Sk) =
1, else.
1 B B (2.12)
E(C—Sk)_a, if 0<SE<ce—rm;
1, if c—7<8S,<ec

Since P(Sk <t< Sk+1) =0, where 0 < t < k, we denote ¢y := k/k:l/a and have IP’(Si;c <ec< Sk+1) =
0, where 0 < ¢ < ¢g. By Theorem 2.2.9 we have that for any k and h,

1

P(]jfa € (x,a:—i—h)) =P(Y € (z,z+ h)) + o(1) <h+kl/a),

where Y is a stable law with parameter «. Let A be the point of maximum of the pdf
fy(y). By Lemmas 2.2.11 and 2.2.12 the calculation splits into two cases for which we use

the following approximations of the limit law Y or the law of S}, directly:
L. If g < ¢ < A, then fz(y) < e™¥"" on the interval y € (0, c);

2. If A< c< oo, then fy(y) <y~ 2! on the interval y € (¢, 0).

Case 1: co < c < A. Make a diadic split of the interval (0,c) = | ¢ (1 — %, 1-— 21%)
0

Then we can rewrite the expectation in (2.11) in the following way
c/2
_ _ 1 Y
E(]P)(XkJrl >C—Sk ’Sk)1{§k<c}) :/k(c—z) dP§k<Z)+
0
«@ C(l*%)
logy ck'/ A » (2.13)
+ Z 2 (c—2)7dPs, (2)
i=1 c(lfi)

+P(Sk € (c—7,0)) =)+ )+ (I1I)

The first integral (I) can be calculated using the Lemma 2.2.12 in the following way
c/2
1 —a —am(q —a,—c ¢
(1) = / Lo 2) P, (2) = B (S € (0,¢/2)) = 7" (2.14)
0
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The second integral (I1) can be represented as follows. Denote ¢(k) = logy ck'/®. Then we

can rewrite the integrals as

ek) 1\ 1 1
~3 <2i+1) p(sk66<1_2i,1—2”1>) (2.15)
=1

Applying the Local Limit Theorem 2.2.9 we obtain
— 1 1 1 1 1 1
P(Sk€c<1—2i,1—2i+l>) _P(Y€c<1_2i’1_2i+l>)+0(1) <2H—1+kl/a> =

C .~ 1 1
= ggre - tol) <2z‘+1 + kl/a> )

Then substituting this into (2.15) we obtain

S R S R A R I A
Zt it st oW g taa) )=
B c(k) 1 l1—a c(k) 1 l1-a 1 c(k) 1 —a
=t aCC ¢ Z <2Z+l> + 0(1)t a Z <2’L+1) + 0(1)t akl/a Z <21+1>
=1 =1 =1

The first two sums converge to a constant since they are geometric series with the parameter

less than one. The last sum is calculated as follows:

c(k) -2 2alog2 | 1

c(k) —«
1 o —
Z<2i+1) _22 Z 2 = 20 _ 1 =

=1

= c%k =t°,

and hence we can finally write

(IT) = t%ce™"" 4 o(1)t™ + o(1)—— o (2.16)
The last integral (I11) can be simply written by Theorem 2.2.9 as
_ 1 1
(III) =P(Sp € (c—T,¢)) =P(Y € (c—7,¢)) + 0(1) (kl/oc + W) =
(2.17)
e 1 1
=e kl/a—i-o( )kl/a

Hence we plug (2.14), (2.16) and (2.17) into (2.13) and obtain the final result of this case

— — @ —_ O el ]_
IP’(Sk<t<Sk+1) =t % ¢ +t %%e © +e ¢ m—i—o(l) —i—o(l)kl/ (2.18)
o
Case 2: A < ¢ < co. Make the same diadic split of the interval (0, ¢) = iL_JO c (1 212 ,1— 21+1 )
Then we can split the expectation into three similar integrals:
IE(IP’(Y;CH >c— S| ?k)1§k<c) - / e —2)"dPg, (=) + Z / o= 2)"dPg, (2)
0 Team

P(Sk € (¢c—7,¢)) = (1) + (II) + (11)
(2.19)
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Then the first integral () can be rewritten in the following way

c/2

(1) = / %(c— 2)CdPg (2) = tB(Sy € (0,¢/2)).
0

Since ¢ is bounded away from zero, then the probability P(Sy € (0,¢/2)) — 1 as ¢ — oo and
is O(1) on this interval. Therefore,

(1) =t~ (2.20)

The second integral (I7) can be presented in the following way

c(k) —a
L1 _ 1 1
(In=>"t (2”1) P(Skec(l—y,l—%H)), (2.21)
=1

where ¢(k) = log, ck/. Applying the Local Limit Theorem 2.2.9 and the tail approximation

from Lemma 2.2.11 we obtain

— 1 1 1 1 1 1

1 . 1 1
21.“0 @ +O(1) <22+1+k1/o¢>’

Then substituting this into (2.21) we obtain

R T A T | 1))
(11) = Zt 9it1 9i+1 € +o(1) ot T e ) | T
=1

~
—~

c(k) 1 11—« c(k) 1 -« 1 c(k) 1 —a
_ —a,—a—1 - -
=10y <21+1> oLt <2i+1> +o(1)t v ) <2¢+1>
i=1 i=1 i=1
Using the same arguments about the sums as in the case 1, we obtain
o o _ 1
(IT) < t™%c ™ g o(1)t™* + O(I)W' (2.22)

The last integral (I1I) can be simply written by the Local Limit Theorem 2.2.9 as follows:

< 1 1
(I1T) =P(Sk € (c=7,0)) =P(Y € (c = 7,0)) +0(1) <l<;1/a * kl/a) - (2.23)
- —a—1 1 + 1 1 '
~¢ kl/a O( )kl/oz'

Hence we plug (2.20), (2.22) and (2.23) into (2.19) and obtain the final result in case 2:

P(Sp <t < Sgy1) <t 4! (1 + 1) +o(1)t™* +o(1) (2.24)

kl/a kl/a”

Let us summarize the results of the cases. Let ¢ = t/k'/* < A then we have:

o —a —a 1

—a ,—c - —c —cC - 1
P(Sk <t < Skp1) <t e +t %ce e e + o(1) <t +W>, (2.25)
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and if A < t/k'/® then

e —a,—a a1 1 —a 1
P(Sk <t < Sk+1) <t "4+t "c " +c 1@ + 0(1) ( + kl/a) . (2.26)

Next we study the behaviour of IP’(Sk <t< Sk+1) for different values of k£ and t. Consider

the early-time behaviour, or ¢ < k. Then t/k'/* << A and we have

1 1 1 _l-a 1 1 1 _.
P(Sk<t<sk+1)x<ka—|—kl/a+o(k2)>e k +0(1) (]{o‘_FW)NkG

Consider the mid-time regime, or ¢ =< k. Then ¢ = t/k'/* < A and e=¢ " =< e~4 and we

have from (2.25) the following bound:

1 1 1 1 1
]P)(Sk; <t < Sk+1) k‘ + - L + kl/a (1) <k‘a + k,l/a> =

(1+0(1)).

1 1
= (o) +

and from (2.26) we have the same bound:

1 1
P(Sk <t < Sk1) < E(l +o(1)) + i (14 o0(1)).
In the late-time regime, or t/k*/® > A, we have from (2.26) the following bound:
P(Sk <t < Sgy1) <t~ (2.27)

Finally we summarize that for any fixed k,

0, if 0<t<k;
P(Sk <t < Sk1) {9 Le K if k<t < O®kY); (2.28)
t=e, if O(kY*) <t < 0.

Using the above estimations in (2.10) we may write that

0, if0<t<m
P(Ne =n) =< 6(n, t)t=, ifn<t<n'/ (2:29)
nt™, if nt/> < t,

where §(n, t) is a monotonic function in n and ¢ such that §(n,t) — 0 ast — n and é(n,t) = n
ast — n'/®. We observe that P(T}, > t) = P(N; < k), therefore for any fixed k and ¢ := 7k/®

we have for 7 > 1

k—1 k—1
P(T}, > 7k"*) = P(Nojasa <k) = P(N e =1)=< Y i(rk"/*)2* <7720 (2.30)
=0 =0

The integral of the tail is finite for a € (1/2,1), therefore the expectation can be bounded by
E(Ty) < kY.

This finishes the proof of the Theorem. O
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2.3.2 Spreading on a star

In the following Subsection we consider the example of the SI spreading process with power-
law weights an n-star. The graph S7T,, of an n-star is defined as the distinguished root
vertex 0 and vertices [n] = {1,2,...,n} attached to it. We consider the SI spreading process
T = (Ty)p_, with power-law distributed random weights with o € (1/2,1), denoted as
X1, Xa,...,X,. The bound on the expected value E(T}), where k € {1,...,n — 1}, is given

by the following Theorem.

Theorem 2.3.2. Let ST, be the graph of n-star. Then in the SI spreading process T =

(Ti)}E_, the expected time to infect k vertices is bounded up until k < n —1, and for n > 2,
E(T) < CkYe.
Proof. The geometry of the graph lets us directly write
T = Xy,

where X ;) denotes the k’th order statistic of X1, Xo,..., Xp.
In further calculation we use 7T;,_j for convenience. The density of the distribution of
T, by definition is given by the following formula:

n!

pr, . (t) = m(ﬂ((ﬂ)nik*l(l — Fx(t))*px(t) =
n!
_ 1t @ n—k—lt—(k—i—l)a—l
(n—Fk—1)k! ( )
In order to simplify our calculations, denote C,, ; = #_'1)%, The expectation of T},_j is

then given by the following formula:

00 (n_k_l)l/a 00
BT ) = [wrwd= [ 0dee [ e 0=
1 1 (n—k—1)1/a
— (1) + (II).

Denote ¢, := (n — k — 1)/ and bound the integrals separately. In the first integral (I) we

take the function (1 —¢~*)""*=! < 1, and hence

Cn .k Cn .k

(I) = / tpr,_, (t)dt < / aC,, it~ EHDagy —
1 1
w1 (n—k =1l

:ka(n—k‘—l) m
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For the second integral (IT) by Lemma 2.2.1 and obtain,

o o 2 42
(IT) = / tpr, . (H)dt < aCy / (1 — it T+ "’“2) t=olk+D) gy
Cn,k Cn,k
1
=0, — k— 1)kt! _k_ll/ai.

Show now that for all k, where 2 < k < n — 2 the product
Cor(n—k—1)F1 <1,

uniformly in n. Using the Stirling’s formula n! ~ v/271n"e™", we obtain

e n n "1
Oniln —k =1~ Z (n—k—l)k((n—k—l)k> W
B (R A
Vor\ (n—k—1)k n Kk
1 n ek

N Vo —k— Dk EF S

In case when k£ = 1 we immediately have that there exist C7 > 0, such that

1.

n(n —1)

Crp(n —k — 1! = mooe

< Cla

when n > 3. When k = n — 1 we directly calculate the expectation and there exist Cy > 0,

such that
E(Tw)) = / tpr, (t)dt = an / 1Ot =
1 1
1
= C
1—1jan =%

when n > 3. Summarizing the equations we have for 1 <k <n— 1:

E(T(_1) < C(n— k)Y,

where C' := max(1,Cy,C3). This finishes proof of the Theorem. O

2.4 Smoothing on general graphs

Consider a connected graph G = (V, E) with n vertices and a root s and m edges. Denote
the vertex set as [n] = {0,1,2,...,n} and let s = 0. Denote the i.i.d. random weights on

the edges as X7, Xo, ..., Xy, and let X7 be defined on the probability space Q2 = (R, F,P).
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Denote as P(s,t) the shortest weighted (s,t)-path and as |P(s,t)| the total weight of the
(s,t)-path. Let Gy be an induced subgraph of G that has k vertices and the same root s,
and denote it as G C G.,.

Then we can define probability space 2 = ﬁ (R4, F,P) = (R, F™,P™) of all possi-
ble random assignments of weights to the edgesli)lf the graph G with the product measure
P"(dw) = P(dwy) X -+ X P(dw,,), where w € .

We view the ST spreading process on the graph G as a stochastic process T = {T} : k €
{1,...,n}}, where T} is the random time to infect k vertices, defined as the minimum over
k-vertex subgraphs Gy C G of the maximum over vertices ¢ € V(Gj) of total weights of
(s,t)-paths:

T = min max |P(s,t)],
GLCG teV(Gy)

The stochastic process T' is defined on the space €2, equipped with natural filtration F =
{Fr : k€ {1,...,n}}. Denote the sample sequence T(w) = {Tx(w) : k € {1,...,n}}, where
w € Q and let the set of occupied edges O(Tj(w)), where k € {1,...,n}, be the set of indices
of random variables of the occupied edges by time ¢ in the sample sequence T'(w). In other

words,

Thw)= > X

i€0(T(w))

Let the front of the epidemic F(Ti(w)) be the set of active edges at time Tj(w), where
k € {1,...,n}, in the sample sequence T(w). Define k(G) to be the minimal number of
vertices k such that for each sample sequence T'(w) and for each j < k, the front F(Tj(w))
has at least two active edges. We say the active edge e is old and has age 7 > 0 at time ¢, if
the edge has become active at time ¢t — 7. If 7 = 0 then an edge is called new.

We prove that if we can find a sample sequence T'(w) such that the front of the epidemics
F(T;(w)) has one active edge, then there will be an infinite jump at this point on the spreading

curve.

Lemma 2.4.1. Let T be the SI spreading process on a graph G with power-law weights where
a < 1 and let there exist a sample sequence T(wW) and a number i € N, such that the front

F(T;(w)) has one active edge. Then for each j, where i + 1 < j < n, the expected value
B(T)) = oc.

Proof. Since T} is a function of X1, ..., X, and since the graph G, the min and max in the

definition of T} are taken over a finite number of combinations, therefore there exists € > 0
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and a measurable subset Q° C €, such that for every w € QFf, the front of the epidemics
F(T;(w)) has one active edge. Formally, the set Q° is defined as Q° = {w® € Q : Vj €
O(Ti(wf)), |w5 —w;| < e} and contains w by definition. Then, by definition of the expected

value:

z+1

— [Ta@Pr@) = [ Tua@Pm(ao)+ [Tua@)Priao) >
Q o\Q= Qe (2.31)
/ 'L+1 dw)

(93
Denote the edge that is active at time 7341 as X, and suppose it has age t > 0. Then the

last expected value in (2.31) can be rewritten as

/TM( )P (dw) > Tyt (@) + E(X — X > ) > E(X — {X > ) > E(X) = o0,

Qe
when a € (1/2,1). Since for all later times 7 we have T;11 < T, therefore E(T}) = oo, for
each j, where i +1 < j < n.

This finishes the proof of the Lemma. O

Based on the above Lemma 2.4.1 we can equivalently define the number x(G) to be the
maximal number of vertices k such that E(T}) < oo.

Define the delayed process T = {T}, : k € {1,...,m}} on the same space. Index the edge
set of the graph G as E = {e1,e,...,¢en,} in any order P. The process T is coupled with the
process 1" and spreads the infection along the edges of F in the following manner. Start with
all vertices in the susceptible state S and let the vertex s be infected (in the state I). Then
choose the two available edges incident to s with smallest indices in order P and spread the
infection through them. At the time when one of these edges becomes occupied, choose the
next available edge from E with the smallest index in P and repeat the procedure. If both
active edges share one susceptible vertex, then when one edge gets occupied, choose two new
available edges with smallest indices in P. The process runs until there are no more available
edges.

The process T resembles the process T, but has a prescribed order of occupation of the
edges and always has at most two active edges in the front of the epidemics. Let us prove

the following Lemma.

Lemma 2.4.2. Let T be the delayed process on the tree G. Then for any i, where 0 < i <
x(G) and any @ € Q) at the time T;(@) the front of epidemics F(T;(@)) has at least two active

edges.
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Proof. Suppose that for some i < k(G) there is only one active edge in F(T;(@)). Since
the processes T and T are coupled, then there exists w € € such that the sample sequence
T(@) = T(w), and F(T;(@)) = F(T;(w)). Hence, F(T;(w)) has one active edge for i < x(G),
which contradicts the definition of xk(G). O

The process T stochastically dominates the process T, which is proved in the following

Lemma.

Lemma 2.4.3. For any tree G on n vertices, for k such that 1 < k < k(G),
T, X Ty

Proof. Consider any sample sequence T'(w). Then by definition the time Tj(w) can be
written as follows:

Tj(w) = mi P(s,1)|.
e (w) nglc%terg?gk)l (s,1)]

Since processes T and T are coupled, then there exist @ such that T(&) = T(w). Define the
induced subgraph ék C G on k vertices occupied by the process T by time Tk (w). Then the
time to occupy k vertices in the process T can be defined as the maximum over vertices in
V(G}) of weighted lengths of (s, t)-paths:

Ty = max |P(s,t)|
teV(Gy)

Since Gy is an induced subgraph, then the time Ty(w) < Tk(®), and therefore by Theo-
rem 2.2.7 we have T}, < Tj,. This finishes the proof of the Lemma. ]

By definition of the process T, at each time T}, it infects a vertex and the front has exactly
two active edges with i.i.d. power-law weights X and Y, where X is the newly available edge
and Y is either a new or an old edge. Define the random variable Y, := (Y — 7|7,Y > 7),

where 7 > 0, to have the following probability measure:

P(Y > 71+ 5s)

POY7>9) = —p5=7

Therefore, the process T satisfies the following equation:
Tk—H = Tk + min(X, YT),

for each £ > 1. Since the process starts with two new edges, then in case T is defined as

follows:

T7 = min(X,Yy) = min(X,Y).
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Define the process @ = {Qy : k € {1,...,n}} to be the process in which at each time there
are two active edges in the front, one of them is always old with the age of the process and one
is always new at each time ¢. When a new edge gets occupied a new edge is placed instead.
When an old edge gets occupied, both edges are replaced with an old edge with an age of
the process and a new edge. The process () qualitatively constitutes the worst scenario the
infection T can spread, having an ever old edge Y and spreading only along new edges X.

Thus, the process @@ then is defined by the following recursion:

Qi1 = Qr +min(X,Y — Qp|Qk, Y > Qi),

Q1 =min(X,Y).

(2.32)

It is easy to see that since for each 7 in the process T it is true that Qj > 7, thus we have
PY — Qi > s|Qr, Y > Qi) >P(Y —7 > s|1,Y > 1),

thus Q; > T, and hence by Theorem 2.2.7 the process ) stochastically dominates the process
T.

We now prove the following technical Lemma.

Lemma 2.4.4. Let X and Y be i.i.d. power-law random variables with o € (1/2,1). Then

there exists constant C = C(«), such that for any t > 1:

E(min{X,Y —t}|Y > t) < Ct!™2,

Proof. The tail distribution of the minimum of considered random variables is given as
follows:
P(X >sY—-t>sY >t)

P(min{X,Y —t} > s|]Y > 1) = B S 1) -

(142), s>t

if0<s<l1.

—
—
SR SR
N—

|

o}
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S
Then using the substitution v = n we write the expected value as follows:

[e.o]

E(min{X,Y —t}|Y > t) = /P(min{X,Y —t} > s]Y > t)ds =

0

1 00
/(1+t ds+t~ 0‘/ ds =
0 1

1

Jt
=t [(Q4u) “du+t"" [ (u(l+u) “du=
[ Jt
= () + 1)

Let us calculate both integrals separately. The first integral (I) is straightforward to compute:

(1+3) " =] =0

Using the L’Hospital rule it is easy to show that

1
N=tr—3

f(t) < 1.
Calculate the second integral (IT). Splitting the interval of integration into two parts we
obtain
00 1 oo
tl_a/(u(lJru))adu:tl_a /( (14u)) “d u+/ (14+w) “du (2.33)
1/t 1/t 1

The first integral on the r.h.s. of (2.33) can be bounded in the following way:

1 1
1
ﬂ/u_adué/(u(l—l—u))_o‘dug
1/t 1/t

u “du,

—

1/t

or, equivalently,

1 1
/(u(l +u)) % du < /uo‘du =1 i - (1—t*71).
1/t

1/t

The second integral on the r.h.s. of (2.33) can be bounded in the following way:

o

(o) (o]
/ (1+u)"2%u < / (14u)) “du< /u_2adu,
1 1

1

o0 o0 1

(1 *du = 20y = .
/ +u U /u U 50 1
1 1

or, equivalently,
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Hence, the integral (IT) is bounded in the following way:

o0

1 1
l1-a -« = l1-a 1_ta71 .
t /(u(1+u)) du =t <2a_1+1_a( )

1/t

Summarizing the above calculations we obtain

E(min{X,Y — t}|Y > t) <t ! 141 o 1| +te 2 +tlia_1 (2.34)
i o ¢ 2a—-1" 1-a =
Using a < 1 we write the following upper bound:
E(min{X,Y —t}|Y > ) <1 ¢}~ ! + ! —
’ A 20—1 1-a) 1-«
1 1
<2a -1 * 1-—- a>
<Ccte
This finishes proof of the Lemma. O
Remark: When a =1 we have
1/t 9
1 1
E(min{X,Y —t}|Y >t) =t d —du =
(min{ X, HY > t) /1+u u+/u(u—|—1) u
0 1/t
1
=tln <1 + t> +1In(t +1).
It is easy to show that this is the limit of (2.34) when a — 1. O

Using the law of total expectation, Lemma 2.4.4 and Jensen’s inequality we have that

E(Qry1) = E(Qr +min{X,Y — Qi}) = E(E(Qx + min{X,Y — Q1 })|Qx)

(E(QxlQr) + Emin{X,Y — Qx}|Qr)) = E(Qr) + E(E(min{X,Y — Qr}|Qr))
(@r) + CE(Q™)
(Qr) + CE(Qr)'™

E
<E
<E
Then immediately we have E(Qy) < bx, where by is defined as

b1 = by + Cb, 7%,

2
=E(Q) = 3 < (a0)/* = d.

Then by Lemma 2.2.5 we have the following Lemma about the modified process Q.
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Lemma 2.4.5. Consider the modified process Q. defined above in (2.32). Then, for o €
(1/2,1) and k > 1, we have
E(Qy) < dkM®.

where d = (aC)Y/,
Now we are able to prove the main Theorem of the current Section.

Theorem 2.4.6. Consider the graph G on n vertices and root s and m edges and the SI
spreading process T = (Tj);n:1 with power-law weights with o € (1/2,1). Then for each k,

where 1 < k < k(G), the expected time to infect k vertices is bounded by
E(T},) < dk'/®.

Proof. By Lemma 2.4.1 the process T is stochastically dominated by the coupled process T,

thus the following inequality is valid:
E(Ty) < E(Th),
where 1 < k < x(G). By Lemma 2.4.2 the process T is dominated by the process Q, thus
E(T1) < E(Qx),
where 1 < k < k(G). By Theorem 2.4.5 the last expectation is bounded:
E(Qr) < dkY*.
Therefore, we have the final statement of the Lemma:
E(Ty) < dk'/®.

This finishes the proof of the Theorem. O

2.5 Smoothing on critical Galton-Watson tree with an extra
edge

The smoothing effect on the static graphs is described by the Theorem 2.4.6. It turns out
that this Theorem can be applied to the random graph models with slight modifications. In
the current Section we prove that w.h.p. the smoothing happens up to the positive fraction
of a large CGW tree 7 with an extra edge e attached to a root and a random vertex in 7.

First we establish some technical lemmas.
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2.5.1 Technical lemmas

Let the graph G be a cycle (), of length n with N rooted trees t1,to,...,ty attached to it

by extra edges ej,ea,...,en, where n > 3, N > 1 (see Figure2.3). Let vertex s € V(C},)

n+N

fa with power-law weights with

be a root. Consider the SI spreading process T' = (1})

a € (1/2,1). Then, it is a simple combinatorics argument to show the exact value of k(G).

Figure 2.3. Schematic structure of a cycle C, with hanging trees

t1,t2,...,tN.

Lemma 2.5.1. Let the graph G be a cycle Cy, of length n with N rooted trees ti,ta, ..., tN
attached to it by extra edges e1,es, ..., en. Consider the SI spreading process T with power-

law weights with o € (1/2,1), started from a vertex s on a cycle. Then k(G) = |G| —max; |t;].

Proof. Let t(1),t(2),-..,t) denote the labelling of trees in the descending order of their

sizes and label each edge that attaches the tree t;) to the cycle as e(;), where ¢ =1,..., N.

n+N

721 constructed as follows. Start

It is natural to couple T with the delayed process 7' = (7))
the delayed process T, defined in the Section 2.4, from vertex s only on the cycle C,, until the
last edge becomes active and let Tf’J = Tj, for j =1,2,...,n. At that time we have all vertices
incident to extra edges leading to attached trees in the state I. Then start the process T on
two trees t(1)Ue(1) and t(5) Ue(y) and let TJ =T, where j =n+1,...,n+ lt(2)].- When one of
the trees become infected, start process T on the tree t(3) and proceed analogously up until
there are no new trees to infect.

By Lemma 2.4.3 we see that the process T stochastically dominates the process T, and

up to the same x(G).
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It is obvious from Theorem 2.3.1 that #(G) > |Cy|. Take a sample sequence T'(w), such
that (eqy) > Zj §j, where the sum is taken over all edges of trees, except t(;). Then up to
a time when all trees get infected, the edge e(;) will be in the front of the epidemic F(T(w)),
resulting in smoothing up to ko := |G| — [t(1)| vertices. Take another sample sequence T@),
such that {(e(;)) > >_;&;, where i # 1 and the sum is taken over all edges of trees, except
t(s), we obtain smoothing up to k = |G| — [t(;| > k vertices. If there exist e € (;), where
i=1,...,N, such that £(e) is large, then following the same argument we obtain smoothing
up to k > ko vertices. Hence, k(G) = ko = |G| — max; |t;| and this finishes proof of the
Lemma. O

Consider a critical Galton-Watson (CGW) tree T with offspring distribution &, such that
Var(¢) = 0 < oo. Let T be an infinite CGW tree with the same offspring distribution &.
We write as (T[k] = T) and (T°°[k] = T') the event that first k generations of the tree 7 and
T respectively match the first k& generations of a given tree T, where 1 < k < N. Denote

as #T}, the size of k’th generation in the tree T'. The following Lemma holds for trees 7 and
T [40].

Lemma 2.5.2. Let T be a critical GW tree conditioned on Zy > 0 with offspring distribution
&. Then for any rooted labelled tree T of at least k generations:

lim P(T[k] = T|Zy > 0) = #T, - P(T[k] = T).

N—o0
Then
P(T>[k] =T) = #T), - P(T[k] = T).

Denote the conditioned measure P(- | Zy > 0) =: Py(-) and the infinite measure P(- | |T] = o0) =:

Poo(+). It is natural that as N — oo the trees (7]Zn > 0) and T start to look same. The

following Lemma shows it rigorously.

Lemma 2.5.3. Let T be a critical GW tree conditioned on Zn > 0 and T be an infinite
critical GW tree. Then as N — oo for any € > 0 there exist § > 0, such that there exists a

coupling between T and T, for which
P(T[ON] # T>[6N]) < e.

Proof. Consider a rooted tree T" with height k£ < dN. Then by Bayes’ formula:
P(Zny >0|T[k]=1T)
P(ZN > 0)

1 (1)

(#7T)
=——— Pz ou---uz 0OP(Tk| =T
P(ZN>0) ( Nk~ Nk ) ( [] )7

P(TIk] =T) =

P(T[k] = T|Zy > 0) =
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where Z](\Z,)_ ;, denotes the (IV — k)’th generation in the i’th copy of GW process Z started at

level k. Thus, by Theorem 2.2.14 for a large N there exist €1 > 0 such that,

P(Zy > 0) = %(1 +er). (2.36)

Then using the union bound we have that when N — k is large,

P(T[k] = T|Zx > 0) < %(1 +e1).

In order to obtain a lower bound we further write the Equation (2.35) as follows:

P(TTk] = T|Zy > 0) = (1 —P(z{, =0n---nz{ = 0)) P(T[k] =T) =

IP)(ZN > 0)
_ P(ZNl>O) (1 (1 —P(Zy_k > 0))#Tk) .

(2.37)
Hence using (2.36) when N — k is large there exist ] > 0 such that the Equation (2.37) can
be rewritten as follows:

02N

P(TH = T1Zx >0) = &

#T
(1 _ (1 _ 02(]\72—k:)> ) P(TIK] = T))(1+¢,).  (2.38)

We then rewrite (2.38) using the Taylor expansion of the logarithmic function In(1—x) around

(=) o (pn (- ) -

~ exp (%) (14 o(1)).

Since for any z > 0 we have e < 1 — 2 4+ 22/2 and when N — k is large there exist €5 > 0,

xz=0:

such that
0.2
P(T[k] = T|Zy > 0) ~ ?N (1 — exp (—%)) P(T[k] =T) >
> A HTR(TIH = T)(1 - =)

Choosing g9 to be the maximum of €1 and €2 we have the following bounds on the probability
P(T[k]=T|Zn > 0):

NL_k#TkP(T k] = T)(1 —eo) <P(T[k] = T|Zy > 0) <

HTP(T[k] = T)(1 + ep).
(2.39)

N -k

Next we prove that the probability that the tree T has a large number of vertices on the
layer k is small. By Markov’s inequality and Theorem 2.2.16 for any C' > 0 it follows that

for the infinite tree,
1+ ko?

PolZk 2 ON =) < oy — g
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Since k < N, we can rewrite the inequality as follows:

1+ ko? 14 0No?
P (Z, > C(N — -
(22 CIN=k) < 5N =7 < eNL =)
do?

Cli—9) "CNI=0)

Then for any €3 > 0 and 0 > 0, when N is large enough, there exist C' > 0 such that for all
k<ON,
Poo(Zi = C(N — k)) < e3. (2.40)

Denote the projection of measures Py and P, onto the trees with common first § N layers
T[ON] as Pylsn and Poo[sn respectively. We now prove that we can bound the total variation
distance between the measures Py[sny and Py [sn is small. By definition,

> [Palon [TION] = 1] = Paclon [T[N] = 1]| =
te{GW|Zxn>0}

DO | =

dry (Pnlsn, Poolsn) =

1 1

= X ety X =MD,
te{GW|Zn >0} te{GW|Zn >0}

#tsn<CN(1-96) #tsn>CN(1-6)

We bound separately both sums. It follows from the Equation (2.39) that

N
[Blow [TISN] = T] — Baclsn [T[6N] = 71| < e P (TIAN] = 7).
Therefore, the first sum (I) can be bounded as follows:
1 1 &g
5 > | 1< 515 D #tanPoo(TION] =T) =
te{GW|Z x>0}
#t5N<CN(175)
_ 19 p gy <N —0) <
T91_5® ON
1 o
2106

Hence there exist £4 > 0 such that the sum (I) < 4. The second sum (II) can be bounded

in the following way:

1 1 -
5 > <5 > (PN(TON] = t) + Poo (T®[0N] = 1)) <

te{GW|Z >0} te{GW|ZNn>0}

#t5y>CN(1—6) #tsny>CN(1-0) (2.41)

1 1
< §IP>N(Z5N >CN(1-9))+ §POO(Z5N > CN(1-19)).

We have chosen d and C' in such way that the probability to have large Zj, in the infinite tree
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is small. Therefore using Equations (2.39) and (2.40) we have the following:

Pn(Zsny 2 CN(1=0))= > PBy(TIEN]=1) <Y (1 +e0)#tsnP(T[ON] = t) =
te{GW|Zxn >0}
#tsny>CN(1-6)
= (14c0) > Poo(T[ON] =1t) = (1 + £0)Poo(Zsw = CN(1 - 6)) <
< (1 +eo)es.
(2.42)

Therefore there exist €5 > 0, such that

PN(Zk = C(N - k)) < €5.

IS

Hence putting (2.40) and (2.42) into (2.41), we obtain

1
> |- < 5les +en).
te{GW|Zn>0}
#t5N<CN(175)

N

Thus there exist eg > 0, such that

% Z |...|<€6.

te{GW|ZNn>0}
#t5N<CN(1—5)

Summing everything up, we can write that for any € > 0 and sufficiently large N we can find

6 > 0 such that the total variation distance between two measures is small:

drv (Pnlsn, Poolsn) < e.

Hence by Theorem 2.2.6 there exists a coupling of the random variables T[0N] and T*°[§N],
such that the difference between them is small in total variation distance. This finishes the

proof of the Lemma. O

2.5.2 Proof of Theorem 2.1.2

Let Tie be the tree 7 with an extra edge attached to a root and one of the vertices of T
uniformly at random. The following Theorem shows that on average there is a smoothing
effect of an extra edge up to a size of a constant fraction of the tree 7.

By Lemma 2.5.3 for large N and any & > 0 we can find ¢’ > 0 and a coupling of 7 and
7°°, such that the tree T[¢'N] is not different from 7°°[¢' N| with probability (1 —&’).

Denote n := §’N. Let the part of the spine v in the tree T[n] be denoted as 7,. The
number of offspings of each vertex ¢ on -, is represented by shifted size-biased i.i.d. random
variables

77@':51'_]—,
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where 0 < ¢ < n. Denote p := Enq, and it is easy to show that u = 02 < co. Let the total

n
number of unconditional critical GW trees attached to the spine 7, be denoted as s, := > 7;

j=0
and label these trees as 71,72, ..., Ts,. Denote as Ty the tree To = T\ (T1 U---UTg,).
We now prove that the x(7) is tight. We can use Lemma 2.5.1 for the case when a cycle

is just a vertex. Then the smoothing goes up to sg trees hanging from the root, and since

| 70| in this case is a.s. large it is true that

n
R(T) =Y _ITil-
i=1
By Markov’s inequality we have for C' > 0

2

o
Pin>C)< —.

n>0)< 5

Therefore for any ] > 0 there exist large enough C > 0, such that
P(n<C)>1-—¢. (2.43)

Hence with high probability the number of trees is bounded. Prove that with high prob-

ability also the total size of these trees is small. Then for ¢ > 0 we have
C
P(Z I7i| > cN2) < P(|Ti| > cN?).
i=1

By Theorem 2.2.13 we can derive that for large IV,

g

o0
1 1
~ / ey = ———.
oV 2T oV2Nmc
cN?2

1
P(|T7| > eN?) ~ § : n=3/2%
27
n=cN?2

Therefore we can write that for any &) > 0 there exists ¢ > 0 and large N such that

C
]P’(Z 7| < ch) >1-¢) (2.44)

i=1
Thus the union of these two events hold with probability 1 — ¢} — &), which implies that (7))
is tight, which finishes the proof of the first statement of the Theorem.
Now we prove the second statement. Denote as (e € Ty) the event that the extra edge e
is attached to the tree 7y. Then by Lemma 2.5.1, we have the following:

K(Tie) = |T]— max |Tjl.

1=0,...,5n
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The probability that the size of smoothing is proportional to the size of a tree 7y, can be

bounded as follows:

P(5E > 0) =p(E > e e To)pte e o)+ (ST > 0] e # T )ee £ ) >
> P(”’(Tie‘) > 6 ‘ e TO)P(@ e To),

for some & > 0. The probability of the edge e to be attached to the tree 7y can be bounded:

TIn)l N7 o
P(ee’ﬁ))>P(eeTo T <5)IP>( 7 <5). (2.45)

Since the attachment is uniform, it would automatically follows that

Tl _ :

We prove now that the size of the tree 7 [n] is small comparing to the total size of 7 with
high probability. By the Law of Large Numbers for any k£ > 0 and large N we can find 1 > 0

such that:

P(s,, = kun) < 1.

Therefore the number of trees is bounded w.h.p. Consider L > 0, then using the law of total

probability we have conditioned on Zy > 0:
P(|T[n]| > Ln?) = P(|T[n]| > Ln?|s, > kun)P(s, > kun)+

+ P(|T[n]| > an\sn < kun)P(s, < kun) <
kun

< P(s, > kun) —i—IP’(Z |T:| > LnQ)IP’(sn < kpn) = (2.46)
i=1

kun

— +P<Z|7§| > Ln2>

i=1
Since the trees 7; are i.i.d. and by Theorem 2.2.13 there exist a slowly varying function ¢,

such that the tail distribution of |7;| is written as follows:

1
P(|Til = z)=¢ S E —3/2
(|Ti| =2 x) (x)a o n:zn

~l(x)eq /2_3/2dz = U(z)cpz™ V2.

Hence, by Theorem 2.2.8 the size of the tree |71| is in the domain of attraction of the stable

law Y with the following density:

1 _1
py (y) ~ i 3/2¢7 2y,
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m
Denote the sum of sizes of trees as S, = > |7;|. Then by Lemma 2.2.2 we have that for

i=1
large L:
& S L L
P(N T > Ln?) = P22 ~P(Y _
(;' > L) ((k;/mQ) ” (k@?) (v > (;w)2>
0o (kp)?/2L
1 -3/2 5 1 / -1/2 =2
= e2vdy = z e *dz =
V2T / Y Y Vo
L/ (kp)?
1 (kp)? T
— 1/2 ~ L2,
,ﬁzﬂ( 250 N
Hence for any large L we can find €2 > 0 such that
kun
IP’(Z T3] > LnQ) < e (2.47)
i=1

Using (2.47) in (2.46) we derive that for any €3 > 0 there exist large L, such that
P(|T[n]| < Ln?) > 1 — e3. (2.48)

Since the stable law has density around 0 being close to zero, we have for any ¢4 > 0 there

exist small do > 0 such that
P(|T[n]| > 62n?) > 1 — 4. (2.49)

We prove now that the total size of the tree |T| conditioned on Zx > 0 is not large. By
Bayes’ formula:

P(Zn>0||T|=M)

P(|T| = M).

Since the condition Zn > 0 implies that there exist at least one vertex at each distance k

from the root, then for k < IV,
P(|T|=k| Zny >0)=0.

The event (Zy > 0||T| = M) is equivalent to the event that (H(7) > N||T| = M), hence
using Theorem 2.2.15, Theorem 2.2.14 and Theorem 2.2.13, for large N, we have that the

following inequality holds for all possible M:
2
P(IT| =M | Zy > 0) < Ce 3t NM3/2,
We now prove that the probability to have small 7 is small. Consider v > 0, then we have

2
P(IT| <AN? [ Zy >0)<C Y e @ m Nm™5/2,
m<yN?
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and we can bound the sum with an integral:

YN?
2 c
P(|T| < yN?| Zy >0) < C / e Nm=3/2dm = % / e w32y =
N 1/N
o c1/y o e/
- Y, 124 — —v,~1/24
NG / A Y / cvows
c1 N 00
C cl>
<«—1(1/2,%),
Ver </ Y

where C, ¢; > 0 are constants that depend on £. By Lemma 2.2.3 as v — 0,
P(|T| < YN?| Zn > 0) < Cy~ Y21/, (2.50)

Then it follows from (2.50) that for any €5 > 0 there exist v > 0, such that
P(|T|>~vN?| Zy >0) > 1 —¢s. (2.51)

Therefore from (2.48) and (2.51) it follows that

P(!T[n]l _ Ln2) _P<\T[n]! _ Le”

— ) = >1—e3—es,
7]~ N2 7] 7> T

and we can choose ¢, such that Ld’ = . Then there exist g > 0, such that

P(Tﬁ” < 5’) >1- ¢ (2.52)

Plugging (2.52) into the Equation (2.45) we obtain that there exist e7 > 0 such that
Ple € To) > 1 —er.

We now prove that the probability to have a large tree T is also small. Consider K > 0,

then analogously we have:
2
P(T|>KN?|Zy >0)<C Y e Nm /2
m>KN?
o0 oo
2 c
<C / e~ Nm~3/2dm, = C/e_zlx_?’/2d$ =
K

KN?2
c1/K

C C c
- = -y, —=1/2 7, _ b

v C1 / M dy Cl’y (1/2’ K)
0

and by Lemma 2.2.2 for K large,

P(|T| > KN?| Zy > 0) < CK~1/2,
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Hence, for any eg > 0 we can find K > 0, such that
P(|7T| < KN?| Zy > 0) > 1 —eg. (2.53)

Therefore from (2.49) and (2.53) it follows that

U

|T| KN2>>1—€4—€8.

Conditioned on the edge e to be attached to 7y we have by Lemma 2.5.1,
K(Tre) > |Tn]|-

Hence, we finally obtain that there exist €9 > 0, such that

R(Tie) _ 020"
P
(et > %

6676)>1—59.

Hence finally we obtain that for any ¢ > 0 there exist § > 0, such that

P(’jgj) > 5) >1—e.

This finishes the proof of the Theorem. ]

2.6 Critical versus near-critical Erd6s-Rényi graphs and heuris-
tics

Another model of random graphs where our results may be applied and the same smoothing
phenomenon may be observed is the largest cluster of critical versus near-critical Erdés-Rényi
graphs. We are presenting here the main ideas on a slightly heuristic level, and are planning
to work out the details in the forthcoming paper version of this chapter of the thesis.

Let us consider the Erdés-Rényi graph G(n, p) in its critical window for the emergence of
a giant cluster, at p = p,(A\) = 1/n 4+ \/n*/3, with X\ € (=00, 00). We will use the standard
monotone coupling of these random graphs.

The cluster of a typical vertex in G(n,p,()\)) in the critical case A = 0 is locally a GW
tree with Poisson offspring distribution with mean 1. As we are raising A, extra edges appear
in the standard coupling. Since the sizes of the largest clusters above the critical point are
of order n?/3, the number of extra edges in each such component is approximately Poisson
(©(X)), while, of course, the extra edges also merge some of these components. That is,

the large scale structure of large critical versus near-critical clusters resembles but does not
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exactly coincide with our first example: a critical random tree conditioned to be large, plus
a constant number of random edges.

To make this picture more precise, the probability that the largest cluster of G(n, p,(A))
is a tree converges to some t(\) > 0, which decays rapidly as A — oo (see [33]). This means
that, for A = 0, with a decent positive probability the SI spreading will encounter bottlenecks
everywhere during the process, and, because of these bottlenecks at random locations, the
averaged spreading curve will not converge and will produce jumps. However, at large A > 0,
a typical largest cluster will have one or more extra edges, hence, on a typical realization of
the cluster, we expect to see the smoothing effect.

In order to apply our Theorem 2.4.6, we need to prove that x(G,(n,pn(N))) is typically
positive for these clusters. As before, this will be clear once we know that the cluster, having

a volume of order n?/3,

e has a diameter of order n'/3,

e the extra edges are located quite randomly, so that the cycles created have length of

3

order n'/3, and

e the subgraphs hanging off from such a large cycle are random enough, with a critical

GW-like structure, so that at least two of them have volume of order n?/3.

Such a structure result is essentially provided by [1,2], where the scaling limit of large
near-critical clusters as metric spaces is described, building on classical work of Aldous [5].
The properties we are aiming at are probably most apparent from Procedure 1 in [2], p.9,
which constructs the scaling limit of a large cluster conditioned to have volume en?/? and
k > 0 extra edges roughly as follows; the structure is basically independent of ¢. For k > 2,
first one takes a 3-regular graph on 2(k — 1) vertices, from a certain distribution; for k& = 0,
the graph is just a single vertex; for k£ = 1, the graph is a “lollipop”: two vertices with an
edge between them and a loop at one of the vertices. Then one replaces each edge of the
graph by a copy of Aldous’ Brownian Continuum Random Tree, independent apart from
being conditioned to have total scaled volume c. Finally, one chooses the points where the
neighbouring trees are glued to each other in an appropriate way. Since a positive distance in
the scaling limit corresponds to a discrete distance of order n'/3, for k > 1 our requirements
above are easily seen to be satisfied.

The following results from our numerical simulations show that, even at a moderately

off-critical value A\ = 1, we practically always see the smoothing effect (see Figure 2.4).
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Figure 2.4. Simulation of SI spreading with power-law inter-event times
with o = 0.8 on the Erddés-Rényi graph (ER) with n = 20000 vertices. (a)
The critical ER graph with A = 0. (b) The above critical ER graph with
A=1.
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CHAPTER 3

THE ROLE OF BRIDGES IN THE SI SPREADING

ON TEMPORAL NETWORKS

3.1 Introduction

Recently much effort has been made to understand the main governing factors of spreading on
networks [19,31,38]. Topological aspects like community structure [26] and temporal activity
patterns like burstiness [9] severly influence the speed of spreading [32,38,49].

Different approaches have been applied to tackle this problem. One direction is to treat
related models analytically and by numerical simulations [19, 31,32, 34, 45, 67].  Another
possibility is to use empirical data about the temporal networks and define an SI spreading
process with those data. Such data include email logs [52,67] records of face to face encounters
[59] or mobile call billing information [38,49].

Mobile call records provide detailed insight into the dynamics of human interactions and
can especially well be applied to study the different aspects of communications processes [15].
It was shown [54] that in mobile call networks subsribers from a city can be considered as a
kind of community. We decided therefore to study how the communication and the spreading
of information are structured in cities. In this Chapter we use time stamped mobile call data
from a service provider of an European country for simulating the SI process on the real

communication networks.

3.2 Basic notions

Throughout this Chapter we use the notion of networks, which is in a sense another name of

raphs, used in computer science. Instead of the word ”vertex” we use the word "node” and
)

47
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edges are called sometimes ”links”. We use the notion of temporal networks as introduced
in [55]. A temporal network G = (V,€) is defined as a set of nodes V between which a
complete trace of all interaction events £ occurring within the time interval [0, 7] is known.
Each such event ¢ € £ can be represented by a quadruplet e = (u,v,t,dt), where the event
connecting nodes u and v begins at ¢ and the interaction is completed in time dt. As an
example, 0t may correspond to the duration of a phone conversation or flight time in an air
transport network. Broadly, we define 0t such that if an event e transmits something from
u to v, the recipient can "make use” of it only after the time ét has elapsed. However, in
some cases, events can be approximated as instantaneous so that 6t = 0 and they can be
represented with triplets € = (u, v, t), as in [29]. In the current study we further use the latter
notion.

The underlying or aggregate network I' = (V| E) of a temporal network is defined as the
set of nodes V(I') = V and there exist a link between two nodes u,v € V(I') if there is at
least one interaction (u,v,t) € £. Thus for each link e = (u,v) € E(I') one can project
all interactions (u,v,t) € £ onto e and have all the information about the communication
between nodes u and v directly on e. The collection of interactions on each link is called
interaction pattern. The interaction pattern is homogeneous if the interaction events are
uncorrelated in time and a bursty pattern is the pattern with significantly enhanced levels of
activity followed by long periods of inactivity [28].

For any edge (u,v) € E(I'), the time At = t3 — t; between two consecutive interactions
(u,v,t1) and (u,v,ts), where t1 < to, is called an inter-event time. Once we have all inter-
event times for edge e, we can define the inter-event time distribution P(At) for edge e. It is
commonly used (see e.g. [28,38]) that homogeneous interaction patterns are modelled by the
exponential inter-event time distribution P(¢ > t) ~ e~ where A > 0, and bursty patterns
are modelled by power-law tailed inter-event time distributions P(§ > t) ~ t~%, where o > 0.
The average inter-event time is the average of the inter-event times over the whole network.
The average inter-event time gives an approximation of the common pattern of interactions in
the network. We denote the mean of the inter-event distribution as  and standard deviation
as 0. The burstiness coefficient B measures how bursty the interaction is in the network and
it can be in terms of inter-event time distribution:

o—p
o+ u

B =

When B ~ 1 the interaction follows a bursty pattern, when B ~ 0 the pattern is homogeneous

and resembles the one produced by the Poisson process and when B ~ —1 the interaction is
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regular [28].

The underlying network I' may be disconnected and consist of several subnetworks, or
components, without links between them. We call the largest connected component LCC(T")
the component with the largest size. The quantity P,, denotes the proportion of nodes in
LCC(T) over the total size of the network.

We define a deterministic SI spreading process on the temporal network G as a dynamic
process on the underlying network I'. Let us remind its definition. Each node is labelled
by one of two states: susceptible (S, non-informed) or infected (I, informed). Suppose that
at time ¢ = 0 all nodes are in the susceptible state and one node, the initiator, chosen at
random, turns into the infected state. The infection is passed with time ¢ through links
from infected nodes to susceptible ones instantaneously at the first time when an interaction
happens between these two nodes. The process runs until the connected component of the
initiator becomes infected. Thus, in order to avoid uncertainties in the results we always
consider spreading on the LCC(T"). One can define a spreading curve N(t) as the ratio of
nodes infected in the process by time ¢ to the size of the LC'C(I"). To obtain statistics, we
perform in our simulations M runs of SI spreading process with random initiators from the

LCC(T'). The average spreading curve is then defined as the average curve (N (t)):

M
; Ni(t)
(NG =
The characteristic time of the SI spreading on G is defined as the time 7, such that (N (7)) =
1/2.

In the modelling Section we consider several network models. Three of them are basic net-
work models: the Erdés-Rényi, the Barabasi-Albert and the regular lattice model with next
nearest neighbour interactions (NNN) and one is a model designed to reflect the community
structure of the society. Let us describe them briefly here.

Two-dimensional regular lattice with NNN (Z) is widely used in theoretical studies
of various physical models (see e.g. [62,71]). The infinite lattice with NNN is defined as the
infinite regular two-dimensional grid of nodes [i, j|, where i, j € Z, and nodes [i1, ji1] and [i2, j2]
are connected with an edge, if |i1 —ia| 4 |j1 — j2| = 1 or |i1 — i2| + |j1 — j2| = 2. The network
7 is defined as an induced sub-network of an infinite on n? nodes V = {[i,j] : 1 < 4,7 < n}.

Erdés-Rényi random graph model (ER) is considered to be the first and mathemat-
ically simplest model of random graphs [23]. The model ER is constructed from an empty

graph on n vertices by adding each possible edge with probability p.
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Barabasi-Albert network (BA) is a network model designed to model the preferential
attachment of nodes [10]. The network BA starts with an initial connected network of mg
nodes, where mg > 0. New nodes are added to the network one at a time. Each new node is
connected to m < myg existing nodes with a probability that is proportional to the number
of links that the existing nodes already have. Formally, the probability p; that the new node

is connected to node 7 is
k;
pi = )
Zj kj

where k; is the degree of node ¢ and the sum is made over all existing nodes j.

The model of Kumpula et.al. (K) was proposed in [44] as a model of social networks
with the community structure. Denote & to be the weight of links. The model starts with
an empty network on n nodes and at each step the links are generated in the following two
ways. If a node u has non-zero degree, we choose one of its neighbours v with probability
proportional to the weight of the outgoing link &(u,v). Then, if v has neighbours apart from
u, say w, we choose it with probability proportional to the weight of its link (v, w). If there
is no link between u and w we create it with probability pa and attach initial weight dg,
otherwise we add § to the weights of all these three links. This mechanism is called local
attachment (LA). Under the second mechanism, the node u creates a link with a random
node v with weight §y with some constant probability p,, or with probability 1 if u has zero
degree. This mechanism is called global attachment (GA). Finally any node can be replaced
by a zero degree node with constant probability pgy, which is called node deletion (ND).
These three mechanisms, i.e., LA, GA, and ND, are applied to all nodes at each step i and
the network reaches a statistically stationary state after a sufficient number of steps D. We
consider an unweighted version of this network, meaning that when using the network for
the SI process we disregard the weights. The probability pa is directly related to the average
degree of the network.

The average degree of I is the average of node degrees over the node set. The network I" on
n nodes has a small-world property, if the diameter of network is at most of size O(logn) [69].
The network I' is said to have community structure, if there is a partition of a node set into
subsets with a high concentration of edges within subsets and low concentration between
them [26]. We say that network model I' with n nodes and m links has non-zero percolation
threshold if deleting a sufficient proportion p of links, where p < 1, leaves the size of LCC(T")
to be of size o(n) in the limit of n — oo [39]. The important properties of all four above

models are summarized in Table 3.1. The degree distributions of networks Z, ER and BA are
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Non-zero percolation
Degree distribution P(k) | Small-world Communities
threshold
Z ~ 12 - + -
ER ~ Poi(np) + + -
BA ~ k3 + - -
K In N (p, 0) + + +

Table 3.1. Table of the main properties of the considered network models.
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Figure 3.1. The mass function of the degree distribution in networks K
with all fized parameters except the number of vertices. The fit function

follows log-normal distribution with mean 2.6 and standard deviation 0.475.

known, when the degree distribution of network K was measured empirically (see Figure 3.1).

3.3 Data and analysis

The dataset contains records of mobile phone calls (MPC) of one service provider of one
European country. The call records contain the caller and callee’s hashed codes, the starting
time of the call and it’s duration. The dataset spans over a five-month period from August
to December of 2007 and contains 2,271,071,378 call records between 53,955,465 users.
Among these users 9,769,376 users have active contracts with the service provider during
the observed period and we call them as company users. The rest of the users are called

non-company users. Company users may have additional information about their location,
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given by the ZIP code stated in the contract. The number of company users with the ZIP
code is 6,272,586, others have no declared ZIP code. The data contains two types of calls:
1) between two company users and 2) the calls between a company user and a non-company
user. Since the data comes from one service provider, we have no information about the

intitiated calls or geographical information for non-company users.

Figure 3.2. Schematic structure of networks Gy, and G. White nodes are

denoted as Vy,, grey nodes as Vg and black nodes as V.

The MPC data generates a temporal network G with the node set of users and the set of
events £ of calls users. We call the nodes representing company users with known ZIP code
as white nodes, the nodes representing company users without ZIP code as grey nodes and
the nodes of non-company users as black nodes. We consider an SI spreading process on this
network. It may happen that the data span is not enough to infect the whole network, thus
periodic boundary conditions in time are applied for the data. We assume that when a call
happens, spreading can go in both directions, from a callee to a caller or vice versa, thus, for
the purpose of current research, the network is considered undirected. Since there is no data
about calls between non-company users, there are no links between nodes representing these
users.

In the current research we consider sub-networks of cities defined as follows. For each city
the network G, = (Vi, Fy) is defined as the set of white nodes V,, with ZIP code matching
one of ZIP codes of the city with the edge set F,, of calls between those users. The network
Gy is an induced sub-network of I'. The network G = (V, E) is defined as an extension of
network G, with the set of grey nodes V, and black nodes V;, that have links to the nodes
Vw. Along with the grey and black vertices we add edges connecting Vj; and V;, to V,,. Clearly
Gw C G and V(G) = V,, UV, UV}, and by construction there are no edges within and between
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vertices from V, and V4 in G. Schematically the networks G, and G can be represented in

the Figure 3.2.

In the network G the grey and black nodes of degree k > 2 can be considered as bridges
between white nodes. We compare the spreading on the set of white nodes without bridges
(in Gy) and with bridges (in G). Therefore we perform the modification of network G by
removing all grey and black vertices of degree 1. Then we consider the largest connected
component LCC(Gy,) in network G, and LCC(G) in network G. We denote as (k) the

average degree of white nodes.

(Nw(t))
(N(®))

Characteristic time 7

ol

(N (1))

"o 5 10 15 20
Time (in months)

Figure 3.3. Awverage spreading curves (Ny(t)) (dark blue) for 10 typical

networks of cities Gy, with average degree (k,) = 4 £+ 0.2. Respective

average spreading curves (N (t)) for networks of same cities G are also

given in dark grey. The inset illustrates the definition of the characteristic

time T.

We study the behaviour of SI spreading on each network G, and G using the average
spreading curves (N, (t)) and (N(t)). At each run i, where i = 1,..., M, the initiator is
chosen from the set of white nodes of LCC(G,,) with degree at least 2 to avoid slowdown
related to possible bottlenecks at the very beginning of the process. The characteristic time
of SI spreading on networks G,, and GG are denoted as 7,, and 7 correspondingly. The sample
of average spreading curves for cities with (k,) = 4 + 0.2 is given on Figure 3.3 along with

the illustration of the notion of characteristic time.
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3.4 Results

We consider the sample of all N cities with population between 10,000 to 300,000 people.
Cities of smaller population are not considered because of small size of produced networks,
and cities with larger population are underrepresented in the data. For each city i, where
i=1,...,N, we construct networks G, (i) and G(7). The size of networks G is proportional
to the number of white nodes, however the dependence of the size on the population of
city is vague, which is explained by differences in coverage of the company in different cities
(see Figure 3.5 (a), (b)). We also observe the linear dependence between the number of
white nodes |V,| and the total number of bridges |V,| + |V4| in networks G (see Figure 3.6).
Remember that P, is the relative size of the LCC(G,,) to the total size of G,. Then on
Figure 3.7, (b), we see that the dependence of (k,,) over the Py, shows the typical percolation

behavior.

‘
ey, SMALL
MEDIUM

LARGE

p(t/m)

. . . .
103 1072 1071 1 10

Figure 3.4. The inter-event time distributions of three cities of different
sizes of V. The small sized city is considered to have |LCC(Gy)| ~
103, the medium sized city has |[LCC(Gy)| ~ 10* and the large is with
|LOC(Gy)| ~ 10°.

We denote the average inter-event time for each city ¢, where 1 < i < N, as u; and the
corresponding standard deviation is denoted as ;. These values are very similar for all cities
and p; € (0.04,0.08) and o; € (0.1,0.2) for almost all cities i. The burstiness coefficients B;
belong to the interval (0.41,0.46), indicating the bursty interaction patterns in all cities. The
distribution of inter-event times in the cities is found to be similar for cities of different size
(see Figure 3.4), which is explained as that people follow same patterns of calls irrespective

of the size of their community.
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Figure 3.5. (a) The relationship between scaled sizes of the networks G

and the population of each city. The linear trend is vague, which represents

the difference in coverage proportion of the company in each city.
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Linear dependence between the size of network G and the number of white

nodes |Vy,| for each city.
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Figure 3.6. Linear dependence between the total number of bridges (|Vy|+
[Vu])/10% and the number of white nodes |Vy,|/103.

We find the largest connected components LCC(G,,) and LCC(G) in each network G,

and G correspondingly. It is observed that there is no proper relation between population and

the number of company users and cities with large population may produce sparse networks

regardless of their population size.

We perform M = 100 runs of SI spreading process on each of the networks G,, and G.

In agreement with our expectations we see a radical decrease in the characteristic times,

when we switch from G, to G (Figure 3.7). We observe when P, < 20%, the networks

show scattered results in characteristic time. Thus we perform truncation of those cities and

present the results on Figure 3.7 (b).

We find a clear power-law dependence of the characteristic time 7, on the average degree
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Figure 3.7. The characteristic times 1, (blue dots) and T (red dots)
relative to average degree of white nodes (ky) in the networks G, and
G. (a) The whole sample of cities is plotted, with large scattering around
(kw) ~ 1. In this case the networks become very sparse and the size of
LCC is decreasing. (b) The same plot is obtained by deleting those cities

with Psy < 20%, which gives clearer results.

(kw) in networks G, (see Figure 3.7). At the first sight it is surprising that (k,,) and not the
size of the LCC(G,,) controls the process. This may be explained by the small size effect of
networks G, since most of the sizes of LOC(G,,) belong to the interval [10%, 10%].

The introduction of bridges of grey and black nodes drastically decreases the characteristic
time. However, the dependence of the characteristic time 7 on the average degree (k) in
networks G is less clear (see Figure 3.7). The reason the characteristic time is so much
decreased (7 € [0.5;1.5]) is that spreading curves start to look almost the same for all values
of (ky), thus smearing the topology of the underlying network. In the next Section we model

this effect on empirical networks.

3.5 Modeling

3.5.1 Model

We construct a simple model of networks GG, and G that replicates the observed behaviour of
the SI spreading process. Our model is based on the observation that considered networks G,
only give a partial insight into the whole network of calls in the city, thus not all connections
between nodes are revealed. We also observe from the data that the number of white nodes

is proportional to the total number of bridges (see Figure 3.6).
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Let us describe the model. Consider a network G = (V, E) on n nodes represented by a
model with a parameter py responsible for the average degree. We define a diluted network

Gl

as the initial network G with each link being deleted with probability p, where 0 < p < 1.
Let the nodes of the network G%, be white nodes. For each G, we define network G* by adding
the set of bridge nodes B to éﬁ and connecting each bridge node with exactly two white
nodes at random. We model the interaction patterns by attaching i.i.d. random variables &;
to the links, which represent the inter-event times. We consider two types of inter-event time

distributions: the power-law distribution pow(t,in, ) with the following density function:

t0 s if tin < &
Ppow(t) = (3.1)
0, otherwise,

and the shifted exponential distribution exp(tmn, A) with the following density function:

1 t—1tmi :
s oxp (—42hmn ) L if b <1
Peap(t) = (3:2)

0, otherwise,

The distribution exp(tmin, A) is defined such that it has the same support as pow(tmin, ).

3.5.2 Simulation

Gy

P and G constructed from the network G, given

The simulation is performed on networks
by four network models defined earlier: 1) Regular lattice with NNN (Z); 2) Erdés-Rényi
(ER); 3) Barabasi-Albert (BA); 4) the model of Kumpula et.al. (K). Each considered
network model has n = 5000 nodes (network Z has 4900 nodes) and the parameters of these
models are tuned in such way that the average degree in the original G is around 12. The link
deletion probability p goes from 0 to 1 with increment 0.05. The number of bridges added to
each network is 5|V,,|, which is obtained from the data.

We perform two sets of spreading runs, with M = 100 runs in each set: 1) with power-
law inter-event times distribution with ¢,,;, = 0.008 and o = 1.2 and 2) with exponential
distribution with ¢,,;, = 0.008 and the parameter X is chosen in the way that two distributions
have same mean ;. = 0.05 obtained from the data. The results are presented on the Figure 3.8.
All four network models show faster spreading with bursty interaction patterns modelled
by the power-law inter-event times (7, (pow) and 7(pow)) compared to the Poisson process

(Tw(exp) and 7(exp)). Introduction of bridges decreases characteristic time in all models,

which agrees with the empirical results in Section 3.4.
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On Figure 3.9 we have the comparison between four models with power-law inter-event
times. We observe that BA model is the fastest in terms of characteristic time, which is
explained by the presence of large degree nodes and since the percolation threshold is zero,
these nodes remain in the diluted network as well. It is known that community structure
slows down spreading (see e.g. [70]). Therefore in the model K the spreading is slower than
ER when (k) is large. In the diluted network with small average degree (k) the LCC has
no apparent community structure and since it has more large degree nodes, it overtakes ER
in spreading speed. The model Z is slow due to its regular structure. The introduction of
bridges smears the topology of initial networks and thus the spreading results in the almost

the same behaviour for all four models.
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Figure 3.8. Characteristic times 1, and T relative to average degree of

white nodes (k) in the simulated networks G, and G* with four different

initial networks G. Each network has 5000 nodes and 25000 bridges are

added with both power-law (o) and exponential inter-event times (x) are

considered. The following models are considered: (a) The Barabdsi-Albert

network; (b) Erdds-Rényi network; (c¢) Network of Kumpula et.al; (d) Reg-

ular lattice with NNN interactions. The results show that Poisson process

s slower on each model. Introduction of bridges decreases characteristic

time and the results depend on the initial topology of the network.
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Figure 3.9. Comparison of characteristic times 1, and T relative to av-
erage degree of white nodes (ky) in the simulated networks G, and G"
with four different initial networks G. Each network has 5000 nodes and
25000 bridges are added with power-law distributed inter-event times. The
results suppose that the degree distribution, or mainly the presence of large
degree nodes, is a key factor governing the speed of spreading in these mod-
els. Howewver, if these nodes belong to communities, a slowdown happens.
Introduction of bridges decrease characteristic time and smears topological

differences.
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CHAPTER 4

DISCUSSION

In the last Chapter we have studied the role of bridges in the SI spreading on real and
simulated networks. We have confirmed that the introduction of sufficient number of bridges
decreases the characteristic time of the process, thus making spreading faster. The effect of
bridges is more vivid when the network has low average degree. In this case the LCC has
low number of cycles and the network locally has structure of a tree. In Chapter 2 we have
derived that addition of one bridge to a tree drastically increases the average time to infect k
nodes in the SI process. The real networks in our dataset show similar effect after introducing

a sufficient number of bridges.

We have constructed a simple model that replicates the observed effect of bridges. Based
on this model, we have found evidence that topology of the underlying network has effect in
spreading. According to our expectations the presence of large degree nodes and absence of
communities increases speed of SI spreading. When the average degree of the network is less
than one, it falls apart into the number of disconnected components, each of which having a
tree-like structure. Introduction of bridges makes this network connected, but the topology
becomes homogeneous irrespective of the original topology and spreading curves look almost

the same for different network models.

In the Chapter 2 we have shown how the addition of one edge can drastically increase
average speed of spreading. Moreover, the more extra edges one adds, the more speed-up
one can obtain. However, the speed-up can be achieved if these extra edges introduce large
cycles into the structure of network., because it is more probable that the short cycles be
contained inside the communities, which can cause a slowdown of spreading. From the proof
of the Theorem 2.3.2 we can derive that large degree nodes are also important in speeding

up the process, since on an n-star the first n/2 get occupied in O(log(n)) time.

61
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62 4. Discussion

In the Chapter 2 we have studied the case of smoothing when « € (1/2,1). We acknowl-
edge that the analogous result can be derived for any « € (1/(d+1),1/d], where d > 1. It is
straightforward to show the analogue of Lemma 2.4.3 for one new and d — 1 old edges and

obtain

E(min(X,Y; —t,..., Yy 1 —t)|Y1,..., Va1 > t) < Cgt'™,

Then stochastically dominating the original process by the delayed process with d active
edges every time in the front of epidemic and then constructing the appropriate process
we can prove that the expected time to infect k£ vertices is bounded for k < k4. However,
this means we would approximate the original process by spreading on the d infinite rays
with common root. This construction is more complex and it is hard to find an example of

tree-like graphs where such x4 is not tight.
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