Sheaf Cohomology and its Applications in Analytic Geometry

by

Jean Michel Menjanahary (menjanahary_jean@student.ceu.edu)

17" May 2020

A THESIS SUBMITTED TO CENTRAL EUROPEAN UNIVERSITY IN PARTIAL FULFILMENT OF THE
REQUIREMENTS FOR THE AWARD OF A MASTER OF SCIENCE IN MATHEMATICS AND ITS APPLICATIONS

CEU eTD Collection

A\'»
- CEU

4, >

CENTRAL
EUROPEAN
UNIVERSITY



mailto:menjanahary_jean@student.ceu.edu

CEU eTD Collection

Declaration

As a work carried out at Central European University in partial fulfilment of the requirements for a Master
of Science in Mathematics, I hereby declare that the work contained in this thesis is my original work. The
work done by others has been acknowledged and referenced accordingly.

Student: Jean Michel Menjanahary

Supervisor: Prof. Andrds Némethi



CEU eTD Collection

Acknowledgments

I would like to appreciate the CEU founder and philanthropist, George Soros and the CEU community, who
trusted and gave me the opportunity to continue my studies at CEU. My appreciation goes particularly
to our head of department, Prof Kdroly Bordczky and our MSc program director, Prof Pdl Hegediis. They
helped me a lot to join this program. I am so grateful for all that they have done for me. Many thanks
also to our department coordinators Flvira Kadvdny and Melinda Baldzs for their great helps during my
stay in Budapest.

I would also like to express my thanks to my supervisor Prof Andrds Némethi. He agreed to supervise me
on this wonderful topic. He worked a lot in guiding and teaching me throughout the academic year. He
also helped me a lot to write this work in a better way. I am really thankful to him.

Finally, it has been a wonderful and fun time with my Malagasy friends Manana, Mahenina, Mahefa,
Ny Aina and Masera Vicky in Budapest for two years. I really appreciate their special help, love and
compassion. I would also like to thank my family members for their love and spiritual support. These were
all very helpful in writing this thesis.

ii



CEU eTD Collection

Abstract

The purpose of this project is to explore the notion of sheaves of abelian groups and sheaf cohomology
over a topological space, and apply them to investigate analytic varieties and several problems in analytic
geometry. Any sheaf of abelian groups over a topological space X can be considered as an algebraic
object as it is a collection of abelian groups, parametrized by the space X. It also can be considered as
a topological object by lifting the topology of X under the natural projection given by the parameters of
the collection. From this, we apply homological algebra to construct sheaf cohomology, which helps us to
investigate the global sections of sheaves. For computation of sheaf cohomology, we describe two methods.
The first one is based on fine resolutions, which is useful in case of paracompact Hausdorff spaces. The
second one uses Cech cohomology, which is very useful when we have natural open coverings of the space X.
As an application, we investigate the notion of Stein varieties in terms of sheaf cohomology. Furthermore,
we analyze two problems in the theory of holomorphic functions in several variables, namely, the additive
and multiplicative Cousin’s problems.
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1 Introduction

The notion of sheaves and sheaf cohomology was introduced by Jean Leray in 1945 and since then, it
became a crucial tool in many areas of mathematics such as analytic geometry, algebraic geometry and
differential geometry. The idea is to investigate local algebraic data available on a topological space, and
to decide whether those local data can be glued together to get global ones. Consider for instance two
open subsets U and V of the complex line C! such that U NV # (), and consider holomorphic functions
feOWU)and g O(V). If f =g on UNYV, then they can be glued in a trivial way to give a holomorphic
function on U U V. It is more convenient to work with class of functions to guarantee the existence of such
holomorphic extension. At every point z € C, we associate the set of germs of holomorphic functions at z,
denoted by O,. This set consists of class of holomorphic functions in a neighborhood of z associated with
an equivalence relation ~,. By definition, the relation ~, is defined by f ~, g if and only if there exists
an open neighborhood of z in which f and g agree. It is clear that O, has a ring structure with the usual
addition and multiplication of functions. The gluing property allows us to glue the local data {O,,z € C}
and gives us a big space above the complex line, called the sheaf of germs of holomorphic functions over C.
It is denoted by O. The gluing can be considered as a procedure of giving on O, in a continuous manner,
a topology lifted from C, under the natural projection m : O — C given by 7(O,) = z.

At any point z € C, the units O} of the ring O, consist of the class of functions, which do not vanish
at z. These units can also be glued and give us a space called the sheaf of germs of nowhere vanishing
holomorphic functions on C, denoted by O*. Under the exponential map, we have a short exact sequence

erp

0 7 22 0 O* 1.

One can ask whether we still have exactness in the sequence
0 —— Z 227 O(U) =225 05(U) —— 1,

where U C C is an open subset. The exactness of this sequence means that any nowhere vanishing
holomorphic function on U is the image under the exponential map of a holomorphic function on U. The
use of sheaf cohomology allows us to measure the exactness of this sequence. Our goal in this project is to
explore the notion of sheaf cohomology, and to analyze various problems in analytic geometry.

In the first chapter, we give an overview of the notion of analytic varieties based on [I]. The notion of
germs of analytic varieties and germs of holomorphic functions allow us to study analytic varieties locally.
Based on their local nice properties, most problems are solved locally, and we would like to investigate
such problems globally. This gives us an insight into the discussion of sheaf cohomology. In particular, the
gluing properties on a holomorphic line bundle motivates the definition of sheaves. Then we explore the

>}

notion and basic properties of sheaves over a topological space, following [2], [3], [1] and [5].
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In the next chapter, we describe the notion of sheaf cohomology, based on [2], [6] and [3]. This is an
application of homological algebra. We explore the notion of spectral sequences to be able to compute
the cohomology of a cochain complex. This study also allows us to compare the cohomology of two
different cochain complexes. We define cohomology groups with coefficients in a sheaf in terms of Godement
resolutions. Using this, we can consider those sheaves, which have vanishing higher cohomology groups.
They are known as acyclic sheaves. We use such sheaves to compute sheaf cohomology by using the notion
of acyclic resolutions. We can perform this by showing that sheaf cohomology is independent of the choice
of an acyclic resolution. The Godement resolution is a special case of the so called flasque resolutions,
which are particular cases of acyclic resolutions. Any flasque resolution is formed by a cochain complex of
the so called flasque sheaves, which are defined by the property that the sections on arbitrary open sets
always extend to the whole space. Another family of sheaves, called fine sheaves are very useful in case of
paracompact Hausdorff spaces. They have a technical property on each locally finite open covering of the
space. By studying a more larger family of sheaves, called soft sheaves, one can prove that fine sheaves are
acyclic. This result allows us to compute the sheaf cohomology groups from any fine resolution.

We also describe another method of computation, called Cech cohomology. It is based on locally finite
open coverings of the space and it is useful in the case, where the space is locally contractible. The notion
of Leray covering on an open covering allows us to directly compute the cohomology of the space with
coefficients in a sheaf, using Cech cohomology associated to that covering.

As an application, we investigate two problems known as additive and multiplicative Cousin’s problems.
The first one targets the existence of a meromorphic function with prescribed poles, and the second one
allows us to study the variety, by investigating the Picard groups on them. Based on [2] and [7], we explore
the notion of analytic coherent sheaves and describe a class of analytic varieties called Stein wvarieties.
In such varieties, all higher cohomology groups with coefficients in any analytic coherent sheaf, vanish.
In particular, on Stein manifolds, we explain why the additive Cousin’s problem is solvable. Also in the
multiplicative case, we have a nice cohomological sufficient condition for the solvability of the problem.
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2 Local Properties and Sheaf Theory

2.1 Notion of Analytic Varieties

In this section, let n be a fixed non-negative integer and C" the n-dimensional complex affine space with
the usual topology. Also, for each open set U C C", let O,,(U) be the algebra of holomorphic functions on
U.

Definition 2.1.1. A subset X C C" is called an analytic subvariety of C™ if it is locally defined by common
zeros of finitely many holomorphic functions. More precisely, for each point x € X, we can find an open
neighborhood U, of « and holomorphic functions fi .,..., fiz € On(Uy) such that

XNU,={x €U, | fiz(z) == fra(z) =0}

In particular, an analytic subvariety, which is locally defined by a single non-zero holomorphic function is
called an analytic hypersurface of C™. Of course, open sets of C" are analytic subvarieties since they can
be defined by the zero function.

On analytic subvarieties containing a point z € C", we define the equivalence relation ~,. We say that
X1 ~; X if and only if there is an open neighborhood U, of z such that X1NU, = XoNU,. An equivalence
class (X, z) is called a germ of analytic varieties at x.

Since our objects of study depend on local properties, our study will focus on local algebraic properties.

Definition 2.1.2. For each point € C", let O, , be the algebra of class of holomorphic functions defined
in a neighborhood of x, where two functions f and g are identified if and only if we can find an open
neighborhood U, of z such that f[; = g|;; . An equivalence class f with representative f is called the
germ of f at x.

By translation, it is enough to study the germs at the origin. The Laurent series expansion of holomorphic
functions allow us to identify O,, ¢ with the algebra of convergence power series in n variables C{z1,...,z,}.
This is of course a local ring, with maximal ideal consisting of those germs, which vanish at 0. Furthermore,
we have the following strong result.

Theorem 2.1.3. The algebra C{x1,...,z,} is a noetherian and unique factorization domain.

Proof. See on page 7 of Robert Gunning’s book [1] . O

To each ideal I of O,, o, we associate the germ of analytic variety (¥5(I),0), where

() ={x e C"| f(x) =0 for all f € I}.



CEU eTD Collection

Section 2.1. Notion of Analytic Varieties Page 4

Conversely, to a germ of variety (X, 0), we associate the ideal

(X)) ={f€Ono| f(z)=0forall z € X}.

We can relate germs of subvarieties at 0 and the ideals of O,, o as follow.

Proposition 2.1.4. The assignments ¥ and ., satisfy the following properties:
(i) for any inclusion X; C Xy of analytic varieties, .#(X3) C ¥ (X});

(ii) for any inclusion I C J of ideals of Oy, ¥ (J) C ¥ (I);

(iii) for any germ (X,0) of analytic variety, we have (X,0) = (#(#(X)),0);

(iv) two analytic subvarieties X; and X9 are equivalent at 0 if and only if #(X1) = H(X2);

)
)
)
(v) for any germs (X1,0) and (X2,0), we have (X1 U X2) = #(X1) N H(X2);

(vi) for any ideals I, J of O, o, we have ¥5(1J) = ¥o(INJ) = Y1) U (J) and H(I+J) = Y1) NY(J).
Proof. See on page 14 of Robert Gunning’s book [1]. O

With this proposition, the factorization in O, o can be translated into factorization of germs of analytic
subvarieties at 0 through the map 74 and this leads us into the discussion of irreducible germs.

Definition 2.1.5. A germ (X, 0) of an analytic subvariety of C" is called irreducible if it cannot be written
as X = X1 U X, where X; and X5 are two non-empty germs of analytic subvarieties at 0, and each of
them is not contained in the other one.

Through the map %, we have the following correspondance:

Proposition 2.1.6. A germ (X, 0) is irreducible if and only if .#,(X) is a prime ideal.
Proof. See on page 15 of Robert Gunning’s book [1]. O

The noetherian property of the ring O,, o, together with the correspondence given by %5 and .%, in Propo-
sition 2.1.4 allow us to write uniquely a germ of an analytic variety as finite union of maximal irreducible
germs, due to the following theorem.

Theorem 2.1.7. For any germ (X,0) of an analytic variety, there exist finitely many irreducible germs,
(X1,0),...,(Xk,0), which are uniquely determined up to permutation, such that X = Ule X, around the
origin and X; € X; fori # j.

Proof. See on page 15 of Robert Gunning’s book [1]. O]

Example 2.1.8. Let X C C" be an analytic hypersurface, which contains the origin, and let f a holo-
morphic function, which defines X around the origin. Since O,, g is a unique factorization domain, we can
write f as product of irreducible elements fi, ..., f;. Around the origin, we have X = #,(f) = Ule (),
and by Proposition 2.1.6, all #y(f;) are irreducible. So they define the irreducible maximal germs of X
around the origin.

Let X be an analytic subvariety of C™. The notion of holomorphic and meromorphic functions on X
constitutes the main tool in order to describe X.
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Definition 2.1.9. A complex-valued function f on X is called holomorphic on X if it is locally defined
by the restriction on X of holomorphic functions. That is, for each point z € X, there exist an open
neighborhood U, C C" of x and a holomorphic function f; € On(Uy) such that f|y-; = fzlxau, -

As before, for each open set X NU C X, we denote by Ox (X NU) the algebra of holomorphic functions
on U N X and for each point z € X, we denote by Ox , the algebra of germs of holomorphic functions on
X at x. It is clear that #,(X) is just the kernel of the restriction homomorphism f+— f| from O, , to
Ox &, which is surjective by definition. So we have the identification Ox , = O,/ Z(X).

The function f is called meromorphic on X if at each point x € X, there exist an open neighborhood
U, C C" of z and holomorphic functions f;, g, € Ox (X NU,) such that the germ g, is a not a zero divisor

in Ox , and f’XﬁUz = f2/ 9z

To avoid the embedding problems into different affine spaces, we consider maps between analytic subvari-
eties.

Definition 2.1.10. Let X € C™ and Y C C” be analytic subvarieties. A mapping

f=U1,fn): X =Y

is called a holomorphic mapping if each f; is holomorphic on X. It is furthermore called a biholomorphic
mapping if it has a holomorphic inverse.

The following theorem shows that an analytic subvariety is uniquely determined by its algebra of holomor-
phic functions.

Theorem 2.1.11. A mapping f : X =Y is bzholomor]gmc if and only if for each point x € X, Ox ; is
isomorphic to Oy, ;) as C-algebras.

Proof. See on page 23 of Robert Gunning’s book [1]. O

TD Collecti

Also, through the notion of biholomorphic mappings, WG%&D generalize the notion of analytic subvarieties
as follow.
O
Definition 2.1.12. A second-countable Hausdorff topological space X is called an analytic variety if
there exist an open covering {U,} of X and homeomorphisms f, : U, — V,, where each V,, is an analytic
subvariety of C", such that the following condition holds:

If Uyp := Uy NUg # 0, then the mapping fag := fa© fﬁ* f8(Uag) = fa(Uqap) is a biholomorphic.
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The family {U,, fo} is called a coordinate covering of the variety X. The mappings f, are called coordinate
mappings and those f, are called coordinate transition mappings. In particular, we say that X is a complex
manifold of dimension n if the analytic subvarieties V,, are all open subsets of C™.

The notion of holomorphic functions on analytic varieties is defined as follow.

Definition 2.1.13. Let X be an analytic variety. A complex-valued function f on X is called holomorphic
(resp. meromorphic) on X if for each local coordinate (Us, fo), the composition f o f;! : V, — Cis
holomorphic (resp. meromorphic) on the analytic subvariety V.

For each open set U C X, we denote by Ox(U) (resp. Mx(U)) the algebra of holomorphic (resp.
meromorphic) functions on U. If X is an analytic variety, we define the notion of analytic subvarieties of
X as in that of the affine space C™. That is, those subsets locally defined by common zeroes of finitely many
holomorphic functions on X. One useful approach in studying holomorphic and meromorphic functions on
X is by investigating the notion of line bundles over it.

2.2 Holomorphic Line Bundles over Analytic Varieties

Let X be an analytic variety. It is clear that the Cartesian product X x C also has a structure of an
analytic variety. The variety X x C, together with the natural projection 7 : X x C — X is called the
trivial holomorphic line bundle over X. Holomorphic line bundles are just analytic varieties, which locally
look like this trivial one as we explain in the definition below.

Definition 2.2.1. An analytic variety E is called a holomorphic line bundle over X if there exists a
holomorphic function 7 : £ — X, called projection, such that the following conditions hold:

(i) for each z € X, the fiber 77! (x) has a structure of one dimensional complex vector space;

(ii) there exist an open covering {U,} of X and biholomorphic mappings of the form ¢, = (7, ) :
7 Y (U,) — U, x C such that ¢, is linear in each fiber over U,,.

The family {U,, ¢} is called a local trivialization of the line bundle (E, X, ).

Definition 2.2.2. Let (E1, X, m) and (Eq, X, m3) be two holomorphic line bundles over X. A holomorphic
mapping ¢ : E1 — FEs is called a homomorphism of holomorphic line bundles over X if my = mg 0 ¢. It is
called an isomorphism if it has a homomorphism inverse.

Let {Ua, o} be a local trivialization of a holomorphic line bundle (E, X, 7). On each intersection Uyg =
U, N Ug, we have a holomorphic mapping ¢.3 = ¢n © @El :Uyp = GL(1,C) = C*. The mappings pag’s
are called the transition functions associated to the local trivialization {Uy, pa}. It is clear that on each
intersection U, N Ug N U,, we have

PaB LBy * Pya = L. (2.2.1)

Conversely, assume that we have an open covering {U,} of X and holomorphic functions ¢,g : Uyg — C¥,
which satisfy the condition (2.2.1). Then we can construct a holomorphic line bundle on X by setting
E = (IIUqy x C)/ ~, where we identify (x,z) with (z, pas(z)z). With this construction, it is easy to see

(03
that the holomorphic line bundle constructed from any local trivialization is isomorphic to the original
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holomorphic line bundle. Therefore, we can redefine a line bundle over X as a family {U,, o3} such that
{U4} is an open covering of X and the ¢,g : Uyg — C*’s are holomorphic mappings satisfying (2.2.1).

Now, let By = {Uq, pag} and Ey = {V,, 905} be two holomorphic line bundles over X. We define the
tensor product of Ey and Ey by Eq ® Ey = {Usy N Vi, pap - Yap}. With this operation, it is clear that the
isomorphism classes of holomorphic line bundles over X form an abelian group, called the Picard group of
X, denoted by Pic(X). The notion of sheaf cohomology in the next chapter will allow us to investigate
holomorphic functions on X though line bundles.

2.3 DMotivation Examples for Sheaves

We have seen that analytic varieties depend on local properties. The way of gluing local properties to get
global ones, and by restricting global properties to local ones are the main techniques in sheaf theory. We
motivate this principle by the following examples.

Example 2.3.1 (Holomorphic Continuation). Let U and V be two open sets of an analytic variety X
such that U NV # (), and consider holomorphic functions f € Ox(U) and g € Ox (V). The condition
which guarantees that f is a holomorphic extension of g on U is that f = g on U NV. We would like
to know how far we can extend g holomorphically. It is more convenient to work with class of functions
rather than a single one to study such holomorphic continuation. At every point € X, we associate the
algebra of germs of holomorphic functions Ox . In order to understand the continuation problems, we
glue these local algebras and this gives us a big space above X, called the sheaf of germs of holomorphic
functions on X, denoted by Ox or just O if there is no confusion. The study of this space is helpful in
getting information about the holomorphic continuation on our original variety X.

Example 2.3.2 (Poincaré Problem). Let X be an analytic variety. We have seen that a meromorphic
function on X is locally defined by quotient of holomorphic functions. This means that global meromorphic
functions on X are obtained by gluing quotients of holomorphic functions in a trivial way. The problem
arises whether a global meromorphic function can be represented as a quotient of two global holomorphic
functions. Or, for which variety a global meromorphic function can be represented as a quotient of two

global holomorphic functions. The sheaf theoretical study of the space Mx = ][ Mx,, called the sheaf
zeX
of germs of meromorphic functions on X, is helpful to solve this problem.

Example 2.3.3 (Mittag Leffler Problem). Let X be an open subset of the complex line C!. The set
of poles of a meromorphic function on X is at most a discrete set of points. The problem arises for the
inverse. That is, the existence of a meromorphic function in the case when we have a prescribed set of
poles supported on an infinite discrete set of points. In terms of covering, if we have a discrete set S C X,
then we can always find an open covering {Us }ses of X, together with meromorphic functions f, € M(Us)
such that fs has only s as a pole on Us and f, — fs € O(U, NUs) for r # s. So the problem is equivalent
to the existence of a global meromoprhic function f such that f — fs € O(Uy) for all s € S.

Let us now formalize the notion of sheaves in order to be able to globalize local properties as motivated
by the above examples.

2.4 Elementary Properties of Sheaves

In this section, let X be a fixed topological space.
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Definition 2.4.1. A sheaf of abelian groups over X is a topological space ., together with the continuous
surjective map 7 : . — X, which satisfy the following conditions:

(S1) 7 is a local homeomorphism;
(S2) .%, := n~1(x) has a structure of abelian group, for each z € X;

(S3) the group operation (r,s) — r — s is continuous in . + . := {(r,s) | 7(r) = 7(s)} C ¥ x . with
the induced topology.

We define correspondingly the sheaf of rings, with continuous ring operations. For each x € X, the group
7 is called the stalk of the sheaf . at x. The map w is called projection.

Example 2.4.2. Let A be an abelian group. For each z € X, let ., = A. From this, we can identify the
sheaf . with the space X x A, where A is considered with the discrete topology and X x A is considered
with the product topology. This sheaf is called the constant sheaf associated to A, denoted by Ax or just
A if the space is clear from the context.

On a given subset Y C X, with the induced topology of the topology on X; a continuous map f:Y — .7
satisfying 7w o f = Idy is called a section of the sheaf . over Y. The group . (Y) is called the group of
sections of the sheaf . over Y, where the group operation is defined by the pointwise addition on stalks.
If Y = X, then Z(Y) is called the group of global sections of the sheaf ., and we denote it by I'(X,.%).

Remark 2.4.3. It is clear that the property of the projection 7 as a local homeomorphism implies that
every point of . lies in the image of some section over an open set of X.

Let us now analyze the behaviour of sheaves in terms of their sections. The topology on the sheaf .# can
be understood better by lifting the open sets of the base space X through sections, as discussed in [6]. We
make this fact more precise in the following propositions.

Proposition 2.4.4. With the notations of the definitions above, the set of all f(U), where U runs through
the open sets of X and f runs through .(U), form a basis of the topology of ..

Proof. Remark 2.4.3 implies that every open set of . can be written as union of image of sections on
open sets of X. Let f be a section defined on some open set U of X and let s € f(U) C % such that
x = 7(s). Again, by Remark 2.4.3, we can find an open neighborhood V of s and an open neighborhood V'
of = such that 7 maps homeomorphically from V to V. The continuity of f implies that f~1(V) is open.
Let W =UnN f~'(V). We have 7|, o f|, = Idw. So f(U) D> f(W) = (r|,,)""(W) 3 s and then f(U) is
open. O

It is also clear from the above remark that if f € #(U) and g € (V) such that f(z) = g(z) for some
x € UNYV, then there exists an open neighborhood of z on which f and g agree. From this, we can
describe the stalk .7, at = as a class of sections defined at x associated with an equivalence relation ~,.
The relation ~, is defined by f ~, g if and only if there exists an open neighborhood of z in which f and
g agree. In other words, .7, is the direct limit of the system . (U) through the ordered filtration of open
neighborhoods of z.

We have seen that a sheaf . can be reconstructed from the system of sections {.#(U)}, and with the
usual restriction maps. Let us now generalize this concept to construct a sheaf.
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Definition 2.4.5. A presheaf of abelian groups over X is a family of abelian groups {7 }ucx, opens
together with a group homomorphism, called restriction morphism pg Sy — Sy whenever V C U, and
satisfying the two conditions:

(P1) pY =id, for each open set U;
(P2) ply 0 p¥ = pli;, whenever W C V C U.
We write f|,, instead of p{/(f) when V C U and f € 7.

Let {7, p‘U/} be a presheaf of abelian groups over X. For each point x € X, let us denote by U,. the ordered
filtration of open neighborhoods of . On the disjoint union of .%;, U € U,., we have an equivalence relation
defined by .#1y 5 f ~; g € Sy if and only if there exists W € U, such that W Cc UNV and fl|,, = glyy-
We define the stalk ., at any point x to be the set of equivalence classes with respect to the relation ~.
Any two class representative elements always meet, through the restriction morphisms, at some .y for a
smaller open set W € U,. This gives us the structure of abelian group on .7,. For each U € U, we denote
by p¥ the group homomorphism, which sends an element of .7 to its equivalence class in .%,. It is clear
that if x € V C U, then p;/opg:pg.

Let us now give a topology on . = [] .7, so that it can be a sheaf corresponding to presheaf {77, pg}

reX
For each U C X and f € .#(U), consider the set

Aoy = Ul (N csr (2.4.1)

zeU

Proposition 2.4.6. The family of subsets of the form as in (2.4.1) form a topological basis in ..

Proof. Let s € fH(U)Ng* (V) and 2 = 7(s). Clearly, z € UNV and s = p/(f) = p¥ (g). So there exists
an open neighborhood W C U NV of z in which pYi,(f) = pl};(g9) € -7(W), and we denote this common
new element by h. It is immediate that

s=py (h) € LT (W) C fHU)Ngt (V).
]

With this topology, it is clear that the map 7 : . — X, defined by n(.#,) = z, is a local homeomorphism.
So it is left to clarify the continuity of the group operations.

Proposition 2.4.7. The group operation

0: S+ —
(r,s)—r—s

is continuous with respect to the topology constructed in Prosposition 2.4.6.

Proof. By Proposision 2.4.6, it suffice to prove that ©~1(f(U)) is open, for each f*(U) C .7 as in (2.4.1).
Let (r,s) € ¥ +.7 such that r —s = pY (f), for some z € X. There exist an open set V € U,, and elements
g, h € S, which represent the classes r and s respectively. By restricting to a smaller enough open subset,
we may assume that ¥V C U. We have then the equality pY (g) — p¥ (h) = p¥ (f). This means that there
exists W € U, such that W C V and p}},(g9) — piy-(h) = ply(f). This implies that © maps the open
neighborhood [g7 (W) x ht (W) N . + . of (r,s) into fH(W) C fH(U). O
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Remark 2.4.8. Let . be a sheaf, which is constructed from a presheaf {.77;, pg} A section of .% can be

written locally as fT(U) for some f € .7y and from this we have the usual restriction of sections of ., by

SOy = U {pY(f)}, whenever V. C U. This implies that the sheaf associated to the presheaf {.(U)}
eV

of sections is just .7 itself.

We have seen that any sheaf can be constructed from a presheaf, and that sheaf is uniquely determined
by such presheaf by definition of its sections. If . is the sheaf associated to a presheaf {77, pg}, then we
have a family of group homomorphisms 6y : .y — . (U), which maps to each f the section f(U). The
condition for which {#, p{/} can be identified with the presheaf of sections of .# is that each 0y is an
isomorphism. This isomorphism condition can be clarified entirely by the properties of the given presheaf
as we clarify in the following discussion.

Definition 2.4.9. A presheaf {7, pg} is called complete if it is isomorphic to the presheaf of sections of
its associated sheaf, i.e each homomorphism 6y : S — . (U) is bijective.

The following propositions formulate the necessary and sufficient conditions for presheaves to be complete,
due to [1].

Proposition 2.4.10. Let U C X be an open set. Then 6 is injective if and only if, for each f € . and
for any open cover {U;} of U, f|y, = 0 implies that f = 0.

Proof. If f+(U) = 0, then for each x € U, pJ(f) = 0. This means that there exists V,, € U, such that
fly, = 0. The collection of those V; covers U, so f = 0. This proves the injectivity. Conversely, since
fly, =0, Y (f) = pxUl(f\Ul) =0 for all x € U;. Since the U;’s cover U, f*(U) = 0 and by the injectivity of
Oy, [ =0. 0

Proposition 2.4.11. Let U C X be an open set and assume that 6y is injective. Then it is surjective if
and only if, for any open covering {U;} of U and any { f; € .7, } such that f;| vinu, = fj|UmUj7 there exists
f € Sy such that fl,; = fi.

Proof. Let us denote by U;; = U; NUj. For the direct implication, we have the family of local sections
{f7(U)} in which f1(U;;) = f;r(Uij). From this, the map fO(U) defined by fO(U;) = f;"(U;) is a
well defined section on U. By surjectivity of 8y, we can find f € .#y such that fH(U) = fO(U). So
(fly, — fi)T(U;) = 0 for each 4. By the injectivity of 6y, we have that fly, = fi for each i. Conversely, let
f € ~Z(U). By Remark 2.4.8, we can find an open covering {U;} of U and a family {f; € /7, } such that
flo, = f7(U;). This implies that (f; — f;)*(Ui;) = 0 for all 4, 5. The injectivity of 6y implies that f; = f;
on U; ;. So we have a well define map g € ./ such that g[;, = f;. This means that gT(U) = f and we
have the surjectivity. O

The usual restriction of functions allows us to verify the completeness of a certain presheaf, as we see in
the examples below.

Example 2.4.12. We associate to each open set U C X, the ring of all real valued continuous functions on
U, denoted by Cx(U). With the usual restriction of functions, it is clear that the system {Cx(U)} defines
a complete presheaf over X. The corresponding associated sheaf is called the sheaf of germs of continuous
functions on X, denoted by Cx. Similarly, if X has a smooth manifold structure, we have the so called
sheaf of germs of C° functions on X, denoted by C¥.

Further interesting examples also come out with a notion of complex manifold structure on the space X.
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Examples 2.4.13. (a) The sheaf of germs of holomorphic and meromorphic functions on X, denoted by
Ox and M x respectively.

(b) The sheaf of germs of nowhere vanishing holomorphic functions O%, and the sheaf of germs of not
identically zero meromorphic functions M% on X. Both are sheaf of abelian groups with multiplicative
group operations.

(c) The sheaf of germs of differential forms of degree r over X, denoted by &%.

However, even with the usual restriction of functions, presheaves are not always complete, as we show in
the following example.

Example 2.4.14. Let A be an abelian group. For each nonempty open set U of X, let
Ay = {constant functions from U to A} = A.

Clearly, the family {A;;} is a presheaf on X with the usual restriction of functions, which are all equal to
the identity map of A. The corresponding associated sheaf is just the constant sheaf associated to A. The
presheaf of sections of the constant sheaf A is just the system defined by the locally constant functions
from open sets to A, which is different from the presheaf {A; }.

We assume from now on that sheaves are at least sheaves of abelian groups over X. The notion of algebraic
structure on stalks allows us to construct algebraic operations on sheaves, such as subsheaves, quotient
sheaves, sheaf homomorphisms, sheaf kernels and sheaf images.

Definition 2.4.15. A sheaf & is called a subsheaf of a sheaf . if it is an open subset of .% and for each
x € X, the stalk %, is a subgroup of .%.

The condition in the subsheaf % to be open means that any section of ., which cross any point r in #

defines a section of # in a small open neighborhood of r.

Examples 2.4.16. Let . be a sheaf of abelian groups over X, the following are some examples of
subsheaves of .#.

(a) The trivial sheaf 0, which is defined by the zeros 0, € ., for all x € X.
(b) Consider an open set U C X, we define a sheaf #Z by
@ — S itz el
0 ifx¢U
It is clear that with the induced topology of ./, # is a subsheaf. We denote this subsheaf by .7|;.
(c) Let z € X be fixed. We define a sheaf Z by
%, - S ify =
0 ify#x

Consider # with the induced topology of .. It is clear that each stalk %, is a subgroup of .; but
if X is Hausdorff, then this sheaf is not an open subset of .. So it is not a subsheaf. This sheaf is
called the skyscraper sheaf at x with respect to the sheaf ..
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In the notion of skyscraper sheaf at a point x, it seems that we kill the stalks of the sheaf .7 outside = to
construct such a sheaf, we formalize this in terms of quotient sheaves.

Definition 2.4.17. Let # be a subsheaf of a sheaf ., we define the quotient sheaf . /% by

I)% = \J (L R)a
zeX

where () %#)y = S/ %y for all x € X, together with the quotient topology defined by the natural
projection from . to ./ %.

Any global section of the quotient sheaf .# /% can be described locally of the form f + 2(U) for some
f € Z(U) and some open set U C X. We can glue a section f + Z(U) with a section g + Z (V) if and
only if flyny — 9lyay € Z(U N V), to get an element of (./Z)(U U V).

Example 2.4.18. (a) If X is a Tj-space, then the skyscraper sheaf at any point x with respect to a sheaf
& is just the sheaf .7/ (S| y\ (4y)-

(b) If X is a complex manifold, then it is clear that the sheaf Ox is a subsheaf of M x. The quotient sheaf
Px = Mx/Ox is called the sheaf of germs of principal parts on X.

(c) If X is a complex manifold, then it is clear that the multiplicative sheaf O% is a subsheaf of M%,. The
quotient sheaf Dy := M% /O% is called the sheaf of germs of divisors on X.

Let Z be a subsheaf of a sheaf .. For each x € X, we have a short exact sequence of abelian groups

0 Ry T S| By —— 0.

The collection of those sequences allow us to interpret the sections of the sheaf .# in terms of sections of
the subsheaf % and those of the quotient sheaf .#/%. The notion of sheaf homomorphisms, sheaf kernels
and images will clarify this vision.

Definition 2.4.19. A continuous map ¢ : Z — . is called a sheaf homomorphism, if it maps homo-
morphically from each stalk %, into the stalk ... We denote by ¢, the restriction of ¢ in %, for each
zeX.

Since we have the following commutative diagram

R —F

N

and since 7, and 7, are local homeomorphisms, then also ¢ is. In particular ¢ is open. Consequently, any
sheaf homomorphism sends sections to sections. We denote by ¢x the induced group homomorphism on
global sections, i.e px : I'(X,Z) — I'(X, ).

Definition 2.4.20. Let ¢ : Z — . be a sheaf homomorphism. We define the sheaf kernel and image of
p as follow:

ker p = U (ker @), and im @ = U (im )z,
rzeX rzeX
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where (ker ¢), = ker ¢, and (im ), = img, for all x € X. It is clear that ker p = ¢~ 1(0), where 0 is
the trivial subsheaf of ., so it is open. Also, p(Z) is open since ¢ is an open map. Therefore ker ¢ is a
subsheaf of # and im ¢ is a subsheaf of ., and we have the trivial identification #/ker ¢ = imp. We
clarify this in terms of sheaf isomorphisms.

Definition 2.4.21. We say that a sheaf homomorphism ¢ : Z — .% is an isomorphism if there exists a
sheaf homomorphism v : . — % such that @ o1 = Id» and 1 o o = Idg. In case where ker ¢ = 0, then
we say that ¢ is injective, and if im ¢ = ., then we say that it is surjective.

It is clear by definition that ¢ is injective (resp. surjective) if and only if the induced homomorphism
Vi + By — Sy, is injective (resp. surjective) for all z € X. Since every sheaf homomorphism is a local
homeomorphism, we have the following result:

Corollary 2.4.22. A sheaf homomorphism ¢ is an isomorphism if and only if it is injective and surjective.

One way to analyze the sections of a sheaf is to connect the sheaf by other sheaves through exact sequences
of sheaves, as we motivate in the next discussion.

Definition 2.4.23. Given a sequence of sheaves and sheaf homomorphisms of the form

Yi—1 (23
> S i Sip1 —

We say that this sequence is exact at .7 if ker p; = im ;1. It is called ezact if the exactness holds at
every .%;. Exactness can also be tracked from local exactness as follow.

Lemma 2.4.24. Any sequence

of sheaves over X is exact if and only if

is exact for all z € X.
Proof. 1t is clear since ker ¢ = im ¢ if and only if
ker ¢, = (ker ¢)x

= (im )y
=im g,

for all z € X. O

The sections of sheaves can be interpreted using short exact sequences. The following result is due to [2],
but we give a more detailed version for the proof.

Proposition 2.4.25. Given a short exact sequence

0 AN L BN o 0 (2.4.2)
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of sheaves. Then
0 —— I(X,2) 2% I(X,7) 25 (X, 7) (2.4.3)

is exact.

Proof. The injectivity of ¢ implies that of px. Indeed, if px(r) = 0 for some r € I'(X,#). This implies
that ¢(r,) = 0 for all x € X, where r, is the value of the section r above z for each x. The condition on
o implies that r, = 0 for all z € X. So r = 0 and then ¢x is injective. The inclusion im ey C ker¢x
is clear since 1y o px = (1 o p)x = 0. For the reverse inclusion, let s € T'(X,.¥) such that ¥x(s) = 0.
For each = € X, we have ¢(s;) = 0. By the exactness condition, we can find r, € Z such that p(ry) = s,
for all z € X. So, with the local homeomorphism property of ¢, the function r defined by r(x) = r, is a
global section of the sheaf %, which maps to s under px. O

The homomorphism ¥ x is not always surjective, which means that even if we can catch all local stalks of
7 by 1, we cannot catch all global sections of .7 under this map. We clarify this by the following example.

Example 2.4.26. Consider an open subset U of the complex plane C. Since every nowhere vanishing
holomorphic function on D can be expressed locally as the exponential of some holomorphic function, we
have a short exact sequence of sheaves of the form

0 —— Zly =% 0ly <% 0"y —— 1.
Consider the open set U = C* and Idy(x) = x € O*(U). The existence of h € O(U) such that exp(h) = Idy
is equivalent to the existence of holomorphic logarithm defined on U. But such holomorphic logarithm
does not exist, so the map expy : O(U) — O*(U) is not surjective.
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3 Sheaf Cohomology

From now on, all sheaves will be at least sheaves of abelian groups over a fixed topological space X.
Our goal is to analyze the global sections of sheaves using homological algebra. Let us recall first some
interesting results from this machinery.

3.1 Complexes

Let R be a fixed commutative ring with unit.

Definition 3.1.1. A cochain complex A* is a sequence of R-modules, together with R-module homomor-
phisms of the form

such that d? = 0. We write this cochain complex as (A*,d) or just A* if the so called differential d is well
understood.

Let (A*,d) be a cochain complex. The condition d?> = 0 implies that B"(A*) := im{d : A" 1 — A"}
is always a submodule of Z"(A4*) := ker{d : A" — A"T!} for all n > 0. Elements of A" are called
n-cochains, those of Z™(A*) are called n-cocycles and those of B™"(A*) are called n-coboundaries. The
cohomology modules of (A*,d) are the R-modules defined by

H (A7) = {Z”(A*)/B”(A*) if n > 0;

ker{d: A® — A'} ifn=0.

We say that the cochain complex A* is exact at A™ if H"(A*) = 0. It is called ezact if H"(A*) = 0 for all
n > 0.

The theory of homological algebra is designed to compute and study the cohomology of a given complex.
The key point is to connect the cochain complex A* with another cochain complex B* through module
homomorphisms, which realize some connections between their cohomology modules.

Definition 3.1.2. A homomorphism of cochain complexes f : A* — B* is a collection of homomorphisms
of R-modules f,, : A™ — B"™ such that each square diagram

15
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A da An+1
J{fn lf n+1
B dp Bn+1
commutes.

Let f: A* — B* be a homomorphism of cochain complexes. If z € A™ is an n-cocycle, we have dp f,(x) =
fn(da(x)) = 0 and if x is an n-coboundary, then by writing 2 = da(z’) for some 2/ € A""! we have
fn(z) = fada(2’) = dp(fn-1(2')). So we have the inclusions f,(Z"(A4*)) C Z"(B*) and f,(B"(4*)) C
B"(B*), which implies that f induces naturally an R-module homomorphism f : H"(A*) — H™(B*) for
each n > 0. Furthermore, if we have another homomorphism of cochain complexes g : B* — C*, then

(gnfn)* = g fr for all n > 0.

If the sequences

0 An Iy pn 9, om 0

are exact for all n > 0, then we say that the sequence

0 AL pe 9, o 0 (3.1.1)

is exact. Any sequence of this type is called short exact sequence of cochain complexes. The following
result is a fundamental theorem, which connects the cohomologies of complexes.

Theorem 3.1.3. Any short exact sequence of cochain complezes, as in (3.1.1), induces a long exact
sequence of the form

0 —— HO(4*) 2 gO(B*) —%, HO(CY)

9o
L HY(A%) T gy U g

v
H?(A*) —2— ... .

in cohomology.

Proof. See on page 25 of Robert Gunning’s book [2]. O

As a consequence of this, we have the so called Nine Lemma from a 3 X 3 complex diagram
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0 0 0
0 A3 B3 c3 0
0 A? B? C? 0 (3.1.2)
0 Al B! o8 0

0 0 0

Corollary 3.1.4. Assume that all rows and two of the columns of (3.1.2) are exact. Then so is the one
column left.

Let us now give another approach of computing the cohomology modules, which is very useful in the
discussion of sheaf cohomology.

3.2 Spectral Sequences of Filtered Complexes

Throughout this section, let (A*,d) be a fixed cochain complex of R—modules.

The notion of spectral sequences can be thought as a book with infinitely many pages, which starts at a
page k € Z, and each page r > k contains a double sequence of R-modules { EP?}, together with morphisms
d, : EP9 — BP9+l guch that d2 = 0. Also, the next page should be derived from the previous page by
taking cohomology, i.e for each r > k,

EPY = {x € EPY| dyx = 0}/d, BP0t

Such a data is called an Ej-spectral sequence. We say that an Ej-spectral sequence { EP'?} is convergent if
for each pair p, ¢, there exists A = A(p, ¢) such that E{? = Ef}q for all A’ > X\. This means that we do not
get any new information at the position (p,q) after the page \. We denote this limit term by E2:2. The
method of spectral sequences is used to compute the cohomology modules H"(A*) by approximating them
using the increasing pages of a convergent spectral sequence. One approach to construct an appropriate
spectral sequence to that approximation is by using the notion of filtration of the cochain modules A™.

Definition 3.2.1. Let A be an R-module. A descending filtration of A is a sequence (FPA)pcz of sub-
modules of A such that FPA D FPA for all p, Upey FPA = A and ey FPA = 0.

We say that a filtration of the R-module A is finite if it is formed by only finitely many distinct submodules.
The notion of filtration on each cochain module A™ should satisfy the compatibility with the differential
d, so that it induces a natural filtration of H™(A*).

Definition 3.2.2. A filtration F of the cochain complex (A*, d) consists of a descending filtration (FPA™),
of each cochain A™, such that d(FPA™) C FPA"L. We say that this filtration is finite if (FPA™),, is finite
for all n.
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Let I be a filtration of A* and p a fixed integer. Since the differential d maps FPA™ into FPA™H! for all
n, we have a cochain complexes (FPA*,d) such that the inclusion ¢, : FPA* — A* is a homomorphism of
cochain complexes. The image of the induced homomorphism in cohomology ¢, : H"(FPA*) — H"(A")
will be denoted by FPH™(A*). We also have an inclusion homomorphism ¢, 1 : FPTLA* — FPA* which
satisfies tp+1 = p - tp+1. So in cohomology, we have 7, = ¢; - 5., which implies that FPHLH(A%) C
FPH"™(A*). We have then a natural filtration of H™(A*), called the induced filtration of the filtration F on
the cohomology modules of A*.

Through the quotient modules EP(A™) = FPA™/FPTL A" the following theorem states the existence of an
appropriate spectral sequence which approximates H™(A*).

Theorem 3.2.3. Let F be a finite filtration of (A*,d). Then there exists a convergent Ey-spectral sequence
{EP1} such that

EDI(A*) = FPAPYG ) FPHLAPYD gnd ERA(A*) = FPHPYI(AY) /PP HPHI(AY),

Proof. See on page 28 of Robert Gunning’s book [2]. O

In practice, the cohomology modules can be computed in many different ways. One way is to use double
complexes and some filtrations on them. In this way, the theory of spectral sequences leads us to the
needed results.

Definition 3.2.4. A double complex of R-modules is a double sequence A™* = {Ap’q}p,qezzo of R-modules,
together with differentials d, : AP4 — APTLY4 and dj, : AP9 — AP9TL satisfying one of the following
conditions:

d? = d} = d,dj, — dpd, = 0 (commutative), or (3.2.1)

d? = d} = dydy, + dpd, = 0 (anticommutative). (3.2.2)
The differentials d, and dj, are referred as vertical and horizontal differentials as shown in (3.2.3).

Remark 3.2.5. If we have a double complex (A**, d,,d;) with anticommutative differentials, then we
can make it as a double complex with commutative differentials by keeping d, and setting d = (—1)Pd}, :
AP — APAtl. or by keeping dj, and setting d), = (—1)4d, : AP9 — APT14. Conversely, we also can
make in a similar way a double complex with anticommutative differentials from one with commutative
differentials. The relations d? = d,% = 0 implies that we have a cochain complex in each row and each
column of the double complex, so we can take cohomologies. It is clear that those cohomologies do not
depend on the new double complexes with sign modification of the differentials.
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d,z i dv dv d’U
0 H}?(Ag*) f*f*fifﬂ A20 L A21 dp A22 dp,
d: i dv dv d”
0 —— HY(ALY) ”"L*ﬁ A0 I g1 n A2
d; dv v v (3.2.3)
0 HO(A%) i s A00 I 401 dn A02 __n

On a fixed p*" line of the double complex, we denote by H F(AP*) the ¢ cohomology module of the cochain
complex (AP*,dp). By Remark 3.2.5, d, can be viewed as a homomorphism of cochain complexes d,, :
(AP*, dp) — (APT1* dp), so that it induces a homomorphism in cohomology dj : Hl(AP*) — Hl(APT1*)
for each ¢ > 0.

% a; a;
i HY(APTL) H} (AP H2(AP+1)
pi dx a i
- H)() Hy (AP*) H2(AP*) (3.2.4)
1 dy, dx a

We also have (d})? = 0 since d2 = 0. So for each fixed ¢, we obtain a new cochain complex (HJ(A**),d)
as in (3.2.4), where we denote by HE(HJ(A**)) its p'" cohomology module. It is also clear that this
cohomology module does not depend on the double complexes constructed in Remark 3.2.5.

Since d, and dp play a symmetrical role, we can repeat the procedure starting from the original double
complex as above, but by taking the cohomology of the columns first. So, similarly, at each position (p, q),
we have the cohomology module H}(HP(A**)).
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The anticommutativity condition on the differentials also implies that we have a notion of cochain complex
on the antidiagonals of the double complex, by taking the differential d = dp +d,,. We construct a filtration
of this complex so that the cohomology modules HE(H}(A**)) and H}(HE(A**)) can be considered as
an approximation of its cohomology modules. In particular, with some nice condition on the double
complex, we can relate those cohomology modules defined above through the cohomology of this new
cochain complex. The precise statement is the following.

Definition 3.2.6. The total complex of a double complexes A**, denoted by T*(A), is the cochain complex

defined by T"(A) = Y. A% with the total differential d = d, + d,.
i+j=n

For each n, there are two natural finite filtration of the module 7" (A) defined as follow:

0 ifp<O 0 ifp<O
\FPT™(A) = Zifi:n AW 0 <p<n and ,FPT™(A) = Ziﬂ;n Ab f0<p<n.
i>p j2p
T"(A) itp>n T"(A) itp>n

It is clear with those filtration that
1Ep(Tp+q (A)) = | FPTPHa (A)/leHTerq(A) — AP and
2EP(TP+CI(A)) — ngTp+q(A)/2Fp+1Tp+q(A) — A9P.

According to Theorem 3.2.3, there are two corresponding convergent Ep-spectral sequences {1 EP1} and
{2 EP9} such that

CER(TY(A)) = EP(TPH(A)) and (BE(T*(A) = PP (HP (T (4))) /PP (HP (T (4))), for k= 1,2,

Proposition 3.2.7. In those two convergent Ejy-spectral sequences above, the modules on their second
pages are given by

0 ifp<0org<0,

1452 (T"(A)) {H{f(HZ(A*’*)) otherwise;

. 10 if p<0orqg<0,
BT .
B (HI(A®*))  otherwise.

Proof. See on page 33 of Robert Gunning’s book [2]. O]

As a consequence of this proposition, if we assume that all the rows of the diagram (3.2.3) are exact,
then we have H}(AP*) = 0 for all p,q except at ¢ = 0. Since there is just one non zero column left in
the first page, we have 1 ELI(T*(A)) = 1EYY(T*(A)) for all p,q. In particular, we have H"(T*(A)) =
\ERO(T*(A)) = HI(HY(A**)) for each n > 0. Similarly, if we have exactness in the columns of the
diagram (3.2.3), then we have HP(A*Y) = 0 for all p,q except at p = 0. Since there is just one non
zero row left in the first page, we have o EP:4(T*(A)) = oESY(T*(A)) for all p,q. In particular, we have
H™(T*(A)) = oEX0(T*(A)) & HP(HI(A**)) for each n > 0. We have then the following result.

Theorem 3.2.8. Assume that all the rows and the columns of the diagram (3.2.3) are exact. Then the
cohomologies of the cochain complexes on the first line and the first column are isomorphic.

In the following section, we explore a mathematical tool, based on the notion of complexes and the results
above. Through that tool, we can analyze locally solved problems in a topological space.
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3.3 Cohomology with Coefficients in a Sheaf

Usually, geometrical problems, which can be solved locally on the space X, can be represented by surjective
sheaf homomorphisms. The exponential image problem in Example 2.4.26 is a suggestive example for such
problems. Consider a surjective sheaf homomorphism ¢ : Z — .. In this case, the corresponding problem
has a global solution if and only if the induced group homomorphism ¢ x on global sections is surjective.
With the short exact sequence

0 —— keryp R —2 S 0,
we always have the induced exact sequence
0 —— D(X,kerp) —— I'(X, %) 45 I'(X,.%).

We would like to continue this sequence in terms of sheaf cohomology and that will give us a sufficient
condition for the surjectivity of px.

As in R-modules, we define correspondingly a cochain complex * of sheaves, where the differential d is
a sheaf homomorphism. Any cochain complex of sheaves (.#*,d) induces naturally a cochain complex of
abelian groups (hence Z-modules), (I'(X,.#*),dx) on global sections, so that we can take cohomology.
But we need a special type of cochain complex of sheaves, for which the theory runs properly.

Definition 3.3.1. Let . be a sheaf over X. A cochain complex of sheaves (.*,d) is called a resolution
of the sheaf . if we have an exact sequence of sheaves of the form

0 8% g0 4, gl d

Our goal is to recover information about . from the complex (.*,d). Additionally, we would require the
terms in the resolution to have specific nice sections.

Definition 3.3.2. A sheaf .7 over X is called flasque if the restriction map pif : Z(X) — L(U) is
surjective for all open set U C X. A flasque resolution of . is a resolution (#*,d) of . such that .77 is
flasque for all ¢ > 0.

As above, we have an induced cochain complex on global sections 0 — I'(X,.) — I'(X, "), where

F(X,y*):F(ijO) L) P(X,yl) d*X> F(X,yz) L)

Let us now construct a canonical resolution, called Godement resolution to get a flasque resolution of a
given sheaf.

For each open set U C X, let God()(U) be the set of not necessarily continuous sections from U to ..

In other word, God(.)(U) = [] %% . Clearly God(.¥) is a flasque sheaf on X with the usual restriction
pelU

map and it contains . as a subsheaf. So we have an exact sequence of the form

0 7 God(.%),

and we can extend it recursively as follow.
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Let
God(#) = God(¥) ifn=0,
? | God(QP ) ifn > 0;
" ~ JGod(¥) /. ifn=0,
Q) = {Godn(y) Q") ifn > 0.

Then, for any n, we have an exact sequence of the form

0 5% God’(.#) —— God!(.¥) God™() —— Q"(.¥) —— 0,
and this repeated gives us the Godement resolution of the sheaf .#:
God*(#) = God’(¥) —— God!(#) —— God*(.#) — ---

Definition 3.3.3. The ¢ cohomology group of the cochain complex of abelian groups I'(X, God*(.%)) is
called the ¢'" cohomology group of X with coefficients in the sheaf .7, denoted by H(X,.7).
Remark 3.3.4. It is clear from Proposition 2.4.25, that we always have an isomorphism H°(X,.7) =
Nx,.s).

Now, we build a long exact sequence in terms of sheaf cohomology out of a short exact sequence of sheaves.
The following results are due to [2], but we give a more detailed explanation for the proofs.

Lemma 3.3.5. Any sheaf homomorphism ¢ : #Z — . induces naturally a homomorphism of cochain
v« 1 God*(Z) — God* ().

Proof. We construct the morphisms ¢, for all n > 0 as follow. For each open set U C X, the group
homomorphism ¢y : Z(U) — #(U) induces naturally a group homomorphism ¢q ¢ : God®(%)(U) —
God®(.#)(U). So we have a morphism ¢y : God®(#Z) — God’(#). This yg induces a well defined
morphism through quotients since po(Z) = po(Q° (%)) C .¥ = Q°(.#). So we have a sheaf homomorphism
¢’y Q%Z) — Q°(.F), and each square of the diagram

0 4 God"(#) —— Q%) —— 0
JIAO Lpo Lp’l
0 5% God’() —— Qo(-¥) —— 0

commutes. We apply this process to the sheaf homomorphism ¢} to get a sheaf homomorphism ¢ :
God!(#) — God!(.) and ¢} : Q' (#) — Q'(.#). By using that process several times, we have a cochain
homomorphism between the two Godement resolutions. Ul

Lemma 3.3.6. If
0 AN L BN o 0

is a short exact sequence of sheaves, then for each open set U C X, the sequence
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0 —— God™(Z)(U) "% God™(#)U) % God™(T)(U) ——s 0

is exact as well for each n. In particular, the sequence

0 —— God"(Z) 2" God™(.#) " God™(T) —— 0,

is exact for each n.

Proof. We have that . /# = 7. So for each x € X, T, Z (S| R), = S/ %,. Now, let U be an open set
of X. By the discontinuity of the sections of God®, we have

Cod’(#)(U)/ God®(#)(U) = [ % / I %.

xzeU zelU

~ 1] (/%)
zeU

= [[ Z = God®(7)(U).
zeU

This means that the sequence
0 —— God”(2)(U) 2% God®(#)(U) 2% God®(F)(U) —— 0.
is exact, and so is

0 —— God*(#) —2 God®(.#) —2 God(F) — 0.

We have then a 3 x 3 diagram

0 0 0
¥ P
0 X 54 T 0
0 —— God®(Z) —2 God’(.¥) Yo, God’(7) —— 0 (3.3.1)
0 —— QUA) — T Q) s QUT) —— 0

where all the columns and the rows are exact except the last row. But with the Nine-Lemma (3.1.2) applied
to each stalk, the last row is also exact. We repeat this process again in this last row, and do it several
times to have short exact sequences

0 —— God™(#) —2" God™(#) — God™(T) —— 0,

for each n. m
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Theorem 3.3.7. Any short exact sequence of sheaves

0 # - 7 Vg 0

induces an exact sequence of the cohomology groups of the form

*

0 —— HYX, %) -2 HO(X,.7) -, HOX, T)

0

L (X, %) —Fs mY(X,.7) —2, ; (X, 7) U

" 01
L HX(X, %) —2— ...

Proof. By Lemma 3.3.6, we have the short exact sequence
0 —— (X, God*(2)) 25 T(X, God* (%)) 2% T(X, God*(F)) —— 0.
So we just apply Theorem 3.1.3 to conclude the proof. O

With this theorem, if we have for instance, H'(X, %) = 0, then automatically we have the surjectivity of
Y HY(X,.) — H(X,.7) in global sections. Hence, any global section of .7 can be lifted to a global
section of ., under the sheaf homomorphism 2.

Let us now describe a special type of sheaf resolutions, in which the sheaf cohomology is much easier to
compute.

Definition 3.3.8. A sheaf . over X is called acyclic if HP(X,.#) = 0 for all p > 0. An acyclic resolution
of a sheaf .7 is a sheaf resolution of .#, which is formed by acyclic sheaves.

Any sheaf cohomology can be computed from any acyclic resolution according to the following theorem.

Theorem 3.3.9. For any acyclic resolution (.#*,d) of a sheaf ., we have the isomorphism H1(X,.7) =
HUT(X,.*)) for all ¢ > 0.

Proof. By taking the Godement resolution of each .#’? and by lifting the differential d according to Lemma
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3.3.5, we have the double complex {God?(.#9)} of sheaves as in (3.3.2).

0 —— God!(.#) ——-t-» God' () —L God'(#) —2 God!(2) 2
(3.3.2)
0 —— God’(.F) ——-t-» God®(F0) —2s God'(#) —2s God"(#2) —2s
ey o4 g4 g
0 i 0 0 0

By taking their global sections with the induced homomorphisms, we have exactness in all columns (except
the first) of the diagram (3.3.2), since each ¢ is acyclic. On the other side, according to Lemma 3.3.6,
we also have exactness in all rows (except the first) of the diagram (3.3.2), when we take global sections.
So we apply Theorem 3.2.8 to complete the proof. O

The flasque sheaves range in the class of acyclic sheaves according to the following results. Let

c

0 %y £, 7 0 (3.3.3)
Q
be a fixed short exact sequence of sheaves. S
5
Lemma 3.3.10. If & is flasque. Then the sequence 2
@)

00— DX, %) 25 1(X,7) 251X, 7) —— 0

is also exact.

Proof. See on page 42 of the Robert Gunning’s book [2]. O

Lemma 3.3.11. With the condition in (3.3.3), if Z and . are flasque then .7 is also flasque.

Proof. Let U be an open set of X and t € 7 (U). By Lemma 3.3.10 above, we can find s € .#(U) such
that ¥y (s) = t. Since .7 is flasque, s can be extended as a section § defined on the whole space X, and

also t is, since ¥x (8)|y = Yu(8ly) = Yu(s) =t. O

Now, let us take a flasque sheaf . over X. In the Godement resolution of ., we have a short exact
sequence

0 5% God*(#) —— QU(F) —— 0.
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The Lemma 3.3.11 implies that the sheaf Q°(.#) is also flasque. By induction on n, with the short exact
sequences

0 — Q*(¥) — God™(¥) — Q"(¥) — 0,

all Q™(.”) are also flasque. By applying successively Lemma 3.3.10 on those short exact sequences, we
also have exactness in global sections. This means that the cochain complex I'(X, God*(.¥)) is exact, and
so . is acyclic. In particular, for any sheaf .7, all God"(.¥) are acyclic.

In the case where the space X is paracompact and Hausdorff as well as topological manifold, sheaf coho-
mology can be computed using another type of acyclic resolutions, called fine resolutions.

3.4 Computation Using Fine Resolutions

The notion of fine sheaves is controlled by the locally finite open coverings of the topological space. Recall
that an open covering U = {U,} of the space X is locally finite if each point has an open neighborhood,
which intersects only finitely many of elements of &. An open covering V = {Vj} is called « refinement of
U = {U,} if there exists an index map r such that V3 C U,(p) for all B. In case, where X is paracompact,
the study on any open covering can be brought into a locally finite one through refinement, since such
refinement always exists by definition. It is also known as Shrinking Lemma that if {U,} is a locally finite
open covering in a paracompact Hausdorff space, then we can find open sets V,, satisfying V,, C Vi, C Uy,
and {V,} is still an open covering of X.

Definition 3.4.1. Let U = {U,} be a locally finite open covering of X and .¥ a sheaf on X. A partition
of unity of the sheaf . subordinated to the cover U is a family of sheaf homomorphisms {7, : . — S},
such that:

(i) na(F) =0for all z € X \ Uy;
(ii) > ma(s) =s forall s € 7.

The sum in (ii) is well defined since it is just a finite sum by the locally finite condition. A sheaf .7 is
called fine if it has a partition of unity subordinated to any locally finite open covering of X.

Examples 3.4.2. (a) If .¥ be a sheaf over X, then God() is fine. Indeed, for a locally finite open
covering {U,} of the space X, consider the set

A={{X.}| X0 CUs XaNXpg=0for a+#p}.

It is clear that A # (. The relation defined by {Y,} < {X3} if and only if Y,, C X, for all , makes
A as a partial ordered set. For each chain {X2} < {X}} < {X2} < ..., {UZ, X!} is an upper
bound. So by Zorn’s lemma, A has a maximal element say {X,}. Assume that we can find an element
xz € X \ Uy Xa- Then if we fix an index ag, {Xo} < {Xa, U {2}, Xa}azta, € A, which contradicts the
maximality of {X,}. So {X} covers X. It is clear that the {n,} defined by

.Z‘Eon

s forallse [] 7%
Na(s) ==

0 otherwise

is a partition of unity subordinated to {U,}.
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(b) It is also well known that if the space X is normal, then it has a continuous partition of unity subor-
dinated to any locally finite open covering. That is, given such an open covering {U,}, we can find
continuous functions €, : X — [0, 1] such that ¢, = 0in X \ U, and >, ecq(z) =1 for all z € X. We
can multiply the sections of the sheaf Cx with those e, to get a partition of unity of Cx subordinated
to the open covering {U,}. Also if the space X is a C'™° manifold, then a well known result from
differential geometry says that one can find a C'° partition of unity subordinated to any locally finite
open covering. Therefore Cx,CS and &y are all fine sheaves.

Let us now clarify that fine sheaves over a paracompact Hausdorff space are acyclic. This allow us to
compute sheaf cohomology from any fine resolution. In the case of flasque sheaves, sections on open sets
can be extended to global sections. Fine sheaves also have such extension property but on closed subsets
as we describe bellow.

Definition 3.4.3. A sheaf . over X is called soft if every section on any closed subset of X can be
extended to a global section.

Let . be a fine sheaf over a paracompact space X and f a section of . over a closed subset K C X.
By definition of sections, we can find an open covering {U,} of K and sections f, € .#(U,) such that
flo.nx = faly,nx- We may add the extra open set Uy = X \ K to cover the whole space X and take the

zero section fy = 0 with it. Let {V3} be a refinement of this covering of X. We may set fz = f’"(ﬁ)‘v ,
B

where r is the index map in the refinement, so that f| UsnK = fﬁ’Uﬁm - So when we take a partition of
unity {nz} subordinated to {Vz}, we have a well defined global section

gy = L1Up) onUs
"o on X \ Us.

The locally finiteness condition on the covering implies that g := "3 g3 is a well defined global section and
for any = € K, we have

g(x) = _na(fs())
8
= _ns(f(x))
8
= f(z).

So we summarise this in the following result.

Proposition 3.4.4. Every fine sheaf over a paracompact space is soft.

Now, assume that we have a short exact sequence

0 AN AN o 0 (3.4.1)

of sheaves over a paracompact Hausdorff space X. We have similar results as in the case of flasque sheaves.
Lemma 3.4.5. If the sheaf # is soft, then the sequence
00— DX, %) 25 (X, 251X, 7) —— 0

is exact. Furthermore, if the sheaf .# is soft, then the sheaf .7 is also soft.
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Proof. See on page 45 of Robert Gunning’s book [2]. O

Consider now a fine sheaf . over a paracompact Hausdorff space X. Since all God"(.¥) are fine, they are
soft according to Proposition 3.4.4. With the short exact sequences

0 5% God’(.#) —— Q°(.¥) —— 0

and
0 — Q(.Y) —— God"(¥) —— Q""(¥) —— 0,

we can apply Lemma 3.4.5 recursively on n to show that all Q™(.%) are soft. Also, we have exactness in
taking global sections on those sequences, which means that .% is acyclic. Consequently, we can compute
sheaf cohomology with a soft or fine resolution.

Example 3.4.6. Let X be a smooth manifold of dimension n. With the exterior derivative operator d,
we have a cochain complex of sheaves of germs of differential forms (&%, d) such that &% = 0 for all > n.
For any f € &\ = CS, df = 0 if and only if f is locally constant. So this complex gives us a fine resolution
of the constant sheaf R. The exact sequence

0 R g 1, gL L, g2 gnt 4, g 0

is called the de Rham ezact sequence of sheaves. The cohomology of the cochain complex (I'(X, &), dx)
is called the de Rham cohomology of X, denoted by Hjp(X), which is then isomorphic to the cohomology
H*(X,R) of the space with coefficients in the constant sheaf R.

Another method in computing sheaf cohomology is through Cech cohomology, which is based on the
sections of the sheaf on open coverings of the space.

3.5 Cech Cohomology

Let (I, <) be a totally ordered set and U = {Uq, }aer an open covering of X.

Definition 3.5.1. Let 0 = (Ua,,Uqy, -+ ,Ua,) be a (¢ + 1)-tuple of elements of U. We say that o is a
q-simplex if Uy, NUqy N-+- N U, #Pand ag < ay < --- < ay.

The set of g-simplices of U is denoted by U¢ and the collection of those set of simplices U? is called the
nerve of the covering U, denoted by N(U). Also, for each 0 = (Uay, Uay, - -+ ,Uq,) € U?, the intersection
Uao NUqay N -+ - N Uy, is called the support of the q-simplexr o and is denoted by [o|. Out of this, we define
the notion of Cech complexes associated to the open covering U as follow.

Definition 3.5.2. Let . be a sheaf over X. The group defined by C4(U,.7) := [ .#(|o]) is called the
o1

q'" Cech cochain of U with coefficients in the sheaf .. In other words, an element of éq(u ,) is a map,
which associates to each element o of U7 a section in .7 (|o]).
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We define a differential & : CI(U,.”) — CT1(U,.#) as follow. For each f € CUU,.”) and o =
(UngsUnys -+ U, y) € U,

) Y Qg+l

q+1

o(f)(o) =Y _(=1)'f(o3)l

i=0
where o; is obtained by dropping U,, from o.

A straightforward calculation (see [2, p.45] for instance) shows that 82 = 0. So we have a complex C*(U,.%)
called the Cech cochain complex of the covering U with coefficient in the sheaf .#. The cohomology group
of this cochain complex is called the Cech cohomology of the covering U with coefficients in the sheaf 7.
We denote correspondingly by H4 U,.7) the ¢'" cohomology group of this cochain complex.

We always have a nice description of the zero dimensional Cech cohomology by the following proposition.

Proposition 3.5.3. We have the identification HO(U, %) = '(X,.%) = HY(X,.?).

Proof. Tt is clear that a global section defines a 0-cocycle. Conversely, if f is a 0-cocycle, then f induces
a section in U for all U € U and on each pair U,V of elements of U, with nonempty intersection, we have
the relation f(U)|yny = f(V)|yay- So f defines a global section. O

Also, some further condition on the covering U allow us to identify the higher cohomology group of the
space with Cech cohomology of the covering. This result works under the paracompactness condition on
the space X.

Definition 3.5.4. The open covering U is called a Leray covering if Hi(|o|,.) = 0 for all ¢ > 0 and
oe NU).

Lemma 3.5.5. If . is a fine sheaf over a paracompact space X, then lEIq(Z/{, &) =0 for all ¢ > 0.

Proof. See on page 54 of Robert Gunning’s book [2]. O
Theorem 3.5.6. Let U be a Leray covering of a paracompact space X. Then ﬁq(u, ) =2 HI(X,.S) for
all ¢ > 0.

Proof. Take a fine resolution (.#*,d) of the sheaf .. For each ¢ > 0 and o € U?, the Leray condition
means that we have an exact sequence

0 1 2
0 —— F(jo]) — F(jo]) s F(jo]) —2s F2(|o]) —2s -

This implies the exactness on ¢** Cech cochains

0—— I Z(ol) —— T 2ol —2 T #Mol) -2 11 #2()) 25 . 35.)

oelU oelU oel oel
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We summarise this by the following diagram.

N v d$, v d} v d?
0 —— C3(U,.7) -t c3u, ) = C3U, ) = C3Uu, %) =
0 0 0 0
. 1 v o . . d2
0 —— C2U, ) 4+ C2U, 7°) — CU, 7YY = CU,.7?) —
o i 0 P P
“1 L o % s N o % (3.5.2)
0 —— WU, ) —is OV U, 70 —Z VU, 7Y -2 VU, 77) -2 .
B | P P 0
| 9, dl, a2,

It is clear that the differentials dx and @ commutes. So we have a double complex
o = {CPU, )} pg>0

with exact rows. Since all %9, ¢ > 0 are fine, all the columns of C** are also exact by Lemma 3.5.5. We
apply Theorem 3.2.8 to show that the cohomology of the first row of the diagram (3.5.2) is equal to that
of the first column. O

In the following example, we discuss the relationship between Cech, sheaf and singular cohomology on
locally contractible spaces such as topological manifolds.

Example 3.5.7. Let A be an abelian group. The group of singular g-cochains is defined by
C9(X, A) = Homz(Cy(X), A),

where Cy(X) is the free abelian group generated by the continuous functions from the standard ¢-simplex A?
into X. The differential 6 : C9(X, A) — C91(X, A) is induced from the differential 9 : Cy11(X) — Cy(X)
defined by the alternative sum of the restriction of the functions in the faces of A1, The singular
cohomology of the space X with coefficient in A, denoted by H:l-ng(X, A) is the cohomology of the singular
cochain complex ((C*(X,A)),d). As a result from the theory of singular cohomology, if the space X is
contractible, then

0 ifg>0;

HI (X, A) = {A a0

sing

An inclusion of open sets i : V' — U induces naturally a group homomorphism i, : Cy(V) = Cy(U), which
is clarified by the diagram
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In particular, we obtain a group homomorphism i* from C4(U, A) to C%(V, A) on the duals. The homomor-
phism 7* satisfies the restriction conditions, so we can form a presheaf of singular g-cochains {C(U, A)}.
We denote by ¢ the corresponding associated sheaf, which is flasque if the space X is locally contractible
according to [3]. The differential § also induced a sheaf homomorphism 6§ : €4 — €9*!, so that we have
a cochain complex of flasque sheaves (¢*,0). For each open subset U C X, since Cy(U) is just the free
abelian group generated by the points of U, any f € C°(U, A) can be considered as a function from U into
A, and 0 f maps any path in U with end points @ and b into f(a) — f(b). So keré : CO(U, A) — C1(U, A)
consists of the locally constant functions from U to A and then keré : € — € is just the constant sheaf
A. Also, with the locally contractible condition on X, each point of X has an open neighborhood U such
that HL (U, A) =0 for all ¢ > 0. This implies that we have an exact sequence of sheaves

sing

0 A ¢ L gl O,
and then by taking the global sections, we have an isomorphism
HI(X,A) = HI(T'(X,%7)) = H,o(X, A),

for each ¢ > 0. In addition, if we take a covering U of X, which is formed by contractible open sets, then

by Theorem 3.5.6, we have an isomorphism H?(U, X ) = Hging(X, A) for all ¢ > 0.

With the examples 3.4.6 and 3.5.7, we conclude that if X is a smooth manifold, then
Hi(X)= HY(X,R) = H?

sing

(X,R)

for all ¢ > 0. We may not obtain sheaf cohomology from Cech cohomology if the corresponding open
covering is not Leray, according to the following example.

Example 3.5.8. Consider the unit sphere S with the covering U = {Uy, U1} defined by Uy = S* \ {1}
and Uy = S\ {1}. The Cech complex associated to this covering, with coefficients in the constant sheaf
R, is given by

ROR —25 R —— 0
such that d(a,b) = a —b. So H'(U,R) = R/imd = 0 # Hsling(X, R) = R. This is because the intersection
Uy N U7 is not contractible.

However, we have the following result for paracompact Hausdorff spaces.

Theorem 3.5.9. Let . be a sheaf of abelian groups over a paracompact Hausdorff space X. Then, there
exists an open covering U of X such that H1(X,.) = HY(U,.) for all ¢ > 0.

Proof. See on page 38 of Robert Gunning’s book [0]. O
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In this chapter, let X be an analytic variety and Ox the sheaf of germs of holomorphic functions on X. We
are going to show how sheaf cohomology works efficiently with problems in holomorphic and meromorphic
functions in several variables. The notion of coherent sheaves will play a very important role here as we
describe first.

4.1 Coherent Analytic Sheaves

Definition 4.1.1. A sheaf .7 of abelian groups over X is called an Ox-module if for each open set U C X,
the group . (U) has a structure of module over the algebra Ox (U), which is compatible with the restriction
morphisms, i.e for each pair of open sets V C U, v € O(U) and f € Z(U), (u- f)|ly = uly - fly-

The structure of modules on each open set, together with this compatibility condition induce naturally
a structure of Ox ;-module on the stalk .7, for each point z € X. Also, if # is a subsheaf of an Ox-
module, then the structure of submodule on #Z as an Ox-module requires the condition that each Z(U) is
a sub-Ox (U)-module of . (U) for each open set U; and which inherits the compatibility condition on ..

The operations on modules can be translated into that of Ox-modules. In particular, we have the notion
of direct sum:

Definition 4.1.2. Let % and . be two Ox-modules. The collection of direct sums {Z(U) & . (U)},
together with the natural restriction of functions form a complete presheaf on X, the corresponding asso-
ciated sheaf is called the direct sum of Z and ., and denoted by Z & .¥.

Note that Z @ .7 is indeed an Ox-module. The completeness of the presheaf {Z(U) & . (U)} allows us
to identify (Z & .)(U) with Z(U) & .#(U). This implies that for each x € X, the stalk of the direct sum
at x is given by

(BB S )y =Ty ® S

The direct sums . @ - - - & . of n copies of an Ox-module .# is denoted by .#", with convention .#° = 0.
In particular, we have the sheaf O%, called the free analytic sheaf of rank n. To keep in mind the analytic
structure on X, we say analytic sheaf over X instead of Ox-module.

Now, let us take an arbitrary point x € X, and an analytic sheaf . over X. If the stalk ., is a
finitely generated as O, -module, then of course, we can find finitely many sections fi,..., f, defined in a
neighborhood of z such that ., is generated by fi(x),..., fp(z) as an Oz-module. Though those sections,
we would like to share this information to those points close enough to x, not only at z. So we need to
assume that for every y € X, .7, is finitely generated as Oy-module and the information move continuously
through y. The simplest example of sheaf with that properties is the free analytic sheaf of of rank n, where

32
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each stalk O% , is clearly generated by the n global sections
er =(1,0,---,0),e2 = (0,1,0,---,0),...,e, = (0,---,0,1).

In this case, we say that the sheaf O% is generated by the sections ey, ..., e,. The following definition will
formalize such discussion.

Definition 4.1.3. An analytic sheaf .¥ over X is called locally finitely generated if for each point x € X,
there exist an open neighborhood U, of x, in which we have an exact sequence of the form

O% . — S|y, —— 0.

In the open set U, the sheaf 7|, can be generated by n sections fi,..., fn € #(U;), which are the
image under ¢ of e1,..., e, respectively. For each point y € U,, we can find sections g1, ..., gm, which
generate .. For y close enough to x, each g; is defined at . We can find sections u;; of Ox, defined in
a neighborhood of x, such that g;(z) = 377 u;(z) - fj(x). So 7 is also generated by fi(y),..., fn(y).
The kernel sheaf ker ¢ C (’)’}(\Uw is called the sheaf of relations of the sections f1,..., fn, and we denote it
by ker(fi,..., fn). Logically, since both O%|;; and .|, are finitely generated, we may also require this
property on the corresponding sheaf of relations.

On the opposite direction, if we have finitely many sections f1,..., f, of the sheaf . on some open set U,
then we can build the sheaf homomorphism ¢ : OSHU — . ‘U’ defined by p(Aie;) = A fi.

Definition 4.1.4. An analytic sheaf . is called coherent if it is locally finitely generated and for every
finitely many sections fi, ..., f, of % over an open set U, the sheaf of relations ker(fi, ..., f,) is also locally
finitely generated as an Ox|;;-module. In other words, for every point x, we can find an appropriate open
neighborhood U, of x and an exact sequence of the form

ORly, — Okly, — LIy, — 0.

If we have a submodule Z# of an analytic coherent sheaf ., then it is coherent if and only if it is locally
finitely generated. This equivalence holds since any sheaf homomorphism ¢ : OP|; — Z|;; can be consid-
ered as a sheaf homomorphism ¢ : OP|;; — 7|, and in this case we have ker ¢ = ker ¢. In particular, if
we have a homomorphism ¢ : . — 7 of coherent analytic sheaves, then clearly the sheaf image im ¢ is
locally finitely generated, and so it is coherent. Furthermore, under the relation given by the short exact
sequence

0 ker ¢ S — s imp — 0,

ker ¢ is also coherent due to the following theorem.

Theorem 4.1.5. Let
0 574 5 T 0,

be a short exact sequence of analytic sheaves over X. Then if two of them are coherent, then the one left
1s also coherent.

Proof. See on page 209 Serre’s paper [4]. O]

For complex manifolds, we have the following result due to Kiyoshi Oka:
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Theorem 4.1.6 (Oka’s Coherence Theorem). If X is a complex manifold, then Ox is coherent.
Proof. See on page 145 of L. Kaup and B. Kaup’s book [7]. O]

If Y is an analytic subvariety of a complex manifold X, then the sheaf Oy of germs of holomorphic functions
on Y can be taken as an analytic sheaf over X by defining . (U) = Oy (Y NU) for each open set U C X
and we have a surjective sheaf homomorphism ¢ : Ox — Oy given by the restriction of functions on Y.
The kernel of this sheaf homomorphism is called the ideal sheaf of Y over X, denoted by %y, x and we
have then a short exact sequence

0 —— Hyx — Ox —2— Oy 0. (4.1.1)

The stalks of the ideal sheaf %y is given by

0 ifreX\Y
Iy ix)e =
(Hx) {fx(y) ifrey

where .Z,(Y) consists of the germs of holomorphic functions in a neighborhood of x, which vanish at x.
The coherence also hold with this sheaf of ideal due to the following result.

Theorem 4.1.7 (Cartan’s Theorem). If Y is an analytic subvariety of an analytic variety X, then the
ideal sheaf Sy x is coherent as an Ox-module.

Proof. See on page 17 of Robert Gunning’s book [2]. O

4.2 Stein Varieties

The notion of coherence discussed above allows us to control analytic varieties through sheaf cohomology.
In this section, we will concentrate on those analytic varieties whose higher cohomology groups with
coefficients in coherent analytic sheaves are trivial and we describe some examples of such varieties to
motivate the discussion.

Definition 4.2.1. An analytic variety X is called a Stein variety if H1(X,.) = 0 for all ¢ > 0 and for
all coherent analytic sheaf . over X. Furthermore, if X has a complex manifold structure, then we say
that it is a Stein manifold.

Let Y be an analytic subvariety of a stein variety X. Since the ideal sheaf of Y over X is coherent, we have
HY(X, Hy/x) = 0. So by long exact sequence induced by the short exact sequence (4.1.1) in cohomology,
we have the exact sequence

0 — I'(X, #x) — I'(X,0x) — I'(Y,0y) —— 0
in global sections. So we have the following result:

Theorem 4.2.2. Any holomorphic functions on the analytic subvariety Y of a Stein variety X is given
by the restriction to Y of a holomorphic function defined on X.
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Assume now that we have two distinct points x1 and zs in a Stein variety X. Then of course, the set of
the two points Y = {x1,x2} is an analytic subvariety of X and I'(Y,Oy) = C & C. So by the short exact
sequence (4.2) in global sections, we can find a holomorphic function f € I'(X, Ox) such that f(x1) # f(x2).
In this case, we say that the global holomorphic functions on X separate points. We summarize this in the
following theorem:

Theorem 4.2.3. The global holomorphic functions on a Stein variety separate points.

The property of non-separation by global holomorphic functions is then a criterion on an analytic variety
to be a non-Stein variety.

Example 4.2.4. If X is a compact complex manifold, then by the maximum principles, I'(X,Ox) = C,
so it will never separate points and by Theorem 4.2.3, X not a Stein variety.

If we have a discrete sequence of points {z,, },en of points in a Stein variety X, then of course Y = {z,, |
n € N} is an analytic subvariety of X. Since I'(X, Oy') = CN, by Theorem 4.2.2 we can find a holomorphic
function on X such that f(z,) = n. In particular we have |f(z,)| — 0o as n — oco. We have then the
following result on Stein varieties.

Theorem 4.2.5. On every discrete sequence {xy}nen of points of a Stein variety X, there exists a global
holomorphic function on X such that |f(x,)| — 00 as n — oo.

To describe fully a criterion on analytic varieties to be Stein, we introduce the following notion.

Definition 4.2.6. An analytic variety X is called holomorphically convex if for each compact subset
K C X, the so called holomorphically convex hull of K defined by

K ={zeX||f()] <|fllx forall feT(X, Ox)}

is also compact, where || f||x = sup|f(z)|.
zeK

It is clear from definition that K ¢ K and K is a closed subset of X. Furthermore, it is impossible to
have a non compact K in a Stein variety. Since otherwise, one can find an infinite discrete sequence {x,}
of points of K and by Theorem 4.2.5, we have a holomorphic function f on X such that |f(z,)] — oo as
n — oo. This contradicts the fact that |f(z,)| < ||f||x < oo for all n. So we have the following result.

Theorem 4.2.7. Every Stein variety is holomorphically conver.

We have seen that Stein varieties are holomorphically separable and holomorphically convex. The following
theorem shows that these are necessary and sufficient conditions on analytic varieties to be Stein.

Theorem 4.2.8. An analytic variety, which is holomorphically separable and holomorphically convex is a
Stein variety.

Proof. See on page 143 of Robert Gunning’s book [2]. O

Assume that X is an open subset of C". Then we always have the holomorphically separability condition.
If K is a compact subset of X, then K is bounded since for each point (z1,...,zy,) € K, each z; is bounded
by a maximal value of the coordinate function z; on K. So the holomorphically convexity condition is
equivalent to say that K is a closed subset of C" for all compact subset K C X. This also means that K
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does not intersect with any open neighborhood of the boundary 90X of X. In one dimensional case, we
always have the notion of Stein variety on X according to the following theorem.

Theorem 4.2.9. Any open subset of the complex line C is holomorphically convez, and then it is a Stein
manifold.

Proof. 1f K is a compact subset of an open set U C C, then on each point zg € 90X, the function fy defined
by fo(x) = (x —2¢)~! is holomorphic on U, which tends to infinity when z closes to g, so z have an open
neighborhood which does not intersect with K. O

This property can be extended into Cartesian product so that any open subset X C C" formed by a
Cartesian product of open subsets of C is a Stein variety.

Let us now describe some existence problems in the theory of holomorphic functions in several variables.

4.3 Additive Cousin’s Problem

This problem is a generalization of the Mittag Leffler problem in higher dimensions. As the sheaf of germs
of meromorphic Mx on X contains Ox as a subsheaf, we can consider their quotient.

Definition 4.3.1. The quotient sheaf Px = Mx/Ox is called the sheaf of germs of principal parts on X
and a global section of Px is called a Cousin I distribution on X.

By definition, it is clear that a Cousin I distribution on X consists of an open covering {U, } of X, together
with meromorphic functions f, € Mx(U,) such that fo — fz3 € Ox(Us N Upg). The additive Cousin’s
problem is about the existence of a global meromorphic function f on X such that f — f, € Ox(U,) for a
given Cousin I distribution {Uy, fo}-

With the long exact sequence in cohomology, induced by the short exact sequence

the condition that H'(X,0Ox) = 0 is sufficient for the additive Cousin’s problem to be solvable. In
particular, we have the following result.

Theorem 4.3.2. On Stein manifolds the additive Cousin’s problem is solvable. In particular, the Mittag
Leffler problem is always solvable.

Proof. By Oka’s Coherence Theorem, Ox is coherent. Since we are working on Stein manifolds, we have in
particular that H'(X,Ox) = 0 and the problem is solvable due to the discussion above. Also, by Theorem
4.2.9, we have in particular that open subsets of the complex plane are Stein manifold. O

We also have a multiplicative analogue of this problem as we describe next.

4.4 Multiplicative Cousin’s Problem

The sheaf of germs of not identically zero meromorphic functions M?% contains the sheaf of germs of
nowhere vanishing holomorphic functions O% as a subsheaf, so we can consider their quotient.
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Definition 4.4.1. The quotient sheaf D% = M%,/O% is called the sheaf of germs of divisors on X and a
global section of DY is called a divisor or a Cousin II distribution on X.

It is clear that a divisor on X consists of an open covering {U,} of X, together with some not identically
zero meromorphic functions f, € M% (U,) such that fo/fsz € O%(Us N Ug). The multiplicative Cousin’s
problem is about the existence of a meromorphic function f on X such that f/f, € O%(U,) for a given
divisor {Uy, fa}-

With the long exact sequence in cohomology, induced by the short exact sequence

0 O% M, —"— DY —— 0, (4.4.1)

the condition that H'(X, O%) = 0 is sufficient for the multiplicative Cousin’s problem to be solvable. This
motivates the investigation of the first cohomology group H!(X, O%).

Proposition 4.4.2. There is a natural isomorphism Pic(X) = HY(X, O%).

Proof. Since we are working on paracompact Hausdorff spaces, we can always find an open covering U =
{Ua} of X such that H'(X,0%) = H'(U,O%) according to Theorem 3.5.9. If we have a cohomology
class [&] represented by a one cocycle & = {£,5} € ZY(U,0%), then, by definition of one Cech cocycle,
we have {,3 - {Oj,yl €y = 1 on U, NUg NU,. This is equivalent to the conditions on transition functions
for holomorphic line bundles. So we have a line bundle E = {U,,&,5}. It is easy to check that another
representative corresponds to a line bundle isomorphic to E. The converse is trivial since any family of
transition functions represents a Cech cocycle and we just take its cohomology class to give the inverse
homomorphism. O

Consider now the short exact sequence given by the exponential map

0 Z Ox —2, 0% 1. (4.4.2)

In the corresponding induced long exact in cohomology, we have the exact sequence
HY(X,0x) =24 HY(X,0%) —— H?(X,Z) — H*(X,0x). (4.4.3)

The homomorphism c is called the characteristic homomorphism and for each line bundle ¢ € H'(X, 0%),
c(&) € H*(X,Z) is called the characteristic class or Chern class of the holomorphic line bundle &.

For Stein manifolds, H2(X,Z) = 0 is a sufficient condition for the multiplicative Cousin’s problem to be
solvable, according to the following result.

Theorem 4.4.3. If X is a Stein manifold, then the characteristic homomorphism is an isomorphism.

Proof. In the exact sequence (4.4.3), we have H'(X,0x) = H*(X,Ox) = 0 since X is a Stein manifold.
So ¢ is an isomorphism. O

By combining the long exact sequence induced by (4.4.1) with that of (4.4.2), we have a sequence

0 — [(X,0%) — DX, M%) — I'(X,D}) —2— HY(X,0%) —— H*(X,Z), (4.4.4)
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which is not necessarily exact. For any divisor D € I'(X, DY), c(0(D)) is called the Chern class of the
divisor D.

Remark 4.4.4. With the definition of the connecting homomorphism § (can be seen in [2]), for any divisor
D ={U,, fo} € I'(X,D%), §(D) is just the isomorphism class of line bundle with representative {Uq, fas},
where fo3 = fo/fs. It is called the holomorphic line bundle associated to the divisor D and usually denoted
by [D].

Now, let £ = {Ua,&as5} be a holomorphic line bundle over X. For each open set U C X, we consider the
algebra

Ox(§U) = {{fa}a | fa € Ox(UNU,) and fa’UmUomUﬁ = &ap - f5|UmUong} :

With the usual restriction of functions, it is clear that the system {Ox(£)(U)}v is a complete presheaf
over X. The corresponding associated sheaf is called the sheaf of germs of holomorphic sections of the line
bundle &, and it is denoted by Ox(&). By the obvious multiplication f - {fa}a = {f - fa}a, it is clear that
Ox (&) has a structure of Ox-module. So it is an analytic sheaf over X.

Consider a fixed open set U, from the line bundle £. For each open set U C U, one can easily check that
the map ¢ : Ox(U) = Ox(§)(U), defined by ¢u(f) = {€ay - [}a is an isomorphism of Ox (U)-modules.
So we have a sheaf isomorphism Ox (§)|y;, = Ox|y, . The sheaf Ox () is then a locally free sheaf of rank
one, and we have the following result:

Theorem 4.4.5. If £ is a holomorphic line bundle over a Stein manifold X, then Ox (&) is coherent.

Assume now that X is a Stein manifold with connected gomponents {X;};e; and consider a holomorphic
line bundle & = {U,,&,p5} over X. Also, for each i, let %‘Z be a point belong to X; and we denote by Y
the analytic subvariety of X consisting of the points z;’sg With the restriction of functions to Y, we have
a surjective sheaf homomorphism ¢ : Ox(§) — (’)y(§|y3, where £|y, = {Ua NY, &gy }. Of course, we
can identify I'(Y, Oy (¢|y)) with CL. Since the sheaf of idbal & = ker ¢ is locally isomorphic to a sheaf of
ideal of Oy, it is also coherent. In paricular, we have H EX ,-#) =0. So with the short exact sequence of
analytic sheaves ©

0 I Ox(€) —— Oy(&ly) — 0,

we have the short exact sequence

0 —— I'(X,.9) — T(X,0x(¢)) =5 ! 0

in global sections. Therefore, we can find a global section f € I'(X,Ox(&)) such that f(z;) # 0 for all
i € I. By writing f as {fa}a, where fo € Ox(Us), we have that f, = &5 - fg on each U, N Upg and then
each f, does not vanish identically at any connected components of X. So we have a well defined divisor
D = {U,, fo} € T'(X,D%), with associated line bundle [D] = £. The following result is then immediate.

Theorem 4.4.6. On a Stein manifold X, we have an exact sequence

0 —— D(X,0%) — T(X, M%) =5 I'(X,D%) —— HY(X,0%) = H%(X,Z) — 0.
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5 Conclusion

With the language of category, we have presented the category of sheaves Sh(X) over a topological space
X, where the objects of the category are sheaves of abelian groups over X and the arrows of the category are
sheaf homomorphisms. The notion of sheaves was built from collection of abelian groups on open subsets
of the space and under the condition of presheaves. See [5], for instance, for the categorical point of view
of sheaves. Since Sh(X) is an abelian category, homological algebra works and we can talk about exact
sequences of sheaves. The sheaf cohomology groups can be considered as covariant functors from Sh(X)
to the category of abelian groups .A4b. We have seen several ways to compute the sheaf cohomology groups
and this depends on the properties of the topological space. For any topological space, we can compute
them using any acyclic resolution. In case where the space is paracompact Hausdorff, it is much easier to
find an acyclic resolution based on the notion of fine resolutions. We also introduced another method of
computation based on open coverings of the space, which is the Cech cohomology groups. Another way is
to use Leray coverings and Leray sheaves in order to compute sheaf cohomology.

We also have presented some applications of sheaf cohomology in analytic geometry. We investigated those
analytic varieties, with trivial higher cohomology groups with coefficients in any coherent analytic sheaf,
known as Stein varieties. On these varieties, several nice properties hold and the additive Cousin’s problem
has a positive answer. Furthermore, the condition Hging(X ,Z) = 0 was sufficient to obtain a positive answer
for the multiplicative Cousin’s problem as well. There are many further applications of sheaf cohomology
in analytic geometry, algebraic geometry and differential geometry, which are important subjects for the
future work to investigate. For further information about the characterization of Stein varieties and more

examples, the interested readers can consult [2].

39
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