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Abstract

We aim to study the winding number of certain random curves and the linking number
of pairs of random curves. Our motivation comes from a work of Liu, Dehmamy, and
Barabési [2], where the authors study the “tangledness” of graph embeddings. In order to
test their hypothesis, they need to generate random embeddings of a given graph into R3
with many “self-linkings”. Once the image of each vertex is fixed, they replace each edge
with a polygonal path (broken line) whose intermediate points are IID points chosen from a
uniform distribution. Then they measure the tangledness of the embedding by considering
the linking numbers of pairs of disjoint cycles of the graph. They make several empirical
observations for these random embeddings.

Our original goal was to study the distribution of the linking number of two random
polygonal paths. Computer simulations suggested that, after proper normalization, it
might converge to a normal distribution (as the number of IID intermediate points go to
infinity). We started our investigations with a less complicated problem of similar flavor:
the winding nuber of a random (closed) polygonal path on the plane. After expressing the
winding number as the sum of a martingale difference sequence, we could rigorously prove
that its distribution converges to a Gaussian by applying a Central Limit Theorem (CLT)
for martingales. Then we turned to the linking number hoping to be able to prove a CLT
for its distribution using similar tools. Now we believe that the limiting distribution is not
quite normal. We do not have a rigorous proof at this point but our observations suggest

that we may see an uncountable mixture of centered Gaussians in the limit.

Outline of the thesis

In Section [1| we formalize the winding number problem in a probabilistic language before
proving a Central Limit Theorem for the problem using martingales in Section [2] Section
contains an inequality for anti-symmetric kernels that arose during the study of the
previous sections. Then we investigate the role of the center point by analyzing the special
case of the uniform distribution on the unit circle (Section . We present a possible
generalization of the CLT result, along with an application, in Section [5| Finally, Section

[6] is concerned with the linking number.
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1 The winding number problem

As a warm-up, let us start with the following simple setup. We take independent uniform
random points from the unit circle: Zy, Z1, ..., Zy_1. Then we consider the closed polygo-
nal path ZyZ, ... Zn_1Zy. It is easy to determine the winding number of a polygonal path:
we simply need to add up the “signed angle increments” between neighboring points (Z;

and Z; 1), viewed from the origin O for now, and divide this sum by 27:
(AZOOZl + ZZlOZQ S R ZZN,QOZN,1 -+ AZN,lOZO) /27'(',

where each signed angle ZZ;0Z;,4 is meant to be in (—m, 7]. See Figure |l for an example.
If we omit one of the summands, say, £Zn_10Z%,, then the remaining terms clearly form
an IID sequence, chosen from the uniform distribution on the interval (—m, 7). So the
Central Limit Theorem (CLT) tells us that the sum (and hence the winding number in

question) normalized by v N converges in distribution to a Gaussian.

Y 22,0Z 1 —2n

Figure 1: A closed polygonal path of seven intermediate points on the unit circle. The sum
of signed angle increments around the origin O is 427, and hence the winding number is

+1. Blue/red arrows represent positive/negative angle increments.

The general setting

Now we consider the same problem but replace the uniform distribution of the unit circle
with a probability measure v on R? and generate our IID sequence Z; from this distri-

bution. Then the consecutive signed angles /Z; 10Z; and £Z;0Z;,, are not necessarily



CEU eTD Collection

independent any more, and hence we cannot use classical CLT results that are only appli-
cable to independent summands. Note that this issue already comes up if we work with
the uniform distribution of the unit circle but use a center point different from the origin
(but still inside the unit circle). (The question for general v is meaningful for any proba-
bility measure as long as it holds with probability 1 that the segments Z;_1Z; do not pass
through the center point C'. We will always assume this. It suffices to have v(L) = 0 for
any line L passing through C.)

Let us fix some notations. Our center point is denoted by C'. By arg.(Z) we denote the
argument of a point Z € R? w.r.t. the center C' which is simply the signed angle between
the positive z-axis and the ray C'Z so that arg.(Z) € (—m, n]. When the center coincides
with the origin (C' = O), we may omit the subscript and simply write arg(Z) for arg, (7).
Note that arg(Z) is the argument of the corresponding complex number.

Given two arguments we need to consider their difference “modulo 27”. To be more
precise, we define the function mods,: R — (—m, 7| as follows. Let mody,(6) = 0 — 2k,
where k is the unique integer such that 6 — 2km € (—m, w]. Then the argument difference,
viewed from C| is

Ac(Zy, Zs) = moda, (argq(Zy) — arg(Z1)).

Again, we may omit the subscript when our center point is the origin. Note that Ag is
essentially anti-symmetric: Aq(Zs, Z1) = —Ac(Z1, Z2) unless the segment Z;Z5 contains
C when both values are equal to 7 (but this will happen only with probability 0 under our
conditions).

Now we can write the sum under consideration as follows (working with C' = O for the

moment):
N—

Z A(Zi, Zit). (1)

(2

[\

If we divide this sum by 27 and round it to the closest integer, then we get the winding
number of the closed polygonal path ZyZ; ... Zy_1Zy. (The rounding actually corrects the
absence of the term A(Zy_1, Zy).)

We will prove that CLT holds for the winding number in this general setting as well.

Theorem 1.1. Let v be a Borel probability measure on R? with the property that each line
through the origin has zero measure. Take a random polygonal path with N independent
intermediate points of distribution v. Its winding number around the origin, divided by

2

VN, converges in distribution to a Gaussian N(0,02). The variance o is zero if and only

if v is supported on an open half-plane not containing the origin.
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The summands corresponding to odd indices ¢ are clearly independent. It follows
that the standard CLT can be applied to this subsum. The same applies to the subsum
corresponding to even indices ¢ so we have normality for both subsums. There can be
(a lot of) dependency between these two subsums, however, so the normality of the total
sum does not follow directly from this observation. To prove Theorem we need to
use a dependent CLT result of some sort. As we will see in the next section, there is a

well-developed theory of such results.

2 Central Limit Theorems

We have seen that the study of the winding number of a random polygonal path with IID
intermediate points is equivalent to the study of a sum of the form for an explicitly
defined function A expressing the signed angle difference. At this point, it makes sense to
move to greater generality and consider arbitrary functions in place of this specific A. In

fact, we will work in a more abstract setting.

Theorem 2.1. Given a probability measure space (2, A,v) and a bounded measurable
function f: Q x Q — R, let us take an IID sequence (Z;);>o with distribution v. Then the

(Z f(Zi, Ziza) — Nﬂf,y) /\/N

converges in distribution to N(0,07%,) as N — oo, where

normalized sum

Hfy = Ewl,w2f<w17w2) = /de2
and

0'27,, w1 wgf (w17w2 + 2E,, (]E f(wlaw)szf(w7w2>) =

/f2dy +2/f Flw, %) dv(w).

Here the x notation means that the corresponding variable should be “integrated out” (w.r.t.

v) resulting in a function of one less variable.

In this formulation, we may consider functions of more than two variables. For an
integer £ > 2 let f: Q¥ — R be a bounded measurable function with zero expectation

w.r.t. v¥. Similarly, CLT holds for the normalized sum

N—1
Z f(Zi’ Zit1s - Zi-i-k—l)/\/ﬁ.
i=0

See Section [B] for details.
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Remark 2.2. As remarked for the case of winding number (that is, when f = A), classical
CLT can be applied for the “odd-index subsum” and for the “even-index subsum”. These
subsums can be far from independent, though. For example, let h: {2 — R be an arbitrary
non-constant measurable function. If f(x,y) = h(z)+ h(y), then the correlation of the two

subsums converges to 1, while the correlation goes to —1 for f(z,y) = h(z) — h(y).

To prove Theorem we need to turn our sum into a martingale. Next we explain
how we can do this. After subtracting a constant from f, we may assume that f has zero
expectation: py, = 0.

Note that in the case when f = A, this condition already holds, since we can deduct
the equality E,, w,A(wi,w2) = By, 0, A(ws,w) from the independence, and we also have
Eu, wy Alwr,we) = =Ky, 0, Alwa, wi) due to the anti-symmetric property of A.

The k-th element of our filtration will be the o-algebra Fy, = o(Zy, Z1, . . . , Z) generated
by the the first k£ + 1 elements of our IID sequence. This means that a random variable is

Fr-measurable if and only if it is a measurable function of (Z;);<x. Therefore

k-1
Wi = f(Zi, Zis1)
=0

is Fr-measurable. (We say that the stochastic process (Wy)>1 is adapted to the filtration
(Fk)r>1.) However, (Wy)g>1 is not necessarily a martingale. For that, we would need
E(Wki1 | Fr) = Wy to hold for each k. For our filtration, given a random variable X (which
is a measurable function of all (Z;);>0) we can get the conditional expectation E(X | Fy)
by taking expectation of X in (Z;);>x. Consequently, W} is a martingale adapted to Fy if
and only if Ez, | f(Zk, Zr41) = 0, that is,

f(z, %) = Ey, f(z,Y) = 0 for v-almost all x.

In other words, f(z,-) must be centered for almost all x. However, we only know that
f(z,y) has zero expectation as a two-variable function. We can easily fix this by setting
f(z,y) = f(z,y)— f(x,%). Then W), = Zf:_ol f(Z;, Zis1) is clearly a martingale. However,
this sum is quite different from the original one that we want to study. We can fix this by

considering the following function instead:

g(z,y) = f(x,y) — flz,%) + f(y,*).

Then
k—1

X, = ZQ(Zi, Zi—i—l)

=0
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is still a martingale and is very close to the original sum W} due to a telescopic sum that

makes most of the extra terms cancel out. Indeed,
g9(@, %) = Eyno (f(2,Y) = fla,%) + f(Y.*)) = f(2,%) — f(z,4) +0=0
implies the martingale property, and
Xy = Wi — f(Zo, %) + f(Zk, %),

where the two extra terms will vanish in the limit because we will always normalize Xj
and Wy by Vk.

As we mentioned, there are generalizations of the classical CLT results for martin-
gales and near-martingales. This theory was developed in the 1970s primarily by Brown,
Dvoretzky, McLeish, Klopotowski, Hall, Rebolledo, and Helland. There are many different
(but very similar) sets of conditions under which CLT holds. Luckily, there is an excel-
lent survey paper by Helland [I] that carefully explains how these results and conditions
are related to each other. In our setting, we need to check two conditions to be able to
conclude that X;/vk (and hence W;/vk) converges in distribution to a Gaussian. At
this point it is convenient to consider the corresponding martingale difference sequence
Yy = Xy — X1 = g(Zy_1, Zy) for which we have E(Y} | Fx_1) = 0. The following CLT re-
sult was proved by McLeish [3]. Also see [I, Theorem 2.5, conditions (b)] and [4, Theorem

2]. (Their setting, concerning martingale difference arrays, is more general.)

Theorem (McLeish, 1974 [3]). Let (Yi)r>1 be a martingale difference sequence adapted to
a filtration (Fy)g>1, and let a, — 0o be a normalizing sequence. Suppose that, as k — oo,

we have

e max;<yj Y;/ak — 0 in probability;

o Zigk Y;Z/a% converges to o in probability for some real number o > 0.
Then Zigkyi/ak converges in distribution to the Gaussian N(0,0?) as k — oo.

We will apply the above theorem with the normalizing sequence a; = Vk. In our
setting, the first condition is a trivial consequence of the fact that f (and hence g) is

bounded. The second condition will follow using the weak law of large numbers.

Proof of Theorem[2.1. The only thing left to be done is verifying the second condition of
McLeish’s theorem.
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For an arbitrary k, we have

EY? =K, w,*(w1,ws)
=Eosy w0, (fw1,w2) = f(wr, %) + f(wa, ¥))?
=E,2 f* + By, f (w1, %) + Eu, f (wa, )* — 2B o (f (w1, w2) f (w1, %))
+ 2B, o, (f (W1, w2) f (w2, %)) = 20y o (f (w1, %) f (w2, %))
=E,2 f? + 2E,, f (w1, %)* = 2By, f (w1, %) + 2B, (f (¥, w2) f(wa, %)) — 2(E, f)°
=E,2 f* + 2By (B, f (w1, w)Eu, f(w, w5))

2
=Ofv

Since ar = Vk, we have

[k/2]

Lk/2]
> v - Bk 3 v/ Tk + S v a2

(Yfi_l)z/lﬂ is an ITD sequence with mean o7 ,. It follows from the weak law of large
numbers that SM1y2 /k/2] converges to o7, in probability. Since L 1 as

k — oo, we have

2

Z 2 k2] 5

The same applies for the even 1nd1(:es, therefore

i<k

[]

Proof of Theorem[1.1. Take f = A and use Theorem [2.1] The occurrence of zero variance

is covered in the following section.

]

3 Cauchy—Schwarz for anti-symmetric kernels

While studying the variance of the limiting normal distribution for the winding number
described above, we stumbled upon the following inequality that we find interesting in its
own right. It is certainly known in some form but we did not find it stated in the literature.

Let f(x,y) be a kernel, that is, a two-variable function over some probability measure

space. For a fixed z, one could apply the Cauchy—Schwarz inequality for f(z,-) and the
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constant 1 function to get the following (using our * notation from Theorem [2.1)):

fas) <4 [ P ay
Squaring this and integrating w.r.t. x gives
[rrar< [[ Peyaay 2

Our inequality is essentially a strengthening of for anti-symmetric kernels f(x,y) =
—f(y,x): we will show that remains to be true even if we divide the right-hand side
by 2.

3.1 General version

Proposition 3.1. Given a probability measure space (2, A,v) and a measurable function

f:QxQ — R with finite square integral, i.e. f € L*(v?), we have the following inequality:
Ey2f? = B f(w, #)? = By f(#,w)% + (E,2 ) > 0.

If f is anti-symmetric, i.e. f(x,y) = —f(y,x), then the inequality simplifies to the follow-
mg:

Ew~uf<wa *)2 S ]EVQfQ- (3)

N | —

As noted before, a simple Cauchy—Schwarz inequality would give (3|) without the factor
1/2. In other words, by assuming that f is anti-symmetric, we get a bound twice as good
as the standard one.

Before we give a concise proof of the inequality in Proposition let us briefly sketch
how we “discovered” it. As in the proposition, let f: 2 x  — R be a measurable function
for some probability measure space (€2, .4, v). Take independent random variables X, Y, Z,
each with distribution v, and consider the variance of the sum f(X,Y)+ f(Y, Z2)+ f(Z, X)

which must be non-negative:
0<var (f(X,Y)+ f(Y.Z)+ f(Z, X)) =3var (f(X,Y)) +6cov (f(X,Y), f(Y,Z)).
When the expectation is zero (E,2 f = 0), this leads to the following inequality:
Ey2f? + 2Eums (f(x,w) f(w, %)) 2 0.

For anti-symmetric f we get the second inequality in the proposition.
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Proof of Proposition[3.1. Let X, Y ~ v. Then
0 <var(f(X,Y) = f(X,%) = f(x,Y)) = E2(f(X,Y) = f(X, %) = f(x,Y))* = (B2 f)?
=Eoof* + By f(X, %) + Eu f(,Y)* = 2B, (f(X, V) f(X, %)) — 2B, (f(X,Y) f(%,Y))
+ 2,2 (f(X, %) f(x,Y)) — (B2 f)?
=B, f* + By f(X,#)° + By f(,Y)? = 2B, (X, )" = 2B, f(x, V)"
+2(Ep2f)* — (B f)”
=E,2f* —E, f(X,%)? = E, f(x,Y)* + 2(E,2 f)* — (E,2 f)”
=E,2 f* =B, f(X,%)" = B f(+,Y)* + (E,2f)*
O

Next we show that equality occurs if and only if f(z,y) = h(z)+1(y) almost everywhere
for some functions h,l € L*(v).

If we have equality then f(X,Y)— f(X, %) — f(x,Y) is a constant v? almost everywhere.
This constant must be the expected value, thus f(X,Y) — f(X,*%) — f(x,Y) = —E,=f a.e.
Let h(z) = f(x,*) and {(y) = f(*,y) — E,2f. Then we have f(z,y) = h(x) + I(y).

Now if we assume that f(z,y) = h(z) + I(y) for some h and [. Then we have

E,2f? = E,2(h(z) + I(y))* = E,h* + 2E,hE,l + E,I°

E, f(z,%)? = E,(h +E,0)? = E,h2 + 2E,hE, [ + (B, )2

Similarly,

E,f(*,y)* = (E,h)* 4+ 2E,hE,l + E,I>

(E,2f)? = (E,h + E0)? = (E,h)? + 2E,hE,[ + (E,I)?
From these we can finally deduct that
Eu2f2 - Ewwuf(wa *)2 - Ew~uf(*7 W)Q + (EVQf)2 =0

Note that if f is anti-symmetric then h(z) 4+ (y) = f(z,y) = —f(y,x) = —h(y) — I(z),
hence h(z) + I(x) = —h(y) — l(y) almost everywhere. Therefore h(z) + I(z) = 0 almost
surely, and we conclude that f(z,y) = h(z) — h(y).

Corollary 3.2. The variance is zero in Theorem if and only if v is supported on an

open half-plane not containing the origin.
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Proof. From the above discussion we get that the variance is zero if and only if A(x,y) =
h(z) — h(y) holds v* almost everywhere for some h € L?(v). Then, since —7 < A < ,
we have esssup,2 A = esssup, h — essinf, h < m. Hence the image of h is contained in an
interval of length w. Choose yo such that v({z|A(x,yo) # h(z) — h(yo)}) = 0. Then as z
varies, the image of A(z,y) also lands in an interval of length 7, so v is indeed supported

on a half-plane. O

3.2 DMatrix version

It is worth mentioning the special case when v is the uniform measure on an n-element
discrete set €2, in which case we get an inequality for n x n matrices. Proving this would

actually make a good maths competition problem for high-school students.

Corollary 3.3. For arbitrary real numbers (a; j)1<ij<n we have

S, 10 (L) L5 (Sa) (S 20

2] i J J @ 0,j

If a; ; = —aj; holds for all i,j, then we get
2
1
Iy () <
i J

Proof. By multiplying both sides by n?, we get

2
D4y

i,J

N | —

(o) () () -
(n—1) Zad—nZZamazk n S aa Y aay,

i gk J itk (6.9)#(p:r)
(n—1)* Z (n=1)3 D s — (=13 Y ajan;+ > aijop,
2% i JFk JjiFk i#£p,jF#T
Z (ai,j -+ Clp,r — aiyr — ap,j>2 Z 0

1<p,g<r

We have equality if and only if a; ; +a,, = a;, +a, ; for all ¢, j, p and r. We will prove
that this is equivalent to saying, there exists (b;)i.; and (c;)}_; sequences such that Vi, j,
we have a; ; = b; + ¢;.

If a; ; + a,, = a;, + apj, then a1 + ap, = a1, + a,1. Hence if we define b, = a,; and

¢ = a1, — a1,1, then we get a,, = b, + ¢,.
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Now if a; ; = b; + ¢;, for all i, j, for some sequences (b;)i.; and (c;)j_;, then

ai,j + Clpw = (b, + Cj) + (bp + Cr)
= (b; +¢)+ (by +¢5)

= iy + Ap,j

4 Winding number for different center points

When studying the winding number of random polygonal paths, it is natural to look at
the role of the center point. What can we say about the variance of the limiting Gaussian
as the center point varies? In this section we will study this question in detail for the case
when v is the uniform distribution on the unit circle.

If our center point C' is outside or on the circle, then the winding number is 0 with
probability 1. So the variance is 0. If C' = 0 (that is, it coincides with the center of the

circle), then the angle increments are independent and uniformly distributed on (—m, 7) as

72

we noted in Section . The variance is therefore var(U(—m, 7)) = .
Next we will try to compute the variance around an arbitrary center point C' inside the
circle. Namely, we want the value of E,, ., AZ (w1, ws) + 2B, (Eu, Ac (w1, w)Ew, Ac(w, wo)).
Since A¢ is anti-symmetric, the variance is B, o, A% (w1, ws) — 2E,, (EwlAC(W1,w2))2.
Because of rotational symmetry, the variance depends only on the distance r of C' and
O. So we assume that C' = (r,0) for some real number 0 < r < 1. From Section [I] we know
that

Ac(wr,ws) = modyy (args(wz) — arges(wr)).

There is a measure-preserving bijection between the unit circle (with the uniform distri-
bution) and the interval (—m, 7] with the Lebesgue measure normalized by 27. Therefore,
in what follows we will identify the unit circle with (—, 7], that is, we will think of w both
as a signed angle and as the corresponding point on the circle. Thus, the integral of any
function w.r.t. v(w) is equal to its Lebesque integral from —m to m, divided by 2.

We will use the following change of variables to move between angles w.r.t. O and
angles w.r.t. C. Let x = arg.(w), and hence w = argg'(z). Then, setting h(z) = %;(x),
we need to multiply with the density function g(x) := h'(x) whenever we wish to integrate

something as a function of = w.r.t. v(w). Note that fabg(x) de = h‘z In particalur,
fowg(a:) dr = %

Lemma 4.1. argz'(x) = x — arcsin(r sin(x))

10
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Proof. Let P = (1,0) and X be an arbitrary point on the unit circle. Furthermore let
a=/C0X and g = ZPCX. We work with signed angles, ie. —7m < «, < 7. Now let
us calculate « as a function of . First suppose that 0 < o« < w. Since LPCX = 3, we
have ZXCO =7 — 8 and then ZOXC = 8 — a. Using the law of sines on OXCx we get
Sin([jfa) = Sin(qfﬁ) = sin 3, and hence sin(f8 — «) = rsin(f).

Note that ZC’PX:%,SOB<7T—%:”+TQ. Thus 8 —a < 5% < 7.

This shows we can use the arcsin function without any problem on sin(8 —«) = rsin(f)

to get what we needed.

Finally let us recognise that  — arcsin(rsin ) is an odd function so it works when /3

is negative as well. O

Let us define
f(z,y) = Ac(args' (2), args! (y)) = moda,(y — z).

Now our task is equivalent to calculating E, , f?(z,y) — 2E, (Ex f (x,y))Q. We always

assume that 0 < y < 7, and we just multiply the results by two. Note that in this case we

have
y—x for y—nm<zx<nw
flz,y) =
y—x—2m for —m<r<y—m

Define

11
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e a=4 [ 2?g(zx)dx

o b=—167 [ zg(z) (3 + h(z — 7)) dz

o c=87" [ g(x) (3 +h(z—m))dx
Lemma 4.2. E, ,f*(z,y) =a+b+c

Proof. By above

Ef? = 2// (v— ) dxdy+2/0/ (y — = — 219 (2)g(y) de dy
_2// y— )y dxdy+2/0/0 (v + 2)%9(x)g(y) de dy
+2// (y + 7 — 20g(x)g(y) du dy

// v+ 2)g(2)g(y) de dy — SW// yo(2)g(y) de dy
—87r// 29z dxdy+87r// y) de dy
—8/0 yg()dy/ g(x)dr — 8#/0 yg(?J)/ﬂy (z) dz dy
—87r// 29(2)g(y) dy dz + 872 /Oﬁg(y)/:yg(x)dxdy
_4/0 2g(z) dz - /Oyg(y)(%—l—h(y—ﬂ))dy
. /0 2g(x) (% R — 7r)) dr + 872 /Owg(y) (% +h(y — w)) dy

=a+b+c

Lemma 4.3.

OF, (B, f(1,y))’ = d = 4/07rg(x) <27r <%h(a: _ w)> _ x>2 de

12
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Proof.

22, @) =4 o) ([ - [ 2mptear)

/
4/;9@) (y/ig(w) dfv+/:y 2mg(z) dw)2dy
/

ﬂg(y) (y—27r (%Jrh(y—?r)))Qdy

4

=d
[l

Now we are able to calculate the variance of the winding number of uniformly dis-
tributed polygonal path around any C' inside the unit circle. It is simply a + b+ ¢ — d.

Working around this sum, one may deduct a shorter form of the variance, namely

(2m)? /0 o(z) ((1 oh(e — 1)) — (14 2h(z — w))Q) dz

Unfortunately, we could not find the primitive function for this last integral, and hence
we do not have an explicit formula for the variance. However, this one-variable definite
integral is now simple enough so that it can be computed numerically quickly and with
great precision for any given value of r. We plotted the integral as a function of r using
Code [1]in the Appendix, see Figure [2| for the result. (Note that to get the variance of the
normalized winding number, we need to omit the factor (27)? from the above integral, and

this is how we plotted the result.)

13
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var

Bl=

SIS

] =
bl = o
PPN

Figure 2: Variance of the normalized winding number around C' = (r,0)

4.1 An identity

While studying the variance of the winding number around center points inside the unit

circle, we accidentally came across an identity between our integrals.
Proposition 4.4. a +b+c+d = %2
Note that 72 / 3 is the variance around the origin.

Proof. First, let us recognise that

L b —m) _% x—w—a;(;sin(x—w)
x + arcsin(x)
- 2m
=2~ ()
7r

14
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2.5 1

1.5+

0.5

0.2 0.4 0.6 0.8 1

Figure 3: Two integrals (a+b+c and d) as functions of r (green curves). The sum is

constant 72/3 (red). The difference gives the variance in question (blue).

Hence

b= —167 [ wg(a) G R — w>> da

o

™

= —167 | xg(x) (f - h(x)) dz

0 ™

= —16 /OW 2?g(r)dz + 167 /07r zg(z)h(z) do
¢ = 8 /Owg(x) (% bz — m) dz

— 82 /Oﬂg(x) (£~ hw)) dr
. /0 " 2g(z) do — 872 /0 " g(@)h(x) da

0 [ o) (20 (3o ) o)’

g(x) (27r <E - h(:v)) - x>2 d

I
o0

15
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Therefore

a—i—b—l—c—l—d——S/ﬂng(x)dx—i-&r/wxg(x)dx—87?2/7rg(x)h(x)dx
0 i 0 0 (4)
+167T2/0 g(x)h*(z) dw

Now using integration by parts and chain rule, we have:

—8/ 2 g(r)dz = —8x2h(x)‘g + 16/ xh(z)dx
0 0

8 [T 8 [T
= —4r* + —/ 2?dr — —/ xarcsin(r sin(x)) dx
T Jo T Jo
4 8 [T
= ——m’— —/ x arcsin(r sin(x)) dz
3 T Jo

87r/ zg(zr)der = 87rxh(x)‘g — 87T/ h(z)dx
0 0
= 47 — 4/ rdxr + 4/ arcsin(r sin(x)) dz
0 0
=21% + 4/ arcsin(r sin(z)) dz
0

—87r2/0 g(x)h(z)dr = —4m*h? g

Substituting these into , we get

2 8 ™ ™
a+b+c+d= % - — / x arcsin(rsin(x)) dz + 4/ arcsin(rsin(z)) dz
T Jo 0

Hence we need to prove that

™

/ x arcsin(rsin(x)) dx = 5/ arcsin(rsin(z)) dz
0 0

We will prove this in a more general form.
O

Lemma 4.5. Let p : [a,b] — R be integrable such that p(a + x) = p(b— x) Va € [0,b — a].

Then ) )
/a xp(z)de = (b —g %) /a p(z)dx

16
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Proof. Let s(y) = [? p(z)dx for y € [a,b].
Then by symmetry we have s(z) + s(b—x 4+ a) = f;p(x) dx. By integration by parts

/ab op(z) dz = zs(x)|’ — /ab s(z) da

= /abp(q;)dq;—/a ’ s(x)+s(b—xz+a)de

5 CLT for functions of k£ consecutive variables

In this section we show how Theorem generalizes to functions of more than two vari-
ables. The proof method is the same, only straightforward modifications are required that

we will briefly sketch.

Theorem 5.1. Given a probability measure space (2, A,v) and a bounded measurable
function f: QF — R, let us take an IID sequence (Zi)i>0 with distribution v. Then the

normalized sum Nl
(z F(Zo Zonrs s Zones) NW,V) v
i=0

converges in distribution to N(0,07%,) as N — oo, where

pry =Erf = /fdl/k

and

k—1

0%, = var (f(Xl,...,Xk)—|—Z(f(Xi+1,...,Xk,*,...,*)—f(Xi,...,Xk_l,*,...,*))> .

=1

(Here Xy, ..., Xy denotes an IID sequence with distribution v ).

Proof. Once again, by subtracting a constant from f, we may assume that f has a zero

expectation. Now let

g(xy, ... xp) = (f(xl,...,xk)—|—Z(f(a:i+1,...,:pk,*,...,*)—f(xi,...,xk_l,*,...,*))>
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and

F

Xy = 9(Zi, ... Zivr—1)

i

I
=)

Then (X;);>o is a martingale adapted to the filtration F; = o (Zy, ..., Zkt+i—2)-

Note that due to the telescoping sum, the normalized X; converges to the the same
distribution as the normalized sum of f.

Considering the martingale difference sequence Y; := X;1; — X;, and using McLeish’s

theorem (see Sectionfor more detail), we end up getting just what we wanted to prove. [J

5.1 Turning number

Next we present an application of Theorem where the number of variables (of f) is
greater than 2. The turning number of a closed directed curve is the number of full (signed)
turns that we take when we walk it through.

When this closed curve is a polygonal path ZyZ; ... Zn_1Zy, then the turning number

is simply the sum of signed angles between ZHZ and ZZ-ZH{, divided by 27. (The indices

are meant in modulo N, i.e. Zy = Zy and Zy,1 = Z1.) So let f(X,Y,Z) be the signed
-

angle enclosed by XY and ﬁ Then the turning number of a polygonal path is

Yie’ F(Zis Zisn, Zivo)
2m
Now let v be a measure on R? and (Zi);iso be an IID sequence with distribution v.

Then by Theorem , ZiNZB?’ (Ziy Zis1, Ziso) / V'N converges in distribution to Gaussian

with variance

t(Zozl...ZN,1Z0) - +O<1)

f f2 dl/3

™~

/f(wl, wa, w3) f (w1, wa, w3) dv(wy) dv(ws) dv(ws) +
2/f(*,w1,w2)f(w1,w2,*) dv(wy) dv(wq)+
Z/f(*,*,wl)f(wl,*,*)dl/(wl).

6 Linking number

Let us now turn to our original goal of studying the linking number of two closed polygonal
paths. Given a red polygonal path and a blue one, both with a fixed orientation, their
linking number can be intuitively defined as the number of times the red curve winds

around the blue curve. There is a precise topological definition. For our purposes, it will

18
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suffice to know how one can compute the linking number from the so-called linking diagram
(see Figure [4)). Project the polygonal paths to a plane which is in “general position” with
respect to the two curves. Then look at the crossings (i.e. points that both projected
curves go through). Four types of crossings can be distinguished based on the following

two properties.

e Which curve (red or blue) “goes over” the other at the crossing?

e What is the sign (+ or —) of the crossing? It is determined by the unit vectors
representing the “direction” of the projected curves at the crossing. The sign of the
crossing is + (or +1) if we need to rotate the top directional vector (corresponding
to the “overcrossing” curve) by some positive angle 0 < a < 7 to get the bottom
directional vector (corresponding to the “undercrossing” curve). If the angle of the
rotation is negative (—m < a < 0), then the sign of the crossing is defined to be —

(or —1).

So each crossing can be labelled by +, —, 4+, or —.

L 4

——l_ —— —_——— —d

Lemma 6.1. The sum of the red signs is always equal to the sum of the blue signs, and

we define the linking number as this sum.

Proof. Tt is enough to prove that for any two closed curves, we have #{+,—} = #{—,+}.
Note that these numbers correspond to the numbers of crossings when we need to rotate
the red vector by some positive and negative angle respectively to get the blue one.

Let 4 : [0,1] = R? be the blue curve. Then let r = inf{l|3s < I, 7(I) = 3 (s)}. Define
v, 7151) :10,1] = R? as v} (z) = (s + (r — s)z), and 751) = 1 \74. Then repeat these steps
with ’yél) to get 7, %52). Then repeat with 752), and so on.

Let n = inf{kﬂfyék)\ = 0}. Then U;_, 7 = w, and for all i, 4} is a non-intersecting
closed curve. Thus for all 4, the red curve intersects 7; an even number of times. On top of
that, in half of the cases the red vector points “inward” of the curve, and it points “outward”

in the other half cases. This means that for all 7, when we consider the intersections on 7;,

it contributes the same number for #{+,—} and #{—,+}, hence they are equal.
]

19



CEU eTD Collection

Figure 4: Linking diagram for two closed polygonal paths in R3, each with seven interme-
diate points: we take the 2D projection, then at each crossing we determine which curve is
on top (indicated by the color of the intersection point), and assign a sign to the crossing
based on the relative position of the overcrossing curve to the undercrossing curve. The
sum of red signs and the sum of blue signs will always be the same, giving the linking

number (—3 in this case).

6.1 Variance of the linking number

Now we can formulate our problem in a purely probabilistic language. For the sake of
simplicity, assume that the red and the blue polygonal paths have the same number of 11D
intermediate points (N) and from the same distribution (v) on R3. The red path will be
denoted by Z5Z7...Z% | Zb, while ZPZP ... Z% | ZP is the blue path. Indices are always
meant modulo N: e.g. Zy = Zf or Z},, = Zy. Given a “red index” 0 < i < N and a
“blue index” 0 < j < N, we define the random variable X; ; to be +1/—1 if the red vector
ZiZii,
other words, we only consider the red signs in our linking diagram. This way we get the

“overcrosses” the blue vector Z7Z} | with a (red) +/— sign, otherwise X ; is 0. In

20
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linking number as an N2-element sum: Z X ;, where
X f(Zr er+1’Zb Zgb+1)
for some fixed {—1, 0, 1}-valued measurable function f. Note that f has the property that

f(x()axhyO:yl) = _f(xlax())yOvyl) and f($0,$1»yoyyl) = _f(m()al‘hyl;y())a

that is, f changes sign if we exchange the first two or the last two variables (“flipping”
either the red vector, or the blue vector).

For the variance of the sum: we need to find the covariance of X,; and Xy . If
i #i—1,i,i+1and 5 # j—1,7,j + 1, then they are independent and hence cov = 0. If
i #1—1,1,1+ 1, then one of the red vectors can be “flipped” and we would still have the
same joint distribution for the endpoints but covariance gets multiplied with —1. Therefore
the covariance must be 0. Similarly for the case 7' # j —1,4,j + 1.

The remaining cases are:

e i =17 and j = j'. Then we get a := cov(X;;, X;;) = E(X7,). When we consider the

variance of Z - X, ; then a appears for all i, j once, hence altogether N? times.

o |i — 7|+ |j—j| =1, then we have b = cov(X,;, Xy /) = E(X0Xo1). This one

occurs 4N? times.

o |i —i| = |j—j| =1 In this case ¢ := cov(X;;, Xy ;) = E(Xp0Xi11), and this

happens in 4N? cases.
In conclusion, the variance of the linking number (expressed in terms of a, b, ¢) is
(a+ 4b + 4c)N2.

In what follows we will try to test our hypothesis (that the distribution of the linking
number is close to a Gaussian with the above variance) by generating a random sample of

linking numbers using a computer.

6.2 Simulations in the unit cube

We consider the following simple setup with the goal of generating random linking numbers.
Let v be the uniform measure of the unit cube [0,1]2>. When creating a linking diagram,
we will always project onto the xy plane (i.e. first two coordinates).

First we explain how f(rg,71,bo, b1) can be determined for four given points 7o, r1, bo, b;.
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Let ro = (r&, 8, 1), r1 = (r{, v, r7), by = (b, by, bg) and by = (b7, bY,0%). Project these
points onto the usual plane, and let the image be 7, ], b, and b| respectively. Now we
would like to calculate the intersection of the lines (] and byb). More precisely we are
looking for the numbers R, B such that R(r, —r})+1r] = B(b; — b)) +b}. Considering only

the first coordinates from this equation, we get R(rg — r{) + r{ = B(b% — b7) + bf. Hence

-t |, 05— i
A T T ( )

(r§ —ri)  (§ —r7)

For the second coordinates, we have R(r§ — r{) +r{ = B(b§ — bY) + b{. Substituting

into this, we get

R=21B

(BEE=8 4 =) g = ot) = Bt - o)+ 02 = )

(5= " =)

Thus
g 01 —r)(g —ri) — (b —r{)(rg — 1)
(b5 — b7)(rg — 1) — (bg — ) (1§ — 17)
Similarly
po (i = b)(0 — b)) — (rf — b) (b — bi)

(b5 — b%)(rg — 1) — (bg — bY)(r§ —rf)

Using R and B, we can easily check whether the line segments [r(, r}], [bj, b}] intersect
each other: they do if and only if R, B € [0, 1].

When R, B € [0,1], then we need to check that at the intersection, we have the red
segment “on top”. We can calculate the heights of each segment from the intersection. For
the red one it is Rr§ + (1 — R)r} and for the blue one it is Bb§ + (1 — B)bi.

If R¢[0,1] or B ¢&[0,1] or Rr§+ (1 —R)r{ < Bbj+ (1— B)bi, then f(ro,71,b0,b1) = 0.

Otherwise, we have to check in which direction (positive or negative) we should rotate
m to get l{b?l . We can do this by considering the third coordinate of the cross product

—
rory X Zm . Thus we have
f(ro,m1,b0,b1) = sign((r§ — r{) (b — b)) — (ry — r¥) (b5 — 7))

Using this formula, we can run various computer simulations. We used Code [4 in the

appendix to get approximate values for a, b, ¢ in the unit cube setup:

a~ +0.1157
b~ —0.0366
c~ +0.0119
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For the variance we get

(a+4b+ 4c)N? =~ 0.0169N? = (0.13N)>.

T T T
-300 -200 -100 100 200 300

Figure 5: Histogram for a sample of random linking numbers, compared to normal distri-

bution

Next we compared the empirical distribution of a random sample for the linking number
to a normal distribution. We generated 20000 pairs of closed polygonal paths, each with
length N = 500. Then we computed the linking number for each pair. The resulting
sample of 20000 numbers is compared to the normal distribution of variance (0.13N)? in

Figure 5] The code that we used is attached to the the appendix as Code [6]

6.3 True limit: a mixture of Gaussians?

It seems from Figure |5| that the linking number is very close to the normal distribution as
we had originally expected. After further investigation, however, we now think that the
limiting distribution is not quite normal. Instead, we expect it to be a mixture of Gaussians.

To explain why we think that let us look at a similar problem with less dependency.

Problem 6.2. Let g: 2 x 2 — R be a function of two variables. Suppose that we have

two IID sequences Z§, Z%, ... and Z5, ZP, ... from the same distribution v on 2. For the
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random variables X; ; = g(Z], Z}) we consider their sum
T b
Sy = Z Xij = Z Q(Zi»Zj)~
ij<N ij<N
What can we say about the distribution of Sy in the limit as N — oco?

Remark 6.3. Depending on ¢g and v, the nature of Problem can be very different.
For example, given independent 2", Zr, AR Zb, each with distribution v, it makes a big

difference whether the covariances
cov (g(Zr, Zb),g(Zr, Zb)) and cov (g(Zr, ANIVAS Zb))
are zero or not. It is easy to see that these covariances are zero if and only if
g(*x,x) = g(x,*) = 0 for almost all z,

in which case Sy has variance of order N? (and not N? as in general), and hence we should

consider the normalized sum Sy / N.

Example 6.4. Let Q = [0,1]® x [0,1]* and g((wo,%0); (z1,v1)) = f(x0, Yo, 1,y1) for the
function f defined in Section for the linking number problem. So for N independent
red vectors and N independent blue vectors, Sy is simply the sum of the signs of red
overcrossings for all pairs of one red vector and one blue vector. (That is, the vectors
here are not from closed paths of length N but each vector is chosen independently.) This
problem captures the essence of the original linking number problem without having to deal
with the dependencies between consecutive vectors. In this case the covariances mentioned

in the remark are zero so the proper normalization will be Sy / N.

Now we make a few general comments regarding Problem [6.2] First let us think of the
first sequence Zj, Z7, ..., Zy_, as a fixed deterministic sequence, and let Z be a random

variable with distribution v». Then

Y = ZQ(Z;72>

i<N
has some distribution ky = k(Z}, ..., Z}y_;) depending on (Z});-n. Now for any given j,
the sum
Y= X
i<N

has the same distribution as Y (still thinking of Z§, Z7, ..., Z}_, as a fixed deterministic

sequence). So Sy = Y. Y; is actually the sum of N independent copies of Y, that is,

j<N
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the sum of N IID samples from kx = k(Z}, ..., Z5_1). If we think of the first sequence as
random, then we need to consider a random ky in the above discussion. Therefore we first
need to generate a probability distribution xy at random (by randomizing 7§, ..., Zy_,),
then sampling N independent copies from ky and add them up. Standard CLT “suggests”
that what we get is “close” to a normal distribution N (0, 0?) where o = v/No(ky). Note
that o(ky) is random a number here.

This approach would involve two steps. The first step is to understand the behavior
of o(rky). The second step is to prove that the limiting distribution of Sy/N is the
corresponding mixture of Gaussians. Note that we have to take the limit simultaneously
in the index of Ky and in the number N of independent samples of xy.

For the linking number, we still expect each Y, to be close to a Gaussian but with a
nonzero covariance between consecutive ones which further complicates the matter. Nev-
ertheless, we think that Sy will converge to a mixture of centered Gaussians. The mixture
distribution is quite close to the Gaussian distribution (with deterministic variance) that
we previously considered. So close, in fact, that we would need a gigantic sample of random
linking numbers to be able to distinguish between the two distributions, which explains

why simulations suggested that CLT might hold.

25



CEU eTD Collection

7 Appendix: codes

We include the SageMath codes of our computations, simulations, and figures for the thesis.
Most of these codes can be run in a “Sagecell”: go to sagecell.sagemath.org and copy-
paste the code, then hit “Evaluate”. Some codes require longer running times and need to
be run on a sage environment installed on a computer. (When copy-pasting, some PDF
viewers may not include the spaces at the start of each line. So make sure to re-enter those

spaces in the Sagecell as these indentations are vital for Python (and hence Sage) codes.)

7.1 Winding number

Code 1: Plotting the variance of the winding number (Figure

def variance(r):
h_inv(x)=(x-arcsin(r*sin(x)))/(2*pi)
g=diff (h_inv(x),x)
return numerical_integral(g*( (1+2%h_inv(x-pi))-(1+2xh_inv(x-pi))~2 ),0,pi) [0]
fig=plot(lambda r: variance(r),(r,0,1))
fig.show(ticks=[1/4,1/24],tick_formatter=[1,1/12] ,axes_labels=["$r$","var"],fontsize=16,axes_labels_size=1)

Code 2: Plotting “parts” of the variance (Figure |3

def variance_parts(r):
h_inv(x)=(x-arcsin(r*sin(x)))/(2*pi)
g=diff (h_inv(x),x)
# E £f°2
a=4*numerical_integral (x~2%g,0,pi) [0]
b=-16*pi.n()*numerical_integral (x*g*(1/2+h_inv(x-pi)),0,pi) [0]
c=8+%pi.n() "2*numerical_integral (g*(1/2+h_inv(x-pi)),0,pi) [0]
# 2+¢E_w f(w,*)"2
d=4*numerical_integral (gx (2*pi*(1/2+h_inv(x-pi))-x)~2,0,pi) [0]
return [a+b+c,d,a+b+c+d,a+b+c-d]
figO=plot (lambda variance_parts(r) [0], (r,0,1),color="green’)
figl=plot(lambda variance_parts(r) [1],(r,0,1),color="green’)
fig2=plot(lambda variance_parts(r) [2], (r,0,1) ,color="red’)
fig3=plot(lambda r: variance_parts(r)[3],(r,0,1),color="blue’)
show(fig0+figl+fig2+fig3)

R KR K
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7.2 Linking number

Code 3: Crossing probabilities

def crossing(Rsgmt,Bsgmt):

[[RstX,RstY,RstZ], [RendX,RendY,RendZ] ]=Rsgmt

[[BstX,BstY,BstZ], [BendX,BendY,BendZ]]=Bsgmt
denom=(BendY-BstY) * (RendX-RstX) - (BendX-BstX) * (RendY-RstY)

Rw=-( (BendY-RendY)*BstX-BendX* (BstY-RendY)-(BendY-BstY)*RendX )/denom
Bw= ( (BendY-RstY)*RendX-BendX* (RendY-RstY)-(BendY-RendY)*RstX )/denom
if Rw<O or Rw>1 or Bw<0O or Bw>1l: return O

if Rw*RstZ+(1-Rw)*RendZ > Bw*BstZ+(1-Bw)*BendZ: return 1

return -1

def random_point(): return [random(),random(),random()]
def random_segment(): return [random_point(),random_point()]

Q@interact

def _(reps=10"5):

count=[0,0,0]

for _ in range(reps): count[l+crossing(random_segment(),random_segment())] += 1
print([n(count[i]/reps,digits=6) for i in range(3)])

Code 4: Covariance for overlapping pairs

import numpy

def redcrossing_sign(Rsgmt,Bsgmt):
[[RstX,RstY,RstZ], [RendX,RendY,RendZ] ]=Rsgmt
[[BstX,BstY,BstZ], [BendX,BendY,BendZ]]=Bsgmt
denom=(BendY-BstY) * (RendX-RstX) - (BendX-BstX) * (RendY-RstY)
Rw=-( (BendY-RendY)*BstX-BendX* (BstY-RendY)-(BendY-BstY)*RendX )/denom
Bw= ( (BendY-RstY)*RendX-BendX* (RendY-RstY)-(BendY-RendY)*RstX )/denom
if Rw<O0 or Rw>1 or Bw<0O or Bw>1l: return O
if Rw#RstZ+(1-Rw)*RendZ > Bw*BstZ+(1-Bw)*BendZ: return sgn(denom)
return O

def random_point(): return [random(),random(),random()]
def random_path(nr): return [random_point() for _ in range(ar)]

signs = numpy.full((3,3),0)
def sign_products():

Rpath=random_path(4)

Bpath=random_path(4)

#signs=numpy.array([[0,0,0],[0,0,0],[0,0,0]]1)

for Ri in range(3):

for Bi in range(3):
signs[Ri] [Bil=redcrossing_sign([Rpath[Ri] ,Rpath[Ri+1]], [Bpath[Bi],Bpath[Bi+1]])

return signs[1] [1]*signs

reps=1075;

total = numpy.full((3,3),0) #total=numpy.array([[0,0,0],[0,0,0],[0,0,0]1)
for _ in range(reps): total+=sign_products()

print(total/reps)

vr=numpy .sum(total) /reps

print("sigma~2: " + str(vr))

print("sigma: " + str(sqrt(vr)))
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Code 5: Linking diagram (Figure [4)

def crossing_full_info(Rsgmt,Bsgmt):
[[RstX,RstY,RstZ], [RendX,RendY,RendZ] ]=Rsgmt
[[BstX,BstY,BstZ], [BendX,BendY,BendZ] ]=Bsgmt
denom=(BendY-BstY) * (RendX-RstX) - (BendX-BstX) * (RendY-RstY)
Rw=-( (BendY-RendY)*BstX-BendX*(BstY-RendY)-(BendY-BstY)*RendX )/denom
Bw= ( (BendY-RstY)*RendX-BendX*(RendY-RstY)-(BendY-RendY)*RstX )/denom
ptX=Rw*RstX+(1-Rw)*RendX
ptY=Rw*RstY+(1-Rw) *RendY
pos = -1;
if Rw<0 or Rw>1 or Bw<O or Bw>1l: pos=0
elif Rw#RstZ+(1-Rw)*RendZ > Bw*BstZ+(1-Bw)*BendZ: pos=1
return [pos,sgn(denom),ptX,ptY]

def int_point(info):
pt=(info[2],info[3])
1bl="$+$"
if (info[0]*info[1]==-1): 1lbl="$-$"
if (info[0]==1): return point(pt,color=’red’,pointsize=20,zorder=10)+text(1bl, pt, horizontal_alignment=
’left’, vertical_alignment=’bottom’,color=’red’,fontweight=’bold’,fontsize=16,zorder=20)
if (info[0]==-1): return point(pt,color=’blue’,pointsize=20,zorder=10)+text(1bl, pt,
horizontal_alignment=’left’, vertical_alignment=’bottom’,color=’blue’,fontweight="bold’,fontsize=16,
zorder=20)
return pt.plot(point={’color’:’black’})
#red or blue labels may be removed if it is too "crowded"

def random_point(): return [random(),random(),random()]
def random_path(nr): return [random_point() for _ in range(anr)]
def random_closed_path(nr): path=random_path(nr); path.append(path[0]); return path

def proj2d(path): return [pt[:2] for pt in path]

def draw_linking_ figure(Rn,Bn,min_lnk_nr=0):
Rpath=random_closed_path(Rn); Rpath2d=proj2d(Rpath)
Bpath=random_closed_path(Bn); Bpath2d=proj2d(Bpath)
#fig=line(Rpath2d,color=’"red’)+line(Bpath2d,color="blue’)
fig=Graphics()
for i in range(Rn):
figt+=arrow(Rpath2d[i] ,Rpath2d[i+1],color=’red’,width=1,arrowsize=2)
for i in range(Bn):
fig+=arrow(Bpath2d[i] ,Bpath2d[i+1],color=’blue’,width=1,arrowsize=2)
1nk_nr=0
for Ri in range(Rn):
for Bi in range(Bn):
info=crossing_full_info([Rpath[Ri],Rpath[Ri+1]], [Bpath[Bi],Bpath[Bi+1]])
if (info[0]!=0): fig+=int_point (info)
if (info[0]==1): lnk_nr+=info[1]
if abs(lnk_nr)>=min_lnk_nr:
print("Linking number: " + str(lnk_nr))
fig.show(figsize=[8,8] ,axes=False)
return True
return False

Qinteract
def _(nr_of_red_points=7,nr_of_blue_points=7,min_lnk_nr=[0..4],auto_update=False):
while not draw_linking figure(nr_of_red_points,nr_of_blue_points,min_lnk_nr): O
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Code 6: Comparing linking number sample to Gaussian (Figure |5

#VERY LONG running time

def redcrossing_sign(Rsgmt,Bsgmt):
[[RstX,RstY,RstZ], [RendX,RendY,RendZ] ]=Rsgmt
[[BstX,BstY,BstZ], [BendX,BendY,BendZ]]=Bsgmt
denom=(BendY-BstY) * (RendX-RstX) - (BendX-BstX) * (RendY-RstY)
Rw=-( (BendY-RendY)*BstX-BendX*(BstY-RendY)-(BendY-BstY)*RendX )/denom
Bw= ( (BendY-RstY)*RendX-BendX* (RendY-RstY)-(BendY-RendY)*RstX )/denom
if Rw<O or Rw>1 or Bw<O or Bw>1l: return O
if Rw#RstZ+(1-Rw)*RendZ > Bw*BstZ+(1-Bw)*BendZ: return sgn(denom)

return O

def random_point(): return [random(),random(),random()]
def random_path(nr): return [random_point() for _ in range(nr)]
def random_closed_path(nr): path=random_path(nr); path.append(path[0]); return path

def random_linking_number (Rn,Bn) :
Rpath=random_closed_path(Rn)
Bpath=random_closed_path(Bn)
link_nr=0
for Ri in range(Rn):
for Bi in range(Bn):
link_nr+=redcrossing_sign([Rpath[Ri],Rpath[Ri+1]], [Bpath[Bi] ,Bpath[Bi+1]])

return link_nr

def compare_to_gaussian(smpl,sigma,odd_len=9):

total_nr = len(smpl)
smpl_rounded=[odd_len*round(val/odd_len) for val in smpl]
hash = {}
for val in smpl_rounded:

if (val in hash): hash[vall+=1

else: hash[val] = 1
for val in hash.keys(): hash[val] /= (odd_len*total_nr)
figl=list_plot(list(hash.items()),color="red’)
fig2=RealDistribution(’gaussian’, sigma).plot(x,-5*sigma,b*sigma,color=’blue’)
show(figl+fig2)

smpl=[random_linking_number (500,500) for _ in range(20000)]
compare_to_gaussian(smpl,0.13*500,19)
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