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Abstract

Two of the three essays explore the possible consequences of demographic aging, while the third
one estimates the main shocks of the convergence period of the Central-Eastern European coun-
tries. The first chapter shows that the secular stagnation hypothesis is valid only for those
countries where the economic agents’ expectation is consistent with the theory of rational ex-
pectation. The second chapter (joint work with Zsuzsa Munkécsi) demonstrates that population
aging contributes to a higher volatility of nominal variables, and the monetary policy becomes
less efficient in influencing the output gap. The third chapter (joint work with Istvan Kénya)
applies a neoclassical growth model and shows that, behind of the post-socialist CEE countries,
productivity and financial shocks were the key determinants of the convergence.

Chapter 1 - Secular Stagnation and the Role of Expectations

This paper reconsiders the secular stagnation hypothesis through the lens of bounded rational-
ity. The consequences of population aging on medium- and long-term equilibria are at the core
of current macroeconomic discourse. According to the secular stagnation hypothesis, in aging
societies, the GDP growth decelerates and the natural rate of interest decreases when house-
holds accumulate more savings for a longer lifespan. However, the negative relationship between
the old-age dependency ratio and the real interest rate can be rejected or weakly explained by
historical data from OECD countries. This paper presents a multi-period, Gertler-type OLG
model that incorporates bounded rationality and empirically shows that a declining real interest
rate is valid only for those countries where the agents’ behavior is consistent with the rational
expectation equilibrium, or where the agents have a relatively long planning horizon.

Chapter 2 - More Gray, More Volatile?

Co-author: Zsuzsa Munkacsi

The empirical and theoretical evidence on the impact of population aging on inflation is mixed,
and there is no evidence regarding the volatility of inflation. Using advanced economies’ data and
a DSGE-OLG model - a multi-period general equilibrium framework with overlapping genera-
tions - we find that aging leads to downward pressure on inflation and higher inflation volatility.
Our paper shows how aging affects the short-term cyclical behavior of the economy and the
transmission channels of monetary policy. We also examine the interplay between aging and
optimal central bank policies. As aging redistributes wealth among generations, generations be-
have differently, and the labor force becomes more scarce. Our model suggests that aging makes
monetary policy less effective, and aggregate demand less elastic to changes in the interest rate.
Moreover, in grayer societies, central banks should react more strongly to nominal variables to
compensate for higher inflation volatility.

Chapter 3 - Convergence Stories of Post-Socialist Central-Eastern
European Countries
Co-author: Istvan Kénya

This paper views the growth and convergence process of five Central-Eastern European economies
- the Czech Republic, Hungary, Poland, Slovenia and Slovakia - through the lens of an open
economy, stochastic neoclassical growth model. We estimate for these countries a version of
the model augmented by simple financial frictions. Our main question is whether shocks to the
growth rate of productivity (“trend”), or shocks to the external interest premium are more impor-
tant to understand the volatility of GDP growth and its components. We find that while GDP
growth fluctuations can be traced back to productivity shocks, the composition of GDP - and
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consumption in particular - was driven particularly by premium shocks. Investment-specific and
labor-market shocks are also important. Our panel estimation allows us to separate global and
local components for productivity-trend and interest-premium shocks. The results indicate that
the global trend component is well approximated by the growth rate of the advanced European
Union economies, and we also find tentative evidence that recent investment behavior is largely
driven to a large extent by European Union funds. When looking at the global component of
the implicit interest rate recovered from the estimation, we find that it tracks the observed real
interest rate in the EU 15 countries until 2008, but sharply diverges thereafter. This final finding
is consistent with the hypothesis that various capital market wedges and non-price restrictions
to lending became important during and after the global financial crisis.
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This thesis is dedicated to the memory of my father who died unjustly early.
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Introduction

This thesis contributes to the growth and demography strands of the macroeconomic literature.
In the past few years, my main research efforts have focused on the nature of growth and
the effect of demographics on economic behavior. Due to the protracted post-crisis economic
recovery, these topics have become highly relevant for both developed and emerging economies.
Secular stagnation theory assumes substantially subdued economic growth and lower interest
rates for the coming decades. The present work shows that changes in demographic structure
impact not only the long-run equilibrium but also the short-run, cyclical behavior of economies,
and thus affect the future optimal policies of central banks. In chapters 1 and 2, I revisit the
secular stagnation hypothesis from two different perspectives. Chapter 1 shows what happens
if we deviate from the rational expectation theory, while chapter 2 presents the consequences of
aging on cyclical behavior and monetary policy decisions. Population aging is a challenge for
emerging economies, and for Central-Eastern European countries as well, in addition to that
the financial crisis challenged the sustainability of their previous solid convergence process and,
compared to the pre-crisis period, the structure of growth has changed, too. During the pre-
crisis, Great Moderation period, robust productivity-based economic growth was coupled with
easy monetary conditions; after the crisis, the investment climate changed, and productivity
improvement decelerated. To understand the importance of productivity and financial shocks in
this case, chapter 3 estimates the core macroeconomic shocks of post-socialist Central-Eastern
European countries in a small, open economy neoclassical model.

Chapter 1 reconsiders the secular stagnation hypothesis through the lens of bounded rationality.
The standard overlapping generation models have very similar predictions for aging economies:
slower growth accompanies a lower interest rate, and the central banks should keep the interest
rate low to follow the natural rate of interest (Carvalho, Ferrero, and Nechio (2016)). How-
ever, these models are anchored by the rational expectation. The standard theory assumes

that agents are fully aware of all future information, and that their decision in the present is
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consistent with their future behavior. During periods of population aging, rational economic
agents will increase their savings, which exerts negative pressure on domestic interest rates. In
chapter 1, I show how the assumption of non-rational behavior can change agents’ current and
future consumption and savings decision. The introduction of bounded rationality generates
a non-decreasing interest rate and, indeed, it weakens the secular stagnation hypothesis. This
theoretical contribution sheds light on a possible selection bias problem as well, namely, if one
estimates the relationship between the demographic variables and real interest rate and does not
control for the countries being fully or bounded rational. Similar to |[Ferrero, Gross, and Neri
(2017) and |Aksoy, Basso, Smith, and Grasl (2019)), I demonstrate that the negative relationship
is not robust in simple panel estimations, and that international spillover effects better explain
the dynamic of the real interest rate than underlying demographic processes. However, the esti-
mations with additional interaction terms for the rational behavior, are more robust, and I later
show a negative relationship between demography and financial variables for rational economies
(exclusively). This finding is in line with the prediction of the overlapping generation model
with bounded rationality.

Beyond the bounded rationality extension, chapter 1 indicates that pension system size has an
impact on the future equilibrium position of the real interest rate, and that this result is indepen-
dent of expectation channels. In those economies where the intergenerational fiscal redistribution
is large enough. Based on Isteni¢, Hammer, Seme, Lotri¢ Dolinar, and Sambt| (2016), the model
is calibrated to an average European pay-as-you-go pension system; due to population aging, the
natural rate of interest will be higher in the new steady-state equilibrium. This redistribution
has a significant impact on the other steady-state variables, and it also changes the short-run
behavior of the economies. In chapter 2 (co-authored with Zsuzsa Munkécsi), we compare the
cyclical behavior of aging and young economies. In the former, monetary policy is less efficient
in influencing the output gap; however, due to the scarcity of labor force, the volatility of nom-
inal variables is higher than in young societies. To provide evidence for the latter phenomenon,
we apply a panel estimation for the OECD countries, and we show that there is a significant
positive relationship between the old-age-dependency ratio and the volatility of core inflation.
These findings also have an impact on the optimal monetary policy decision. In the last part
of the paper, we calculate such optimal simple monetary policy rules, showing how the optimal
reaction should follow the aging process.

Finally, chapter 3 (co-authored with Istvan Kénya) views the growth and convergence process of
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five Central-Eastern European economies - the Czech Republic, Hungary, Poland, Slovenia and
Slovakia - through the lens of an open economy, stochastic neoclassical growth model. For these
countries, we estimate a version of the neoclassical growth model augmented by simple financial
frictions in a panel setup that allows us to separate global and local components. Our main
question is whether shocks to the growth rate of productivity or shocks to the external interest
premium are more important to understand the volatility of GDP growth and its components.
We find that while GDP growth can be explained by productivity shocks, and that global
productivity growth is strongly linked to the growth of the EU 15 growth rate. The composition
of GDP - and consumption in particular - was driven mostly by premium shocks, and, post-
crisis, investment-specific shocks, which were triggered by the European Union funds, have

become more important.
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Chapter 1

Secular Stagnation and the Role of

Expectations

"By the time you’re eighty years old you’ve learned everything. You only have to remember it.”

George Burns (1896-1996)

1.1 Introduction

In the past few decades, the aging has become a central topic in both developed and emerging
economies. Accordingly, the economic consequences of demographic changes has garnered a
great deal of research attention. According to the secular stagnation literature, the slower
economic growth is coupled with the fall of the natural rate of interest (Ferrero, Gross, and Neri
(2017))ﬂ The latter phenomenon is a strong and robust prediction of standard DSGE-OLG
models. However, the empirical findings for the long-term interest rate do not necessarily align
with the theoretical papers. In a global VAR model, |Aksoy, Basso, Smith, and Grasl (2019)
show that demographic trends have a negative impact on long-term investment, growth and the
long-term interest rate, but their results are not robust for two-way estimation. If one controls
for the time fixed effect (the global common component of the long-term interest rate), the
effect of demographic variables becomes insignificant. Other researchers have come to the same
conclusion for the aging European population, and claim that the demographic trends in Europe
do not support the secular stagnation hypothesis. In their view, the expected age-structure of the

population will generate positive real rates in the future (Favero and Galasso (2015)). Population

'In New Keynesian terminology, the interest rate of the flexible price equilibrium is called the "natural rate
of interest”.
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aging is a prominent problem in developed economies, and the common time fixed effect could
capture the common demographic trends as well. However, contrary to the prediction of DSGE-
OLG models, the non-significant coeflicient of demography also means that there is no difference
in the real interest rate based on the different demographic structures of different countries. In
this paper, I try to provide an explanation for this puzzle and offer two contributions to the
macroeconomic literature: (1) I show, in a model-based analysis, that the secular stagnation
hypothesis and prediction of falling interest rate during the demographic transition period is
valid for those countries where the agents’ expectation is close to the rational expectation case
- in economies with bounded rational agents, interest rates are less likely to be decreasing; (2)
within a panel estimation on OECD countries, I demonstrate that the negative relationship
between demographic variables and the interest rate remains robust to two-way estimation or
common international spillover effects, if one controls for the behavioral differences between
rational and bounded rational economies. My findings challenge the prediction of the standard
DSGE-OLG models, although the empirical results are consistent with the bounded rational
version of the OLG-model.

In this paper, which is based on a simplified version of the OGRE model (Overlapping Genera-
tions for Retirement, Baksa and Munkacsi (2016); Baksa and Munkacsi (2019)), I compare the
traditional and bounded rational prediction of OLG models for the natural rate of interest at
the time of population aging. The current version of the model assumes a simple, frictionless,
one-sector economy. The households’ behavior can be described by a Gertler-type OLG frame-
work. The young generation supplies labor, pays lump-sum taxes to the government, and owns
the firm of the economy. The old, retired households receive pensions from a pay-as-you-go
(PAYG) pension system. Both cohorts are able to save or take loans and finance the public
debt. During population aging, the lifespan of the retired cohort increases and the fertility rate
of young households decreases. According to the standard theory, based on rational expecta-
tions, at the time of aging, agents change their saving or credit position. Households with an
increasing lifespan decide to accumulate more savings and decrease their consumption. Young
households, for their part, anticipate the increasing future financing needs of the public pension
system, and the increasing level of private savings exerts negative pressure on the natural rate
of interest. Additionally, this paper demonstrates that, independently from bounded rationality,
the long-run position of the real interest rate depends on the size of the public pension system. In

those countries where the redistribution from the worker cohort to pensioners is relatively high,
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and that aging can generate higher steady-state interest rates. Bounded rationality changes not
only the long-run position of the real interest rate; it also has an impact on the short-run accom-
modation. Thus, it changes young households’ savings attitude and makes them relatively more
indebted, which results in a higher interest rate in the long run than in full rational equilibrium.
According to the theory of bounded rationality, agents have cognitive limits, their future ex-
pectations are distorted, and households’ consumption and savings decisions significantly differ
from the rational expectation equilibrium. In behavioral macroeconomics, level-k thinking is
the common way to model bounded rationalityﬂ One can show that level-k thinking is a special
case of myopia, and the size of k£ can be interpreted as the length of the planning horizonlﬂ
(Lovol (2000)). In these settings, households take into account only the first k& periods of future
information; after period k, they expect that the economy will revert back to the initial steady
state or to the initial balanced growth path equilibrium. The biased expectation channel could
be crucial if the economy is affected by permanent demographic shocks. Despite the fact that
population aging generates a continuously increasing financing problem in the pension system,
agents with bounded rationality are less careful about their own future wealth and more serious
fiscal issues. With relatively low k, young households consider increasing taxes or debt financing
as a temporary economic event; hence, they do not adjust their permanent income expectation
and consumption. In addition, they borrow more to avoid welfare loss - but the higher credit
demand elevates the natural rate of interest, which increases financing costs and prompts the
retired cohort to accumulate even more savings. In this paper, I compare the demographic tran-
sition with different k-s and the rational expectation equilibrium under differently sized PAYG
pension systems.

The current paper also tests the empirical relationship between the demographic component and
the long-term real interest rate in the OECD countries. In the first naive estimation, I show
that the negative relationship is not necessarily robust for all countries. If one uses two-way
estimation and involves the common time fixed effect or observes the common interest rate, the
secular stagnation hypothesis does not hold for all OECD countries and the estimated parameters
become weaker or insignificant. This result is consistent with [Aksoy, Basso, Smith, and Grasl

(2019). Nevertheless, the theory of bounded rationality sheds light on the weakness of the naive

2There are other types of non-rational models. According to [Sims| (2003)), there are three categories for non-
rational models: (1) behavioral economics literature; (2) learning literature; and (3) robust control literature.
Sims| (2003) suggested another direction, wherein people have a limited capacity for processing information.

3In this framework, the rational expectation can be interpreted as a special case of bounded rationality in
which the agents consider all available information about the future.
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empirical identification strategy. According to the naive two-way estimation, there is no control
on any selection bias, and it is implicitly assumed that all OECD countries follow the same
(rational) consumption and savings behavior. However, the model with bounded rationality
implies that the negative relationship between demographic factors and interest rate is only
true for those economies where the agents’ expectation is close to the rational expectation.
Therefore, the further empirical estimations are adjusted by interaction terms and the countries
are separated into two categories: rational and non-rational. I used two different proxies: (1)
the financial literacy indicator (Klapper, Lusardi, and van Oudheusden| (2014))); and (2) the
time preference from the Global Preference Survey (Falk, Becker, Dohmen, Enke, Huffman, and
Sunde| (2018))). In both specifications, the estimated coefficients of the demographic factor are
significant and have a reasonable, negative value only for the countries considered financially
literate or which have a higher index for time preferences. These results confirm the prediction of
bounded rational OLG models; namely, the natural rate of interest is expected to be decreasing
only in those countries where the agents’ expectation is close to the rational case.

In the rest of the paper, Section 1.2 provides a review of the related literature and defines
my contribution, and Section 1.3 describes the benchmark model, discusses the phenomenon of
secular stagnation and shows the results of naive estimations. Section 1.4 compares the rational
and bounded rational equilibria outcomes and long-term properties. Finally, in Section 1.5, by
controlling for rational behavior with the interaction terms, I re-estimate the panel model and
check the robustness of the results. The appendixes contain the list of the simplified model
equations and the derivation of the core behavioral equation of bounded rational equilibrium.
In a separate chapter, I provide a detailed derivation of |Baksa and Munkacsi (2016|) original

model.

1.2 Literature review

Since the Great Recession and the prolonged economic recovery that followed it, secular stag-
nation has become a prominent topic in macroeconomics. The post-crisis US recovery, with
decelerated productivity growth and population aging, resulted in a slower potential growth
and a historically low interest rate. Nonetheless, according to Summers (2014)), the effect of
demography is negligible. In the past several decades, a great deal of research has examined the
theory of secular stagnation, reconsidering the effect of population aging on gloomy recovery

and period of low interest rates.



CEU eTD Collection

10.14754/CEU.2019.09

In the literature, overlapping-generation (OLG) models are the most common tool used to
understand and predict the future consequences of population aging. However, the most recent
empirical studies are not fully consistent with the theory-based models and lead to different
conclusions. OLG models have the same long history as real-business cycle models. In a seminal
paper that used a consumption life-cycle model, |/Auerbach and Kotlikoff] (1987) examined the
medium-term effect of different tax policies and demographic changes. Their model belongs to
the Diamond-style OLG framework, where the households are distributed in well-defined cohorts
and are assumed to have a fixed life-time horizon. In other types of OLG models, instead of using
an explicit age-cohort assumption, the average life-time of households is expressed by survival
rates (Blanchard, (1985)); [Yaari| (1965)). These models also dissolve the Ricardian equivalencdﬂ
and through intergenerational redistribution, the fiscal policy can directly influence the agents’
behavior. It is also possible to adjust the Blanchard-Yaari specification with an additional
cohort to separate workers and retired householdsﬂ according to their labor market participation
and eligibility for pension benefit (Gertler (1999)). The Blanchard-Yaari-type and Gertler-type
models have a structure that is quite similar to dynamic stochastic general equilibrium (DSGE)
models, and they can be easily combined with New-Keynesian features. However, until the
Great Recession, these models were not treated widely in macroeconomic discussions. The slow
recovery, gloomy demographic outlook, and later the emerging fiscal imbalances, favored the
alternative, non-Ricardian interpretation of fiscal policy. The Global Integrated Monetary and
Fiscal Model (GIMF) was among the first to have implemented the Blanchard-Yaari version
of OLG models (Kumhof, Laxton, Muir, and Mursulal (2010))), and later many other papers
included these types of non-Ricardian features. The fundamental difference between the OLG
and the representative models lies in the description of households’ behavior. While in the
DSGE-models the infinitely lived representative households’ consumption can be described by
the Euler equation, in the OLG models, each individual optimizes on an finite horizon and
his own initial wealth position; the aggregate behavior cannot be described by a cohort-level
Euler equation, thus one should explicitly solve the individual consumption function, and these
functions should be aggregated to express cohort-level consumption and savings.

One of the main focal points of today’s OLG literature is the current and expected position

4Ricardian equivalence is a common property of DSGE or RBC models that is caused by forward-looking
rational behavior, an infinite planning horizon, and a lack of liquidity constraints. According to the equivalence
theorem, households are neutral regarding fiscal redistribution; thus, in terms of welfare, there is no difference
between the timing of a tax increase or a domestically financed debt issuance.

5The workers with a given probability become retired, and the retired households survive each period with a
given probability.
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of the natural rate of interest. The demographic transition has a significant impact on the

real economic variable and the long-term interest rate (Carvalho, Ferrero, and Nechio| (2016))).

The demographic trend explains 1.5 percentage points of the interest rate decline between 1980
and 2030, and it has also been shown that the decrease of the natural rate of interest may

contribute to deflationary pressure, if the central bank is not able to follow the flexible price

consistent interest rate (Bielecki, Brzoza-Brzezina, and Kolasa| (2018])). Additionally, it has been

reported that, in the US, demographic factors contributed to the sluggish recovery and depressed

monetary conditions (Gagnon, Johannsen, and Lopez-Salido| (2016); [Eggertsson, Mehrotra, and,

'Robbins| (2017)); |Jones| (2018)).

Compared to the theoretical findings, the empirical results are less clear. [Ferrero, Gross, and|

(2017)) found a relationship between demographic factors and the interest rate. According

to |Arslanalp, Lee, and Rawat| (2018), in Asian economies, the interest rate and demography

is well connected. In Europe, however, the real interest rate will recover, and, because the

secular stagnation hypothesis is not valid, the long-term interest will not decrease (Favero and

\Galasso| (2015)). |Aksoy, Basso, Smith, and Grasl (2019) showed in a panel VAR model that the

demographic structure has an effect on medium-term growth and long-term yields, although their
results for the natural interest rate is not robust for the two-way estimation. I will demonstrate
later, in a simple naive panel estimation, that the relationship between the demographic factor
and the long-term real interest rate disappears or becomes weak, as one involves a time-fixed
effect to control for international spillover effects. In the rest of the paper, I show possible
explanations for the mis-specification, and, based on the extension of bounded rationality, I
provide insight into how to adjust the empirical estimation.

As the Great Recession continued, a new flow of economic theories, as well as behavioral macroe-

conomics, gained popularity. (1996)) summarized the main advantages of models with

bounded rationality. The concept of level-k thinking was introduced by |[Fair and Taylor| (1983),

Evans, Honkapohja, and Mitra| (2017, Evans and Ramey| (1998) and [Evans, Honkapohja, and

(2010). These papers showed how different equilibria can be calculated from the iteration
process, and compared rational and bounded-rational behaviors. It can be shown that bounded
rationality is equivalent to myopic behavior and can be linked to the length of the planning hori-
zon (2000)). Despite non-rational behavior in these models, the Ricardian equivalence

proposition can continue to hold, and the existence of equivalence depends on the government’s

transversality conditions (Evans, Honkapohja, and Mitral (2010))). [Farhi and Werning| (2017)
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derived analytically how interest rate elasticity can change if agents have bounded rationality
with level-£ thinking and occasionally binding borrowing constraints. |Gabaix (2017) described
the properties of a behavioral New-Keynesian model and compared the impulse responses of typ-
ical macroeconomic shocks; however, his paper did not focus on fiscal policies. |Gabaix]| (2017)
show that a life-cycle model with bounded rationality can generate a hump-shaped consumption
profile that matches the US data.

My paper makes several contributions to the macroeconomic literature. To the best of my
knowledge, this is the first paper that merges Gertler-type OLG models with bounded rational-
ity and level-k thinking to examine population aging with non-rational expectations. My paper
complements that of Farhi and Werning| (2017) and Gabaix| (2017)) with a focus on fiscal policy,
demographic shock, and an overlapping generation framework. I describe the general equilib-
rium effect on the natural interest rate, and do not assume a time-invariant, long-term interest
rate, as in |[Park and Feigenbaumz (2018). Finally, this extension provides economic evidence
and insight into the empirical identification strategy, if one seeks to estimate the relationship
between demography and the long-term interest rate. I show that the negative coefficient be-
tween demographic factors and the interest rate is robust and significant for those economies

only where households’ behavior is consistent with the rational expectation equilibrium.

1.3 Secular stagnation hypothesis and Overlapping Generations

This section describes a benchmark Gertler-type overlapping generation model and the secular

stagnation hypothesis. The model is a simplified version of Baksa and Munkacsi (2019)@

1.3.1 An OLG-model a la Gertler

In the Gertler-type OLG models, there are two cohorts (workers and retired). The workers
arrive to the cohort with the rate n, and become retired in the next period, with probability wY .
The retirees pass away with probability w®. The households in each cohort are able to save or
consume from their disposable income. The workers earn wage income (wL) from the firms of the
economy, and, as the owners of the firms, they also receive profits from the firms. The government
is responsible for the pay-as-you-go (PAYG) pension system, where the benefit is the function
of the wage income from the pre-retirement period and the exogenous replacement rate (v).

At the time of retirement, based on previous wage income flow, the government calculates the

5Detailed derivations of the model can be found in the Appendix.
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just-retired pension and supplies this benefit until the death of the retiree. The government also
issues risk-free bonds that are accumulated by both households. In the overlapping generation
models, the interest rate is the explicit function of the bonds market equilibrium, which also
implies, in the steady state, that the interest rate can not simply be calculated by the inverse
of time-preference from the households’ utility function. Below, I summarize the behavioral
equation of the model.

The old-age dependency ratio s, the number of the retired population divided by the working-
age population, can be given by survival rates, fertility rates, and the previous value of the
old-age-dependency ratio. s¥, the relative size of the worker cohort can be given by the function

of the old-age dependency ratio:

s = (1 B wto—l) Si1 wty—l (1 1)
(1—wl+m) (1—wl | +mn)
1
Y
= 1.2
St 1+s (1.2)

The cohort level (g™ is the growth rate of the worker cohort, g™ is the growth rate of retired
cohort), and total population growth (¢’V) can be defined as the function of survival rates and

the old-age dependency ratio:

1+gM = 1-w) | +n (1.3)
Y
N,O Wy_
l+g, 7 = (1_"‘)1}0—1)_"8:711 (1.4)
1+ s
1+gy = 1+gVH) 128 1.5
+ 9; (1+g )1+sH (1.5)

The dynamic optimization of individuals can be described by the Bellman equation, where the
maximizing utility function is the combination of individual consumption and leisure (leisure
matters for the workers only). Due to the overlapping generation framework, the first-order
conditions do not describe the representative behavior of the households, because the agents
are born in different periods and can have different wealth positions. Therefore, based on the
first-order conditions, we need to express the individuals’ explicit consumption function from the
Euler equation and the intertemporal budget constraint. In the final step of the derivations, with
the sum of all individuals’ consumption and bonds, one can express the cohort-level aggregate

consumption and aggregate bond accumulation. In growth models, it is also common that non-

11
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price-related variables are expressed in terms of the balanced growth trendﬂ The aggregate per
capita variables are functions of the demography, and thus, the aging shock directly affects the
balanced growth path and the short-run dynamics of the normalized variables too.

Following the logic above, first one can derive the consumption function of retirees, and later
that of workers. The retirees’ consumption (C©) is the function of the expected permanent
income, the initial bonds of the survived retired population (B?), the inherited bond of just-
retired (BY), and the marginal propensity to consume (M PC?). The permanent income is the
function of the actual pension (T'R) and the discount factor of retired cohort (Q29), which takes
into account the current and expected real interest rate and the probability of death. The retired

cohort consumption function is the following:

~ N 1 B - -
CO = MPCOTR,OO + MPC?W <th, \BY |+ BO 1) (1.6)
9t
where
o 1-wf o
Qt = 1 + Et 1 + ""t Qt—l—l (17)
1 o 1 1 1
—_— 14+ Ei (1 — 14 —_— 1.8

v is the inverse of intertemporal elasticity from the households’ utility function, 8 is the time-
preference, and r is the real interest rate.

The pay-as-you-go (PAYG) pension system and pension expenditures are functions of two com-
ponents: (1) the just-retired initial pension that is linked to the pre-retirement labor income

(wL) and the exogenous replacement rate (v); and (2) the old-retireds’ pension:

Y 0]
¥ W1 7 (1—w’y), -
TR, = v wy_1Li—1 + TR;_ 1.9
t 1 ggv t—14t—1 1 giN t—1 ( )

The pension expenditures are connected to biological factors via the survival rate; thus, the
increasing longevity (decreasing w®) ceteris paribus generates higher fiscal expenditures. Any
intervention to the pension system, i.e.: increase of retirement age or decrease of replacement
ratio, can go through only the just-retired benefit; thus, pension reforms can slowly stabilize the
fiscal balance.

Workers’ behavior can be also described by a dynamic optimization problem. However, their

"The %; denotes the value of x; normalized by the balanced growth path at period t. In this version of the
model, the balanced-growth path is a function of the population growth, and I do not assume productivity growth.

12
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utility function contains leisure and o shows the relative importance of consumption in the
utility function. The individual decision takes into account the probability of the next period
of retirement (w¥) and the expected value of future labor income. Households do not know
the exact time of their own retirement, but, due to the state-contingency assumption at the
time of retirement, all of their previously accumulated wealth is transferred into their retired-
self balance sheet; thus, individuals are able to smooth out their own consumption between two
lifetime periods. After the aggregation and normalization, the workers’ cohort-level consumption

function (CY) can be written as

L+r)—w’y) 5

cY = MPCY Inc, + MPCY N BY, (1.10)
9t

where the expected income is the function of the current disposable income, and the wY weighted

Y

next period retired income or 1 — w” weighted future net labor income:

(J)tYVVUJtI:tQtO_FI 1-— wzf 1+ St+1
147 T+ 1+s

I’;LCt = wtsz/ + PT'atht - T&(L’t + Et I?tLCt_;_l (111)

The labor supply curve can be derived from the first-order condition:

g S w, (1.12)
The marginal propensity to consume (MPC?Y) is the function of the real interest rate, the
weighted average next period M PC-s:

1 1 14 VAaY 1 Y AYO 1
— = —+ F(1 1-— AN ——— + AN Y —ro— 1.13
MPCY . + Ey(1+17¢) [( wi A MPCZA Wi Ny MPthd ( )

For simplification, we assigned an additional two variables from the equation of M PCY:

o (1-1
Y = B (Etwt+1)(1 0=3)

W

1 (1-0)(1-2)
vo _ B 1
AYO = {U} (1%%) (1.15)

Due to the two distinct cohorts and two bonds, from the workers’ period-t budget constraint

(1.14)

13



CEU eTD Collection

10.14754/CEU.2019.09

one can express the law of motion for risk-free bonds:

¥ (1+7°t_1)

BY = wtlit+Pr5fitt—T&xt—C7tY+ Tt gV (l—wzf_l)BE/I (1.16)
t

The profit-maximizing firms have the usual Cobb-Douglas production function, and for simplicity

I assume that these firms are price-takers. Production function can be given by:

- Ko\
Y, = At< C }) LI~ (1.17)

The firms are also responsible for capital accumulation, the law of motion for capital is the

following:

~ K
Kt = ITL’Ut+(1*(S) =1

1.18
1+g) (1.18)

where ¢ is the depreciation of capital and Inv is the level of private investment. Labor demand

and implicit capital demand functions can be given by the following equations:

Y

wy = (1—a)= 1.19
¢ = -a)f (1.19)
N Vi1
1+ e = EtOé(l + gt+1)7 + (1 - (5) (120)
t
The profit can be given as
Profit, = Y; —w.L; — Inv, (1.21)

Following the New-Keynesian terminology, the flexible price assumption implies that the total
output and the real interest rate can be interpreted as the potential output and the natural rate
of interest.

The government budget constraint describes the law of motion for public debt, which is ceteris
paribus increasing if government expenditures exceed tax revenues or the government has to pay

a higher interest-cost:

- -~ ~ ~ 1 _
Debt; = TRy + Govy — Taxy + w
I+ gt

Debt;_ (1.22)

where the government consumption (Gov), taxes (T'ax) or the debt level (Debt) can be exoge-

14



CEU eTD Collection

10.14754/CEU.2019.09

nously given. In this setup, I assume that the fiscal policy follows a simple lump-sum tax rule,

and in every period the government adjusts the taxes in order to meet its debt target:

(1 + T’tfl)
+ gt

Debt Target
e } Y,

T(NLTt = TNRt + G;)vt + %

Debt; | — { (1.23)

It is also possible to implement a fiscal rule that anchors the variables (see Baksa and Munkacsi
(2016)) and Baksa, Munkacsi, and Nerlich| (2019)).

In OLG models, the bond market equilibrium should be satisfied explicitly. The bond market
equilibrium is an essential part of the equilibrium conditions because it determines the equilib-

rium interest rate:
Debt; = BY + BP (1.24)

Based on the agents’ budget constraints, one can derive the usual market clearing conditions

that characterize a good market equilibrium:

Y, = CY +CP+ Invy + Gov, (1.25)

The model can be simplified into two main equations that characterize the transitional dynamics
and steady-state equilibrium. Based on both cohorts’ consumption function, labor supply curve

and A-s, one can derive a dynamic IS-curve that explicitly describes the workers’ bonds supply

curve:
1 1\ = - (1—w!)? wy -
— - ——)¢Y = B|1- . + E—t—vavi Q9 | +
<MPCtY O') t t ( 1+g£\—/;}/ t1+7"t tap41

Wealth effect Expected pension

(1.26)

+E1—w2/1+8t+1 Ch

“T+r 1+s MPCY,

Workers’ expectation

where the ‘Wealth effect’ assigns the direct effect of the accumulated bonds on workers’ con-
sumption. Due to overlapping generations, ‘Expected pension’ also influences the non-retired
behavior; however, its effect on expectation is relatively small. ‘Workers’ expectation’ denotes
the effect of expected future consumption on contemporaneous consumption. It can be shown

that, if w) = 0 for all £ and there are no retirees in the economy, this equation collapses into
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the standard Euler equation of representative real business cycle models.

The demand for the workers’ bond can be expressed as the following:

BY = Debt; —(1—MPCPQOTR, —
——
Public debt Savings from pension
(1.27)
(147¢1)

S N VS VY 257 [Débt, —(1-wY B
1+gg\7( ©) t—1— ( t—1)Bi1

Non-consumed pensioner savings

where ‘Public debt’ is the actual level of government debt (total demand for all households’
savings); ‘Savings from pension’ is the non-consumed part of the life-time income of pensioners;
and ‘Non-consumed pensioner savings’ denotes the reinvested part of the period ¢ — 1 retirees’
bonds. The latter two components denote the current savings of the retired cohort, and the rest
of the debt should be covered from the workers’ savings. The above two equations determine
the optimal consumption-savings position of the workers’ cohort. With the labor-supply curve,

production function, and good market equilibrium, one can derive the rest of the other variables.

1.3.2 Parametrization of the model

The calibration of the model follows Baksa and Munkacsi (2019) without monopolistic com-
petition and price stickiness (see Table . The survival probabilities and fertility rates are
calculated from the German, Portuguese, Spanish, and Slovak population database of the Euro-
stat between 1975 and 1990 in such a way as to capture the old-age-dependency ratio in the early
1990s. The worker cohort covers the generation between the 20- and 64-year-old population,
and pensioners are the 654 year-old population. The fertility rate can be calculated by the ratio
of the 19-year-old population and the worker cohort.

The parameters of households’ behavior are taken from the Pessoa model, the Portuguese ver-
sion of the GIMF model (Almeida, Castro, Félix, J'ulio, and Maria] (2013)). The discount rate
is annualized, and the weight of consumption utility and intertemporal elasticity are taken from
the households with access to the financial market. The values for a and 0 are typical values
in the macroeconomic literature, and the same as in the New Area-Wide model (Christoffel,
Coenen, and Warne| (2008))).

The replacement ratio was calibrated in such a way that the received transfer to the GDP ratio

expresses the total pension spending (retirement benefits and other old-age-related entitlements
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from the public sector). [Isteni¢, Hammer, Seme, Lotri¢ Dolinar, and Sambt (2016)) calculated the
generational redistribution for 25 member states of the European Union. This ratio expresses the
overall income and other non-cash payments that governments reallocate from the working-age
population to the 65+ age population. The government consumption-to-GDP ratio is calibrated
to the average value of government individual consumption, while the debt-to-GDP ratio is the

Maastricht criteria, which can be considered as a long-term debt target of Furopean countries.
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1.3.3 Population aging and secular stagnation

This part describes the conventional prediction of OLG models and the secular stagnation hy-
pothesis at the time of population aging under differently sized PAYG pension system (see Figure
. This stylized scenario, based on the population projection of selected European countriesﬂ
assumes that, in 15-20 years, the fertility rate and the probability of death gradually decrease
from their steady-state level to 1.7% and 3.65%, respectively. The permanent changes of these
two shocks increase the old-age dependency ratio from 20% to 60%, which is similar to the past
and the expected population changes between 1980 and 2060. The response functions describe
the short- and medium-term accommodation, and later I compare the initial and terminal steady
state of the equilibrium interest rate and workers’ consumption-to-GDP ratio. Additional de-
composition charts are available in the Appendix that show separately the contribution of the
shock to fertility and shock to the probability of death under different pension systems (see
Figure .

Aging distorts the demographic distribution, and the increasing old-age dependency ratio indi-
cates that the relative size of the retired cohort exceeds its initial level; the changes in fertility
and longevity equally increase the old-age dependency ratio. Due to the lower share of the
young population and the decreasing labor supply, regardless of the size of the pension system,

the GDP per capita starts decreasing. Due to the shrinking GDP, the government has to in-

8The values are calculated for Germany, Slovakia, Portugal, Spain; taken from Baksa, Munkacsi, and Nerlich
(2019))
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crease lump-sum taxes to sustain the targeted public debt-to-GDP ratioﬂ The lower economic
performance is strongly connected to the decreasing level of labor supply; hence, the need for
higher lump-sum tax revenues is more driven by the shock to fertility (see Figure . The
medium and long-term macroeconomic consequences of population aging can be significantly
different under differently sized pension system. Namely, the increasing longevity in the PAYG
pension system automatically results in a higher pension expenditure and forces the government
to issue even more public debt or raise taxes furtheﬂ

The workers realize the longer future lifespan and are also aware that they need to pay more taxes
to the government later; therefore, from the first moment of the transition, young households
adjust their behavior: they consume less and also give up some savings to minimize the sacrifice
of lower consumption, after which they smooth out their future consumption path. If there
is no PAYG pension system, old households are forced to accumulate more private savings for
the longer future lifespan. The decreasing demand exerts negative pressure on the GDP, the
workers’ income, and their future consumption; hence, the shock to the probability of death
negatively contributes to both cohorts’ consumption. Due to the quick accommodation of the
private sector, the higher level of private savings puts permanent negative pressure on the real
interest rate. These findings are consistent with Carvalho, Ferrero, and Nechio (2016|) and the
OLG literature.

In the PAYG system, pensioners are able to increases their consumption as they receive relatively
more benefits from the government. However, compared to the initial level, they still save more
to secure their individual consumption on an elongated life-time horizon. These savings are
translated into credit for the young generation and indirectly finance the government budget. In
the short run, regardless of the size of the public pension system, due to the quick accommodation
of the private sector, the real interest rate falls. Nevertheless, the size of the initial pension system
significantly determines the new steady-state position of the interest rate. By relatively large
generational redistribution, the demographic changes result in a higher-than-initial interest rate
in the steady state, because under an oversized PAY G system the private sector has to pay more
taxes and the young generation becomes more indebted, or the government increases the public

debt issuance and demands more private savings. Both scenarios elevate long-term interest rates.

9In this paper, I always assume that the fiscal policy increases the taxes to offset any debt increase. However,
in the closed economy model, most of the government debt is financed by the workers’ cohort, in which case the
increase of lump-sum taxes or the increasing public debt generates a similar outcome.

10This paper does not examine the effect of other pension reforms eg.: increase of retirement age, increase of
contribution rate or decrease of replacement rate. In|Baksa and Munkacsi| (2016)) and [Baksa, Munkacsi, and Nerlich
(2019)) paper, we exam the macroeconomic effect of various pension reforms in different European economies.
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Figure 1.1: Population aging and transitional dynamics in rational expectation equilibrium
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Based on the dynamic IS-curve equation and the demand for the young bonds equation, the
workers’ consumption-to-GDP ratio can be expressed as the function of the real interest rate
and other variables. The intersection of solid lines is the initial equilibrium while the dashed lines
give the terminal steady state equilibrium under differently sized PAYG systems (see Figure
1.4). Due to the aging shock, the government increases lump-sum taxes and workers decrease
their consumption, which shifts down the dynamic IS-curve. The slope of the curve is the
function of initial size of the PAYG pension system. If there is no PAYG system, the IS-curve is
flat around the initial steady-state, meaning that the consumption ratio is quite elastic to any
changes of the real interest rate. A larger pension system generates less elastic consumption and
makes steady-state real interest rate more responsive. In this case, workers try to smooth out
their consumption, and they are willing to borrow more for the future expected benefit in order
to minimize consumption loss in the present.

The reaction on the bonds market also depends on the size of the pension system. If there is no
generational redistribution, the workers’ bond curve is relatively stable and the consumption-
to-GDP ratio is almost unchanged. In the environment of initial steady-state, it slightly shifts
right as old households start accumulating risk-free bonds and young households pay the elevated
lump-sum taxes from their own wealth. If the pension system is even larger, under the same
demographic shock the government has to collect more taxes or demand more private savings,
both of which result in a lower consumption-to-GDP ratio by young households, which ceteris
paribus, shifts left the demand curve and increases the real interest rate.

The initial and terminal equilibria can be significantly different under different PAYG systems.
In the case of % = 0, the demand for the workers’ bond curve is nearly unchanged, but
workers decrease their consumption, which implies a lower real interest rate. In other cases,
the aging shock generates a larger fiscal redistribution, which moves the bonds’ demand curve
further leftwards; however, this cannot be compensated for by lower young consumption as these

movements can imply larger than initial real interest rate in the new equilibrium.
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Figure 1.3: Initial and new steady-state equilibrium with 5= = 0.06
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Figure 1.4: Initial and new steady-state equilibrium with T?R =0.118

1.3.4 Naive estimation: testing the secular stagnation hypothesis

In the previous section, I showed the effect of population aging in benchmark OLG-models.
According these models, during the first 20-30 years of the accommodation, the real interest
rate should fall - regardless of the size of the public pension system. Thus, it is essential to check
whether the last 20 years of macroeconomic data supports the idea of secular stagnation in the
OECD economies. Figure and Table describe the historical development of the average
old-age dependency ratio and average real interest rate. They suggest that there is a negative
relationship between the demographic component and the real interest rate. Since the middle of
the 1990s the real interest rate decreased by more than 3%, while the old-age dependency ratio
increased by 5%. However, there are differences among the countries as the standard deviation

of the real interest rate and dependency ratio have increased in the past 20 years.
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Table 1.2: Descriptive statistics: OECD countries between 1993 and 2017

Selected intervals

All obs.  1993-1999  2000-2007  2008-2013 2014-2018

mean(r) 2.63 4.63 2.37 2.60 1.02
std(r) 2.53 1.93 1.85 2.91 2.18
mean(OADR) 25.77 24.27 24.17 26.27 29.60
std(OADR) 5.98 3.03 5.24 6.41 7.08
mean (T Bal) 0.96 1.06 0.16 0.84 2.54
std (T Bal) 4.71 4.08 5.34 4.47 4.04
mean (AInTFP) 1.54 1.81 2.18 0.93 1.00
std (AInTFP) 1.99 1.21 1.78 2.53 1.68
mean (rV5) 2.03 3.63 1.87 1.25 0.72
std (r7) 1.52 0.85 1.04 1.46 1.24
mean (rPF) 2.24 4.35 2.52 1.29 —0.55
std (rPF) 1.94 0.82 0.88 1.36 1.04
Number of countries 24 16 24 24 24

To check this co-movement, I estimate a simple unbalanced panel model on the OECD countries

between 1992 and 2017k
rit =p Tit—1+ & +6+7v-OADRy + k- TBALy + - AInTF Py + uy (1.28)

where 7;; 10Y nominal yields minus next period inflation from OECD database, OADR old-
age dependency ratio (65+ over 20-64 years old population) from the UN database, TBAL is
the net-export-to-GDP ratio from the OECD database that proxies the foreign indebtedness
and risk premium of a given member state. AlnTF P;; is the percentage changes of total factor
productivity from the OECD database; this variable controls on the other supply side movements
behind real interest rates. «; country fixed effect, d; time fixed effect. The static and dynamic
model were estimated in R with a plm package (Croissant and Millo| (2008)) [T_Z], and I calculated

robust standard errors.

"' The starting year was arbitrary, although most of the OECD countries published data from the beginning of
1990s, and population aging become more evident in the final decade of the 20th century.

2The dynamic panel model was estimated with a within estimator and also with GMM (Arellano and Bond
(1991)), but I have not found significant differences between the two results.
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The fixed-effect estimations are reported in Table I have estimated different specifica-
tions to test the robustness of the negative relationship between demography and the long-term
interest rate. The FE (1)-(3) specifications are the common naive estimations where I have
found a significant, negative relationship between the old-age dependency ratio and the real
interest rate. The lag-term of the interest rate captures the autocorrelation of the data, but
it does not influence the sign of the estimated coefficients. It is not possible to involve more
lag for the old-age dependency ratio, because the demographic variables are highly smoothed
and strongly autocorrelated. Consequently, any additional lag in the estimation would generate
a strong multicollinearity. The net-export-to-GDP ratio has a positive and robust coefficient
in all estimations. In this reduced form estimation, this result suggests that, before the crisis,
these economies accumulated foreign debt and were financed relatively cheaply from the world
financial market. After the crisis, however, these countries were forced to engage in strong
deleveraging, and the increasing risk premium contributed positively to the long-term real inter-
est rate. The percentage changes of total factor productivity has reasonable negative coefficients,
but the estimated values are not significant in any specification.

According to the first three estimations, the demographic components are very good predictors
of the long-term real interest rate, and these results appear to be consistent with the prediction
of OLG-models. However, the results for the demography are not robust for the other estima-

tions. The FE (8)-(9) assume a time fixed effect component, where the explanatory power of

13In this paper I have listed the relevant specifications; other specifications are available upon request.
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demographic factors on real interest rate completely disappears. This result is consistent with
Aksoy, Basso, Smith, and Grasl (2019). Based on these specifications, the changes in the de-
mographic trend do not generate an automatic decline in the interest rate. This suggests that,
in many countries, the fall of the real interest rate is sourced from a common component eg:
international spillover effects (which can be captured by time fixed effect). Checking the source
of the common time component, to the FE (4)-(5) specifications I have added the US interest
rate, to the the FE (6)-(7) specifications I have added the US interest rate and the German

interest rate as a common observation, and estimated the following equation:

it = pP-Tit—1 + o + 5t + v OADR“ + K- TBAth +t- Aln TFHt + (129)

+§-7“£]S+/\-rtDE+uit

where the rV9 is the US 10Y real interest rate for all countries, r”¥ is the German 10Y real
interest rate for all countries; in those specifications for which I used the US and German
interest rate as common components, I dropped the US and German country-level observations
from the sample. Since, unlike the European countries, the US is not experiencing a serious
aging problerrﬂ, removing the US from the sample does not significantly distort the estimation.
Removing the German data is less trivial, since Germany is among the countries that are most
affected by the population aging. Nevertheless, the German interest rate can be a more valid
benchmark interest rate for the European OECD countries. In the FE (4)-(5), once I involve
the US long-term real interest rate rather than the time fixed effect, the size of the coefficients
decreases in absolute terms - with or without the net export I get similar results. Adding the
German interest rate to FE (6)-(7), the coefficients of the old-age dependency ratio become
insignificant and have the wrong sign. The coefficient of US real interest rate is positive and
significant in all specifications.

According to the results from FE (4)-(7), the US and German real interest rate could be po-
tential common components as well. Moreover, contrary to the benchmark OLG-model, the
negative relationship between demographic factors and long-term interest rate is not necessarily
robust for all OECD countries. These results suggest that a significant part of the decline in
interest rates is sourced from international spillover effects, and that demography contributes

less to the overall dynamic. Population aging is a common problem in developed economies,

MMost of the decline in the US rates resulted from Great Moderation, the period of low inflation and low interest
rate from 1990s until the financial crisis, and the unconventional monetary policy of the post-crisis period.
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and the common time fixed effect could also capture common demographic trends. However,
the estimated non-significant coefficient of demography means that, beyond the international
spillover effects, the country-specific demographic structure and country-level savings decision
have no, or only limited, effect on the country-level real interest rate positions.

In the following chapters, I adjust the standard OLG model and show a potential extension
with bounded rationality. This modification of the model sheds light on potential identification
issues; namely, in the estimation above, we implicitly assumed that all countries follow the same
rational behavior. Later, we will see that if we deviate from the rational expectation equilibrium,
population aging generates a different natural rate of interest. This also means that if we do not
select the rational and non-rational countries within the sample, the selection bias distorts the

estimation of the demographic coefficients in the two-way estimations.

1.4 Bounded rationality and OLG-models

A great deal of anecdotal and psychological evidence indicates that economic agents have cog-
nitive limits and are not able to process all the available information about their economic
decisions. According to the theory of bounded rationality, agents’ expectations are distorted
and this bias generates different outcomes compared to the rational expectation equilibrium.
Conlisk| (1996) provides a summary of the advantages and empirical relevance of bounded ratio-
nality. In our simplified Gertler-type OLG-model, the dynamic IS-curve and the bond demand
curve anchor the equilibrium where the expectation terms can be distorted under the assump-
tion of bounded rationality. In the following, I give a formal definition for the distortion and
implement level-%k thinking as a potential interpretation of bounded rationality, after which I
combine it with the Gertler-type OLG model. T will show later that the k refers to the set of
information that agents take into account when they form their expectations, and the rational
expectation is the special case of level-k thinking, where the agents take into account an infinite

amount of information in making their decision.

1.4.1 Bounded rationality and level-k thinking

Level-k thinking has a growing presence in recent macroeconomic literature. The main concept
is taken from [Fair and Taylor| (1983)) and Evans and Ramey| (1992). These papers compute
the rational expectation equilibrium from iterative steps, and as one chooses different lengths

for the iteration, different equilibrium outcomes can be calculated. Farhi and Werning (2017)
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and |Gabaix| (2017) implemented level-k thinking into dynamic stochastic general equilibrium
models; however, these papers concentrate on only the short-run fluctuations and the effect of
monetary policy. The main advantages of level-£k thinking are its tractability and compatibility
with standard DSGE-models: it only changes the expectation operator, and assumes the agents
have the same behavioral equations as in rational expectation models. In the following section,
I show how the forward-looking equation can be written into level-k in a consistent way.

The iterative process can be described by the following forward-looking difference equation where

the x is a forward-looking variable and ¥ is another contemporaneous variable:
k—1
wo= aaply +Bfw) (1.30)

where f(-) is a well-defined function of y; fundamental variables, :L"teff s the net period value

from the iteration £ — 1 and || < 1. For the case of k = 1, we assume:
zi = aai +Bf () (1.31)

where :z:ffl equal to the initial steady-state value for all . For larger k, we can write the following

equations:

¥ = axpy +Bf(w)
¥ = oayl +Bf ()

(1.32)
v = axpfT 4 Bf(w)

If one substitutes out the expectation terms, the :Bf can be expressed as the sum of next period

f(y)-s and initial value:

k—1
zf = oFaf + 8> " fufh) (1.33)
n=0

The size of o and k are crucial to see how the initial conditions affect the dynamics of x. Based on
the formula above, the rational expectation equilibrium (REE) can be interpreted as the special
case of bounded rationality. According to the rational expectation assumption, the agents take

into account all available information. This formally means klim o = 0 and 2$° is independent
—00
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of its initial steady-state value. The case k < oo means that the agents consider only period
k information; from the future and beyond period k, they expect that the economy will revert
back to the initial equilibrium path. A low value for k makes the agents biased toward the initial
equilibrium. In our case, the low k means that, regardless of population aging, the agents do
not pay too much attention to future financing issues of the public pension system; thus, they
do not adjust their permanent income expectation as they do in the full rational case.

In the next subsection, I present the modified equations of the OLG-model. Based on the
formula above, I show level-k consistent expectations and compare the dynamic and steady-

state properties of the demographic aging shock.

1.4.2 Gertler-type OLG with level-k thinking

The main contribution of this paper is the combination of a Gertler-type OLG model with level-k
thinking and a description of population aging in non-rational economies. Previously, I showed
that the model can be simplified into two main equations. The first, namely, the dynamic

IS-curve from worker cohort with level-k thinking, can be written as:

éY,k: éY,k‘ _ 1— Y2 Y ~
Co G ey Bmel ) @l g a0k (1.34)
MPC;> o 14+ g1 LAy
1—w 148441 C*fiﬁ”“’l

1+ Tt 1+ St MPCK”_el’k_l

where the additional variables are

1 1 1-1 Y\AY 1 Y AYO 1
——= = —+ (1 +mr)" l—w )\ ————— tw, A} ————
MPCY* o Tt [( U mperett T mpcdeht

1 1.9 1 1
———7 = 1+ =)+ B —5 (1.35)
MPCO* ! MPCOSk!

1— O
Q?,k — 14 W 00sek—1

1+ Tt e+l

Level-k thinking changes the role of expectation, and, as we have seen above in the case of
bounded rationality, the expectation operator is biased towards the initial point. In the Ap-
pendix, I also demonstrate that the initial steady state of the bounded and full rational equi-
librium can be identical, but the permanent changes generate differences between the terminal
steady states of rational and bounded-rational equilibriums. Additionally, in the Appendix, I

show the analytical form of the steady state and compare the two equilibria.
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Since the retiree’s discount factor also contains expectation terms, the retired cohort consump-
tion can be also distorted and the demands for the worker bond differs from the rational equi-

librium level:

BY* = Debt, — (1 - MPCP*Q9" TR, — (1.36)

1+7r_ ~ -
- (HgtNl)(l — MPC*) | Debty_y — (1 — wf_l)BtY;’i]
t

the rest of the equations and variables are identical to those in the original OLG-model with
rational expectations. The two equations above determine the level-k consistent real interest
rate. The model assumes capital accumulation. However, the real interest rate via the capital
demand function also anchors the expected marginal product of capital, and thus the dynamic

of capital accumulation is also consistent with the level-k thinking property of the model.

1.4.3 Aging shock and level-k thinking

I ran the same population-aging scenario from the previous section with the bounded rationality
model and different k-s. I compared the rational expectation equilibrium (REE); in the bounded
rationality (BRE) model, the workers’ consumption-savings decision is different (see Figure
. In the bounded rationality model, the chosen k is the length of the information set of the
given cohort. The workers’ cohort consists of the 20- and 64-year-old population. All agents
- regardless of their age - in the cohort have the same retirement probability, which means
that old workers and young workers expect the same chance of the next period retirement,
and a 64-year-old worker has the same planning horizon as a 20-year-old worker. This means
that the worker cohort incorporates a very long planning horizon, and to approach the rational
expectation equilibrium one should choose a large k to cover the whole information set of the
worker cohort.

Under rational expectations, from the first moment of the population aging shock, the workers
take into account that the government will automatically increase lump-sum taxes to stabilize
the public debt and the pension system - especially in the medium-term, when the aging becomes
more advanced. Hence, workers immediately adjust their permanent income expectation and
decrease their own consumption. In the case of bounded rationality, this pattern is different:
young households with lower k£ are biased toward the initial steady-state consumption, and

beyond k period they expect that the economy will revert back to its initial state. Therefore,
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contrary to the conventional prediction of OLG models with rational expectations, they are not
likely to give up as much consumption as the society starts aging because they do not think
that aging permanently changes the long-run position of the economy. Moreover, to offset the
increasing taxes, workers start accumulating relatively more domestic credit to smooth out their
consumption. The higher level of indebtedness exerts a positive pressure on the real interest
rate during the medium-term accommodation. The increasing natural rate of interest becomes
a strong incentive for retired households to save even more, and to finance the public debt.

The increasing interest rate redistributes the wealth among generations. Initially, retired house-
holds are willing to consume less than in the rational expectation equilibrium. Later, as the
economy is converged to the new steady-state equilibrium, retired households with higher levels
of savings are able to consume more, young households with higher indebtedness and interest
cost consume less, and their consumption subdues the rational expectation equilibrium. The
deviations between the rational and bounded rational equilibrium are the same, regardless of
the size of the public pension system. However, in those economies where the generational re-
distribution is larger, the interest rate increases more as a consequence of population aging if

the agents have bounded rationality.
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Figure 1.6: Population aging and transitional dynamics: Bounded rationality (BRE) versus full
rationality (REE) with L& =0
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Figure 1.7: Population aging and transitional dynamics: Bounded rationality (BRE) versus full
rationality (REE) with L& = 0.059
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Figure 1.8: Population aging and transitional dynamics: Bounded rationality (BRE) versus full
rationality (REE) with L& = 0.118
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Bounded rationality generates significant differences in the new steady-state equilibrium after
population aging (see Figure 1.11). The two models have the same initial equilibrium point
(solid lines), but the level-k thinking (with finite k) shifts and changes the slope of the dynamic
IS-curve (see red dotted line). Due to the biased expectation of the worker cohort, the curve
is steeper. This means that, under bounded rationality, the young generation is not willing to
give up as much consumption as their rational selves, and the interest rate reacts more on the
increasing credit demand.

The demand curve for young bonds is also shifted. However, the level-k thinking does not
significantly change the slope of this curve. It is mostly affected by the retired households
behavior, but old agents have a shorter life-time horizon (relatively large w?), less distorted by
the bounded rationality.

Due to population aging, the bonds demand curves are shifted almost to the same position
as in rational equilibrium. The position of workers’ IS curve in under bounded rationality

significantly differs from the rational expectation case, which generates higher interest rates in

the new equilibrium.
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Figure 1.9: Initial and new steady-state equilibrium: bounded rational expectation equilibrium
(k=50) versus rational expectation equilibrium with % =0
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Figure 1.10: Initial and new steady-state equilibrium: bounded rational expectation equilibrium
(k=50) versus rational expectation equilibrium with £& = 0.059
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Figure 1.11: Initial and new steady-state equilibrium: bounded rational expectation equilibrium
(k=50) versus rational expectation equilibrium with £& = 0.118
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Bounded rationality sheds light on a possible identification problem of the secular stagnation
hypothesis. While standard OLG-models have a similar prediction about the decreasing natural
rate of interest at the time of population aging, under bounded rationality the strength and sign
of this relationship is the function of the k. Moreover, the negative relationship can be true
for those country only where the k is large, which means that the agents have a long enough
planning horizon; otherwise, in non-rational economies, aging could generate different dynamic
properties and steady state. In the following section, I return to and adjust the initial, naive,
estimation, show two examples of how to control for rational behavior among countries, and

check whether secular stagnation is valid only for rational economies.

1.5 Controlling for rational expectations

The bounded rationality model shows that, in aging societies, the natural rate of interest is
not necessarily decreasing. In those countries, according to level-k thinking, where agents have
bounded rational expectations, they concentrate on the short period of their expected life-time,
and the interest rate could even increase during the demographic aging. In this section, I return
to the empirical test, and, based on the intuition of the bounded rational model, I adjust the
previous estimation with controlling for those countries where agents’ behavior is consistent with
rational expectations.

In the final phase of the paper, using the same dataset of OECD countries between 1992 and

2017, I estimate the following unbalanced panel with an additional interaction term:

rie. = p-rig1+o;+6+(y+v-D;) OADRy+k-TBALjy + - AInTFPy +

+E T+ A PP g (1.37)

where D; = 1 if the country ¢ is considered rational, D; = 0 for the rest of the countries. The
essential question is how to separate the rational and non-rational countries within the sample.
I found two alternative proxies for the selection, the first being the financial literacy indica-
tor 2014 S&P FinLit Survey (Klapper, Lusardi, and van Oudheusden (2014)). This survey,
which was sponsored by the S&P and involved countries all over world, measured participants’
understanding of risk diversification, inflation, interest rates, and compound interest rate calcu-
lations. The second proxy is the time preference index from the Global Preference Survey (Falk,

Becker, Dohmen, Enke, Huffman, and Sunde| (2018)), which is a global representative dataset
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Table 1.4: Financial literacy and Patience from Global Preference Survey in OECD countries

Both index Only GPS Only Financial Literacy Both index
above the median above the median above the median below the median
Australia Austria Czechia Chile
Canada Switzerland Israel Spain
Germany USA France
Finland Greece
United Kingdom Hungary
Netherlands Ttaly
Sweden Japan
Korea
Lithuania
Mexico
Poland
Portugal

from 76 countries around the world. The time preference was measured from the combination
of a quantitative and qualitative surveys, a series of binary choices and self-assessments about
their willingness to wait for immediate or delayed financial rewards. Here, I have the implicit
assumption that the average planning horizon is longer (and the expectations are less bounded)
in those countries where agents are financially literate or more patient about future economic
pay-offs. The estimated correlation between the two indicators is 0.8, with a [0.77;0.83] 95%
confidence interval that refers to a relatively strong relationship. I have calculated the median
for both indices and separated the countries as above or below the median on the table This
exercise is useful to check the overlap among the two data sources, and to determine whether
the rational economies are affected by population agingiﬂ

Before the panel estimation, I also tested whether the negative relationship between the old-
age dependency ratio and the interest rate is stronger if the economy has a higher financial
literacy index or a larger time preference. For this exercise, 1 calculate simple correlations
between the country-specific real interest rate and the old-age dependency ratio, and create
a cross-plot figure between the estimated correlation and financial literacy or time preference
indicator. Based on Figure there is negative relationship among the indicators and the
estimated correlation. The negative co-movement is stronger if I use a time preference as a
proxy: the correlation between the time preference and estimated correlations is —0.74 with

[-0.89;-0.45] 95% confidence interval, while in the other case it is —0.55 with a [-0.79;-0.15] 95%

15T also checked the correlation between the indices above and the GDP per capita or development of the
financial system. Among the OECD member states, the most developed countries in the world, I did not find any
strong correlations. There could be a positive correlation among the indicators if we extend the sample with low-
and middle-income - non-OECD - countries. However, most of these economies are not affected by population

aging.
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confidence interval. These findings support the idea that in those countries where households
have a better understanding of the nature of the financial markets or have a longer planning
horizon, households might have more savings - especially at the time of aging, which puts even
more negative pressure on the domestic long-term real interest rate. These two proxies could be

consistent with the logic of the model and seem to be a good control for the selection as well.
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-0.6-

Correlation (,OADR)
Correlation (r,OADR)

-0.75-

-1.00-

30 40 50 60 70 -0.5 0.0 0.5 1.0
Financial Literacy Time Preference

Figure 1.12: Country-level coefficients with financial literacy or time preference

The results of the panel estimations are reported in Table and FE (10)-(13) are the
dynamic panel estimations with the common US real interest rate and without the time fixed
effect; FE (14)-(17) are the dynamic panel estimations with the common US and German real
interest rate and without the time fixed effect; and FE (18)-(21) are dynamic panel estimations
with the time fixed effect. In all estimations, I observe the percentage change of total factor
productivity: the estimated coefficients are the same - not significant, as in the previous esti-
mation. FE (11), FE (13), FE (15), FE (17), FE (19) and FE (21) estimations consist of the

trade balance-to-GDP ratio; in almost all estimations, the trade balance-to-GDP ratio has the
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same, robust coefficient as in the previous specifications. FE (10)-(11), FE (14)-(15) and FE
(18)-(19) specifications use the financial literacy indicator; and FE (12)-(13), FE (16)-(17) and
FE (20)-(21) involve the GPS time preference to control for rational economies. The interaction
terms for most of the specifications have a significant negative relationship despite the two-way
estimation and the common international interest rate. These results suggest that a one per-
centage point permanent increase in the old-age dependency ratio ceteris paribus generates a
12-25 basis points cumulative decline in the long-term real interest rate, if the country received a
higher than median score for financial literacy index or households have higher than median time
preferences. These estimations also mean that, during the past 20 years, the nearly 5 percentage
point increase of the old-age dependency ratio contributes 60-130 basis points to the real interest
rate on average. This result is consistent with the prediction of the OLG model with rational
expectations. For the case of D; = 0, none of the specifications results in significant coefficients.
These findings are consistent with the prediction of the model with bounded rationality, namely,
that the negative relationship does not necessarily hold for all countries, but only for those where
agents’ expectations are consistent with rational expectations.

Adding the trade balance ratio to the estimation somewhat weakens the coefficients of the demo-
graphic variable, and from FE (16) to the FE (17), the estimated coefficient become insignificant
and has a higher value. The changes in the external debt position explain the fluctuation of
the real interest rate better. However, this can still be consistent with the theory of bounded
rationality. Thus, in those economies where the agents have strong myopia, they are willing
to take more foreign or domestic loans to smooth out their consumption, put more weight
on present information, and later they react more drastically to the new shocks. To check
the relevance of this hypothesis, I calculated the pre-crisis (2001-2009) and post-crisis (2009-
2018) average of the trade balance-to-GDP ratios, and the improvement of the post-crisis trade
balance-to-GDP ratio, based on the cross-plots (see Figure . It seems that there is a weak
but negative co-movement between the reversion of trade-balance and financial literacy or time
preferencﬂ This negative relationship supports the idea that in those countries where the
agents have stronger myopia, the post-crisis adjustment in the trade balance was stronger than
in other, more rational, economies. The stronger deleveraging is the consequence of relatively
higher risk premium and higher real interest rate. Thus, the trade-balance can also control for

the expectation channels of observed economies, and this could be the reason why it weakens

%The estimated correlation is -0.36, with a [-0.69; 0.08] 95% confidence interval for financial literacy, and -0.44,
with a [-0.73;-0.01] 95% confidence interval for GPS time preference
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the coeflicients of the interaction terms that are also used to control for the rational behavior of

the observed countries.

Improvement of Trade Balance to GDP
Improvement of Trade Balance to GDP

30 40 50 60 70 05 0o 0's 10
Financial Literacy Time Preference

Figure 1.13: Financial literacy, time preference and the improvement in trade-balance ratios

44



10.14754/CEU.2019.09

m@m@ﬂpﬁ@md& Ul SIOLI9 pIepur)s 3snqoy

10°0> s *60°0>d . 11°0>d, 210N
8670 LSV°0 005°0 8870 70G°0 L6V°0 70S°0 L6V°0 Y|
ze e e e €z €z €z €z SOLIJUNOD JO IoquInN
6EV 6ET 6EV 65 7o vop POV vov SUOTYRATIS( ()
oN ON oN ON ON ON oN ON A 180X
Sox SOx Sox SOx SOx SOx SOx SOA A4 A13uno)
(¥20) (12°0) (€2°0) (12°0)
L£°0 ¥20 8¢°0 G20 gt
+(21°0) wex(1T°0) +(21°0) wex(1T°0) wx(60°0) wx(0T°0) wx(60°0) wx(0T°0)
0€°0 L£°0 0€°0 L€°0 96°0 ¥S°0 LS50 660 o
(G0°0) (G0°0) ~(¥0°0) ~(¥0°0)
1710 1710 80°0 60°0 MIVE.L
(1T1°0) (1T°0) (01°0) (1T°0) (11°0) (1T°0) (11°0) (1T°0)
AN er0— AN P10— AN €T 0— AN er0— ("dA LUV
(c0°0) (G0°0) s (0°0) ex(F0°0)
L0°0— zro0— 10— €T 0— "avo - (sdo)'a
«(50°0) wx(G0°0) wx(70°0) wx(70°0)
01°0— y10— 10— er'0— "yavo - ()t
(90°0) (L0°0) (90°0) (L0°0) (€0°0) (¥0°0) (€0°0) (¢0°0)
70°0 70°0 90°0 90°0 90°0— €0'0— G0'0— z0'0— "I avo
wx(0T°0) wex(0T°0) wx(0T°0) wex(0T°0) w+(80°0) wx(6070) «x(80°0) wx(60°0)
avo 970 170 970 €70 L¥0 €70 L¥0 =
(L1) (91) (1) 1) (1) (1) (11) (o1)
dd A dd CEI CEI A CEI a4

7y

:21qD1D0 JUIpUIdI (T

T 9ouatejoId owir) pue ADRIOH] [RIOURBUY [[IIM UOIJeWI}SH :G'T 9[qe],

uona9||0o dla N3D

45



CEU eTD Collection

10.14754/CEU.2019.09

Table 1.6: Estimation with financial literacy and time preference 2

Dependent variable:

Tt

FE FE FE FE

(18) (19) (20) (21)
Tit—1 0.56 0.52 0.56 0.52

(0.08)*** (0.08)*** (0.08)*** (0.08)***
OADR;; 0.05 0.04 0.04 0.03

(0.05) (0.04) (0.05) (0.04)
D;(FinLit) - OADRy; —0.11 —0.09

(0.03)*** (0.03)***
D;(GPS) - OADR;; —0.11 —0.09

(0.03)*** (0.03)***

Aln(TF Py) —0.14 —-0.13 —0.14 —0.12

(0.09) (0.09) (0.09) (0.09)
TBAL;; 0.08 0.08

(0.04)** (0.04)**

Country FE Yes Yes Yes Yes
Year FE Yes Yes Yes Yes
Observations 489 489 489 489
Number of countries 24 24 24 24
R? 0.646 0.653 0.646 0.653
Note: *p<0.1; *p<0.05; ***p<0.01

Robust standard errors in parentheses

1.6 Summary and conclusion

This paper reconsiders the secular stagnation hypothesis through the lens of bounded rationality
with level-k thinking. To the best of my knowledge, this is the first Gertler-type OLG-model
with bounded rationality that examines the effect of population aging in non-rational economies.
It can be shown that if agents’ expectations are not consistent with rational expectations, demo-
graphic changes will not occur with a decreasing real interest rate because, in non-rational cases,
young households are less likely to save enough for the longer life-time horizon. This theoretical
contribution sheds light on the identification strategy, and provides a possible explanation for
why estimations for the relationship between demography and the long-term interest rate are
not robust for two-way methods, or the estimated coefficients become weaker if one controls for
international spillover effects. In the last section of the chapter, I adjusted my panel estimation

with an additional interaction term that differentiates between rational and less rational coun-
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tries. The rational countries were selected by the S&P Financial Literacy survey, and in another
specification by the time preference from the Global Preference Survey. In both adjusted esti-
mations, I showed that the secular stagnation hypothesis only holds for those countries where
agents’ behavior is more consistent with rational expectations; for the rest of the countries, it is
not possible to estimate a significant coefficient. This result is also in line with the findings of

the OLG-model with bounded rationality.
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Chapter 2

More Gray, More Volatile? Aging

and (Optimal) Monetary Policy

”Old age is like a plane flying through a storm. Once you’re aboard there’s nothing you can do.”

Golda Meir (1898-1978)

"But there is something central banks can do.”

The authors

2.1 Introduction

In 2012EL William C. Dudley, then president of the Federal Reserve Bank of New York, remarked
(Dudley||2012) that “the weaker than expected recovery [since the recent crisis] likely lies in the
interplay between secular and cyclical factors”, and “demographic factors have played a role in
[it].” Thus, in addition to stressing the more straightforward fiscal consequences of aging, Dudley
drew attention to the interaction between demographics, nominal variables, and central bank
policies. Specifically, he noted that the spending decisions of older-age cohorts are less likely to
be easily stimulated by monetary policy, as such age groups tend to spend less of their income
on consumer durables and housing.

Dudley’s comment signaled a longstanding interest of central bankers in population aging. Nu-
merous empirical and theoretical papers discuss the longer-term monetary (inflation rate, but
not inflation volatility) and interest-rate implications of aging. According to the secular stag-
nation literature, slower economic growth is coupled with a fall in the natural rate of interest

(examples include [Summers| (2014])), Favero and Galasso| (2015)), [Eggertsson, Mehrotra, and Rob-

Ihttps://www.newyorkfed.org/newsevents/speeches/2012/dud121015
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bins| (2017, |[Ferrero, Gross, and Neri| (2017)) and |Jones (2018))E| Many studies have treated the
shorter-term behavior of the macroeconomy and monetary policy transmission (but not based
on a multi-period general equilibrium framework with overlapping generations), which we will
discuss next. To be best of our knowledge, though, the interplay between aging and optimal
monetary policies has been completely overlooked in the literature.

Wong| (2018)) and Miyamoto and Yoshino (2017) are the closest to our framework, and arrive at
similar conclusions. Nevertheless, Wong] (2018) presents a partial equilibrium life-cycle model,
that is, a household model of mortgages and housingﬂ Hence, she does not take all the general
equilibrium channels and effects into account. For their part, Miyamoto and Yoshino| (2017)
do not incorporate overlapping generations into their framework: the retirees simply are rule-
of-thumb agents who consume all of their transfers (pensions). To the best of our knowledge,
our model is the first multi-period dynamic general equilibrium model with overlapping genera-
tions to explore the short-term cyclical behavior of the macroeconomy and the monetary policy
transmission mechanism in the presence of aging.

The model is a dynamic general equilibrium model with demographics and overlapping genera-
tions, following Baksa and Munkacsi| (2016)). Population changes over time, and there are two
cohorts: the young (workers) and the old (retired). We assume a simple production sector (one
sector with a Cobb-Douglas utility function), a simple labor market block (only labor supply, no
unemployment), a simple fiscal block (only lump-sum taxes), and consider a closed economyﬂ
The model is parametrized for an advanced economy, and the standard deviations are calibrated
to the moments of the euro area time series.

Aging is a challenge: it changes the relative and absolute sizes of each cohort. An increase in
longevity increases the number and share of the elderly. If the fertility rate (birth rate) also
declines, in addition to the higher old-age dependency ratio, the number of the young declines
as well. The most important channel is that as agents live longer and their planning horizon
becomes longer, their savings position changes: the young are willing to borrow relatively more

and finance the increasing pay-as-you-go pension system, while the retired accumulate more

2There is also a related stream on the zero lower bound; however, this topic is beyond the scope of the present
paper. Additionally, regarding the cyclical volatility of real variables, [Jaimovich and Siuf (2009) report that the
workforce age composition has a large and significant effect on the cyclical volatility of hours worked.

3Tt is beyond the scope of this paper to review the literature on the role of household balance sheets (e.g.,
debt and housing) in detail.

4 As stressed by [Batini, Callen, and McKibbin| (2006), Boersch-Supan, Ludwig, and Winter| (2006), and [Krueger
and Ludwig| (2007), open-economy channels matter in multi-country or global settings. In particular, closed-
economy predictions for a decline in the interest rate tend to be overstated, that is, capital mobility tends to
moderate the pressure on factor price adjustments.
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savings to guarantee their consumption over a longer time horizon. The young and the old also
make different consumption-savings decisions. In particular, there are age-dependent elasticities
of intertemporal substitution in the model, as the old are less sensitive to changes in monetary
conditions than the youngﬁ Hence, when the interest rate changes, it has different implications
for the young and the old: higher interest rates imply an extra cost for the young, who are
indebted, while the old generate higher income. Finally, aging has labor market implications:
when the labor force shrinks, the labor market becomes tighter, that is, the labor supply is more
inelastic (the Frisch-elasticity decreases as the old-age dependency ratio increases). This also
affects real wages: the more scarce the labor supply, the more profound the real wage reaction
to Shocksﬁ Our model suggests that aging contributes positively to inflation volatility, while
monetary policy becomes less effective and the aggregate demand less elastic to changes in the
interest rate. To compensate for higher inflation volatility, the central bank should react more
strongly to nominal variables.

The rest of the paper is structured as follows: in Section 2.2, we summarize the relevant literature
on this topic, while in Section 2.3 we describe the equations of the model, which is a simplified
version of Baksa and Munkacsi (2016). In Section 2.4, we discuss how to parametrize the
framework. Section 2.5 demonstrates the steady states of young and old societies. Then, in
Section 2.6, we present the main impulse-response functions and, in particular, explore the
transmission mechanism of monetary policy and show empirical evidence for higher inflation
volatility in aging societies. Next, Section 2.7 is devoted to studying the welfare consequences of
aging and optimal monetary policy rules. Finally, in Section 2.8, we summarize the main policy

conclusions.

2.2 Literature review

The related literature consists of several empirical and theoretical papers. In addition to the
cited papers in the introduction, we provide further references on relevant overlapping generation

models. At the same time, we review the empirical findings.

SWong (2018)) provides empirical estimates of age-specific consumption elasticities to interest rate shocks. The
consumption of younger people is twice as responsive to interest rate shocks than that of older people, and explains
about two-third of the aggregate response. The consumption responses are driven by homeowners who refinance or
enter new loans after the interest rate declines. This implies that under an older demographic structure, aggregate
consumption will respond less to monetary policy shocks.

5 Additionally, according to the literature, there are other channels as well: the old consume fewer durable
goods and housing, and spend more on health than the young; and the old also tend to shift their portfolio towards
safer assets (e.g., government bonds). These channels are not directly modeled in our framework.
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A number of empirical papers investigate the impact of population aging and demographics on
the rate of inflation. The findings are contradictory. Many report that aging puts a downward
pressure on inflation. For example, |Kim, Lee, and Yoon|(2014)), based on a panel dataset covering
30 OECD economies between 1960 and 2013, find that population growth affects the inflation rate
positively. |Lindh and Malmberg (1998) and |Lindh and Malmberg (2000) estimate the relation
between inflation and aging also on OECD data between 1960-1994 for 20 countries, and claim
that increases in the population of net savers dampen inflation, while net consumers have a
positive effect on it (young retirees fan inflation as they start consuming out of accumulated
pension claims). At the same time, Juselius and Takats| (2015) and |Juselius and Takats| (2016)
introduce the age-structure-inflation puzzle, that is, they report that aging increases inflation.
Specifically, based on a panel of 22 advanced economies over the period 1955-2010, they show
that both young and old dependents are inflationary, whereas the working-age population is
disinflationary. In our paper, which is based on data from several advanced economies, we will
present evidence that aging is associated with lower inflation. Moreover, in a panel regression
of OECD countries, we provide evidence on the positive impact of aging on inflation volatility.
Several authors have explored the effect of aging on monetary policy transmission. Imam| (2013))
and [Imam| (2014) report that, in graying societies, more aggressive monetary policy is needed
because such policy becomes less effective with aging. The author, based on Bayesian estima-
tion techniques for the U.S., Canada, Japan, the U.K., and Germany, confirms the weakening of
monetary policy effectiveness over time, and provides evidence - using dynamic panel-OLS tech-
niques - that this is attributable to demographic changes. Relatedly, Deok Ryong and Dong-Eun
(2017) perform a panel-VAR analysis using OECD data between 1995 and 2014, reporting that
monetary policies lose their effectiveness considerably as aging hits the economy.

Additionally, structural models are considered, on the one hand, when examining the long-run
inflationary, interest rate, and savings rate impacts of aging and, on the other, when exploring the
transition path between the steady states of less and grayer economies, or the impulse responses
of monetary policy shocks in an aged society. The findings are somewhat mixed, although
most authors claim that aging has a significant impact on nominal variables and monetary
policy transmission - that is, it increases inflation and reduces the effectiveness of monetary
policy transmission. Nonetheless, we are not aware of any multi-period general equilibrium
model with overlapping generations in this literature; the available models are two-period or

partial equilibrium models, or they lack important overlapping generation or pension aspects.
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Furthermore, to the best of our knowledge, the interplay between aging and optimal monetary
policies has not yet been explored in the literature at all.

Fujiwara and Teranishi (2017)), based on a closed-economy overlapping generations framework
a la |Gertler| (1999), find that longevity lowers the natural interest rate, but aging does not
significantly alter the impulse responses of monetary policy shocks. Nevertheless, as pointed out
by Ripatti (2008]), in the absence of aging-related fiscal policy and social security aspects, the
study does not explore the links between demographics, pensions, and monetary policy. Hence,
the results arise from the fact that the retirees’ population share is not large enough, even in an
aged society. Similarly, [Kara and von Thadden| (2010) report that demographic changes, while
contributing slowly over time to a decline in the equilibrium interest rate, are not visible enough
within the time horizon relevant for policy-making to require monetary policy reactions. They
develop a small-scale DSGE model, calibrated for the euro area, which embeds a demographic
structure within a monetary policy framework by extending |Gertler| (1999)) such that the short-
run dynamics are similar to the paradigm summarized in |Woodford (2003). Nonetheless, they
do not treat monetary policy transmission in their paper.

At the same time, Carvalho and Ferrero| (2014)), based on a calibrated model of a dynamic
monetary economy with a life-cycle structure a la |Gertler| (1999) for Japan, point out that an
increase in life expectancy puts a downward pressure on the effective real interest rate. [Kantur
(2013)), in a two-period OLG New Keynesian model, and |Carvalho, Ferrero, and Nechio| (2016)),
in a life-cycle model calibrated for developed economies, also come to the conclusion that the
natural rate of interest decreases as the old-age dependency ratio increases. Kantur| (2013) also
claims that the effectiveness of monetary policy decreases due to a decrease in interest rate
sensitivity of the society as the population ages. Similarly, [Auerbach, Kotlikoff, Hagemann, and
Nicoletti| (1989) and |Auerbach, Cai, and Kotlikoff| (1991)), using three different types of models,
among others a life-cycle model, and Rios-Rull (2001)) - based on Spanish data - report that
aging negatively influences the long-term savings rate. |Anderson, Botman, and Hunt (2014),
based on the IMF’s Global Integrated Monetary and Fiscal (GIMF) model, find that aging
causes deflation, mainly via slowing growth and falling land prices. Baesel and McMillan| (1990)
claim that as the Baby Boomers age, it is reasonable to expect that the unemployment rate and
the real interest rates will become lower. Further, Miles (1999), in a general equilibrium model
with overlapping generations for the UK and Europe, show that there will be a radical decline

in saving rates as a result of an increase in the old-age dependency ratio. Other examples in this
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stream of the literature include Miles| (2002), |Katagiri, Konishi, and Ueda| (2014), and Faruqee
and Mubhleisen| (2003).

2.3 The Model

Demographics and overlapping generations are modeled following [Baksa and Munkacsi| (2016)).
We distinguish two cohorts, that is, the 20+ generation is divided into working and retired agents.
In each period the number of working-age population changes by an exogenous net fertility
rate. In addition, there is a given probability of retirement, with no age-specific retirement
probabilities within the cohort. The number of the retired increases because some of the young
retire, while we also assume a cohort-specific probability of death (?).

Workers decide how much to consume and save, and supply labor; they receive labor income and
dividends from the firms. Only the young cohort pays taxes to the government, which is used
to finance the pension system and other public expenditures. Retired agents receive pension
benefits from the pay-as-you-go (PAYG) pension system: upon each agent’s retirement, the
government calculates a level of pension benefits that is assumed to be fixed in real terms (or,
to put it differently, in nominal terms the government adjusts it with the inflation rate every
year). Retired households decide how much of their previous income they wish to spend on
consumption, or save. Since state-contingent bonds are assumed, young agents are able to fully
insure themselves against any possible survival outcomes.

The production block follows standard neoclassical assumptions and Calvo-style price rigidity.
The firms are responsible for physical capital accumulation and investment activity, and they
demand labor. In this model, we do not assume productivity growth on the balanced-growth
path.

The paper examines the role of monetary policy and short-run cyclical behavior. In the baseline
scenario, we consider a standard Taylor-type reaction function, and at a later stage we test
the model’s robustness using various policy rules. The rest of this section describes the main

technical assumptions and the parametrization of the framework.
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2.3.1 Demographics

First of all, we need to define the demographic structure of the economy. Total population (IVy)

is equal to the sum of the old (the retired) (N) and the young (workers) (NY):
N, = NP + NY (2.1)

Agents become retired with w? probability and n is the net fertility rate, i.e. the share of the

new-coming workers:
N =1 —w )N +neN)7, (2.2)
Only 1 — w@ of the retired survive and live in the next period:
NP =(1-w? N2 +wl NS, (2.3)

Similarly to other standard general equilibrium models with population growth, we focus on the
relative shares of different cohorts, and not on their levels. s; denotes the ratio of the number
of old and young people (i.e., the old-age dependency ratio), while s} is the share of young
people in the whole population. Based on the above assumptions, we can express the ratios as

a function of the survival probabilities and the fertility rate:

s = NitO _ (1 - wgl) S_1 + wt}:l (2 4)
NS (=W ) (1—wl ) +ne)
NY 1

sy =L = (2.5)

Nt 1+St

The young, the old, and total population growth can then be expressed as functions of the

relative ratios and survival probabilities:

1+g"Y = 7 =1-w 4+ (2.6)
t—1
O Y
N.O N; o W1
1 J = =(1— 2.7
+9; NO. ( wt_1)+8t_1 (2.7)
Nt NY 1+St
14+gY = =(1 ’ 2.8
+9; N, (1+g )1+St_1 (2.8)
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2.3.2 Households

Households optimize their lifetime utility; nevertheless, several individuals, that is, overlapping
generations, live. In the next sections, we present the individuals’ decisions and their consump-
tion functions, and calculate the cohort-level aggregate variables as well. The solution for the
households’ problem is based on backward induction, which means that we start with the retired
individuals’ optimization, and, conditional on the expected behavior of retired agents, we can

also solve the young households’ optimization problem.

Retired Households

‘Retired’ agent ¢ of retired cohort a is one individual who retired a years ago. Each agent

maximizes the following Bellman equation:
VOB (i) = max { 1 {COY T + B - VOB |
subject to this budget constraint:
Cu(i) + (1 = w)BLy(i) = (1 + re-1) B 141 (i) + TRy (i)

where C (i) denotes the individual consumption of the retired agent, B (i) is individual savings,
~ is the inverse of the intertemporal elasticity of substitution, g is the discount factor, r is the
real interest rate, and TRY (i) is the level of retirement benefits which was calculated at the
time of retirement.

The first-order conditions imply the Euler equation that describes the substitution between the

current and future individual retired consumption levels:

(C&ren(@)
(C@)~

BE, Q+r)=1 (2.9)

After some simplifications and introducing some additional variables, the final version of the
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consumption of agent i of cohort a at time ¢ is as follows:

CQy(i) = MPCOTRYO( QY + MPCP(1+14-1)BS 1,1 (3) (2.10)
w
Q9 =1 +Et s L QHI (2.11)
LI (1 O)(1 47 5T — (2.12)
—w T —_— .
MPCP ' ! ! MPCY,

Here, TR} 9 .0) = TR?)/’ 9(4) for all n > 0. Following the conventions, we introduce the marginal
propensity to consume of the retired cohort as M PC?. The cohort-level consumption (C?) and

savings (B?) are as follows (for the technical details, see the technical appendix):
CO = MPCPTROP + (1 +r,_1)MPCP(wy BY | + B? ) (2.13)

where the TR,Q9 is the present value of the expected retirement benefits. The retired cohort’s
consumption depends on the present value of expected revenues and accumulated wealth from
the previous periods, and the marginal propensity to consume shows the proportion of lifetime
income spent on consumption, which is a function of the real interest rate and the survival

probability.

Young Households

‘Young’ agent i of cohort b is one individual of its cohort who started to work (was born) b years
ago. The dynamic optimization problem of the young can be described by the following Bellman

equation:

VB = max (G0 (- L))

+ By (1 —w; )5‘/;€+1(Bb +(7)) + wy 5Vt+1(B (i) }

I—y

while the budget constraint is:

Cpe() + (1 =y ) Byy(i) + i By (i) = (L re-1)By_y 31 ()) +  weLpy(i) + Profity (i) — Tazy,l(i)

Here, CY (i) denotes the young individual’s consumption, L(4) is her labor supply, o is the weight
of consumption in the one-period utility function, T'az () is the lump-sum tax, Profit(i) denotes

the dividend from firms, and w is the real wage. A young agent saves for two possible future
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states; we assume state contingent bonds, for saving young, the workers save into BY (i); and
for the next period retired-self, the worker today saves into BY 9 (i). We assume full insurance;
this means that any outcome will happen in a future period, and the workers’ previous period

savings are transferred into their own young-self or retired-self account.
Due to the presence of state-contingent bonds, the optimization problem of young households
results in two Euler equations, that is, young households are able to insure themselves against

the future retired status as well:

(Coa01(0)7 (1= Logr,41(8) ) 7 Capa ()77 (1 = L1, (i)' 7
(@7 (1= Loal@)' =) G071 (1 = Loa0))'
(CIJO+1,t+1(i)) -

(7 (= Loa(@)' ™) 0O (7 (1= Loai))* 7

BE, (1+7r) = 1 (215)

In addition, the young decide about their labor supply:

L) o
1—Ly(i)  1-0

wy (2.16)

After some simplifications and by introducing additional variables, we can write up the young

individual’s consumption function as follows:

Coy(i) = MPCY Incy (i) + MPCY (14 14-1)B)_1,_1(3) (2.17)
Inc{t(i) = wi+ Profity (1) — Taxp (i) +
th YO 1- th Y .

+ EtmTR(),tH(Z)QtH + E; 50 Incy 4(7) (2.18)
1 i+Et(1+rt)%—1 (1—th)Af7+thAf0# (2.19)
MPCY o MPCY, MPCZ,

(170)(17l)
AY = Epn <“’t+1> ! (2.20)
Wt
YO g 1 (-=2(1-3)
AYO = EJE _ (2.21)
g T—o Wt

Here, M PC" is the marginal propensity of the young to consume, and IncY (i) is the discounted
sum of the current and present value of expected incomes and future pension benefits.

Based on the individual consumption function, we can express the aggregate consumption func-
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tion and the aggregate income function as follows:

cY = MPCYInc +(1+ rt_l)MPCY(l —w)B (2.22)
Incz/ = th + Profit; — Tax; + Et T TszrOthH +
1— Y
e Inc),, (2.23)

NY
(1 + ) (1 + 91 )

Since there are two distinct cohorts, and both can accumulate risk-free bonds, one of the budget

constraints closes the model; the aggregate young budget constraint is as follows:
CY + BY =wiLi + Profit; — Taxy + (1 +r_1)(1 —w,_1) B, (2.24)

2.3.3 Firms

We assume monopolistic competition and price stickiness a la Calvo: in every period, a fraction
of 1 —w® of firms has a chance to change the nominal price level; the rest of them can only adjust
the previously agreed prices by the previous period’s aggregate inflation rate (Calvo|[1983; Milani
2005). The optimization problem is conditional on the expectation of the Calvo lottery. As a
result, all firms maximize the present value of current and expected future profit flows subject
to the production function, the demand function, and the capital accumulation equation. In

other words, the firm j maximizes

0 wy P
Etzwp H 1= Y <Pt*(j) <t+1> Yiin (i) = VisnLiin(d) — Pt+nInvt+n(J)>

1+ dpyr—1 P4

subject to:
Yi(j) = e AdK1() Le(j)
V() = (Pf.i”)> v
. N o _ I’I”Lvt(]) B .
ki) = 1) (18 () ) 4 (- om0
Inv(j) b1+ E™) Inu(j) 1\
S<(1+9t M) Inv,— 1(])> B 2 <(1+95V)I”Ut1(.7’) 1)

Here, 7 denotes the nominal interest rate, and the young households are the owners of the firms;
thus, their survival probability is also taken into account. P*(j) denotes the individual optimal

nominal prices, which are adjusted by the inflation rate. Further, Inwv(j) is the real investment
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variable, which is multiplied by the aggregate price index; « is the capital share in the Cobb-
Douglas production function; J is the depreciation rate of capital; pp is the price elasticity for
Y (j) demanded individual products; vyp is the degree of price indexation; and S(-) is the convex
investment adjustment cost function, with ¢z, cost parameter and ¢/ investment shock. ef
denotes the supply shock, which is only defined in a sticky price equilibrium. We also assume
nominal wage stickiness a la Calvo, and V' denotes the relevant nominal wage index.

Taking the first-order conditions, we can derive the usual input demand functions and marginal

cost functions:

almmct = rf (2.25)
(1—04)28;771@ = (2.26)

1 K\ @ 11—«
mcy = eEth <74;> <1 T&a) (227)

where 7 denotes the marginal product of capital, for simplification we use this variable in the
rest of the paper. Because the firms are responsible for physical capital accumulation, the set of

first-order conditions also contain the Tobin-Q equation and a no-arbitrage condition:

< (1 - <<1 n glzg;}ftv(jgt_mj)) - ((1 n gltf?;}ftgzt_mj)) Iisz?&)) -

R / Invii1(4) <1nvt+1(j)>2
=1 By QS ((1 n gﬁlﬂnvt(j)) T () (229
E(1—w]) (rfy + Qua(1—0)) = Qe(1 + 1) (2.29)

Next, the monopolistic firm sets the optimal price (p*) as follows:

* PP Ztl
_ 2.30
op —1 22 (2.30)

. pi (L+m)™\ 7" vyl Te1 o

zZl = pFPPYiune, + E - wp(l —w;, ) —————Z 2.31
t Dy tTece t <p2‘+1 1+ Tt P( t) 144, t+1 ( )
p; (1+ 7Tt)7P>g0P (14 )"

p;‘fH 1+ m 1+

zr = pj‘WPnJrEt( wp(l—w! )22, (2.32)

Based on the definition of the price index, we can express the optimal individual relative price

as a function of actual and previous inflation rates:

(1+m1)"" ) e (2.33)

lz(l—wp)pf1_¢P+wp< 1—|—7['t
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The effective labor cost for the firms differs from the workers’ real wage. We assume that workers
supply their labor force to a labor unions and that these unions, with their monopolistic power,
set the profit-maximizing effective nominal wage. However, not all unions are able to set their
optimal wage in each periods. Next, the optimization problem of the labor unions can be given

as follows:

wt—i—k 1 (repn (Vern—1)7"
EtnE OwVH T irers <Vt (])( Vi > Liyn(j) = WisnLtin(J )>
subject to

L) = (W)wwh

where wy is the fraction of unions that are not able to set their prices in a given period. V*(j)
denotes the individual optimal nominal wage adjusted by the wage inflation rate. oy is the

wage elasticity for labor, and ~y, is the degree of price indexation. The monopolistic labor union

sets the optimal nominal wage as follows:

« v W}
v = — 2.34
s ST (2:34)

*\ TPW * Vyyw \ @V .
(vt> Lywy + E; ( o ) e )(1 +7rt+1)Wt+1 (2.35)

v vi 14w, 144

*\ TPV (1 Viyv \ ~¥PV 1— 1+ v
e Lo+ B (2 J”Ttv) wv(L—wt) (14 m)" W2,  (2.36)
Uy iy 14wy 144

=
|

=
[
I
R

Similarly, based on the definition of the price index, we can express the optimal individual relative

wage as a function of actual and previous wage inflation and real aggregate wage indices:

1—pv - T\ 1—ev
1=(1—wy) (”t ) +wy <(1+'*V‘1>> (2.37)

vt 1+
where the 7V is the nominal wage inflation, which can be given as:

1+a) =1+ wt)vvtl (2.38)
t

Here, v denotes the union wage in real terms. Last, the profits of firms and the labor union go
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to the young:

Profity = Yy —wily — Invg (2.39)

2.3.4 Fiscal Policy

The role of fiscal policy is limited in this paper. The government is responsible for providing
pay-as-you-go pension benefits, and it finances its expenditures by taxing the young cohort or

issuing public debt:

Debty + Tazxy = TRy + Govy + (1 4 ry—1)Debty—q (2.40)

where the Debt is the level of public debt, and we chose a T'ax lump-sum tax rule that sustains

the initial Df/bt ratio:

Debt Target
¢ } Y, (2.41)

Taxy = TRy + Govy + (1 + 1r4—1)Debty_1 — { v

In the PAYG-regime individual (7)’s pension benefits in the year of retirement t are based on

the replacement rate v and the pre-retirement labor income:
TRy (i) = vw—1Ly—14-1(3) (2.42)
The aggregated version of the pension rules is:
TR = ww! jwi1Li (2.43)

Furthermore, the total pension expenditure of all retired agents can be described as a function

of pension benefits and survival probabilities:

TR => [0 -w?)TRYS. (2.44)
n=0k=1

which can be simply rewritten in recursive form as:

TRy =TRY? + (1 —w? ) TR; (2.45)
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2.3.5 Monetary Policy

Initially, the central bank follows a simple rule with inflation reaction and interest rate smooth-

ing:

1-pi

14+iy = (1+i4_1)" ((1 ) (14 wt)%) et (2.46)

where € is the monetary policy shock. By assumption, the central bank raises the interest rate
if inflation exceeds its steady-state level. Since prices are sticky, the central bank is able to
influence the real economy’s performance via the interest rate channel. ™ is the natural interest
rate that is consistent with the flexible-price version of the model. The Fisher-identity expresses

the relationship between the nominal and real interest rates:
1+4 = E(4+7r)(1+ m41) (2.47)

2.3.6 Market Clearing Conditions

Finally, we need to clarify the market clearing conditions. Since there is no government debt,

the sum of the two cohorts’ savings should be equal with public debt.
Debt; = BY + BP (2.48)

In the goods market, all supplied goods are equal to the demanded consumption goods, invest-

ment, and government expenditure:

Y, = C'tY + C’to + Inv; + Gouvg (2.49)

2.4 Parametrization

In this paper, we are concerned with general patterns. Thus, we parametrize the model by
choosing typical parameter values in the DSGE literature. Table 2.1 shows the chosen parameter
values. Specifically, we use the Pessoa model, that is, the Portuguese version of the GIMF model
(Almeida, Castro, Félix, J’ulio, and Maria (2013)), and the New Area-Wide Model (Christoffel,
Coenen, and Warne, (2008))).

Based on the Pessoa model, we calibrated the households’ time preference (/3), risk aversion
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(v) and weight of consumption (o) in the utility function. The price and wage elasticities
(p and @w), capital share («), depreciation rate (0), Calvo parameters (wp and wy) and
indexation parameters (vp and 7y ), investment adjustment cost (¢r,,), inflationary reaction
(¢r) and interest smoothing (p;) of the monetary policy rule are taken from the New Area-
Wide Model. Regarding the calibration of the demographic parameters, we consider data on
Germany, Portugal, Spain and Slovakia published by the Eurostat. Particularly, we choose the
fertility rate, probability of retirement and mortality rate such that we match on the average
probabilities and the old-age dependency ratio in the 80s. The replacement rate and the size of
the pension system are based on [Isteni¢, Hammer, Seme, Lotri¢ Dolinar, and Sambt]| (2016)), who
measure the overall income redistribution from the worker to the retired cohort. The government
consumption-to-GDP ratio is calibrated to the government individual consumption of European
countries, while the steady-state public debt-to-GDP ratio is the Maastricht criterium, that is,
60 percent.

As we express all variables in per capita values and solve the steady state of the normalized model,
we need a candidate for the steady-state value of the equilibrium real interest rate. Conditional
on this assumed level of the real interest rate, we can calculate all the other endogenous variables.
As a final step, we check whether the financial market equilibrium condition holds; if it does not,
another starting value for the steady-state real interest rate is chosen, and the process starts
againm

In this paper, we deal with short-run cyclical fluctuations, where the sizes of the discount rates,
the interest rate, and labor supply elasticities play a crucial role. They reflect the relative
importance of different channels for different instruments used in the model. First, the interest
rate elasticity from the non-separable utility function (i.e. the intertemporal substitution) can

be derived as follows:

Uc 1

_ L 2.50
Ucw),cyCi)  1+a(y—1) (2:50)

E =

Retired agents do not supply labor (¢ = 1), which means that the e-s are cohort-specific.
The parametrized values are based on typical values in the DSGE literature, and the dynamic
responses are relatively close to those estimated by |Wong (2018) for the old and the young,

respectively.

"The same approach was followed in [Baksa and Munkacsi (2016)
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Next, the Frisch labor supply elasticity can only be calculated for the young cohort:

UL Y _L1-0(1-
= L(i) _s o(1—7) (2.51)

. Uz i i I:
L(i) <UL(i),L(i) — po=d )> !

Uc(i,c)

where L is the normalized level of labor. Our specification is consistent with the available
microeconomic estimates (such as that of [Whalen and Reichling| (2017)). Namely, the Frisch
elasticity is a function of the steady-state demographic and labor market variables. Thus, aging
directly changes the relative size of cohorts and the supply of labor: the labor force shrinks and
the labor market becomes tighter with aging. Relatedly, labor supply becomes less elastic (the
Frisch-elasticity decreases as the old-age dependency ratio increases), and the volatility of real
wages is intensified (the scarcer the labor supply, the more profound the real wage reaction to

shocks) (Table 2.2).
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2.5 A Permanent Demographic Shift

In this paper, we mainly consider (i) how aging affects the short-run cyclical behavior of the
macroeconomy, and (ii) how optimal monetary policies change with aging. Before doing so in
Sections 2.6 and 2.7, though, in this section we demonstrate a transition from a young society
to an old one. Specifically, Table 2.2 shows the steady-state comparison of a young and an old
society when the fertility rate decreases from 3% to 1.7%, the probability of death decreases
from 9% to 3.65% in 20 years, and the old-age dependency ratio gradually increases from 20 to
60 percent, while Figure 2.1E| the transition path between the two steady states under the PAYG

system, the results are consistent with Baksa, (2019).

Figure 2.1: Transition from a young society to an old one

GDP Interest rate Inflation
%, per capita .p., ar %, YoY
5 (%, per capita) 05, (pp.an) oq. . (% YoY)
. / /_\
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.p. %, per capita %, per capita
40 (p-p.) o (% per capita) 1o (% per capita)
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Years Years Years

87ar” is an abbreviation for annualized rate.

66



CEU eTD Collection

10.14754/CEU.2019.09

Due to the longer lifetime horizon (decreasing w?), retired households accumulate more savings.
At the same time, the PAYG pension system is required to provide a higher amount of pension
benefits, which can be financed by taxes deducted from the young workers. So, young agents face
an increasing financing need from the pension system, and, due to consumption smoothing (and
to minimize their own sacrifice), their indebtedness increases. The higher private indebtedness
and the higher financing needs of the government with an extended pension system elevates the

long-term real interest rate Baksa (2019)).

Table 2.2: Steady-state comparison: young and gray societies

Name Notation Young Graying
society  society
Demography
Old-age dependency ratio s 0.20 0.60
Share of the young sV 0.83 0.63
Households
Consumption to GDP: Total % 0.69 0.71
Consumption to GDP: Young % 0.56 0.33
Consumption to GDP: Old &7 0.13  0.37
Bonds to GDP: Old B2 044  3.14
Bonds to GDP: Young % 1.96 -0.74
Interest rate elasticity: Young &' 0.58 0.58
Interest rate elasticity: Old @ 0.50 0.50
Frisch elasticity n 0.49 0.29
Firms
GDP Y 1.67 1.43
Investment to GDP I”T” 0.21 0.18
Capital to GDP L 771 732

o

Profit to GDP Profit 0.42 0.46

Monetary policy 8

Real interest rate r 0.00 0.01
Fiscal policy

Transfer to GDP % 0.12 0.35
Public consumption to GDP % 0.10 0.12

Regarding the supply side of the economy, via lower fertility and a shrinking labor force, the
firms accommodate to the new situation: they realize the decrease in demand, so they gradually
disinvest and reduce prices (generate disinflation or deflation) to offset the loss in profits. How-
ever, in the medium term, instead of investing in physical capital, they hire relatively more labor.
The decreasing free labor capacities increase the real wage, and in the tighter labor market the
real wage becomes more volatile and more responsive to short-run shocks as the Frisch elasticity

decreases. Due to the labor shortages, real wages rise, and inflation goes back to its steady-state
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level. The central bank first decreases the interest rate to compensate for the downward pressure
on inflation. However, in the long run, it gradually normalizes the policy rate, since inflation
goes back to its steady-state level. The lower level of physical capital stock and the increased
marginal product of capital are consistent with the higher equilibrium interest rate in the new

steady state.

2.6 Cyclical Behavior and Monetary Policy Transmission

We now turn to presenting the dynamic properties of the model. In a young and an old society,
we compare the short-run cyclical reactions of the macroeconomy to a monetary policy shock,
a government expenditure shock, and a supply shock. We examine one-off, temporary shocks
only, that is, all the impulse response functions converge back to the demographic-specific steady

statef‘z]

2.6.1 Monetary Policy Shock

It is well known that if the central bank deviates from its systematic Taylor-rule, that is, if
it increases the nominal interest rate, then, because of price stickiness, it also changes the
real interest rate - and so can influence the performance of the real economy (Figure 2.2).
Tighter monetary policy conditions force firms to postpone investment, and households to start
accumulating more savings or decreasing their credit stock. Due to the shrinking aggregate
demand, share 1 —w? of the firms decrease their prices to avoid (reduce) the loss in profits. Due
to price stickiness and price indexation, the nominal adjustment is gradual, and disinflation takes
more than 4 quarters. The central bank observes the shrinking aggregate demand and decreases
the nominal interest rate back to its steady-state level, and the whole economy stabilizes at its
initial steady state.

Aging generates differences in the output gap reaction (the deviation of GDP from its flexible-
price equilibrium level). This is also reflected in the fact that the young and the old respond
differently. Specifically, in an old society, the retired agents hold more savings, while the workers
have more debt during their longer lifetime. Additionally, in a young society, the monetary
restriction creates an incentive for postponing consumption and increasing savings. However, in

an old society, the interest rate hike has an even more asymmetric effect: the old can interpret

9In all simulations, we assume that in young societies (on Figures 2-4 labeled without Aging) the old-age
dependency ratio is 20%, and in old societies (on Figures 2-4 labeled Aging) 60%. On the same figures is an
abbreviation for the annualized rate.
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the shock as additional income; thus, later, they increase consumption by a larger amount,
while the young face higher credit costs and decrease consumption more. Because aging also
changes the relative size of cohorts, aggregate consumption and output gap fall less in gray
societies. Hence, we find that aging reallocates the asset position among generations, which
makes monetary policy less effective - defined as a larger drop in the inflation rate to the same
monetary tightening - and aggregate demand less elastic to interest rate changes. Our finding is
consistent with that of Wong (2018) who, based on micro-level cohort-specific US data, shows

that the old react less to expansionary monetary policy shocks.

Figure 2.2: Impulse responses of a monetary policy shock
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2.6.2 Government Expenditure Shock

The government increases public expenditure by one percent of the steady-state GDP (Fig-
ure 2.3). As a result, firms increase production to satisfy the extra demand. A higher level of

production requires more labor, so firms increase wages to attract more workers. To offset the
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increase in production costs and the loss in profits, price-setting firms increase their prices. The
central bank launches a tightening cycle, and holds the interest rate elevated until the demand-
side inflationary pressure disappears and inflation goes back to its original steady-state level.
Due to the increase in wages, young households consume more. Old households consume less
because of the increasing interest rate and credit demand (from the young households). Later
on, though, the higher interest rates push young consumption down and old consumption up.

Aging also changes the relative size of cohorts, and decreases the available labor force in the
economy. In an old society, the labor supply is more inelastic (the Frisch-elasticity is lower).
Hence, firms are forced to increase wages more than in a young society. This additional increase
in wages amplifies the increase in marginal costs and inflation, too. As a consequence, in an
old society, the central bank needs to raise the policy rate by a larger amount than it does in a

young society. A stronger monetary policy reaction in a grayer society forces the young to give

up more consumption.

Figure 2.3: Impulse responses of a government expenditure shock
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2.6.3 Supply Shock

The main channel of the supply shock is that price-setting firms decide to increase prices to
improve profitability, or offset profit losses (Figure 2.4). Due to higher inflation, the central bank
increases the nominal interest rate, which forces households and firms to postpone expenditure
items (consumption and investment, respectively). Observing the fall in domestic demand, firms
decide to give up on further price increases; consequently, inflation starts to normalize. As a

result, the central bank reduces the policy rate, and the economy stabilizes around its original
steady state.

Figure 2.4: Impulse responses of a supply shock
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Although the size of the shocks in old and young societies are the same, the immediate impact
on nominal and real variables differs. The central bank reacts to offset the positive inflationary
expectations (and more negative real interest rate), and discourages households from reallocating

future consumption to present consumption. In a young society, both households and firms are
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aware of a possible monetary tightening in the near future, and, due to the expected decline in
aggregate demand, the overall increase in inflation is lower than what the shock would imply. At
the same time, the young hold more debt, and, at the time of the shock, the temporary negative
real interest rate depreciates young households’ credit stock. Thus, young households initially
increase their consumption. This effect in an old society is larger (in an old society, the young
are more indebted than the old); hence, the jump in young consumption is more significant at
the beginning. Due to the relatively higher demand in an old society, firms are able to increase
their prices by a larger amount. In an old society, the overall inflationary pressure is also higher;
the central bank thus needs to be more responsive. This later requires a higher sacrifice (in

terms of consumption goods) from the young.

2.6.4 Demographic structure and inflation volatility

In the previous sections, we found that, with aging, the rate of inflation decreases while its
volatility increases, and that aging makes monetary policy less effective. Regarding the impact
of aging on the rate of inflation, several papers claim that aging leads to a downward pressure on
inflation, while some report the opposite. Using data on developed economies (the U.S., the U.K.,
Germany, France, Japan, and Portugal)[r_U] between 1981 and 2018, we find that, from the 1990s,
the periods of disinflation correspond with the periods of increases in the old-age dependency
ratio (henceforth OADR) (Figure 2.5)["] This is in line with what our model suggests when

increasing the old-age dependency ratio in the steady state.

Table 2.3: Descriptive statistics of observed variables: OECD countries between 1993 and 2018

Selected intervals

All obs.  1993-1999  2000-2007 2008-2013 2014-2018

mean (CPICORF) 3.162 6.058 2.998 1.939 1.527
std (CPICORE) 0.282 0.372 0.286 0.267 0.190
mean(OADR) 24.811 22.597 23.415 25.479 28.943
std (Y) 2.758 2.486 3.190 3.152 1.862
Number of countries 34 34 34 34 34

10Japan is already heavily hit by aging; Portugal will be among the countries with the highest old-age de-
pendency ratio in Europe in a few decades; the US, the UK, Germany and France - although less affected by
aging than Japan or Portugal - follow different monetary policy strategies (with France less affected by aging than
Germany).

HTnflation data comes from the OECD while data on the old-age dependency ratio comes from the UN.
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Figure 2.5: Core inflation and old-age dependency ratio
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Regarding the impact of aging on the volatility of inflation, we also test the model’s hypothesis
using an unbalanced panel dataset on developed OECD countries between 1993 and 2018. Table
contains the descriptive statistics of the observed variables. We run a fixed-effect (FE)
estimation with country- and time-fixed eﬁ'ectsEl For this, we need the time-variant volatility
of inflation: first, we remove the trend component of non-food non-energy CPI by an HP-filter
with A = 150000; then, we calculate the yearly average of the standard deviation from the
trend, which is interpreted as the time-variant volatility of the cyclical inflation. Next, we run

the following FE regression:
o(epi_core)iy = a; + 0y + 8- OADRy + v - Xyt + it (2.52)

where o (cpi_core);; is the standard deviation of non-food non-energy CPI in country i and year
t, «; is the country-fixed effect, §; is the time-fixed effect, OADR;; is the old-age dependency

ratio, X contains other controls (lag, output gap volatility and the year-on-year changes of

2T R with plm package (?). We calculated and report robust standard errors.

73



CEU eTD Collection

10.14754/CEU.2019.09

inﬂation)[T_gl, and u;; denotes the error term.

The estimation results are consistent with the model’s intuitions. Namely, all of the estimations
suggest a significant and positive relationship between the volatility of inflation and the level
of the old-age dependency ratio. Moreover, the impact is sizeable: in our sample, the average
inflation volatility is 0.28, and the old-age dependency ratio increased by 6 percentage point on
average over the past 3 decades; the FE regressions suggest that a 6 percentage point increase

in the old-age dependency ratio increases inflation volatility by around 0.04-0.11 cumulatively.

Table 2.4: Volatility of inflation and old-dependency ratio

Models FE (1) FE (2) FE (3) FE (4) FE (5) FE (6)
0.218 0.207 0.104
o(CPLOCORE); 1 (0.065)**  (0.061)*** (0.078)
OADR:; 0.014 0.012 0.007 0.014 0.013 0.008
! (0.007)*  (0.007)*  (0.004)* (0.007)**  (0.006)**  (0.004)**
o(V); 0.018 0.014 0.015 0.011
i (0.008)**  (0.007)** (0.007)**  (0.005)**
0.024 0.025
CPI-COREy (0.008)*** (0.008)***
Country FE Yes Yes Yes Yes Yes Yes
Year FE Yes Yes Yes Yes Yes Yes
N. obs 830 830 830 796 796 796
N. of countries 34 34 34 34 34 34
R? 0.287 0.298 0.393 0.327 0.335 0.415

* s p < 0.01, ** is p < 0.05, *is p < 0.1

2.7 Welfare and Optimal Monetary Policy

Aging also influences the size of welfare losses. To demonstrate that, first we need to calculate
the conditional and unconditional variances of the endogenous variables which are used as inputs
in the welfare loss function. The optimal monetary policy rule is the rule which minimizes the

loss in social welfare[]

2.7.1 The Model’s State-Space Form

Based on the log-linear version of the model, one can express the following forward-looking

system of equations which are conditional on the model’s steady state, in particular on the

3Data on the output gap was downloaded from the OECD.
HCalculations are done by the Optimal Simple Rule toolbox of Dynare.
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demographic structure:

A(©)& = B(©)&—1 + C(O)E&y1 + D(O)ey (2.53)

where £ is the vector of endogenous variables, € is the vector of structural shocks with given
variances, and O is the set of deep parameters including the steady-state levels of the endogenous
variables. A, B, C, and D matrices consist of the linearized equations. Using the method of
undetermined coefficients, one can express the state-space form of the forward-looking model as

follows:

& =2(0)6-1 +T'(0)e (2.54)

Here, ® and I' are matrices which are combinations of A, B, C, and D. Using the state-space

form of the model, we can express the conditional covariances as follows:

2, = ®(0)Z,_,9(0) +T(0)Qr(6) (2.55)

Here, &£, = =, are conditional covariances of the endogenous variables, while ec} = Q is a
diagonal covariance matrix of the structural shocks.mlterating this equation forward (t — 00),

we can express the unconditional covariances as follows:

vece(Z) = (I — ®(0) ® (0)) tvec(I'(0)QI'(O)) (2.56)

where I is an identity matrix which has the same size as ®(0) @ ®(0). For the optimal policy
exercise with the simulated method of moments, we calibrated the structural shocks in such a
way that the model’s structural shocks capture the standard deviation of relevant variables of
the New Area-Wide model (Christoffel, Coenen, and Warne| (2008)); the results are reported in

Table .51

15We calibrated the initial young society version of the model. Each variable is expressed as the percent or
percentage point deviation from its steady-state level (the deviation of endogenous variable x is noted by Z),
the interest rate and inflations are annualized, and the consumption is the sum of the old and young cohort
consumption.
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Table 2.5: Calibrated standard deviation of variables and structural shocks

Variable Historical value Estimated Calibrated value
(Christoffel, Coenen, and Warne| (2008)) (this paper)

std(Y) 0.48 0.84 0.544
std(C)  0.48 0.74 0.409
std(Inv) 1.35 2.76 1.350
std(#%)  0.36 0.49 0.721
std(i')  0.038 0.02 0.325

Structural shock Shock value

std(eFV) 0.119

std(el) 0.503

std(ef™) 65.367

std(et) 0.019

2.7.2 Welfare Loss Functions and Monetary Policy Rules

In order to determine the optimal monetary policy rule, that is, the rule which minimizes the
weighted sum of unconditional variances, we first need to specify the social welfare loss function.
We have examined two different welfare loss functions.

The presence of overlapping generations and that of the non-representative features of the model
make the model very complicated and hard to interpret welfare based on the agents’ utility
function. Therefore, in the first approach, we assume a simple welfare loss function which
assigns a particular weight to the unconditional variances of inflation, output gap, and the
difference between today’s and yesterday’s nominal interest rates. The latter is particularly
relevant as it reflects the central bank’s concern about financial stability: the central bank does
not want to choose a policy which increases the volatility in the financial markets or discourages
savings/credits. The weights are taken from Adolfson, Laseen, Linde, and Svensson| (2011) and

represent the importance of each objective in the central bank’s decision-making:

L = var(m;) + 0.5 - var(Y;) + 0.2 - var(is — iz_1) (2.57)

Here, Y is the output gap defined as the deviation of GDP from its flexible price level.
In the second experiment, we derive the second-order approximation of the utility function and

assume that the central bank in different stages of the population aging sets a policy rule which
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minimizes the weighted average of the two utilitied %}
Wi =] U (i) + (1= s )UL (0)

where the utilities are expressed as follows:
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(2.60)

(2.61)
(2.62)

(2.63)

Several monetary policy rules are examined: (i) the pure inflation targeting rule (including a

forward-looking IT), (ii) flexible inflation targeting with output or employment reaction (in-

cluding a forward-looking version as well), (iii) price level targeting, and (iv) nominal GDP or

nominal wage bill targeting. There are significant differences between the two welfare loss func-

tions, namely, the utility-based function does not contain output gap. However, the variation

in GDP mostly depends on the level of employment, so the optimized rules should be different

in order to have reasonable reactions and the procedure can find the optimum of the likelihood

functions. Therefore, in the flexible inflation targeting rule using the utility-based welfare loss

function, we assume the employment gap instead of output gap, and, following the same idea,

16The detailed derivation of the utility-based welfare loss function can be found in the Appendix.
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the nominal wage bill instead of the nominal GDP. Formally, the rules are defined as follows:

P, T Pure IT
¢E17Tt+1Et7rt+1 Pure IT & Fwd
) ) . Gyt + b9 Yy or @7 Ly Flex. IT
i o= pia+(l—pip+1-pg T o ) (2.64)
PBymy 1 M1 + Gy, Yy or ¢p Ly Flex. IT & Fwd
Pp, b Price level targeting
¢1§t?t]§t}\/t or g VL, Nom. GDP or wage bill targ.

Conditional on the selected rules and the demographic structure, we look for the reaction pa-

rameters which minimize the total welfare losses described above.

2.7.3 Optimal Monetary Policy

First of all, we compare welfare losses with different demographic structures but with the same
non-optimal monetary policy rule (same non-optimal parameters) and show how the increase in
the old-age dependency ratio influences them (Table 2.6 - 2.7). Table 2.8 shows the changes of
the weights in the utility-based welfare loss function. The old-age dependency ratio is a function
of the retirement probability, the survival probability, and the net fertility rate. During the
aging process, the latter two are assumed to change; in the table below, we present the cases
where the two probabilities change at the same time (alternative combinations of the two rates
and their welfare values can be found in the Appendix). As aging becomes more prevalent, that
is, the old-age dependency ratio increases, the volatility of the inflation rate and that of the
interest rate increase. Despite the increasing volatility of young consumption and employment,
the decreasing weight of young households generates lower output gap volatility. Initial losses
are normalized to s = 0.2, where s denotes the old-age dependency ratio and the optimal values
are always normalized by their own initial loss values. Regardless of the population aging,
the nominal variables have significantly larger weights in the utility-based loss function. This
implies that the central bank should react strongly to nominal variables if it wishes to maximize

utility-based welfare losses.
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Table 2.6: Old-age dependency ratios and welfare levels with the baseline monetary policy rules
when using the ad hoc welfare loss function

Old-age dependency ratios

5s=020]s=036]s=049 | s =0.60

| Initial losses | 1.00 [ 098] 098]  0.99
Inflation: 0.18 0.20 0.22 0.24
Output gap: 0.82 0.78 0.76 0.74
Interest rate: 0.00 0.00 0.00 0.00

Table 2.7: Old-age dependency ratios and welfare levels with the baseline monetary policy rules
when using the utility-based welfare loss function

Old-age dependency ratios

s=020 ] s=036] s=0.49 | s =0.60

| Initial losses | 100]  136] 202 320
Inflation: 0.14 0.18 0.24 0.34
Wage Inflation: 0.25 0.40 0.68 1.22
Young Consumption: 0.06 0.08 0.11 0.18
Old Consumption: 0.00 0.00 0.01 0.02
Labor: 0.58 0.75 1.05 1.55
Young Cons. Labor cov: —0.04 —0.05 —0.07 —0.09

Table 2.8: Old-age dependency ratios and age-dependent weights of the utility-based welfare
loss function

Old-age dependency ratios

s=020 ] s=036| s=0.49 | s =0.60
Inflation: 11.00 12.68 15.54 19.87
Wage Inflation: 12.36 14.24 17.46 22.32
Young Consumption: 0.27 0.26 0.27 0.29
Old Consumption: 0.06 0.10 0.12 0.13
Labor: 0.77 1.01 1.41 2.08
Young Cons. Labor cov: —-0.35 —-0.41 —0.50 —0.64

Next, optimal monetary policy reaction functions (Table 2.9 - 2.10) are explored. Thus, for any
given OADR, we calculate the minimum social welfare loss with the different monetary-policy
regimes and the related monetary-policy rule parameters. Our main finding is that in a younger
society, the flexible inflation targeting regime, with a strong reaction to expected inflation and
a somewhat weaker reaction to the output gap, is the most effective rule, that is, the loss-
minimizing option, if the monetary policy minimizes the ad hoc welfare loss function. Under the
utility-based welfare loss function, the flexible inflation targeting performs well. Nonetheless,
nominal wage bill targeting is the best option, although the improvement in welfare compared to
flexible inflation targeting is not significant. In grayer societies, however, although the flexible

inflation targeting regime could be one of the favorable options, the central bank should react
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mildly to the output gap or employment gap and more strongly to the level of inflation.

Table 2.9: Old-age dependency ratios and optimal reaction parameters in six monetary policy
regimes when using the ad hoc welfare loss function

Old-age dependency ratios
$s=020 ] s=0.36 | s=0.49 | s =0.60
Initial rule Initial loss 1.00 0.98 0.98 0.99
Or, 1.70 1.70 1.70 1.70
Optimized loss 0.99 0.98 0.97 0.95
Pure IT Or, 2.34 2.59 2.96 3.50
Optimized loss 0.92 0.93 0.92 0.92
Pure IT & Fwd Doy 3.86 4.26 483 5.64
Optimized loss 0.91 0.91 0.91 0.91
Flex. IT O, 4.40 4.67 5.12 5.81
gbf/t 0.86 0.86 0.88 0.93
Optimized loss 0.89 0.90 0.90 0.89
Flex. IT & Fwd DB 5.19 5.53 6.05 6.83
gbf/t 0.65 0.62 0.59 0.56
Price level tar Optimized loss 1.10 1.10 1.09 1.07
Ve s p, 0.08 0.14 0.23 0.39
. Optimized loss 0.94 0.94 0.93 0.92
Nominal GDP targ. 5, 32.46 | 36.80 | 4749 | 6252

The nominal wage bill targeting rule is the most effective rule under utility maximization. To
understand the reasons for this, we should check the components of nominal GDP and nominal
wage bill targeting separately. Nominal GDP targeting is basically a combination of price and
nominal wage level targeting and output gap or employment gap stabilization, meaning that
second-round effects on aggregate demand are also taken into account. Price level targeting
generates higher welfare losses than nominal GDP targeting does. While price level targeting is
quite hawkish, the central bank tolerates a larger economic sacrifice to achieve price-level stabil-
ity. This kind of dual-mandate, like nominal GDP targeting or wage bill targeting, guarantees
that the welfare loss is minimized when both the price level and the output gap or employment
gap vary as little as possible. However, the reaction to the nominal wage bill decreases in aging
societies; this decline is consistent with the milder reaction to the employment gap in other
rules under utility-based welfare maximization. Due to the decreasing Frisch elasticity in aging
societies, for the same amount of labor increase, wages and inflation increase more. Thus, the
monetary policy reacts less to the employment gap so as not to contribute to the higher volatility

of the nominal variables.
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Table 2.10: Old-age dependency ratios and optimal reaction parameters in six monetary policy
regimes by the utility-based welfare loss function

Old-age dependency ratios
5s=020]s=036]s=049 | s=0.60
Initial rule Initial loss 1.00 1.36 2.02 3.20
Or, 1.70 1.70 1.70 1.70
timized loss .32 2 2 31
Pure IT q?i 38.27 38.7?1 32.02 3?.33
Optimized loss 0.28 0.26 0.16 0.16
Pure IT & Fwd ¢,im1 5126 | 5419 | 5531 |  50.12
Optimized loss 0.25 0.24 0.24 0.28
Flex. IT O 11.13 15.02 17.43 17.10
¢ﬁt 17.09 15.25 11.09 6.52
Optimized loss 0.25 0.23 0.24 0.27
Flex. IT & Fwd OB 14.71 19.66 | 2416 | 24.84
¢i/t 15.92 14.38 11.18 6.90
Price level targ. Optimized loss 0.45 0.42 0.40 0.41
¢15t 13.83 15.89 17.73 17.47
S o i .| QPR | 02 g

2.8 Conclusion

In this paper, we explored the monetary consequences of aging in a multi-period DGE model
with OLG agents. Specifically, we examined how aging affects (i) inflation in the longer term, (ii)
the short-run cyclical behavior of the economy, including monetary policy transmission, and (iii)
optimal monetary policy rules. The stylized facts and empirical estimations were consistent with
the message of the model, and we found that the rate of inflation decreases, while its volatility
increases with aging, aging makes monetary policy less effective, and an IT regime with a high
inflation reaction is optimal in the case of high, but still reasonable, OADRs.

In Section 2.6, we reported that the same size shock causes higher inflation volatility in an
older society. Not only inflation, but the macroeconomy in general, reacts differently to shocks -
including monetary policy shocks. The transmission of monetary policy changes, and monetary
policy becomes less effective. The most important channel is that as agents live longer and
their planning horizon becomes longer, their savings position changes: the young are willing to
borrow more, while the retired accumulate more savings to guarantee their consumption over a

longer time horizon. Hence, when the interest rate changes, it has different implications for the
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young and the old: higher interest rates imply an extra cost for the young, who are indebted,
while the old generate more income. Additionally, the young and the old also make different
consumption-savings decisions (as the old are more patient than the young), and there are
labor market implications as well (the labor market becomes tighter and real wages react more
as the labor force shrinks). In Section 2.7, we discussed that aging, via higher inflation, also
increases social welfare loss. To avoid that, central banks with inflation-targeting regimes should
react more strongly to nominal variables: they should increase the nominal interest rate by a
larger amount, given the same size shock. Under some circumstances, nominal GDP targeting
or nominal wage bill targeting is a more effective rule than the common practice of inflation
targeting. Aging, a clear concern for fiscal economists, ought to be a concern for central bankers
as well.

To the best of our knowledge, our paper is the first which (i) estimates the impact of aging on the
volatility of inflation, (ii) explores the impact of aging on the short-run cyclical behavior of the
macroeconomy, including monetary policy transmission, in an aged society, using a multi-period
dynamic general equilibrium model with overlapping generations, and (iii) examines optimal
monetary policy strategies in the presence of aging. Given the scarce literature in this field, we
call for more research to better understand the implications of aging for central banks, central

bankers, and the elderly.
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Chapter 3

Convergence Stories of Post-Socialist

Central-Eastern European Countries

3.1 Introduction

In this paper, we aim to examine the growth and convergence process of five Central and Eastern
European member states of the European Union(the Czech Republic, Hungary, Poland, Slovenia
and Slovakia - henceforth, CEE) through the lens of the stochastic neoclassical growth model. We
follow Aguiar and Gopinath! (2007) and |Garcia-Cicco, Pancrazi, and Uribe (2010), who estimate
similar models for Latin-American countries (Mexico and Argentina). We believe that the five
CEE countries are a good laboratory for the neoclassical model. They are emerging economies
that are highly open both to international trade and external finance. Their performance is
broadly in line with the predictions of the neoclassical model, where convergence is driven by
improvements in total factor productivity (TFP) and capital accumulation. Openness allows
countries to finance some of their additional investment and consumption from abroad, which
is exactly what happened in the CEE countries after transition in the 1990s. Also, after the
introduction of market reforms in the early 1990s, the CEE economies have reasonably similar
institutions to the advanced market economies of Western Europe, the natural reference group.

The literature has identified two main shocks that drive stochastic growth in small, open
economies like the CEE countries. |Aguiar and Gopinath (2007)) compare Mexico and Canada,
and conclude that in the former shocks to trend productivity growth are more important than
in the latter. The main reason is that in emerging economies, such as Mexico, the trade balance

is counter-cyclical. Transitory TFP shocks imply a pro-cyclical trade balance, since households
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want to save part of the temporary windfall gains. Permanent and lasting trend shocks, by
contrast, imply improving growth performance for a while, leading to increases in current and
future permanent income. In that case, households want to consume some of the future gains
now, which implies a trade deficit.

Garcia-Cicco, Pancrazi, and Uribe (2010) note that Aguiar and Gopinath| (2007) ignore the role
of financial frictions and shocks. In particular, they argue that external financing conditions
- which can be taken as exogenous for small, open emerging countries - are important growth
determinants. They estimate a financial frictions augmented RBC model on a century of Argen-
tine data, and conclude that including interest-premium shocks in the estimation greatly reduces
the importance of trend-productivity shocks. Increases in interest premia induce recessions and
improve the trade balance at the same time; thus, they can also explain the counter-cyclicality
of the latter. Moreover, in the absence of financial frictions the trade balance is a random walk,
which is at odds with the data in emerging economies. That said, |Garcia-Cicco, Pancrazi, and
Uribe (2010) find that growth volatility is mainly due to transitory technology shocks, at least
in Argentina and Mexico.

Other papers have also followed up on the technology vs. interest premium debate. [Naoussi and
Tripier| (2010) and |Guerron-Quintana, (2013) show that a common trend-productivity component
better explains medium-term GDP growth volatility in African countries than financial shocks.
In contrast, Tastan (2013) finds that, in Turkey, financial shocks are more important. Many
papers investigate the role of financial intermediation. [Zhao| (2013) builds a model where agents
face liquidity constraints, and it is changes in liquidity that lead to fluctuations in the risk
premium. Minetti and Peng| (2013) assumes asymmetric information between domestic and
foreign creditors, which becomes effective when income prospects worsen. This leads to a large
response in external financing, which increases country risk and the effective foreign interest
rate.

We contribute to this literature in a number of ways. First, we reevaluate the findings of [Aguiar
and Gopinath| (2007) and |Garcia-Cicco, Pancrazi, and Uribe| (2010) in the context of the CEE
countries. We find that while interest premium shocks are important for understanding GDP
components, persistent shocks to productivity are the most critical contributors to the volatility
of GDP growth. In other words, productivity has a strong random walk component, and even
transitory technology shocks are estimated to be very persistent. The latter result also casts

doubt on whether transitory technology shocks can be separately identified, especially once we
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include hours in the estimation and allow for labor market disturbances. To paraphrase |Aguiar
and Gopinath| (2007), in our countries the trend is the financial frictions augmented cycle.
Second, and perhaps most interestingly, we estimate the exogenous driving forces of economic
growth in a panel. While the time series are short, using a panel of five countries gives us degrees
of freedom to identify the underlying shock processes. The panel allows us to separate “global”
shocks that affect all countries from “local” shocks that are specific to a country. We show that
the global components of both the trend-productivity shock and the interest-premium shock
have a useful economic interpretation. In particular, the global trend component co-moves very
strongly with the growth rate of the “old” European Union countries (EU 15). The implicit
common interest rate component also tracks the EU 15 average real interest rate until 2008, but
diverges from it sharply afterwards. This finding is consistent with a narrative of the financial
crisis in which wedges opened up both between the financial markets of advanced and emerging
countries, and between benchmark interest rates and corporate/household lending rates. Our
results also relate to |Aizenman, Jinjarak, Estrada, and Tian (2018), who find that the role of
global factors in the level and volatility of economic growth increases after the financial crisis in
emerging economies.

We make a number of additional methodological contributions, mostly related to the model
setup. We include external consumption habits, which is an alternative to the estimated very
persistent preference shock used by (Garcia-Cicco, Pancrazi, and Uribe (2010). We use ad-
justment costs to investment instead of capital, and we add an investment-specific shock. This
specification was shown to capture investment dynamics better in a business cycle setting (Chris-
tiano, Eichenbaum, and Evans| (2005))). When we plot our estimated investment-specific shock,
we find an interesting co-movement between the shock and the magnitude of European Union
funds flowing into the CEE countries. This suggests that in addition to the growth and financial
environments, external funds were a major determinant of investment dynamics.

We use a labor market specification that is growth-consistent and does not require the inclusion
of an ad-hoc trend in the value of leisure. As we later explain, this necessitates adding a working
capital channel and using a gross output production function to get reasonable predictions for
interest-premium shocks. In addition to the technical reasons, we also think that the work-
ing capital channel is an important propagation mechanism of changes in financial conditions.
Finally, we use total labor hours as an observable, and we add a labor supply shock to the esti-

mation. On the one hand, observing hours should make the identification of technology shocks
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more precise. On the other hand, changes in labor market regulation and taxes were important
in the CEE countries.

Our model is deliberately simple. We want to focus on a few key mechanisms that influence
medium term growth, so we omit other channels such as sticky prices and explicit monetary
policy. We do, however, estimate a simple form of wage rigidity, which the data strongly reject.
The paper proceeds as follows. In Section 3.2, we present the basic stylized facts of growth in
the CEE countries in the 1996-2017 period. In Section 3.3, we describe the stochastic growth
model. In Section 3.4, we estimate the stochastic version of the model, present results from
a variance decomposition exercise, and evaluate the potential role of wage rigidity. Using the
estimation results, Section 3.5 presents interesting findings that we believe strongly validate our

estimation results. Finally, Section 3.6 concludes and discusses future avenues for research.

3.2 Growth in the post-socialist Central-European countries

Before presenting the model, we describe the main tendencies of the macroeconomic data. Our
narrative is based on IMF Article IV reports, which are useful for the interpretation of the
estimation resultsE] Figure plots the evolution of real GDP for the five countries. Lightly
shaded periods are country-specific recessions or growth slowdowns, while the two darkly shaded
periods are the global financial crisis and the subsequent European crisis, which were common
to all countries.

The collapse of socialist regimes fundamentally changed the economic performance of the CEE
countries. From the middle of the 1990s, economic growth was boosted by structural reforms,
a positive future economic outlook and supportive external economic developments. Massive
inflows of foreign direct investment generated current account deficits, but the favorable invest-
ment climate and the good timing of the fiscal consolidation eliminated pressures on the country
risk.

The convergence period started from second half of the 1990s in the CEE countries. Albeit
with different timing, all the countries implemented fiscal consolidation, economic liberalization,
labor market reform and a privatization plan i.e., the Polish Balcerowicz plan in 1990, Bokros

package in Hungary from 1995 E], Czech structural reforms after the currency crisis in 1997, and in

! Czech Republic: http://www.imf.org/en/Countries/CZE, Hungary: http://www.imf.org/en/Countries/HUN,
Poland: http://www.imf.org/en/Countries/POL, Slovenia: https://www.imf.org/en/Countries/SVN, Slovakia:
http://www.imf.org/en/Countries/SVK.

https://www.mnb.hu/letoltes/wp1998-5.pdf
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Figure 3.1: Growth in the CEE countries
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The figure shows real GDP growth in the five CEE countries. Shaded regions indicate common recessions
or slowdowns. Source: Eurostat.

Slovakia after the end of the Meciar era[}] All consolidation and reform plans followed the same
pattern, which led to a temporary decline in GDP growth, but later until the financial crisis
all countries experienced robust and quick growth. Due to the successful structural reforms,
compared to the other post-socialist countries, the CEE countries were more resilient to the
Russian crisis that occurred at the end of 1990s: this is because the CEE countries were able to
reorient their foreign trade to the Western European markets.

The ‘Great Moderation’ was a period before the financial crisis with low inflation and low
interest rates in developed economies that also supported the growth of the CEE region until the
financial crisis. Due to the ex-ante positive growth outlook and favorable financial conditions, the
growth of domestic demand was supported by cheap credit expansion, and all the CEE countries
experienced significant current account deficits. [Elekdag and Wu| (2013) document that both
global and domestic factors play a role in emerging market credit booms. Accordingly, we further
aim to separate local and global factors in explaining macroeconomic developments before and

after the crisis in the CEE economies.

3http://www.finance.gov.sk/en/Components/CategoryDocuments/s_LoadDocument.aspx?categoryld=347&documentTd=433
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In 2009, as a consequence of the financial crisis, the CEE countries - with the exception of
Poland - experienced a significant drop in economic growth and were forced to start a strong
deleveraging process. After the crisis, all the countries recorded historically unprecedented trade
surpluses. Deleveraging came with significant economic sacrifice and slowed down the growth of
domestic demand components. Additionally, the Eurozone debt crisis in 2012, that is, the second
wave of the financial crisis, worsened the outlook further. As Hungary was the most indebted
country, Hungarian deleveraging was the most dramatic and long-lasting. In the past decade,
the growth of private investment has remained subdued. Large inflows of EU funds, especially
from 2010, compensated somewhat for external adjustment costs. The precautionary motive
still dominates households’ consumption expenditure. In Hungary, for example, in 2016, real
private consumption was still below its pre-crisis level. Other CEE countries were less heavily
indebted, so they were more resilient and recovered more quickly after the economic slack. The
other partial exception is Slovenia, which experienced a severe banking crisis in 2013-2014.

The convergence stories of the past two decades are a mix of global (common or region-specific)
and local (country-specific) events. To explore the stories and key shocks behind the data, we
need to apply a structural model to decompose the data into different innovations. During
the pre-crisis period, productivity growth and favorable financial conditions led to strong eco-
nomic growth, but the crisis and the post-crisis deleveraging transformed the previous patterns.
Without structural models, however, it is hard to say anything about the core mechanism and

compare the different growth stories.

3.3 The model

We use a modified version of the stochastic, neoclassical growth model described in |Garcia-Cicco,
Pancrazi, and Uribe (2010), or GPU henceforth. Ours is a one-sector, small open economy, where
output is used for household consumption, capital investment, net exports and government con-
sumption. Production requires labor and capital. Final good and factor markets are competitive,
with flexible prices. The engine of growth is exogenous improvements in productivity; we spec-
ify the productivity process later. For simplicity, and given the demographics of the Visegrad
countries, we assume that there is no population growth.

It is well known that aggregate variables are more persistent than the basic neoclassical model
predicts, even at the annual frequency (Christiano, Eichenbaum, and Evans (2005)). In our

case, this is an important issue, since the estimation starts at an arbitrary initial condition,
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determined by data availability (typically 1995). As we discussed in the previous section, the
behavior of consumption and investment are heavily influenced by the exact timing of economic
transition in each country. For this reason, we add a few real rigidities to the basic model which
capture the slow adjustment of the main macro variables. We therefore assume external habits
in consumption and adjustment costs to investment.

An important deviation from GPU is that while they assume GHH preferences (Greenwood,
Hercowitz, and Huffman| (1988))), we opt for a more standard specification (King, Plosser, and
Rebelo (1988); henceforth KPR). The reason for this is that GHH preferences have a counter-
factual prediction for labor hours in catching-up economies. As we show below, our preference
specification does not suffer from this issue, but a drawback is that interest-premium shocks
become expansionary (they are contractionary under GHH preferences). Therefore, we assume
a working capital channel, which was shown to provide useful amplification for financial shocks
(Mendozal (2010))). We work with a gross output production function, and impose financing
requirements on intermediate inputs as well as the wage bill. Overall, we are able to construct
a production structure that leads to plausible predictions both along the medium-run transition

path and along the short-run business cycleﬁ

3.3.1 Households

The representative household solves the following problem:

0,h¢

Eo Y B [1og (Cr = xCy1) —

t=0

D
s.t. Ct + Dt = Wtht + é+1 + Ht - Et,
t

where C; is consumption, h; is hours worked, D, is foreign debt carried into the next period, R;
is the gross interest rate on debt, and Z; is lump-sum taxes that finance government spendingﬁ
Households earn wages (W), and profits (II) from the representative firm that they own. Note
that consumption is subject to external habit formation (C;_1).

There are three structural shocks that affect household decisions. First, we take taxes (govern-

4Another paper that employs the working capital channel to explain stylized labor market facts in emerging
economies is |Altug and Kabacal (2017)).

5We assume that government consumption is purely wasteful. Equivalently, we could include it in the utility
function in an additively separable form.
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ment spending) to be exogenous and random:
logZ; = (1 — pe)log E+ pelog =41 + Vf. (3.1)

Second, the interest rate on foreign bonds is subject to exogenous disturbances. The interest
rate also has an endogenous component, which depends on the external indebtedness of the

economy (Schmitt-Grohé and Uribe| (2003)):
Ry= R+ (Db 1) 4 et 1, (3.2)
where

€rt = Prért—1 + V. (3.3)

Finally, labor supply - or more broadly, the labor market - is influenced by an exogenous term

0, given as:
log 0 = (1 — pp,) log 6 + pplog By_1 + v (3.4)

The first-order conditions of the problem are given as follows:

1
e — 3.5
Ct — xC1 ! ( )
Oihi = AW, (3.6)
Ay = BRIE A1, (3.7)

where A; is the Lagrange multiplier associated with the budget constraint. The final condition

is the budget constraint, which was presented above.

3.3.2 Firms

Factor, intermediate and final good markets are perfectly competitive. We start with the speci-

fication of gross output for the representative firm:

1—
YC = [ren ko (X,h) ] " MP,
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where K; is capital input, and M; is the amount of intermediate inputs. The variable X; repre-
sents the stochastic trend component of productivity, which evolves according to the following
process:

Xy
_ 3.8
Xi1 gt (38)

log gt = (1 — pg) log g + pglog gi—1 + vy. (3.9)

In addition, we include a transitory productivity shock a;, as in |Aguiar and Gopinath (2007))
and |Garcia-Cicco, Pancrazi, and Uribe| (2010). Note that T is a constant which is included so
that we can choose units conveniently (see below).

Firm profits are give as follows:
1—
M, — [Teath (Xtht)l_a} "M~ RM, — RWihy — I,

where I; stands for gross investment, and

Kipi=(1-6) K+

. 2
¢ [etly
1—= — I;. 3.10
o\ 1, g t ( )

Note that we impose a working capital financing requirement on the wage bill and on inter-
mediate inputs, so that the firm has to pre-finance these fully. We also add a shock to gross
investment (€; ;). The purpose of this shock is to capture the non-market driven changes of the
private investment, i.e.: the government subsidy programs such as EU funding; and this shock
also absorbs all other short run cyclical movements that can not be explained by the porftolio
allocation mechanism.

We derive the first-order conditions in two steps. First, we optimize out the use of intermediate

inputs, which leads to

RM, = pnY,t 3.11
t

Plugging this back into the gross output production function, we can express total production

in terms of value added:

©

-

YC = (“) "1y, (3.12)
Ry

where V; = e® K (X;h;)'™®. Combining this expression with (3.11) and substituting it into
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(3.3.2), we can rewrite profits as

I = (1—p) Y, — RWihy — I
_K
1—p
=(1-p <]g> 1Y, — ReWihy — I
t

B
=R;/'Y, — RWih, — I,

where the second equality follows from a convenient normalization, T (1 — p) uﬁ =1
The second step in solving the representative firm’s problem is to find the labor demand and

capital investment. Using the derivation above, we can state the problem in value added form

as follows:

_©
max H() = ]EO Z Btf |:Rtu1€atha (Xtht)l_a - RtWtht - It:|

c. 2
¢ (ILest
11— = — I
9 It—l g ts

where the stochastic discount factor reflects that households are the ultimate owners of firms.

Using ¢ for the usual Tobin’s q multiplier for the capital accumulation constraint, the first-order

conditions are given by the following equations:

1
R/ ™"Wihy=(1—-a)Y; (3.13)
oY Ap1
— BE, |RF ! 14 3.14
o0 = 02 [RET ST 1 (1-8) g | 22 (5.14
=, 2 z. P2
¢ (Iteﬁz,t ) . (Iteez,t ) Iteez,t
l=q|1-2 g efit — _
e\, Y A
P2 P2 2
T €i,t+1 I €i,t+1 A
+ BEg0 [ —g) (S assy (3.15)
It It At
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3.3.3 Equilibrium

Combining the household and firm first-order conditions, along with the aggregate resource

constraint, the evolution of the model economy is given by the following set of equations:

1—a)Y:A
Ochy = (oo Bl az —
R/
1
A=
T 0 —xCiy
Apr
1= E
BRE, A,

e aYi Ap 1
= BE; | R*} 1—-6
g =B t[ f+1 Kina +( )Qt+1:| A,

z. 2 =
¢ <IteEz,t ) . <Itesz,t ) It .
11— _ 6€z,t _ _ eez,t
2\ It g ¢ I 4 g I

g g 2
It+1€€z,t+1 _ It+1651,t+1 At+1
E [
+ BE Qe 410 < I, 9) ( 7, A,

Dy
+ =
R, !

o ( L\

Y; = €atK£X (Xtht)l_a

1=q

Y}ZCt—f‘It‘FDt—

Kipi=01-6) K+

Ri= R+ (Pt 1) e -1

The stochastic processes for the structural shocks were defined above.
The system is not stationary, since productivity has a stochastic trend. We introduce variables
in effective form that are constant in the deterministic steady state: ¢, = Cy/ Xy, i = I/ X,

Yt = Y;/Xt, kt+1 = Kt+1/Xt, dt+1 = Dt+1/Xt, ft = Et/Xt and At = XtAt. USng these new
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variables, the equilibrium system is given as:

1 — )y
O,hs = ( lyt t
Rtlf“
1
N\ —
"7 — (x/9t) e
1 A
1= BRE,—
g1 At
1 T QG 1Yl ] At41
= BE,—— |Ry I | s
“=P "gii1 [ R ( ) g1 At

ng itegi#' _ 2 itegi’t _ gtitegi’f
l=gq 1—5 G—— =g —o\g——9 | =
21 -1 1t—1

) . ) - 2
Tpp1€t N\ (g1t T A
+ BE:qi 419 <9t+1. —-g -
¢t (2 )\t

Y =ct + 0 + & + thy

d d
thy = —t — 2L
gt R
. 2
k jpefirt .
kg = (1—68) = + 1—4)(915? —§>]Zt
gt 2 (I

yr = e <kt>a hi=®
gt !

Ry= R+ (ef/vd 1) 4 ed -1,
where tb; is the normalized trade balance.

3.3.4 Interest-premium shocks and the labor market

Before we move on to the estimation, we present some basic results that motivated our modeling
choices. It is well known that the labor market is central to the behavior of the RBC model. In

our model, the labor market equilibrium condition is written as follows:
Oihy = —1——

Assume for simplicity that there are no habits in consumption, in which case A; = 1/Cy, and

the condition can be written as:

1—
[ — (3.16)

1 .

R/ - (Cy/Yy)
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The advantage of this specification is that it is consistent with the existence of a balanced
growth path (BGP), since the consumption-output ratio Cy/Y; is constant along the BGP. In
our context, however, there is a disadvantage as well. In the absence of a working capital channel,
hours are negatively correlated with the consumption-output ratio. This means that a positive
interest-premium shock, which leads to a decline in C;/Y; and in I;/Y}, results in an increase in
hours worked and output. The fact that labor supply increases to a negative income shock is
not necessarily unreasonable. Nonetheless, the general equilibrium outcome that a tightening of
financing conditions is expansionary in an open economy is implausible. To counter the labor
supply effect, we introduce a working capital channel to create a negative labor demand effect.
The net effect of a risk premium shock on hours worked depends on the relative strength of
the labor demand and labor supply channels. In our specification, the first one dominates, and
an increase in the risk premium is contractionary. It is important to emphasize that having a
working capital channel is not enough for this result. The cost increase has to be significant,
which cannot be achieved with a standard value added production function alone. Using a
gross output concept and imposing a pre-financing condition on intermediate inputs is necessary
to create a strong enough cost channel. This result was also found in [Mendoza| (2010), who
constructs a more elaborate model of financial frictions where default is possible.

Figure illustrates these results. We plot the effect of a 1 percentage point temporary increase
in the risk premium shock. The three lines correspond to (i) the baseline with gross output
and working capital requirement for intermediate inputs and wages, (ii) a scenario where only
wages need to be pre-financed, and (iii) a scenario without a working capital channel. Both
hours worked and output rise on impact, unless intermediate inputs are included in the working
capital requirement. With a value added production function, the working capital channel is
simply not strong enough to counter the increase in labor supply. Notice, however, that the
trade balance is not particularly sensitive to the working capital specification.

An alternative to the working capital channel is to use GHH preferences, as found in [Garcia-
Cicco, Pancrazi, and Uribe| (2010). Under the GHH specification (again, ignoring habits and

assuming a unitary intertemporal elasticity of substitution), period utility is written as

0. X.hv
ut:log<Ct— toj t>,
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Figure 3.2: The effects of a risk premium shock
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The figure shows model simulations without a working capital channel, with working capital financing
imposed only on wages, or with working capital financing both on wages and intermediate inputs (the
baseline).

and the labor market equilibrium condition is

Oihi = (1 = a)ys. (3.17)

In this case, an increase in the risk premium is contractionary, even without a working capital
requirement. The cost of capital goes up, which decreases output and wages, and this leads to
a decline in labor supply, since there is no opposing income effect.

There are a few reasons why we do not use the GHH specification. First, the mechanism is
not particularly convincing, and it is at odds with recent models of financial frictions, which
emphasize labor demand. Second, in a GHH setup, hours are very strongly linked to effective
output. With our calibrated value of w = 1.6, a 10% increase in output is associated with a

6% rise in total hours. Taken seriously, this implies that in converging economies (with effective
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output well below the steady state) hours should increase significantly along the transition path.
This is again a prediction that is counterintuitive and at odds with the data. Finally, when we
estimated the model with a GHH specification, the overall fit and the various diagnostics proved
to be much worse than under the KPR setup with working capitalﬁ The shock decompositions,

by contrast, were fairly similar to the ones we present below.

3.4 Shock estimation

In order to estimate the stochastic shocks, we log-linearize the equilibrium conditions in (77?)
around the deterministic steady state. Observable are the growth rates of GDP, consumption,
investment and hours, and the trade balance-GDP ratio. To the greatest extent possible, we use
raw data. Thus, we only demean the growth rates (except for hours, which are stationary both
in the model and in the data) with the country-specific average growth rates of GDP per capita.
This is the simplest way to remove additional growth that comes from economic transition.
Notably, we do not use observed interest rates in the estimation. This is standard in RBC-type
models, and the main reason is that the real interest rate that is relevant for household and
firm decisions might differ substantially from real interest rates calculated from policy or money
market rates. In fact, one of our goals is to compare our implicit, model-based interest rate to an
observed time series. As we show in Section 3.5, this turns out be a quite illuminating exercise.
The main challenge for the estimation is that we have a short time series, namely, annual
observations between 1996 and 2017. While using quarterly data is possible, the advantage of
higher frequency comes with the cost of additional noise. Since our purpose is to learn about the
growth process and slow-moving shocks, we think the annual frequency is more suitable for our
purposes. To capture quarterly dynamics reasonably well, additional nominal and real rigidities
are needed, which would make the model much more complicated. An important assumption
behind our exercise is that these frictions are less important for annual data, and can be captured
without explicitly modeling monetary policy and exchange rates.

We gain degrees of freedom through two main strategies. First, we estimate the model on a panel
of five Central- and Eastern European (CEE) countries. These economies share a largely common
economic history, and they are all transitioning from central planning to market economies.
They all joined the European Union in 2004, and have been converging to the “old” member

states for most of the sample period. We assume that the structural parameters and the shock

5The results of this exercise are available from the authors upon request.
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autoregressive parameters are common across the five countries, but we allow for country-specific
shock innovations (see the details below). These assumptions are routinely made in reduced form
panel studies that use country-level data. In fact, our specification is more flexible, since we
allow for time-varying “fixed effects” in the form of the country-specific shock innovationsﬂ
Second, in our baseline specification, we calibrate most of the model parameters, and focus on
the shock processes. The static parameters are easy to set using steady state conditions. There
are three dynamic parameters where this is not possible: the debt sensitivity of the interest rate
(1), the investment adjustment cost (¢), and the strength of consumption habit (y). It is well
known that DSGE models suffer from serious identification problems (Canova and Sala (2009)).
When we tried to estimate all three parameters, the MH chains were not converging, so we have
little trust in the results. Experimentation reveals that, at most, one dynamic parameter can
be estimated reliably. Given our interest in risk premium shocks, we chose to estimate the debt
elasticity parameter, and set the other two to standard values from the literature. Results for
other specifications are available upon request: the main conclusions remain robust.

Turning to the shock processes, we assume that trend productivity shock and interest-premium

shock innovations contain both common and country-specific components:

log g/ = pglog gl | +ves + vy, (3.18)

fi,t = prlog fi,t—l U+ Vz,w (3.19)

where j indexes countries. The innovations v, and v, represent the external growth and financial
environments, which are likely to be important determinants of growth in the CEE countries.
All other shocks are assumed only to have local innovationsﬁ As discussed above, we impose
the same autoregressive parameter for the five countries for each shock. This is partly because
these economies have a similar structure, and also because when estimating country-specific
AR(1) terms, we cannot reject the hypothesis that they are the same across economies. This
might be the consequence of the short time series, which is an external constraint we cannot do

much about. Even with the common AR term, we believe that our specification gives us enough

"We also tried adding the Baltic countries to our sample, but the results were much more noisy. We suspect
this is because the three Baltic economies have much less in common with our CEE countries. They are all much
smaller, they were part of the Soviet Union, and they have much stronger economic links with Scandinavia than
the CEE countries, whose main economic partner is Germany.

8Note that in the log-linear representation of the model, we rescale the investment shock to €; =
—$3* (1 — Bp) &.+. This also implies that a positive innovation to €; ; is associated with a decrease in the cost of
investment, that is, the shock is expansionary.
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flexibility to uncover common and country-specific drivers of the main macro series in question.
Returning to the structural parameters, we follow standard practice and use equations in the de-
terministic steady state to calibrate as many parameters as possible. The steady state conditions

are given as follows:
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We set the discount factor to § = 0.98, and the long-run growth rate to g = 1.0159, where
the latter is the average per capita value for the EU 15 countries in the sample period. The
long-run average interest rate is given as the ratio of the two values. We set the steady state
investment-GDP ratio to the sample average for each country using the chain-linked volumes
for investment and GDPH Assuming a depreciation rate of 6 = 0.05, we can then compute the
adjusted capital-output ratio k/ (gy). This yields the capital share parameter a, which we allow
to be country specific, and long-run GDP per hours.

The other expenditure items are set as follows. We impose a uniform government spending share
of 2/Y = 0.1, which is in line with the data for the CEE countries. Since the long-run debt
level is exogenous in the model, and average data from a short sample can be very misleading
for these values, we simply set d/y = 0 for all three countries. This means that the long-run
trade balance is also zero. Plugging the investment share, the trade balance and the share of

government spending into the GDP identity then yields the steady state consumption-output

9An alternative is to use the nominal ratio, which is better from a statistical point of view. In the CEE
countries, however, the relative price of investment declined significantly over the sample period. This means
that investment expenditure in nominal terms does not adequately reflect the time series of the physical units of
capital being created.
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ratio.
Recall that we use a gross output production function. Thus, we also need to calibrate the share
of intermediate inputs (u). We use data from Eurostat on gross output and value added. Our

measure of intermediate share is simply given by
T
1 Yy
p=1- T Z F’
t=1

where Y and Y are observations of value added and gross output for the total economy at
current prices.

We normalize the average level of hours to h = 0.3, which is a standard value in the literature.
This is without loss of generality, and the only role of this normalization is to pin down the
parameter 0, as can be seen from the last steady state condition. We need a value for the
inverse of the Frisch elasticity of labor supply, where we follow |Garcia-Cicco, Pancrazi, and
Uribe| (2010) and use w = 1.6. This leads to an elasticity of 1/0.6, which is in line with the
parameterization of RBC models that rely on an elastic labor supply to deliver volatilities for

GDP and its components in line with the data.

Table 3.1: Calibrated parameters

Parameter name Value

Common
Discount factor I3 0.98
Depreciation rate 1) 0.05
Consumption habit X 0.5
Investment cost ¢ 2
Frisch elasticity w 1.6
Steady state debt/GDP  d, 0

Country specific

CZ HU PL ST SK

Capital share a 0394 0313 0.279 0.327 0.365
Share of intermediates u0.603 0.575 0.553 0.544 0.606
Value of leisure f 12.14 12.67 12.90 12.71 12.29

For the two dynamic parameters discussed above, we set x = 0.5, which is equivalent to a
quarterly value of 0.84. This is at the high end of DSGE estimates, but, given our annual
frequency, significantly lower values would mean habits are unimportant. For the investment

adjustment cost parameter, we use ¢ = 2. This is in line with Smets and Wouters| (2002]), whose
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mean estimate for the Euro Area is around 7 in a quarterly setting.
Table summarizes the calibrated parameters. Most of them are common across countries,
except for the capital share, the share of intermediates, and the value of leisure. We now turn

to the estimation of the shock processes.

3.4.1 Estimation results

The model is estimated using Bayesian techniques ( |An and Schorfheide] (2007)). We impose
flat (uniform) priors on all shock persistences on the [0,0.99] interval, and assume that these
parameters are the same across the five countries. We allow, however, for country-specific
innovations as described in the previous section. We use flat priors for all the standard deviations
of the - global or local - innovations, with a range of [0, 0.2].

Data includes chain-linked annual growth rates for GDP, gross fixed capital formation and actual
individual consumption for the CEE countries, downloaded from Eurostat. The trade balance is
measured by the ratio of net exports to GDP at current prices (source: Eurostat). We use the
growth rate of total hours to measure labor input, also downloaded from Eurostat. The sample
period is 1996-2017 for all countries.

Table contains the prior distributions and the estimation results. The shock processes are
fairly precisely estimated. Except for the trend shock, the shocks are quite persistent, but clearly
identified within the bounds. It is noteworthy to emphasize that although our sample period is
short and we use flat priors, the data is informative about the parameter values.

Notice that the data has a hard time disentangling the two technology shock components, namely,
the transitory shock a; and the trend shock g¢;. The former is extremely persistent, while the
latter is not. This suggests that productivity growth in the CEE countries might be a random
walk. Indeed, when we omit the transitory technology shock from the estimation entirely, the
main results are almost identical. To preserve comparability with |Aguiar and Gopinath| (2007)
and |Garcia-Cicco, Pancrazi, and Uribe| (2010), we present results with the technology shock

included.

Table 3.2: Bayesian estimation priors and results

Prior mean Post. mean 90% conf. int. Prior
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Pa
Pg
Pr
Pe
Pi
Ph

0.05
0.495
0.495
0.495
0.495
0.495
0.495

0.1
0.1

0.1
0.1
0.1
0.1
0.1
0.1

0.1
0.1
0.1
0.1
0.1
0.1

0.1
0.1
0.1
0.1
0.1
0.1

0.1
0.1
0.1
0.1
0.1
0.1

0.1

0.0121
0.856
0.0945
0.5555
0.8131
0.6203
0.9624

0.0281
0.0082

0.0152
0.0253
0.0084
0.1421
0.0845
0.0166

0.0063
0.0195
0.021
0.1653
0.1224
0.036

0.0049
0.0222
0.0096
0.1196
0.0996
0.0386

0.0132
0.0144
0.0168
0.165
0.1079
0.0257

0.0151

AR(1) parameters

0.0041
0.7998
0.0045
0.4711
0.7173
0.4326
0.9292

0.0192
0.911
0.1584
0.6254
0.9092
0.8179
0.99

Standard deviations

Global
0.0189
0.0027

Czech Republic
0.0086
0.0148
0.0039
0.1048
0.0585
0.0077

Hungary
0
0.0097
0.013
0.1406
0.0878
0.0247

Poland
0
0.013
0.0042
0.0869
0.0699
0.0232

Slovenia
0.0046
0.0012
0.0109

0.138
0.0763
0.0109

Slovakia
0.0092
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0.0372
0.0131

0.0235
0.0364
0.0131
0.1781
0.112
0.0265

0.0116
0.029
0.0281
0.1974
0.1588
0.0467

0.0099
0.0315
0.0151
0.1526
0.1296
0.055

0.0224
0.025
0.0225
0.1979
0.1402
0.0423

0.0219

Uniform
Uniform
Uniform
Uniform
Uniform
Uniform
Uniform

Uniform
Uniform

Uniform
Uniform
Uniform
Uniform
Uniform
Uniform

Uniform
Uniform
Uniform
Uniform
Uniform
Uniform

Uniform
Uniform
Uniform
Uniform
Uniform
Uniform

Uniform
Uniform
Uniform
Uniform
Uniform
Uniform

Uniform

0-0.1
0-0.99
0-0.99
0—-0.99
0—-0.99
0—-0.99
0—-0.99

0—-0.2
0—-0.2
0—-0.2
0-0.2
0-0.2
0—-0.2

0-0.2
0—-0.2
0—-0.2
0-0.2
0-0.2
0—-0.2

0—-0.2
0—-0.2
0—-0.2
0-0.2
0-0.2
0-0.2

0—-0.2
0-0.2
0—-0.2
0-0.2
0—-0.2
0-0.2
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1/;]" 0.1 0.0198 0.0073 0.0318 Uniform 0—0.2
vk 0.1 0.0181 0.0117 0.0238 Uniform 0—0.2
l/gk 0.1 0.163 0.1378 0.1973 Uniform 0-—0.2
l/fk 0.1 0.1526 0.1165 0.1905 Uniform 0-—0.2
l/flk 0.1 0.0263 0.0156 0.0372 Uniform 0—0.2

3.4.2 Variance decomposition

Our main exercise is to decompose the growth rates of GDP, the demand side components and
the trade-balance to GDP ratio into contributions of various shock innovations. We have 7 items:
global trend (1), local trend (), global premium (v,), local premium (1), technology level
(V3), government (ng,), investment (VZ] ) and labor (V}]l) shocks. The variance decomposition
shows the relative importance of the estimated structural shocks. Table presents the results
of the exercise where we simulate the model using the estimated shock persistences and standard
deviations.

Global and local growth shocks explain 38-68% of the volatility of GDP growth, while transitory
technology shocks are also important(with the exceptions of Hungary and Poland). Moreover,
we estimate the transitory shock to be very persistent, which makes it difficult to disentangle
from “true” growth shocks. Therefore, the distinct role of productivity shocks is consistent with
the idea that, during the pre-crisis period, growth expectations played a major role in the CEE
economies. Changes in the external growth environment and in income expectations seem to
have been the main drivers of aggregate GDP growth. Labor supply shocks were also important,
especially in Hungary and Poland. Poland implemented its labor market reform in the middle
of the 2000s. After the financial crisis, Hungarian interventions made the labor market more
flexible, increased the labor supply and thus had a positive effect on Hungarian GDP growth.
Consumption and investment are also functions of productivity growth, but the picture is het-
erogeneous and other factors like premium shocks and investment shocks have a large impact.
Premium shocks influence the composition of aggregate demand, and they are also partly behind
the volatility of the trade-balance. The Hungarian economy was fueled by cheap credit before
the crisis, and it had to go through a significant balance sheet adjustment post-crisis. The local
premium shock is also important for Slovenian and Slovakian domestic demand, especially for
consumption growth.

In the past decade, investment might also have been strongly affected by the inflow of EU
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Vg Uy Vg Vy vy Ve % v,
GDP growth
CZ 266 087 4186 2145 0.9 1.06 2.63 4.63
HU 3395 0.67 833 1631 4.42 187 4.68 29.77
PL 34.01 042 475 21.19 0.58 1 2.56  35.5
SI  33.17 0.36 35.85 872 1.53 1.81 4.02 14.55
SK 2516 09 37.57 1247 437 133 6.93 11.28
Consumption growth
CZ 31.1 15.72 6.16 25.08 16.38 1.76 1.04 2.76
HU 19.64 798 057 944 524 1.06 0.69 8.23
PL 3283 1219 0.53 2046 16.7 0.8 0.55 15.94
SI 259 10.73 34 6.81 4528 1.48 0.84 554
SK 2082 9.75 3.81 10.32 47.55 1.36 1.75 4.63
Investment growth
CZ 1539 5.02 382 1241 523 04 54 0.74
HU 9.2 2.4 037 442 15.73 0.21 65.2 2.47
PL 1426 324 0.31 8.89 444 0.13 64.09 4.63
SI 1192 279 193 3.14 11.78 0.24 66.67 1.53
SK 6.46 2.06 1.6 3.2 10.06 0.2 7558 0.85
Trade Balance to GDP

CZ 6.06 974 11.27 488 10.15 6 51.04 0.87
HU 321 515 145 154 33.85 4.97 46.67 3.15
PL 589 994 188 3.67 13.62 5.2 51.73 8.07
SI 4.11 6.45 7.14 1.08 272 5.79 46.43 1.8

SK 245 3.94 5.13 1.22  19.19 341 63.65 1.02

The table shows the shock variance decomposition of the four key variables based on model simulations.
The simulations use the baseline calibration, together with the posterior means of shock persistences

and standard errors.
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transfers. It is intriguing interesting that investment specific shocks not only drive investment
growth itself, but also the volatility of the trade balance. While the model does not have an
explicit role for external funds, the investment-specific shocks can capture at least some of these
extra developments. We provide some suggestive evidence in the next section that this is indeed
the case.

Overall, our results indicate that both trend-productivity shocks and interest-premium shocks
are important to understand the growth experience of the CEE countries. As in |[Aguiar and
Gopinath! (2007)), but in contrast to |Garcia-Cicco, Pancrazi, and Uribe| (2010), we find that the
volatility of GDP growth is mainly driven by shocks to the trend component of productivity.
Nonetheless, interest-premium shocks are important for understanding the evolution of the main
GDP components, and consumption growth in particular. In addition, labor market shocks and
especially investment specific shocks have played a significant role. Restricting attention to
productivity and interest-premium shocks might thus be too restrictive, at least in the context

of the CEE economies.

3.4.3 Wage rigidity

We experimented with many variations on the baseline estimation strategy, and our main con-
clusions remain robust. We discussed above that estimating two additional parameters - the
investment adjustment cost (¢) and the habit parameter (x) - turned out to be fruitless, since
the model diagnostics showed a failure for the Metropolis-Hastings algorithm. We also exper-
imented with quarterly data, but the results were very noisy, probably reflecting the fact that
our simple model lacks many rigidities that are necessary to fit high-frequency data. Since our
goal in this paper is to interpret longer-term trends, we opted to keep the simple model structure
and use annual data.

It is unclear whether nominal rigidities are relevant at the annual frequency. If the answer is
yes, wage rigidity is the most likely candidate (Blanchard and Gali (2010); |Olivei and Tenreyro
(2010)). Fortunately, it is easy to modify our simple framework to accommodate real wage rigid-
ity. We sketch the modification below, and also report on the empirical results. To summarize,
the relevance of wage rigidity is strongly rejected by the data.

As in the much of the literature (Erceg, Henderson, and Levin| (2000)), we assume that house-

holds supply differentiated labor to the representative firm, which uses a CES aggregate as labor
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where we assume that wage setting is subject to quadratic adjustment costs. The first-order

condition is given by:
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Wage rigidity can amplify the impact of shocks on employment and output, which may have
been important during the adjustment period following the financial crisis. Ultimately, it is an
empirical question whether the data support this mechanism. We therefore re-estimated the
model where the earlier labor supply condition is replaced by this real wage Phillips curve; the
other equations remain unaffected.

Empirical evidence for many countries (Babecky, Caju, Kosma, Lawless, Messina, and Room
(2010)) suggest that firms adjust their wages annually. This is equivalent to a quarterly Calvo
parameter of about 0.75. At the annual frequency, this translates to a Calvo parameter of about
0.3. We are using quadratic adjustment costs, so we link the parameter ¢ to the equivalent
Calvo coefficient in the estimation using the formal correspondence between our wage Phillips
curve and the identical equation in [Erceg, Henderson, and Levin| (2000). We impose a uniform

prior on the Calvo equivalent, with support between [0 — 0.99].
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The posterior mean is 0.0015, with a tight posterior confidence interval of 0.0000 — 0.0034.
The hypothesis that real wage rigidity is an important channel at the growth frequency is very
strongly rejected by the data. The other parameter estimates are very similar to the baseline case.
We therefore conclude that while potentially important for some countries and episodes, wage
rigidity does not seem to be relevant for the general growth experience of the CEE economies

in our sample period.

3.5 External model validation

After presenting the main results, we discuss additional findings that - while interesting in
their own right - provide strong external validation for the estimation exercise. We compare the
estimated global components of the trend shock and the interest-premium shock to an observable
(EU) time series. We also study the investment specific shock innovations and relate them to
EU funding after the 2004 period. As a final robustness check, we observe the long-term interest

rate differentials and re-estimate the model.

3.5.1 Trend growth and investment

First, we take a closer look at the estimated trend productivity shock. In particular, we want to
examine the global component that the estimation uncovered, v4;. Figure @ plots the global
trend innovation against the growth rate of the EU 15 countriesm The rationale for this is that
the CEE countries overwhelmingly trade with other EU countries, and the EU 15 represents the
“core” economy of the group. Thus, we expect that external common growth shocks are highly
correlated with the growth rate of the EU 15 countries. This is indeed what we find, as Figure
3.3 shows. The global innovation v,; tracks EU 15 growth very closely, especially since 2004,
when the CEE countries joined the European Union. While only suggestive, this result gives us
confidence that the estimation procedure “makes sense”.

To further investigate the role of the European Union in the growth process of the CEE countries,
we now turn to investment. As we saw above, investment-specific shocks are significant deter-
minants of the volatilities of investment and the trade balance. For the latter, this is especially
true after 2004, when the CEE countries joined the European Union. A possible explanation

for this is the presence of EU structural funds, which have become a significant source of invest-

0These are the “old” EU member states before the expansion of 2004: Austria, Belgium, Denmark, Finland,
France, Germany, Greece, Ireland, Italy, Luxembourg, Netherlands, Portugal, Spain, Sweden, United Kingdom.
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Figure 3.3: Global growth shock component and EU growth
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The figure shows the estimated common (“global”) innovations to trend productivity growth vy,
together with the real GDP growth rate of the EU 15 countries.

ment spending in the five countries. Overall, net EU payments are on the scale of 2-5% of gross
national income, especially since 2010.

A detailed study of the role of EU funds is beyond the scope of this paper. For a proper
understanding, we would need to build a model with external transfers and a government sector
with its separate investment activity. Instead, we provide some preliminary evidence that EU
funds are likely to be an important explanation for the idiosyncratic behavior of investment
captured by its specific shock. Figure plots the estimated investment shock (e;, left scale)
against European Union funds received annually (as a share of GNI, right scale). Data is available
from the European Union since 2004, when the CEE countries became members ][]

Once we adjust for the differences in measurement units, the two time series are remarkably
similar in our countries. This is particularly the case in Hungary, Poland and Slovakia, but the

trends and the main turning points line up quite well in the other two economies, especially after

"http://ec.europa.cu/budget /figures /interactive/index_en.cfm

108



CEU eTD Collection

10.14754/CEU.2019.09

Figure 3.4: EU funding and investment specific shocks
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The figure shows the estimated investment specific shock (ez ;) for each country (left scale), together

)

with net EU funds received as a share of GNI (right scale).

2009, when the bulk of EU funding started to arrive. While these charts are only suggestive,
it is reassuring that the estimation recovers a stochastic shock that can be given a convincing

empirical interpretation.

3.5.2 Implicit nterest rate and interest premium

In our estimation, we do not use observed interest rates; rather, we back them out from the
evolution of GDP components. It is interesting to see whether these implicit interest rates
“make sense”, that is, whether their paths are in line with our prior expectations. We would like
to find the following patterns: high values in the 1990s, a gradual decline before the financial
crisis (especially in the 2004-2008) period, and increased heterogeneity after the crisis. For the
latter period, we expect interest rate increases for more heavily indebted countries (Hungary),
and decreases for less-indebted countries (the Czech Republic, and to a lesser extent Poland and

Slovakia). It is important to note that our implicit interest rates condense price and non-price
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information that are relevant for intertemporal consumption and investment decisions, and thus
can be quite different from the policy rate. This is especially important after the financial crisis,
when quantitative restrictions on credit became much more prevalent, and low headline interest

rates may mask high effective borrowing rates by households and small enterprises.

Figure 3.5: Estimated implicit interest rates
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The figure shows the estimated implicit real interest rates for each country.

Figure [3.5] presents the results. The implicit interest rate have been most stable in the Czech
Republic, the richest and most stable economy in the group. Slovenia, the other economic
leader until recently, had a deep banking crisis in 2013, which is reflected in the sharp rise in the
implicit interest rate. The two countries that joined the Eurozone by the time of the financial
crisis (Slovenia and Slovakia) experienced the lowest implicit rates in 2009-2010. Poland, which
was the only country to escape recession after 2009, shows the lowest increase in the interest
rate after 2009. The experience of Hungary is the most dramatic. In the pre-crisis period,
Hungary enjoyed a positive investment climate and became the most heavily indebted economys;
subsequently, it was most exposed to financial market tightening and balance sheet adjustment.

This is reflected reflected in the very low estimated rates until 2007, and the steep rise that
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started just before the crisis, and continued afterwards. By 2010, Hungarian implicit rates have
become the highest in the group, and remained high until 2017.

Recall that similarly to the stochastic productivity trend, we estimated the interest rate innova-
tions with a global and local component. We expect the global component to pick up changes
in external financial conditions that effected all CEE countries similarly. As before, we use the
EU 15 countries as a benchmark to see if the global interest rate component is related to the
evolution of a real interest rate observed in the relevant external financial market. For this
purpose, we use the short-run real interest rate for the EU 15 countries, downloaded from the
AMECO databasdﬂ This is a GDP weighted average of the 15 countries, and uses the GDP
deflator as its measure of inflation.

To construct a “global” implicit interest rate relevant for the Visegrad countries, we use the
following procedure. Let 7J indicate the implicit interest rate that only includes the global

innovation. We define this interest rate as follows:
= prpl_ + Vit (3.20)

where p, is the (common) estimated persistence of the interest premium shock, and v, is the
estimated global component of the shock innovation. Our sample starts in 1996, and we simply
assume that r{o; = 7[1]

Figure [3.6] presents the estimated implicit global interest rate and the real interest rate in the
EU 15 countries. Two key patterns stand out. First, before the financial crisis (2008), the global
component tracks the actual EU 15 real interest rate until about 2001. The common component
remains stable until 2008, despite the fact that the EU 15 real rate declines, and then rises.
Second, the two series diverge dramatically from 2008. It is beyond the scope of this paper
to examine the reasons, but we offer two (probably complementary) possible explanations. On
the one hand, the implicit interest rate influencing investment and savings might have diverged
from the money market rate during and after the crisis. This can happen for various reasons,
such as an increase in the risk premium associated with household and corporate lending, or an
increase in credit rationing and other non-price restrictions. On the other hand, the “global”

rate relevant for the CEE countries might have gone up relative to the EU 15 countries, due to

2http://ec.europa.eu/economy_finance/ameco/user /serie/SelectSerie.cfm

BWe could have followed a similar procedure when comparing the global trend component to growth in the
EU 15. Since the estimated trend shock is close to a random walk, this does not matter for the trend shock. The
interest-premium shock is persistent, however, so it is important to take into account autoregressive behavior.
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Figure 3.6: Global interest rate and the observed EU 15 real interest rate
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The figure shows the observed average real interest rate for the EU 15 countries (source:AMECO),
together with the estimated common (“global”) interest rate for the Visegrad countries.

the general increase in risk aversion and the flight to safety by investors away from emerging

markets.

3.5.3 Observing the interest rate differentials

In our model, as a robustness check, we also tried to observe the long-term real interest rate.
However, this rate is not necessarily consistent with the logic of the neoclassical model. In these
models, the real interest rate expresses those effective equilibrium yields that are driven by the
external financing premium and marginal product of capital. Thus, this unobserved rate contains
price and non-price related components as well, that is, the non-price related components are

the unobserved credit constraint and all conditions that directly influence the financial interme-
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diaries. We collected the long-term real interest ratﬂ from the AMECO database from 2002,
calculated the difference between the country-level rate and Eurozone long-term real interest
rate, and compared the long-term real interest rate differentials (see Figure . In the previous
estimation, we calculated the level of the real interest rate by adding together the steady-state
level and dynamic components; in this estimation, the observed variable is the deviation from
the Eurozone interest rate.

The relative positions of the interest rate differentials are similar to the estimated implicit
interest rate: before the crisis the monetary conditions were relatively easy, and, after the crisis,
the strong deleveraging increased the financing costs. However, there are differences in the
dynamics, and the volatility of the observed interest rate differential is smaller than the implied

rates from the previous estimation.

Figure 3.7: Observed interest rate differentials
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The figure shows the long-term interest rate differentials between the Eurozone and selected member
states.

1410Y interest rate minus inflation expectation.
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Table 3.4: Bayesian estimation priors and results

Prior mean Post. mean 90% conf. int. Prior
AR(1) parameters
P 0.05 0.0098 0.0039 0.0148 Uniform 0-—0.1
Da 0.495 0.8148 0.7588 0.8855 Uniform 0—0.99
Pg 0.495 0.2437 0.1659 0.3633 Uniform 0 — 0.99
Pr 0.495 0.2431 0.1562 0.3410 Uniform 0-—0.99
pe 0.495 0.9262 0.8618 0.99  Uniform 0—0.99
Di 0.495 0.2666 0.1295 0.4018 Uniform 0 — 0.99
Ph 0.495 0.9881 0.9855 0.99  Uniform 0—0.99
Standard deviations
Global
Vg 0.1 0.0334 0.0229 0.0483 Uniform 0-—0.2
vy 0.1 0.0075 0.0032 0.0120 Uniform 0-0.2
Czech Republic
vs? 0.1 0.0174 0.0121 0.0229 Uniform 0-—0.2
V;Z 0.1 0.0125 0.0003 0.0215 Uniform 0-—0.2
veF 0.1 0.0097 0.0056 0.0143 Uniform 0-0.2
73 0.1 0.1198 0.0927 0.1434 Uniform 0-—0.2
vi® 0.1 0.1018 0.0798 0.1214 Uniform 0-—0.2
vpZ 0.1 0.0429 0.0334 0.0537 Uniform 0-—0.2
Hungary
Vg’“ 0.1 0.0199 0.0129 0.0274 Uniform 0-0.2
phu 0.1 0.0270 0.0178 0.0370 Uniform 0-—0.2
VZLU 0.1 0.0139 0.0099 0.0179 Uniform 0-—0.2
V%“ 0.1 0.1715 0.1460 0.1999 Uniform 0-—0.2
vt 0.1 0.1707 0.1433 0.2000 Uniform 0—0.2
U;L‘“ 0.1 0.0901 0.0603 0.1187 Uniform 0-—0.2
Poland
Vgl 0.1 0.0116 0.0074 0.0157 Uniform 0-—0.2
ugl 0.1 0.0233 0.0117 0.0337 Uniform 0-—0.2
V?l 0.1 0.0161 0.0107 0.0213 Uniform 0-—0.2
Vgl 0.1 0.1538 0.1246 0.1956 Uniform 0-—0.2
Vfl 0.1 0.1680 0.1424 0.2000 Uniform 0-—0.2
Vﬁl 0.1 0.0445 0.0328 0.0553 Uniform 0—0.2
Slovenia
I/gi 0.1 0.0221 0.0157 0.0297 Uniform 0-—0.2
Vgi 0.1 0.0268 0.0188 0.0359 Uniform 0-—0.2
v 0.1 0.0104 0.0068 0.0138 Uniform 0—0.2
z/gi 0.1 0.1778 0.1605 0.2000 Uniform 0-0.2
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v 0.1 0.1565 0.1175 0.1917 Uniform 0 — 0.2
v 0.1 0.0463 0.0328 0.0584 Uniform 0 —0.2
Slovakia
vk 0.1 0.0590 0.0201 0.0951 Uniform 0 — 0.2
vk 0.1 0.1249 0.0853 0.1535 Uniform 0 — 0.2
ek 0.1 0.0156 0.0112 0.0204 Uniform 0 — 0.2
vk 0.1 0.1618 0.1240 0.1927 Uniform 0 — 0.2
sk 0.1 0.1581 0.1248 0.1856 Uniform 0 — 0.2
ik 0.1 0.0650 0.0498 0.0806 Uniform 0 — 0.2

Table [3.4] shows the results of the estimation. Most of the estimated parameters and standard
deviations are very close to the benchmark estimation. From the variance decomposition (see
Table , the role of global and local trend shocks remain important factors for the GDP and
demand growth. The country-level investment-specific shocks still explain most of the country-
level investment growth. Once the real interest rate is observed, the role of the risk premium
(local and global as well) is more limited, and, instead of the risk premium shock, the transitory
technology shock is another contributor to the domestic demand decomposition. Table [3.6]
compares the variance decomposition of the unobserved from the benchmark and observed real
interest rate from the alternative estimations. In both estimations, global and local premium
shocks are the key determinants of the interest rate volatility. However, if we observe the
real interest rate, the overall volatility of the rates and the contribution of the estimated risk
premium shocks is lower. Hence, in the alternative estimation, the less volatile risk premium
shocks are insufficient to explain the distribution of the domestic demands. In this sense, adding
the real interest rate to the estimation puts more weight on the the trend is the financial frictions
augmented cycle and the technology-driven interpretation of the economic fluctuations of the

emerging economies.
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Table 3.5: Results with observed interest rate: Variance decomposition

GDP growth
CZ 2547 337 433 355 561 1.17 0.66 16.85
HU 13.26 1.67 27.11 8.67 5.68 127 0.63 41.72
PL 2707 3 1848 13.17 13.73 2.1 1.01  21.45
SI 1854 1.61 46.99 1197 3.09 1.89 0.82 15.1
SK 2.75 0.41 51.92 3849 1.76 0.23 0.15 4.3

Consumption growth
CZ 50.82 494 48 7.09 822 243 0.15 21.55
HU 25.07 198 2.61 164 6.73 1.63 0.1 4549
PL 4149 3 1.39  20.19 13.74 1.84 0.12 18.22
SI 3886 3.12 5.15 25.08 598 293 0.16 18.71
SK 5.7 051 577 7986 222 043 0.03 548

Investment growth
CZ 32.68 0.78 5 456 1.29 0.15 50.68 4.87
HU 15.61 0.3 273 1021 1.01 0.06 5815 11.92
PL 19.27 0.32 1.06 937 149 0.04 64.69 3.77
SI 191 034 38 1233 0.64 0.07 60.01 3.71
SK 48 0.11 839 673 048 0.03 17.14 1.75

Trade Balance to GDP
CZ 2544 0.69 2757 3.55 1.14 4.34 29.27 8
HU 1209 0.34 2342 791 1.16 4.78 30.056 20.25
PL 1864 0.52 14.68 9.07 239 6.44 39.89 8.37
SI  14.8 0.35 3157 956 0.66 5.94 31.05 6.07
SK 3.04 0.09 42.63 42.67 0.39 099 7.81 2.38

The table shows the shock variance decomposition of the four key variables based on model simulations.
The simulations use the baseline calibration, together with the posterior means of shock persistences
and standard errors.
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Table 3.6: Variance decomposition: Real interest rate in two specifications

. ) ;
Vg Uy Vg vy Vi Ve v; vy

Unobserved real interest rate
CZ 1.14 46.47 0.73 0.92 4843 0.3 181 0.2
HU 0.23 13 0.05 0.11 85.39 0.12 0.74 0.35
PL 062 40.51 01 038 5549 0.2 126 1.44
SI 038 18.75 0.29 0.1 79.11 0.17 0.94 0.25
SK 0.36 16.51 0.28 0.18 80.51 0.14 1.83 0.19

Observed real interest rate
CZ 268 3525 0.87 037 5869 038 042 1.34
HU 1.22 20.95 0.88 0.8 71.34 0.45 047 3.9
PL 087 174 028 042 7959 0.3 0.31 0.83
SI 204 31.57 1.62 1.32 60.48 0.77 0.66 1.55
SK 1.01 14.76 4.53 14.18 63.54 0.28 0.36 1.33

The table shows the shock variance decomposition of the four key variables based on model simulations.
The simulations use the baseline calibration, together with the posterior means of shock persistences
and standard errors.

3.6 Conclusion

In this paper, we used a version of the neoclassical growth model to understand the stochastic
growth process of the post-socialist Central-Eastern-European economies. We estimated a ver-
sion of the model with simple financial frictions and a working capital channel. We found that
trend and persistent productivity shocks are the most important components behind fluctuations
in GDP growth. Interest-premium shocks are crucial to understand consumption growth, and
to a lesser extent other GDP components. Labor- and investment-specific shocks are important
as well.

We allowed for a common component for the trend and interest-premium shocks. We showed
that these can be related to observed EU 15 time series. We also found some preliminary
evidence that EU funds played a major role in investment dynamics after 2004. Studying the
role of EU funding in more detail is an important future research direction.

Many other questions remain, including the role of government spending and investment, the
possibility of a structural break associated with the global financial crisis, and the role of ex-
pectations about future growth prospects. Our results nevertheless show that the stochastic
neoclassical growth model, augmented with a few key frictions, is a useful tool to examine the

growth process of emerging economies, and the CEE countries in particular.
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Summary and conclusion

This thesis consists of a series of papers, two of which investigate the role of demographic aging
in macroeconomic behavior in Gertler-type overlapping generation models, the third estimating
the shocks of the convergence process of five post-socialist Central-Eastern European economies.
Chapter 1 demonstrates that population aging does not necessarily co-exist with a decreasing
interest rate, especially if the economic agent has bounded rational expectations. In accordance
with the theoretical findings, the empirical results suggest that the interest rate decreases only in
those countries where the agent expectation is close to the rational expectations, that is, agents
have a long planning horizon, a relatively high level of patience, or are relatively financially
literate.

Chapter 2 compares the cyclical properties of aging and young societies. Demographic aging
redistributes and changes the wealth position of households. Aging impacts the monetary trans-
mission mechanism in two ways: (1) the central bank becomes less efficient in influencing the
output gap, and (2) the shrinking labor force increases the volatility of production costs and
nominal variables. These changes affect the optimal monetary policies. Thus, if the central
bank follows a simple optimal rule, it should react more strongly to nominal variables in an
aging society than it does in a young one.

In the final chapter, we find that the real economic convergence of Central-Eastern European
countries was driven by global and local productivity shocks. Nonetheless, financial shocks could
be important for the composition of domestic demand. Post-financial crisis, investment-specific
shocks (due to the inflow of European funds) and labor market shocks (after some labor market

reforms) have become important factors in economic growth.
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Appendix A

Technical Appendix of the OLG

model

In this technical appendix, first, we focus on solving the optimizing problems of the young and
old generations; thus, we describe the pay-as-you-go pension system and the price and wage
setting equations of the firms. At the end, we provide the normalized - detrended by population
growth - equations and the steady state calculation of the model. Regarding any other technical

detail, further information is available from the authors upon request.

A.1 Demography and overlapping generations

A.1.1 Demography

Total population (V) is equal to the sum of the number of old (retired) (N) and young (worker)

people (N} ):

Ny = NP +NY
N = (1—w )N +mNY,

o) o) o) Y Y
Ny = (1—wl)Ny +wi Ny

s¢ denotes the ratio of the number of old and young people, while sf denotes the share of young
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people in the whole population:

NP —w? N2 W NY, (1—wf )NtCZl N, y N
TN T NY BRRCEs V al V
_ (1*%0—1) Sp_1 + Wty—l
(1—wly+n) (1—wl | +m)

NY NY 1 1

N _NtY—FNtO_l_‘_%ti_l-f-St
t

Then, we can express the growth rate of each cohort:

NY (1 —w? ) )NY | + N7,

14+ ¢V = = —1-wl,+n
TG Ny o
14+ gN0 = NP _ (1—wP )N, +wf N, (1wt wy
' N2, N2, ! St—1

Finally, population (and the BGP) growth follows as:

l+g = 14+4¢N= NY+Ng WL T _1+gt N
gt 9t NY, +Nto_1 NY | N N2, 14851
Ny NG
NY | NP NP
_ 1+ g, +Nt{1NtY:1+giv’y+3t(1+9iv’y):(1+gN7Y)ﬂ
1+si1 1+ 811 b s

A.1.2 Retired generation
First order conditions of a retired agent

‘Retired’ agent i of retired cohort a is one individual who retired a years ago. Each agent

maximises the following Bellman equation:
VOB (i) = max { 100! + BB - w0 )V O(B2(0) |
subject to this budget constraint:
Cao,t(i) + (1 - wtO)BaO,t(i) =1+ Tt—l)Bg)fl,tfl(i) + TR};’tO(z')

where O denotes the retired cohort, the T' Rayﬂ? (7) is the pension benefit that was set by the
government a years ago. Here, we assume that TR%?JFH(Z') = TRoyf (i) Vn > 0, i.e. the gov-

ernment in the pay-as-you-go pension system sets the real value of the benefit at the time of
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retirement, and provides the same real amount until the pensioner passes away. Cgt(i) is the

level of individual consumption, and Bgt(i) is the individual risk-free bond.

First-order conditions:

C2,i) = C3)TT+ A, =0

By(i) + BE(1—wP)Vio )+ Ee(1—wf)A0y =0
One-period-ahead Envelope theorem:
EiVpo, i) = —E A1 (1+70)

The first-order conditions imply the Euler equation:

Coui)

et ) =1
C&\ 1 141 (0)

BE;
which can be rearranged:
BiCQo (i) = CO, ()87 (14 70)
Based on the Euler-equation, all future individual retired consumptions follow:

n
n 1
Etcc?+n,t+n(i) = Cgt(i)ﬂ7 Ei H(l + Trk—1)7
k=1

Individual consumption of a retired agent

First, we derive the intertemporal budget constraint from the one-period budget constraint:

E i HZ:l(l - wto-i-k—l)ct?+n,t+n(i) _E i HZ:1(1 - wg—k—l)TRtlz/JrOn,t+n(i) I
t n - t n
[Ter (14 7t41-1) n=0 [Teei (T 7egp—1)

+(1+ Tt—l)BaO—l,t—l(i)

n=0

if k >n and r 0 = 0.
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We can use the Euler equation for future consumptions:

IThoi (1 —wi 1) Oy )37 [Teca (14 7o 1)% B
Etz [T (X + regp—1) a

—w@, "TRYC .. (i)
- E t+k—1 a+n,t+n (147 BO, NG
t Z Hk 1 1 P 1) ( t 1) a—1,t 1( )

If we rearrange, we get consumption of agent 7 of cohort a at time ¢ as a function of the present

value of pension benefits, other income and initial wealth:

E Zoo szl(lf"-’to-;_k 1)TRZ+n tJrn()
t Zin=0 [l A7 —1)

n 1_
Eyy oo B [T (1 — wto+k—1)(1 +ripk—1)
(1 +7"t71)B[?—1,t—1(i)
n 1_
B> oo 87 [Tima (1 - W,:OJrk_1)(1 +rirr-1)

Finally, using the assumption that TR} ¢ 9 (i) = TRoyf (1) Vn > 0:

S § Y E )
Et Zn:O m
- i_
Byl B7 ITie (U= w1+ rep1)7
1+ Tt—l)Bc?q,tA(i)

n 1_
B> o087 [i=i(1— wto—i-k—l)(l + Terk-1)7

_l’_

The denominators are the function of non-individual variables; thus, we can then we can denote

it as an aggregate variable:

1 L
W@O = Et§57H wt—l—k D+ repr—1)

-1

1
= 1+Et25” H — ) (L4 reyp1)

n=1 k=1
1_
— 14 87(1—wO) (1 + 1) EtZ,BvH — WO ) )7
n=1
1
= 1+67(1— I T ) R —
5 ( W )( Tt) tMPCtOJrl

Using the same recursive substitution for the future expected pension benefit, the consumption

function of agent ¢ of cohort a at time t is:

(i) = MPCPQPTRY? (i) + MPCP(1+1i-1)BS 1, 1(4)
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where QO is the discount factor of the retired households:

Aggregate consumption of the retired cohort

Aggregate consumption is equal to the sum of pension benefits, other income and initial wealth:

iNgt(i)ogt(i) = MPCOQOZ O)TRYY (i) +

a=0

+ MPCP( +TtlzN altl()

First, the number of old people declines over time:

O O O
Na+1,t = (1- Wt—l)Na,t—l

O O O O
Na+2,t = (1-wZy)(1- Wt—z)Na,t—Q

and
o
> NG
a=0

Now, we can express aggregate pension income in period ¢ of those who retire at period ¢, one

period before, etc.:

NOTRy P (1) = TRy®
Nlo,tTR{tO(i) = (1*% I)N()t ITROt 1(1) = (1*W?—1)TR2/—(3

Nz(?tTR%/,tO(i) = (1_Wz€1)(1 Wt 2)N0t 2TR0t o(1) = (1—%071)(1—%072)TRXO2

using TR ¢, ,(i) = TR} £ (i) Vn > 0 again.
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Then, adding up all pensions implies:

TR, = Y NZH)TRYP()=TR?+(1-w? TR+ ..

= TRY?+ (1 —wl TR

Now, aggregate consumption of the retired cohort cohort is defined as:

o
cg=> N?
a=0

while total savings of the retired is:

Z tBat 1 NOtBOt 1 Z tBat 1

Here, we need to be careful with the just-retired agents: they were young one period before
without knowing about their next period retirement. We can use the law of large numbers to

get the following expression: Né?t = wl}: 1Nt{ 1
Yl t Y B,

as —

NOtBOt 1/( NOtZBbt 1 ( —Wt 1Ne—1 v

where the last refers to the fact that those who retire today spent their last year in the young

cohort in the previous year.

Then, from ¢ — 1 to ¢ it is easy to see that: Y 02| NO, =322 (1 —w | )NO | ,_; which implies

that

o0

O \nO o

Z B, t (i) =w By + Z(l —wiZ1) N1 1 Bay—1(0)
a=1

Here, the second term means that only those retired agents accummulate savings who expect
to survive the next period. Hence, the amount of aggregate old-age savings from the previous
period is BZ | =32 (1-wf | ) N9 1t 1Bat 1(@). Then, overall savings of the retired cohort in

a

period t can be expressed easily by adding just-retired savings from the previous period’s young
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cohorts:
oo
O RO . Y Y O
Z Na,tBa,t—l(Z) =w;_ 1B 1 +Bi7,
a=0

As a last step, we put together all parts of the equation, so, aggregate consumption of formal

goods of the retired cohort is:
CP = MPCPOPTR, + (1 +r4_1)MPCP (wy 1BY 1 + BY ).

A.1.3 Young generation
First-order conditions of a young agent

‘Young’ agent ¢ of young cohort b is one individual of its cohort who started to work (was born)

b years ago. The Bellman equation of a young individual is:

1—v

V(B 120 = ma { {07 (1~ L))

+ B (1= w) )V (B (0) + oy V(B (i) }
while the budget constraint is:

Cpa() + (1 =) ) By, (i) +wy By 2 (i) =

=1+ thl)Bg/—l,t—l(i) +wi L4 (1) + Profity (i) — Taxy (i)

where CY (i) denotes the young individual’s consumption, L(i) is her labor supply, o is the
weight of consumption in the one-period utility function, 5 is the cohort-specific discount fac-
tor, T'ax(i) is the lump-sum tax, Profit(i) denotes the dividend from firms, and w is the real
wage. A young agent saves for two possible future states, we assume state contingent bonds, for
saving young the workers save into BY (i); and for the next period retired-self the worker today
saves into BY 9(i). We assume full insurance, which means that any outcome will happen in the
future period, and the workers’ previous period savings are transferred into their own young self

or retired self account.
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First order conditions:

i)+ {CNT (1= Luy@)' =7} oGl 0)7 7 (1= Lya(@) ™7 + A, =0

Ligi) = = {C) (1= Lo~}

+E(1—w )\, =0

(1= 0)Cp(i)7 (1 = Lyy(4)) ™7 —wehy, =0

BY(i) + BE(1—w)Vp

Y
b,t

ByP@i) :+ BEw vgbgp + Ew Ay, =0
One-period-ahead Envelope theorem:
EVgy = =Bty 41 (1+71)
Also, from the retired agent’s optimization we know that:
E\Vgyo = —E A (L4 710) = =By 11 (1+ 1)

where Et)\oot 1= Et)\bOH +4+1 because someone who was young in ¢ gets retired in ¢ 4 1.

Thus, the Euler equations of the young individual are:

5E, (Ci1,e41(8)7 (1= Lb+1,t+1(i))l_g)iiczﬁuﬂ(i)FI (1= Lys1,e41(3)' 7 Utr) = 1
(C{,t(i)" (1- Lb,t(i))lia) CY ()71 (1= Ly (i)' 7
(Cbo+1,t+1(i)) -

(@7 (1= Loa(@)' =) 0O (1 = Lua@)) 7

(1+’I‘t) = 1

BE:

Expressing the leisure from labor supply:

Couli) o
1—Ly(i)  1-o0

-1
1= Ly(i) = (1‘70wt> CyL ()

Plugging back in Euler equations:

e - ¥(1-0)—(1-0)
Cg:r1,t+1(l) 7 (ﬁwﬂrl)

1+7‘t) =1
, R
(i) (1Z5we)
c2 i)Y
éEt b+1,t+1()1_ (4 = 1
o . o)
Cpa(0)77 (ﬁwt)
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Rearranging:

1 1
ECYy (i) = CL@)BY(L+r)7A]

1 1
Etc(g?t—&-l(i) = CKt(i)5V(1+Tt)”AfO

where

1 (1-o)(1-2
AYO _ l 5 1 ( “/)
¢ g 1io-wt

Additionally, we can express each period’s consumption as a function of period-t consumption

and the discount rate:

n
n 1
B i) = CL0)B7E [T+ revn—1)7 Alis
k=1

Individual consumption of a young agent

First of all, we would like to stress that one needs to be careful when deriving the young agent’s
individual consumption because old-age incomes and expenditures must be taken into account,
too. Moreover, the young agents also consider the probability of retirement, for instance, in
period t the probability that a young agent becomes retired in period ¢ + 1 is th , while the
probability that the same agent becomes retired in period ¢ + 2 is (1 — w) )wzjrl. So, the first
term of the left-hand side of this equation shows the stream of lifetime consumption if the agent

stays young; thus, from the second term onwards she retires with some probability in each
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period:

Etz [Tp—i( wt—l—k I)Cgfl-nt+n(i)
Hk (L +7ek-1)

% [Tr=o(1 wt—l—k 1)Cgfl,t+n(i)
+Ew, (Z Hk—l( ) >+

_|_

n=1

Hk 5(1 Wt k— 1)00—2t+ (4)
+E(1 — w! ), * nostn + ...
t( t ) t+1 <nzz:2 szl( +Tt+k—1)

_E i [Tier (0= w0l ) [Wen Lon s (8) + Profityynern(i) — Tazppin(i)]
' [Tiei (L + 7o)

+

(1+7‘t*1)Bl§/1t 1(2')+
w

Hk 1(1+Tt+k 1)

IT;-5(1 Wt+k 1)
Ty (Tt reens)
Je Wt+k 1)

+E(1 - w1 —w)y)w TRYY,..(0)
t t+1 t+2nz;’ n— 3t+n Hk:l(l_‘_rt—l—k—l)

+Et(1_wt wt+IZTRn 2,t4n(7)
n=2

Based on labor supply curve, we can express labor income as a function of real wage and

consumption:

1—0

) ) 1 .
wy L (1) = wy — Cp(i) = wy + Cpp(i) — ;Cb,t(l)

We can substitute out the labor income and rearrange the equations:

—wY oY )
*EtZHk 1 t+k— 1) b+nt+n()

[Teei (4 rer—1)

WY [Ti(1 wt+k 1)Cgfl,t+n(i)
o (Z Hk—1(1+rt+kfl) >+

_l’_

n=1

[Tis(1 — wi i 1)Cr g (i)
+E,(1 —w))w), : + ..
Lo nz::z Hk:1(1 + Tt4k-1)

_& i [The (1= w)po ) [Wesn + Profitysngyn(i) — Tazpippn ()]
! [Thei (14 74k—1)

+
+(1 +"”t71)Bg/ 14-1(8) +

+Etw2/ZTRn 1,4 (%)

n=1

+E (1 — w Jwyt Z TR (i

ITro(1 wt—i—k 1) n
[Tpmi (T + 7egp-1)

Hk 3(1 wt+k 1) "
Hk:l(l + Tirk-1)
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Based on the Euler equations, we can express expected future consumptions. Let’s consider an
agent who is young in period ¢; thus, her consumption functions in the next periods after retiring
are:

n

EiCQ i1 () = BiCGyr ()87 [T (1 +re4n1)
k=2

2=

On the other hand, if the agent stays young in period t + 1 and retires after that, her future
old-age consumptions are:

n

2=

EiCS o) = BiCSya(0)B7 TT (1 +rx1)

k=3

Now, we plug them in the intertemporal budget constraint:

E Z | wt+k 1)Cgf+n t+n( i) .
— Lt
Hk (I + 7ek—1)

iﬁmz:?( — w0 Oy ()1 + repp 1)

+F wY
o [Teei (4 rer—1)

n=1

n 1
Yy Y = B e (1 —wlyy I)COt-',-Q( i) (14 rigp—1)”
+E(1 —w; Jwipy Z I, (1+
o k=1 (1 +7Te1r-1)

B [T (1= wl 1) [Wotntgn + Profityiniin(i) — TaZypn,in(i)]
=B Z . +
[Tiei (T4 7ek—1)
+(1 +Tt*1)Bb 10108 +
Hk 2( Wt+k 1)
Hk (I + k1)

Hk 3(1 Wt+k 1)
Hk:l(l + Terk—1)

+Etwt ZTRn 1t+n

+Et w wt-l—l Z TRn 2 t+n

After that, we use the other Euler equation (the one that shows the substitution between period-t
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young and period-t + 1 old-age consumption):

wY C— CY’IL n
Etznk 1( t+k 1) b+ t-ﬂ,-()+

o [Trei (U + o)
< B35 T, (1 — W@, cY 1+7r YAYO(1 4™
B (ZB [T (1 —wit 1) Cy (0)( )7 A ( t k1) N
n=1

[Te (1 +7eh1)

i B TThes(1 — W o—1) Oy 141 () (L4 7e1) TALG (L4 1) +
e (L4 7egp—1)

- B i HZ:1(1 - th+k71) [wb+n,t+n + P""Ofitb-‘rn,t-‘rn (Z) - Taxb-‘rn,t-i-n(i)]
‘ w1 (L4 7ee—1)

n=2

+E.(1- wz/)wg;l (

+

(1+Tt*1)Bl§/1t 1(8) +
Hk »(1 Wt+k 1)
[Tiei (U + i)

Hk 3(1 wt+k 1)
Hk 1(1+7"t+lc 1)

+Etw2/ ZTRn 1 t+n( )

n=1

+E4(1 wt Wt+1 Z TRn 2,40 (1 i)

n=2

Concentrating on consumptions:

E ZHk 1 wty+k I)Cg;-nt-‘rn(i) n
t
ne0 [Tiei (1 + reqn—1)

> B[P, (1 —wC, )CY, () (1 +71)7AYO(1 + 1)
—I—Eth/ (Zﬁ [T—o(l —wiiy—y) b,t(z)( )T AY O (14 rep—1) .

HZ':l(l + Terk—1)
Yy (i B7 s (1 =@ O ()1 + ripn) AT (1 + rt*’“l)w) + ...

n=1

+E(1

Wy Wi g
t )Wt ~ HZ:l(l + Tirk—1)

We rearrange:

2

v . B g (1= w@o )L+ 70) TAY O (L4 rgs1)
—CY(0) + OF (i) Byw,” A2 o *
p b, (4) b, (1) By Z o (X +regr—1)

(1-w))
(1+7¢)

n=1

+E Ob+1 t+1(%)

0o n n 1 1
Z B Tlhaes(l —w ) A+ rep1) TAYG (L4 1gp—1) ) n

+E,CY, N1 —w) w), 7
1Chy1,41(2)( ¢ )i [Tee1 (T +7e4k—1)

n=2
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Simplifying before recursive substitution:

1 . ,
;ngt(l) + Cl}jt(z)Et

1 1 ') n 1
wg/(l-‘th)’vﬁvAfO Z/Bw HZ:2(1_wtO+k71)(1+rt+k—l)w N
L+ [T (I 4+ resk—1)

n=1
(1-w))

(1 +’I"t)

Y TREAYO [ 2 gtyn o H
Wi (L+re1)7BYALS <Z B [Tees(l —wiig )X+ Tpp—1)7 ) +

1 .
+Etgcl3:-1,t+1(z)

E Y V(1 — Y
+ tcb+1,t+1(l)( wt) (1+7”t)(1+7“t+1) HZ:3(1+7’t+k71)

n=2

Now, we can use W from the retired agents’ optimization:
t+1

1 1 1_4q 1
CY . - E Y 1 AYOi
00| G Bl (L) A peo |
1—w) |1 1 1, 1
E.CY (7'5 - Y. AYO — —
+ £y b+1,t+1(2) 1+ r) U+ﬁ”wt+1( +7rig1)? t+1MPCto+2 +

And, using the Euler equation again (to have period-t consumption only):

n
n 1
EtCl?;n,tJrn(i) = Cl{t(i)/@’y Ey H(l + ripk—1)? AtYJrkq

k=1
Finally:
1 1_4 1 1
CY.6G) | = + Bl (1 v TAY©
b,t(z) o+ twy (1+7¢) B A MPCtO+1 +
L1y (1-wf) |1 1,1 1
CY (B (1 +7)7 87 AY R = ¢! T8V AYS
bt (DB (1 +1e)7 BY Ay Gxr) |o wipr(L+re41)7 8 t+1MPCg_2 +

1

(1-w)(1 - wzjrl)
MPCE, 4

(IT+r) 1+ 7e41)

+ ..

i 2 1 1 1_4 1
OB+ 70)7 87 AL (14 71101) 7 A —todia(l )T ATALS

which is equal to:

1
Y .
b’t(l)MPCtY
where:
= T4 EB(1+ 1A —— S
Mpey o T BT )T (e ey e A e

139



CEU eTD Collection

10.14754/CEU.2019.09

Similarly, the young agent’s budget constraint contains old-age income items, i.e., expected

revenues from the pension fund.

) (1—w) ), .
szto( )= Ethth+1TR(})/,to+l(Z) + Ey ﬁQgQTRgtqrz( i) +

(1 —w)(1 —wiyy)wi, PG,YO
: 2O TRy ¢y 7 (1) + -

+FE
' (I +7eq1) (1 4 1e42)

PGYO( )

Again, we use that TR, ;'\, TR(I)D tG YO(i) ¥n > 0. In a recursive way, it is:

(1_wty) YO ()

7YOG) = B! TRYC  ()Q4sq + Bt
bt (1) = By TRy 7 () Q41 U gy ) b1

Furthermore, young-age income is:

1> i [T (1= w) )™ [Wign + Profiterppn (i) — Tazpin an(i)]
! szl(l + Tirk-1)
. . WtY Yy .
= wy + Profity (i) — Taxy(i) + Et T r Ib-i—l,t—i—l(z)
t

Igjt(i) =
n=0

If we add the present value of young income and expected pension benefits, we can introduce a

new variable:

o (i)
1 + Tt

Inczft(i) = Igjt(i)—l—
w)

= w;+ Profity (i) — Taxy(i )+Et TROtH( )Q,H_l—}-Et - InchH_l()

+
Thus, the individual consumption function of agent i of cohort b in period ¢ is:
Cy (i) = MPC) Incy, (i) + (1 + re—1)MPCY By, (i)

Introducing a new variable for life-time income, and using marginal propensity to consume:

CY(i) = MPCY Inel,(i) + MPCY (1 +1i-1)BY 1, ()

Y Y
. L 1—
Inc{t(@) = wi+ Profity (i) — Tawy (i) + Ey—— 1 + TRO t+1( i) Q1 + By 147, I”Cbﬂ 141 (7)
L l+E,f(1+rt)%*15% (1—th)Af7+thAf071
MPCY o MPCY, MPCZ,
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Aggregate consumption of the young cohort

As a first step, we need to express the total number of young people. If Ng/t is the number of

b-year old workers, the total number of workers is:
o
Ny =2 Ny
b=0
Following the previous idea, we sum up all consumptions, incomes and savings:

o0 oo (o]
> NS = MPCY Y N Ine (i) + (14 r ) MPCY Y Ny, BY 1,4 (i)
b=0 b=0 b=0

where we note that the new young workers in time ¢ have zero savings from the previous period.

NY

[e%¢) o0 [e%¢} N}: 3
STNLCYG) = MPCY ST NY Iney (i) + (1+ 1) MPCY ST Ny, 5252 BY ()
b=0 b=0 =1 b—1,t—1

Rearranging gives us:

ZNl},/tClz,/t(i) = MPCY ZN{J”CL(Z‘) + (14 r-1)MPC) (1 —w ) ZNbY—I,t—lBlz/—l,t—l(i)
b=0 b=0 b=1

Aggregate values are defined as:

cl = Y NLCL3)
b=0

o0
Y Y Y :
B/, = ZNb—Lt—le—l,t—N)
b=1
o0
Incd = ZN&;I”C%(@
b=0

It is important to note that in each period, independently from the survival probabilities, each
young agent saves for the next period; hence, the overall savings Bg: 1= NbY_ 1 t_lBgf_l +—1(4)
are divided among those who remain young and get retired.

As a result, the aggregate consumption functions are:
CY = MPCY In¢] + (14 r—1)MPCY (1 —w] 1)BY,

Now we need to aggregate the supporting variables as well. First of all, we rename individual
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contemporary income as follows:

1 .
Incy, (i) = I}, ()+mfl¥t0(l)

Aggregating gives us:

1

After aggregating an rearranging we get:

[e8) o0 Yy o
. . . . l-w
Z Ng,/tzg,/t(z) = Z Nz}; (wi + Profity (i) — Taxy4p,t+n(i)) + Et<1t) Z N Ib+1 t+1(7)
b=0 TS

L . 1 .
Nl},/t (we + Profity (i) — Tazp(i)) + Etm Z Ngjr1,t+1zzzr1,t+1(’b)
b=0

=

b

I
<)

Because I,}:Ll contains the income of the new-born people as well, the last term can be rearranged,

using the law of large numbers as follows:

o
Ey Z Nl?f&-l,t+lzgfi-1,t+l(i) = EtItYH - EtNl};t-f—lIb t+1( )
b=0

N,,Y nyNY
= BT}, (1 - N;H) = BTN, (1 - #
t+1 t+1

Then, total young income is:

Y
L —w Y

Nyt
(I+7)(L+g:47)

77 = wN) + Profit; — Tax; + E;

A similar exercise can be done for pension benefits. First, we define Z}'© which can be rearranged

as:
o
= ZletZKt = Ew, Z Ny, LT Ry t+1( DNOZ +

_|_ Zth b+1t+1 (i) = EtNOt+1TROt+1()Qt+1+
7“t+1

1

m Z N1 I8 i (4)

+FEy
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Now, similarly to total young income, the last term can be expressed as:

0 Y

Y YO o LW yo

E; Z Nyy1 i1 Zoi1,e1 () = Be—Fx5 L
b—0 1+9.11

Also, we know that the following expression holds:
EtNo 11 TRy, t+1( )Qt—i-l EtTRXthH

Finally, the expected income of the young after getting retired is

Y
1 —wy YO

t+1
(T + 7)1+ 9t+1 )

Y9 = ETRISQY, + E,

Based on the derivation above, we can express the aggregate version of the young household’s

income as:

YO
Incz/ = thtY + Profity — Tax; + EtTRHl Qt+1 + By 1w v Inczil
L+ (L+r)(L+g7)

Aggregating the young households’ budget constraints

The individual budget constraint of a young agent is as follows:

o) + (1 = wy ) Byy(i) +wy By (i) =

= wi Ly (i) + Profity (i) — Tawy (i) + (1 4+ 1) By_1 41 (0)
Aggregating implies:

oo o0
Y,F .
ZNIE,/th, +z:th —wl B (i) + > Nyw! BY(i) =
- b—0
D

oo
Z ¢ (weLp 1 (3) + Profity (i) — Taxp4(i)) + (1 4+ re—1) Z le,/th:Ltq(i)
b=0 b=1
where the definition of aggregate savings is:

o oo
Nl},/thil,tfl(i) = Z(l - wz/—l)Nl}/—l,t—lBg/—l,t—l(i)

b=1 b=1

After aggregation, there is no difference between the B} and B}*. So, we can easily express
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aggregate budget constraint:

CY + BY =wLi + Profit; — Taxy + (1 +r_1)(1 —w,_1) B,

A.2 Fiscal policy and pay-as-you-go pension plan

Pension system

To account for the overall expenditure of the pension system, we need to count the number of
just-retired and retired agents. The number of just-retired agents (those who were young one

period before) is:

(o0
o _ Y arY
No,t = Zwtleb—l,t—l
b=1

and the total number of retired agents in period t is the just-retired agents plus those who

survived the previous periods:
0 o 0\ 77O o o 0
Ny = Nyp+ (1 —w )Ny + (1 —wy ) (1 —wiZg)Noyo + ...

Individual’s (i) pension in the year of retirement ¢ is based on replacement rate v; and the

previous period income:
TRy (i) = viwi—1Ly—1,4-1(3)
We need to use the following expressions to aggregate:

[o.¢]
NOTRYP () = wuN§wi—1Ly-14-1(1) = vw; ZN£17t,1wt_1Lb_1,t_1(i)
b=1

TRz/O = v qwi_1Li
Furthermore, the total pension expenditure of all retired people is as follows:

TR, =TR'°+ (1 —wl )TR'G + (1 —w? )1 —wl TR+ ...
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which can be rewritten as:
TRy =TR? + (1 —w? )TR;

Remainder of the fiscal sector

The government budget constraint is as follows:
Debty + Taxry = Govy+TRy+ (14 ri—1)Debty—q

where Gov denotes the other - exogenous - current expenditures, Debt is the level of public
debt. The government wants to stabilizes the public debt-to-GDP ratio by adjusting the level

of lump-sum taxes:

Debt Target
e } Y,

Taxy = Govi+TRy+ (1+r._1)Debty_1 — { v

The households finance government debt and the bond market equilibrium is the following:

Debt; = BY + B?

A.3 Firms’ optimization

The young households own the firms and the labor union; hence, in their optimization, we take

into account their survival probability.

Production and nominal price setting

The firms produce differentiated products, and, due to their monopolistic power, they are able
to set optimal prices. However, nominal price setting is only available for 1 — wp fraction of the
firms in a given period. Hence, their optimal price settings conditional on that from the next
period the firms are not able to set the optimal price (Calvo, 1983). Those who cannot set prices

adjust them by the previous period’s inflation:
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L = Z W;At,wn (Pt+n (Z)Yt+n (Z) — VignLttn (Z) — PipnInvign, (Z)) +
n=0
+ Z AtnMCiip (At+nKt71+n(i)aLtﬁ»n(i)lia - Y;H»n(i)) +
n=0

b3 AuennQuon () (128 (e ) K+ (1= B0

n=0

.
where Py, (i) = P;(7) <%> " and optimizing firms set P;(i) with respect to the following

demand function:

. Py TP\ —¥
ro () Y
Pt+n !

Y;f-‘rn(z) =

The discount factor takes into account current and future probability of survival and the nominal

interest rates:

n

Y
Ay . H I —wiip
e oy Lt ekt

The firms are responsible for capital accumulation. The S () function denotes the investment
adjustment cost, and any changes in investment which differ from the balanced growth path is
costly. @ is the nominal Tobin-Q. V' denotes the aggregate nominal wage index, that comes from
the labor union (below we give more detailed description of the labor union). We can write up

the optimization problem in a more compact form:

- Py P —¢
N n e Pt+n71 ke Pt (Z) ( tg;—l 1) . .
L o= > wpAiein | P(0) Yitn = VignLein (i) — PrpnInven(i) | +
n=0 P Piin

o Py (i) (L*”’l )WP :
Y Nl—a Py
+ Z At tinMClin | AtgnKt—14n(0)" Li4n(2) — Yien | +

Pt+n

n=0

+ Z At t4nQtrn (INvign (1) (1 =S () = Ken(4) + (1 = 0) Kty n—1(4))

n=0

The firms decide about the profit-maximizing nominal price level, the level of capital, investment
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and labor input. The first-order conditions are the following:

P —¥
oo Py (4) Prin—1
.. n Piin1\'" t ( Py
Pr(i) ZwPAt,t+n< ( ) Yign —
o Py Piin
-1

TP\ —®
Py (i) Prinoy * P
] 90( FE)") T o ey

Pt+7b Pt+n Pt—l
—p—1
e Py (4) (P}trl )WP ® . P\ y )
T MG Prin Prin < P ) | =
(i) 5 (“DP+Q (1 S - S’<~)%) A Qe Invess ()S()
(1 + ge)Inve—1(7) ’
Ki(i) ¢ AppiMCiyraAi Ki(i)* ' Lis1 (1) ™% = Qi + Q1 Arr1(1—8) =0
Lf(’L) : MC’t(l — Of)Ath_l(i)aLt(i)_a — ‘/} = O

If we rearrange the conditions, we can get the usual formulas:

Pt+n P4 90_1

P\ —¢
o Pr) (Bt Prini "
Zw?jAt,t+n — Yiin (Pt*(2)< o 1) —— _MCisn
n=0

1-8()-95( , -
4 < () ( )(1 + g1)Invy_1 (i) 147 Cag 1+ giv1 \ Inv(d)
(1 —w)) (megr0A Ki(0)* " Liga (i) + g (1= 6)) = qu(1 + 1)

mct(l - Q)Ath_l(i)aLt(i)_a = V¢

We can write up the pricing equation:

Invt+1(i)
(1 + ge1)Invi (i)

Inu(i) > 1w S0 <Inw+1<i>>2:1

* (7 Pt+n71 P —-¥
ZOO n A i (l)( Py ) Y, MCiin
e n=0 wP tt+n Pt+n t+n P
Py (i) __¥
P, —1 w(y(Pran—1\7P\ ~¥
SO EOO wn A Pt (Z)( P ) Y Pt+n—1 YP
n=0"P t7t+n Pt+n t+n Pt71

We can express the optimal relative price equations by recursive equations:

TP\ —P
00 P* Z (PH»nfl )
2 = Y WA A Yy MCtin
n=0 Pt""” B

w [ Pegn1 Y EN\ ~¥

) e . Pr(i) (7Pt71 ) Prin\”
Zt = ZWPAt,t+n P Yiin

n=0 t+n
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Which can be written as:

i Pt TP\ —P
P () (Gt

Pr(i)) & MCiin
zl = ( t > Yime + wWpHA Y;
t P, tMCy 7;1 PRtt+n Prn +n 2
s/ [ Peyn—1 TP\ ¥
P*(Z) —¥ 0 Pt (’L) <7Pt—1 ) Pt+ 1 YP
z2 = <t> Y+ WA Y, Ztin—l
t Pt t nZl P=tt+n Pt+n +n Pt_l
Stepping one-period ahead:
X = TP\ —P
0o P* (i < t+n 1+1)
Zig = Zwl@At—H,t—&-n—&-l n® & Kﬁ—i—n—i-l%
o Print1 P
v (o [ Pen—1e1 )T\ ¥
z2 > n A P11 (1) ( Py ) v Piin—141\ 7"
t+1 ZWP t+1t+n+1 P t4ntl P
n=0 t+n+1 t
The sum starts from ¢ + 1:
« . Piyp— TP —p
Z1 i n—1x P”l(l)( 7 1) v, MCyyp
= w 1’
t+1 P t+1,t+n Prn t+n Pt

n=1

[e.e]
2 -1
ZEy o= Y wE A

n=1

. P TP\ —P
B (i) (%) v Piyn1\'"
Pt+n t+n

Since all price setting firms follow the same optimization, then the optimal price can be written

*

P . .
as pf = B where the recursive equations are:

. v Z
be = o127
— p; (L+m)P\ ™7 v 1L+ mTe1 g
zl = pi ¥Yime —|—< e wp(l —w; ) —————Z
t t t t p;_l 1+7Tt+1 ( t) 1+Zt t+1
- p; (L+m)P\"* 1—w) _,
22 = p S"Y+< 1+ m,)"% wp :
t t t pr—i_l 1+7Tt+1 ( t) 1+Zt t+1
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The price index is the following follows:

1

L P\ " 1-p\ T-¢
Pt = (1—WP)Pt* 7LP+LLJP (Ptl (P > )
t—2

1

P\ 1- -
1 = ((1—wp)p’tk1_‘p+wp (MY) SD)

1+7Tt

As a simplification, we can introduce a new variable for the marginal product of capital which

modifies the no-arbitrage condition:

rtK = mctaAth_l(i)a_lLt(i)l_o‘ = aK ¢ 1mct
t_
1-— wf K
g = 147 (Tt+1 + Qt+1(1 - 6))

If we substitute out the capital and labor from the production function, we can get the marginal

cost function:

Nominal wage rigidity

We assume that labor unions are able to set nominal wages a la Calvo with indexation:

Li(j) = <Vt‘g)) - Ly

where V(j) is individual wage cost, V; nominal wage index. The unions hire young households

(for W; nominal wage) and try to maximize the following value function:

= wr o (Vign—1\" ) .
waAt,t+n <Vt (]) < % | 1> Lt+n(]) - Wt+nLt+n(J)>
n=0 -
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Substituting out the labor demand function:

. Vidn— Yw —Pw A Vidn— Yw —Puw
o n * (s Vvt‘f”ﬂfl Tw ‘/t*(j) ( ;:—11) V;*(j) ( f‘}:fll)
§ wwAt,t+n ‘/t (]) ﬁ - ~s Lt+n - Wt+n T Lt+n
- n

n=0 Vitn

Taking the first-order condition:

Lt+n +

PN AL
)% veG) ()
Vvt+n

> Vign_
ZwZAt,Hn(( 3 !
= t—1

*( Vitn—1 Yy TPw—l Vitn—1 Tw
oV () (V“”—l)”“’ Ve () (%)
vt V;ffl Vvt+7l V;f+n

./ Vi Yw —pw—1 Vitn Yw
VG () ()" Y
‘/t+n ‘/t+n tn

Lt+n -

+§0w WtJrn

Multiplying with V;*(j) and rearranging:

w —Puw
& v 6 (%) Vi1
ngAt,Hn v - Lin | Vi (5) (%) . Wign | =0
n=0 t+n t—1

We can express the individual wage:

\% Yw Pw
V() (M)
1 oo n t Vi
P Zn:O Way At,t-i—n ( Vitn Lt+nWt+n

Vi(j)  pw

— N Vitn—1\Tw —Pw
Pt SO’LU 1 o0 nA Vt* (‘7) < ’5‘;:71 - ) L V;H»nfl Tw
=0 WirDtttn Vitn t+n \ Ty

All wage-setters follow the same optimization problem, so we can use the aggregate optimal

wage notation:

o W
Y — 1 V\/t2

<
%
I
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where W} and W? are given by the following recursive substition:

[e’s) V* V;&+n—l Tw Pw
1 1 § : n ¢ Vi1
Wt = F wwAt,Hn Lt+nWt+n
t
n=0

V%-I—n

*\ —Pw * V\Tw\ ~Pw Y
v} vi (1+m)) 1—wy 1
= (= Liyw; + w — (1 + m1)W

('Ut ) t Wt (UZ‘+1 1 + 7TX,’_1 w 1 + i ( t+1) t+1

* V;H»nfl Tw Pw
> Vil vis Vign—1\ "™
2 n A t—1 t+n—1
Wi = E Wy At t+n v Liyn V.
n—0 t+n t—1

*\ TPw * 1 + VY \ T Pw 1— Y
= (X Ly + v (L+m) wwiw.t (1+ wf)”” Wt2+1
fU;fk_;’_l 1 + Trt‘{i-l 1 + 1t

The aggregate wage index is as follows:

_ _ Vﬁ Yw\ 1—¢w
VI = (1= wp) VTP 4w <V}_1 (t 1) )

Vi
%\ 1—pw 1 V. \vw 1=puw
v + T
b= (1-w) () e ((HWV))
t ¢

where wage inflation is defined as:

147 = ——(1+m)

A.4 Monetary policy
The behavior of the central bank can be described by a Taylor-type monetary policy rule:

. L=pi
Lhip = (i)™ () Q4 m)®) e

where p; is interest smoothing, ¢, denotes the inflationary reaction, and &% assigns the monetary
policy shock. Once the inflation reaches the target again, the central bank should set the interest
rate at its flexible price equilibrium level.

The real interest rate is defined by the Fisher identity:

1 + it = Et(l -+ T't)(l -+ 7Tt+1)
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A.5 Checking the equilibrium conditions
The budget constraint of the young households:
CY 4+ BY =wiLi + Profit; — Tax; + (1 +r1)(1 —w) )BY
The budget constraint of the old households:
CP +BP =TR + (1 +r1) [wi 1B} + B ]

The profits of the firm and labor union:

Profit; = Profitl + Profit)
P’I“Ofltf = ’UtLt — U}tLt

Profitz/ = Y, — vl — Iny
The government budget constraint:
Debty + Taxry = Govy+TRy+ (14 ri—1)Debty_q
If we add the households budget constraint:
Y +CP + BY + B = wiLy + Profit, — Tax; + TRy + (1 + 1) [B}_ + B2 4]
Substituting the profits:
CY +CP +BY +BY =Y, — Invy — Taxy + TRy + (1 +1—1) [BY 1 + B4 ]
From the bonds market equilibrium, we know that total savings are equal to the public debt:
CY +CO + Debty =Y, — Invy — Tazy + TRy + (1 + r4—1)Debty_y
Finally we can substitute out the lump-sum taxes from the government budget constraint:

Y = C) 4 CP + Inv, + Govy
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A.6 Normalized model equations

Each variable must be detrended: individual variables are normalized by population (N;) because

there is only population growth in the model. This section lists all the final equations of the

model: detrended variables are denoted by ;.

Demography:
sy (1-w?y) Se_1 + Wy
(1—wl | +mn) (1—w! | +n)
1
Y
St 1—|—St
1+gg/ 1—w2:1+nt
o) o) Wy
1+g; (I—wiy) +
St—1
1+3t
1 1+gY =(14g")—
+ gt +g =1+g )1+St—1
Households:
50 O n 0 ol+m1[y Ay | 5o
Cf = MPCPTRAQP + MPOP = wt_lBt_1+Bt_1]
1 1 14 1
= 1+ 01 -w)A+r)" "B
MPCtO B ( t)( t) tMPCtO+1
) 1-wf o
Qt = ]_—{—Etmﬂt_i_l
- ~ 1 _ ~
EY = MPCYIne +MPCY 11— WY )BY,
1+ gt
oy .
— = w
Sg/—Lt l1—0 t
~ YO
-y - - TR 1 0 l—w) 14841~ v
Inc, = wtsf+Profztt—Ta:L‘t+Et(1+gﬁr1)1+;Qt+1—|—Et 1+th€ [T s Inc 4
1

1 1 1_
= g+/87(1+Tt)7 1Et ((1—&]2/)/\2/

1
+ thAE/O>

MPCY, MPCE,

A = E (th)(lU)(li)

Wt

1
1 1
g

CY +BY = wlL,+ Profit, — Tax; +

><1<’>(1i)

T+ri
1+ g

(1- wz/—l)Bty—l
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Wi =

qt
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—puw of (T+7)™\ ™ 1—wf
) Lywy + < . Q+m) W (14 m41) (1 + gry) Wiy

CH 1—|—7rxr1 144
Y
t

Vi1

,v* —Pw ~ U* (1+7rt‘/)7w Pw 1 w N ~
-t L+ | W 1+7)™" (1 + W?
) t ( ” 1+7Tt‘{|—l 144, ( 7Tt) ( gt+1) t

1_9011)
(1 —ww) v o +w (Lt my)™
v on v 1 +7T7Y

7(1+7Tt)

e 2

p—122

FTRY pp (Lm)\ vyl + T =1
“Yime +< T wp(l —w; ) ————(1 + Z,

by tMcey i 1+m P( ¢ ) 1+, ( gt+1) i1

*— p;k (1 + 7Tt)’yp>_¢ 1_ th -
SDY + B — 1+7 P, t 1+ Z

by t (p%:q 1+ Tt ( t) P 1+ ( gi+1) i1

1+m—q)
1— x1—¢p
(1 —wp)p; —i—wP( T

Iﬁvt Im)t m)t
qt 1-S5 =
Invi_q Im}t 1 Im;t 1

1-— wg/ I?’L’Ut+1 ITL?}t+1
1+

147 Ge+1( 9i+1)9 ( Im)t Im)t

1-w! g

1+ 1, (rif1 + g1 (1= 0))
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Fiscal policy and pension system:

Y
~ YO w .
TR = v wi_1Li—
t g gt t—1L1-1
TR, = TR+ Yy
t t 1+g t—1
~ - - 5 1 L
Debt; +Taxy = Govy +TR; + ki et Debt;_4
1+ gt
5 5 5 1 _ B Debt Target 5
Tar, = Gov,+ TR+ — "= pept,_, — 1 2° Y;
1+ g Y

Debt; = BY + B?

Monetary policy:

) I—pi
ie = (L i) (L) (L4 m)P) et

1+ip = Ey(1+ 1) (14 mes1)
Market clearing:

Y, Zdy+do+fﬁvt+G5vt

A.7 Steady state of the model

To be able to calculate the steady-state solution we need to specify initial guesses for r and Y
then the rest of the variables and equations can be solved numerically. As a function of the
initial guesses, we can determine the variables of production, labor market and those of the
government and pension system. Finally, we turn to the consumption and savings functions. At
the end, using the market clearing equations and labor supply curve, we can check whether our
initial guesses are correct.

First, the demographic equations are:

wY (1—-w9) -
S =
(1—wY +n) (1—wY +n)
s¥ = !
1+s
Y

I+g = 1+4yg
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Then, we need to guess an initial value for r which is verified by the Newton-Raphson algorithm.

Assuming 7 = 0 in the steady state implies:

The Tobin-Q (g) is one in the steady-state equilibrium, so the initial assumption for r and the

no-arbitrage condition imply the steady-state value of the marginal product of capital:

1+r

K

= —140
r g +

The firms’ supply curve in the steady state gives us the marginal cost as the inverse of the

markup:

Based on the marginal cost function we can calculate the real wage:

1

v = (11—« {A-mc(%)a}m

We can calculate the capital and labor per production ratios from the input demand functions

of the firms:
K a
L l—«o
- = mc
Y ()
K . : I;w.
% also implies Sk
Iw K <1 1— 5)
Y Y l+yg

The wage setting equations imply the real wage of the households:

Pw — 1
w = v

Pw
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We can express AY and AY? as follows:

AY =1

1 (1-0)(1-1)
YO _ 1\~ 1 !
v = () (ﬁw)

Using the assumption of replacement ratio and labor market variables, we can calculate the

steady state pension expenditures. Using the pension expenditures, the assumptions for public
debt-to-GDP ratio, and government expenditure-to-GDP ratios we can calculate the equilibrium

level of the tax burden:

TR W L
= = V— W=
Y 1+g Y
TR TR ° (1 1—w0)_1
Y Y l+g
Taz _ Gov TR <1+r 1) Debt
Y Yy v \l+yg Y

We can also express the marginal propensities as a function of the real interest rate, discount

factor and survival probabilities:

1 1

MPC? = 1-(1-w9)(1+r)7 87

-1
Y _ _ qt Lo, yagy) (1 1 11 yyvo 1
MPC* = (1 Br(l+r)y (1—-w’)A )(O_—I—ﬂv(lﬂ—r)w w' A PCO>

The pensioners’ discount factor in the steady state is the following:

_ 0N\t
147

We can express the young households’ expected lifetime income-to-GDP ratio by using an initial

guess of V:
Inc" 1-w¥\ " (ws¥  Profit Taz N TR O
— = [|1- . — + —— - — +(1+g¢g")——
Y +r Y Y Y Y 1+r

Based on the young consumption function, one can substitute out the young consumption to
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GDP in the budget constraint and express the young bond-to-GDP ratio:

BY <I~L Profit Tax YIﬁcY
Y - wT+

-1
S — - — MPCY—= <1+(MPCY—1)1+T(1—wY))
Y Y Y l+g

Now, we can express the old households’ bond-to-GDP ratio from the bond market equilibrium:

BO Debt B

Y Y Y

And, based on the consumption functions, we can calculate the consumption-to-GDP ratios:

Y% T, 1 BY BO
“ vpcotlqo | ypoottr | yBL B
% % 1+¢|° v ' ¥
~ ~ Y ~
cY I 1 BY

— — mpc R mpoY o E

Y Y 1+4+g¢ Y

Finally, we need to check if the initial assumptions for r and Y are correct. This means that we
need to check if the two unused constraints (the market equilibrium condition and labor supply
curve) are satisfied. Otherwise, the algorithm should choose another initial value until the two

conditions are satisfied.

» CY  CO Inw  Gov
1 == = + = + —= + =
Y Y Y Y

¢r 2 o (2 L
v o 1o\¥V ¥

If we have the right initial values, we can calcuate the levels of all the normalized variables, and

run the simulations.
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Appendix B

Appendix of Chapter 1

The appendix contains the summary of the model equations, the derivations of the simpli-
fied model, the parameters and the initial steady-state ratios, the steady-state calculations of

bounded rationality equilibrium.

B.1 List of the model equations

Demography:
s = (1—%0—1) o1 + wi g
I—wl+n)  (—wl | +m)
s’ = !
¢ 14 s
1—|—giV’Y = 1—th,1+nt
14 NO (1- o) Wf—1
9 = wi1) + 51
1+ St
1+gY = 1+ —2
+ g (1+ g )1+St—1

Retired households:

- 5 1 B ~ -
CO = MPCOTR,O? + MPC?(;:L”N” (th_ \BY | + B2 1)
9t
%) 1-wf o
Qt == 1+Et1_|_7"t Qt—l—l
1 1_q9 1 1
= 1+ EB(1-w?)a+ S -
MPCtO t( Wy )( rt)’y /B'Y MPCgl
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A+ -wly) o

Y 5.7 Y
CtY = MPC; Inc, + MPCy 1+gfv 1
Y F OO0 Y
~ ~ ~ Wy I/’UJtLtQ 1 1—w 1+8t+1 ~
Inc; = wtsz/ + Profit, — Tax; + Ey T s T Ttt 17 s, Inciq
cy o
— = w
S%/ —Lt 1—0 t
1 1 1 YAAY Y AYO 1
Mpcy o DA [(1 —w A Mpcy, Y A MPCO,
(1-o)(1-1
A = o (Etwt—H) 0=3)
We
1-0)(1-1
yo {5}i< 1 >< 7(1-3)
A} = <= -
g mwt
S - - ~ - T+r 5
BY = wiLi+ Profit, — Tax; — C} + (l—i—gtNl)(l —w)BY
t

Firms:

Fiscal policy:

Y (ES I Iy 7
t t<1+gtN> :

~ ~ K
Ky, = Invy+(1-6
t nvg ( )1+gg\[
Y,
w — 1—OéT
¢ ( )Lt

Y,
1+r = Eul +gﬁ_1);~{—+l +(1-9)
t

Pr&fztt = i/t - wtf/t — I;M)t

N 3 3 N 147 q) ~
Debt, = TR, + Gov, — Tax, + MDeth
1+ g
TRt = U UJE: Wy lit 1 + %Tht 1
L+gN 1+gN B

Equilibrium conditions:

Debt, = B} + BP

CY + CP + Imvy + Govy
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B.2 Simplified model

The life-time income can be expressed as:

wtyl/ththrl 1—th1+st+1 ~
147 tl—i—rt 1+ s

I;Lct = wtsf + Préfz‘tt — Tc;:):t + E

Plug in Prafitt:

wg/l/thtQtO_,'_l 1-— th 1+ St+1 ;LC
1+Tt t].+7‘t 1+St i

I7~7,Ct = wtsz/—l—ﬁ—ffwt—wtfzt—Tc;xt-i-Et

Based on labor supply curve we can substitute out wys; — wy Ly with ITT”CtY , and in the next

step we can also substitute out Y; with demand components in the goods market equilibrium:

wfuwtith_l E 1-— wzf 1 + St+1 I7~‘LC )
1+ T 14s T

~ 1 -~ ~ ~ ~
ITLCt = *Cty + Cto + GOUt — TCLCCt + Et
(o

From the workers’ consumption function we can express Inc;:

cY (L +r1)(1 —wiy)

_ BY
MPCY 1+ g =t

Inc =

Plugging it back into the previous equation, and substituting out Govy — Taxy from the govern-

ment budget constraint we get:

cy (I+r)(l—wy) oy l -y =0 ~ ~ (I4+r—1) . ~
— B, =-C' +C + Debty — TR; — ~———~Debt;_1 +
MPCtY 1+95V t—1 ot t €0ty t Yo €0ty—1
> wi v L O —wl s (O (14r)( —w) gy
t 147 t 1+7r 1+ st MPCty+1 1+gi\i1 t

For the next steps we need to use the bonds market equilibrium and the retireds’ budget con-

straint:

Debty = BY + BP

~ ~ ~ 1+7r_ ~ ~
CO+BP = TR, + T;NI <WtY—1BE/—1 + Bz?—l)
t

Substituting out Debt; from the bonds market equilibrium and C‘to —TR; from the retired budget
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constraint, we can get the "dynamic IS-curve”:

VY Y Y2 Y y ~y
: 1 - - 1—w’1 C,

< Yy Cft"‘BtY 1_% + E; i VozYtQtOJrl—i-Et Wi 1E s tHY

MPC; 1+ g4 147 14+r 1+ s¢ MPCt—H

To determine the demand function for the workers’ bond, we need to rearrange the workers’

budget constraint, substitute out the Pro fit, and Y; from the goods market equilibrium

- ~ - - ~ 1 - ¥
CY +BY +Tax;, = tht+Profitt+(1—i:’_7qgtNl)(1—wf_1)BtY_1
t

(14+7ri1)

1—wY_ BY_
l—i—g,fv( tl) t—1

Bzf CN'tO + GNO’Ut — TZLSCt +

As a next step we can substitute out the retirees’ consumption from their consumption function:

~ ~ 1+7 ~ ~
BY = MPCPTROC + MPC?(HtNl) (th_ \BY |+ B? 1) +
9t

(1 + T't_1>

+Govy — Taxy +
+g

(1 —wz/—ﬁBtY—l

We can substitute out Bto from the bonds market equilibrium, and from the government budget
constraint we can express Gov; — Tax;. Rearranging the equation we got the demand function

for the workers’ bond:

- - - 1 _ - -
BY = Debt; — (1 - MPCPQO)TR, — Wu — MPCP) |Debt;_y — (1 —w |)BY,
9t

162



CEU eTD Collection

10.14754/CEU.2019.09

B.3 Bounded rationality and steady-state calculations

I assume level-k thinking for the workers, level-/ thinking for the retired. Based on the formula

we can rewrite the equation of M PC©:

i—1 !
14 z o) 13 1
VPO 25 K hl_[l —wlp )+ reppo1)? B }ll_ll(l—wt+h—1)(1+7“t+h—1)” N PCO

where M PCP* is the initial (original steady-state) value of the M PC?. And for the Q°

0,l “ h— : I —w h O
Q ’ t+ 1 7t+ 719 &
t t
ZH H 1_|_T.t h—1

1+7r
P e

where QO is the initial (original steady-state) value of the Q°.

The M PCY can be written as

i—1

—_— 1—w )l +repp_1)? A, + w), 1+ 7451 L\Yo +
MPCtY’k ( t+h 1)( t+ ) t+h—1 ( t+i— 1( +i— ) t+i—1"" Ok MPCtO_i_f

I
.M?r

1 h=1

7

1 _q 1
(1 = win—1) (L +7en-1) Aﬁh—1m

_l_
zk‘

>
Il
—

where M PCY"* is the initial (steady-state) value of the M PCY. The dynamic IS-curve can be

given by the following:

1L ey _py 1_(1—%?/)2 _|_EtWtYV04Y/tQtO+1+Et1—w2/1+St+1 Cla
Mpcy o) t 1+ gy 1+7 L+r 1+4s MPCY,

If we rearrange and express CY as the function of forward-looking terms:

UMPCZ&-i—l BY. 1_ (1- Wzki—l)Q +
o—MPCY,_ \""! 1+ g2y
wﬂivaYtﬁi—lﬁtOH) + [ﬁ UMPCXFh—l (1 - Wt+h—1)(1 + 5t+h) dy*

14711 U_MPCt):,-h—l (1+Tt+h_1)(l+st) MPCtif}—h

ki
Ck Z {1—[1 oMPCY 1 (1—w 1)1+ siqn) 1

O-_MPCK}—h—l (1+7’t+h—1)(1+3t) MPC'I’):'-]’L

i=1 Lh=1

_|_

h=1
By the steady state calculations, the products are simplified into geometric sums, but all steady-

state variables that have expectation terms depend on the initial steady-state values also.
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The retireds M PC© in the steady state can be given as

1 ! 1_1\¢1 1 1_1\! 1

UPCol = Z(l—w 1+r)7 1) +((1—w0)57(1+r)7 1) VI PCOF
i=1
1 l

) 1= (1= w0 (14777 O

MPCOL 1—(1—w0)ﬁ%(1+r)%*1 +<(1—w YB7 (1 + 1)~ ) VPO~
) -1
L (-0 i !

MPCOt

+ ((1 - wo)ﬁ%(l + r)%fl)l

1 MPCO*

1—(1-wO)B7(1+7)7~
According to the rational expectation theory, the I — oo and k — oo, then M PC© is independent
from M PC*. Despite bounded rationality, we get the same results if we assume M PCO* =
MPC®O. For the initial steady-state calibration, where M PCO* = M PC© condition is satisfied,
the rational expectation equilibrium is a valid solution of the bounded rational equilibrium. This
can be applied for the other forward-looking equations also.

The discount factor can be written as

l o\ i—1 o~ !
1—w 1—w
Qovl — QO,*
Zl<1+r> +<1+r>

l
1— (11‘“0) o\ !
+ 1-w *
Qo’l = 1_:0 + < 1 ) QO’
L= 1+r tr

The bonds market equilibrium in the steady state can be expressed as the following:

Debt (1 ~ G - MPCQ’)) + (MPCOIQOOL () — 1)TR

1— 01— MPCOY(1 - wY)

BY -

For the young households’ equation we need to differentiate the marginal propensity to consume
and discount factor since the young and old have different level of thinking. The workers’ M PCY

is the following

1 . 1 ( +T) 1AYO Y i,l y 14 Y k 1

MPCYF <0+ MPCO* ;(A (I+m)r(1—w ) (A (I+m)r (- )) MPCY>
k
Y 1 Y

L (1 waaenitare) 1o (A W) (AT ) e

MPCYk  — \o MPCO* 1—AY(1+7)7 (1 —wY) MPCY*
1 Y = Y k

1 L, @ (1) tAYe 1—(1\ (1417 (1 —w )) +(Ay(1+ i1 Y))k 1
L 1 N~ w _
MPCY* o MPCO:k 1 7AY(1+T.)%_1(17WY) MPCY-*
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Based on the workers’ consumption function, we can express the steady-state version of workers’
consumption function:

i—1

vk — oM PCYk (BY <1 e wy)z) wYVozf/QO’k> Xk: { oMPCYE 1 —wY 1

o — MPCYF 14 gNY 147 ‘£ |o — MPCYF 147 MPCYF

k

oMPCYF 1Y CY*
o — MPCYk 141 MPCYE

After some rearranging:

oYk

~ MPCYF 1-w¥ 1
oM PCYk <~Y (1 (1 —wY)2> wyz/aYQO’k> 1- [JJ—MPCY”“ Tor MPCVT

o — MPCYF 1+ gy 1+r — oMPCYVE I’ 1
¢ +g + 1 oc—MPCY:k 1+r MPCYk

oMPCYk 1—wY 1 1" v
o — MPCYF 1+r MPCYE
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B.4 Rational expectations and decomposition of aging shock

Old-Age Depedency Ratio
(% of worker population)
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Figure B.1: Population aging and
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Old-Age Depedency Ratio GDP per capita
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Figure B.2: Population aging and transitional dynamics in with 5=+ = 0.06
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Figure B.3: Population aging and transitional dynamics in with 5+ = 0.118
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Appendix C

Appendix of Chapter 2

C.1 Second-order approximation of utility based welfare loss

function

In this appendix, we derive the second order approximation of the households’ utility function.
The social welfare function is defined as the weighted average of contemporaneous cohort level

welfare functions. The central bank minimizes the population weighted average of utilities:
We= s/ U} (i) + (1 — s, ) U (i)

where the Wy denotes the social welfare function, UY (i) and UP (i) are the approximated welfare

of the young and retired households, respectively.

Retired generation

"Retired’ agent ¢ of retired cohort is one individual:

. 1 A 1Y
U2) = 1 {C00)}

Second-order approximation:
. . . . 1 . 2
UL (i) = U (i) + USo (CL (i) — CO(i)) + 5Ugo i.coq (CL (1) = CO()” +o(2)
Uoq = Co6)

=1
USosy.com = —1C°@) "
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or

CP (i) — COi) CP (i) —00@))2

P10 = U200+ Uory ) G + 3080 0000 (g

We can also express the second-order approximation of consumption changes:
cP(i)—-co .

U = CO) + 5006 + o)

Putting them together:

R 1o, 2 10803 00 C00° (CO>i) — cO®)\
UP (i) = U (i) + Ufo 1, C° (i) (Cto( )+ 5(%0(2) ts— 1 20 CO0) ( o) )

U2(0) = U%(0) + U020 (€200) + 15 C00) )

AO [ \2 .y . . .
where C(i)” are the unconditional variance of the retired households consumption, we assume

that the monetary policy minimizes the variance of the variable:
70 ( O
T0() = —(1 - )UO0) =260 )
As a simplification, we assume that the individual consumption is equal with the average con-

sumption of the pensioners:

O ~O
COG) ~ /S
! NP  1-s)

Young generation

The second-order approximation of young generation’s utility function can be given as

Uy (i) UY (i) + Ubv iy (CF () = CY(0)) + %UgY(i)VCY(Z.) (CY (i) - CY () +
£ U (Bali) — L) + 50 1) (L) — LG0))?

+ Uy (CF (1) = CY () (L) — L(3))

As a first step we need to calculate the derivatives of the following utility function:
1 1=y

U (i) = ——

o CCHOICE 20 g
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The first partial derivative of consumption:

Uvy = {7607 (1= L)} oY ()7 (1= L(i) )
— O_CY(i)a—l—va (1 o L(Z-))(l—a)(l—'y)
Y

The second partial derivative of consumption:

UgY(i)7CY(i) = o(o—1- fyg)CY(i)U_Z—’YU (1— L(i))(l_a)(l_”/)

Y (i
= oo =1-70)(1 =) G

The first partial derivative of labor:

Uy = —{C@a-1@) 7} (1= @) (- La)
= (L= o)CY ()7 (1= L(@) 7
UY (i

= —(1—-0)(1-=
(=010
The second partial derivative of labor:

U{(i),L(i) = —(1—0)(o+7(1—ao))CY ()77 (1 - L(i)) " 1)1
- UY (i)
B AR e 76

Due to the non-separable utility functions, the cross partial derivatives are non-zero:

—0(1—0)(1 —~)CY (i)7 7177 (1 — L(3)) ==
0 ()
BT 70)

Y
ULiyevay =

Based on the partial derivatives above we can express the following ratios that can be used later

Uy, CY(4)
CY(z),C;/Y(z) = 0—1—q0=—(c(y—1)+1)
Ul )
U}y o L) L(i)
Yiaatt - '
UY = (O' + ’7(1 U)) 1— L(Z)

L(i)
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We can rewrite the approximated individual utility function:

. oy —cY@) 10 mevmC @ 1o () — oY)\
UYWU%‘/Y“)CY(Z){ o (e ()>}+

L) —LGE) 1 ULY(Z‘),L(i)L(i) Li(i) — L(i)\*
+ U L(9) { L(i) ta U{(i) ( L(3) )
+ Ul iy n0 (CF () = €Y (3) (Le(i) — L(3)

Uy (i)

Rearranging the equation above:

0 = U0+ U0 0 (€0 - O @) +

+ UY(i)L(i) <ﬁt(z’) + ; <1 +A (0 +9(1=0))7 f?(i)) ﬁt(z')Q)

+ Ugy(i),L(i)CY(Z-)L(Z-)CtY(i)Lt(i)

We can use the results for Ugy (i)’ U{(i) and Ugy(i),L(i) to simplify it further:
00 = U@ oot ) (60 - e ap) +
~ L(7) A 1 L(7) )
_ _ _ Y 1 _ 2
(1= 0) =0 20 (L + 5 (1 0420 - o) 20 ) L4

~ o= o)L= PUY ) E Y L

The labor demand and wage and price dispersion:

1 S\ \ TPW 1 N\ \ TP
A Vi P, N
L, = log/ < téj”) dj—l—log/ < gj)> dj +Y; +mey — 0y
0 t 0 t

= %/Vvar(‘/}(j)) + %var(Pt(j)) +Y; + micy —

The variances can given from Woodford| (2003):

PP par(P(j)) = 22 (m¢ — vpmi1)?

2  2\p
W . oW 2
TWT(VZ(])) = 2w (Wz/ - 'YPW;/—l)
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The central bank minimizes the volatility of the variables:

0¥l = ol ) 7Py
(=)0 O 2 (B2 el + B (= ent 1)) +
(=)= O 2Py (L - o) T ) Ly
— (1= o)L= PUY () s C )

where the approximated level of individual consumption and individual labor can be given by:

C’tY(z') g:g
N S)

. L, L
U )
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Welfare Functions and Optimal Reactions

C.2

Figure C.1: Welfare functions with the baseline monetary policy rules by ad hoc welfare leos
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Optimal reactions by ad hoc welfare loss (1)

Figure C.2
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Figure C.3: Optimal reactions by ad hoc welfare loss (2)

(%) ares Anjia4 (%) Aungeqoid AN (%) arel AnjiiaS (%) Aniiqeqoid reaining
£-0T% , 85000 100 £-0T% 7 85000 100
9 . 9 .
v 5 S100 00 Y S 100,00
5200 5200
t- 950 s
k850
Fss
k90
Fo
k290
g9
Fv9'0
990 L
uonoeas deb ndino :amd B LI 3|q1xal4 uonoeal |dD :amd ¥ 11 d|q1xald
(%) are1 Aupnia mmooﬁ.ﬁw& Aunqeqoud reaining (9%) ores Aujuad wmooA.M\ov Aungeqgoid reaning
0% L 100 g-0T% L 100
9 . 9 .
v 5 ST00 00 . S S100 00
5200 5200
t- 580 Fev
L og0 Fvv
k180 [ov
F8v
- 880
ks
- 680
Fzs
k60
Fvs
F 160 L og
F 260 Lgg
L 60 -9
uopoeas deb Indino 11| 8|qixal4 uonoeal |dD i1 8|qIxald

uondaj|0 aLd NID

176



10.14754/CEU.2019.09

0on

ith the baseline monetary policy rules by utility funct

ons w

: Welfare funct

Figure C.4

£.0T%

0T

95) Aljigqeqoad reainin
(0) ore1 Mo gy L.on qo.d ennins

9 .
s 5100
v .
ﬁ\\L.\\>\\,\\,/,/>/>ﬁmmo.o
o

(pazijewsou % paiybiam)
90UBIBYIP S1eJ 183Ul JO AMI[1IR|OA

%) Ajiqeqoid eanIng
(o0) v o acocl®) sjog goud |

9 .
S G100
b .
r\\ﬁ\\r\\ﬁ\\,/,/>/>ﬁmmo.o
€0

(pazirewsou % paiybiam)
uotejul jo Anjirejon

- T00

200

- €00

- ¥00

Aumejon

- S00

900

- L00

— 800

rvo

T T

© 0

o o
Anjvejon

T
~
(S

80

- 60

60T

(%) ares Ayjiad (%) Aungedoid feaning
+ . 85000 .
9 100 )
v s 100 00
5200
o0
80
F1
<
=X
Fer 2
E
FoT
Fot
-

0T

9 .
S G100
v .
Emwo.o
T80

(pazifewou % paiybiam)
deb 1nding jo Anjirejon

%) Ajigeqoid eaining
(o0) 02 upiag ssocp) 8_.% goud |

T
et
vt

9T

alejlam

8T

rc

rce

rve

-9

(s1015-ApESIS [eNUI=T) B.Ie)l8M

uondaj|0 aLd NID

177



10.14754/CEU.2019.09

Figure C.5: Optimal reactions by utility function (1)
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Figure C.6: Optimal reactions by utility function (2)
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