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CHAPTER 1

Introduction

Solving systems of multi-variate polynomial equations is a classical problem in math-

ematics, and it has many applications in areas such as robotics (kinematics, motion plan-

ning, collision detection, etc.), computer vision (object modeling, surface fitting, recog-

nition, etc.), graphics, geometric modeling (curve and surface intersections), computer-

aided design, mechanical design, and optimization. Usually, we need not all but a partic-

ular solution of the system of equations for example the solution that optimizes certain

conditions.

The problem of computing the solutions of a system of polynomial equations can be

approached in various ways, such as algebraic techniques based on Grobner basis compu-

tations and numerical methods based on homotopy continuation [8]. Moreover, Newton’s

method is a numerical method to find roots when the number of equations and the num-

ber of variables are the same. It finds one solution very fast only if starting from a

point which is close enough to the solution.Whereas in homotopy methods, a homotopy

is formed between two polynomial systems (one of the systems with known solutions)

and the isolated solutions of one are continued to the other.

Additionally, there are several software packages which can solve polynomial systems

automatically. The software PHCpack, a general-purpose polynomial system solver that

uses homotopy continuation [14]. Bertini is a general-purpose polynomial system solver
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that was created for research about polynomial continuation [1]. And also, HOM4PS-2

is a software package for solving polynomial systems by the polyhedral homotopy contin-

uation method [12]. Last but not least, Hom4PS-3 is based on Hom4PS-2 and developed

by the same team as Hom4PS-2 [10].

In my thesis, I study optimization problems as root finding problems. The first order

optimality conditions give us the system of multivariate polynomial equations to solve for

finding optimum points. I am investigating a point that minimizes the total distance to a

given set of circles and some other algebraic curves, writing the corresponding polynomial

systems, finding the real roots with the homotopy method (Hom4PS-3) and certify them

with alphaCertified.

Why Homotopy Continuation Methods are of interest;

• Suitable to optimization problems,

• Numerical stability,

• Global convergence,

• Locating multiple solutions,

• Containing more information about the solutions,

• Adaptable to find only real solutions. [5]

Background is given in Chapter 2. It will contain a brief introduction into the most

important concepts and definitions of algebraic geometry, for example Grobner Basis. It

also provides an overview of various methods which are used to solve systems of polyno-

mial equations such as Resultants method, and root certification.

Chapter 3 will have information about Homotopy Methods and softwares. The main

emphasize will be on Hom4PS-3 which is a parallel software package specialized for solving

system of polynomial equations using efficient and reliable numerical methods.
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Worked examples and numerical experiments of solving multivariate polynomial sys-

tems will be on the Chapter 4. The examples will be of the following type; finding

the closest point to given set of circles and some algebraic curves by using previously

mentioned algorithms. The examples are chosen due to their enlightening geometric

illustrations.

The last chapter provides concluding remarks and directions for further research re-

garding the results described in the previous chapters of this thesis.

After literature review, I have decided to focus on solving distance minimization

problems by Hom4PS-3. Because it was new and claimed to be fast, it was exciting

to discover more on this software. However, only its Linux version always works well

and the provided interfaces may be deleted or not working sometimes. Many programs

such as Maple, MATLAB, Python were needed to find a way around. By gathering

background information, giving more explanation, constructing illustrative examples and

plotting them, I aim to help other people understand and use the software better.
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CHAPTER 2

Background

1. Algebraic Background

Definition 2.1. A commutative ring 〈R,+, ·〉 is a set R with the two binary opera-

tions addition (+) and multiplication (·) defined on R such that (R,+) is a commutative

group, · is commutative and associative, and the distributive law a · (b+ c) = a · b+ a · c

holds ∀a, b, c ∈ R.

Definition 2.2. Let 〈R,+, ·〉 be a commutative ring with a multiplicative identity.

〈R,+, ·〉 is called a field if every nonzero element of R has a multiplicative inverse in R.

Example 2.3. 〈Q,+, ·〉, 〈R,+, ·〉, 〈C,+, ·〉 are fields. However, 〈Z,+, ·〉 is a ring but

not a field.

Definition 2.4. Let N denote the non-negative integers. Let θ = (θ1, . . . , θn) be a

power vector in Nn, and let x1, x2, . . . , xn be any n variables. Then, a monomial xθ in

x1, x2, . . . , xn is defined as the product xθ = xθ1 · xθ2 · . . . · xθn. Moreover, the total degree

of the monomial xθ is defined as |θ| = θ1 + . . .+ θn.

Definition 2.5. A multivariate polynomial f in x1, x2, . . . , xn with coefficients in a

field K is a finite linear combination, f(x1, x2, . . . , xn) =
∑

θ aθx
θ of monomials xθ and

coefficients aθ ∈ K. The total degree of the polynomial f is defined as the maximum |θ|

such that aθ 6= 0.
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The polynomial ring in the variables X = {x1, . . . , xn} over a ring K is denoted by

K[X] or K[x1, . . . , xn].

Theorem 2.6. (Fundamental Theorem of Algebra) Every non-zero, single-variable,

degree n polynomial with complex coefficients has, counted with multiplicity, exactly n

roots.

Definition 2.7. Let K be a field. A polynomial f ∈ K[x1, . . . , xn] is irreducible

over K if it is non-constant and is not the product of two non-constant polynomials in

K[x1, . . . , xn].

Proposition 2.8. Every non-constant polynomial f ∈ K[x1, . . . , xn] can be written

as a product of polynomials which are irreducible over K.

Proposition 2.9. Let f ∈ K[x1, . . . , xn] be irreducible over K and suppose that f

divides the product gh, for g, h ∈ K[x1, . . . , xn]. Then f divides either g or h.

Proposition 2.10. Let f, g ∈ K[x] be polynomials of degree l ≥ 0 and m ≥ 0,

respectively. Then f and g have a common factor if and only if there are polynomials

A,B ∈ K[x] such that

• A and B are not both zero,

• A has degree at most m− 1 and B has degree at most l − 1,

• Af +Bg = 0.
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In that case, let’s write them as

f = clx
l + . . .+ c0

g = dmx
m + . . .+ d0

A = am−1x
m−1 + . . .+ a0

B = bl−1x
l−1 + . . .+ b0

Now, l+m coefficients, a0, . . . , am−1, b0, . . . , bl−1, can be considered as unknown variables.

We are looking for ai, bj ∈ K such that Af +Bg = 0.

After plugging in the above expressions for A,B, f, and g, we have the following

system of l +m equations and l +m unknowns;

clam−1 +dmbl−1 = 0 coefficient of xl+m−1

cl−1am−1 + clam−2 +dm−1bl−1 + dmbl−2 = 0 coefficient of xl+m−2

...
...

...

c0a0 +d0b0 = 0 coefficient of x0

There is a nonzero solution if and only if the coefficient matrix has zero determinant.

Definition 2.11. The coefficient matrix of the system of equations given above is

the Sylvester matrix of f and g with respect to x, denoted by Syl(f, g, x). The resultant

of f and g with respect to x, denoted by Res(f, g, x), is the determinant of the Sylvester
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matrix, Res(f, g, x) = det(Syl(f, g, x)).

Proposition 2.12. Given f, g ∈ K[x], the resultant Res(f, g, x) ∈ K is an integer

polynomial in the coefficients of f and g. Moreover, f and g have a common factor in

K[x] if and only if Res(f, g, x) = 0

When we have multi-variate polynomials instead of single-variable, the followings give

us a bound for number of roots.

f(x) =


f1(x)

...

fn(x)

 = 0 and x = (x1, x2, . . . , xn).

Theorem 2.13. (Bezout’s Theorem) Let f be as square polynomial system and,

let d1, . . . , dn be the degrees of f1, . . . , fn respectively. If f(x) has a finite number of zeros,

then the number of its isolated zeros in Cn, counting multiplicities, does not exceed the

number d = d1d2 . . . dn.

Definition 2.14. The support Sk of a polynomial fk in the system (as above) is the

set of the exponents of its monomials.

Example 2.15. Let f1(x, y) = 5x4− 2x3y2 + y2 + x and f2(x, y) = 2x3 + 5xy2− 5xy.

Then, S1 = {(4, 0), (3, 2), (0, 2), (1, 0)}, and S2 = {(3, 0), (1, 2), (1, 1)}.

Definition 2.16. The Newton polytopes Pk of polynomial fk is the convex hull of

the support Sk.
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Theorem 2.17. (Bernstein Theorem) Suppose the polynomial system has finitely

many roots in Cn. Then the number of these roots is bounded from above by the mixed

volume of its Newton polytopes Pk, for 1 ≤ k ≤ n.

The above theorem was discovered by Bernstein (1975) , Khovanski (1978) and Kush-

nirenko (1976) and is also called as the BKK bound [2].

Definition 2.18. Mixed volume of its Newton polytopes Pk, 1 ≤ k ≤ n

M(P1, . . . , Pn) =
n∑
i=1

(−1)n−i ·
∑

(j1,...,ji) a combination
of k indices from 1,...,n

voli(Pj1 ⊕ . . .⊕ Pji)

Definition 2.19. Let K[X] be a polynomial ring in the variables X = {x1, . . . , xn}.

A subring I of K[X] is called an ideal of K[X] if

• 0 ∈ I,

• if f, g ∈ I, then f + g ∈ I,

• if f ∈ I, then for all h in K[X] : hf ∈ I.

Definition 2.20. Let I be an ideal of a polynomial ring K[X]. A subset F = {fi}

of I is called a generating system of I if ∀i ∈ I can be written as a sum of the form:

i =
∑
fi∈F

hifi,

where hi ∈ K[X].

Definition 2.21. If an ideal I has finitely many generators, f1, . . . , fm it is said to

be finitely generated and F = {f1, . . . , fm} is called a basis of I. The ideal generated by

f1, . . . , fm will be denoted by 〈f1, . . . , fm〉.

Theorem 2.22. (Hilbert Basis Theorem) Every ideal in K[x1, . . . , xn] is finitely

generated.
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Definition 2.23. Let S = {f1, . . . , fm} be polynomials in K[X]. The affine variety

of S in Kn is denoted by V (S) and is defined as follows:

V (S) = {(a1, . . . , an) ∈ Kn : fi(a1, . . . , an) = 0 for all 1 ≤ i ≤ m

.

Example 2.24. Let K = R, X = {x1, x2}, S = {f1, f2} with f1 = 2x1 + x2 − 7, and

f2 = 3x1 − 4x2 − 5. We find the affine variety of S.

V (I) = V (〈f1, f2〉)

= V (〈2x1 + x2 − 7, 3x1 − 4x2 − 5〉)

= V (〈2x1 + x2 − 7, x1 − 5x2 + 2〉)

= V (〈x1 + 6x2 − 9, x1 − 5x2 + 2〉)

= V (〈11x2 − 11, x1 − 5x2 + 2〉)

= V (〈x2 − 1, x1 − 5x2 + 2〉)

= V (〈x2 − 1, x1 − 3〉)

= {(3, 1)}

Definition 2.25. Let V be an affine variety in Kn. Then,

I(V ) = {f ∈ K[X] : f(a1, . . . , an) = 0 for all (a1, . . . , an) ∈ V }

is the vanishing ideal of V .
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2. Grobner Basis Theory

Definition 2.26. The most significant term of a non-zero polynomial p with respect

to a monomial ordering > is called the leading term LT>(p) of that polynomial with

respect to the chosen ordering. A leading term LT>(p) of some polynomial p consists of

a leading coefficient LC>(p) and the corresponding leading monomial LM>(p) such

that LT>(p) = LC>(p)LM>(p).

Definition 2.27. Let X be a set of n variables x1, . . . , xn, θ = (θ1, . . . , θn), and

β = (β1, . . . , βn) ∈ Nn.

Lexicographic Order: θ >lex β if and only if the left-most nonzero entry in θ − β is

positive. We write xθ >lex x
β if θ >lex β.

Graded Lex Order: θ >grlex β if and only if |θ| > |β| or ( |θ| = |β| and θ >lex β).

Graded Reverse Lex Order: θ >grevlex β if and only if |θ| > |β| or ( |θ| = |β| and the

right-most nonzero entry in θ − β is negative).

Example 2.28. (5, 1, 7) >grlex (2, 5, 1) since |(5, 1, 7)| = 13 > 8 = |(2, 5, 1)|.

(5, 1, 7) >lex (2, 5, 8) since the left-most entry in (5, 1, 7)−(2, 5, 8) = (3,−4,−1) is positive.

(3, 1, 7) >grevlex (2, 5, 4) since |(3, 1, 7)| = 11 = 11 = |(2, 5, 4)| and the right-most entry in

(3, 1, 7)− (2, 5, 4) = (1,−4, 3) is positive.

Definition 2.29. Fix a monomial ordering > and let F be a finite generating system

of polynomials {f1, . . . , fm} ∈ K[X]. A polynomial g ∈ K[X] is reduced with respect to

(or modulo) F if no LM(fi) divides LM(g) for all i = 1, . . . ,m. A polynomial g ∈ K[X]

is completely reduced with respect to (or modulo) F if no monomial of g is divisible by

LM(fi) for all i = 1, . . . ,m.
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Definition 2.30. Fix a monomial ordering > and let F be a finite generating system

of polynomials {f1, . . . , fm} ∈ K[X]. Then every f ∈ K[X] can be written as follows

f = a1f1 + a2f2 + . . .+ amfm + r where ai, r ∈ K[X] and either the remainder of division

r = 0 or r is completely reduced with respect to F .

The remainder r is also called the normal form of f and denoted by f →∗F r.
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The algorithm is taken from [7] on page 9.

Algorithm 1: Generalized Division

input: A polynomial set F = {f1, . . . , fm}, and any nonzero polynomial

f ∈ K[x1, . . . , xn].

output: The remainder, r, of dividing f by F .

The quotients q1, q2, . . . , qs such that f = q1f1 + . . .+ qsfs + r with either r = 0 or

r is a completely reduced polynomial with respect to F .

qi = 0 for i = 1, . . . , s;

r = 0;

p = f ;

while p 6= 0 do

i = 1; dividing = true; while i ≤ s and (dividing) do

if LT (fi) divides LT (p) then

u = LT (p)/LT (fi);

qi = qi + u;

p = p− u · fi;

else

i = i+ 1;

r = r + LT (p);

p = p− LT (p);

end

end

end

Example 2.31. Let g = x2y−3xy+y2 +y+6 and F = {f1, f2} = {x−3, y+1} with

monomial ordering >lex. Then, g − xyf1 = y2 + y + 6 which is not completely reduced

yet. y2 + y+ 6− yf2 = 6 which is not divisible by either LM(f1) or LM(f2). So, g →∗F 6.
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Definition 2.32. Let I = 〈f1, . . . , fm〉 be an ideal in K[X], then we define for a given

ordering LT (I) = {LT (f) : f ∈ I}. The ideal generated by the elements of LT (I) is

denoted by 〈LT (I)〉.

Note that if I = 〈f1, . . . , fm〉, then 〈LT (f1), . . . , LT (fm)〉 and 〈LT (I)〉 may not be

equal however 〈LT (f1), . . . , LT (fm)〉 ⊆ 〈LT (I)〉.

Definition 2.33. Fix a monomial ordering >. A finite subset G = {g1, . . . , gm} of an

ideal I is said to be a Grobner basis (or standard basis) if 〈LT (I)〉 = 〈LT (g1), . . . , LT (gm)〉.

Proposition 2.34. Every nonzero ideal I ∈ K[X] has a Grobner basis.

Proposition 2.35. Let G be a Grobner basis for an ideal I in K[X] and f be a

polynomial in K[X]. Then there is a unique r ∈ K[X] with the following two properties:

• r is completely reduced with respect to G ,

• there is h ∈ I such that f = h+ r.

Definition 2.36. Let f and g be two non-zero polynomials in K[X], then the S −

polynomial of f and g is defined as follows

S(f, g) =
J

LT (f)
f − J

LT (g)
g

where J = LCM(LM(f), LM(g)) and LCM denotes the Least Common Multiple of two

monomials. The LCM is defined as follows: if xθ = LM(f) and xβ = LM(g), then J =

LCM(xθ, xβ) = xγ, with γi = max(θi, βi) for each i = 1, . . . , n.

Example 2.37. Let F = {f1, f2}, where f1 = 2x2yz+xy and f2 = xyz2−xz. Let these

polynomials be ordered with lexicographic order. Then, LM(f1) = x2yz, LM(f2) = xyz2,

and J = LCM(x2yz, xyz2) = x2yz2.
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S(f1, f2) =
J

LT (f1)
f1 −

J

LT (f2)
f2

=
x2yz2

LT (2x2yz)
(2x2yz + xy)− x2yz2

LT (xyz2)
(xyz2 − xz)

=
z

2
(2x2yz + xy)− x(xyz2 − xz)

=
2x2yz2 + xyz − 2x2yz2 + 2x2z

2

=
xyz + 2x2z

2

Theorem 2.38. A set G = {g1, . . . , gm} is a Grobner basis for the ideal I it generates

if and only if S(gi, gj)→∗G 0 for all gi, gj ∈ G, gi 6= gj

Definition 2.39. A reduced Grobner basis of a polynomial ideal I is a Grobner basis

G for the ideal I such that

• LC(p) = 1 for all p ∈ G,

• Each p ∈ G is completely reduced modulo G− {p}.

Theorem 2.40. Every nonzero polynomial ideal I has a unique reduced Grobner

basis with respect to a monomial ordering.
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The algorithm is taken from [7] on page 11.

Algorithm 2: The Buchberger Algorithm

input: A polynomial set F = {f1, . . . , fm} that generates ideal I

output: A Grobner basis G = {g1, . . . , gt} that generates ideal I

G = F ;

M = {{fi, fj} : fi, fj ∈ G, fi 6= fj};

while p 6= 0 do

i = 1;

dividing = true ;

while M 6= ∅ do

{p, q} is a pair in M ;

M = M − {p, q};

S = SPolynomial(p, q);

h = NormalForm(S,G);

if h 6= 0) then

M = M ∪ {{g, h} : ∀g ∈ G};

G = G ∪ {h};

end

end

end

Example 2.41. Let I = 〈f1 = xy − x, f2 = x2 − y〉. LM(f1) = xy, LM(f2) = x2,

and J1,2 = LCM(xy, x2) = x2y.
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S(f1, f2) =
J1,2

LT (f1)
f1 −

J1,2
LT (f2)

f2

=
x2y

xy
(xy − x)− x2y

x2
(x2 − y)

= −x2 + y2

Thus, S(f1, f2) = −x2 + y2 →∗F= y2 − y.

Let f3 = y2 − y and f = {f1, f2, f3}.

S(f1, f3) =
J1,3

LT (f1)
f1 −

J1,3
LT (f3)

f3

=
xy2

xy
(xy − x)− xy2

y2
(y2 − y)

= (xy2 − xy)− (xy2 − xy)

= 0

S(f2, f3) =
J2,3

LT (f2)
f2 −

J2,3
LT (f3)

f3

=
x2y2

x2
(x2 − y)− x2y2

y2
(y2 − y)

= x2y − y3

S(f2, f3) = −x2y − y3 = yf2 − yf3 →∗F= 0.

Thus, {f1, f2, f3} is a Grobner basis for I = 〈f1, f2〉

Theorem 2.42. If I =< f1, . . . , fm > is an ideal in C[x1, . . . , xn], then the system of

polynomial equations f1(x1, . . . , xn) = . . . = fm(x1, . . . , xn) = 0 is unsolvable if and only

if the reduced Grobner basis of I is {1}. Thus the variety V (I) = ∅.
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3. Solving polynomial systems of equations

3.1. Algebraic methods.

Grobner basis can be used to solve systems of polynomial equations by eliminating

variables from the system one by one during the construction of Grobner basis.

Let F = {f1, . . . , fn} be a set of multivariate polynomials and I =< F > be the ideal

generated by the polynomial system. Assume that the variables x1, . . . , xn have this lex

ordering x1 > x2 > . . . > xn.

To solve F = 0, first of all, we need to compute the Grobner basis, G, of I with

respect to the lex order. Since the system in Grobner basis form has an upper triangular

structure, we start by finding the roots of the generator in xn which is univariate. By

using back-substitution, we can find all roots.

The following examples show that how Grobner Basis can be used for solving a system

of equations and determining whether the system is solvable or not [3].

Example 2.43. Consider the system of polynomial equations:

F =


f1(x, y, z) = x24xy + 4xy + 3z = 0

f2(x, y, z) = y2xz = 0

f3(x, y, z) = z2x+ y = 0

The ideal I =< f1, f2, f3 > is considered. A Grobner basis with a lexicographic
monomial ordering for this ideal I is given by < g1(x, y, z), g2(y, z), g3(y, z), g4(z) >:

G =


g1(x, y, z) = x− y − z2 = 0

g2(x, y, z) = y2 − yz2 − z = 0

g3(x, y, z) = 2yz2 − z4 − z2 = 0

g4(x, y, z) = z6 − 4z4 − 4z3 − z2 = 0

The solutions for g4 are z = −1, z = 0, and z = 1±
√

2. After plugging those solutions

in g3 and solving for y, we get the solutions:

{y = 1, z = −1}, {y = 2 +
√

2, z = 1 +
√

2} and {y = 2−
√

2, z = 1−
√

2}.
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We can do the same thing with g2 and obtain five solutions:

{y = 1, z = −1}, {y = 0, z = 0}, {y = 1, z = 0}, {y = 2 +
√

2, z = 1 +
√

2}

and{y = 2−
√

2, z = 1−
√

2}

After substituting the solutions above in g1 and solving for x, we get the solutions:

x =2, y = 1, z = −1,

x =0, y = 0, z = 0,

x =1, y = 1, z = 0,

x =5 + 3
√

2, y = 2 +
√

2, z = 1 +
√

2,

x =5− 3
√

2, y = 2−
√

2, z = 1−
√

2.

Example 2.44. Consider the following system of polynomial equations:

F =


f1(x, y, z) = x2y − z = 0

f2(x, y, z) = 2xy − 4z − 1 = 0

f3(x, y, z) = y2 − z = 0

f4(x, y, z) = x3 − 4y = 0

The reduced Grobner basis for I =< f1, f2, f3, f4 > with respect to the lex ordering

is {1}, hence the system is unsolvable.

3.2. Resultant methods.

Resultant methods work by computing resultants of polynomial pairs with respect to

a particular variable and then eliminating an unknown till only one variable remains in

a system with finitely many solutions. The Sylvester resultant method is intended to be

used for determining the zeros of two polynomials in two variables.
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Example 2.45. Let’s consider a system of two polynomial equations


f(x, y) = x2 + x+ y − 9

g(x, y) = 2x2 + y2 + 2xy + 3x+ 3y − 9

The Sylvester resultant of f and g with respect to y has dimension 3× 3.

Syl(f, g, y) =


1 x2 + x− 9 0

0 1 x2 + x− 9

1 2x+ 3 2x2 + 3x− 9


det(Syl(f, g, y)) = x4 − 20x2 + 99

= (x−
√

11)(x+
√

11)(x− 3)(x+ 3)

By plugging in {−
√

11,
√

11,−3, 3} for x, we can get the y values. Then, the zeros of

f and g are {(−
√

11, 2 +
√

11), (
√

11, 2−
√

11), (−3, 3), (3,−3)}.

3.3. Newton’s method.

Let g : D ⊆ Rn → Rn be a function that is differentiable on D,

g(x) =


g1(x)

...

gn(x)

 .

The idea behind Newton’s Method is to approximate g(x) near the current iterate x(k),

and then use the solution as the next iterate x(k+1), after which this process is repeated.

gk(x) is the linear approximation of g(x) at x(k) is a suitable choice is to approximate

g(x).

gk(x) = g(x(k)) + Jg(x
(k))(x− x(k))
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where Jg(x) is the Jacobian matrix of g(x), defined by [Jg(x)]ij =
∂gi(x)

∂xj
. Jg(x) is

the matrix of first partial derivatives of the component functions of g(x).

Example 2.46. Let g : D ⊆ R2 → R2,

g(x, y) =

g1(x, y)

g2(x, y)

 =

 x2 + y2 − 1

x4 − y4 + xy



Jg(x) =

 2x 2y

4x3 + y −4y3 + x



Let (x0, y0) = (1, 1). Then, we got the following by using Matlab for computations,

(x1, y1) = (0.71429, 0.85714) and |g1(x1, y1)|+ |g2(x1, y1)| = 2.0000

(x2, y2) = (0.58590, 0.87686) and |g1(x1, y1)|+ |g2(x1, y1)| = 0.47272

(x3, y3) = (0.56542, 0.87969) and |g1(x1, y1)|+ |g2(x1, y1)| = 0.057900

(x4, y4) = (0.56498, 0.87971) and |g1(x1, y1)|+ |g2(x1, y1)| = 1.1904 · 10−3

(x5, y5) = (0.56498, 0.87971) and |g1(x1, y1)|+ |g2(x1, y1)| = 5.4567 · 10−7

(x6, y6) = (0.56498, 0.87971) and |g1(x1, y1)|+ |g2(x1, y1)| = 1.1396 · 10−13
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Then, (x, y) = (0.56498, 0.87971) is a solution with error less than 10−12 .

Algorithm 3: Newton’s Method

Input

x : Initial point for Newton’s method.

t : Tolerance for termination. When the distance between two consecutive iterates

is at most t, stop.

Output

xr : Computed root

fr : Function value at xroot

n = length(x)

y = x−(ones)(n, 1)

i = 0

while norm(x− y) > t do
y = x

x = x− J(x)−1f(x)

i = i+ 1

end

xr = x

fr = f(x)

24

C
E

U
eT

D
C

ol
le

ct
io

n



4. Optimality Conditions

This section is based on the lecture notes of Tamas Rapcsak [13], translated and

presented by Sandor Bozoki at CEU.

The classical nonlinear optimization problem is as follows:

minf(x)

hj(x) = 0, j = 1, . . . , p,

gi(x) ≥ 0, i = 1, . . . ,m,

x ∈ Rn

From here on, it is assumed that f, hj, gi for (j = 1, . . . , p, i = 1, . . . ,m) are continu-

ously differentiable.

Definition 2.47. The set of feasible solutions of the nonlinear optimization problem:

M [h, g] = {x ∈ Rn|hj(x) = 0, for j = 1, . . . , p, gi(x) ≥ 0, for i = 1, . . . ,m}.

Definition 2.48. The neighborhood of x0 with radius δ

U(x0, δ) = {x ∈ Rn|‖x− x0‖ ≤ δ}

Definition 2.49. A point x0 is called a local optimum of the nonlinear optimization

problem if f(x0) ≤ f(x),∀x ∈ U(x0, δ) ∩M [h, g].

Definition 2.50. A point x0 is called a global optimum of the nonlinear optimization

problem if f(x0) ≤ f(x),∀x ∈M [h, g].
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Definition 2.51. The Lagrangian function:

L(x, µ, λ) = f(x) +

p∑
j=1

µjhj(x)−
m∑
i=1

λigi(x)

where x ∈ Rn, µ ∈ Rp, λ ∈ Rm, λ ≥ 0.

Definition 2.52. The linear independence constraint qualification (LICQ) is said to

be held at x0 ∈M [h, g] if the vectors

∇hj(x0), j = 1, . . . p,

∇gi(x0), i ∈ I(x0) = {i |gi(x0) = 0, i = 1, . . . ,m}

are linearly independent. The index set I(x0) denotes the set of active inequality con-

straints.

Theorem 2.53. If x0 is a local optimum of the classical nonlinear optimization prob-

lem and LICQ holds at this point, then there exist vectors µ ∈ Rp and λ ∈ Rm (Lagrange

multipliers) such that the conditions

∇xL(x0, µ, λ) = 0,

λ ≥ 0,

λigi(x0) = 0, i = 1, . . . ,m,

fulfill. The first order conditions are called Karush-Kuhn-Tucker(KKT) conditions.

Suppose that we find such points x0, µ, λ that satisfy the conditions above. Then, we

can determine the nature of x0 by Second Derivative Test.

• If the Hessian HL(x0, µ, λ) is positive definite, then f a local minimum at x0.
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• If the Hessian HL(x0, µ, λ) is negative definite, then f a local maximum at x0.

• If detHL(x0, µ, λ) 6= 0 but neither of the statements above hold, then f has a

saddle point at x0.

Theorem 2.54. Suppose that the objective function and constraint functions of the

classical nonlinear optimization problem are twice continuously differentiable. If x0 is a

local optimum and LICQ holds at this point, then there exist vectors µ ∈ Rp and λ ∈ Rm

(Lagrange multipliers) such that the conditions

∇xLLx(x0, µ, λ) = 0,

λ ≥ 0,

λigi(x0) = 0, for i = 1, . . . ,m,

vTHL(x0, µ, λ)v ≥ 0, v ∈ TM̃ [h, g]x0

fulfill, where

TM̃ [h, g]x0 = {v ∈ Rn |∇hj(x0)v = 0 j = 1, . . . , p ∇gi(x0)v = 0 i ∈ I(x0)}

and HL(x0, µ, λ) denotes the Hessian of the Lagrangian function with respect to variables

x in point x0.
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5. Root Certification

Symbolic computation for solving systems of both univariate and multivariate poly-

nomial equations has advanced exponentially. With emergence of new approaches, the

limits of solving systems of polynomial equations were pushed ahead. The recent imple-

mentations of numerical homotopy algorithms such as PHCpack, Bertini and Hom4PS-X

reliably approximate solutions numerically and hence solve even large scale systems of

polynomial equations. However, the outputs of those implementations are not certified.

Lajos Szilassi said ”Mathematics can easily be mystified if mathematicians pretend

to be magicians by presenting a statement (whether true or false) like the magicians take

a rabbit from a stovepipe- hat to the great amazement of the audience.” in his paper

where he demonstrates why mathematicians must be careful while investigating an un-

known geometric construction and Thoughts concerning the analysis of Erdelys Spidron

System [9]. Yet, we can not pretend to be magicians. We need to check the validity of

the statements. In this particular case, we need to certify the roots which were found by

aforementioned software packages.

This upcoming sections contain basic information about Smale’s alpha-theory and

alphaCertified. The more detailed information can be found at [4].

5.1. Smale’s alpha-theory.

Let f : Cn → Cn be a system of polynomials with zeros Z(f) := {θ ∈ Cn|f(θ) = 0},

and let J(x) be the Jacobian matrix of the system f at point x.

28

C
E

U
eT

D
C

ol
le

ct
io

n



Consider the map Nf : Cn → Cn defined by

Nf (x) :=


x− J(x)−1f(x) if J(x) is invertible,

x otherwise.

Nf (x) is called the Newton iteration of f starting at x. For k ∈ N, let

Nk
f (x) := Nf ◦ . . . ◦Nf︸ ︷︷ ︸

k times

(x)

be the kth Newton iteration of f starting at x.

Definition 2.55. Let f : Cn → Cn be a polynomial system. A point x ∈ Cn is an

approximate solution to f with associated solution θ ∈ Z(f) if, for every k ∈ N,

‖Nk
f (x)− θ‖ ≤

(
1

2

)2k−1

‖x− θ‖

Let’s define the constants for Smale’s alpha theory;

α(f, x) = β(f, x)γ(f, x)

β(f, x) = ‖x−Nk
f (x)‖ = ‖J(x)−1f(x)‖

γ(f, x) = sup
k≥2

∥∥J(x)−1Dkf(x)

k!

∥∥
where Dkf is kth derivative of f .

Theorem 2.56. Let f : Cn → Cn be a polynomial system. If a point x ∈ Cn with

α(f, x) <
13− 3

√
17

4
≈ 0.157671
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then x is an approximate solution to f . Additionally, ‖x− θ‖ ≤ 2β(f, x) where θ ∈ Z(f)

is the associated solution to x [6].

5.2. alphaCertified.

alphaCertified is a program that implements elements of alpha-theory to certify nu-

merical solutions to systems of polynomial equations. For a given finite set of points

X ⊂ Cn, it tells us that Newton’s method converge quadratically from which points

of X to some solution of f , to distinct solutions of f and Newton’s method converge

quadratically from which points of X to real solutions of f if f is real.
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CHAPTER 3

Homotopy Continuation Method and Softwares

1. Homotopy Continuation Method

Suppose the original system of equations is denoted by F (x1, . . . , xn) and a parameter

t is introduced where 0 ≤ t ≤ 1. Define a homotopy map as follows

H(x1, . . . , xn, t) = tF (x1, . . . , xn) + (1− t)G(x1, . . . , xn)

where G(x1, . . . , xn) is chosen to be an already solved or easily solvable system of poly-

nomial equations.

Note that H(x1, . . . , xn, 0) = G(x1, . . . , xn) and H(x1, . . . , xn, 1) = F (x1, . . . , xn).

By following the paths of the solutions (s1, . . . , sn) of H(s1, . . . , sn, t) when the pa-

rameter t varies from 0 to 1, the solutions of the original system of equations can be

obtained.

h(x, t) = 0 implicitly defines a curve x = x(t) over [0, 1]. This is one solution curve to

the family of equations h(x, t) = 0 parametrized with t. Starting at t = 0 and x(0) = x0

where x0 is root of g(x), we would like to stay on the solution curve x(t) such that

h(x, t) = 0 holds for any t, until t = 1 is reached.

This is can be achieved by numerically solving the following ODE:

∂h(x, t)

dt
= 0

with the initial value x(0) = x0.
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Expanding the equation,
∂h

∂x

∂x)

∂t
+
∂h

∂t
= 0

where
∂h

∂x
=



∂h1
∂x1

∂h1
∂x2

. . .
∂h1
∂xn

∂h2
∂x1

∂h2
∂x2

. . .
∂h2
∂xn

...
...

...
∂hn
∂x1

∂hn
∂x2

. . .
∂hn
∂xn


and

∂h

∂t
= f − g

Homotopy methods in use are numerically stable methods and the deformed systems

H are commonly solved by iterative numerical methods like Newton methods.

Example 3.1. [3] Suppose the original system of equations F (x, y) is defined as:

F (x) =

{
f1(x, y) = 3x3 − 4x2y − x+ y2 + 2y3 = 0

f2(x, y) = −6x3 + 2xy − 5y3 − y = 0

let G(x) =

{
g1(x, y) = x3 − 1− y = 0

g2(x, y) = y3 − 8− x = 0

Let us define the homotopy map as in the previous definition.

H(x, y, t) = tF (x, y) + (1− t)G(x, y) = 0

H(x, y, t) =

{
h1(x, y) = tf1(x, y) + (1− t)g1(x, y) = 0

h2(x, y) = tf2(x, y) + (1− t)g2(x, y) = 0

Note that H(x, y, 0) = G(x, y) and H(x, y, 1) = F (x, y).
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The 9 solutions of system G(x, y) are known and as follows;

(−0.2267 + 1.0743i, 0.2267− 1.0743i),

(−0.2267− 1.0743i,−0.2267 + 1.0743i),

(−0.7052 + 1.0387i, 0.9319 + 0.4290i),

(−0.7052− 1.0387i, 0.9319− 0.4290i),

(0.9319− 0.4290i,−0.7052− 1.0387i),

(0.9319 + 0.4290i,−0.7052 + 1.0387i),

(−0.6624 + 0.5623i,−0.6624 + 0.5623i),

(−0.6624− 0.5623i,−0.6624− 0.5623i),

and (1.3247, 1.3247).

The solutions of system F (x, y) = 0 are

(0.4757 + 0.6118i,−0.2171 + 0.7286i),

(0.4757− 0.6118i,−0.2171− 0.7286i),

(−0.07632 + 0.1989i,−0.05853− 0.4920i),

(−0.07632− 0.1989i,−0.05853 + 0.4920i),

(0.04140 + 0.4376i, 0.3593 + 0.3717i),

(0.04140− 0.4376i, 0.3593− 0.3717i),

(0.3650,−0.3418), (−0.4862, 0.2886), and (0, 0).
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Figure 1. x values of the solution paths of H(x, y, t) = 0 [3]

Figure 2. y values of the solution paths of H(x, y, t) = 0 [3]
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2. Hom4PS-3

Hom4PS-3 is a parallel software package specialized for solving system of polynomial

equations using efficient and reliable numerical methods. Hom4PS-3 is based on the

polyhedral homotopy method by Huber and Sturmfels [10].

f(x) =


f1(x) =

∑
a∈S1

c1,ax
a

...

fn(x) =
∑

a∈Sn
cn,ax

a

where x = (x1, . . . , xn), a = (a1, . . . , an) ∈ (N∪ {0})n, and xa = xa1 , . . . , xan . Here Sj

is the support of fj(x).

If the system of polynomial equations with generic coefficients is solved, then it can

be used to solve the system with particular coefficients with the same supports by the

Cheater’s homotopy. More information about Cheater’s homotopy can be found at Li

(1989) [11]. To solve f(x) as above, it uses the following homotopy;

H(x, t) =


h1(x, t) =

∑
a∈S1

c1,ax
atω1(a)

...

hn(x, t) =
∑

a∈Sn
cn,ax

atωn(a)

with lifting functions ω1, . . . , ωn, where each ωk : Sk → Q has randomly chosen images.

Notice that H(x, 1) = P (x). For a ∈ Sk, = (a, ωk(a)).
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3. Other Softwares

The following part contains information about other softwares. Moreover, CPU com-

parisons for Other Software vs Hom4PS-2, and Hom4PS-2 vs Hom4PS-3.

3.1. PHCpack.

PHCpack: a general-purpose solver for polynomial systems by homotopy continuation.

It follows the steps in the figure below.

Figure 3. PHCpack steps [14]

Because of being available on different platforms, we were not able to run PHCpack

and Hom4PS-3 on the same machine. The next figure gives CPU time comparisons of

PHCpack and Hom4PS-2 for the text systems [12]. Later on, the table of CPU time

comparisons of Hom4PS-2 and Hom4PS-3. This way, we can compare them indirectly.
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Figure 4. PHC vs HOM4PS2according to [12]

3.2. Bertini.

Bertini is a general-purpose polynomial system solver that was created for research

about polynomial continuation. It goes through the following steps in essence [1].

Step 1: symbolize relevant variables and set the homotopy H

Step 2: Construct the system of ODEs

Step 3: Do the path-tracking via ODE-solving

Similarly to PHCpack, we were not able to run Bertini and Hom4PS-3 on the same

machine. We use the same idea as before. The next figure gives CPU time comparisons

37

C
E

U
eT

D
C

ol
le

ct
io

n



of Bertini and Hom4PS-2 for the text systems [12].

Figure 5. Bertini vs HOM4PS2 according to [12]

3.3. Hom4PS-2.

HOM4PS-2.0 is a software package which implements the polyhedral homotopy con-

tinuation method for solving polynomial systems. It has three major improvement over

HOM4PS; new method for finding mixed cells, combining the polyhedral homotopy and

linear homotopy in one step, and new way of dealing with the curve jumping.[12]
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Table 1. Hom4PS-2 vs Hom4PS-3 based on own experience

System Total Degree CPU time(seconds)

Hom4PS-2 Hom4PS-3

cyclic-10 3628800 92.80800 130.13

eco-17 28697814 531.91600 170.44

katsura-15 32768 2898.43200 469.44

noon-10 59049 178.72800 60.60

reimer-7 40320 97.58000 34.27
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CHAPTER 4

Numerical Experiments

Example 4.1. Let’s find the closest point to the given curves where the distance is

defined as d((x1, y1), (x2, y2)) = (x1 − x2)2 + (y1 − y2)2. The curves:

5x21 + 30x1 − 4y21 + 32y1 − 119 = 0,

x22 + 4x2 + y22 − 14y2 + 48 = 0,

2x23 + 20x3 + y23 + 4y3 + 44 = 0,

x24 − 2x4 − 5y4 + 1 = 0.

Then, our objective function that we want to minimize is

F (v) = (x−x1)2+(y−y1)2+(x−x2)2+(y−y2)2+(x−x3)2+(y−y3)2+(x−x4)2+(y−y4)2

where v = (x, y, x1, x2, x3, x4, y1, y2, y3, y4).

We can consider the curves as our equality constraints in the classical optimization

problem. By KKT conditions, we need to solve the square polynomial system with

fourteen unknowns below.
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∇vL(v, µ) =



8x− 2x1 − 2x2 − 2x3 − 2x4

8y − 2y1 − 2y2 − 2y3 − 2y4

−2x+ 2x1 + 10x1µ1 + 30µ1

−2x+ 2x2 + 2x2µ2 + 4µ2

−2x+ 2x3 + 4x3µ3 + 20µ3

−2x+ 2x4 + 2x4µ4 − 2µ4

−2y + 2y1 − 8y1µ1 + 32µ1

−2y + 2y2 + 2y2µ2 − 14µ2

−2y + 2y3 + 2y3µ3 + 4µ3

−2y + 2y4 − 5µ4

5x21 + 30x1 − 4y21 + 32y1 − 119

x22 + 4x2 + y22 − 14y2 + 48

2x23 + 20x3 + y23 + 4y3 + 44

x24 − 2x4 − 5y4 + 1



= 0

After running Hom4PS-3 and certifying the root with alphaCertified, we get (−4.8792, 3.6252)

as the solution.
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Figure 1. Finding the minimal total (squared) distance from
four algebraic curves in Example 4.1

Example 4.2. Let’s find the closest point to the given circles where the distance is

defined as before. The curves:

x21 + y21 − 1 = 0

x22 − 4x2 + 7 + y22 − 4y2 = 0

x23 + 4x3 + 7 + y23 − 4y3 = 0
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Then, our objective function that we want to minimize is

F (v) = (x− x1)2 + (y − y1)2 + (x− x2)2 + (y − y2)2 + (x− x3)2 + (y − y3)2.

where v = (x, y, x1, x2, x3, y1, y2, y3).

We can consider the curves as our equality constraints in the classical optimization

problem. By KKT conditions, we need to solve the square polynomial system with eleven

unknowns below.

∇vL(v, µ) =



6x− 2x1 − 2x2 − 2x3

6y − 2y1 − 2y2 − 2y3

−2x+ 2x1 + 2µ1x1

−2x+ 2x2 + 2µ2x2 − 4µ2

−2x+ 2x3 + 2µ3x3 + 4µ3

−2y + 2y1 + 2µ1y1

−2y + 2y2 + 2µ2y2 − 4µ2

−2y + 2y3 + 2µ3y3 − 4µ3

x21 + y21 − 1

x22 − 4x2 + 7 + y22 − 4y2

x23 + 4x3 + 7 + y23 − 4y3



= 0

After running Hom4PS-3 and certifying the root with alphaCertified again, we confirm

that (0, 1.5072) is a solution.
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Figure 2. Finding the minimal total (squared) distance
from three circles in Example 4.2
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Figure 3. The contour plot of objective Example 4.2

Example 4.3. Let’s find the closest point to the given curves where the distance is

defined as before. The curves:

x21 − 9y21 − 49 = 0

x22 − y2 − 2 = 0

Then, our objective function that we want to minimize is

F = (x− x1)2 + (y − y1)2 + (x− x2)2 + (y − y2)2
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We again consider the curves as our equality constraints in the classical optimization

problem. By KKT conditions, we need to solve the square polynomial system with

fourteen unknowns below.

∇vL(v, µ) =



6x− 2x1 − 2x2

6y − 2y1 − 2y2

−2x+ 2x1 + 2x1µ1

−2x+ 2x2 + 2x2µ2

−2y + 2y1 − 18y1µ1

−2y + 2y2 − µ2

x21 − 9y12 − 49

x22 − y2 − 2



= 0

After running Hom4PS-3 and certifying the root with alphaCertified, we get (−4.4580, 0.8869)

and (4.4580, 0.8869) as solutions. A vital advantage of homotopy continuation methods

is being able to find all roots.
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Figure 4. Finding the minimal total (squared) distance from
two algebraic curves in Example 4.3
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CHAPTER 5

Conclusion

We have covered how to solve multi-variate polynomial system of equations. Related

softwares and their basic working principle are given. In continuation, Hom4PS-3 dis-

cussed more detailed. Moreover, worked examples and numerical experiments of solving

multivariate polynomial systems are stated. We have seen how to solve an optimization

problem by transforming to system of equations, solve them with Hom4PS-3, verify the

solutions with alphaCertified, and plot them with MATLAB.
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CHAPTER 6

Appendices

Figure 1. Running alphaCertified for Example 4.1
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Figure 2. Running alphaCertified for Example 4.2
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Figure 3. Running alphaCertified for Example 4.3
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