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Abstract

In this thesis, we prove that the distance is not concentrated for the 2-dimensional integer lattice
{0,1,...,n}2, the two dimensional integer torus Z x Z/(nZ x nZ) and the Uniform Spanning Tree
(UST) of the complete graph K,,. On the other hand, we prove that the distance is concentrated for
the Hypercube {0, 1}", the Euclidean space R™ with the n-dimensional standard Gaussian measure,
the unit sphere S*~! C R™ with the normalized Lebesgue measure and the ball of radius R of a
non-elementary Hyperbolic group. To our knowledge, this last example has not been discussed
in the literature and it is the main novel part of this work. By plotting the Kernel Density
Estimations (KDE) in Python, we confirm that the distance is not concentrated for the UST of the
complete graph K, ; and we only visualize that the distance is not concentrated for the UST of both
the 2-dimensional integer lattice {0,1,...,n}? and the 5-dimensional integer lattice {0,1,...,n}°.
We present an application of the concentration of distance phenomenon for a transitive metric
probability space.
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1. Introduction

The concentration of measure phenomenon is a notion introduced by Vitali Milman in 1970 in his
work in asymptotic geometry of Banach spaces, following the earlier works of Paul Lévy. It has
many applications in various areas such as geometry, discrete mathematics and complexity theory,
functional analysis and especially probability theory. It is often the behaviour of a function that
depends on a large number of variables.

In Probability Theory, the theory of Large Deviations formalizes the concentration of measure
phenomenon, and one of its probabilistic description is given by the strong law of large numbers
(SLLN). For example, given a sequence of independent identically distributed random variables
X1, .oty Xy ... ~ Unif{—1,1} and consider the function:

fn(Xla---an) . n

(n € N),
then the SLLN says that:
fn— EX; =0 as,

meaning that when n is “large”, the function f, is highly concentrated around EX; = 0. By using
the Moment Generating Function method, this particular example of the concentration phenomenon
can be quantified by the following concentration inequality:

nt2

P(|fnl >t) <2e 2.

Here, our function f,, is the arithmetic mean of the variables X1, X5, ... and X, but the point is
that the phenomenon also holds for much more general functions.

The main task in this thesis is to investigate the concentration of the distance between two inde-
pendent random points or the distance between a chosen ‘root’ and a random point for the follow-
ing metric probability spaces: the Euclidean space R"™ endowed with the n-dimensional standard
Gaussian measure, the unit sphere S?~! C R” endowed with the normalized Lebesgue measure,
the 2-dimensional integer lattice {o,1,...,n}?, the Hypercube {0,1}", the two dimensional integer
torus Z x Z/(nZ x nZ), the Uniform Spanning Tree (UST) of the complete graph K,, and the ball
of radius R of a non-elementary Hyperbolic group. All those graphs are equipped with the graph
distance and the normalized counting measure, and we conduct the study on a fixed Cayley graph
for the Hyperbolic group.

In Chapter 2, we study the classical case of the Euclidean space (R™,||.||,Yn)n, where v, :=
N0y, I,) is the multivariate standard normal distribution. By combining this classical case with
Haar’s Theorem, see Lubotzky (2010), we prove the concentration phenomenon on the unit sphere
S"~1 C R" endowed with the Euclidean distance and the normalized Lebesgue measure.

Chapter 3 is concerned with discrete structures: we prove that in contrast with the case of the
Hypercube {0,1}", there is no distance concentration on the square lattice {0, ...,n}? as well as in
the integer torus Z?/(nZ)?.

We prove that the distance between two randomly chosen vertices x and y of the Uniform Spanning

Tree T of K, is not concentrated. We explain in detail the Wilson’s algorithm approach for the
limiting distribution of the quantity %\/%y) mentioned in Peres and Revelle (2004).
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We prove the concentration of distance on transitive expanders in two different methods: the first
proof follows from the spectral characterisation of expanders and the second one is derived from
the combinatorial definition. Although this result should not be surprising to experts, we had
thought it would have been written up for the first time in this thesis. Then Gergley Odor drew
our attention to this recent paper Roughgarden et al. (2019) of George Barmpalias, Neng Huang,
Andrew Lewis-Pye, Angsheng Li, Xuechen Li, Ycheng Pan and Tim Roughgarden, which aims to
characterise Finite Expected Degree (FED) idemetric networks and expanders are among discussed
topic.

We close Chapter 3 by proving the main novel part of this work, which is the distance concentration
on balls Bg of radius R in a non-elementary Hyperbolic group I'. We first prove some elementary
results about the balls and spheres of a d-regular tree in Theorem 3.4.3 and Theorem 3.4.4. After
that, we prove Theorem 3.4.8 which says that:

d(va) P
“on — 1,

where X,Y ~ Unif(Bg) are independent, by combining the Hyperbolicity with the fact that non-
elementary Hyperbolic groups have exponential growth. We close Chapter 3 with some further
discussions and some open questions.

In Chapter 4, we visualize with Python the Rayleigh limit of the Uniform Spanning Tree of K.
We also plot the Kernel Density Estimations (KDE) of the distance for the Uniform Spanning
Trees of (Z/nZ)® and (Z/nZ)? for n € {3,7,5} and n € {20,30,50} respectively. Those other
visualizations are motivated by Kenyon (2000b), Kenyon (2000a) and Lawler et al. (2011). Inspired
from Roughgarden et al. (2019), we explain and visualize by simulating Sio(T3) how one can
optimize space when saving a data structure that encodes the distance between all pairs of points
of X, for a large n, where (X, dy, i) is a transitive metric measurable space satisfying the distance
concentration property.
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2. Spherical measure and standard Gaussian
distribution

In this chapter, we recall some properties of the n-dimensional Gaussian distribution on the FEu-
clidean space R"™ and we prove the corresponding concentration inequality. The concentration
phenomenon on the unit sphere S*~1 C R then follows by using Haar’s Theorem on the unicity
of a rotational invariant measure on the unit sphere.

2.1 Concentration of Gaussian measure

In this section, we state some properties of standard Gaussian random variables and introduce the
notion of concentration of measure&distance phenomenon by considering the case of the metric
measurable space (R", ||.||,vn), where ||.|| is the usual Euclidean norm.

For n > 1, let v, denotes the n-dimensional standard Gaussian measure N (0,, I,,), where 0, is the
zero-vector of R™ and I, the n X n identity matrix. Let Xi,..., X,,... ~ N(0,1) be independent
identically distributed (iid) real random variables. Then X := (X3, ..., X;;) ~ 7, and by the strong
law of large numbers, we have:

X
H\/ﬁH =1+0(1) a.s,
meaning that when n is large, the Euclidean space (R",||.||) endowed with -, “looks like” the n-

dimensional sphere of radius y/n. In order to quantify this property, we need the following lemma.

Lemma 2.1.1. For ¢t < %, we have

L tX2 o 1
lez(t) =K (e 1) Vi

Consequently, .
Kx? (t) :==1In (IE (&Xf)) =—3 In (1 — 2t).

Proof. Since t < %, then 1 — 2t > 0. So we have:

+ +
E(etX%) :/ - \/127em26_122dm=/ - \/127ex2(t_§)dac
_ T — ™
(o] o0 u2
too 1 (@vian? 1 0 o7
:/ —e 2 T = / du
—co V2T V1—=2tJ 00 V27

1

V1=2t

O

Given a real valued random variable x, the function ¢t — m, (¢) := E (e'X) (when it exists) is called
the moment generating function of x.

The following theorem quantifies how much does the norm of an n-dimensional Gaussian vector
deviate from /n.
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Theorem 2.1.2. Let X ~ 7, be an n-dimensional standard Gaussian vector of R™. Then for
0 < e <1, we have:

n62
V([ X]] = V/n| > ey/n) < 2777

Therefore
X1 »

T L
Proof. We have:
T ([[1XII = V| = ev/n) < 7 (IX]] = V(1 + €)) + 7 ([IX]] < V(1 = €))
< (IXIP > n(1+ 62) + 3 (IX]2 < n(1 - 9?),
since 0 < € < 1, so that 1 — ¢ > 0. Hence:
o (1X]] = V| > ev/n) <P (XP+ ..+ X2>n(1+¢?) + P (X] + ..+ X2 <n(1-€)?),

where X7, ..., X;, ~ N(0,1) are iid. We are going to give an upper bound of the two terms of the
quantity in the right hand side of the inequality above by using the moment generating function.

- For the first term: let t € (0, ). We have by Markov’s inequality:
P(XP+. + X2>n(1+6)?) <P (X + .. +X2 > tn(1+)?)
<P (etX12+...+tX3 > etn(1+e)2)

E (etxf+...+txg) E (etxf._.etxg)

etn(l+e)? B etn(l+e)?
E (etXlz) ! mx2 t)\"
= | et(ire? =\ et(ite)?

since X1, ..., X1 are iid. It follows from Lemma 2.1.1 that:

P <X12 +o+ X2 >n(l+ 6)2> < en(ﬁxf (t)it(He)Q)

— en(—% In (1—2t)—t(1+5)2)

By derivation with respect to ¢, the quantity —% In (1 — 2¢) — t(1 + €)? reaches its minima value at

to = % (1 — ﬁ) € (0, %) By taking this particular value of ¢, we have
2
€

1
—Eln(l—Qto)—t0(1+6)2:ln(1+e)—e—§.

Since 1 + € < e, we have
In(1+e¢) <e¢

i.e
In(14+¢€) —e<0,

so that
In(1 e < ¢
( +6)_6_§ 2
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Therefore

l ]. —e— 5% ’!’L€2
P (X12 + ... —i—XZ >n(l +6)2) < en(n( e 2) <e 2.
- For the second part: consider t < 0. Then
P(XP+.. + X2 <n(l-?) <P(EX]+ ..+ tX2 > tn(l - )?).

By using the same techniques as in the first part, we have

m t\" n| K —t(1—¢)?
P(X%+...+X72L§n(1_€)2>§<et()1<fi)3> :e(xf(t) t(1 ))

on(— 410 (1-20)~t(1-6)2)

Again by derivation with respect to t, quantity —% In (1 — 2t) — t(1 — €)? reaches it minima value
at t1 = % (1 — ﬁ) (t1 < 0 because we assumed that 0 < e < 1, then ﬁ > 1), and by taking
this particular value of ¢, we have:

62

1
—51n(1—2t1)—t1(1—6)2:1n(1—e)+6—§.

Since 0 <1 —¢ < e~ ¢, we have
In(l—¢) < —e,

ie
In(1—¢)+e<0,

so that , B

ln(l—e)—{—e—? g—i,
Therefore ,

P(X2+..+X2<n(l-ef) < J(ma-oreg) <o
Therefore,
(1K1 = VAl > evin) < e e = 2eF

and the theorem is proved. =

Theorem 2.1.2 describes the concentration of n-dimensional standard Gaussian measure around the
sphere of radius \/n of R™. Figure 2.1 illustrates the case where ¢ = -L- : in this case, we have

e
ol

nl/3

Ya[[1X]| = v/n| > Vn/nt/? =nl/%) <275 —0

as n goes to the infinity.
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Figure 2.1: Most of the measure is contained between the two red spheres.

Now, let us investigate the concentration of the Euclidean distance in the metric measurable space
(R™,|].]|,7n). Let Xi,Y1, X2, Ya..., X, Yi... ~ N(0,1) be iid real random variables. For n € N,
consider the n-coordinates standard Gaussian vectors X := (Xi,...,X,),Y = (Y1,...,Y,) € R
We are interested in de distance d(X,Y) := || X — Y|

Lemma 2.1.3. If X;,Y; ~ N(0,1) are independent, then X; —Y; ~ N(0,2). Consequently, we

have:
X-Y

Proof. Since X1 — Y1 = X7 + (=Y1), X1 and Y] are independent and —Y; ~ N(0,1), then the
distribution of X7 — Y7 is the convolution of the distribution of X7 and Y;. That is:

X1 — Y1 ~N(0,1) % N(0,1) = N(0,2.)
0

The following theorem describes the concentration of distance phenomenon in the space (R, ||.|], 7n)-

Theorem 2.1.4. Let X,Y ~ -y, be independent and let € > 0. Then:

€2

P (|d(X,Y) = V2n| > ev/n) < 27

Therefore
d(X,Y)

Van

Proof. By Lemma 2.1.3, we have XJEY ~ Yp. Since d(X,Y) = || X — Y|, then:

5

d(X,Y) ¢
5=l = —=vh)

— 2 (111 - VAl = =),

P(ld(X,Y) = V2n| > ey/n) = P <|

where x ~ ,. The result follows by Theorem 2.1.2.
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2.2 Concentration of spherical measure

In this section, we are going to explain how the concentration of the Gaussian measure in section
2.1 implies the concentration of measure in the metric measurable space (S"71,||.||,0), where
S"—1 C R” is the n-dimensional unit sphere and o,, the normalised Lebesgue measure.

Consider the radial projection

n X -
riX € ® L)y € (8" 11l om) -

2
Since the probability density f,, (z) = \/%e_“xzu of v, at a point € R™ depends only on the
norm of x, then =, is invariant under rotation, and so is its measure image by r. Since o, is the
only rotational invariant probability measure on S”~!, then it turns out that o, is the measure
image of =, by the radial projection r.

Now, let  ~ o, be an uniformly chosen random point in the sphere S"~! and let e,, denotes the unit
vector (1,...,0) € S"~!. We are going to study the concentration of measure&distance phenomenon
on S"~! by considering the angle a := Z(e,, x) € [0, 7. Let us first recall the following property of
real standard normal random variable.

Lemma 2.2.1. Let X ~ N(0,1) and let @ > 0. Then

a2

P(X>a)<e 2.

Proof. The result is due to the fact that the moment generating function of X is defined for ¢ € R
2
by mx(t) :=E (etX) —e7. By applying Markov’s inequality:

P(X >a) =P (X > ta) =P (e > ')

X 2
Ee e 2

eta  — gta

where t > 0. By choosing the particular value t = a where the quantity % — ta is minimal, we have
the result. O

Theorem 2.2.2. Let x ~ o, be a random point in the n-dimensional unit sphere S"1 and let
€ > 0. Then we have: ,

on (|cosal > €) < 4e™"7,

where a is the angle Z(en,x) (Fig. 2.2).
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Figure 2.2: o, is concentrated around the equator.

Proof. By using the relation between o, and ~,, we have:
X
on (cosa > €) =, | cos | £L(en, W) >e€],

where X = (X1, ..., X,;) with X1, ..., X;;, ~ N(0,1) iid. Since both e, and ﬁ are unit vectors, we

have
X X1

X
cos | Z(en, —)) =< ep, —— >= ——
< [1X1] [1X1 |1X1

where < .,. > denotes the usual scalar product of R".

Therefore:
X1
on(cosa>e€) =y | o =€) =7 (X1 > €| X]])

=T (X1 = €|l X[, [IX]] = Vn = ev/n) + 70 (X1 2 €| X|, || X]] = Vn < ev/n)
< (X[ = Vn > ey/n) + P (X1 > (1 +€)v/n)

&2 ne2(1+¢)? 2 &2 2
<e "z e 2 <e "z e "2 =22
by Lemma 2.2.1 and Theorem 2.1.2, and the result follows by symmetry. O

The concentration described in Theorem can be interpreted in different ways. Recall first that the
group of rotation acts transitively on the unit sphere and the probability measure o, is invariant
under rotation. Then if we pick two independent points =,y ~ o, on the sphere, then there exist
a rotation r such that r(y) = e;. Since

d(z,y) = d(r(z), r(y)) = d(er,r(x))

and Theorem says that d(ej,r(z)) is concentrated around /2, then d(z,y) is also concentrated
around /2. Equivalently, since rotations preserve the scalar product, then Theorem means that
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the scalar product
<z, y >=<r(zx),r(y) >=<e,r(x) >

is also concentrated around 0, i.e. two independent uniformly randomly chosen points on the unit
sphere are “almost” orthogonal.
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3. Discrete examples

I this chapter, we are going to study the concentration of measure and distance on a particular
family of finite and connected graphs (or random graphs) (Gy,)n, endowed with the graph distance
and the uniform probability measure on the vertices.

3.1 Integer lattices and torus

Let us first give an example where the distance does not have concentration property. For a positive
integer n, let G = {0,1,...,n}? C (Z2,]|.]|1) be a square lattice of size (n + 1)2, endowed with the
Li'- distance. Let X = (a:l,xg) be a uniformly chosen vertex of G, i.e. z1,z2 ~ Unif{0,1,2,...,n}
are independent. The ['-distance between o = (0,0) and X, which is exactly their graph distance,
is given by:

d(o, X) = z1 + .

Since z1 and x5 are independent, then the distribution of d(o, X) is given by the convolution
Unif{0,1,2,...,n} = Unif{0,1,2,...,n},

ie, for k=0,1,...,2n

k+1 :
12 if k& < n,
P(dlo,X) = k) = g7, LS
(nt1)2 1 Z n.

The aim of this example is to point out why d(o, X) does not have the concentration property.
The idea is that given a convergent sequence of positive number (uy), (the limit can be 00), the
quotient % cannot be close to 1 with high probability whatever the asymptotic behaviour of

Uy, is. This can be formalised in the following theorem.

Theorem 3.1.1. Let (uy,), be a convergent sequence of positive numbers (the limit can be 0o) and
let € € (0,1) be fizred. Then there exists a constant ¢ = c¢(€) € (0,1) such that:

lim IP)<|d(O’X)—1|>6>ZC.
u

n—-:aoo n

Proof. The two events [d(o, X) > (1 + €)u,] and [d(o, X) < (1 — €)u,| are disjoint for all n, then:

IP’<|d((;’nX) 1|>>:]P’(d or d(z;nX)—1<—e>
=P[d(o,X) > (1 + €)u, or d(o,X) < (1 — €)uy)

— Pld(o X) (1+ €Jun] + Bd(0, X) < (1 = Jun).
-If w, >> ne
since d(o, X) € {0,1,...,2n}, then for large value of n we have P[d(o, X) > (1 + €)u,] = 0 and
Pld(o, X) < (1 — €)uy,] = 1.

10



CEU eTD Collection

Section 3.1. Integer lattices and torus Page 11

If uy, << n
in this case, notice that for any possible value of k, we always have:

1

Pld(o, X) = K] < — .

Then:

Pld(o, X) > (1 + €)up] =1 —Pld(0, X) < (1 + €)uy]

L0t ou 1
- n+1 n — 0o ’

where [ (1 + €)u,, | denotes the floor of (1 + €)uy,.
-If uy, ~ e

for large values of n, we have (1 — €)u, < n < (1 4 €)u, < 2n. By using the formula of the
distribution of d(o, X), we have:

2n
2n—k+1
k=[(1Fyun]

= 424+ @n— (L4 Qun] + 1))

(n+1)
N 1 (2n — [(1+ €)uy])?
(n+1)2 2
(1-¢?
n — 0o 2 !

where [(1 + €)u, | denotes the Ceil of (1 + €)u,; and

[(1—€)un |
Pld(o, X) < (1 — €)uy,] = Z (::11)2

k=0
1 (10 =eua])?

(n+1)2 2

(1—e)?

n —» 00 2

~

Hence, we can take ¢ = (1 — €)? and the theorem is proved. O

We can apply the non concentration phenomenon of the square lattice {0,1,...,n}? to the case of
the integer torus Z2/(nZ)?, which is obtained by glueing the two opposite sides of the square lattice
{0,1,...,n}? (Fig 3.1). In this glueing, the elements o = (0,0), (n,0), (0,n) and (n,n) of the lattice
give one point O on the torus.
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Figure 3.1: We obtain the integer torus by glueing the two pair sides of the same colour.

By symmetry, the distance between O and a uniformly chosen point in the integer torus is completely
determined by the distance between o and a point X € I (see Fig 3.1) of the lattice. Since the part
I contains a positive fraction of the lattice and I does not have any concentration property, then
the distance on the integer torus also does not have any concentration property.

In contrast with the 2-dimensional integer torus and lattice, let us consider the unit cube {0,1}",
i.e. we let the dimension n goes to the infinity. Let X ~ Unif({0,1}"), then the L' norm of X
which is exactly the L! distance between X and the n-dimensional zero vector O = (0, ...,0) is
B(n, 3)-distributed. We then have the following theorem.

Theorem 3.1.2. Let X ~ Unif({0,1}") and let € > 0. Then there exists a(€) > 0 such that

P (‘M(X’O) _ 1’ > e) < 2¢O
n

where d denotes the L' distance.

Proof. Notice that E (B(n,%)) = % and the moment generating function of B(n, 1) is defined for ¢
in a neighbourhood of 0 by
et +1\"
t) = .
i = (5]

The result follows by using the same argument as in the proof of Theorem 2.1.2. O

3.2 Uniform spanning tree

Let n be a positive integer and let 7T, denotes the set of spanning trees of the complete graph K,,.
The aim of this section is to explore the concentration of distance phenomenon on an uniformly
chosen random tree of 7,. The main result of this section is the Rayleigh limit in Theorem 3.2.5,
which is mentioned in Peres and Revelle (2004).

Let u € V(K,) and let S be a subset of V(K,,). A Loop Erased Random Walk LERW (u, S) from
u to S is a trajectory obtained by the following process: start a simple symmetric random walk at
u, remove each loops by order of appearance and stop the walk when it hits an element of S. In
particular, LERW (u, S) is a sub-graph of K, which is a path without loop. For a simple symmetric
random walk Xy, X1, ..., Xy, ... on K,, we denote P, the transition probability of the walk starting
at u, and we adopt the following notation for the hitting times:

T i=inf{i: X; = u}
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and
Ts = inf{i: X; € S}.

Now, consider the random spanning tree T' of K, obtained in the following process:

(i) give any order x1,x2, ..., T, on the vertices of K, and define the graph with one vertex T} =
({21}, 0);
(ii) for any positive integer ¢ > 1, define the tree T; whose edges consist on those of T;_; and
LERW (z;, V(T;-1)).
Since we have only finitely many vertices, then the above process will end up with a random element

TeT,.

The process described above is called Wilson’s algorithm and we have the following theorem, which
is also true for any finite connected graph G.

Theorem 3.2.1. (Wilson’s algorithm). Let T be a random spanning tree of K,, obtained by Wilson’s

algorithm. Then:
T ~ Unif(7y).

Proof. See Lyons and Peres (2017). O

Theorem 3.2.1 allows us to compute the distribution of the tree distance dp(u,v) between between
two fixed vertices u and v of K,, where T ~ Unif(7,): for any positive integer k, the quantity

Pldr(u,v) = k] := #{T T, %:%(u,v) =k}

is exactly the same as the probability that LERW (u, {v}) has k edges. Let us first prove the
following lemma:

Lemma 3.2.2. Let u,v be two vertices of K,, (u # v) and let T' ~ Unif (7). Then

Pldr(u,v) = 1] = %

Proof. We need to compute the probability that {u,v} is the only edge of the loop erased random
walk from u to v. This means that a simple symmetric random walk starting at « hits v in the first
step, or it hits another vertex z # v but returns back to u before hitting v.

®
OJO,

Figure 3.2: The walk stop after hitting v from wu.

The probability of such event is given by the following recursion:
Pldr(u,v) = 1] =Py (v) + (1 — Py (v)) Pyl < 7] Pldr(u,v) = 1].

By symmetry, we have P, (v) = 5 and P.[r, < 7,] = 3. Hence:
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Pldr(u,v) = 1] = n i 1 T 2(7;_—21)

Pldr(u,v) = 1],
and the result follows by solving in P,[r, < 7]. O

In Lemma 3.2.2, we fix u # v so that the event [dr(u,v) > 0] is trivial. The quantity in Lemma
3.2.2 is then same as the quantity

Pldr(u,v) =1 | dp(u,v) > 0].
We have a more general result in the following Lemma.
Lemma 3.2.3. For i =2,3,...,n — 1, we have:
i+1

Pldr(u,v) =i | dr(u,v) >i—1] = _—

where T' ~ Unif (7).

Proof. Let 1 = u,x2,...,x; be the first i — th vertices of LERW (u,{v}). Then our condition
[di(u,v) > i — 1] means that our random walk will never hit {z1,..., 2,1} again, i.e

To < T{zy,,a_1}

In this case, the event [dp(u,v) = i] means that either the walk hits v by its first step from z; or
it hits another vertex y ¢ {z1,...,z;—1,v} and returns back to z; before hitting v and so on.

Figure 3.3: The red edges will not be removed before the walk hits v from z;.

We then have the following recursion:

Pldr(u,v) =i | dr(u,v) >i—1] =Py v | 17 < 7{11,...,mi_1}] + <1 —Pyv|m < T{m,...,mi_l}]) *

Py[Txi < Ty | Ty < T{z1,..., mi_l}] * P[dT(uvv) =1 | dT(ua U) > 10— 1]'

Since the event that “v is reached by the first step from z;” is a subset of the event 7, < 7y, 2. .},
we have by symmetry:

P, (v)
Pxi [T'U < T{xl,,..,xi,l}]

Pzi [’U ’ Ty < T{xl,...,xifl}] =
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On the other hand, we have:

Pylra, < Ty < T{x17._.’zi71}]

Py [TU < T{xl,...,xifl}]
(i—1)!

Py[Txi < Ty | Ty < 7—{11,...,961;1}] =

G+ 1
G
7!
Therefore:
7 n—1—43 1

Pldr(u,v) =i | dp(u,v) >i—1] = Pldr(u,v) =i | dp(u,v) >i—1],

n—1 + n—1 1+1
and the result follows by solving on Pldr(u,v) =i | dr(u,v) > i — 1].

O
Lemma 3.2.2 and 3.2.3 allows us to compute the the distribution of dr(u,v), where u,v are fixed
vertices and T ~ uni(7y,).
Theorem 3.2.4. Let u,v be two vertices of K, and let T ~ unif(7,). Then fork =1,2,....n — 1:
k—1

H(l—izl)-

=1

k+1
n

Pldr(u,v) = k] =

Proof. We have

e
I
—

Pldr(u,v) = k] = Pldr(u,v) =k | dp(u,v) > k — 1] A Pldr(u,v) > i | dp(u,v) >i—1]

T
Lo

=Pldr(u,v) =k | dr(u,v) >k — 1] ' (1 = Pldr(u,v) =1 | dr(u,v) >i—1]),

.
I
—

and the result follows by using the results of Lemma 3.2.2 and Lemma 3.2.3.

O

Let us now use the formula in Theorem 3.2.4 to compute the limit in distribution of %\/y}) as n

2
goes to the infinity. Consider the function defined for ¢t € R by f(t) = te_%l[tzo. We have

[ #ieyae = [1 - e—’f]t:m 1

t=0

Hence f is the density with respect to the Lebesgue measure of a probability measure on R. This
probability measure with density f is called the Rayleigh distribution.

Theorem 3.2.5. Let u,v be two vertices of K,, and let T ~ unif(7,). Then the random variable
dr(u,v)
e

converges in distribution to the Rayleigh distribution when n goes to the infinity.
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Proof. Fixt > 0. Since dp(u,v) € {1,2,...,n—1}, then dT\(}v) € { T ”—\/}Ll} and P (dT\(}%“) = %

Pldr(u,v) = k] for k =1,2,...,n — 1. So we have:

S\

Vo
S Ean(Sn(1-20))+ 3 Lo (S (-1
= —ex n(l-— — .
—exp | ~ XD
7St =1 = <t
If \if <t,then Ht <k <t fori=1,....,k—1. Since ¢ is fixed, then ! converges to zero when
n n n n n

n goes to the infinity. Hence, In(1 — &) = — 2L 4 (j 4 1)o(L) for i = 1,...,k — 1, and we have:

k—1

i1\ i+l N~ itd
;m(l_ )—‘Zn > o)

(k—1)(k+2) ((k—l)(k+2))
-t o | —F

2n 2n
k2 k 1 k?
=t o)
2n 2n n 2
k2
=2 4+o(1
because \F < t implies & § £ and £ < T (t is fixed).
Therefore,
d ko _x2 1 _x2
lim P( r(u,v) <t)= lim Z —e " 2n + lim Z e 5
n—>o0 \/ﬁ n—>00 n n—>0o0 n
Lgt Lgt
vn n
2
_1( e
1 k Lk y2 Z%St ﬁe 2(ﬁ>
= lim Z()eQ n/ 4+ lim z
n—oo & 2 \/ﬁ \/?l n—>00 \/’ﬁ
T_

Let us compute separately the two terms in the right.

e We have ) L . ,
1 k \2
. _§(ﬁ) o _zZ
nh_r}rloo kz: —\/ﬁ (ﬁ) e =/, ze 2 dx.
Vet

Indeed, the sum
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22

is exactly the Darboux sum of the function xe™ 2 with respect to the partition

1 12 k(t)

[[TT[U U[\f

of the interval [0,¢], and the length of a part of this partition is at most 1//n.

[o,t] = [0, 1]

e Likewise, we have

Jm > e
L <t
\/77

by considering the same partition as before and the sum

n
e
is exactly the Darboux sum of the function e=e’/2,
Hence,
L (&)
 Taaye VT
lim = 0.
n—o0 \/ﬁ
Therefore,
dr(u,v ¢ 22 ¢ 2
lim ]P’(L <t)= / xe 2dx = / xe 2 [;sodz,
n—>o0 \/ﬁ 0 — oo

and the integral in the right hand side is exactly the cumulative distribution function of the Rayleigh
distribution. O

The result of Theorem 3.2.5 is also true in the case where (u,v) ~ unif(V (K,)?) and Tunif(7,).
In this case, we have:

P(Wﬁt)zP(Wﬁﬂu#v) P[u#v]+P<dT(u7v)§t|u:v) Plu = v]

:]P’<dT\(;Lv)§t|uyév> n2n;n+]P’(dT(u’U)§t]u:v>

NIP)<dTE;Lv)§t|u7év>,

and we obtain the same limit as in Theorem 3.2.5. Hence, we can conclude this section with the
following corollary:

Corollary 3.2.6. Let (u,v) ~ unif(V(K,)?) and let T' ~ unif(7,). Then the quantity

dr(u,v)
vn

converges in distribution to the Rayleigh distribution.
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3.3 Concentration and expander graphs

Expander graphs are graphs with high connectivity property in the sense that in order to make
the graphs disconnected, one needs to cut a “large” number of edges. In geometric point of view,
expander graphs are considered as graphs satisfying a “good” isoperimetric inequality, meaning
that the order of the “surface” of any ball is at least the same as the order of its “volume”. In this
section, we are going to show that the distance in such kind of graphs has a concentration property.
An explicit construction of a family of expander graphs is given in Lubotzky (2010).

Let us first start by giving a formal definition what expander graphs and some of their spectral
characterisations.

Definition 3.3.1. Fix d € N and ¢ > 0. A graph G (V(G), E(G)) of size n = |V(G)] is called an
(n,d, c)-expander if the following are satisfied:

(i) deg(v) < d for all v € V(G),
(ii) [O9"A| > ¢|A] for any A C V(G) such that [A] < %. Or equivalently,

Hv e V(G) : d(v,A) <1} > (1 + ¢)|A]

for A C V(G) such that |A] < 3.

The constant c is called the Cheeger constant of G. If in addition G is transitive, we say that G is
a transitive expander.

Now, let us describe how the second largest eigenvalue (or the spectral gap) of a connected graph
makes it a good expander. Let G = (V(G), E(G)) be a connected graph with n vertices, and
assume that deg(z) < d for all x € V(G) for some fixed d. Let P denotes the transition probability
of a simple symmetric random walk on G i.e.

Hayer©)

Py, =
Y deg(z)

The probability measure 7 defined for z € V(G) by 7(z) = ;?%gi((ggl is the stationary distribution of

P.

Since

I
_ Neyer@y _

for x,y € E(G), then 7 is also reversible.

Let A2(G) denote the second largest (in absolute value) eigenvalue of P, and define the spectral

gap:
AG) =1 a(G)

—

Given a real valued function f on V(G), the Dirichlet energy of f is defined by:
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Recall the variational version of the spectral gap A\(G), see Levin and Peres (2017):

: e(f) .
MNG) = Eil}fzo {Varwf : Var,f # 0} ,

where E; f and Var,f denotes respectively the expectation and the variance of f with respect to
the probability measure 7.

Now we have enough material to prove the following proposition.

Proposition 3.3.2. Let G be as above and let A C V(G) such that 0 # |A| < §. Then
AG)
4d?

where 00" A denotes the outer vertex boundary of A.

A < |09 Al

In another words, Proposition 3.3.2 says that graphs with large spectral gap are good expanders.

Proof. Let a = |A| and let E(A, A°) denotes the set of edges between A and A°. Consider the

function
n

n
fi=—Iy—

a n—a

[4c
defined on V(G).
- By reversibility of the probability distribution m, we have:

sh= 3 (meafzwl(c)r

e€E(A,A°)

(2 n )R
\a n-a 2|E(G)]

n n 2 laoutA|
< (= d—-"
- <a+n—a) 2|E(G)]

- By definition, we have
E.f = "“r(A) — " r(4°).
a n—a

- On the other hand, we have f2 = %1, + (nﬁ—z)zﬂ ac; then:

2 2

EﬂfQZ%w(A)—k B (A,

(n—a)
Since m(A€) =1 — w(A), we have:
Varg(f) = Exf* — (Exf)?

= T (AR(AY) (A R(A) 2 (A (A
n n 2

= (a L a) m(A)m(A°)

—(3+-2 ) Sucadeg(v) Syeac deg(v)
a n-—a 2|E(G)] 2|E(G)]
n n \? a(n —a)

= (a = a) HE@G)’
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since (G is connected.

Therefore, by the variational version of the spectral gap:

2|E(G)| | qout
< J—7"
A(G) _da(n_a)wv Al
gl

Al

4 2
< A7 gout 4| — 4g?
a

since deg(v) < d for v € V(G) and a = |A] < §
OJ

By definition, any finite and connected graph is an expander graph in a trivial way. Surprisingly, the
existence of a family of expanders with the same d and ¢ has been proved and explicit construction

has been done.

Definition 3.3.3. (Family of expanders) Let d,c > 0. A family of connected and finite graphs
(Gp)n is called and family of (|G|, d, ¢) expanders if:

o lim |V(Gy)| = o0,
n—-—ao0

e deg(x) < d for all n and for all z € V(G,,),

e for all n and for any A C V(G,,) such that |A] < @, we have

00" A] > Al
or equivalently,
{o € V(G) : (v, 4) < 11| > (1+ )| 4]
for A C V(Gy,) such that |A| < @
By Proposition 3.3.2, the last point can be replaced by:

AMGp) > ¢

for all n.

In the rest of this section, we are going to prove concentration phenomenon on a family of expanders
of the same d and ¢; let us first reset some notations. Given a graph G = G (V(G), E(G)) and
ACV(G), let

VA = {ve A 1 d(v, A) =1}

denotes the outer vertex boundary of A. For v € V(G) and r > 0, let
B,(v) :={z € V(G) : d(z,v) <r}

denotes the ball of radius r centred at v.

Let us now prove the concentration of distance on transitive expander graphs in two different
methods.

- Concentration resulting from the variational version of the spectral gap
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Let G be a transitive (n,d,c)-expander and fix o € V(G). Then the stationary distribution 7 is
exactly the uniform distribution and each vertex has degree d. Consider the function:

frxeV(G) — d(o,x),
that sends x to the graph distance between xz and o. We have the following lemma:

Lemma 3.3.4. Let E(f) denotes the expected value of f with respect to the distribution 7 =
Unif(V(G)). Then:

Proof. We have:

I
=
ac)
B
~_
I

2\g
—
=
8
I\
B
S|+
~
I
3
|
3>
S
=

since each vertices have degree d so we have |B,(k)| < d(d — 1)* for the cardinality of the ball of
radius k centered at o.

Since our expanders have bounded degree, then f cannot be bounded. Hence there exists a sequence
(cn)n of positive integers such that 1 << ¢, << In(n) and

B(f) = SB(F > K) > SOB(F > K.
k=0

k>0

Therefore,

en v dld — 1)k1 cn k=1
E(f) >3 d(d —1) :cn+1_2M

k=0 n k=0 n
d &
:Cn—f—]_—EZ(d—].)k_l
k=0
d—1)" —1
:cn+1—¥ﬁoo when n — o0

n

because 1 << ¢, << In(n). The result then follows by taking the inverse.
OJ

The following proposition describes the concentration of distance phenomenon resulting from the
variational version of the spectral gap for a family of expanders.

Proposition 3.3.5. The quantity % converges in probability to 1 as n goes to the infinity.
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Proof. By triangular inequality and by definition of P and m, we have:

1
EN =5 X [dlo,2) — dlo,y)*(e) Pry
z,yeV(Q)
1
< B Z d(z,y)?m(x) Py
z,yeV(QG)
1 1 1
=5 2 m@Py=5 > o
(z,9)EE(G) (=,y)€E(G)
11 1dn 1
=2 =50 =2

Hence, by using f — Ef in the variational version of the spectral gap A\(G) :

1
Val"f S m

Therefore, for a fixed € > 0, Chebyshev’s inequality and Lemma 3.3.4 give:

P(@—u >¢) =B (f - E/| > &)

Var f < 1
= 2[ESP = 2N(G)P[ES

2 =o(1)

and the proposition is proved.

-Concentration resulting from the combinatorial definition of expanders

Let G be a transitive (n,d, c)-expander and fix o € V(G). Since we have finite number of vertices,
there exists g > 0 such that |B,,(0o)| < § and [B(,;1)(0)| > 5. Our goal is to show that d(0, ) is
concentrated around this rg.

Lemma 3.3.6. Let ¢ > 1. Then:
C C outhC
B(ro+i—1) (O) = B(T0+1)(0) U av tB(ro-‘ri) (0)

Proof. We have:

z€Bhi1y(0) <= d(0,2) >rg+i—1 < d(0,2) >ro+i
<= d(o,z) =79+ or d(0,x) > ro+i.

The result follows by definition: d(0,z) > ro + i means that = € BS _ (0), and d(o,z) = 7o + i

(ro+i)
means that = belongs to the inner vertex-boundary of € By, 4;(0) which is exactly the outer
vertex-boundary of € Bgo +i) (0). O

The following corollary follows directly from the definition of expander and Lemma 3.3.6.
Corollary 3.3.7. Let G be an (n,d, ¢)- expander and let 0 < k < rg. Then:

() 1B ()] < 3255+
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(if) 1By (0 < ST eFT

Proof. (i) For i > 0, we have:
{veV(G) :d(v,B;—1(0)) < 1} = B;(0).

Then, by definition of expander graph and by definition of r :

5 2 [Bry (0)] = (1+ 0B, 1)(0)
> (14¢)*[B(ry-2)(0)] = oo = (14 ¢)"[Bry—y(0)] > ...
> (1+ ¢)"Bry—r)(0)].
Therefore: n
1B(ro—k)(0)| < ST

(ii) For i = 1,2, ..., k, we have by Lemma 3.3.6:

{v :d (v, Bgo+i)(0)) < 1} =BE i 1)(0).

Then, by definition of expander and by definition of rg :

v

n =
3 2 Bloin (O 2 (1+)[Bly 1 (0)] 2 o 2 (14 ) 1B, 4 (0)]

Y

> (140 1B, 40 (0)]

So ve have:
n

C
|B(ro+k) 0)] < 2(1 + o)1
O

Now we are ready to quantify the concentration of distance phenomenon for transitive expander
graphs: given tow uniformly randomly chosen vertices u,v € V(G), there exists an element g €
Aut(G) such that g(u) = 0. Hence, instead of taking two uniformly random vertices, we only take
one and set the other to 0.

Theorem 3.3.8. Let G be a transitive (n,d, c)-expander graph and fix 0 € V(G). Let rog > 0 such
that [Br,(0)| < 5 and |B(g41)(0)| > 5 and let v be an uniformly chosen random vertices of G.
Then for any k > 0:

P (|d(0,v) — ro| > k) < (1 4 ¢)e kI (+e),

d(0,v)

o converges to 1 in probability as n — oo.

As a result, the quantity
Proof. We have that:

{v:1d(0,v) —ro| > k} = {v:d(0,v) > rg +k}U{v :d(0,v) <719 — K}
< B(C;"o—&-k)(o) UB(TO*k)(O)‘



CEU eTD Collection

Section 3.4. Concentration on Gromov Hyperbolic groups and graphs Page 24

Hence, by Corollary 3.3.7:

|B80+k) (0)| + ‘B(To—k)(0)|
n
_ (1 + C)efnln(1+c).

P(|d(0,v) — ro| > k) <
1
=T+ gt

O

We did not compute the exact value of r,, but we only know its existence. We can have more
information about ry by using the proof of the first part of Corollary 3.3.7:

Bro (0)] = (1 +¢)";

. InZ
hence we must have (1+¢)™ < 4, ie. 7o < Gty

3.4 Concentration on Gromov Hyperbolic groups and graphs

In this section, we fix a Hyperbolic group I' and one of its undirected Cayley graph G. Then there
exists a constant § > 0 such that G, endowed with the graph metric, is d-Hyperbolic.

We are going to study the concentration of distance phenomenon on the sequence of spheres [Sg(I)|r
and on the sequence of balls [Br(I)]r of G, where [ is the neutral element of I

Let us start by recalling some useful notions on Gromov Hyperbolic metric spaces and Gromov
Hyperbolic groups, all of them can be found in Drutu and Kapovich (2018).

Definition 3.4.1. Let (X,d) be a geodesic metric space and let 6 > 0 be fixed. We say that a
geodesic triangle 7 of X is d-slim if for any ordering (57, S2, S3) of its sides and for any = € S1, we

have:
d(x, Sy U Sg) < 4.

S3

S1 So

Figure 3.4: z € S} is within distance less than ¢ from S5 U S3

We say that (X, d) is a Hyperbolic metric space if there exists ¢ > 0 such that any geodesic triangle
T on X is 0-slim; the metric space (X, d) is then called é-Hyperbolic.
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Now, let I' be a finitely generated group; then we can have a Cayley graph of G with respect to a
generating set .S of G. So we also have the following definition for I.

Definition 3.4.2. We say that I' is Hyperbolic if the Cayley graph of I with respect to a generating
set S of I' is a Hyperbolic metric space with the graph distance.

If in addition I is a finite extension of Z, then we say that I' is an elementary Hyperbolic group.

Note that a Cayley graph of I' depends on a generating set .S, however it is proven that Hyperbolicity
is a geometric property of the group, i.e I' is Hyperbolic if and only if any Cayley graph of I' is a
Hyperbolic metric space.

Balls and spheres in the d-regular tree Ty,

An example of 0-Hyperbolic metric space is given by an infinite d-regular tree T4 where d is a
positive integer.

Figure 3.5: Ball B3(Ts3) of radius 3 of Tj

Fix a node 0 of T4 and given a positive integer n, then we can compute directly the distribution of
the distance d(0, X) by counting, where X is uniformly chosen in the ball of radius n centered at
0. We have the following data:

k[ #{X € By(Ty): n—d(0,X) =k}
d(d—1)"1
1 d(d — 1)"2
i d(d o 1)nf(i+1)
n—2 d(d-1)
n—1 d
n 1
d—1)"—1
Total 1 + d%

For i € {0,1,...,n}, we have:

P(n — d(0, X) = i) = A= D"

d—1)"—1
14 a4t
d—2

— (d—1)i+1

when n goes to the infinity.



CEU eTD Collection

Section 3.4. Concentration on Gromov Hyperbolic groups and graphs

Page 26

Since 37,5 W = 1, we have a limit in distribution for the random variable n — d(0, X).
Furthermore, we have the following concentration inequality:

Theorem 3.4.3. For k € N, we have:

P(n —

p(0, X) > k) < 2de~*k+1).

Hence, we also have the limit in probability:

Proof. We have:

P(n — d(0, X) > k) =

D

d(o, X) Py

n

(i+1)

"L d(d—1)"
=1+ dw

_ 1)” (Z+1) n ) —(i+1)
< Z Z —
i=1
=(d—2) ( ik znj <2(d-2) S el v i)
( -1 l:k — 1)+t = (d— 1)k 1_ ﬁ
1 1 1
<2(d—2 =2(d—1)———0
( )1 5 (d = 1)kt ( )(d — 1)k+1
=2(d — 1)e kD In(d=1) < 9ge—(k+1)

O

Likewise, let us fix a node vy in the sphere of radius n S,(T4), endowed with the induced graph

metric and the uniform probability

measure.

Let X be an uniformly chosen random point on

Sn(T4). We have d(vg, X) € {2k : k= 0,...,n} and like in the case of B,(T,), the following data
describes the distribution of 2n — d(vg, X) :
k #{X € S,(Ty) : 2n —d(vo, X) =k}
0 (d—1)"
2 (d—2)(d—1)"2
2k (d—2)(d — 1) (+D)
2(n — 2) (d—2)(d—1)
2(n—1) (d—2)
2n 1
Total d(d—1)"1

Theorem 3.4.4. Let X be a uniformly randomly chosen vertex of Sp(Tyq).

P(2n — d(ve, X) > 2k) < e~
where vy € S, (Ty) is fixred. Hence
d(vo, X) b,

2n

Then:

(k—1)In(d—1)
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Proof. For i =1,...,n — 1, we have P (2n — d(0, X) = 2i) = -4=2_. Hence, for k > 0, we have:

d(d—1)?
B (2n — d(vp, X) > 2k) =3 9= 2
- 05 el = 7
Zd(d—1)
d—2 "¢ d—2 & 1
= <
d(d— 1) § d—1) = dd—1)F ;0 (d— 1)
_ 1 _ o~ (k=1)In(d-1)
(d—1)k1

Non-elementary Hyperbolic groups and Transitive Hyperbolic graphs

Let us now come back to the general notion of Hyperbolicity. The point here is that balls or spheres
on Non-elementary Hyperbolic (we consider the metric on a fixed Cayley graph) groups have some
common properties with those of d-regular trees: both the sphere and the ball have exponential
growth. Furthermore, both Non-elementary Hyperbolic groups and Transitive Hyperbolic graphs
are non-amenable.

As specified in the beginning of this section, we have a Non-elementary Hyperbolic group I'" and
we fix an undirected Cayley graph G of I which is §-Hyperbolic. Since, G is a Cayley graph, then
G is also transitive.

We denote by I the identity element of I'. For X, Y € I' = V(G) and for R > 0, we use the following
notations:
- [X,Y]: a geodesic joining X and Y,

- Br(X): ball of radius R centered at X; we only write Bg if X = I. Note that we always
have |Bgr| < |Bk| |Br—k| for 0 < k < R for non-elementary Hyperbolic groups and for hyperbolic
transitive graphs with exponential growth.

- Sr(X): sphere of radius R centered at X; and again we omit X if X = I,

- f(z) << g(x) (or equivalently f(z) = o(g(x)) means xli_r)noo % =0,

- Let X,Y € Br. A point u = uyxy € Bp is called a §-almost-common-point of X and Y if there
exist two geodesics [, X] and [I,Y] such that

B

[SIE

(w)N[I,X]#0 and Bg(u)ﬁ[I,Y} # 0.

We denote by sxy the maximum of all s € [0, R] such that the sphere Sy contains a d-almost-
common-point of X and Y (Figure 3.6).

We are going to prove that the distance between two uniformly chosen random points X, Y € Bgr

(or Sg) satisfies

d<X7 Y) P
—_— 1.
°oR

Let us first prove the following Lemma.
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Lemma 3.4.5. Let 0 < ¢ < 1 be a constant and let R > 0. Then

R

> BklBrk|* << |Bgl*.
k=cR

Proof. The idea of the proof here is to give an upper bound for |By||Br—k| where k € [cR, R]. Given
R, we can always find = rr € [cR, R] such that

|Bi||Br—k| < [Br|[Br—r

for all k € [cR, R).

Due to the growth rate, we have: |Br| < |Bg| |Br—k| for cR < k < R. Hence, Fekete’s sub additive

Lemma implies that:

In | BR| In | Bg|

li
1m R

R— 00

:InfR< )z,u>0.

In |Bg|
R

Hence there exists a sequence of positive numbers (eg)r converging to 0 such that =pu-+er

for all R; i.e:
|BR| _ eR[;H—eR]

for all R.
Since since ez > 0, we have:

B| |Br_i| = eFliterl olfi=kllnteny

— ol okert+(R—k)ep_y

< |BR‘ exp[kek + (R - k)ER,k — RGR]

By taking r = r(R) € [cR, R] such that:
max{key + (R — k)er—r — Rer : k € [cR,R|} =re, + (R —1)er—r — Reg,

we have:

R R
Z ‘BkHBRka < |Bg| exp[re, + (R — r)er— — ReRg] Z |Br—_k|
k=cR k=cR

<aexplre + (R —1)er—r — Reg] |Bra—c)l |Brl

where the constant « is from the fact that G has exponential growth.

exp(rer+(R—r)er_r—ReR] |Br—cR| -0

Claim: lim Br]

R— 00
Indeed, since (¢;); converges to 0 and since r < R, we have

rer + (R —r)ep—r — Rer = o(R)

and
Br-cql = expl(R — cR)u + o( R)).
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Hence:

exp[re, + (R —r)ep—r — Rer| |Br—cr| 1

|BR| exp[Rp — (R — cR)p — o(R)]
1
= epRulc—om)] "

when R goes to the infinity since ¢ > 0.

Therefore we have Y>85 |Bi||Br_k|?> << |Br|? and the Lemma is proved.

We have the following proposition for d-almost-common-points.

Proposition 3.4.6. Let R be positive integer and let 0 < ¢ < 1 be a constant. Then with the

above notations, we have:

#{(X, Y) € B xBgr: sxy > CR} << ’BR|2.

Proof. Assume that (X,Y) has a d-almost-common-points u with k = d(I,u) > cR. Then there
are at most |By| possibilities for such u. By definition of u, there exists ux,uy € Bs(u) such that
2

ux € [I,X] and uy € [I,Y] (Figure 3.6).

X

1

Figure 3.6: d(,u) = sxy

By the triangular inequality, we have:

d(l,ux) > d(l,u) — d(u,ux) > k — g,
and 5
d(Ia UY) > d(I’u) - d(uvuY) >k — 57

because d(u,uy) < g and d(u,uy) < g
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Since ux € [I, X] and uy € [I,Y] we have:

d(ux, X) =d(I,X) —d(T,ux) < R—k+ g

and

d(uy,Y) =d(I,Y) —d(I,uy) < R—k+ g

By transitivity, we have the following possibilities given u:

(i) there are at most |Bs (u)| = |Bs| possibilities for both ux and vx,
2 2
(ii) there are at most \BR_kJrg(uX)\ = \BR_kJr%(uy)\ = \BR_,H%\ possibilities for both X and Y.

In sum, we have the following bound:

R
#{(X,Y) € Br x B+ sxy > cR} < [Bs* 3 BillBy sl
k=cR

By Lemma 3.4.5, we have:

R
2 2 2
1B | k;ijBkHBRfH%y << |Bp,s |

Since ¢ is a constant, we have the result due to the fact that G has exponential growth.

We have the following corollary:

Corollary 3.4.7. Let X,Y be uniformly chosen random points of B and let 0 < ¢ < 1. Then
with high probability, there exist two geodesics [I, X], [I,Y] and a point v € [I, X] located within
distance cR from I such that d(v, [1,Y]) > 9.

Proof. By Proposition 3.4.6, if r is the highest possible distance between I of a J-almost-common-
point of any geodesics [, X| and [I,Y], then we have r < ¢R with high probability. Then, with high
probability, a point v € [I, X] within distance c¢R from I has distance more than ¢ from [I,Y]. O

The following Theorem combines §-Hyperbolicity, Proposition 3.4.6 and Corollary 3.4.7.

Theorem 3.4.8. Let X,Y be uniformly chosen random points of Br and let 0 < ¢ < 1.Then:

lim P[2R — 2cR — 25 < d(X,Y) < 2R] — 1,
R— 00

i.e.
d(X,Y) 20
<

— 1.
°orR  —“Tam|

lim P|1—
—00
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Proof. With high probability, we have [I, X], [I,Y] and v € [I, X]| defined as in Corollary 3.4.7.
By Hyperbolicity, there exist a node u = us € [X,Y] such that d(v,u) < § ([X, Y] is any geodesic).
By triangular inequality, we have:

d(X,u) 2 d(X, 1) — d(], u)
> d(X,I) —d(I,v) — d(v, u)
> R—cR - §;
likewise, we have:
d(Y,u) =2 d(Y, 1) — d(I, u)
>d(Y,I)—d(I,v) — d(v,u)
>R —cR -,

where C' is a constant. Since u € [X,Y], then
d(X,Y)=dY,u) +d(X,u) > 2R — 2cR — 26
with high probability. O

Since G has exponential growth, we can find a constant C' such that |Br < C|Sg| for some all R,
then the last result in Theorem 3.4.8 is also true for Sg.

3.5 Final remark and open questions

We proved that the balls (or spheres) of non elementary Hyperbolic groups have distance concen-
tration property by using the the ‘Hyperbolicity’ and the ‘exponential growth’ One can now asks
how is it in the gap between Hyperbolicity and non-Hyperbolicity or the gap between exponential
growth and sub-exponential growth. We then can ask the following open questions:

e Are there transitive graphs of exponential growth, but non-hyperbolic, where the distance in
the balls or spheres is still concentrated?

e Are there transitive graphs of exponential growth, but non-hyperbolic, where the distance in
the balls or spheres is non-concentrated?

e [s it true that there is always no concentration for the spheres or balls on transitive graphs
of sub-exponential growth?

For example, the Descartes product Ty, x Z and the Diestel-Leader graph DL(2,2) (Lyons and Peres
(2017)) are transitive graphs of exponential growth but they are not Hyperbolic.
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4. Visualizations and Application

In Chapter 3, we investigated the concentration of distance on several examples of graphs. In
this chapter, we visualize the Rayleigh limit in Theorem 3.2.5 with python, and we try to explore
similar phenomena for UST of other graphs via visualization. We end this chapter by presenting
an example of application of the concentration of distance.

From Figure 4.3 and 4.4, we can conclude that the distance in the UST of (Z/nZ)? and (Z/nZ)>
are not concentrated. Then a question can be asked here whether it is true that the distance is
always non-concentrated in the UST of any transitive graph?

4.1 Visualization in Python

From the previous chapter, we showed the Rayleigh limit for the distance in the UST of the complete
graph K,. We are going to visualize this result in this chapter and we try to explore similar
phenomena on other networks. We generate the corresponding data and plot the approximated
Probability Density Function in Python.

By Wilson’s algorithm, the output of the processes (i) and (i) below have the same distribution
given a connected Graph G:

(i) take two random elements u,v € V(G) uniformly at a random, take a UST T of G and take
the distance d7(u,v).

(ii) take two random w,v € V(G) uniformly at a random, run a Loop Erased Random Walk from
u to v and we then have a random path LERW (u, v), then take the length of LERW (u, v).

The Python code below load all the usual packages of this chapter. The Python function LERW (G, u, v)

is an implementation of the process (ii) discussed above.

"""Qauthor: Mahefa """

# usefull package

import networkx as nx

import numpy as np

import matplotlib.pyplot as plt
import pandas as pd

import random

def LERW(G,u,v):

#start o LERW at w and stop when hitting v
path = [u]

# we continue updating the path until v becomes its last element
while v != path[len(path)—1]:

# take a random mneighbour of the last element of the path

x = random. choice (list (nx.Graph.neighbors (G, path [len(path)—1])))

32
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#if the neighbour above is already in the path (i.e. a loop is obtained),
#then reduce the path up to that node
if x in path:
path = path[0:path.index (x)+1]

# if the random neighbour is mnot yet in the path, then append it
else:
path = path + [x]

return (len(path)—1) # path is a sequence of nodes

-Uniform Spanning Tree of the complete graph K,

For the complete graph K, let us consider the cases n = 50, n = 100 and n = 1000. The following
code generates 400 independent trials of LCREHLERW(Guv)] " op oo LERW is the function in the

n
code above. The output of the plot is shown in figure 4.1.

x= np.linspace (0,5,400) # number of data to generate

# we do the wisualisation for n= 50, 100 and 1000

K_50 = nx.complete_graph(50)

K_100 = nx.complete_graph(100)

K_ 1000 = nx.complete graph(1000)

# take 400 independent trials for each graph

# take two random nodes and save the length of a LERW between them

Hn=50
data_ 50 = np.array ([LERW(K_50,random. choice (list (K_50.node())),
random. choice (list (K _50.node()))) for i in range(400)])/np.sqrt(50)

#n=100
data_ 100 = np.array ([LERW(K_100,random. choice (list (K_100.node())),
random. choice (list (K 100.node()))) for i in range(400)])/np.sqrt(100)

#n=1000
data_ 1000 = np.array ([LERW(K_1000,random. choice (list (K_1000.node())),
random. choice (list (K 1000.node()))) for i in range(400)])/np.sqrt(1000)

#Plot with the Rayleigh Probability Density Function
fig , axes = plt.subplots(ncols=2, nrows=1, figsize = (20,5))#construct subplots
axl, ax2= axes.ravel () # name of each subplot

#histogram

ax1.hist (data_50,bins=50,color="orange’, label = r’$K {50}$")
axl.hist (data_100,bins=50,color="green’, label = r’$K_{100}$")
axl.hist (data_1000, bins=50, color="red’, label = r’$K_{1000}$’)
ax1l.set_xlabel(r’$\frac{lLERW}{\sqrt{n}}$")
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axl.set__title (’Histogram )
axl.legend ()

#estimated density vs Rayleigh density

ax2.plot (x,x*np.exp(—x#*%2/2), label = ’Rayleigh PDF”)
pd. Series (data_50).plot.kde(label = r’$K_{50}%")

pd. Series (data_100).plot.kde(label = r’$K_{100}$")
pd. Series (data_1000). plot.kde(label = r’$K {1000}$")
ax2.set_xlabel (r’$\frac{LERW}{\sqrt{n}}$’)
ax2.set_xlim ([0 ,6])

ax2.legend ()

plt .show ()

Histogram

—— Rayleigh PDF
- K
Ko

Density

35 4.0 o i i ::1 4‘ IS &
Figure 4.1: Histogram and approximated density

Figure 4.1 suggests that the approximated densities converge to the Rayleigh density. This result
is proved in Theorem 3.2.5 of Chapter 3 and it is mentioned in Peres and Revelle (2004).

-Uniform Spanning Tree of the square lattice G = (Z/nZ)? with n = 20, 30, 50

Note that all we do in this section is just visualisations and and there are no mathematical proofs:
we just take conclusions from the observed data.

Let us first proceed as in the UST of K,, where we divide the length of an LERW by the square

root of the size of our graph, here |(Z/nZ)?| ~ n?. The following code generates 400 independent
trials of Length[L]\i)/l:EN(G,u,v)}
n2 ’

#Generate Data
data_20 = np.array ([LERW(G_20,random. choice (list (G_20.node())),
random. choice (list (G_20.node()))) for i in range(400)])/20

data_30 = np.array ([LERW(G_30,random. choice (list (G_30.node())),
random . choice (list (G_30.node()))) for i in range(400)])/30

data 50 = np.array ([LERW(G_50,random. choice (list (G_50.node())) ,
random . choice (list (G_50.node()))) for i in range(400)])/50

#Plot estimated density
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fig , axes = plt.subplots(ncols=2, nrows=1, figsize = (20,5)) # construct subplots
axl, ax2= axes.ravel() # name of each subplot

#histogram

axl.hist (data_20, bins=100, label = r’$d=2, n=20%")

axl.hist (data_30,bins=100, color="orange’,label=r’$d=2,n=30%")
axl.hist (data_50, bins=100, color="green’ 6 label=r’$d=2,n=50%")
axl.set_xlabel (r’$\frac{lERW}{\sqrt{n"2}}$")

axl.set__title (’Histogram )

axl.legend ()

#estimated density

pd. Series (data_20).plot.kde(label = r’$d=2, n=20%")
pd. Series (data_30).plot.kde(label = r’$d=2,n=30%")
pd. Series (data_50). plot.kde(label = r’$d=2,n=50%")
ax2.legend ()

ax2.set_xlim ([0 ,4.5])

ax2.set_xlabel (r’$\frac{LERW}{\sqrt{n"2}}$")

plt .show ()

Histogram

= d=2,n=20
d=2,n=30
B = d=2,n=50

Figure 4.2: Histogram and approximated density

[LERW (G,u,v)]
Vn2

The result in Figure 4.2 suggests that there is no limiting curve for the densities of Length
and maybe this is because we did not chose the right denominator.

Instead of dividing with vn2, let us divide with the coefficient n%, see Kenyon (2000a), Kenyon
(2000b) and Lawler et al. (2011).

data_ 20 = np.array ([LERW(G_20,random. choice (list (G _20.node())) ,
random. choice (list (G_20.node()))) for i in range(400)])/20%x(5/4)

data 30 = np.array ([LERW(G_30,random. choice (list (G_30.node())),
random. choice (list (G_30.node()))) for i in range(400)])/30%x(5/4)

data_ 50 = np.array ([LERW(G_50,random. choice (list (G_50.node())) ,
random. choice (list (G_50.node()))) for i in range(400)])/50%x(5/4)
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#Plot
fig , axes = plt.subplots(ncols=2, nrows=1, figsize = (20,5)) # construct subplots
axl, ax2= axes.ravel () # name of each subplot

#histogram

axl.hist (data_20, bins=100, color="orange’, label=r’$d=2, n=20%$")
axl.hist (data_30,bins=100, color="green’, label=r’$d=2,n1=30%")
axl.hist (data 50, bins=100, color="red’, label=r’$d=2,n=50%")
axl.set_xlabel(r’$\frac{LERW}{n {\frac{5}{4}}}$")
axl.set__title (’Histogram )

axl.legend ()

#approzrimated density

ax2.plot (x,x*np.exp(—x*%2/2), label = "Rayleigh, PDF’)

pd. Series (data_20).plot.kde(label = r’$d=2, n=20%")

pd. Series (data_30).plot.kde(label = r’$d=2,n=30%")

pd. Series (data_50). plot.kde(label = r’$d=2,n=50%")
ax2.set_xlim ([0 ,4])

ax2.set_xlabel (r’$\frac{LERW}{n " {\frac{5}{4}}}$")

ax2.legend ()

plt .show ()

Histogram

—— Rayleigh PDF

d=2,n=20
— d=2,n=30
— d=2,n=50

oo 05 10 15

i
L3 Ea

Figure 4.3: Histogram and approximated density

The output in Figure 4.3 suggests that there is a limiting curve for the estimated density distribu-
tion, and the limit in distribution is not the Rayleigh.

-Uniform Spanning Tree of the square lattice G = (Z/nZ)% with n = 3,5,7

Let us proceed exactly like in the UST of K,,. We have |(Z/nZ)%| = n® and we are going to simulate
. . Length[LERW (G, u,v)]

the estimated density of N

Vn® in the denominator is from Peres and Revelle (2004).

G_3 = nx.grid_graph(dim=[3,3, 3,3,3], periodic = False) # (Z/37Z)"5

G_5 = nx.grid_graph(dim=[5,5, 5,5,5], periodic = False) # (Z/5Z)"5
G_7 = nx.grid_graph(dim=[7,7, 7,7,7], periodic = False) # (Z/7Z)"5

for n = 3,5 and 7 in the following code. The coefficient

# Data for UST of the discrete torus Z n"d with d=5 and n=4,5,7
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data_ 3 = np.array ([LERW(G_3,random. choice (list (G_3.node())),
random . choice (list (G_3.node()))) for i in range(400)])/3%x(5/2) # n=3

data_5 = np.array ([LERW(G_5,random. choice (list (G_5.node())),
random. choice (list (G_5.node()))) for i in range(400)])/5%*(5/2) # n=5

data_7 = np.array ([LERW(G_7,random. choice (list (G _7.node())),
random. choice (list (G _7.node()))) for i in range(400)])/7*x(5/2) # n=7

x= np.linspace (0,5,400)
fig , axes = plt.subplots(ncols=2, nrows=1, figsize = (20,5))#construct subplots
axl, ax2= axes.ravel() # name of each subplot

#histogram

axl.hist (data_2, bins=100,color="orange’, label = r’$d=5, n=3%")
axl.hist (data_3,bins=100, color="green’,label=r’$d=5n=5%")
axl.hist (data_5, bins=100, color="red’,label=r’$d=5n=7%")
axl.set_xlabel(r’$\frac{lERW}{\sqrt{n"5}}$%")

axl.set__title (’Histogram )

axl.legend ()

#Plot the corresponding approximated Probability Density Function
ax2.plot (x,x*np.exp(—x#*%2/2), label = ’Rayleigh, PDF’)

pd. Series (data_3).plot.kde(label = r’$d=5,\; . n=3%")

pd. Series (data_5).plot.kde(label = r’$d=5,\;n=5%")

pd. Series(data_T7).plot.kde(label = r’$d=5,\; n=7$")
ax2.set_xlabel(r’$\frac{lLERW}{n"{5/2}}$")

ax2.set_xlim ([0 ,6])

ax2.legend ()

plt .show ()

Histogram

—— Rayleigh PDF

d=5 n=3
—— d=5n=5
— d=5n=7

Density

Figure 4.4: The limiting curve should be around the Rayleigh density

The output in Figure 4.4 suggests that there is a limiting curve, and that limiting curve is around
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the Rayleigh density.

4.2 Single source distance vs all pairs distance in transitive metric
spaces

The idea in this section is from the second part of Roughgarden et al. (2019). We say that a metric
space X is transitive if the natural action of its automorphism group is transitive. An example
of transitive metric space is given by the sphere S, (T;) endowed with the metric induced by the
graph structure of B, (Ty).

Now, consider the second result of Section 3.4: fix an element o € S,,(Ty) and let x,y € S,(T4) be
uniformly chosen. Since S,,(Ty) is transitive, then there exists p € Aut(S,,(Ty)) such that p(x) = o.
Therefore, By Theorem 3.4.4, all the quantities

d(o,2) doy) . dz,y) _ d(o,p(y))

o2n  2n 2n 2n

converge in probability to 1 as n goes to the infinity.
Hence, we also have the convergence:

d(o,z) +d(o,y) %o 4 dow)

dz,y) —  de)

— 2 in probability as n — oo.

Hence, saving a data structure that encodes the family of all pairs distance [d(z, )]s yex can be
reduced in saving a data structure of a family of single source distance [d(o, y)]zex-

The following Python code computes some samples of the stretch for S19(T3) and plots the corre-
sponding histogram and the approximated distribution. The plot is shown in Figure 4.5

#create the ball of radius n (n=2) in a d—regular tree (3<=d)
#by the function ball _d_r
def ball d r(degree=3, radius=2):
while degree > 2:
T = nx.disjoint__union (nx.balanced_tree(degree—1, radius),
nx.balanced tree(degree —1, radius —1))

roots = [i for i in list(T.nodes()) if T.degree(i)==degree —1]
T.add edge(roots[0], roots[1])
return (T)

# single source distance and all pairs distance for the sphere
def distance (T):

#Shpere consists on nodes of degree 1

leaf = [i for i in T.nodes() if nx.degree(T,i)==1]

o = leaf[0] # the sphere is transitive, hence we can fiz one node
u = np.random. choice(leaf)
v = np.random. choice(leaf) # we need u!=v in order to see the strech
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d_0 = nx.shortest__path_length(T, o,u) + nx.shortest_path_length(T, o, v)
d = nx.shortest_path_length(T,u,v)
return ([d_0,d])

#generate data for visualization: case d=38 and r=10
T = ball d r(3,10)
Dist = [distance(T) for i in range(3%2xx9)]
D O = np.array ([L[0] for L in Dist])
D = np.array ([L[1] for L in Dist])
stretch = [|# we avoid division by 0
for i in range(len(D)):

if D[i]==0:

stretch .append (0)
else:

stretch .append (D O[i]/DJ[i])
freq = dict (Counter(strech))#frequence

# Plot
fig , axes = plt.subplots(ncols=2, nrows=1,

figsize = (15,5)) # construct subplots
axl, ax2= axes.ravel () # name of each subplot

axl.scatter (freq.keys(), freq.values(),
marker="0’, label = ’Frequency of the stretch’)
axl.set__xlabel(’stretch’)
axl.set xlim ([0 ,5])
axl.set__ylabel(’frequency’)
axl.legend ()

pd. Series(strech).plot.kde( color = ’black’,
label = ’Estimated, density of the stretch’)
ax2.axvline (2, color = ’'red’, label = ’x=2")

ax2.set_xlim ([0 ,5])
ax2.set__xlabel(’stretch’)
ax2.legend ()

plt .show ()
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Figure 4.5: Frequency and approximated density of the stretch
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