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Abstract

A simply way to prove Bollobas-Thomason inequality is via the Geometric Brascamp-Lieb
inequality due to Liakopoulos. The same author found the dual Bollobas-Thomason as an appli-
cation of the Reverse Brascamp-Lieb inequality. Here we show the equality case of the Bollobas-
Thomason inequality, via the characterization of the equality case of Geometric Brascamp-Lieb
inequality due to Valdimarsson. In addition, we give a partial characterization of the equality case
of the Reverse Brascamp-Lieb inequality. This allows us to have the equality case of the dual
Bollobas-Thomason inequality.
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1 Introduction

For a proper linear subspace E of R” (E # R™ and E' # {o}), let Pg denote the orthogonal projection
into E. We write ey, ..., e, to denote an orthonomal basis of R™. For a compact set K C R" with
aff K = m, we write | K| to denote the m-dimensional Lebesgue measure of K.

The starting point of my thesis is the classical Loomis-Whitney inequality [45]].

Theorem 1 (Loomis, Whitney) If K C R"” is compact and affinely spans R", then

k
K" <[ IRL K], ()
=1

with equality if and only if K = @}, K; where aft K; is a line parallel to e;.

Meyer [53] provided a dual form of the Loomis-Whitney inequality where equality holds for affine
crosspolytopes.

Theorem 2 (Meyer) If K C R"™ is compact convex with o € intK, then

k
_ n!
L | ! )
=1

with equality if and only if K = conv{£\;e;} | for \; > 0,i=1,...,n.
We note that various Reverse and dual Loomis-Whitney type inequalities are proved by S. Campi,

R. Gardner, P. Gronchi [47].
To consider a genarization of the Loomis-Whitney inequality and its dual form, we set [n] :=

{1,...,n}, and for a non-empty proper subset ¢ C [n], we define E, = lin{e;};c,. For s > 1, we
say that the not necessarily distinct proper non-empty subsets o1, ...,0; C [n] form an s-uniform
cover of [n] if each j € [n] is contained in exactly s of oy, ..., o%.

The Bollobas-Thomason inequality [11]] reads as follows.

Theorem 3 (Bollobas, Thomason) If K C R" is compact and affinely spans R", and o1, ... ,0) C
[n] form an s-uniform cover of [n] for s > 1, then

k
K <[] |Pz,, K. 3)

i=1

We note that additional the case when k = n, s = n — 1, and hence when we may assume that
o; = [n]\ei, is the Loomis-Whitney inequality Therem 1]

Liakopoulos [44] managed to prove a dual form of the Bollobas-Thomason inequality. For a finite
set o, we write |o| to denote its cardinality.

Theorem 4 (Liakopoulos) If K C R" is compact convex with o € intK, and o1, ..., 0y C [n] form
an s-uniform cover of [n| for s > 1, then

k k
|K|S>Hi:1’0i“-H|KﬂE | ()
— (nh)® 7
=1

5
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However, unlike for Loomis-Whitney inequality and its dual form, neither the equality cases of
the Bollobas-Thomason inequality nor of its dual are known. The characterization of the equality
cases of Theorem [3]and Theorem []is the main focus of this thesis.

Let s > 1, and let 0y, ...,0; C [n] be an s-uniform cover of [n]. We say that 51,...,5; C [n]
form a 1-uniform cover of [n] induced by the s-uniform cover o1, ..., o if {G1,...,5;} consists of
all non-empty distinct subsets of [n] of the form ﬂi-“:laf(i) where (i) € {0,1} and o) = o; and
ol = [n] \ 0;. We observe that &1,...,6; C [n] actually form a 1-uniform cover of [n]; namely,
G1,...,07 s a partition of [n].

Theorem 5 Ler K C R™ be compact and affinely span R"™, and let 01, ...,0, C [n]| form an s-
uniform cover of [n] for s > 1. Then equality holds in @) if and only if K = @§:1PE51-K where
G1,...,00 is the L-uniform cover of [n] induced by o1, . . . , oy

Concerning the dual Bollobas-Thomason inequality Theorem 4, we have a similar result.

Theorem 6 Let K C R™ be compact convex with o € intK, and let 01,...,0, C [n] form an s-
uniform cover of [n| for s > 1. Then equality holds in if and only if K = conv{K N Fj, 221
where 51, . .., 0y is the 1-uniform cover of [n] induced by o1, . . ., 0.

According to Liakopoulos [44] (see also Section[7)), a simply way to prove Theorem [3|and Theo-
rem[]is via the Geometric Brascamp-Lieb inequality Theorem[7]and its Reverse form Theorem 8] In
particular, we prove the equality case Theorem [5|of the Bollobas-Thomason inequality via the charac-
terization of the equality case Theorem [9]due to by Valdimarsson [59] of the Brascamp-Lieb inequal-
ity. In addition, we prove Theorem [I0] characterizing the equality case of the Reverse Brascamp-Lieb
inequality in a special case that yields the understanding of equality in the dual Bollobas-Thomason

inequality.
We say that the proper linear subspaces F1, ..., Fx of R" and ¢y, ..., ¢ > 0 form a Geometric
Brascamp-Lieb data if they satisfy
k
> ¢iPg, =1I,. (5)
i=1

The name ”Geometric Brascamp-Lieb data” comes from the following theorem, originating in the
work of Brascamp, Lieb [14].

Theorem 7 (Brascamp, Lieb) For the proper linear subspaces E, ..., FEy of R and c1,...,c; >0
satisfying (), and for non-negative f; € L1(E;), we have

k k ¢
o Lstrmeras<I1( ],

For the Brascamp-Lieb inequality Theorem[7} Brascamp, Lieb [[14] proved the rank one case when
dimFE; = 1fori = 1,...,k, and Lieb [46] proved the general case. We note that equality holds in
Theoremif fi(z) = e~ml=l® for § = 1,...,k; and hence, each f; is a Gaussian density. Actually,
Theorem [/| which is an important special case of the general Brascamp-Lieb inequality, is named
Geometric Brascamp-Lieb inequality by Bennett, Carbery, Christ, Tao [10]. The form Geometric
Brascamp-Lieb inequality of the otherwise more general Brascamp-Lieb inequality was discovered
by Ball [2,[3].

Answering a conjecture by Ball, a Reverse form of the Geometric Brascamp-Lieb inequality was
proved by Barthe [5]]. We write f£n to denote outer integral for a possibly non-integrable function.

6
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Theorem 8 (Barthe) For the proper linear subspaces F1, ..., Ep of R" and cy, ..., c; > 0 satisfying
(), and for non-negative f; € Ly(E;), we have

* k k Ci
/R sup Hfz(mz) i dx > E (/EZ fz> ) @)

n k .
r=) ;. ciwi, x,€E; =1

Let E1, ..., Ej the proper linear subspaces of R™ and ¢y, ..., ¢, > 0 satisfy (5). Valdimarsson
[59]] introduced the so called independent subspaces and the dependent space. We write .J to denote
the set of 2¥ functions {1,...,k} — {0,1}. If ¢ € J, then let F. = N}_, F*() where E? = E; and
El! = Ef fori = 1,...,k. We write Jy to denote the subset of ¢ € .J such that dim F. > 1, and
such an F; is called independent following Valdimarsson [S9]. Readily F. and F; are orthogonal if
e # éfore, € € Jy. In addition, we write Fy., to denote the orthogonal component of ©¢ s, F:. In
particular, R™ can be written as a direct sum of pairwise orthogonal linear subspaces in the form

R™ = (@EejoF(€)> D Fdep- ®)

Here it is possible that Jy = (), and hence R™ = Fyep, or Fyep, = {0}, and hence R" = &.¢ j, F: in
that case.

Now we quote the special case of Valdimarsson’s [S9] characterization of the equality case of the
Brascamp-Lieb inequality that we need to handle the Bollobds-Thomason inequality.

Theorem 9 (Valdimarsson) For the proper linear subspaces E1,...,E; of R" and ¢1,...,c;; > 0
satisfying (8) and Fyep, = {0}, let us assume that equality holds in (6) for non-negative f; € Li(E;),
1 = 1,..., k, with positive integral. Writing F1, ..., F} to denote the independent subspaces, there
exist 0; > O0fori=1,...,kandhj: F; — [0,00) for j =1, ..., such that

fi(x) =0, H hj(Pr;(x)) for Lebesgue a.a. v € Ej.
FjCEi

Theorem [I0] clarifies the equality conditions in the Reverse Brascamp-Lieb inequality in some
special cases that cover say the recent dual Bollobas-Thomason inequality Theorem[6] We say that a
function h : R™ — [0, 00) is log-concave if h((1 — A)z + Ay) > h(z)' " h(y)* for any z,y € R”
and A € (0,1); or in other words, h = e~" for a convex function W : R — (—o0, c0].

Theorem 10 For the proper linear subspaces Ex, ..., Ex of R™ and c1,...,c, > 0 satisfying ()
and Fyep, = {0}, let us assume that equality holds in (1) for non-negative f; € L1(E;), i =1,...,k,
with positive integral. Writing F, . .., Fj to denote the independent subspaces, there exist 6; > 0 and
w; € Ejfori =1,...,kand log-concave hj : Fj — [0,00) for j =1, ..., such that

fi(x) =6; H hj(Pp;(x —w;)) for Lebesgue a.a. x € Ej.
FjCEi

Theoremexplains the term “independent subspaces” because the functions A ; are chosen freely
and independently of each other on F.
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2 The determinantal inequality and structure theory for rank one Ge-
ometric Brascamp-Lieb data

We first discuss the basic properties of a set of vectors 1, . .., u, € S® ! and constants ¢y, . .., ¢, >
0 occurring in the Geometric Brascamp-Lieb inequality; namely, satisfying

k
> e @ u; = I, 9)

i=1

This section just retells the story of Section 2 of Barthe [5] in the language of Bennett, Carbery, Christ,
Tao [10].

Lemma 11 Forus,...,u, € S" Yandecy,...,cp > 0 satisfying (9), we have
()i =mn
(ii) Zle ci(u;, v)% = ||z||? for all z € R";
(iii) ¢; < 1 fori = 1,..., k with equality if and only if u; € ufforj £y

(iv) u1,...,u spans R™, and k = n if and only if uy,...,u, is an orthonormal basis of R" and

cg=...=c¢cp =1

(v) if L is a proper linear subspace of R", then

Z ¢ < dimL,

u, €L
with equality if and only if uy, ..., ux, C LU L™*.

Remark If ), _; ¢; = dim L in (v), then lin{u; : u; € L} = L and lin{u; : u; € L*+} = L+,
Proof: Here (i) follows from comparing the traces of the two sides of (9)), and (ii) is just an equivalent
form of (9). To prove ¢; < 1 with the characterization of equality, we substitute = w; into (ii).

Turning to (iv), let us assume that uy, ..., u, € S lander,...,cp >0 satisfy (9). We consider
w; € S"Lforj =1,...,n such that (w;,u;) = 0,7 =1,...,n, and (ii) shows that u; = w); and
Cj =1.
For (v), let v; = \/c; u; fori = 1,..., k, and we observe that (ii) is equivalent with
k
D (vi,x)? = |l|? forall z € R" (10)
i=1

where (i) yields that
k
> will? = n. 11)
i=1

If u; € L, then let &; = P; 1 v;. We deduce that if z € L=, then

k

2l = (vi,2)® = > (5, 2)° (12)
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It follows from (i) and (ii) (compare (T0) and (TT)) applied in L instead of R™ that

dim Lt =" 57 < ) uilP =) e (13)

u; &L u; &L u; &L

In turn, we conclude the inequality in (v). If equality holds in (v), then ||v;|| = ||;|| whenever u; & L;
therefore, uy,...,uy C LULL. O

Let uy,...,up € S" Landcy,...,c;p > 0 satisfy (9). Following Bennett, Carbery, Christ, Tao

[10]], we say that a non-zero linear subspace V is a critical subspace with respect to w1, . . ., ug and
Cly...,cpif

Z c; =dimV.

u; €V

In particular, R™ is a critical subspace according to Lemma [[1] We say that a critical subspace V'
is indecomposable if V' has no proper critical linear subspace. In addition, we say that a non-empty
subset U C {uy,...,ux} is indecomposable if lin I/ is an indecomposable critical subspace.

In order to understand the equality case of the rank one Brascamp-Lieb inequality, Barthe [S]]
indicated an equivalence relation on {u1, ..., uy}. First, we write that u; < u; if there exists a subset
U C {ui,...,u;} of cardinality n — 1 such that both {u;} U/ and {u;} UU are independent. We
define ~ to be the transitive completion of < on {u1, ..., uy}, and hence ~ is an equivalence relation

on {ug,...,ug}.
Lemma 12 Foruy,...,u, € S" tandecy,. .., cp > 0 satisfying (), we have
(i) a proper linear subspace V. C R™ is critical if and only if {uy, ... ,u} C VUVL;

(ii) if V, W are proper critical subspaces with V. N'W # {o}, then VL VAW and V + W are
critical subspaces;

(iii) the equivalence classes with respect to ~ are the indecomposable subsets of {u1, ..., u};

(iv) the proper indecomposable critical subspaces are pairwise orthogonal, and any critical sub-
space is the sum of some indecomposable critical subspaces.

Proof: (i) directly follows from Lemma[TT](v), and in turn (i) yields (ii).

We prove (iii) and and first half of (iv) simultatinuously. We say that a subset D C {uy, ..., ux}
is minimally dependent if D is dependent and no proper subset of D is dependent. Since uy, ..., ug
spans R™, u; > u; for i # j is equivalent with the existence of a minimal dependent set D C
{u1,...,uy} satisfying u;,u; € D. This new formulation shows that if Vi,...,V}, are the linear
hulls of the equivalence classes with respect to ~, then V1, ..., V,, are complementary; or in words,
dimV; +...+dimV,, = n.

We deduce from Lemma(v) that each V; is a critical subspace, and if ¢ # j, then V; and V; are
orthogonal.

Next let 4/ C {ui,...,ur} be an indecomposable set, and let V' = linld. We write I C
{1,...,m} to denote the set of indices i such that V; N U # (. Since V is a critical subspace,
we deduce from Lemma (v) that V; NV 1is a critical subspace for ¢ € I, as well; therefore,
consists of a unique index p as U is indecomposable. In particular, V' = V,.

It follows from Lemma (v) that {uy,...,ux} C VU VL therefore, there exists no minimally
dependent subset of {uy, ..., u} intersecting both ¢/ and its complement. We conclude that V' = V.
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Finally, the second half of (iv) follows from (i) and (ii). O

Proposition 13 For uy,...,u;, € S" Yandcy,...,c, > 0 satisfying Q), ift; > 0fori =1,...,k,

then
k k
det (Z citiu; ® ’U,Z> > Htlcz (14)
=1 =1

Equality holds in @ if and only if t; = t; for any u; and u; lying in the same indecomposable subset
of {ur, .., ux

Proof: To simplify expressions, let v; = \/cju; fori =1,... k.

In this argument, I always denotes some subset of {1,...,k} of cardinality n. For I =
{i1,...,in}, we define
dr := det[vil,... Uin]Z and tr =1, -,
For the n x k matrices M = [vq, ..., vg] and M = [Vt1v1,..., /T v, we have
MM =1, and MM" = Ztvl®vz (15)

It follows from the Cauchy-Binet formula that

k
Zdl =1 and det (Z tiv, ® vi> = thd[,
I I

i=1
where the summations extend over all sets I C {1,..., k} of cardinality n. It follows that the discrete

measure 4 on the n element subsets of {1,...,k} defined by u({I}) = d; is a probability measure.
We deduce from inequality between the arithmetic and geometric mean that

k
det <Ztivi ®vi> = trdr > [[t7" (16)
=1 I I

The factor ¢; occurs in []; tf,lf exactly >, ,.;d; times. Moreover, the Cauchy-Binet formula

applied to the vectors vy, ..., V;—1, Vi+1, . . - , Vg implies
> dI—ZdI— Y dr=1—det | Y v @u
1,iel 1,igI J#i

=1—det (Id,, — v; ® v;) = (vi, v;) = ¢;.

Substituting this into (T6) yields (14).

We now assume that equality holds in (I4)). Since equality holds in when applying arithmetic
and geometric mean, all the ¢ are the same for any subset I of {1, ..., k} of cardinality n with d; # 0.
It follows that ¢; = ¢; whenever wu; > u;, and in turn we deduce that ¢; = ¢; whenever u; and u; lie
in the same indecomposable set by Lemma[12] ().

On the other hand, Lemma (i1) yields that if ¢; = t; whenever u; and u; lie in the same
indecomposable set, then equality holds in (I4). O

Combining Lemma[I2]and Proposition [T3]leads to the following:

10
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Corollary 14 Foru; € S" Y and c;,t; > 0,i = 1,... k satisfying ©), equality holds in if and
only if there exist pairwise orthogonal linear subspaces Vi, . .., Vi, m > 1, such that {uy, . .. ,ux} C
ViU...UVy, and t; = t; whenever u; and u;j lie in the same V), for some p € {1,...,m}.

3 The determinantal inequality corresponding to the higher rank
Brascamp-Lieb inequality

We consider proper linear subspaces Ej, ..., By of R” and cy, ..., ¢, > 0 satisfying the Geometric
Brascamp-Lieb condition
k
> P, =1, (17)
i=1
We now connect to (9). Fori =1,...,k, letdim E; = n; and let ugi), . ,uﬁf} be any orthonor-
mal basis of E;. In addition, for¢ = 1,..., k, we consider the n x n; matrix M; = \/a[ugz), - u,(f}]
We deduce that
ciPs, = MM =3 el @l fori=1,... K (18)
j=1
D R 3 WIS w o LTI N
i=1 i=1 j=1 i=1 j=1
and hence " e S™ 1 and W = ¢ >0fort =1,...,kand j = 1,...,n; form a Geometric

Brascamp-Lieb data like in (9).

Lemma 15 For proper linear subspaces E1, . .., Ex of R" and c1, . .., ¢, > 0 satisfying (7)),

(i) if = € R™, then Y% ¢|| Pg,z||? = || =%

(ii) if V. C R™ is a proper linear subset, then

> adim(ENV)<dimV (20)
E;NV#{o}

where equality holds if and only if E; = (E;N\V )+ (E;NVY) fori = 1,...,k; or equivalently,
whenV = (E;NV)+ (EfnV)fori=1,...,k
Proof: Fori = 1,...,k, let dim E; = n; and let ugi), . ,uSB be any orthonormal basis of E; such
that if V' N E; # {o}, then ugl), e ,u%)i is any orthonormal basis of V' N E; where m; < n;.
Forany x € R"andi = 1,..., k, we have | Pg,z|> = 3
).
Concerning (ii), Lemma[T](v) yields (20). On the other hand, if equality holds in (20), then V" is
a critical subspace for the rank one Geometric Brascamp-Lieb data ug»l) € S" ! and cy) =¢; > 0 for
i=1,...,kand j = 1,...,n; satisfying (I9). Thus Lemma[I3](ii) follows from Lemma[II](v). O

i <u(i) , )2, thus Lernma (i) yields

J

11
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Following Bennett, Carbery, Christ, Tao [[10], we say that a non-zero linear subspace V is a critical
subspace with respect to the proper linear subspaces EF1, ..., Ey of R" and c1, ..., c; > 0 satisfying
if

> adim(ENV)=dimV
E;NV#{o}
In particular, R™ is a critical subspace by calculating traces of both sides of (I7). For a proper linear
subspace V' C R™, Lemma [15| yields that V is critical if and only if V' is critical, which is turn
equivalent saying that

Ei=(ENV)+(E;NnVY) fori=1,... k; 1)
or in other words,

V=(ENV)+(EfnV)fori=1,... k. (22)
Again, a critical subspace V' is indecomposable if V' has no proper critical linear subspace, and we call
the Geometric Brascamp-Lieb data of proper linear subspaces E1, ..., Fy of R and ¢1,...,¢c;x > 0

satisfying indecomposable if there exists no proper critical subspace.
The following was pointed out in Valdimarsson [S9].

Lemma 16 If E1, ..., Ey are proper linear subspaces of R™ and ¢y, . . ., c; > 0 satisfying (7)), and
V, W are proper critical subspaces with V \'W # {o}, then VX, V.N\W and V + W are critical
subspaces.

Proof: The fact that V- is also critical follows directly from (2T)).
Concerning V' N W, we need to prove thatif¢ = 1,..., k, then

VAW)NE +(VnW):nE; =E;. (23)

For a linear subspace L C E;, we write L*¢ = L+ N E; to denote the orthogonal complement
within E;. We observe that as V and W are critical subspaces, we have (V N E;)~ = V1 N E; and
(W N E;)Y = Wt N E;. It follows from the identity (V N W)+ = V+ + W that

Ei > (VAW)NE +(VnW) NnE =VnE)N(WNE;)+(Vt+wh)nE,
S (VNE)N(WNE)+ (VINE)+(WHnE)
= (VNE)N(WNE)+(VNE)Y +(WnE)"
= (VAE)N(WNE)+[(VNE)N(WNE)*" =E;
yielding (23).

Finally, V + W is also critical as V + W = (V- n W)+ O

We deduce from Lemma [T6] that any crtical subspace can be decomposed inro indecomposable
ones.

Corollary 17 If Ey, ..., Ey are proper linear subspaces of R™ and ¢y, . .., ¢, > 0 satisfy (7)), and
W is a critical subspace or W = R", then there exist pairwise orthogonal indecomposable critical
subspaces Vi, ..., Vi, m > 1, such that W = Vi + ...+ Vi, (possiblym = 1 and W = V7).

For a non-zero linear subspace . C R"™, we say that a linear transformation A : L, — L is positive
definite if (Az,y) = (z, Ay) and (x, Az) > 0 for any =,y € L\{o}. The following is indicated in
Barthe [5]].

12
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Proposition 18 (Barthe) For proper linear subspaces E1, ..., E, of R™ and ¢y, ..., c; > 0 satisfy-
ing (1), if A; : E; — E; is a positive definite linear transformation fori =1, ...k, then

k k
det (Z cZ-AiPEZ) > [ [ (det A;). (24)

i=1 =1

Equality holds in (24) if and only if there exist linear subspaces Vi, ..., V,, where Vi = R"™ ifm =1
and Vi, ..., Vy, are pairwise orthogonal indecomposable critical subspaces spanning R™ if m > 2,
and \1, ..., Ay > 0 such that each E; is spanned by the subspaces E; N\'Vj for j = 1,...,m, and if
E;NV; # {o}, then E; NV} is an eigenspace of A; with eigenvalue \;.

Proof: Fori =1,...,k, letdim E; = n;, let ugi), el u,(fz) be an orthonormal basis of E; consisting

;Z) gz)' In particular
det A; = H’;;l )\y) fori = 1,...,k. In addition, for7 = 1,...,k, we set M; = \/Ei[ugz), e ,u$§3]
and B; to be the positive definite transformation with A; = B; B;, and hence

of eigenvectors of A;, and let A;’ > 0 be the eigenvalue of A; corresponding to u

ng

j=1

We deduce from Lemma([I3]and (I9) that

k k ny;
det (Z ciAZ-PEi> = det Z Z ci)\g-i)uy) ® ug-i)

i=1 i=1 j=1

Cq

k n; k

ITIIIY | =TT(det A= (25)

i=1 \j=1 =1

v

Finally, if we have equality in (24), and hence also in (23])), then Corollary [14] implies that there
exist pairwise orthogonal critical subspaces Vi,...,V,,, m > 1 spanning R"™ and Ay,..., A, > 0
(where V; = R™ if m = 1) such that if £; NV} # {o}, then E; NV is an eigenspace of A; with
eigenvalue \;. We conclude from (21)) that each V/ is a critical subspace, and from Corollary [17| that
each V; can be assumed to be indecomposable. Finally, yields that each E; is spanned by the
subspaces E; NV forj=1,...,m. O

4 Further structural theory of a Geometric Brascamp-Lieb data

This section describes the structure of the Brascamp-Lieb data consisting of proper linear subspaces
Ei,...,Eyof R" and ¢y, ...,c; > O satisfying based on Valdimarsson [59]. We deduce from
Lemma (i) and that if V' is a critical subspace, then writing Pg:r)]v to denote the restriction of
Pg,~y onto V, we have
S apy) =1y (26)
E;nV#{o}

where Iy, denotes the identity transformation on V.

13
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If each E; in the Geometric Brascamp-Lieb data is one dimensional, then Lemma [12] (iii) says
that lower dimensional indecomposable critical subspaces are pairwise orthogonal, and hence there
exists a unique decomposition of R™ as a direct some of indecomposable critical subspaces. This is
a very useful property in light of Proposition However, the uniqueness of a decomposition of R"
into indecomposable critical subspaces does not hold in general for a Geometric Brascamp-Lieb data
if some F; is of higher dimension (see examples in Valdimarsson [59]).

In general, the structure of a Geometric Brascamp-Lieb Data is described by Valdimarsson [39].
We write .J to denote the set of 2* functions {1, ..., k} — {0,1}. Ife € J, thenlet F(.) = nk_ EE@)

where EZ.(O) = F; and EZ-(I) = Ell fori = 1,..., k. We write .Jy to denote the subset of ¢ € J such
that dim F{.) > 1, and such an F{) is called independent following Valdimarsson [59]]. Readily F.)
and F|g) are orthogonal if ¢ # € for ¢,& € Jo. In addition, we write Fycp, to denote the orthogonal
component of Gee.j, F{). In particular, R can be written as a direct sum of pairwise orthogonal linear
subspaces in the form

R"™ = (@EEJOF(E)) D Fdep- (27)

Here it is possible that Jy = (), and hence R"™ = Fycp, or Fyep, = {0}, and hence R = @ ¢, F.)in
that case. We deduce from (21) that

each independendent subspace F.), € € Jy, and Fyep, are critical subspaces. (28)
It follows from Lemmal[13](i) that
N¥_, E; ={o} and N, B+ = {o}. (29)

Therefore Jy does not contain the two constant functions in J.
Lemma 10 in Valdimarsson [59]] states the following crucial property of independent subspaces
and general critical subspaces.

Lemma 19 (Valdimarsson) If the proper linear subspaces Fn, ..., Ex of R" and c¢1,...,c > 0
satisfy (I7), F, (c) € € Jo, is an independent subspace and V' is a critical subspace, then

V= (VnFy)+(VnFg)

Lemma 20 [f the proper linear subspaces E1, ..., E; of R" and ¢y, . .., c, > 0 satisfy (I7), and V
is an indecomposable critical subspace, then either V. C Fyep, or there exists independent subspace
F(s) D V,e € Jp

Proof: We observe that the intersection of V' with any critical subspasce is either {0} or V' by
Lemma|I6] therefore combining Lemma[I9] with and (28) yields the statement. O

5 Optimal transportation and the Reverse Brascamp-Lieb inequality

For a C? function ¢ on R”, we write D¢ the first derivative and D?¢ the Hessian of ¢. Combining
Corollary 2.30, Corollary 2.32, Theorem 4.10 and Theorem 4.13 in Villani [60] on the Brenier type
based on McCann [51} 152] for the first two, and on Caffarelli [[16} (17, 18] for the last two theorems,
we deduce the following:

14
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Theorem 21 (Brenier,McCann,Caffarelli) If f and g are C' positive probability density function
on R™, then there exists a C? convex function @ on R™ (unique up to additive constant) such that
Dy : R* — R" is bijective and

f(z) = g(D(x)) - det D*p(x) for z € R™. (30)

In particular, the derivative Dy of the convex potential is a transportation map between the
measures determined by f1 and fs.

Proof of Theorem |8} I based on Barthe [3]. First we assume that each f; is a C! positive probability
density function on R™, and let us consider the Gaussian densiy g;(xz) = e —mlel? for 2 € F;. Accord-
ing to Theorem ifi = 1,..., k, then there exists a C? convex function ¢; on E; such that for the
C! transportation map T; = V;, we have

gi(x) =det VT;(x) - fi(T;(x)) forall z € Ej. (31)

It follows from (34) that VT; = D?¢;(x) is positive definite symmetric matrix for all x € E;. For the
C* transformation © : R — R" given by

Z ¢i T (Pr,y) y € R",
its differential i
dO(y) =Y e;VT; (Pry)
i=1

is positive definite by Proposition [I8] It follows that © : R™ — R™ is injective (see [3]). Therefore
Proposition and Lemma 15| (i) imply

*
/ sup H fi(zi)id

R™ g _ZZ 1szzyxz€Ez =1

2/( sup Hflzcl )detd@())d

@(y) Zz 1511'173316E1 =1

k k
/ (H fi (T: (Pg,y)) )det (ZciVTi(PEiy)> dy

i=1 =1

k

k
/ (Hfz (Pry)) )H (VT; (Pg,y))" dy (32)
=1

k
_ / Lo (o) | dy= / eIV gy — 1.
R™ \j=1 "

Finally, the reverse Brascamp-Lieb inequality for arbitrary non-negative integrable functions f;
follows by scaling and approximation (see Barthe [S]]). O
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Given proper linear subspaces F1, ..., E; of R” and ¢y, ..., c; > 0 satisfying (I7)), we say that
the non-negative integrable functions fi,..., fr with positive integrals are extremizers if equality
holds in (7). In order to ensure that we only deal with positive smooth functions, we use convolutions.
More precisely, Lemma 2 in Barthe [3]] states the following.

Lemma 22 Given proper linear subspaces E1, ..., E; of R" and cy, ..., cx > 0 satisfying (7)), if
fi,..., frand g1, ..., gy are extremizers in the Reverse Brascamp-Lieb inequality (7), then the same
holds for f1 * g1, ..., fr * k.

Given proper linear subspaces F1,..., Ey of R® and cy,...,c; > 0 satisfying (17), let us dis-
cuss the translation invariance of the Reverse Brascamp-Lieb inequality. For non-negative integrable
function f; on F;,i =1,..., k, let us define

k
Fa)=  swp [[fie

k .
rx=y ;4 CciTi, T, €E; =1

We observe that for any e; € E;, defining fz(a:) = filr+e;) forx € E;,i=1,...,k, we have

k k
F(z) = sup H filx)) = F (:p - ZQQ) : (33)

I:Zi?:l ciri, i€l j=1 =1

Proposition 23 For the proper linear subspaces E1, ..., Ei of R™ and cy,...,c;, > 0 satisfying
(@) and Fyep = {0}, let us assume that equality holds in (1) for non-negative f; € Li(E;), i =
1,..., k, with positive integral. Then writing F1, ..., F] to denote the independent subspaces, there
exist integrable hi; : F; — [0,00) fori=1,...,kand j =1,...,l with F; C E; such that

fi(z) = H hij(Pr,x) forx € E;.

FjCEi

Proof: Fori = 1,...,kand z € E;, let g;(z) = e~ll#lI* and hence gi is a probability distribution
on E;, and g1, . .., g, are extremizers in the Reverse Brascamp-Lieb inequality (7). Let fi, ..., fi be
extremizers in (7). We may assume that each f; is a probability distribution on E;, i = 1,... k.

Case 1 Each f; is positive and C'.
As in the proof of Theorem above, let ¢; be Brenier’s C? convex potential on E; such that

gi(z) = det D?p;(z) - fi(Dy;i(z)) forall z € E;. (34)

We write T; = Dy; : E; — E; and VI; = D2g0i to denote the transportation map and its
derivative, respectively, for ¢ = 1,...,k where V7T is positive definite. According to (33), we may
assume that

Ti(0) =0 fori=1,... k. (35)

If equality holds in (7)), then equality holds in the determinantal inequality in (32), therefore we
apply the equality case of Proposition[I8] In particular, for any z € R", there exist m, > 1 and linear
subspaces Vi 4, ..., Vin, » where Vi3 = R" if m; = 1 and Vi 4,..., Vi, » are pairwise orthogonal
indecomposable critical subspaces spanning R" if m, > 2, and A1 ,..., Ay, o > 0 such that if
E; NV}, # {o}, then writing 151” to denote the orthogonal projection into £; NV} ;., we have

VTi(Pj2v)| By, . = NjzlEnv, . (36)
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and in addition, each FE; satisfies
Ei = ®pnv; ,2{01Ei N Vja. (37)

Let us consider a fixed F;, ¢ € {1,...,k}. It follows from and Lemma 20| that if E; N F), #
{o} forp € {0,...,1} and x € R", then F}, C E;, and

Fp = @Eiﬂvj,z?f{o} E’L N V],zy

V; 2CFp
therefore, @ yields that if y € E;, then
VTi(y)(Fp) = Fp. (38)
Since applying again and Lemma [20] yields that
E; = ®p,nr,£{0} Fp (39)
we deduce from combining (38)) and (39) that for any y € E;, we have
VTi(y) = ©pnr,2{0} VIi(Y)|F,- (40)
In turn, (0) and T;(0) = o (¢f. (33) imply that if y € E;, then
Ti(y) = ®g,nr,2{0} Li(PE,Y). 41)

It follows from that there exist §; > 0 and positive integrable functions h;, on F}, whenever
E;NF,#{o}forie{l,...,k}andp € {1,...,} such that if y € E;, then

fiy) =60 [ hin(Pry) 42)
FpCE;
p>1
Case2 fi,..., f are any extremizers in the Reverse Brascamp-Lieb inequality (7).
According to Lemma fi * g; are positive and C' extremizers, and hence they are of the of
form as in (42). The use of Fourier transform shows that the original f1,. .., fx are of the same form

except for the fact that functions h;, may not be positive on R". O

6 The equality case of the Reverse Brascamp Lieb inequaltiy (partial)

Given Proposition the only extra ingredient we need is the Prekopa-Leindler inequality Theo-
rem [24] (proved in various forms by Prekopa [55] [56]], Leindler [43] and Borell [12]) whose equality
case was clarified by Dubuc [20] (see the survey Gardner [235])). In turn, the Prekopa-Leindler inequal-
ity (43) is of the very similar structure like the Brascamp-Lieb inequality (7).

Theorem 24 (Prekopa, Leindler) For \i,..., A, € (0,1) with A\; + ...+ A\, = 1 and integrable
P15 0m : R" = Ry, we have

* m

m i
/ sip [[eie)Mde =] ( /R ) soi) , “3)
i=1

R™ 122?;1 AiZs, x; ER™ i=1

17
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and if equality holds and the left hand side is positive and finite, then there exist a log-concave function
panda; > 0and b; € R™ fori =1,...,m such thatzyil ;b = oand

pi(x) = aip(z — by)
for Lebesgue almostall x e R, 1 =1,...,m.

Proof of Theorem [10] Our starting point is the statement and notation of Proposition and hence
let £, ..., F; be the independent critical subspaces. It follows from that we may assume that
bj=0fori=1,...,k.

First we verify that for each F;, j = 1,...,1, we have
> ei=1 (44)
FjCEl‘

For this, let x € F}\{o}. We observe that for any F;, either F; C Ej;, and hence Pg,x = x, or
Fj C E;+, and hence Pg,z = o. We deduce from (3) that

k

JJ:E ¢;Pp,x = g G |-z,

i=1 Fj CcCE;
which formula in turn implies (44)).
Since F1 @ ... ® F; =R"and Fy,..., F; are critical subspaces, (21)) yields fori = 1,. .., k that
Ei= D Fr (45)
Fj CE;
therefore, the Fubini theorem implies

/fz— H/ i (@) da (46)

F;CE;

On the other hand, using again 7 @ ... ® I} = R", we deduce that if = = 2221 zj where z; € F}
for j > 1, then z; = Pp; . It follows from that for any x € R", we have

l

sup H filxy)© H sup H hij(z5:)° | - a7

x:Zi'C:l CiTis =1 ': PF = zF CE; CiTjg» FCE
z; €E; ]ZEF

We deduce from (44)) and the Prekopa-Leindler inequality Theorem that for fixed j € {1,...,1},

we have .
/ sup II hijiedz> ] ( / dx) : (48)

Rt Prye=Xr;cB; it pcp, F;CE;
JZEF

Now in the case of the special functions f; of Proposition[23] combining (@8) with (46), and the
Fubini Theorem yields the Reverse Brascamp-Lieb inequality (7). On the other hand, if equality holds
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in (7), then equality holds in (@8] for j = 1,...,l. According to the equality case of the Prekopa-
Leindler inequality Theorem for any fixed j € {1,...,l}, there exists a log-concave function h;
on F};, and there exists a;; > 0 and w;; € Fj forany i € {1,...,m} with F; C E; such that

hij(z) = a;jh;j(x — w;;) for Lebesgue a.a. x € Fj.

In turn, we conclude Theorem [I0]by choosing

w; = E wij

FjCEi

foranyi € {1,...,k}. O

7 The equality cases of the Bollobas-Thomason inequality and in its
dual

We will denote with 0 = o; and o} = [n]\ 0;. When we write 1, . . ., 6; for the induced cover from
oi,--..,0k, We assume that the sets are distinct.
Lemma 25 Fors > 1, let 01, ...,0 C [n] form an s-uniform cover of [n], and let &1, . . ., 5, be the
1-uniform cover of [n] induced by o1, . .., 0. Then
(i) for any fixed orthonormal basis e1, . . . , ey, the subspaces E,, = {e; : i € 0;} satisfy
k
1
> P, =1y (49)
i=1

i.e. form a geometric Brascamp Lieb data.

(ii) the elements c; have the following form: there is r € [n] so that,

0; = ﬂ 0’? N ﬂ O'il (50)

reo; T¢Ui

(iii) the subspaces F5, := lin{e; : j € d;} are the independent subspaces of the data and

Fdep = {0}
Proof:
(i) Since o1,...,0f form a s-uniform cover, every e; € R" is contained in exactly s of

Es,...,Es,.. So (i) follows.

(ii) Let o1, ..., 0 be just subsets of [n]. We take a I C [k] of cardinality s, and we consider the set
Ap = ﬂa?mﬂa}.
i€l igl

If, after a replacement of 0 by 1 (1 by 0) in the left (right) big intersection we have that the
new Aj is not empty, then there is 7 € [n] so that 7 is contained in exactly s — 1 (s + 1) from
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o1,...,0k. Now with the additional property that oy, ..., 0} C [n] form an s-uniform cover of
[n], we have that any g; has the form of A, and also for some r € [n]

IC{iclk]:re€o}
Since both cardinalities of the above sets is s we conclude to (50).

(iii) If we prove the independence of the subspaces, then immediate we have that Fy.,, = {o} since
for each r € [n] we have that r € A, where I, = {i € [k] : » € 0;}, namely one of the
subspaces Fi7, ..., I, contains e, and so they span R". Now the independance follows from
the easy observation,

ﬂ?zl(lin{ei RS Uj})s(j) =lin{e; : i € ﬂleaj(j)}
where, when € takes the value 1, the left ¢ is the orthogonal complement in R™ and the right ¢ is

the complement in [n].

a

Let us introduce the notation that we use when handling both the Bollobas-Thomason inequality
and its dual. Let 01, ..., 0% be the s cover of [n] occuring in Theorem [5|and Theorem @, and hence

E; = Ey,,1=1,...,k, satisfies
k

1
Y —-Pp, =1, (51)
-1
Let G1,...,d; be the 1-uniform cover of [n] induced by o1, .. ., 0. It follows that
F; = Ez forj=1,... , | are the independent subspaces, 52)
Faep = {o}. (53)

Forany i € {1,...,k}, we set

L ={je{l,....l}: F; C E;},
and forany j € {1,...,1}, we set

Ji={ie{l,....k}: F; C E;}.

For the reader’s convenience, we restate Theorem [3]and Theorem[5]as Theorem[26] and Theorem 4]
and Theorem [6]as Theorem

Theorem 26 (Bollobas, Thomason) If K' C R" is compact and affinely spans R", and 01, ..., 01 C
[n] form an s-uniform cover of [n] for s > 1, then
k
K[* <] IPs,, K. (54)
i=1

Equality holds if and only if K = @ézlPF&i K where &1, ..., 0y is the 1-uniform cover of [n] induced
by o1, ...,01 and Fy, is the linear hull of the e;’s with indeces from ¢;.
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Proof: We denote with E; := E,, where from Lemma [25] (i) these subspaces compose a geometric
data. We start with a proof of Bollobas-Thomason inequality. It follows directly from the Brascamp-
Lieb inequality as

1 k )
< II( /E L)) = [T 1Pe.sl: (55)

where the first inequality is from the monotonicity of the integral while the second is Brasmap-Lieb
inequality Theorem [/} Now, if equality holds in (53)), then on the one hand,

k
() =] Lpy, (1) (P, ()
i=1
and on the other hand, if F7, ..., F; are the independent subspaces of the data, which from Lemma

they span R", namely Fy., = {0}, by Theorem@there are integrable functions h; : I} — R,
such that, for Lebesgue a.a. z; € E;

lpy K (zi) = 0; H hj(Pr;(;))
JeI;
Therefore from the previous two, we have for x € R"

k

g (z) = [ 6: T ps(Pr, (P, (2)))

i=1 jeEI

Now, since for j € I; we have F; C E; we can delete the Pg, on the above product. Thus, for
0= Hle 0;, we have for Lebesgue a.a. x € R"

k l
1g(@) = 0[] I] 7(Pr (x)) = 6 T] hy(Pr, (2)) 3. (56)
i=1j€el; j=1
Now, for z € K the last product on above is constant, so
1
0 = (57)

[Ti<1 hy(Pr, (o))
for some x, € K. Forj =1,...,l wesety; : I; — R", by

h]’(l‘ + PFj (:Eo))l‘]j‘
By (P, ()17

We see that ¢;(0) = 1 and also (56) and yields

pj(r) =

l
1k () = [ 95 (Pr, (@) (58)

Jj=1
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Form € {1,...,1}, taking v € F}, in (38) (and hence ;(PF;(z)) = 1 for j # m) shows that

Lk —20(y) = om(y),

for Lebesgue a.a. y € F,,. Therefore and the ortgonality of the F’s,

! !
K—xzo=) Pp ! (Pry(K = 1)) = P Pr, (K — xo),
j=1 j=1
completing the proof of Theorem [26] O

To prove Theorem we use two small observations. First if M is any convex body with o €
int M, then

o
/ €—||9CHM dr = / e_rnrn_l‘M‘ dr = n'\M| (59)
n 0
Secondly, if F}j are pairwise orthogonal subspaces and M = conv {My,..., M;} where M; C Fj is
a dim F;-dimensional compact convex set with o € relint M, then for any z € R"

l

lzllar = 1 Pryl . (60)
=1

In addition, we often use the fact, for a subspace ' of R” and = € F, then ||z|x = ||z| knF-

Theorem 27 (Liakopoulos) If K C R™ is compact convex with o € intK, and o1,...,0, C [n]
form an s-uniform cover of [n] for s > 1, then
k
[T ol
|K|* > W‘HV{”EH (61)
i=1

Equality holds if and only if K = conv{E5, N K}\_, where &1,...,5, is the 1-uniform cover of [n]
induced by o1, ..., 0.

Proof: We define

fz) = e Nzl (62)
which is a log-concave function with f(0) = 1, and satisfying (¢f (39))
- 1 !
Fly)™ dy :/ eIl gy :/ e Wl _ K‘ _n |K]|. (63)
Rn n n n n"

We claim that

1/s

k
n" /R” fly)"dy > Zl—Il (/Ez fxy) dazi> . (64)

Equating the traces of the two sides of (@9)), we deduce that, d; := |o;| = dimE;

> jTi =1. (65)
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Forz = Y%

i=1s

Lz, with z; € F;, the log-concavity of f and its definition (62), imply

k k
f(z/n) 2H f(zi/d;) rTls :Hf(:c,)i (66)
i=1 i=1

Now, the monotonicity of the integral, and Reverse Brascamp Lieb inequality, give
f(z/n)"dz 2/ sup Hf () 1/3 dz > H / flxy) de’Z . (67)
R™ R™ z:Zf lml 2, €F; j—1

Making the change of variable y = z/n we conclude to (64). Computing the right hand side of (64)),
we have

/ F(as) dars = / el gy — / e oillknr, dg; — d)|K A Ej. ©68)

Therefore, (63), and yield (61).

Let us assume that equality holds in (61]), and hence we have two equalities in (67). We set
M = COHV{K N Fj}lgjgl'
Clearly, £ O M. For the other inclusion, we start with z € int K, namely ||z||x < 1. Equality in the
first inequality in (67) means,
" k
(6—|\z/nnK) _ sup |1
2= ZL 1 1@ z,€E; i=1

or in other words,

1 .
Izl = - inf Z il = Z 1Yl - (69)

8 a=yF | lu;z€E; = 2=3 0 1yz,yle i =1

i=1 s

We deduce that there exist y; € E;, ¢ = 1,..., k such that

k k
z=> yiand > luillx <1, (70)
i=1 i=1

Therefore, from (70), then (60) and after the triangle inequality for || - || x;, we have
k k k
lellar =222 Prwil| =2\ 2o Pewl <22 MPewillir, - D
=1 jel; M i=1 ||i€el; KNF: =1 iel;
J
It suffices to show that
KNE;, = CODV{K N Fjj}je[i (72)

because then, from (71)), applying and (70), we have

l k
lzlar <320 D PRl p, = D lwillcne, < 1,
=1

j=lielJ;
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which means z € M. Now, to show (72), we start with the equality case of the Reverse Brascamp-
Lieb inequality which has been applied in (67). From Theorem [I0} there exist #; > 0 and w; € E;
and log-concave hj : F; — [0,00), namely h; = e~ % for a convex functon ¢;, such that

6—||:Jci||KmE,L- — 92. H hj(PFj (:CZ — wl)) (73)
JjEIL;

for Lebesgue a.a. x; € E;. Fori € [k] and j € I; we set, ¢;; : F; — R by

In 6,
ij(x) = ¢j (x — Prywi) — ¢j (—Prywi) + |HT|

We see
¥ij(0) = 0 and ;5 is convex on F}. (74)

and also yields, for z € E;

elelxnm; — exp [ — Z Vi (Pr) | - (75)
Jjel

For z € Fj, we apply Az to with A > 0, and we have from 1;,,(0) = 0 form € I;\{j} that
Yij(Az) = Apj(x) and ;5 (z) > 0. (76)

We deduce from and that 1;; is a norm. Therefore, () = ||z||c;; for some (dim Fj)-
dimensional compact convex set C;; C F; with o € relint C;;. Now becomes,

|2l xre, =D I1Pe ],
JEL;

and hence by we conclude to
K NE; =conv {Cij}jeli-

In particular, if ¢ € [k] and j € I;, then C;; = (K N E;) N F; = K N Fj, and hence we have and

the proof is finished.
a
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