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Abstract

This thesis intends to serve as an introduction to Hodge theory in the simplest possible setting:
our base manifold is a compact Riemann surface ¥ without boundary, the vector bundle £ — X is
the trivial complex line bundle. In this setup, the Betti, the de Rham and the Dolbeault groupoids
are introduced and their equivalence is investigated.

The proof of the equivalence of the de Rham and Dolbeault groupoids uses the existence of har-
monic metrics with respect to a connection D on E. The thesis concludes with the generalisation
of the existence of such metrics to the case where the connection is no longer smooth but has

logarithmic singularities, and the weight of the associated local system vanishes.
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Introduction

Hodge theory is a fastly developing branch of modern geometry, and it is deeply related to (at
least) two of the Clay Institute’s Millennium Problems. In recent years irregular Hodge theory has
been widely investigated by the mathematics and mathematical physics communities. The gen-
eral, non-abelian theory has been explored by many, see [Witt], [GMN], [Kon], [Boa], [Moc], [Sab],
etc. Although these expositions use some heavy machinery, the regular (without singularities)
abelian theory on a compact Riemann surface is classic, and is very well-exposed using today’s
terminology in [GoXi].
Yet, as far as we know, the abelian theory with singularities on a non-compact Riemann surface
has not been treated in the literature. The aim of the present thesis is to generalise the results
covered in [GoXi] to the logarithmic case.
The moduli spaces underlying non-abelian Hodge theory have rich geometric structures. In the
abelian case, one may explicitly check how these structures behave under the non-abelian Hodge
correspondence. In the non-abelian case however, much of the hands-on understanding of these
spaces is lacunary, and the transformation behaviour of the geometric structures is, at some points,
merely conjectural. This thesis extends some of the geometric understanding of these spaces from
the smooth abelian case to the logarithmic case, with the hope of getting some ideas about the
non-abelian case too.
Chapter 1 is a summary of the theoretical background and description of tools that we use in
the rest of the thesis, including connections on principal bundles and vector bundles, complex
differential geometry, the Hodge decomposition theorem and sheaf theory.
Chapter 2 serves as an overview of the regular abelian theory. This means a short description of
the category theoretic equivalence between the

(B) Betti groupoid of the representations of the fundamental group, (Hom(;(3), C*), C*)

(dR) de Rham groupoid of flat connections modulo linear gauge transformations, (F;(E), G/(E))
(D) Dolbeault groupoid of Higgs pairs modulo linear gauge transformations, (Higgs(E), G/(E))
The proof of the equivalence of (dR) and (D) relies on the existence of harmonic metrics on the

bundle.
Chapter 3 generalises the existence of such metrics to the case where the connection has logarith-

mic singularities which is a more direct proof than using the general non-abelian theory.
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Chapter 1

Preliminaries

1.1 Fiber bundles

Definition 1.1. Let B, F' be smooth manifolds. A (smooth) fiber bundle over B with fiber F' is a
manifold £ and a smooth map 7 : E — B, if for every b € B there exists a neighbourhood U, C B
and a diffeomorphism ¢y, : 771 (Uy) — Uy, x F such that the following diagram commutes:

7T71(Ub) & Uy x F
proji
Up

Example 1.2 (Trivial Bundle). Let E = B x F the product manifold of B and F, and © = projg.
This is clearly a fiber bundle, for each b € B we can set U, = B and ¢}, = idpxm-

It follows from the definition that for each b € B, the preimage Ej, := 7~ !(b) is diffeomorphic to F.
We call Ej, the fiber over b. By restricting the bundle to U, we obtain a trivial bundle, therefore the
neighbourhood U} is called a trivialising neighbourhood of b. For two overlapping trivialisations
(Uas da), (Us, ¢3) and b € Uy N U the composition f — projs o ¢ 0 ¢ (b, f) is a diffeomorphism
of the fiber 7=1(b).

Example 1.3 (Mobius strip). The Mobius strip is nontrivial fiber bundle over S* with fiber [0, 1]
that can be obtained as
[0,1] x [0, 1]/ ~
where ~ is given by (0,y) ~ (1,1 —y).
Definition 1.4. If F' is an n-dimensional linear space over K and for any two overlapping trivi-

alisations (U, ¢) and (Ug, ¢g) the map v — projs o ¢4 0 qﬁgl(b, v) is a K-linear isomorphism for
every b € U, N Upg, then the fiber bundle is called a vector bundle of rank n.

One of the most important examples of a vector bundle is the tangent bundle of a smooth mani-
fold.

Example 1.5. The tangent bundle of an n-dimensional smooth manifold M is the disjoint union

TM = | | T,M = {(p,v) |p € M,v € T,M}
peEM
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of its tangent spaces. To put a topology on T'M, let (U;, «;) be the atlas of M, {0, 1,...,0pn} a
basis for T, M that depends smoothly on p € U;, and define 7 : TM — M as w(p,v) = p. The
maps a;(p, > 179, ;)) = (ai(p),v!, ...,v") are diffeomorphisms between 71 (U;) and R?" and can

be used to put the topology on 7'M . This makes 7'M a 2n-dimensional smooth manifold.

Let m : E — B be a vector bundle of rank n and (U, ¢.), (Us, ¢3) two overlapping local trivialisa-
tions. Then the map ¢, o qﬁgl is defined on U, N Ug x R™ and satisfies ¢, o ¢§1(az, v) = (x, Pap(v))
for some ¢,3 € GL(n,R). The function ¢o5 : Uy N Ug — GL(n,R) smoothly depends on the base
point, and is called the transition function from (Ug, ¢g) to (Un, ¢a)-

Given the local trivialisation (U;, ¢;) the transition functions give us the way to patch these local
trivialisations together and obtain the total space of the vector bundle. These transition functions

clearly satisfy ¢ng = gbgé and the cocycle condition

¢a6¢ﬂ’y¢vo¢ - Z.dUaﬁU,(g NU,

Using the above observations, we can build a vector bundle over B if the local trivialisations and

the transition functions are given.

Example 1.6. For the tangent bundle the transition functions are simply the Jacobians
Pap = D(Pa 0 d5")
Given two vector spaces A and B, we can form the following new vector spaces:
A®B A®B Hom(A, B) A* AFA

We want to do the the same for vector bundles fiberwise. This can be done by the the following
technique.
Let 71 : By — B and my : B2 — B be vector bundles over the same space B. Let E, = F(E4, E»)

be one of
(Er & E2)p (E1 ® E)y (Hom(E1, E2))p (ET)b (A*Er)p

for every b € B.

In the following paragraph we slightly modify the notation, and let (U;, idy, x ¢;) denote the local
trivialisations, where ¢; : U; — R™. (We originally defined ¢; to be a map from 7 ~1(U;) to U; x R™.)
So we replace ¢; by its graph x — (x, ¢;(x)).

If (Ui,a,idy,,, X ¢1,4) are the local trivialisation of 7; : Ey — B glued together by ¢ .5 and
(UgmidUm X ¢2,) are the local trivialisation of mp : Ey — B glued together by ¢2 5, then
(Ur,a N Uz, idy, onUs., X F(¢1,a,92,)) are the local trivialisations of F(E1, E2) glued together

bY F(¢l7a,37 ¢27'y5)‘

Definition 1.7. Let £ and F' be vector bundles over the same space B. A homomorphism of vector
bundles f : E — F'is a smooth map between the total spaces that preserves the fibers and is linear
on them. If f is a diffeomorphism and a linear isomorphism on the fibers, then f is said to be an

isomorphism of vector bundles.

Definition 1.8. A section of a bundle 7 : E — B is a smoothmap s : B — E such that mos = idp.
We denote the space of all sections of E by I'(E).

Example 1.9. The sections of the tangent bundle are the smooth vector fields on the base manifold.
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Example 1.10. Every vector bundle admits a section, the so-called zero section, s(b) = 0 for every
b € B. For a vector bundle of rank n, n nowhere dependent (local) sections determine a (local)

trivialisation of the bundle.

Definition 1.11. Let G be a Lie group. A principal G-bundle over B is a fiber bundle 7 : E — B
and a smooth right action R of G on E satisfying the following:

e Each R, preserves the fibers and acts freely and transitively on them

e There is an open cover {U,} of B with local trivialisations (¢ : 7 *(Us) — U, % G) such

that the group action commutes with the trivialisations
¢a(p) = (m(p), a) = da(Ry(p)) = (7(p), ag)

It follows from the first condition that the fibers are diffeomorphic to G. The second condition
implies that the transition maps between local trivialisations also commute with the group action

and therefore

@q © ¢§1(ba g) = (qba o begl(bv 6))9 = (ba d)aﬁ(e))g = (b> L(bag(e) (g))

i.e. the transition maps are left actions of G.

1.2 Connections on principal bundles

In what follows let 7 : P — B be a principal G-bundle.

Connections as horizontal subspace distributions

Definition 1.12. Let p € P. The vertical space at p is defined as
VpP = ker(dm)

Intuitively, V,,P is the vector subspace of T,,P that is parallel to the fiber. The complementary
subspaces of V,,P are called horizontal. While the vertical subspace is uniquely defined by the
projection, we have many choices for the horizontal complement, connections are introduced to

deal with this matter.

Definition 1.13. A connection on 7 : P — B is a smooth assignment of a horizontal subspace

H, P to each p € P such that R, preserves the horizontal subspaces, i.e.
HRg(p)P = (dRg)pH,P

forall g € G.

Connections can be defined on any fiber bundle 7 : £ — B as smooth horizontal subspace dis-
tributions (for principal bundles we also require this distribution to be compatible with the group
action). Given a connection, a tangent vector X € T}, B to the base manifold B, and a point p € E
of the fiber over b, we can lift X to a tangent vector X € H,FE C T,E. This is doable because dim
H,E = dim T, B and the projection induces an isomorphism between these spaces. The reason for
doing all this is that two fibers over different points, say E, and Ej, are diffeomorphic by defini-
tion, but not in a natural way. If B is path connected, then by picking a curve v € B from a to b,
lifting o/ € TB to v € HE C TE with initial point @ € E, and solving this differential equation



CEU eTD Collection

6 Chapter 1. Preliminaries

yields a diffeomorphism from E, to E,. Hence the name connection. This diffeomorphism, of
course, depends on the connection itself and the chosen curve ~. This construction transports the

points of E, to every fiber over ~, and is called the parallel transport along ~.

Connections as Lie-algebra-valued 1-forms

An alternative description of connections can be given, but we need a few more definitions for
that.

Definition 1.14. The Lie-algebra g of a Lie-group G is the set of left-invariant vector fields on G,
ie.

Xege X =(dLy)X
forall g € G.

The Lie-algebra g can be identified with 7.G by X <+ X (e). Every left-invariant vector field X € g
is complete (because every integral curve can be extended by the left-invariance of X), therefore

the following definition makes sense:

Definition 1.15. The exponential map exp : g — G is given by
exp(X) = 7(1)

where 7(t) is the integral curve of X for which v(0) = e.
It follows by the chain rule that exp(tX) = v(¢).

Definition 1.16. The fundamental vector field corresponding to X € g is defined as

Cd
Xp = % t:ORexp(tX) (p>

The right action of G preserves the fibers, therefore X € V,,P. Suppose X; = 0 for some X € g.
Then p is a fixed point of Ry, .x) for all t. But G acts freely on E, so exp(tX) = e = X = 0. This
shows that the map X — X is a linear isomorphism from g to V, P.

Moreover, this linear isomorphism turns out to be a Lie algebra isomorphism. To see this, consider

the map oy, : G — P given by «a,(g) = pg, i.e.the right action of g € G on p € P. The group law
p(9192) = (pg1)g2 becomes
ap 0 Lgy (92) = apg, (92)
Taking differentials at g2 = e,
(dovp)g, © (dLg, )e(Xe) = (drpg, )e(Xe)
for any X € g. Using this,
X;!h = (dapgl)e(Xe) = (dap)!h o (dLgl)e(Xe) = (dap)gl (Xgl)

where the last equality comes from the left invariance of X. Thus the vector field X, . is the
m(p
pushforward of the vector field X along ,. Since da,, commutes with the Lie bracket, so does the

map X — X*. This paragraph justifies the
A%, B'] = A, B
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type equalities in the upcoming proofs.

Now we can give the alternative definition of a connection. Fix p € P. Every choice of H, P defines
a projection T,,P — V,,P = g, which is in fact a g-valued 1-form on P, called the connection 1-form

of the connection.

Theorem 1.17. If w is a connection 1-form, then it satisfies the following:

e w vanishes on horizontal vectors

o Ww(X*)=Xforall X € g

o W(dRyX) = Ad,1w(X)
Proof. The first two claims follow from the definition of w. For the third we decompose X as the
sum of a vertical and a horizontal vector, X = V' + H. By the linearity of w it is enough to prove
the statement for V' and H separately. For the horizontal component we have

w(dRyH) =0 = Ad,—1w(H)
because both H and dR,H are horizontal. For the vertical component there exists A € g such that
V = A*, then
. d
ng(P)(dRQVP) = (“)R (dR A ) = wRq(P) (%L ORQ © Re;rp(tA) (p))

| Ry Ruayuny o Ryms (Ro(p)))

167

(5| Reteamng(By0))
= wr, (p) (Adg—1 A) R (1))

= (Adg=1 A)R, )

= Adg10(V) R, (p)

ng

wRJ (p

O]

Conversely, if a 1-form w on P satisfies the conditions of Theorem 1.17, then it defines a connection
on P by H,P = ker(wp).

Remark 1.18. By the compatibility of the connection and the group action, the connection at one
point determines the connection at every point along the fiber. Namely, given w;,, we can use the
group action to spread it out along the fiber to obtain wg_ ;).

This also means that for a collection of local trivialisations {U;, ¢; }, we can pull back w along ¢; to

obtain a g-valued 1-form on B.

1.3 Integrability of connections

Definition 1.19. Let i : T,P — H,, P be the projection to the horizontal subspace, and « an n-form.
Define the (n + 1)-form

DO((Xl, veey Xn) = dOL(th, ceey th)
In particular the curvature 2-form of a connection 1-form w is defined as

Q(X,Y) = Dw(X,Y) = dw(hX,hY)
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If Q = 0, then w is said to be flat.

Theorem 1.20 (Structure equation). Let w be a connection 1-form and € is its curvature 2-form. Then
1
Q=dw+ §[w, w|
where d is the exterior derivative, and [w A w] is defined as

WA W(X,Y) = [w(X), w(Y)] = [w(Y), w(X)] = 2[w(X),w(Y)]

Proof. We need to show that dw(hX,hY) = dw(X,Y) + [w(X),w(Y)].
First, suppose X and Y are horizontal. Then hX = X,hY =Y and w(X) = w(Y) = 0. The
structure equation reduces to

dw(X,Y) = dw(X,Y)
Now let X = A* and Y = B* be vertical and A, B € g. Then hX = hY = 0, which implies
dw(hX,hY) = 0. For the RHS we have

dw(X,Y) + [w(X),w(Y)] = dw(A”, B") + [4, B]

= A*w(B*) — B*w(A*) —w([A*, B*]) + [A, B]

= —w([4*, B*]) + [A, B

= —[w(A%),w(BY)] + [A, B] = 0
Finally, let X = A* be vertical and Y horizontal. Then dw(hX,hY) = dw(0,hY) = 0 and
(w(X),w(Y)] = [A,0] = 0. We only need to show that dw(X,Y) = 0.

(X, V) = dw(A*,Y) = A'w(Y) = Y (w(A%)) — w([A%,Y])
= —w([4",Y])

= -l 303, =)

where Y(I,tA . is the pullback of Y- (;) along the flow of A*. The vector field Y is a horizontal, Y(I,tA §
is also horizontal, because the right action of the group preserves horizontal subspaces. The above

expression is then 0 by the vanishing of w on horizontal vectors.
The general case follow from the above 3 special cases by linearity. O

Theorem 1.21 (Bianchi’s identity). Let 2 be a curvature 2-form of a connection. Then D2 = 0.

Proof. By the definition of D it is enough to prove the statement for horizontal vectors X,Y, Z.
Then by the structure equation

DQ(X,Y,Z) = d?w(X,Y,Z) + ~dw Aw|(X,Y, Z)

N | —

=0+ dw(X),w(Y)](2)
= dw(X, Z)w(Y) — w(X)dw(Y, Z)

which is 0, because w vanishes on horizontal vectors. O

Definition 1.22. Let M be a smooth manifold. A k-dimensional subspace distribution ¢ is an

assignment of a k-dimensional subspace of T}, M to each point p € M.

Example 1.23. A connection is a horizontal distribution on the total space of the principal bundle.
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Definition 1.24. A k-dimensional distribution § on M is said to be integrable if for every p € M
there exists a k-dimensional submanifold N of M such that p € IV and [V is everywhere tangent to
J.

Theorem 1.25 (Frobenius). A k-dimensional distribution § on M is integrable if and only if [0, §] C 6.
Where [0, §] C 6 means that if X, Y are vector fields on M that are contained in D, then so is [X, Y].
Proof. [LeeSM], Theorem 19.12 O
For connections this condition becomes equivalent to vanishing of its curvature 2-form.
Theorem 1.26. A connection is integrable if and only if it is flat.

Proof. This is just a simple computation:
QX,Y) = dw(hX,hY)
= WX (w(hY)) — BY (w(hX))  w((hX. hY])
= —w([hX,hY])

And the theorem follows by the theorem of Frobenius. O

1.4 Digression to vector bundles

Now that we have developed some machinery on principal bundles, we derive similar results for

vector bundles.

Connections on vector bundles

Definition 1.27. A linear connection on a vector bundle £ — M is a smooth horizontal subspace

distribution that satisfies
G.(H,E) = Hg,E

where G is a linear automorphism of the bundle.
Equivalently, we can define connections as covariant derivations.
Definition 1.28. A covariant derivative on a vector bundle £ — M is a linear map V : I'(TM) —
['(T*M ® E) satisfying a Leibniz rule

Vx(fs) =df(X)s+ fVx(s)
for f e C®°(M),X e I'(TM),s e I'(E).

Given a covariant derivative V, the corresponding horizontal subspace distribution is given by
Hs(b)E = {8*(X) — Vx(s)‘X S TbM}

this distribution is well-defined, i.e. Hy;) = Hy ) if s(b) = s'(b). Conversely, given a horizontal

subspace distribution, the corresponding covariant derivative is

Vi (s) = 54(X) — Hor)(X)
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where Hor, ;) (X) is the horizontal lift of X € Ty M to H,)E. In the previous formulas the fiber
E}, and the vertical subspace V) E are identified by the isomorphism
Ey = Vi E :w — ~(t) = s(b) + tw

Now let {E, Es, ..., E,, } be a local trivialisation. Every section s can be written as s = s'E; (using
the summation convention) for some s* € C°°(M). Using the definition of the covariant deriva-
tive, we have

Vx(s) = Vx(s'E;) = ds'(X)E; + s'Vx(E;) = ds(X) + As

where A is a matrix of 1-forms whose ith column is formed by the components V x E; in the basis

{E1, ..., By, }. Therefore we can write
V=d+A

Conversely, given any matrix of 1-forms A defines a connection d + A.
Now let {E1,..., E/,} be an other basis, then we can write E; = Tij E; for some matrix 7. The

covariant derivative V then acts as
Vx(s) = V(s'E) = Vx(s'T/ E}) = d(s'T) )(X) B} + s'TY V x (E})

and we have V = d + A’ where A’ is a matrix of 1-forms in the basis { £}, ..., E] }.

Definition 1.29. We define the curvature F'(V) of a linear connection V = d + A as the 2-form

dA(X,Y) + ANA(X,Y) = dA(X,Y) + A(X)A(Y) — A(Y)A(X)

The associated bundle

Now let P — M be a principal G-bundle, V" a vector space and p : G — GL(V') a representation
of G.

Definition 1.30. Let P — M be defined by trivialisations {U;, ¢;} and transition functions ¢,z
corresponding to the left action of g,3. The associated bundle £ — M is the vector bundle
defined by the set of trivial bundles U; x V' and transition maps p(ga3)-

The derivative of p at the identity is a map from the Lie algebra of G to the endomorphism group
of V,

px g — End(V)
A connection 1-form w on P — M can be thought of a as a g-valued 1-form on M (see Remark

1.18), its composition with p, is an endomorphism valued 1-form p, ow on M. This endomorphism

valued 1-form is the linear connection induced by w.

Frame bundles

Let £ — M be a vector bundle. We can associate a principal bundle F(E) — M, the so-called
frame bundle of E — M as follows. Let the fiber F'(E);, be the set of all ordered bases of E, with
the action of GL(E,) as basis transformations. This space can be given a natural topology and
bundle structure using those of £ — M. The structure group is a linear group by definition, and
the vector bundle associated to F/(E) — M is E — M.
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Moreover, since the representation is the identity, its derivative is bijective, therefore every con-

nection on the vector bundle is induced by a connection on its frame bundle. Also, we have
pr 0 (dw +w Aw) = dp.(w) + pe(w) A po(w)
In particular, flat connections induce flat connections.
These observations show that every vector bundle can be constructed as an associated bundle of

some principal bundle, and the results derived for principal bundles also hold for vector bundles

via the correspondence between principal and vector bundles.

Parallel Transport

The horizontal subspace interpretation of parallel transport was mentioned in Section 1.2.

When our bundle is a vector bundle and connections can be thought of as covariant derivatives,
then it makes sense to talk about constant sections of the bundle. These constant sections give
the interpretation of parallel transport in the language of covariant derivatives. We will need the

following theorem in the rest of this thesis.

Theorem 1.31. If the curvature of a connection vanishes, then the parallel transport along a curve ~ only
depends on the homotopy class of .

1.5 Complex manifolds

Complex structure on a manifold

The definition of a complex manifold is analogous to that of a smooth manifold.

Definition 1.32. Let M be a topological manifold. A complex chart (U, ¢) is an open set U C M
and a homeomorphism ¢ : U — ¢(U) C C™.

A complex atlas is a collection of complex charts (U;, ¢;) such that M = |JU;.

A complex structure on the manifold M is a maximal complex atlas such that if two charts (U;, ¢;)
and (Uj, ¢;) overlap, i.e. U; N U; # @ then the transition functions

¢io¢; " ¢;(U; NU;) = ¢i(U; N Uj)
between the charts are biholomorphic (i.e. the inverse is also holomorphic).
A complex manifold is topological manifold equipped with a complex structure.

Smooth maps and diffeomorphisms are replaced by holomorphic and biholomorphic maps.

Definition 1.33. Let A/ and N be complex manifolds, (U;, ¢;) the atlas for M and (V}, ¢;) the atlas
for N. Amap f : M — N between them is said to be holomorphic if ¢; o f o ¢, Lis holomorphic
whenever f(U;)NV; # @. If pjo f o<bi_1 are biholomorphisms, then f is said to be a biholomorhism.

The analogue of a vector bundle is also straightforward.

Definition 1.34. A vector bundleis 7 : E — M is said to be a holomorphic vector bundle of rank n
if the fibers are C", E and M are complex manifolds, 7 is holomorphic, and the local trivialisations

are biholomorphisms.
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Example 1.35 (Holomorphic tangent bundle). Let M be complex n-manifold, and p € M. The
tangent space T,,M at p is defined the same way as in the real case. In local coordinates the deriva-
tions {0,,, ..., 0,, } form a basis. The tangent bundle T'M is the disjoint union of tangent spaces,
and the topology of 7'M is defined the same way as in Example 1.5. The transition functions of
1.6 are given by the complex Jacobian of ¢, o ¢§1.

Almost complex manifolds

Let V be a real vector space and J : V — V a linear map such that J? = —I (where L is the identity
on V). Such a J is called a complex structure on V/, because we can equip V with the structure of

a complex vector space by
(a+if)v=av+ pJv
fora,f €eR,veV.
Now consider V ®r C, the complexification of V. We can extend J to a map on V @ C by C-

linearity such that J? = —I still holds. It follows that J has two eigenvalues, i and —i. Let V1.
and V%! be the eigenspaces of i and and —i, respectively. We can write

VerC=V0gyol

Definition 1.36. Let M be a smooth manifold of dimension 2n. Suppose J : TM — T'M is a vector
bundle isomorphism such that J, : T,M — T,M is a complex structure on each fiber. Then J is

called an almost complex structure on the smooth manifold M.

Every complex manifold structure induces an almost complex structure on its underlying smooth
manifold. Let M be a complex manifold and M, its underlying differentiable manifold. If {0.,, ..., 0., }
is a basis for T, M, then {0,,, 0y, ..., Ox,,, Oy, } is a basis for T, My where z;, = x}, + iy. Then

Ip(Or,,) = Oy, Ip(0y,) = =0,
is an almost complex structure on M.
The converse, however, is not true in general. Given an almost complex structure .J, the Newlander-
Nirenberg theorem gives a necessary and sufficient condition for the existence of a complex struc-

ture that induces J. To state the theorem, we need to introduce differential forms on almost com-

plex manifolds.

Differential forms on almost complex manifolds

Let V be a real vector space with a complex structure J, let V. = V®rC denote its complexification.

The exterior algebras of V1 and V%! are naturally injected into the exterior algebra of V..
VIO AV, AV AV,

Let APV be the subspace of V, that is generated by elements of the form a A 3 where o € APV10
and 3 € A9V%l. We can write

2n
=3 Y e

d=0 p+q=d
Now suppose (M, J) is an almost complex manifold. .J restricts to a complex structure on every
fiber. Let TM& " be the bundle of (+i)-eigenspaces, TM"" the bundle of (—i)-eigenspaces, T*M& 0
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and T*]\/.I'(())’1 their duals. Again, we have T"ZM&’O @ T*MOO’1 = T" M. and the injections
AT*My® — NT* M, AT* M — NT* M.

Definition 1.37. The complex-valued differential forms of type (p, ¢) on M, are the sections of
7 NPIT* My — My. The space of such forms is denoted by AP

In general, the exterior derivative maps a form « of type (p, ¢) to a form
do = Z T sdor
r+s=p+q+1
where 7, 5 is the projection to the subspace of the forms of type (r,s). We define the 9 and 9
operators that map a form of type (p, ¢) to a form of type (p + 1, ¢) and (p, ¢ + 1), respectively.

0= Tp+1,q © d 5 = Tp,q+1 © d
Definition 1.38. If d = 0 + 0, then we say that the almost complex structure is integrable.
Now we can state the Newlander-Nirenberg theorem.

Theorem 1.39 (Newlander-Nirenberg). Let (X, J) be an almost complex manifold. There exists a unique

complex manifold structure on X inducing J if and only if J is integrable.

There is a similarity between this theorem and the theorem of Frobenius, as they both characterise

the existence of manifold structures.

1.6 The theorems of de Rham and Hodge

Let X be a topological space. Let A, = [ege; ... €] C RP be the standard p-simplex. A continuous
map o : A, — X is called a singular p-simplex in X. The singular chain group of degree p,
denoted by C),(X), is the free abelian group generated by all singular p-simplices. The elements
of C(X) are called singular p-chains.

For i = 0, ...,p we define the face map F;, : A,_1 — A, to be the unique affine map that sends

€y — €9, €1 —7 €1, .. €i—1—=7€—-1, € —7€4l, ..., Ep_1—Ep

The boundary of a p-simplex o : A, — X is the (p — 1)-chain
P

Jo = Z(—l)ig o Fjp

i=0
A p-chain cis called a cycle if 0c = 0 € Cp,_1(X). Let Z,(X) denote the singular p-cycles. A p-chain
bis called a boundary if there exists ¢ € C},11(X) such that dc = b. Let B,(X) denote the singular
p-boundaries. The boundary map satisfies 9% : C,,(X) — Cp—2(X) = 0, therefore B,(X) C Z,(X).

Definition 1.40. The p-th singular homology group is defined as

Hy, sing(X) = Hp(Cs,0) = gzgg

Remark 1.41. If Ris a unital ring, we can take the singular p-simplices to be the generators of a free
R-module. Let Hy, 4ing(X, R) denote the homology groups we obtain using the same construction
as above. If we take R = Z, we get back H), sing (X, Z) = H) sing(X).
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Let (C., 0) be a graded chain complex (i.e. 3(C;) C C;—1 and 9? = 0), and G an abelian group. The

dual chain complex (or cochain complex) is defined as
C" = Hom(C;,G) = {f : C; — G| f is a homomorphism}
with coboundary d : C* — C*! defined as

[A(N))(e) = f(9c)
for f € C, ¢ € C;41. The singular cochains of degree p of a topological space are defined as

Cy (X) = Hom(Cj sing(X), G)

sing
A p-cochain f is called a cocycle if d f = 0 € CPT(X). Let ZP(X) denote the singular p-cocycles.
A p-cochain g is called a coboundary if there exists h € C,_1(X) such that dh = g. Let B?(X)

denote the singular p-coboundaries.

Definition 1.42. The p-th singular cohomology group is defined as
2P (X)

H, =~ B(X)

sing

(X) = Hp(C*,d)

So far these definitions work for any topological space. If in addition M has a smooth manifold
structure, then we can replace the singular simplices (continuous maps A, — M) with smooth
simplices (smooth maps A, — M). Following the exact same steps as above, we obtain the smooth
homology groups H,, .(M). Also, the inclusion map ¢ : Cp oo(M) — Cp sing(M) commutes with
the boundary map, so it induces a map v : Hp oo (M) — Hp sing(M)

Theorem 1.43. For a smooth manifold M, the map v, : Hp oo(M) — Hp sing(M) is an isomorphism.
Proof. [LeeSM], Theorem 18.7 O

The reason we need this theorem is that we want to pull back forms along simplices (maps A, —
M), and that is only possible if the simplices are smooth. Theorem 1.43 states that we don’t lose
anything if we only consider the smooth simplices.

Let w be a closed p-form on some smooth manifold M, o a smooth p-simplex in M. Define the

integral of w on ¢ as the integral of the pullback form in R?,

/w:/ ofw
o Ap

We extend this definition R-linearly to H), sing(M, R). Now we are ready to state the the de Rham
theorem.

Theorem 1.44 (de Rham). Let M be a smooth manifold. The inclusion T : Hy,(M) — Hg,,,
defined by

(M,R)
is an isomorphism.

The formula is understood as follows: w is a closed p-form representing the cohomology class
(w] € HY, (M) and cis a (smooth) singular p-chain representing the homology class [¢] € Hj sing(M) =
H, «(M).

Proof. [LeeSM], Theorem 18.14 O
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The Hodge Decomposition

Let (M, g) be a Riemannian manifold. The scalar product on the fibers of the tangent bundle
can be extended to a scalar product on cotangent bundle by the isomorphism coming from the
Riemannian structure v <> ¢(.,v). There is also a natural construction on the tensor products of
these spaces that yields an inner product (,) on the space of differential forms over (M, g),
Definition 1.45. The Hodge star operator x : A* — A"~ is defined as

aAxf = (a, B)dV,
fora € AF, 3 € A" F,

Definition 1.46. The Hodge inner product (,) of two forms «, § of the same degree is defined by

@8 = [ s, = [ ane

M
where dy is the volume form of g.

Definition 1.47. The codifferential 6 : A*(M) — A*~1 (M) is
§ = (—1)" 5 du

We can now define the Laplace-de Rham operator A : A" — A",

A =dé+dd

Definition 1.48. A form w is said to be harmonic if Aw = 0. When w = f is a smooth function,

this definition reduces to ddf = 0. The space of harmonic forms of degree k is denoted by H*.

If M has empty boundary, then ¢ is the formal adjoint of the exterior derivative in the sense that

(da, ) = (@, 6p3)
where o € A¥(M), B € A¥*1. This follows from the theorem of Stokes,

_ _ _ ykl _
0—/Md(a/\*,6’)—/Mda/\*B aN (=) dxpg

:/ da AxfB —a A (=1)FO7R) s (—1)M ! v dx 8 = (da, B) — (a, 68)
This also implies th]Zt on a manifold without boundary w is harmonic if and only if dw = 0 and
dw = 0.
Theorem 1.49 (Hodge). Let M be a closed Riemannian manifold. Then
AP =1 @ dAF T @ s A
i.e. every form w of order k can be uniquely decomposed as
w=uwp+da+p

where wy, is a harmonic form, o is a (k — 1)-form and (3 is a (k + 1)-form.
Corollary 1.50. For a closed form w, Theorem 1.49 reduces to w = wy, + da.

Definition 1.51. On a complex manifold the space of harmonic (p, ¢) forms are denoted by 7{74. In

particular, holomorphic and antiholomorphic p-forms are defined as H?? and H%?, respectively.
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Theorem 1.52. If M is a Riemann surface (complex 1-manifold) then
Hl — Hl,O D 7_[0,1

A =401 @ 9 A

An other simple consequence of the Hodge decomposition theorem is that every de Rham coho-

mology class has a unique harmonic representative.

Theorem 1.53. Let M be a closed Riemannian manifold. Then H%, = H*(M).

1.7 Sheaf theory

Presheaves and Sheaves

Definition 1.54. Let X be a topological space, C a category. A presheaf .# on X is
o A map .# from the open sets of X into ob(C).
o A collection of restriction morphisms ¥ : #(U) — .7 (V) for each V C U satisfying
° rg Hid 7 ()
o ri, =), orl, forevery W CV CU

This essentially defines a contravariant functor from the category of open sets of X into C.

Definition 1.55. A presheaf . on X is said to be a sheaf if for every collection U; of open subsets
of X with U = UU; then .7 satisfies the following gluing axioms
(S1) If s; € #(U;) and if for U; N U; # @ we have

U; U;
o, (81) = rulng, (85)

for all i, then there exists an s € .%# (U) such that rgi (s) = s;.
(52) If 51,82 € Z(U) and 7“52.(81) = T[U];(SQ) for all i, then s; = s9

Informally, (S1) guarantees that the existence and (52) the uniqueness of the gluing.

Example 1.56. Let X and Y be topological spaces, and let €’x y be a presheaf over X defined as
o €xy(U)={f:U—Y |fiscontinuous }
olf fe ng’y(U), then Tg = f‘V

In addition, €¢’x y satisfies (S1) and (52), therefore this presheaf is actually a sheaf.

Definition 1.57. Let .# and ¢ be sheaves (resp. presheaves) over the same space X. A morphism

of sheaves(resp. presheaves) is a collection of morphisms
hy : F(U) =9 (U)
for each open set U such that (r{))g o hy = hy o (r¥)) # forall V. C U C X, where (r¥) # and (r{})y
are restriction morphisms of .# and ¥, respectively.
If the morphisms h¢; are inclusions then .# is said to be a subsheaf (resp. subpresheaf) of ¢.
If the morphisms Ay are isomorphisms, then .# and ¢ are said to be isomorphic sheaves (resp.

presheaves).

Definition 1.58. Let (I, <) be a partially ordered set (i.e. < is transitive and reflexive). If for every
i,7 € I there exists a k € I such thati < k,j < k, then (I, <) is said to be a directed set.
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Let (1, <) be a directed set and C a category. A direct system is a collection of A; € ob(C) for all i,

and «o; ; : A; — A; are morphisms for each i < j.

Example 1.59. Let .7 be a presheaf over X. The order on the open sets of X is given by U; < U; <

U; C U;. Then A; = % (U;) is indexed by the open sets of X, and «; j = 7“5;

Definition 1.60. An object A € ob(C) together with morphisms «; : A; — A is said to be the direct
limit of the above direct system if
o a;=0aj0aq;;foralli <j
o For any other object A’ € ob(C) and morphisms satisfying o} = o, o a; ; there exists a unique
morphism « : A — A’ such that a0 o; = «. (universal property)

The direct limit is denoted as hﬂ A;.

The second condition guarantees that if the direct limit exists, then it is unique up to isomorphism.
If C is the category of abelian groups, rings (commutative with identity) or modules, then the direct
limit exists and it is given by the following construction.

Let ({A4;},{ai;}) be a direct system. Consider the disjoint union |J,, ¢ 4. (ai, 4;) of the elements of
A; and the define the equivalence relation ~ by (a;, 4;) ~ (a;, A;) if there exists a k > i, j such
that o ,(a;) = o x(a;). Let [(ai, A;)] be the equivalence class of (a;, A;). Then

A= | (@i, 4)/~  oilai) =[(ai, Ai)]
a;€A;
is the direct limit of the system. From this point on we only deal with sheaves and presheaves of

abelian groups, rings and modules.

Definition 1.61. Given a presheaf .7 over X, let
zeU
where the direct limit is taken with respect to the restriction morphisms. We call .%, the stalk of

F at x. For s € .#(U) its image in the stalk is called the germ of s at .

Consider the space
7= %
zeX
with the following topology. Fix an open set U C X and s € .#(U). Let s, denote the germ of s
at z. Then we take {s; | x € U} to be open for all pairs (s, U) and let these open sets generate the
topology of .7 .

Theorem 1.62. Let .7 be a presheaf. The sections of F over open sets U (i.e.continuous maps s : U — Y
such that 7 o s = idy) form a sheaf. Let us denote this sheaf with .F. Moreover, if F is a sheaf to begin

with, then . and .F are isomorphic sheaves.

Remark 1.63. The restriction morphisms are the natural restrictions of sections, and the abelian

group structure of sections over the same open set is defined pointwise.

Definition 1.64. The sheaf .# is called the sheaf generated by .%.

By the second statement of Theorem 1.62 we may think of a sheaf .# as the family of sections of

the space .# (which is just the disjoint union of stalks for all z € X).
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Cohomology

Definition 1.65. Let <7, %, ¢ be sheaves over X, and g : &/ — %,h : 8 — € sheaf morphisms.
The sequence
YA
is said to be exact at #Z if the induced sequence
oy 2 B, 5 G,

is exact at %, for all x € X. Short and long exact sequences of sheaves are defined similarly.

Definition 1.66. Let .7 be a collection of sheaves indexed by the integers. A differential complex

of sheafs is a sequence of sheafs

Q2 Qi—1 Q41

Fi Yy it te

yi—l

connected by sheaf morphisms «; such that o; 1 o o; = 0.

A resolution of a sheaf .7 is a long exact sequence of sheaves of the form

; 0 dl s da+1
0.7 L g0 gt & s g1 9y gt

where 0 is the constant 0 sheaf.

Definition 1.67. A sheaf .7 is called flabby if for every open subset U the restriction map 75 :

F(X) — Z(U) is onto, i.e. every section of .# on U can be extended to a section on X.

Let .7 be a sheaf and .7 (] the sheaf of germs of sections that are not necessarily continuous (maps
s: X — .7 such that w0 s = idy). It is clear that .#[" is flabby and there is an injection j : .7 —
0,

Now define .9 as (#14-1)[0] This is the sheaf of germs of sections of the sheaf .Zl7~1 over X.
By induction, we can think of the stalk .7, gﬁq] as the equivalence classes of maps f : X @+l _y Z such
that f(xzo, ..., z4) € Z4,, where the equivalence relation is given as follows.

Let f,g: X9t — Z be maps such that f(xo, ..., 74), g(zo, ..., 74) € F,,. If they coincide on a set of

the form
xo € Vo x € Vl(l‘o) e Xg € Vq(l‘o, ...,:L‘qfl), Vq c..cvicW

where V; is a neighbourhood of z; depending on z,...,z;—1, then f and g are equivalent in the
stalks in V.
The differential d? : #19) — Zla+1 is defined by

df (xo, ..., Zg41) = Z (=1 f(20y ooy By ooy Tgy1) + (1) T f (20, oy ) (Tg11)
0<7i<q

where the last term is the image of z,, 1 under the continuous section f(zo, ..., z4) € F,.

Theorem 1.68 (Godement, 1957). The complex (F!*1, d) is a resolution of the sheaf 7, called the canon-
ical flabby resolution of ..

Now we are ready to define the cohomology groups.

Definition 1.69. Let . be a sheaf of abelian groups. For an integer ¢ € Z, the ¢g-th cohomology

group of X with values in .% is

HY(X,Z)=HI(Z(X),d) = ker(d?)/Im(d"")
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with the convention .#? = 0,d? = 0, H1(X,.#) = 0, when ¢ < 0.

Definition 1.70. A sheaf .% over X is said to be acyclic on an open set U if H4(U,.#) = 0 for ¢ > 1.
Theorem 1.71. Flabby sheaves are acyclic on all open subsets.

Proof. [Dem], Theorem 4.4 O

In Definition 1.69 we defined the cohomology groups by the canonical flabby resolution. The
following theorem states the interesting result that by choosing any resolution by acyclic sheaves,

we obtain the same cohomology groups.

Theorem 1.72 (de Rham-Weil). Let .# be a sheaf over X and
05 F Lo Ly ot &y e Ly gyt I
a resolution of %, such that <7 is acyclic on X for all q. Then
HY(«/*(X),d) = HI(X, %)
Proof. [Dem], Theorem 6.4 O

Let M be a smooth manifold of dimension n. Also, let &’ denote the space of differential forms of

degree g on M. Consider the resolution
0RL 0L 1 G pady 4 endyg
where d is the exterior derivative. The de Rham cohomology groups Hj, are defined as
HYp(X.R) = HO(£*(X). d)
It can be shown that & is acyclic for all g, therefore (by the de Rham-Weil isomorphism)
H,(X,R) =~ HI(X,R)
To conclude this section we state, without proof, a few relevant results of Algebraic Topology.

Theorem 1.73 (Five-lemma). Given a commutative diagram of abelian groups

j k !

A—>B C D E

[ O LI
. /

P SN SN AN

if the rows are exact and «, 3, 6, € are isomorphisms, then +y is also an isomorphism.

Theorem 1.74 (Snake lemma). If we are given a commutative diagram

i J

with exact rows, then there is an exact sequence

0 — kera — kerf — kervy 9 cokera — coker3 — coker~y
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Theorem 1.75 (Mayer-Vietoris Exact Sequence). Let X be a topological space, U,V open subsets such
that U UV = X. Then there exist maps 6, such that the following sequence, called the Mayer-Vietoris

sequence is exact:

ol gr(x) P HP(UY @ HP(V) 2% BPU A V) 2 HPPY(X) S

where p=1iy +riy and A =19 — iy
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Chapter 2

Smooth Hodge theory on compact

Riemann surfaces

This chapter is mainly based on [GoXi].

2.1 Equivalence of Betti and de Rham groupoids

Definition 2.1. A groupoid is a category in which every morphism is invertible.

Definition 2.2. Let C and D be categories. An equivalence of categories is a functor /' : C — D if
itis

e full,ie. for z,y € Obj(C), the map Mor(z,y) — Mor(F(x), F(y)) is surjective

e faithful, i.e. for z,y € Obj(C), the map Mor(z,y) — Mor(F(z), F(y)) is injective

e surjective on isomorphism classes, i.e. the induced map F; : Iso(C) — Iso(D) is surjective

The following example shows that equivalent categories are not necessarily isomorphic.

Example 2.3. Let C contain the abelian group Z, and its identity morphism , and let D contain two
isomorphic copies of Z, with the identity morphisms of both and the isomorphism between them.

These categories are easily seen to be equivalent, however they are clearly not isomorphic.

In this section we construct the Betti and de Rham groupoids and the equivalence between them.
In what follows, let G be either C* or U(1). Also, let X be a closed, oriented, smooth 2-manifold

with fundamental group .

The Betti groupoid

Definition 2.4. The Betti groupoid is the category (Hom(7, G), G), i.e. the objects are the repre-

sentations 7 — G, and the morphisms are conjugations by the elements of G.

The fundamental group of a closed, oriented, smooth 2-manifold is

where k denotes the genus of the surface. Now let p € Hom(w, G). Since G is abelian, its action is

trivial and the relation

[p(A1), p(B1)] ... [p(Ak), p(Br)] = 1a
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is automatically satisfied, therefore
Hom(m, G)/G = Hom(r, G) = G*

Hence Hom(, C*) can be equipped with a natural complex structure.

The de Rham groupoid

Let 7 : E — X be the trivial complex line bundle over ¥ with a fixed a trivialisation 7.

Definition 2.5. A gauge transformation £ of 7 : E — ¥ is a smooth bundle automorphism. Since
E is a line bundle, this definition reduces to a smooth map g : ¥ — C*. Let G;(E) denote the group
of gauge transformations of E. Similarly, the U(1)-gauge group G, (E) is the subgroup of smooth
Y. — U(1) maps.

A trivialising section 7y : ¥ — E determines a connection Dy by
Do(s) = Do(f70) = df ()70
Every connection on D can be written as D = Dy + 7 for some € A'(2), and D acts as
D(s) = D(fmo) = df ()70 + n(.) 70
Now let ¢ € Gi(FE) be a gauge transformation represented by g : ¥ — C*. Define its action on
D = Dy +nby
(Do +1) =Do+n—g dg
Let 79, 75 = g70 be trivialisations, s = f7y a section, and D, D* the connections determined by 7y

and 7, respectively. Also, let { be the gauge transformation that is represented by g. Then we

have

(€D)[g(fr0)] = (d +n — g~ dg)(gfro) = [d(gf) + gfn — fdglro = (df + fn)(gro) = D*(f75)
A simple computation shows that although the G;(F)-action alters the connection, the curvature

of the connection is invariant.
d(n—g~'dg) = dn—dg~' Adg = dn+ g~dg Adg = dn

Let F;(E) denote the set of flat C* connections on the F, i.e. those connections for which dn

vanishes.

Definition 2.6. The de Rham groupoid is defined as (F;(E), G;(E)).

Complex structure of the de Rham groupoid

The G;(E) action can be decomposed as the action of the identity component G;(F)? and the action
of the group of connected components 7(G;(F)) on the quotient. If g € G;(E)" then g = exp f for
some f € A%(Y) and its action is given by

Do +n < Do+n— (exp f)'d(exp f) = Do +n — df
The quotient F;(E)/(G,(E)°) is then H' (3, C).

The action of 7y (G;(E)) will correspond to the inclusion of H(X, Z) into H!(X, C). To see this, we
first observe that the fundamental group of G is Z, thus every smooth map g € Map(3, G) induces
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a homomorphism

m((X) =2
determining and element of

Hom (71 (%), Z) = Hom(Ab(m (X)), Z) = HY(X, Z)
The resulting group homomorphism Map(%, G) — H!(%, Z) induces an isomorphism
ro(Map(3, G)) = H (%, 2)
Thus F;(E)/Gi(E) can be identified with H! (%, C)/ H (X, Z) and inherits the complex structure J
J(n) =in

The Equivalence
Holonomy assigns to each loop based at 2o a homomorphism
holy, : m (%, z9) — C*
If ¢ € Gi(E)(corresponding to g : ¥ — C*) is a gauge transformation, then the evaluation of g at

xo is a G;(E) — C* homomorphism. These two maps together give the holonomy functor.

Theorem 2.7 (Riemann-Hilbert correspondence). The functor
hol : (F(F),G(F)) — (Hom(w,C*),C*)

is full, faithful, and surjective on isomorphism classes, ie. an equivalence of the Betti and de Rham groupoids.

2.2 Equivalence of Dolbeault and de Rham groupoids

The Dolbeault groupoid

Let E — X, 7, D, Dy be as in the previous section. Then we can decompose Dy as

Do(fr) = df(.)r = 0f ()7 +0f ()7 = Dy(f7) + Dy (f7)

Definition 2.8. A holomorphic structure is an operator
D" =D} + ¥ T c AM(X)
that satisfies
fr AN (Of + fO)T

Let Hol(E) denote the space of all holomorphic structures on E.

Definition 2.9. A Higgs field on a holomorphic vector bundle (E, D”) is a (1,0) form ® on X
taking values in the endomorphism bundle End(F) that is holomorphic with respect to the holo-
morphic structure of 7% ® End(E). A Higgs bundle is the triple (E, D", ®) where (E,D") is a
holomorphic vector bundle and @ is a Higgs field on (E, D).

When FE is a line bundle, a Higgs field is just a holomorphic 1-form,
Higgs(F) = Hol(E) x HYO(%)
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The gauge group G;(E) acts on Hol(E) by

Dg—l—\Ilng—i-\I/—g*lég
and on Higgs fields by conjugation. Since End(E) is commutative, the action of G;(E) on H!°(%)
is trivial. Denote the resulting groupoid by (Higgs(E), G;(E)).

Complex structure of the Dolbeault groupoid

The G,(E) action on Hol(E) can be decomposed as the action of the identity component G;(E)°
and the action of the group of connected components 7(G;(E)) on the quotient. If g € G;(F)" then
g = exp f for some f € A° and its action is given by

DI+ L Dl +U—08f
The quotient Hol(E)/(G;(E)?) can be identified with A%!/9.A° = H*! by the Hodge decomposi-
tion theorem. Let V = H%! denote the space of antiholomorphic 1-forms.

The action of m(G;(F)) = H'(X,Z) corresponds to the action of H'(¥,Z) on #%! by translation

via the map
HY(2,Z) - HY(2,C) 2 HO =V

where i is the natural inclusion of H!(%,Z) into H'(X, C) and p is the projection to the subspace
of antiholomorphic 1-forms. The image of H' (3, Z) under p o i is a lattice L C V of rank dimg (V).
The quotient V/L is then a torus of dimension dimg (1), the Jacobian of ¥, denoted by Jac(X).

The Dolbeault isomorphism identifies the space of antiholomorphic 1-forms and the first coho-

mology group of the sheaf of germs of holomorphic functions,
HOL(2) =2 HY (O, %)
To summarise, Higgs(E)/G;(E) identifies with
Jac(D) x H'' =V/L xV
The complex structure I of V//L x V arises from those of V and V. Namely, for ¥ € V and ® € V
(0, ®) L (40, i®)

The Equivalence

Definition 2.10. Let Her(E) denote the space of Hermitian metrics, i.e. tensors of type TM? — C

that restrict to positive definite Hermitian forms (, )  on each fiber.

In a trivialisation{sy, ..., s, } the Hermitian metric H can be represented by a positive definite Her-
mitian matrix h;;. When F is a complex line bundle and 7y is a trivialisation, the matrix h;; reduces

to positive real function h
(s1,80)m = (170, f210)1r = fihf2
Gauge transformations act on Hermitian metrics by
(51,5000 = (g7 81,0 Ys0)mr = (51, 82)em
i.e. we have the identity

(€(s1),&(52))err = (51,82) 1



CEU eTD Collection

2.2. Equivalence of Dolbeault and de Rham groupoids 25

and the functions representing H and ({H) are related by
B g7 g Th =gl 2R
Definition 2.11. A connection D is said to be unitary with respect to H if it satisifies

d(s1,s2)m = (Ds1,s2)m + (51, Ds2)u

for any two sections s1, s. Equivalently, we say that H is parallel with respect to D.

Let s; = fi70 The above equation then becomes
d(fihfz) = (dfs + fim)hfz + fihd(dfz + fan)
which simplifies to
fidhfo = finhfz + fikfon & dh = h(n+T7)
which shows that D is unitary with respect to H if and only if
h~ldh = 2Re(n)
Let p : ¥ — X be the universal cover of X. Also, let p*E, p* D, p* H and p*7, be the pullbacks of

E — ¥, D, H and 79, respectively. We want to find a p* D-parallel trivialisation 7 of p* E.

We look for 7 in the form
T = ¢(p*10) 2.1)
where ¢ is a smooth function on ¥. Such a trivialisation needs to satisfy
0=p"D(7) = p"D(p(p"10)) = dp(-)p"70 + p*n(-)p (P 70)
therefore
pn=—¢ ldp = ~dlogy (2.2)
Since Y. is simply connected, H; (%) = 0 which also implies H!(X) = 0, i.e. all closed forms are
exact, and the above equation can be solved. Thus we can define ¢ : ¥ — C in a way that makes
©p(p*19) parallel with respect to p*D.
Now we define a metric H on 3 which is, in the trivialisation p*1o , represented by
h=lep|*p*h
Equivalently, in the p* D-parallel trivialisation 7 = |¢p|?p*7y it is represented by
lop|~2h =p*h
Since @ p is equivariant with respect to the holonomy group of the connection, we can define p.¢p
locally on X.

Definition 2.12. Define the metric Hy by (79, 70)n, = 1, i.e. Hj is represented (with respect to
the trivialisation 79) by hyp = 1. The subset of F;(E) containing connections that are unitary with
respect to Hy will be denoted by F,,(E).

As Dy is determined by the trivialisation 79, so is Hy. In other words, once we pick a trivisalisation

7o, we automatically obtain the connection Dy and the metric Hy.

Definition 2.13. Let H be a Hermitian metric, D" a holomorphic structure. The connection D is
said to be compatible with D" and H if
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e the (0, 1) part of D equals D" and
e D is unitary with respect to H

The connection D is also called the Chern-connection.

For any pair of D” and H exists a unique connection satisfying these conditions. Namely, if D" =

D{ + p, and H is represented by h, then D is given by
Do+ p—H+h"1oh
Definition 2.14. A Hermitian metric H is said to be the Hermitian-Einstein metric with respect

to D" if D (the connection compatible with D" and H) is flat.

Let Hol,,(F) denote the subset of Hol(E) x Her(FE) consisting of (D", H) such that H is Hermitian-

Einstein with respect to D”.
Theorem 2.15. There is an equivalence of groupoids T
(FulE). Gu(E)) —"— (Hol,(E). Gi(E))
where T acts on the objects by
D Ly (DO Hy)
and on morphisms by the inclusion G, (E) — G;(E).

Theorem 2.16. Let D" € Hol(E). Then there exists a Hermitian metric represented by h such that
(D", h) € Holy(E).

Proof. Let D" be a holomorphic structure. By Theorem 1.52 D" = D{j + U, + 9f, where ¥y is
antiholomorphic and f € A°. The connection D = Dy + ¥y — U + df is flat (n = ¥y — Vg + df is
closed) and D%! = D”. We just need to find a metric that is parallel with respect to D. We define
H by the equation n + 7 = dlog h to obtain a desired metric that is defined up to multiplication by

a positive constant (h = ¢ e2fief for any c € R™). O

Note that Theorem 2.15 is about unitary connections and unitary gauge-transformations, whereas
the de Rham groupoid is (F;(E), Gi(E)). In the rest of this section we extend the unitary case to
the linear one, and relate the de Rham groupoid to the Dolbeault groupoid.

Let £ — X be a trivial line bundle, D a flat connection, H a Hermitian metric, 7y a trivialisation.
With respect to 1) we can write D = Dy + 7 for some n € Z'(X). Let ¢ and 1 be the real and
imaginary parts of 7. Since ¢ and ¢ are purely real and imaginary, 7 is closed if and only if ¢ and

1 are closed. We can then form the unitary part of D
1
Dy = Do+ + 5lfldh
Let ¢ denote D — Dy, i.e. ¢ = ¢ — Lh~1dh.

Definition 2.17. A Hermitian metric H is said to be harmonic with respect to D if log h is a har-

monic function on X.
Theorem 2.18. A Hermitian metric H is harmonic if and only if ¢; is a harmonic 1-form.

Proof. By definition H is harmonic if log & is harmonic on . Since log & is a 0-form, we automati-

cally have dd log h = 0. Thus log & is harmonic if and only if
0 =ddlogh by definition, h = |pp|*p*h
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=dd(log ¢ + logp + log p*h) by (2.2)
= —0(p*n+p'n — dlogp*h) by definition, ¢ = Re(n)
= —25(p o — %dlogp*h) by definition, ¢1 = ¢ — %dlogh
= —20p"$1
= —2p*(d¢1)
Since d¢1 = 0, H is a harmonic metric if and only if ¢ is a harmonic 1-form on X. O

Theorem 2.19. Let D be flat. Then there exists a Hermitian metric that is harmonic with respect to D.

Proof. Let D = Dy + ¢+ as above, where 7 is a real-valued 1-form. By the Hodge decomposition

we have

¢ = ¢ +df
where ¢, is harmonic with respect to the metric Hy. Setting ¢1 = ¢, and df = %hildh we obtain a
metric represented by h = €2/ that is harmonic by Theorem 2.18 and unique up to multiplication

by a positive constant. O

Now let D be a flat connection, H its harmonic metric (as in Theorem 2.19) and put D = Dy + ¢1.
Also, let ® = qﬁgl’o). Since ¢ is harmonic, 0® = 0.

Theorem 2.20. The resulting functor S
(Fi(E), Gi(E)) —"— (Higgs(E). Gu(E))
that acts on objects by
D3 (DY, @)

is an equivalence of groupoids.

Proof. First we prove surjectivity on isomorphism classes. Let (D", ®) be a Higgs pair. Suppose
D" = Dy + ¥. By Theorem 2.16 there exists a metric H that is Hermitian-Einstein with respect
to D”. Let Dy denote the Chern connection (Definition 2.13). Then D = Dy + ® + ® is flat, and
S(D) = (D", ®).

Next we show that S is faithful and full. Let D;, D be flat connections. If they are G;(E)-
equivalent, then there exists gy : ¥ — C* such that D; = Dy + g;'dgo. For any other g; that
satisfies D1 = Da + g, Ydg,, we have 90 Ydgy = 91 Ydgy, that implies go = cg; for some constant
¢ € C*, and Mor(Dy, Dy) = C*. If Dy and D; are not G;(F)-equivalent, then Mor(D;, D3) = @.
Similarly, if (D", ®); and (D", @), are G;(E)-equivalent, then Mor((D”, ®);, (D", ®)2) = C*, other-
wise Mor(D1, D) = &.

It remains to show that S(D;) is equivalent to S(Dy) if and only if D; is equivalent to Dy. Let
D = Dy + n and £D be equivalent connections. Then

1
Dy = Do+ iIm(n) + 5ifldh

) _ 1 _ _
(€D)emr = Do + ilm(n + g~ 'dg) + 5\9\2’1 tdlg|~*h

1
= Do+ iIm(n + gildg) + §dlog(|g|72h)
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Also,
(D) = (D)
Therefore the holomorphic structures of S(D) and S({D) are related by . Moreover,
D — Dy = Re(n) — %lfldh
We also have

€D~ (€D)ers = Rely — g™ dg) ~ Jlgl*h~"dlg|*h
= Re(n — dlogg) — ;dlos(lg|*h)
= Re(n — dlogg) — %(dlogg‘l + dlog g~ — dlogh)
= Re(n —dlogg) — %(—dlogg —dlog g — dlogh)

1
= Re(n) — idlogh

i.e. the Higgs fields of S(D) and S(¢D) agree. Conversely, if S(D;) and S(D2) are {-related, then

so are D and D,. This completes the proof.

O]
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Chapter 3

Logarithmic theory on compact Riemann

surfaces

Let X be a closed Riemann-surface, p1, p2, ..., pn € % distinct, 81, o, ..., Bn € R, p1, 2y ..o, i, € C.
Let D be a flat connection on the trivial line bundle over X \ {p1,...,p,} such that 7y is a D%!-

holomorphic trivialisation and for every p;
DY =9+ gz 1 01)dz (3.1)
Zq

where z; are local coordinates in a neighbourhood of p; such that z;(p;) = 0.
Remark 3.1. A trivialisation 7y is D%!-holomorphic if D%!(m) = 0,i.e. if D = Dy+n, then n*! = 0.

Theorem 3.2. If 5; = Re(u;) for i € {1,2,...,n}, then there exists a unique (up to multiplication by

constants) metric H that is harmonic with respect to D, for which

. A0, 70)H

i.e the above limit exists and it is non-zero.
Remark 3.3. Let 7 be a connection 1-form of a connection D that satisfies (3.1). If we substitute 7
into (2.2) we obtain the equation
—dlog pp = %dzZ + O(1)dz; = pdlog z; + dfy = pidlog z; + dlog f = dlog(zt" f)
i
where dfy = O(1)dz; and f = /0 is non-zero. Therefore
log oy =log(lf)+co = p=cz;"f!

where ¢ = e~ % is non-zero.

Also, let h represent a metric H that satisfies (3.2). Then for every p;, with local coordinate z;

lim h(z) = lim ’@D(zi)fh(zi)
z;i—0 z;—0

:zliiglo ’cz;“if(zi)_lﬁ(ai|zi|25i>
. H |—2Re; | |2 =2 1128
= lim (I3l 209l (20)]72) (el i)
= ajfe’[ £(0)] 7

which is non-zero by assumption.

Definition 3.4. The weight of the associated local system at p; is defined as the constant ¢ € R

for which (r,7) 5 = h asymptotically equals A| ;| for some X # 0 as z; — 0.
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By the above computation, the weight of our associated local system is 0 at every p;.

During the proof of Theorem 3.2 we are going to encounter a differential equation, which has
— because of the singular points p; — non-smooth terms. Before starting the proof, we need a
couple of computations to understand the distributions (in the generalised functions sense) that

will appear in the equation.

Proposition 3.5. Let z be a local coordinate on a neighbourhood U of p that extends smoothly to a global
function such that z(3\ {p}) € C*. Then

1. Alog(|z]) = 27d, + s1
2. *d*Re(,udz—Z) = —27Re(p)d, + s2

where §,, is the Dirac delta distribution at p, and sy, sy denote compactly supported smooth functions on
D \ \{ph 7pn}

Proof. Let D?(e) be the disk of radius ¢, centered at p with boundary S (¢) and f a test function on
S. If fis supported on ¥\ {p}, then both Alog |z| f and Re(u%) f are smooth. Now let suppf C U.

1. After some formal manipulations of the distributions, and by Stokes” theorem,
(Alog |z|, f) :/ A(log|z|) fdVs = / —xdx*d(log|z|) fdVy = —/ d*d(log|z]) f
b b b
=_ / *dlog |z| Ndf = / (81°%|Z‘dr + al%g9|z|d9) A (%dr + %d@)
b

_ 510g|zrd9/\8fd7‘—/ % dr A df = lim d(fdo
/U or ar e—0 U\D2() ( )

= lim fdf = lim —dV51(€ =2nf(p)
e—0 S1(e) e—0 Sl(e )

2. Similarly,
dz) fy = dz _ e(ud2) f = [ xRe(udz
(xd * Re(nZ), f) —/E*d*Re(,u Z) fdVe = /Ed*R (L) f /E*R (%) Ndf
:/ *Re(,udlogz)/\df:/*Re ud(logr—kloge”)) Adf
U
/*Re( (d*ﬂde))/\df / Re ()% — Im(u )d@)Adf
_ af af
—/[](Re(p)d9+lm( yd )/\df / Re )dO + Im(p) 4 ) ( dr+ 9 de)
_ 9f 40 A dr 19f 41
—Re(u)/UardQAd —i—Im(u)/U Ldr A do
= — 2w Re(p) f(p) + Im(u)/ d(%dr) = —2mRe(p)d, + Im(p) lim %dr
U

e—0 S1(e)

= — 2mRe(u) f(p)
O

Proof of Theorem 3.2. Let H* (represented by h*) be a metric that satisfies (3.2). Such a metric can
easily be constructed locally in a small neighbourhood around p; and then the local definitions
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can be glued together by smooth bump functions. We will look for the desired metric in the form

of h = e?’h* for some p :  — R. Such a metric needs to satisfy (Theorem 2.18)

0= A(Re(n) - %h_ldh) = A(Re(n) — e Pdef — ;i::)
Therefore
0= A(Re(n) —dp— %dlog h*)
— _dxd* (Re(n) —dp— %dlog h*)
= —d(* d* Re(n) + Ap + %Alogh*)
which implies
Ap = —xdxRe(n) — %Alog Sy (33)

for some constant c. Then by Proposition 3.5,
Ap=S+c+ 2772 (Re(wi) — B;)6p,
i=1
for some smooth function S on X. The Dirac distributions cancel each other by assumption, and
(3.3) simplifies to
Ap=S+c
By Theorem 1.49 the 0-forms can be decomposed as
A’ =H @ sA!
On a closed manifold harmonic functions are just constants, therefore we can pick c such that the
RHS of (3.3) is in the image of §. It remains to prove that the image of § : A' — A” is exactly the
image of A : A% — A°.
This follows from Theorem 1.49,
S(AY) = 6(H' @ dA° @ 6.A%) = 6dA° = A(A%)
This shows the existence of the function p that solves (3.3) and its uniqueness up to the addition

of harmonic functions. Harmonic functions on compact manifolds are just constants, therefore p

is unique up to an additive constant, which in turn defines H up to a multiplicative constant.
O



uona9||0o dla N3D



CEU eTD Collection

33

Bibliography

[KN] Shoshichi Kobayashi, Katsumi Nomizu, Foundations of Differential Geometry Vol. 1,
Wiley Classics Library, 1963

[LeeTM] John M. Lee, Introduction to Topological Manifolds, Springer, 2000
[LeeSM] John M. Lee, Introduction to Smooth Manifolds, Springer, 2003

[Wells] Raymond O. Wells Jr, Differential Analysis on Complex Manifolds,
Graduate Texts in Mathematics, 2008

[BottTu] Raoul Bott, Loring W. Tu, Differential Forms in Algebraic Topology,
Graduate Texts in Mathematics, 1982

[Dem] Jean-Pierre Demailly, Complex Analytic and Differential Geometry, 2012
[Hat] Allen Hatcher, Algebraic Topology, Cambridge University Press, 2002

[GoXi] William M. Goldman, Eugene Z. Xia,
Rank One Higgs Bundles and Representations of Fundamental Groups of Riemann Surfaces,
Memoirs of the American Mathematical Society. 193, 2008

[Romn] Matthew Romney, Harmonic Differential Forms and the Hodge Decomposition Theorem

[Witt] Edward Witten, Gauge Theory And Wild Ramification,
Analysis and Applications Volume 06, Issue 04, 2008

[GMN] Davide Gaiotto, Gregory W. Moore, Andrew Neitzke,
Wall-crossing, Hitchin Systems, and the WKB Approximation,
Analysis and Applications Volume 06, Issue 04, 2008

[Kon] Maxim Kontsevich, Yan Soibelman,
Wall-crossing structures in Donaldson-Thomas invariants, integrable systems and Mirror Symmetry,

Homological Mirror Symmetry and Tropical Geometry pp 197-308

[Boa] P.P. Boalch, Geometry and braiding of Stokes data; Fission and wild character varieties,
Annals of Mathematics 179, 2014

[Moc] Takuro Mochizuki, Wild Harmonic Bundles and Wild Pure Twistor D-modules

[Sab] Claude Sabbah, Harmonic metrics and connections with irregular singularities,
Ann. Institut Fourier (Grenoble) 49, 1999


https://www-fourier.ujf-grenoble.fr/~demailly/manuscripts/agbook.pdf
https://faculty.math.illinois.edu/~ruiloja/Math519/romney.pdf

	Declaration of Authorship
	Abstract
	Contents
	Introduction
	Preliminaries
	Fiber bundles
	Connections on principal bundles
	Integrability of connections
	Digression to vector bundles
	Complex manifolds
	The theorems of de Rham and Hodge
	Sheaf theory

	Smooth Hodge theory on compact Riemann surfaces
	Equivalence of Betti and de Rham groupoids
	Equivalence of Dolbeault and de Rham groupoids

	Logarithmic theory on compact Riemann surfaces
	Bibliography

