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Abstract

The thesis consists of three chapters on causal effects: in each of them, I aim to deepen
our understanding of causal relationships. In the first chapter, I investigate how we
can identify causal effects from adaptively collected data which is becoming more and
more widespread in the modern on-line world. Running Monte-Carlo simulations I
illustrate how adaptivity biases the standard treatment effect estimators and I recom-
mend a new strategy that balances between the welfare and estimation goals of the
decision-maker. The remaining two chapters are empirical studies aimed at estimating
causal effects in two policy-relevant settings. In the second chapter, I examine the effect
of retirement on cognitive performance, taking a unifying approach by replicating pre-
vious studies and tracing back the differences in their results to various identification
problems. I propose a new identification strategy that suggests that the effect is close to
zero. In the third chapter (co-authored with Sándor Sóvágó) we study the effect of elite
schools on competency scores using non-parametric bound identification. Our results
show that the effect is heterogeneous being more expressed for high-ability students;
this result has important implications for the validity of previous studies that mainly
estimate the effect around the admission cutoffs exploiting the discontinuity.

Chapter 1: Eliminating Bias in Treatment Effect Estimation Arising
from Adaptively Collected Data

It is well understood that bandit algorithms that collect data adaptively - balancing
between exploration and exploitation - can achieve higher average outcomes than the
"experiment first, exploit later" approach of the traditional treatment choice literature.
However, there has been much less work on how data arising from such algorithms
can be used to estimate treatment effects. This paper contributes to this growing lit-
erature in three ways. First, a systematic simulation exercise characterizes the behav-
ior of the standard average treatment effect estimator on adaptively collected data: I
show that treatment effect estimation suffers from amplification bias and illustrate that
this bias increases in noise and adaptivity. I also show that the traditional correction
method of inverse propensity score weighting (IPW) can even exacerbate this bias. Sec-
ond, I suggest an easy-to-implement bias correction method: limiting the adaptivity of
the data collection by requiring sampling from all arms results in an unbiased IPW
estimate. Lastly, I demonstrate a trade-off between two natural goals: maximizing ex-
pected welfare and having a good estimate of the treatment effect. I show that my
correction method extends the set of choices regarding this trade-off, yielding higher
expected welfare while allowing for an unbiased and relatively precise estimate.
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Chapter 2: Examining the Effect of Retirement on Cognitive Perfor-
mance – A Unifying Approach

Several recent works investigate the effect of retirement on cognitive performance, ar-
riving at different conclusions. The key ingredient of the various approaches is how
they handle the endogeneity of the retirement decision. In order to examine this issue
more deeply, I replicate the results of previous works using three waves from the Sur-
vey of Health, Ageing and Retirement in Europe (SHARE). I draw attention to potential
biases inherent in the standard instrumental variable identification strategies and as-
sess their magnitudes. Based on the lessons learned, I propose a new instrument that
utilizes the panel structure of the data, enabling the comparison of individual cogni-
tive paths. I show that if retirement has any adverse effect on cognitive performance it
must be really small in magnitude.

Chapter 3: Do Elite Schools Benefit their Students?

with Sándor Sóvágó

This paper studies the effects of enrollment in an elite school on elite-school students’
academic achievement in Hungary. Enrollment in a Hungarian elite school entails hav-
ing academically stronger peers and early switching to a secondary school. We exam-
ine effects for elite-school students throughout the outcome distribution using a mild
stochastic dominance assumption. We find that enrollment in an elite school decreases
female and low-ability students’ mathematics test scores two years after enrollment.
However, these negative effects are short-lived, and we obtain estimates that are con-
sistent with substantial positive effects four years after enrollment. School value-added
estimates lie within our non-parametric bounds, and confirm the positive effects on the
medium run.
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Chapter 1

Eliminating Bias in Treatment Effect
Estimation Arising from Adaptively
Collected Data

1.1 Introduction

We are often interested in whether an innovative treatment should be introduced and applied for
individuals arriving in succession. Suppose an online shop wants to change its pricing scheme.
They can experiment with a new scheme introducing it to part of their daily visitors, with the
ultimate goal of applying the better scheme as soon as possible to maximize their profit. Once
they change to the new scheme, they also want to know how much value they can hope from it
for their next year’s budget, i.e. they also want to measure the treatment effect.

This problem is ubiquitous today. Innovation is crucial to survival. We want to apply the
procedure that yields the best expected outcome according to our current knowledge (status
quo) but we also want to experiment with new ideas that might yield even higher outcome
(exploitation versus exploration, earning versus learning). We are also interested in learning
what to expect from introducing an innovation.

The standard procedure in economics to decide on the introduction of a new pricing scheme is
to first learn its effect, and then to introduce it if the effect is positive. The traditional treatment
choice literature (e.g. Manski, 2004; Dehejia, 2005; Hirano and Porter, 2009; Kitagawa and
Tetenov, 2018; Athey and Wager, 2019) assumes that an experimental sample with random-
ized assignment exists and derives the welfare-maximizing policy rule given the information
that can be learnt on the previously collected data. The welfare of the experimental subjects is
disregarded. However, in practice, exploration and exploitation do not naturally separate. The
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decision-maker always decides (sometimes unconsciously) whether it is worth experimenting
or simply applying the best practice.

Multi-armed bandit algorithms (for comprehensive reviews see, e.g. Lattimore and Szepesvári,
2019; Slivkins, 2019) seek to optimize the exploration-exploitation trade-off suggesting heuris-
tic rules that "learn and earn" in parallel. Instead of aiming for a one-off decision, they involve
a sequence of decisions where each decision balances between experimenting and exploiting. As
such, it is suitable for situations where the feedback is quick (as in our pricing scheme example).
The goal is to maximize the expected welfare during the whole process, including the experi-
mentation phase. Bandit algorithms continuously balance between choosing the treatment arm
with the highest expected payoff (exploitation) and choosing treatment arms that are not yet
known well (exploration) – the result of each decision contributes to later decisions. There is
a quickly evolving literature (in the field of computer science) that investigates different algo-
rithms in different setups and prove their optimality by various criteria. As algorithms aim to
find the arm with the highest expected reward (or finding the better pricing scheme), measuring
the exact effect of the various arms relative to a baseline is not part of the problem considered.

My paper is at the intersection of the traditional treatment choice literature of econometrics
and the growing literature on multi-armed bandits of machine learning. I consider situations
similar to the online shop example above, where the decision-maker assigns individuals to dif-
ferent treatments with two goals in mind: (1) maximizing profit (or welfare) and (2) estimating
the treatment effect. There are two treatments (status quo and innovation, control and treat-
ment) and individuals arriving in groups or batches should be assigned to one of them. The
individual-level treatment effect is fixed but its magnitude (relative to the variation in the po-
tential outcomes) is ex ante unknown. The length of the process (total number of arriving
individuals, also called as "horizon") is finite but also unknown. The size of the batches, ie. the
frequency of allocation decisions is controlled by the decision-maker.

I run Monte Carlo simulations to understand the welfare and estimation behavior of differ-
ent strategies in this setup. I study a well-known multi-armed bandit heuristic, Thompson
sampling, suggested by Thompson (1933). I chose this method because it is one of the most
well-known algorithms, it is widely used in the industry (see e.g. Graepel et al., 2010; Scott,
2010) and it is a probabilistic rule that has some appealing features I am going to rely on later.
However, the focus is not on the specific heuristic, but on the basic features of adaptively col-
lected data when used for statistical inference. All of my results should extend to other popular
heuristics that are deterministic, such as the Upper Confidence Bound algorithm (see e.g. Lai
and Robbins, 1985).

What we know so far The welfare performance of bandit algorithms in a stochastic context
are measured by their expected reward (total welfare) relative to the reward gained by the best
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possible assignment policy (which is usually infeasible). The difference between these two mea-
sures is the expected regret. Each bandit can be characterized by their worst-case regret (within
a given set of environments formed by the distribution of rewards and the length of the horizon).
The seminal paper of Lai and Robbins (1985) derived an asymptotic lower bound on regret that
any bandit algorithm should suffer.

Recent papers (Agrawal and Goyal, 2012, 2013; Korda et al., 2013) prove that Thompson sam-
pling is asymptotically optimal in terms of regret in various settings. Perchet et al. (2016)
extends their result to batched bandits, where individuals arrive in groups (or batches) instead
of one-by-one. The traditional solution in econometrics to experiment first and form an appro-
priate assignment rule later is welfare-suboptimal (see e.g. Lattimore and Szepesvári, 2019).

There are much less result that considers estimation after bandits. Nie et al. (2018) prove in
theory that the estimated means of the treatment arms suffer from negative bias. They suggest
a complex modification of the data collection process that can eliminate the bias.

Villar et al. (2015) compare various bandit algorithms in terms of outcome and also estima-
tion performance in a simulated clinical trial. They show biased treatment effect estimations
simulating many different multi-armed bandit algorithms.

My contribution To my knowledge, this is the first paper that considers welfare and esti-
mation goals parallel and compares different strategies in the welfare-estimation space. I have
three main contributions to the literature:

First, I characterize the welfare and estimation behavior of Thompson sampling and the tradi-
tional treatment effect estimator on adaptively collected data. I show that, generally, smaller
batch size (ie. deciding more often) increases the expected welfare. However, if adaptivity is too
quick adaptivity (the batch size is below a certain cutoff) the welfare cost of higher volatility out-
weighs the gains from smaller opportunity cost. Quicker adaptivity also increases the negative
bias in means (for which I provide an intuitive explanation) that results in a larger amplification
bias in the treatment effect estimate. These results highlight an important trade-off: strategies
that achieve high welfare (adaptive algorithms) lead to highly biased treatment effect estimates
- whereas running a randomized controlled trial on the whole sample (the gold standard for
measuring the effect) suffers from a huge opportunity cost (resulting from assigning too many
individuals to the inferior treatment).

Second, I prove that inverse propensity weighting (IPW) – traditionally used for bias correction
– is equivalent to taking the simple averages of the batch averages (if the propensity weights are
estimated). I show that in this setup, IPW does not work – in fact, it can even exacerbate the
bias.
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Finally, I suggest an easy-to-implement bias correction method: limiting the propensity scores
away from the extremes that practically moderates the adaptivity of the data collection by re-
quiring sampling from both arms in each batch. This assignment rule allows for unbiased
inverse-propensity-weighted treatment effect estimate, whereas it preserves almost all of the
welfare gain stemming from adaptivity. I show that limiting extends the set of choices regard-
ing the welfare-estimation trade-off relative to some established strategies (such as the standard
"explore first, exploit later" or explore-then-commit strategy).

Related recent literature A recent paper of Hadad et al. (2019) deals with a similar problem:
they suggest data-adaptive weighting schemes to correct the standard treatment effect estimator
on adaptively collected data, also ensuring asymptotic normality to make statistical inference
possible. They deal only with estimation, and do not consider welfare.

Dimakopoulou et al. (2018) look at so called contextual bandits that include observable vari-
ables in the algorithms to capture heterogeneity in the treatment effect. They focus on bias in
treatment effect originating from imbalances in the observables. In contrast, I focus on the gen-
eral characteristics of the standard treatment effect estimator that are apparent even if the effect
itself is constant.

A new line of research focuses on optimal experimentation design where the goal is to learn the
treatment effect (see Kasy (2016) for one-off experiments, and Hahn et al. (2011) for adaptive
experiments). Another deals with adaptive treatment assignment where the goal is to choose
among a set of policies for large-scale implementation (Kasy and Sautmann, 2019). The latter’s
setup is especially close to mine but there is a major difference: these works assume away the
welfare of the experimental subjects and only focus on learning. I consider both welfare and
estimation under adaptive treatment assignment.

This paper The paper is structured as follows. Section 1.2 gives a formal setup for the
problem. Section 1.3 characterizes the basic welfare and estimation properties of the bandit as-
signment rule using the standard treatment effect estimate and shows the welfare-estimation
trade-off. Section 1.4 discusses different methods for correcting the bias: inverse-propensity
weighting, first batch treatment effect and propensity score limiting. Section 1.5 demonstrates
the results of the systematic Monte Carlo simulation which illustrate the behavior of the previ-
ously discussed strategies in different scenarios. Section 1.6 assesses the simulation results in a
practically relevant setting using data from the well-known National Job Training Partnership
Act (JTPA) study. Section 1.7 concludes.
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1.2 Setup

There is a set of n individuals indexed by i ∈ {1, ..., n} whose outcome Y is of interest. There
is a binary treatment Wi ∈ {0, 1} where Wi = 0 stands for the no-treatment case, i.e. the
status quo. {Yi(1), Yi(0)} are potential outcomes that would have been observed for individual
i with or without the treatment (potential outcomes might include the cost of the corresponding
treatment). The actual (observed) outcome is Yi = Yi(1)Wi +Yi(0)(1−Wi). Let us denote the
expected value of the potential outcomes by µw = E[Yi(w)], for w ∈ {0, 1}. The individual-
level treatment effect is fixed, i.e. Yi(1) = Yi(0) + τ for each i where τ denotes the treatment
effect. Therefore, the population is characterized by {Yi(0)}n

i=1. For simplicity, I assume Y(0)
is Gaussian with known variance (I show in Section 1.5.3 that the Gaussian assumption is only
technical, the main results stand for skewed and fat-tailed distributions as well as long as they
have finite means).

Individuals arrive randomly in equal-sized batches denoted by B and indexed by j ∈ {1, ..., m}.
The batch size is under the control of the decision-maker1 and is denoted by nB so mnB = n.
Arrival is sequential and the outcome is observed right after the assignment. The process can
be described as follows:

1. A group of individuals i ∈ Bj arrive, and are assigned to either treatment or control.
2. Outcomes {Yi}i∈Bj are observed.
3. A next group of individuals i ∈ Bj+1 arrive and the first two steps are repeated.

Let us denote the observed history (assignments and outcomes) up until the kth batch by H(k) =

{Yi, Wi}i∈⋃k
j=1 Bj

. Therefore, the whole history of n individuals is H(m).

The decision-maker has two goals: she wants to maximize profit (or welfare) based on outcomes,
and she also wants to estimate the treatment effect τ with an unbiased, precise estimator. She
decides about two things in parallel:

1. assignment rule A function that maps the history to a probability that expresses the
share of the next batch assigned to the treatment: π

(
H(k)

)
= P (Wi = 1|i ∈ Bk+1) =

pk+1. The choice of assignment rule incorporates the choice of batch size as well: nB =

|Bk|.

2. estimation method A function that maps the whole history (observed data of the popu-
lation) to a number that expresses the treatment effect: τ̂

(
H(m)

)
.

1It is natural to assume that the decision-maker has some control over the batch size. Even if the
arrival of individuals is dictated by an external process, one can still increase the batch size by collapsing
original batches. How frequently the decision-maker decides about allocation is a decision itself.
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I will call a combination of an assignment rule and an estimation method a strategy. The
decision-maker chooses a strategy to pursue both of her goals. Throughout this paper I use two
simple objective functions to measure these goals:

1. welfare goal max ∑n
i=1 Yi

2

2. estimation goal min E
[
(τ̂ − τ)2] subject to E[τ̂] = τ 3

To illustrate adaptive assignment rules that blend exploitation with exploration I use an old
heuristic, the Thompson Sampling (Thompson, 1933). It suggests to assign each individual to
treatment by the probability that corresponds to your actual beliefs that the treatment outcome
is the highest4. I implement this rule as follows (for a chosen batch size):

Thompson Sampling (TS)

1. Split the first batch equally between treatment and control.

2. Form beliefs about the treatment and control means by deriving posterior distri-
butions using normal density with calculated averages (recall the known-variance
assumption)a:

N
(

µ̂
(k)
1 ,

σ2

n(k)
1

)
for treatment, and N

(
µ̂
(k)
0 ,

σ2

n(k)
0

)
for control,

where
n(k)

1 = ∑i∈⋃k
j=1 Bj

Wi, n(k)
0 = ∑i∈⋃k

j=1 Bj
(1 − Wi).

3. Calculate the probability that the treatment mean is higher than the control mean
(let us denote it with r(k)). Technically, this can be achieved by sampling from the
corresponding distributions.

4. Split the next batch according to this probability: pk+1 = r(k)

5. Repeat from step (2) until assigning the last batch.

aThis is equivalent to the posterior of mean of a normal variable with known variance using
non-informative Jeffreys prior

2Assuming the outcome contains the cost of treatment, it is the profit of a firm. Assuming a utilitarian
social welfare function, it is the total welfare.

3Recall the bias-variance decomposition: E
[
(τ̂ − τ)2] = (E [τ̂]− τ)2 + E

[
τ̂2]− E2 [τ̂] where the last

two terms give the variance of the estimator. So minimizing the mean-squared error is just minimizing
the variance if the estimator is unbiased.

4For more detail, see Russo et al. (2017)
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Intuitively, we will choose the treatment more likely (for a larger fraction of individuals in the
batch) if (1) we are uncertain about its expected outcome (exploration), or (2) we are certain
that its expected outcome is high (exploitation).

1.3 Demonstration of welfare and estimation properties

1.3.1 Parametrization

I assume – without loss of generality – a positive average treatment effect with unit value
(τ = 1). The population consists of n = 10, 000 individuals, the potential outcomes
are Gaussian with σ = 10. The noise-to-signal ratio is high to make the treatment ef-
fect hard to measure, and thus, the problem interesting. The potential outcomes are con-
structed such that µ1 = 1 and µ0 = 0 within the population. The minimum batch
size is 10 (where m = 1000), and I simulate the following choices for the decision-maker:
nB ∈ {10, 20, 50, 100, 200, 500, 1000, 2000, 5000, 10000}. The maximum value corresponds
to a simple random split on the whole sample.

In this setup, the (infeasible) optimal treatment rule is to treat everyone (π = 1) that would
achieve a total welfare of 10, 000. Due to the fact that the treatment effect is normalized and is
fixed for everyone, the sum of outcomes equals to the sum of individuals assigned to the treated,
so both measures express the total welfare.

I run 20, 000 simulations for each assignment rule. The runs differ only in the sequence of how
the individuals arrive; they all use the same population of 10,000 with the average of potential
outcomes equaling to 0 and 1, respectively.

1.3.2 Welfare

One would expect that smaller batch size (more batches, quicker adaptivity) leads to higher
welfare, as it extends the possibilities of the policy maker. Also, as the first batch is a simple
random split, the maximum welfare an adaptive rule could achieve in the best case is 10, 000 −
nb
2 . Smaller batch sizes give the chance of reacting more quickly to a positive treatment effect,

hence, suffering less opportunity cost.

However, the simulation results only partially justify this expectation. Figure 1.1 shows the
expected welfare by batch size: generally, smaller batch size leads to higher expected welfare,
but focusing on the small batch size region (left panel) reveals that being too "quick" can also
do harm; the optimum is around nB = 100. The reason for this is that being more adaptive
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Figure 1.1: Expected welfare by batch size
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Notes: The figure shows the expected welfare by batch size using a logarithmic scale to focus on the
interesting region. The shaded area shows the 90% confidence interval, the dashed line depicts the
median, the point highlights the batch size with maximum expected welfare. Smaller batches (quicker
adaptivity) generally lead to higher welfare, but only until a certain point: really small batch size can
harm. Number of simulations = 20,000.

means deciding based on more volatile estimates that increases the probability of adapting to the
wrong pattern (in this case, "learning" a negative treatment effect)5. Under a certain threshold
of batch size, the loss on volatility seems to outweigh the gain on opportunity cost6.

Figure 1.2 illustrates this phenomenon by showing the probability of under-performing a simple
random split in terms of welfare at each point of the process, for different batch sizes. At the
beginning, quicker adaptivity allows for smaller opportunity cost as smaller batch sizes mean
that the algorithm can allocate less people to the inferior treatment (recall that the first batch
size is a random split). However, quicker adaptivity also means making decisions based on more
volatile measures due to smaller sample sizes. These decisions turn out more likely to be false,
therefore, the probability of under-performing remains relatively high at the later stages of the
process. The welfare result of Figure 1.1 originates from these two contradicting processes.

The fact that for this given setup a constrained algorithm works better than a less constrained
one does not contradict to the literature. The Thompson Sampling algorithm is a general solu-
tion, working well in different setups whose parameters (mainly τ and n) are ex-ante unknown.

5Figure A.1 in the Appendix shows the whole distribution of welfare for each batch size: the achieved
welfare (that is equivalent to the number of individuals assigned to the treatment) is much more volatile
for smaller batch sizes

6The behavior of the batch size parameter lets us raise an interesting analogy from the machine
learning literature: regularization (see e.g. Hastie et al., 2001) is a technique that discourages learning a
too complex or flexible model (e.g. by shrinking coefficients). Regularization leads to higher bias to gain
on variance, increasing predictive accuracy. In our case, larger batch size means more regularization: it
constrains the set of choices and loses on opportunity cost at the beginning, but wins on generalization
in the longer term – especially if the noise is high.
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Figure 1.2: Evolution of bandit algorithms
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Notes: Each point depicts the probability that the bandit algorithm under-performs a simple random
split after the first n arriving individuals (evaluated across the simulation runs). Quicker adaptivity
results in smaller opportunity cost at the beginning (left panel), but leads to higher probability of getting
wrong at later stages (right panel). Number of simulations = 20,000.

As we are going to see later, avoiding too small batches helps only if the noise is high, or equiv-
alently, if the treatment effect is small.

1.3.3 Estimation

The standard method to estimate the treatment effect is to compare the observed averages of the
individuals in both groups:

τ̂0 =
∑n

i=1 YiWi

∑n
i=1 Wi

− ∑n
i=1 Yi(1 − Wi)

∑n
i=1(1 − Wi)

(1.1)

According to the theoretical results of Nie et al. (2018) the averages are negatively biased esti-
mator for the true expected values of the outcomes. Figure 1.3 characterizes the bias for different
choices of batch size. It confirms the negative bias result and shows two additional interesting
result: (1) quicker adaptivity leads to a more volatile estimate with larger bias and (2) the control
mean contains a larger (negative) bias that is more volatile than the treatment mean. The latter
result follows from the fact that the treatment effect is positive so we end up with much more
treatment observations (recall that the expected welfare equals to the number of individuals as-
signed to the treatment). As a result, the treatment effect estimator suffers from amplification
bias but because of partial compensation, the bias in the s smaller than the bias in the control
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mean (Figure A.2 in Appendix shows the distribution of τ0 for different batch sizes).

Figure 1.3: Bias in group mean estimates by batch size
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Notes: The figure shows the bias in the group mean estimates by batch size using a logarithmic scale
to focus on the interesting region. The shaded area shows the 90% confidence interval, the dashed line
depicts the median. Quicker adaptivity results in larger negative bias that is much more expressed for
the control group (as we end up with more treatment observations). Number of simulations = 20,000.

The negative bias in group means results from an asymmetry in sampling that is an inherent
feature of the adaptive data collection. For the sake of an intuitive understanding of this process,
let us focus only on the control estimate where the bias is larger. As the first batch is a simple
random split, the first batch average is an unbiased estimate for the control mean: E[µ̂(1)

0 ] = µ0.
However, the actual estimate contains some estimation error: µ̂

(1)
0 = µ0 + ε

(1)
0 . If this error is

negative – ε
(1)
0 < 0 – there will be a positive error in the treatment effect estimate. As a result,

the bandit’s belief will be distorted towards the treatment being effective, so more individuals
will be assigned to the treatment and only a few to the control. Few new observations in the
control group cannot compensate for the original error in the control estimate. However, if the
error in the first batch is positive – ε

(1)
0 > 0 – the belief will be distorted towards the treatment

being ineffective, so more individuals will be assigned to control, and these new observations
can outweigh the original error in the control estimate.

Figure 1.4 provides a visual illustration for this mechanism. If the first batch results in a
negative control estimate, this error is more likely to remain there also in the overall estimate of
the experiment, than in the case when the first batch results in a positive control estimate.

Note that this asymmetry by the estimation error is not restricted to the first versus later batches
but is present throughout the whole process. It is only most visible after the first batch as the
first round of assignment does not depend on previous observations.

The asymmetry can be highlighted using a simple decomposition of τ̂0: the treatment and con-
trol averages can be calculated as weighted averages of the batch group averages where the
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Figure 1.4: Density of mean estimates, using the first batch versus the whole sample
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Notes: First batch mean estimate is evaluated on individuals arriving in the first batch (nB = 1000).
Darker regions mean higher density. The importance of the first batch estimate is clear, especially for
the control outcome: an underestimated group mean from the first batch remains uncompensated in the
overall estimate. Number of simulations = 20,000.

weights are the shares of the given batch within the total size of the given group (see Equation
1.2). The batch group estimates are unbiased as they arise from simple random splits of batches
(only the way how the split is done changes but it does not matter regarding unbiasedness).
The bias in the overall averages results only from compositional effect: as a negative error in
the estimate of a given batch leads to under-sampling in the following batches, it means lower
weights for these batches, thus, a relatively higher weight to the given erroneous batch. In con-
trast, a positive error leads to over-sampling in the following batches, which gives a relatively
lower weight for the erroneous batch. Also, over-sampling in the next batch quickly leads to the
correction of the error, thus the over-sampling itself remains only a temporary issue.

τ̂0 =
m

∑
j=1

∑i∈Bj
YiWi

∑i∈Bj
Wi︸ ︷︷ ︸

batch treated
average

∑i∈Bj
Wi

∑n
i=1 Wi︸ ︷︷ ︸

share of batch
within all treated

−
m

∑
j=1

∑i∈Bj
Yi(1 − Wi)

∑i∈Bj
(1 − Wi)︸ ︷︷ ︸

batch control
average

∑i∈Bj
(1 − Wi)

∑n
i=1(1 − Wi)︸ ︷︷ ︸
share of batch

within all control

(1.2)

1.3.4 Welfare-Estimation Trade-off

My previous results suggest an interesting trade-off: quicker adaptivity generally results in
higher expected outcome (welfare goal) but leaves us with a more biased and more volatile treat-
ment effect estimate (estimation goal). Using the maximum batch size of 10, 000 is equivalent to
running a randomized controlled trial (RCT) on the whole sample: being the gold standard for
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measuring an effect it results in a reasonable estimate, but also a much lower expected welfare.

To compare the performance of different strategies in this space I plot the expected welfare (x
axis) against the mean squared error of the estimator (reversed y axis), the two objective func-
tions of the decision-maker (see Figure 1.5). To highlight the decision-maker’s constraint of
unbiasedness, biased estimates are shown with hollow circles whose transparency is propor-
tional to the size of bias. The best strategy would be a strong point at the top right corner: with
a total welfare of 10, 000 and an unbiased treatment effect estimate with zero MSE. Obviously,
such a strategy does not exist.

Figure 1.5: Performance of the bandit assignment rule in the welfare-estimation space

Biased estimates are hollow 

Point size is proportional to batch size
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Notes: Each dot shows the achieved welfare and the mean squared error of the standard treatment effect
estimator of the bandit assignment rule with a given batch size. Smaller batch size (quicker adaptivity)
leads to higher welfare but also larger bias and larger MSE. Number of simulations = 20,000.

Each strategy on the figure combines the adaptive allocation rule with τ̂0, the only difference is
the choice of nB. A decision-maker who only cares about the estimation goal would choose the
top left point of full RCT. Moving towards more adaptive rules brings significant welfare gains
for a slow increase in the variance of the estimator. However, the bias needs to be corrected.

1.4 Bias correction

1.4.1 Inverse Propensity Weighting (IPW)

A standard technique to correct bias in the treatment effect estimator is inverse propensity
weighting (also mentioned by Nie et al., 2018; Dimakopoulou et al., 2018). I prove in Equation
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1.3 that using IPW with estimated7 propensity score (the actual share of a batch assigned to
the treatment) is equivalent to using simple average of the batch averages (without weighting
as in τ̂0). Following from the fact that each group average is an unbiased estimate for the
corresponding group mean, this method takes the averages of multiple unbiased estimates and
thus gets rid of the compositional effect and takes the averages of multiple unbiased estimates.
As individuals arrive in batches, individual propensity scores depend only on the individual’s
batch: pi = P(Wi = 1) = pj for i ∈ Bj.

τ̂IPW =
1
n

(
n

∑
i=1

YiWi

pi
−

n

∑
i=1

Yi (1 − Wi)

1 − pi

)

=
1
n

m

∑
j=1

∑
i∈Bj

YiWi

pj
− ∑

i∈Bj

Yi (1 − Wi)

1 − pj


=

1
n

m

∑
j=1

∑
i∈Bj

YiWinB

∑i∈Bj
Wi

− ∑
i∈Bj

Yi (1 − Wi) nB

∑i∈Bj
(1 − Wi)


=

1
m

m

∑
j=1

∑i∈Bj
YiWi

∑i∈Bj
Wi︸ ︷︷ ︸

batch treated
average

− 1
m

m

∑
j=1

∑i∈Bj
Yi(1 − Wi)

∑i∈Bj
(1 − Wi)︸ ︷︷ ︸

batch control
average

(1.3)

However, IPW does not seem to be effective: instead of eliminating the bias, it can even exac-
erbate the problem (Figure A.3 in Appendix shows the distributions of τ̂IPW for different batch
sizes). The volatility of the estimator is also much higher.

The reason for this lies again in the asymmetry of sampling. Taking the average of averages as
explained above should work but only if there are averages available to average on. However, in
some cases the bandit might assign everyone to the treatment leaving no control assignees to use
for calculating the control batch average. These cases are exactly the ones where the treatment
effect is estimated with the highest positive error (hence the extreme assignment share of the
treated). I illustrate this process for nB = 1000. Table 1.1 summarizes the expected value of
the estimator by how many batches contained any control assignee: the more batch is without
controls (everyone is assigned to the treatment) the more over-estimated is the effect. As the
natural consequence of this selection, runs with controls in every batch (the majority) result in
an under-estimated treatment effect.

Figure 1.6 provides a visual illustration for this phenomenon on the control group. The left
panel shows that each batch average in itself is an unbiased estimate for the corresponding

7Other works, such as Hadad et al. (2019), use true propensity scores instead. This requires that one
stores the allocation probabilities as well. For me, {Yi, Wi} suffice.

13

C
E

U
eT

D
C

ol
le

ct
io

n



10.14754/CEU.2020.12

Table 1.1: Comparison of τ̂IPW by number of batches with control assignment

# of batches
with controls 1 2 3 4 5 6 7 8 9 10

E[τ̂IPW ] 1.99 1.85 1.76 1.79 1.71 1.46 1.64 1.32 1.22 0.80
Probability 2.0% 3.2% 3.5% 3.5% 3.8% 4.4% 5.2% 6.8% 11.4% 56.3%

Notes: Selection bias: Runs with controls in every batch (nB = 1000) underestimate the treat-
ment effect while runs with batches without controls overestimate the treatment effect, using
the average of averages (τ̂IPW) for estimator. Number of simulations = 20,000.

control mean. As we tend to sample less and less control in later batches, the estimate is more
and more volatile. The right panel shows how the average of averages evolve through batches.
If the average of averages after a given batch is small, we tend to sample either less control in
the following batch so we update the average with a more volatile average, or no control at all so
we do not update the average. This process results in the negatively biased, negatively skewed
distribution plotted with the darkest color in the chart.

Figure 1.6: Batch average for the control mean across batches (nB = 1000)

1st batch

last batch

0.00

0.25

0.50

0.75

1.00

-5.0 -2.5 0.0 2.5 5.0

Batch average (control)

d
e

n
s
it
y

after 1st batch

after last batch

0.00

0.25

0.50

0.75

-5.0 -2.5 0.0 2.5 5.0

Average of batch averages (control)

d
e

n
s
it
y

Notes: Each batch in itself is unbiased. Average of batch averages is getting biased due to selection.
Number of simulations = 20,000.

1.4.2 Using the first batch only

One can overcome the problem with inverse propensity weighting by using only the data col-
lected in the first batch. I call this as First Batch Estimator (τ̂FB):

τ̂FB =
∑i∈B1

YiWi

∑i∈B1
Wi

− ∑i∈B1
Yi(1 − Wi)

∑i∈B1
(1 − Wi)

(1.4)
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This estimator is unbiased, so the strategy of Thompson sampling assignment rule combined
with the first batch estimation method (TS-FB) works. However, it loses on efficiency as it drops
a large fraction of observations, especially for small batch sizes (Figure A.4 in Appendix shows
the distributions of τ̂FB for different batch sizes).

To better understand the efficiency cost relative to the welfare gain of this strategy, I visualize
its performance on the welfare-estimation plot (Figure 1.7). As a benchmark, I add the tradi-
tional strategy in economics where the assignment rule is not adaptive: first, concentrate on the
estimation goal and run an RCT on an experimental sample, and then, focus on the outcome
and form a deterministic rule based on the result that can be applied from then on (subject of
the classic treatment choice literature). This process can be translated to my case as the rule of
Explore-then-commit (ETC):

Explore-then-commit (ETC)

1. Split the first batch equally between treatment and controla .

2. Estimate the average treatment effect by comparing the treatment and control av-
erages calculated on the collected datab:

τ̂(1) = µ̂
(1)
1 − µ̂

(1)
0 =

∑i∈B1
YiWi

∑i∈B1
Wi

− ∑i∈B1
Yi(1 − Wi)

∑i∈B1
(1 − Wi)

3. Apply the assignment with the higher mean to everyone onwards:

pk = arg max
w

{
µ̂
(1)
w

}
for k ≥ 2

aTypically, the size of the batch is calculated by assuming a minimum size for the treatment
effect and deriving a required sample size that yields enough power given a predetermined false
positive rate (or significance level).

bComparing the averages corresponds to the Conditional Empirical Success Rule of Manski
(2004).

Adaptive data collection using τ̂FB clearly dominates the Explore-then-Commit (ETC) strategy
(using τ̂0) for decision-makers valuing welfare more, but it loses when MSE is more important.
The closest choices to the optimal top right point are nB ∈ {1000, 2000} for both strategies.

1.4.3 Limiting the propensity scores

With a slight modification of the assignment rule the efficiency problem of the TS-IPW strategy
can be improved (while preserving the bias-corrected estimate). As I showed in section 1.4.1, the
reason why τIPW is biased after adaptive data collection is that the algorithm does not assign to
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Figure 1.7: Performance of different strategies in the welfare-estimation space
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Notes: Each dot shows the achieved welfare and the mean squared error of the corresponding treatment
effect estimator for a given strategy with a given batch size. Generally, quicker adaptivity leads to higher
welfare but also larger MSE. ETC with moderate batch size works well, but smaller batch size harms not
only MSE but also welfare. TS-FB approximates the standard TS strategy with higher MSE but ensuring
an unbiased estimate. Number of simulations = 20,000.

both groups in each batch, and this unanimous assignment asymmetrically depends on previous
observations. A simple solution for this issue is to ensure that people are assigned to both groups
in each batch, that is to limit the (realized) propensity score away from the extremes of zero and
one. Although this method needs the modification of the data collection process, in the digital
world this is typically not very costly. Also, this solution is easy-to-implement.

Limited Thompson Sampling (LTS)

The difference to the native Thompson Sampling is highlighted in bold.

1. Split the first batch equally between treatment and control.

2. Form beliefs about the treatment and control means by deriving posterior distri-
butions using normal density with calculated averages (assuming that standard
deviation is known).

3. Assign individuals to the treatment in the next batch by the probability that the
treatment mean is higher than the control mean. If this probability is too ex-
treme, use a limited probability instead. Denoting the amount of limita-
tion by L, and the probability after the kth batch by p(k), the assigning
probability is p̃(k) = max

(
min

(
p(k), 1 − L

)
, L
)

.

4. Repeat from step (2) until assigning the last batch.
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The smallest possible limitation (e.g. 1% for the batch size of 100) would yield an unbiased τ̂IPW

estimate. The amount of limitation incorporates the welfare-estimation trade-off. Limiting to
higher extent requires higher opportunity cost, but also allows for more robust estimates. It
forms a smooth transition between two endpoints: the unlimited bandit (0% limit, previously
used in TS and TS-FB strategies) and a random split of the full sample (50% limit, ETC with
nB = 10000, full RCT).

Figure 1.8 shows the effect of limitation on welfare and estimation goals simulating 8 different
limit levels8. As expected, higher limit means lower welfare and more precise τ̂IPW estimate9.

Figure 1.8: Welfare and estimation performance of the LTS-IPW strategy

0%

5%

10%

15%

20%

0.99

0.98

0.95

0.90

0.85

1.00

10 50 500 5000

Batch size (log scale)

R
e

la
ti
v
e

 e
x
p

e
c
te

d
 w

e
lf
a

re
 (

u
n

lim
it
e

d
 =

 1
)

0%

0.5%

20%
0

1

2

3

4

5

10 50 500 5000

Batch size (log scale)

M
S

E
 o

f 
IP

W
E

Notes: The left panel shows the relative welfare achieved by the limited bandit rule compared to the
unlimited one for various limit choices, by batch size. The right panel compares the MSE of the inverse-
propensity-weighted estimators on the resulting data. Higher limits incur higher welfare cost but bring
more precision. The loss and gain by the amount of limit are disproportionate. Number of simula-
tions = 20,000.

The loss in welfare and the gain in precision is disproportionate: while the loss is linear in the
amount of limitation, the gain is not: using a 1% limit, MSE drops dramatically for each batch
size (by as much as 80% for nB = 2000 - see right panel) while it costs no more than 1% of
welfare (left panel).

It is interesting to note that limitation affects differently the different batch sizes. Small and
large batch sizes induce lower cost than the middle range for a given limit. This is the result of
two factors: First, limitation acts as a regularization tool, similarly to what we have seen with
larger batch sizes. Limitation decreases the probability of over-fitting, and can thus improve
welfare for some runs. Second, limitation obviously does not affect the simple random split of

80%, 0.5%, 1%, 2%, 5%, 10%, 15% and 20%.
9Limitation also decreases the bias of the τ̂0, but due to the inherent weighting in Equation 1.2, some

bias remains until the limit reaches the level of the simple random split.
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the first batch. For larger batch sizes, the share of the first batch is higher, thus, the limitation
cost is relatively lower.

On the other hand, the improvement on the estimation precision is about stable by batch size.
This result follows from the fact that limitation is defined as share of the batch, so it means
closely the same for each batch size. Higher limitation - in line with approaching the simple
random split strategy - also improves the skewness of the estimator and the variance of the
reached welfare.

As the estimation improvement does not depend on the batch size, strategies with quicker adap-
tivity should fare better in the welfare-estimation space. The left panel of Figure 1.9 shows the
performance of LTS-IPW with different limits. Lower limitation can achieve higher welfare with
an appropriate batch size, but only for a growing cost on MSE. The lines are close to horizontal,
showing that smaller batch sizes can achieve higher expected welfare for practically no estima-
tion cost. Different points of this chart depict different parametrizations (nB, L) of LTS-IPW
strategy; some of them dominate each other (e.g. large batch sizes with low limitation are clearly
worse than smaller batch sizes with higher limitation). Connecting the best parametrizations
give us the Performance Frontier of this strategy in the welfare-estimation space. Any of these
point could be achieved by choosing an appropriate batch size (nB) and amount of limitation
(L) - not necessarily simulated in this exercise.

Figure 1.9: Performance of different strategies in the welfare-estimation space

The shaded area shows the set of possible choices

0.0

0.5

1.0

1.5

5000 6000 7000 8000 9000 10000

Welfare

M
S

E

TS-FB

TS0.0

0.5

1.0

1.5

5000 6000 7000 8000 9000 10000

Welfare

M
S
E

Notes: The right panel shows the achieved welfare and the MSE of the inverse-propensity-weighted es-
timator of the limited bandit rule, by various limits and batch sizes. The dashed line connects the best
available choices (Performance Frontier). The left panel shows only this frontier compared to the previ-
ous strategies: LTS-IPW extends the possibilities by approximating the TS strategy while also ensuring
an unbiased estimate. Number of simulations = 20,000.

The right panel of figure shows only the frontier for the LTS-IPW strategy, along with our pre-
vious strategies. Limitation with inverse propensity weighting clearly extends the possibilities
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of the decision-maker: It gets the closest to the TS strategy but also allows for an unbiased es-
timate, and dominates TS-FB and also ETC for nB < 2000. If the decision-maker cares about
welfare as well, collecting data adaptively with some limitation and estimating the treatment
effect with inverse propensity weighting is the best strategy.

1.5 Monte Carlo Simulation

1.5.1 Uncertainty

Parametrization I investigate the behavior and performance of different strategies with dif-
ferent levels of uncertainty (σ) holding the treatment effect constant at unit value, so σ ex-
presses the noise-to-signal ratio. As the important measure in this problem is the relative effect
size τ/σ, it does not matter which one is fixed. Fixing τ allows me to directly compare the
welfare and estimation performance of the strategies. I investigate 8 different values for σ with
n = 10, 00010. Each setup is simulated with 10 values of batch size and 8 values of limit11,
10 − 50 thousand runs for each12.

Welfare Figure 1.10 summarizes the results of the expected total welfare and the bias in τ̂0 by
batch size for each σ. Less uncertainty (smaller variation in the potential outcomes) increases
the expected gain and decreases the bias. Both of these results are intuitive.

Unlike in the setup of the previous section (σ = 10), the quickest adaptivity results in the
highest expected welfare for low levels of noise (σ < 5). For these setups, the danger of over-
fitting is low, so regularizing by increasing the batch size does not help, only incurs a higher
opportunity cost.

There is another interesting pattern to note: For welfare, each line approaches the one with the
smallest σ as batch size increases, some also reach it. This means that less uncertainty does not
lead to higher outcome under a certain value of σ if batches are large enough. The reason for
this is that for each batch size there is a maximum of outcome that cannot be exceeded: when
the positive treatment effect is learnt immediately in the first batch and all subsequent batches
are assigned to the treatment. It is possible if the noise in the outcomes are small relative to
the batch size. This maximum possible welfare is depicted by the dashed line on the chart - if
the standard deviation in potential outcomes is not larger than the treatment effect, practically

10σ ∈ {1, 2, 5, 10, 15, 20, 25, 30}
11As small batch sizes do not work with low limits, it means 63 parametrizations for each setup.
12The number of runs depends on the level of noise: for setups with larger noise I run more simu-

lations to get robust results: 10,000 for σ below 10, 20,000 for σ at least 10 but below 20 and 50,000 for
larger values of σ.
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Figure 1.10: Expected total welfare and bias
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Notes: The left panel shows the expected welfare achieved by the (unlimited) bandit rule with different
batch sizes (along the x axis) by different levels of noise (labelled). The dashed line highlights the maxi-
mum welfare that each strategy could achieve, and the points depict the batch sizes with the maximum
welfare for a given σ. The right panel compares the bias in the standard treatment effect estimators.
Larger noise results in lower welfare and larger bias. Number of simulations = 10-50,000.

each batch size achieves this maximum. Table A.1 in the Appendix contains the results for each
scenario.

Estimation A similar pattern is visible in the bias (right panel) as well: if the noise is suffi-
ciently low and the batch size is large enough, there is no bias. Obviously, if the treatment effect
is perfectly learnt in the first batch, the asymmetric sampling that causes the bias does not kick
in. Figure 1.11 shows the average share of treated in the second batch across batch sizes for each
setup. It confirms that full learning in first batch can explain the observed patterns in welfare
and bias. Table A.2 and A.3 in the Appendix contain the expected bias and MSE values for each
scenario.

Welfare-Estimation Trade-off The previous results are in line with the main message of
this paper: welfare and estimation goals are working against each other. Mainly, quicker adap-
tivity leads to higher outcome but also higher bias, for each level of σ. This observation works
differently only for two special regions: (1) for high levels of noise, extreme adaptivity hurts
both goals, whereas (2) for low levels of noise, adaptivity can be increased until a certain point
gathering the welfare gain but without introducing any bias.

I suggested limiting as a working method for bias correction in section 1.4.3. I showed that small
amounts of limitation result in unbiased treatment effect estimates with highly improved MSE
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Figure 1.11: Average treated share in the second batch
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Notes: The figure shows the expected share of individuals assigned to the treatment in the second batch
for various batch sizes, under different noise levels. If the noise is small and the adaptivity is slow
enough, full learning occurs. These situations do not cause any bias, and they end up with the highest
possible welfare (see the left panel of Figure 1.10). Number of simulations = 10-50,000.

for only a low price in achieved welfare, and this disproportionality allows for the extension of
the set of available choices for the decision-maker in the welfare-estimation space.

Figure 1.12 shows the performance of the different strategies in the welfare-estimation space for
each setup. Similarly to Figure 1.7, it only shows the frontier for the TS-IPW strategy that is
formed by the best combinations of batch size and limit. Obviously, as the problem gets harder
(as the uncertainty grows), each strategy performs worse (are farther away from the top right
corner). My previous result is strengthened: adaptivity with limitation almost always extends
the feasible set of welfare-MSE pairs. For high noise, my suggested strategy even extends upon
the unlimited TS that were excluded because the estimate is biased. Only in low-noise setups is
this extension ambiguous. However, in these setups the problem to solve is easy, and the whole
question is of less importance. The treatment effect can be learnt perfectly right in the first
batch, so an unlimited bandit could deliver an unbiased estimate next to near-optimal welfare
(see Figure 1.10).
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Figure 1.12: Performance of different strategies in the welfare-estimation space
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Notes: Each panel is a replication of the left panel of Figure 1.9 for different levels of noise. The TS-
IPW strategy always extends the set of choices, especially if the problem is hard (the noise is large).
Number of simulations = 10-50,000.
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In practice it is important to know which combinations form the frontier that extends the pos-
sibilities. For welfare, it is obvious, that smaller limits are expected to fare better. However,
a small limit excludes small batch sizes as we need control assignees in every batch to ensure
unbiasedness. So, it is not straightforward how to choose the best strategy. Figure 1.13 shows
the expected welfare for all batch size - limit combinations, for different levels of uncertainty.
There are three interesting results to note:

Figure 1.13: Expected welfare of different combinations of nB and L
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Notes: Each panel shows the expected welfare relative to the best strategy for each batch size and limit
combinations, for different levels of noise. The best strategies are highlighted within each scenario.
Number of simulations = 10-50,000.

1. Quicker adaptivity is generally better, but not beyond nB = 50. Too small batch size
requires too large limit to preserve unbiasedness that adversely affects welfare. Also, the
opportunity cost they could possibly win is no more than the size of the batch which is
obviously small for small batches.

2. One can increase limit and decrease batch size to achieve about the same welfare. For
large noise cases, many combinations result in the same level of welfare. Note, however,
that this level is smaller in absolute value than in low-noise scenarios (recall Figure 1.1).

3. Limiting does not eliminate the problem of over-fitting: too quick adaptivity has a detri-
mental effect on expected welfare if the noise is high (e.g. for σ = 20 the achieved welfare
is smaller with nB = 10 than with nB = 50 even with larger limits).

Figure 1.14 shows the same chart for the estimation goal, plotting the MSE of different combi-
nations. As in this case, the important comparison is the estimated treatment effect itself, I use
the levels of MSE: a value above 1 means an error that is larger than what is measured.
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1. Intuitively, larger noise means larger MSE, across each combinations.

2. Smaller adaptivity and larger limits improve MSE. More interestingly, limiting mat-
ters more than batch size: in terms of estimation precision, increasing the limit is more
effective than increasing the batch size.

3. The combination that results in the smallest MSE while still achieving the maximal wel-
fare is: {nB = 50, L = 2%} for σ = 1 while {nB = 200, L = 5%} for σ ≥ 5.

Figure 1.14: MSE of different combinations of nB and L
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Notes: Each panel shows the MSE of the inverse-propensity-weighted treatment effect estimator of the
limited bandit for each batch size and limit combinations, for different levels of noise. Recall, MSE above
the unit level means an error that is larger than what is measured. Number of simulations = 10-50,000.

To better understand the behavior of different strategies, it is worth considering the limiting
cases of uncertainty:

1. no-noise scenario σ → 0 For low-noise cases, smaller limits reach higher welfare while
the MSE remains stable, so as σ → 0 it is reasonable to L → 0. Also recall that the
standard treatment effect estimator on unlimited bandit data is unbiased for sufficiently
large batches (see Figure 1.10), where the sufficiently large batch size decreases in noise.
Last, smaller batch size reaches higher welfare, and for low noise levels we should not
worry about over-fitting either. All of these suggest that we should run an unlimited
bandit with the smallest batch size (nB = 2) for the no-noise scenario (the estimation
method does not matter as σ = 0 ⇒ τ̂0 = τ̂IPW). This strategy is equivalent to the
intuitive solution of this problem: assign one observation to both groups and then assign
everyone based on the comparison of these outcomes.

2. no-treatment-effect scenario σ → ∞ For high-noise cases, high limits are needed to
keep MSE at moderate level. As noise increases, so decreases the achievable welfare (see
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Figure 1.10) and expands the set of batch size and limit choices that result in about the
same welfare as the best combination. These suggest to use the maximum limit of 0.5
for the limiting no-treatment-effect scenario which strategy is equivalent to the simple
random split. Again, this is an intuitive solution as zero treatment effect means there
is no potential welfare to gain from being adaptive so it would only incur losses on the
estimation goal.

Generally, we can conclude to following practical recommendations: choose the limit based on
the welfare-MSE trade-off and then use the smallest possible batch size. This choice of the batch
size gets less relevant as the noise increases.

1.5.2 Horizon

I also consider different lengths for the horizon13. Note that this is similar to changing the noise
and batch size appropriately: e.g. a 4 times larger sample size is equivalent to a setup with 2
times larger σ with 4 times larger batches (i.e. holding the number of batches fixed). Simulating
the illustrative case (σ = 10) for different lengths makes the comparison easier.

The right panel of Figure 1.15 validates the theoretical result, that the regret of Thompson
sampling with any batch size grows slower than the regret of the exploit-then-commit (ETC)
rule typical in the treatment choice literature.

The left panel of the chart focuses on the choice of batch size by different horizons. If the horizon
is shorter, smaller batch sizes are better: quicker adaptivity means less opportunity cost at the
beginning. Extreme adaptivity can still lead to over-fitting and thus, lower welfare. As the
horizon gets longer, larger batch sizes fare better. This result might be explained by the fact that
in the longer run, one has more time to invest in learning as there will be more time to gather
the interests. Note also, that for shorter horizon, smaller batch size means the same number of
batches. E.g. for n = 2000, the best batch size of 20 means 100 batches, the same, as the optimal
batch size of 100 for the n = 10, 000 case. The most allocation decisions should be made in the
longest horizon setup (400 batches deliver the best result for n = 40, 000). It is also worth
noting, that the importance of the batch size gets less important as the horizon grow: smaller
batch sizes reach about the same level of expected welfare.

Figure 1.16 depicts the performance of different strategies in the welfare-estimation space. The
limited IPWE strategy extends the available set of choices, especially if the horizon is shorter.
Note that decreasing the horizon is making the learning problem harder, similarly to increasing
the noise. Therefore, it is not surprising that the chart for the longest horizon resemble more

13The simulated values are the followings: 2000, 10,000, 20,000, and 40,000.
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Figure 1.15: Welfare performance of bandit algorithm with various levels of
adaptivity across different horizons
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Notes: The left panel shows the expected regret of different strategies by the horizon: the regret of
Thompson sampling grows slower with n than for the explore-then-commit rule common in the econo-
metric practice. The right panel shows the expected welfare achieved by different strategies relative to
the (infeasible) optimal welfare (treatment-only scenario). Longer horizons lessen the importance of the
choice of batch size. Number of simulations = 10,000.

for the small noise setups of Figure 1.12. Table A.4, A.5 and A.6 in the Appendix contain the
expected welfare, bias and MSE values for each scenario.

1.5.3 Non-Gaussian Potential Outcomes

All the previous results were built on the Gaussian assumption for the potential outcomes.
In this subsection I show how relevant this assumption is by considering less well-behaved
distributions as well. I focus on two common behavior: fat tails and skewness. I compare the
behavior of the strategies by simulating untreated potential outcomes by four distributions:

1. Normal distribution
2. Student’s t-distribution with 4 degrees of freedom (fat tails)
3. χ2 distribution with 5 degrees of freedom (positive skewness)
4. negative χ2 distribution with 5 degrees of freedom (negative skewness)

All of the simulated outcomes are standardized to have µ0 = 0 and σ = 10 in the population
(as in the original setup, see Section 1.3.1) to allow for a strict comparison by the shape of the
distribution.
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Figure 1.16: Performance of different strategies in the welfare-estimation space, for
different horizons
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Notes: Each panel is a replication of the left panel of Figure 1.9 for different horizons. LTS-IPW always
extends the set of possible choices, especially if the problem is hard (n is small). Number of simula-
tions = 10,000.

For the comparison I choose two strategies: Thompson sampling with the standard treatment
effect estimator (τ̂0) and the limited Thompson sampling with 5% limit using the inverse-
propensity-weighted estimator (τ̂IPW)14.

Figure 1.17 compares welfare performance of the strategies by distribution. The only difference
can be detected in the TS strategy with quick adaptivity: the fat-tailed and the negatively-
skewed distribution fare worse (but this difference is relatively small). The difference disappears
with the limited strategy.

14Note that I do not change the assignment mechanism, so the posterior beliefs about the group means
are still formed using normal distributions. This better approximates a real-world situation where the
exact distribution of the outcomes are not known.
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Figure 1.17: Welfare performance by different strategies compared by the distribution
of the potential outcome
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Notes: The figure shows the expected welfare of different strategies by batch size for each outcome
distribution. TS: Thompson sampling, LTS-5%: limited Thompson sampling with 5% limit. There is
no difference in the expected welfare by the distribution of the potential outcomes for the LTS strategy.
Number of simulations = 10,000.

The expected welfare solely depends on each strategy’s ability to assign as much individual to
the best group (here: to the treatment) as possible. In adaptive allocation rules this ability is
determined by how the estimated means compare to each other. As the assignment rule compares
averages of the observed outcomes, for large enough sample size the central limit theorem kicks
in and this makes the underlying distribution less relevant. In small sample cases, certain
shapes of the underlying distribution makes the true means harder to estimate: if it has fat tails
or a negative skewness. Interestingly, positive skewness seems to help.

Figure 1.18 shows the estimation performance of the same strategies using the standard treat-
ment effect estimator on the unlimited bandit data and the inverse-propensity-weighted esti-
mator on the limited bandit data. The general patterns are very similar to that of welfare.
Practically, one could detect differences only for the TS strategy with small enough batch sizes.
Fat-tailed and negatively skewed distributions of potential outcomes are worse, a positively
skewed distribution is better than the standard normal one. However, all of these differences
disappear when we apply limiting even if we want to preserve adaptivity.

The result that fat tails make our problem harder is intuitive. The differential result in skewness
needs some explanation. As I discussed in Section 1.3.3, the bias originates from the belief about
the control mean getting stuck a very low region. For this to happen we should draw from the
low end of the distribution. If the distribution of the potential outcomes is such that drawing
an observation negatively far from the mean has a higher probability, our problem gets harder.
Negative skewness means that the mode is below the mean so the probability of drawing negative
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Figure 1.18: Estimation performance by different strategies compared by the
distribution of the potential outcome
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Notes: The figure shows the expected bias and MSE of the estimator of different strategies by batch
size for each outcome distribution. TS: Thompson sampling using τ̂0, LTS-5%-IPW: limited Thompson
sampling with 5% limit using τ̂IPW . Number of simulations = 10,000.

outliers is higher. In contrast, positive skewness brings more positive outliers that – due to the
asymmetric sampling – only makes our problem easier. Obviously, if the treatment effect is
negative, positive skewness is better.

1.6 Data-driven simulations

To assess the behavior of different strategies and the welfare-estimation trade-off in a practical
setting, I will ran data-driven Monte Carlo simulations using the well known National Job
Training Partnership Act (JTPA) study (Bloom et al., 1997). I take the experimental sample
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that was used by the influential paper of Abadie et al. (2002). This sample has been used many
times for illustrative purposes in the treatment choice literature (see among others Kitagawa and
Tetenov, 2017). Participants of the JTPA study assigned to the treatment group were offered
job training. The outcome of interest it the earnings of the participants in the next 30-months
period.

Table 1.2 shows the main numbers of the experiment. The program seems to be effective. The
average earnings of the treatment group is $1,159 higher, even though only 64% of them ac-
tually got the training. This shows a positive intention-to-treat effect (ITT), that is my main
interest here focusing on treatment assignment rules. The positive ITT more than compensates
for the actual cost of the treatment, resulting in a net intention-to-treat effect of $674.

Table 1.2: Descriptive statistics of JTPA experiment

Assignment

Treatment Control All

Number of participants 7,487 3,717 11,204
Share of trainees 64.2% 1.5%
Mean outcome $16,200 $15,041 $15,815
ITT $1,159
Mean net outcome $15,703 $15,029 $15,480
net ITT $674

Notes: Mean outcome is calculated as the 30-month earnings
of the participants. Mean net outcome accounts for the oc-
casional cost of training ($774, borrowed from Bloom et al.,
1997).

JTPA was a one-off experiment lasting for more than a year. For the sake of illustration, I will
assume participants could have arrived in batches to simulate how adaptive assignment rules
would have behaved with the JTPA-participants. Considering that such programs last over
years this might be a relevant thought experiment: one can regard batches as yearly participants
of such programs where each year’s policy depends on available observations until that point15.

For data-driven simulation, I relax the distributional assumption and the homogeneous treat-
ment effect assumption. Instead, I simulate potential outcomes by bootstrapping from the avail-
able data. This way, I can simulate arbitrary assignments using the original data - as a result,
it will not be true any more that only the arrival is random: each simulation run will consist of
a different population (bootstrapped from the same original population). Besides this difference,
the JTPA data could be translated to my setup by scaling the number of individuals and the

15In such setup, the independent and identically distributed arrival is a very strong assumption: un-
employed people in different years are likely to behave differently. Dimakopoulou et al. (2018) inves-
tigate the estimation problem in the exploration-exploitation framework in settings where the outcome
is heterogenous by the arrival. They suggest a balancing method for contextual bandits to eliminate
bias. In this paper I maintain the IID assumption to focus on the bias that arises even without any
heterogeneity.

30

C
E

U
eT

D
C

ol
le

ct
io

n



10.14754/CEU.2020.12

treatment effect (average net ITT) corresponding to a scenario of σ = 13.716.

Figure 1.19 compares the performance of different strategies in the welfare-estimation space. As
in the actual study 67% of the participants was assigned to the treatment and the net intention-
to-treatment effect happened to be positive, the actual strategy fares very well17. However,
the adaptive rules can win an additional welfare of as much as $1M while still providing an
unbiased estimate (in exchange for higher variance in the estimate). Furthermore, had the
treatment effect happened to be negative, the actual strategy would have suffered a huge loss
whereas the adaptive strategy could adapt to that scenario as well. Compared to a neutral 50-
50% random split, the welfare gain of the adaptive strategy is much bigger and a large share of
it could be realized without much loss on MSE.

The patterns of the figure are really similar to that of the σ = 15 case in Figure 1.12, only the
uncertainty seems to be larger (limiting beats the unlimited strategy in welfare). This could
result from the fact that the treatment effect is no longer constant and there is also variability
in the population due to the bootstrap.

Figure 1.19: Welfare-estimation trade-off for the JTPA experiment
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Notes: Each dot shows the achieved welfare and the mean squared error of the standard treatment effect
estimator for a given strategy. The shaded are shows the available choices for the limited bandit strat-
egy with inverse-propensity-weighted estimator for an appropriate batch size and limit. The dashed
line connects the best possible combinations (Performance Frontier). The LTS-IPW strategy extends the
available set of choices. Number of simulations = 10,000.

16First scale the outcome to have µ0 = 0 and µ1 = 1. Then scale the standard deviation of this scaled
outcome by

√
10000/n.

17To assess the MSE of the actual assignment, I simulated a random split with a treatment share of
67%.
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1.7 Concluding remarks

In our digital world, collecting data and base our decisions on them are getting technologically
feasible. Therefore, online experimentation is getting more and more popular. In this paper,
I dealt with this problem from a new perspective. Instead of focusing either on welfare maxi-
mization or estimation, I take a more practical viewpoint by considering both goals together. I
borrow ideas from program evaluation and apply them on multi-armed bandits to improve upon
the established methods valued by both welfare and estimation metrics.

Running a systematic Monte Carlo study, I highlight an important trade-off between welfare
and estimation: experimentation strategies that result in good estimators (such as randomized
controlled trial) suffer from huge opportunity cost, whereas the bandit algorithm that optimizes
for welfare leads to biased treatment effect estimate. Some straight-forward strategies (e.g.
explore-then-commit, bandit with estimation on randomized subsample) form transitions be-
tween the two extremes, so they provide good choices for decision-makers who have both welfare
and estimation goals.

My contribution is threefold: First, I characterize the behavior of a well-known bandit heuris-
tic, the Thompson sampling, across different setups. The standard treatment effect estimator on
adaptively collected data suffers from amplification bias, and this bias increases in the relative
size of the treatment effect and in the speed of adaptivity of the algorithm (smaller batches). The
traditional bias correction method of inverse propensity weighting (IPW) does not work, it can
even exacerbate the bias. Second, I highlight the welfare-estimation trade-off for established so-
lutions. Finally, I suggest an easy-to-implement trick to correct the bias: limiting the adaptivity
of the data collection by requiring sampling from all arms. Using inverse propensity weight-
ing on data that arise from limited adaptivity results in an unbiased treatment effect estimate,
whereas it preserves almost all of the welfare gain stemming from adaptivity.

If you face an easy problem where the relative size of the treatment effect is large, quick adap-
tivity along with small (or even no) limiting is the best choice to reach both high welfare and
a reasonable estimator. If the noise is larger, choosing a higher batch size (skipping some deci-
sions) is a better idea, as it could improve the expected outcome (similarly to how regularization
improves prediction accuracy if the noise is large). Limiting more has small welfare cost while
it can highly improve the precision of the estimator.

Running a bandit algorithm with limiting has a major advantage over the explore-then-commit
strategy. While the latter could beat the frontier defined by the best batch size and limit combi-
nations in certain setups, one should choose the sample for exploration optimally to realize this
result. However, this sample should be chosen in advance where we do not know the relative
treatment effect, nor the horizon. In contrast, when running an adaptive experiment, one can
change the batch size and limiting parameters throughout the whole process, and adjust them
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according to the actual knowledge about the environment – without risking unbiasedness.

My simulation considered only a very simple setup. Real world scenarios often include fat tail
distributions, or much more than just one treatment. I stick to the simple setup to concentrate
on the basic mechanisms of adaptive data collection. The main result of the welfare-estimation
trade-off should hold for a much broader set of environments. I suppose that regularization with
higher limits and larger batch sizes gets more important for fat tail distributions. However, this
question should be answered by future research.

I expect that adaptive experiments are becoming more popular in every field, including eco-
nomics. Understanding its mechanisms is essential to be able to use this tool correctly. This
paper hopefully could contribute to this purpose.
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Chapter 2

Examining the Effect of Retirement on
Cognitive Performance - A Unifying
Approach

2.1 Introduction

In developed countries, increased life expectancy, together with the parallel decline in the aver-
age retirement age, has increased the average spell of retirement in the last decades (the expected
number of years in retirement for OECD countries increased from 10.6 years in 1970 to 18.2
years in 2015 for men, and from 14.6 to 22.7 years for women1). Even if eligibility ages have
been raised recently, people often spend 15-20 years of their lives as pensioners, which makes
this phase of their life more and more relevant. Beside the individual level, the period of retire-
ment is also of growing importance at the social level as well, because the proportion of retirees
is increasing in the ageing population. As a natural consequence, various fields of research
began to deal with the quality of the life of retirees. In this agenda, a particular aspect – namely
the cognitive performance of old age individuals – has captured the attention of economists as it
highly influences the decisions they make forming their consumption or saving behavior which
affects the work of the economy to an increasing extent. Therefore, the age profile of cognitive
abilities at the later stages of life is fundamental for many fields from marketing to pension and
health policy.

It has been widely documented that individual cognitive performance tends to decline in older
ages. According to Schaie (1989) cognitive abilities are relatively stable until the age of 50 but
begin to decline afterwards. However, there is large heterogeneity in the progress of cognitive
decay, raising the natural question of what are the driving forces behind and whether there is

1OECD, https://stats.oecd.org/index.aspx?queryid=54758
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a way to decelerate it in order to maintain cognitive abilities as long as possible. A popular
hypothesis, which is often called as use-it-or-lose-it hypothesis (see for example Rohwedder and
Willis, 2010), suggests that the natural decay of cognitive abilities in older ages can be mitigated
by intellectually engaging activities. Thus, retirement which goes together with the cease of
cognitively demanding tasks at work, might accelerate the natural declining process, having
a negative causal effect on cognition. In this respect, the notion of retirement simply refers
to not working, and thus incorporates a broader definition than usual (for example, people on
disability benefit or who are unemployed could also be regarded as retirees).

Many papers have been investigating recently the effect of retirement on cognitive abilities in
developed countries (e.g. Rohwedder and Willis, 2010; Mazzonna and Peracchi, 2012; Bonsang
et al., 2012), yet the results they have delivered are ambiguous. The inconclusive outcome is
most likely due to the difficulty of identification and the resulting variety in the identification
strategies.

In this paper I investigate the effect of retirement and cognition by two methods: First, I repli-
cate the estimations of previous papers uncovering the factors behind the differences. I show
that they fail to disentangle the true effect highlighting how sensitive their results are to mi-
nor modifications of the set of controls. Second, I apply a novel identification strategy which
aims to handle the problems which the current literature suffers from. Applying a difference-
in-differences approach I can account for all time-invariant individual heterogeneity, and get a
smaller result than any other previous work. This result is robust to choosing different time-
periods or including more controls.

My analysis is based on the first, second and the fourth waves of the Survey of Health, Ageing
and Retirement in Europe (SHARE)2 which collects rich multidisciplinary data about the socio-
economic status, health (including cognitive functioning), and other relevant characteristics
(like social networks) of people aged 50 or over across 10 developed European countries. The
survey is harmonized not only across European countries but also with other surveys such as
the Health and Retirement Study (HRS), that serves similar purposes in the United States and
is used by some of the replicated papers (e.g. Bonsang et al., 2012). To my knowledge, this paper
is the first which makes use of a large longitudinal cross-country sample to go after the effect of
retirement on cognition.

2This paper uses data from SHARE wave 4 release 1.1.1, as of March 28th 2013(DOI:
10.6103/SHARE.w4.111) or SHARE wave 1 and 2 release 2.6.0, as of November 29 2013 (DOI:
10.6103/SHARE.w1.260 and 10.6103/SHARE.w2.260) or SHARELIFE release 1, as of November 24th
2010 (DOI: 10.6103/SHARE.w3.100). The SHARE data collection has been primarily funded by the Eu-
ropean Commission through the 5th Framework Programme (project QLK6-CT- 2001-00360 in the the-
matic programme Quality of Life), through the 6th Framework Programme (projects SHARE- I3, RII-CT-
2006-062193, COMPARE, CIT5- CT-2005-028857, and SHARELIFE, CIT4-CT-2006-028812) and through
the 7th Framework Programme (SHARE-PREP, No 211909, SHARE-LEAP, No 227822 and SHARE M4,
No 261982). Additional funding from the U.S. National Institute on Aging (U01 AG09740-13S2, P01
AG005842, P01 AG08291, P30 AG12815, R21 AG025169, Y1-AG-4553-01, IAG BSR06-11 and OGHA 04-
064) and the German Ministry of Education and Research as well as from various national sources is
gratefully acknowledged (see www.share-project.org for a full list of funding institutions).
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The main challenge in uncovering the true effect is the endogeneity of retirement: a simple
comparison of cognitive abilities of retirees and employees is likely to lead to biased estimates.
Ideally, we would like to compare individuals from the same cohort and country, with the same
age and education, one of them randomly assigned to be retired for a period of time while the
other is working. As retirement is mainly an individual choice, this comparison is clearly impos-
sible. For example, one can conveniently argue that the decay of cognitive abilities may induce
the individual to retire, that is there is reverse causality going from cognition to retirement.
This may result in overestimating the retirement effect on cognition in a simple comparison,
even if we control for age. The standard solution is employing instrumental variables. Pub-
lic policy rules (like official retirement age) seem to be good candidates for being relevant and
exogenous instruments, as they clearly affect whether an individual retires but they generally
refer to everyone irrespective of their actual cognitive performance.

While replicating previous cross-sectional analyses I show that applying public policy rule in-
struments in such settings can easily violate the exogeneity assumption: eligibility rules typ-
ically vary by country and gender, so not controlling for them properly can wrongly attribute
general differences to the effect of retirement. This explains the sensitivity of cross-sectional
results to alternative sets of controls.

Bonsang et al. (2012) use panel data from the HRS estimating a fixed-effect specification that
naturally controls for such general differences. However, their results cannot be replicated on
my sample. Also, their strategy uses an unbalanced panel over 10 years that mixes together
the effect of retirement with other factors: cohort, attrition and learning effects could bias their
results in an ambiguous way.

My strategy directly compares individual cognitive paths of employed and retired people. This
way I also control for all time-invariant individual characteristics that allows for safely applying
the standard public policy rules as instruments. Comparing cognitive paths implies a balanced
panel specification, making it easier to assess panel concerns. I estimate the same relationship
on different samples (comparing different waves) that contain different cohorts and also might
suffer from different attrition rates, and my results are robust to these alternative specifications.
Contrary to previous findings, my results suggest that retirement does not seem to cause serious
harm for cognition: only around 0.02 standard deviation yearly.

This paper is structured as follows. Section 2.2 gives a formal setup for the problem and dis-
cusses the main challenges in the identification. Section 2.3 describes the data, detailing the
various cognitive measures. Section 2.4 contains the replications of the previous results backed
up by additional estimates that put them into context. Section 2.5 exhibits the results of my
strategy. Section 2.6 concludes.
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2.2 Model

A general way to model parametrically the relationship between cognitive performance and
retirement is the following:

Ci = α + f (Ri; β) + ui (2.1)

ui = X
′
i γ + εi (2.2)

where Ci denotes the cognitive performance of individual i, Ri is the number of years the in-
dividual has spent in retirement (i.e. not working). I allow for the cognitive performance to
depend upon these years through an arbitrary function f with parameter β. The term ui con-
tains all factors associated with Ci except for Ri, for example: age. Equation (2.2) makes this
dependency explicit where Xi is the vector containing these factors.

Clearly, E[Ci|Ri] = α + f (Ri; β) + E[ui|Ri]. Assuming that we know f and have a good
measure for Ci, the parameter of interest (β) can be consistently estimated if E[ui|Ri] = 0.
However, this is hardly the case. There are two sources which make the exogeneity assumption
dubious: omitted variable bias and reverse causality.

Omitted variable bias There are lots of factors which are associated with the cognitive per-
formance and also the years spent in retirement. These are factors in Xi which are correlated
with Ri. The most obvious candidate is age: older individuals are expected to have spent more
years in retirement and they also have worse cognitive skills due to age-related decline. Edu-
cation is also incorporated in Xi: worse educated individuals retire earlier and they also have
worse cognition. One should take care of these factors when estimating the effect of retirement
on cognitive performance. The main challenge here is that we do not know exactly what factors
are in Xi.

Reverse causality One can conveniently argue that the decay of cognitive abilities may
induce the individual to retire, so there is reverse causality going from cognition to retirement.
That may result in overestimating the retirement effect on cognition in a simple comparison,
even if we control for all factors in Xi.

Most attempts trying to uncover β apply instrumental variables, as they might be able to
eliminate both problems. Good instrumental variables (let us denote them by the vector Zi)
satisfy two requirements: first, they are correlated with the possibly endogenous retirement
variable (Cov(Zi, Ri) ̸= 0), and second, they are related to the cognitive performance only
through years of retirement (E[ui|Zi] = 0). If these two assumptions hold, both omitted variable
bias and reverse causality are resolved.
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2.3 Data

Most papers which are after the effect of interest use the same sources of data provided by three
large longitudinal surveys: the Health and Retirement Study (HRS), the English Longitudinal
Survey of Ageing (ELSA) and the Survey of Health, Ageing and Retirement (SHARE).

Aiming to provide a multidisciplinary data about ageing, the United States of America
launched the Health and Retirement Study (HRS) in 1992, and since then the study has col-
lected detailed information about socio-economic status, health (including cognitive function-
ing), and other relevant characteristics (like social networks) of people aged 50 or over. Respon-
dents of the survey are visited biannually and put through in-depth interviews to collect rich
panel micro data about ageing population. The English Longitudinal Survey of Ageing (ELSA)
was designed according to the HRS with its first wave launched in 2002. 2 years later Conti-
nental Europe also decided to set up an ageing database by establishing the Survey of Health,
Ageing and Retirement in Europe (SHARE), a cross-nationally comparable panel database of
micro data. SHARE started with 12 countries (Austria, Belgium, Denmark, France, Germany,
Greece, Israel, Italy, the Netherlands, Spain, Sweden and Switzerland) in 2004 with wave 1,
three countries (the Czech Republic, Ireland and Poland) joined in wave 2, and another four
countries (Estonia, Hungary, Portugal and Slovenia), joined in wave 4. The three surveys
(HRS, ELSA and SHARE) are carefully harmonized, and thus provide an excellent basis for
cross- country investigation of ageing population in developed countries.

What makes the surveys appropriate for this particular analysis is that they include a battery
of tests about cognitive abilities (memory, verbal fluency and numeracy). The test of memory
is done as follows: 10 simple words are read out by the interviewer and the respondent should
recall them once immediately after hearing and then at the end of the cognitive functioning
module. As a result, both immediate recall and delayed recall scores range from 0 to 10. Often,
the two variables are merged to a composite one by adding them up, which is called total word
recall. Verbal fluency is tested by asking the respondent to name as many distinct animals as she
can within one minute. The length of this list provides a measure for verbal fluency. SHARE
also consists of several questions about individual numeracy skills. Respondents who answer
the first one correctly get a more difficult one, while those who failed get an easier one. The
last question requires the respondent to calculate compound interest. The number of correct
answers to these questions provides an objective measure of numeracy ranging from 0 to 4.
Finally, there is a test of orientation of four questions which examines whether the respondent
is aware of the date of the interview (day, month, year) and the day of the week. This test may
be used to detect individuals with serious cognitive problems or progressed dementia.

Various measures of cognitive skills might grab its different aspects as argued in Mazzonna
and Peracchi (2012). As most of the papers use the results on memory tests I also focus on that
measure for comparison purposes. To have a common unit I use standardized scores to express
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scales in standard deviation.

Throughout the paper I make use of the first, second and fourth waves of SHARE. The third
wave of data collection (SHARELIFE) is omitted, as it is of different nature: it focuses on
people’s life histories instead of current characteristics.

2.4 Replications

In this section I replicate the main results of the literature, specifically that of Rohwedder and
Willis (2010), Mazzonna and Peracchi (2012), and Bonsang et al. (2012). I put all of these
results in my unified framework and show that their differing conclusions actually fit in the
broader picture. The ambiguity of their results stems from the differences in their identification
strategies that implies that their estimated "effects" of retirement on cognitive performance
measure different kinds of things.

The papers differ in three crucial aspect: first, what is their assumption about how retirement
should affect cognitive performance (i.e. what is their assumption for f ), second, how they
handle omitted variable bias (i.e. which factors they are controlling for from Xi), and third, what
is their choice for instrumental variable to overcome endogeneity. Besides the methodology, they
also differ in the data they use for estimation. However, considering the goal of uncovering a
general relationship this fact should be of secondary importance as far as the measurements are
comparable across the datasets.

The structural equation the papers try to estimate could be summarized as follows:

Si = α + f (Ri; β) + X∗′
i γ∗ + ũi (2.3)

ũi = X̃
′
i γ̃ + εi (2.4)

where Si is a cognitive score, a measurement of cognitive performance. This formulation helps
to differentiate between factors which are controlled for (X∗

i ) versus factors which remain in
the error term (X̃i). To get a clear causal effect equation (2.3) is estimated by a 2SLS procedure
where the first stage is

Ri = Z
′
iπ + X∗′

i ρ + νi (2.5)

From now on let us assume that the cognitive measurements detailed in the previous section
describe well the actual cognitive skills. To be more precise, I assume that Ci = Si + ei where ei

is a classical measurement error in the dependent variable, i.e. Cov(ei, Si) = Cov(ei, Ri) = 0.
In this case our estimators remain consistent although less precise.
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All of the papers use various public policy rules to instrument retirement (such as pension
eligibility rules). Such rules are good candidates for instrument as they vary across country and
gender and are strongly correlated with employment status. The crucial question is whether it
also satisfies the exogeneity assumption. Formally, the exogeneity assumption can be expressed
as E [ũi|Zi] = 0. It essentially says that there is no systematic difference in the cognitive
performance of an eligible and a non-eligible individual in the sample (after controlled for some
other features).

2.4.1 Rohwedder and Willis (2010)

The first serious attempt to uncover the causal relationship between retirement and individual
cognitive performance (Rohwedder and Willis, 2010) uses a simple setup: they only include a
dummy for not working on the right hand side on a restricted sample of people aged between 60
and 64. This is equivalent to estimating the average effect of retirement on cognition conditional
on the average duration of retirement the sample, that is assuming that f (Ri; β) = β̃1(Ri > 0)
where β̃ = βRi. Beside restricting the sample on a narrow age-range they do not include
anything in X∗

i . To handle endogeneity they use public pension eligibility rules as instruments:
whether the individual is eligible for early or full benefits. See Table B.1 for a summary of the
methodologies.

Rohwedder and Willis (2010) estimate their model on the 2004 waves of SHARE, ELSA and
HRS, and find that retirement has a large adverse effect on cognition among 60-64 years old,
amounting to one-and-a-half standard deviation. Unfortunately, they do not report the average
duration of retirement in their sample which makes it hard to convert this number to yearly
average.

Using only the first wave of SHARE (and thus having a much smaller sample than theirs, 4464
versus 8828 observations) I was able to replicate their main findings (see the first column of Ta-
ble 2.1). The pattern is the same: retirement seems to decrease cognitive performance. However,
my estimation is somewhat smaller, amounting to only 1 standard deviation. Considering that
the average duration of retirement in my sample is 6.6 years, it could be translated to an average
yearly decline of 0.15 standard deviation (if I use the same number for conversion, the estimate
of Rohwedder and Willis (2010) corresponds to 0.23 standard deviation yearly decline).

In order to be able to interpret the previous result as causal effect it should be true that
E [ũi|Zi] = 0. Clearly, eligibility rules are not related to unobserved individual idiosyncrasies
in cognition, as they generally refer to everyone. So using the instrument indeed helps with
the problems. However, there are other factors left in ũi which are likely to be correlated with
the instrument. For example, in most countries eligibility rules differ for males and females:
women tend to become eligible earlier. Women also have higher memory scores than men in
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Table 2.1: Comparing the methodology of Rohwedder and Willis (2010)
by two versions of the instrumental variable: 2SLS estimation

(1) (2)
Rohwedder and Willis (2010) Mazzonna and Peracchi (2012)

Retired −1.010*** −0.500***
(0.14) (0.13)

Constant 0.736*** 0.365***
(0.10) (0.097)

Observations 4,464 4,464
Weak IV F statistic 154.45 156.12

Notes: Both results are from the second stage estimation of Si = α + β1(Ri > 0) + ui
where the retirement dummy is instrumented by early and normal eligibility dummies.
The coefficient of interest in Rohwedder and Willis (2010) is –4.66*** on a sample of
8,828 observations which amounts to 1.5 standard deviation. The corresponding first
stage regressions are summarized in Table B.2.
Weak IV F statistic is calculated according to Angrist and Pischke (2008). Stock et al.
(2002) suggest that an F below 10 should make us worry about the potential bias in the
IV estimation.
* p < 0.1, ** p < 0.05, *** p < 0.01. Standard errors in parentheses.

the same age, even before retirement (for people below 55 the mean difference amounts to 0.19
standard deviation in my data). Not controlling for gender is likely to lead to underestimated
effects as women with better scores are overrepresented in the eligible population. Moreover,
people from different countries might differ in their average education as well (e.g. because of
different compulsory schooling laws affecting today’s pensioners). As different countries also
have different eligibility rules, ignoring schooling is also likely to undermine the exogeneity
of the instruments. Bingley and Martinello (2013) show that countries with higher eligibility
ages also tend to have better educated old age people, and thus the effect of Rohwedder and
Willis (2010) is overestimated. The violation of the exogeneity assumption makes the causal
interpretation of the results in the first column of Table 2.1 questionable.

2.4.2 Mazzonna and Peracchi (2012)

The paper of Mazzonna and Peracchi (2012) improves upon Rohwedder and Willis (2010) along
all of the three aspects: they allow for a yearly retirement effect instead of including just a retired
dummy, they control for a set of features (age, gender and country), and they use a modified
instrumental variable that has some variation within the country-gender cells. They end up
with an estimated yearly decline of around 0.04 standard deviation, an order of magnitude less
than the first estimate. I replicate their strategy by implementing their improvements one by
one, to shed some light on what causes the reasonable drop in the effect.

I start with the modified instrumental variable: as opposed to the eligibility rules that were in
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effect at the time when the interviews were conducted, Mazzonna and Peracchi (2012) consider
also the changes that the rules might have had during the times. For each individual they apply
the eligibility rules that were in effect for the individual’s cohort. This way they have some
variation in the rules within country-gender cells. Both instrumental variables reach the same
level of relevance (see the first stage regression results in Table B.2 in the appendix). However,
using the refined IV results in a reasonable drop in the coefficient of interest (see the second
column of Table 2.1) even with the original specification. Introducing within-country-gender
variation into the instrumental variable leads to halving of the effect, to a decline of only 0.075
standard deviation per year.

The methodology of Mazzonna and Peracchi (2012) differs from that of Rohwedder and Willis
(2010) not only in respect of the instrumental variable. They also assume a different functional
form, and control for a different set of features. Instead of using just a retirement dummy (and
thus estimating the effect conditional on the average duration of retirement) they enter the num-
ber of years spent in retirement linearly in the equation (i.e. they assume that f (Ri; β) = βRi).
To adapt to the different endogenous variable, they also modify the instrument accordingly: in-
stead of using eligibility dummies, they calculate the years lived after reaching the eligibility
age (i.e. max(0, age − ageeligibility)). They control for age in a different manner: instead of
restricting the sample to 60-64 years old they estimate a linear age coefficient on a sample of
people aged 50-70. They also control for country dummies and estimate the equation separately
for men and women.

Table 2.2 summarizes the results of moving from the strategy of Rohwedder and Willis (2010)
to that of Mazzonna and Peracchi (2012) step by step. (Table B.3 in Appendix shows the
corresponding first stage regression results.) This simple exercise illustrates how sensitive the
estimates are to various specifications. In the followings, I comment on each specification,
explaining what could be the reason behind the change (each point discusses the estimated
specification with the corresponding number):

(1) The estimated effect of 0.05 standard deviation yearly (first column) is comparable to the
effect estimated with the retirement dummy (see second column Table 2.1 and considering
the average retirement duration of 6.6 years: 0.5 / 6.6 = 0.075).

(2) Extending the age range does not really matter.

(3) Restricting to those with labor market history makes the effect a bit larger. This is practi-
cally due to excluding some outliers with 50+ years spent in retirement.

(4) Controlling for age delivers weird results. The effect doubles and the coefficient on age is
positive: age seems to improve cognitive performance until retirement, whereas it deteri-
orates it by around 0.14 standard deviation after that. This could be explained by country
differences: as Bingley and Martinello (2013) draws the attention to, eligibility age and
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Table 2.2: Moving from the strategy of Rohwedder and Willis (2010)
to that of Mazzonna and Peracchi (2012)

(1) (2) (3) (4) (5)
aged 60-64 aged 50-70 + worked at 50 + age + country

Years in retirement −0.051*** −0.053*** −0.083*** −0.169*** 0.158***
(0.0072) (0.0021) (0.0029) (0.015) (0.032)

Age 0.044*** −0.112***
(0.0075) (0.015)

Constant 0.376*** 0.359*** 0.226*** −2.157*** 6.090***
(0.051) (0.015) (0.012) (0.41) (0.77)

Country dummies No No No No Yes

Observations 4,052 17,448 14,052 14,052 14,052
Weak IV F statistic 118.05 1614.48 5779.83 246.16 60.57

Notes: The results are from the second stage estimation of Si = α + βRi + X∗′
i γ∗ + ui with dif-

ferent samples and different X∗ where years of retirement is instrumented by early and normal
eligibility dummies. The corresponding first stage regressions are summarized in Table B.3.
Weak IV F statistic is calculated according to Angrist and Pischke (2008). Stock et al. (2002)
suggest that an F below 10 should make us worry about the potential bias in the IV estimation.
* p < 0.1, ** p < 0.05, *** p < 0.01. Standard errors in parentheses.

schooling is positively correlated (in my sample the correlation is 0.21 and 0.14 for the
early and normal eligibility age, respectively). Therefore, comparing two individuals with
the same age but differing years after eligibility likely means comparing two individuals
from different countries with the older one being from the better educated country. This
reasoning justifies the positive age coefficient and underlines the importance of control-
ling for both age and country.

(5) Controlling for country indeed solves the puzzle of positive age coefficient, changing its
sign to what is expected. However, now the coefficient of interest changes sign and gets
positive. The unexpected sign results again from omitted variable bias: gender is not con-
trolled for. As mentioned previously, women perform significantly better on memory tests
(controlling for age) than men (for this sample, they are by 0.28 standard deviation better.
Thus, when we control for both age and country, we mainly identify the retirement effect
from gender variation. To see that this is really the case, check the results in the first two
columns of Table 2.3 where I also included a control for gender. The positive sign of the
coefficient of interest reverses back to what is expected. The next two columns of the table
shows the same result when the numeracy score is used to measure the cognitive skills.
Women perform on average by -0.28 standard deviation worse on the numeracy test and
correspondingly, we see larger negative effect of years in retirement on numeracy when
not controlling for gender. For fluency, there is no notable difference in the performance
of men and women.

There is one more puzzle in Table 2.3. Why is the coefficient on age is positive for numeracy
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Table 2.3: Moving to the strategy of Mazzonna and Peracchi (2012) -
the effect of gender control for different measures of cognitive performance

(1) (2) (3) (4) (5) (6)
TWR TWR numeracy numeracy fluency fluency

Years in retirement 0.158*** −0.176*** −0.360*** −0.013 −0.038 −0.048
(0.032) (0.036) (0.042) (0.032) (0.026) (0.031)

Age −0.112*** 0.049*** 0.151*** −0.016 −0.007 −0.002
(0.015) (0.017) (0.020) (0.016) (0.013) (0.015)

Female 0.290*** −0.302*** 0.010
(0.022) (0.019) (0.019)

Constant 6.090*** −2.270** −7.318*** 1.392* 0.951 0.689
(0.77) (0.90) (1.03) (0.80) (0.64) (0.76)

Country dummies Yes Yes Yes Yes Yes Yes

Observations 14,052 14,052 14,145 14,145 14,004 14,004
Weak IV F statistic 60.57 43.41 61.11 44.23 62.38 45.15

Notes: The results are from the second stage estimation of Si = α + βRi + X∗′
i γ∗ + ui where

years in retirement is instrumented by early and normal eligibility dummies. Column (1) is
equivalent to column (5) of Table 2.2, it is included to ease the comparison.
Weak IV F statistic is calculated according to Angrist and Pischke (2008). Stock et al. (2002)
suggest that an F below 10 should make us worry about the potential bias in the IV estimation.
* p < 0.1, ** p < 0.05, *** p < 0.01. Standard errors in parentheses.

when controlling for country but not for gender? (The same coefficient is negative for TWR.)
There is a possible explanation for that: as the sample ages so decreases the share of women
(interestingly, as mortality rates would predict the opposite). The coefficient on age is mainly
identified on non-eligible population (as for eligible population the age effect is actually the sum
of the coefficients on age and years in retirement). As women are better in memory tests, and
their share is smaller in older cohorts, the composition effect implies a negative coefficient for
age. By contrast, the opposite is true for numeracy (women perform worse), so the composition
effect implies a positive coefficient for age. Controlling for gender eliminates the level differences
in cognitive scores. However, the rate of cognitive decline due to retirement might still be
different by gender (i.e. heterogeneous retirement effect for men and women) that could further
complicate the results and make the direction of possible bias hard to assess.

To allow for heterogeneous retirement effect by gender, Mazzonna and Peracchi (2012) estimate
the equation separately for men and women in their preferred specification. Table 2.4 show my
replication for their strategy for total word recall, numeracy and fluency. According to my
results, the rate of decline is indeed different: the relatively better performing gender suffers
a larger decline. These estimations differ from that of Mazzonna and Peracchi (2012) only in
how cognitive performance is measured: they adjust the cognitive scores by the time spent on
answering them whereas I do not do. Nevertheless, the replicated numbers are comparable to
theirs, although less precise, showing a yearly decline of about 0.02-0.05 standard deviation.
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Table 2.4: Estimating separately by gender, closest to Mazzonna and Peracchi (2012)

(1) (2) (3) (4) (5) (6)
TWR TWR numeracy numeracy fluency fluency
men women men women men women

Years in retirement 0.015 −0.041* −0.058 −0.035 −0.025 −0.029
(0.037) (0.024) (0.039) (0.024) (0.037) (0.022)

Age −0.041** −0.017 0.008 −0.009 −0.011 −0.015
(0.017) (0.012) (0.018) (0.012) (0.017) (0.011)

Constant 2.403*** 1.309** 0.053 0.832 1.083 1.427**
(0.90) (0.61) (0.94) (0.61) (0.89) (0.56)

Country dummies Yes Yes Yes Yes Yes Yes

Observations 8,058 5,994 8,126 6,019 8,028 5,976
Weak IV F statistic 33.19 79.78 32.76 79.66 33.48 83.38

Notes: The results are from the second stage estimation of Si = α + βRi + X∗′
i γ∗ + ui where

years in retirement is instrumented. Mazzonna and Peracchi (2012) estimate different equa-
tions for immediate and delayed word recall that I use as an aggregate total word recall.
Their estimates are –0.018** and 0.15* (men) and –0.051*** and –0.025*** (women) for IWR and
DWR respectively, –0.029*** (men) and –0.041*** for numeracy, and –0.006 (men) and –0.023**
(women) for fluency. See Column 2B of their Table 7.
Weak IV F statistic is calculated according to Angrist and Pischke (2008). Stock et al. (2002)
suggest that an F below 10 should make us worry about the potential bias in the IV estimation.
* p < 0.1, ** p < 0.05, *** p < 0.01. Standard errors in parentheses.

Although this strategy is more robust than the original one, there is a potential issue that could
contaminate the results. As already mentioned, education matters in old age cognitive skills
even if gained in early stages of life (Banks and Mazzonna, 2012). Today’s pensioners are
highly affected by the expansion of average schooling: the 50 years old cohort spent on average
2.7 years more in school than the cohort of 70. Mazzonna and Peracchi (2012) try to control for
education by including a low-education dummy (they also interact this dummy with the effect)
and show that education indeed plays a significant role in explaining the heterogeneity in the
levels of cognitive skills (and to a smaller extent in their age-related decline). However, there is
also evidence (see for example the PISA surveys) that countries are different in how effectively
they improve cognitive abilities in childhood. The first PISA survey was performed in 2000,
the mean scores of countries in math, science and reading are positively correlated with the
eligibility ages (OECD, 2001). If there is some persistence in the quality of education systems
from the time when today’s pensioners went to school and that of today, this might introduce a
new type of bias in the estimations even if the number of years spent in education is controlled
for.

Mazzonna and Peracchi (2012) improve a lot on the first estimate, getting a much smaller
effect, but the sensibility of the results to different control sets show how hard it is to ensure
the exogeneity of the instrument in a cross-sectional setting. As public policy rules only vary
across countries and gender (mostly), and these are related to a lot of factors that also affect
individuals’ cognitive performance, controlling for all of them seems nearly impossible.
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2.4.3 Bonsang et al. (2012)

The first paper that uses panel data to estimate the causal effect of retirement on cognitive
performance (Bonsang et al., 2012) looks only at the US: they extract information from 6 waves
(1998-2008) of the HRS.

In their main specification they follow the approach of Rohwedder and Willis (2010) by estimat-
ing the effect of retirement through a simple dummy, that is not taking into account the length
of retirement. The only condition is that they restrict their attention to those who have been
retired for at least one year. Formally, they assume that f (Ri; β) = β̃1(Ri ≥ 1).

Using unbalanced panel data they could control for individual heterogeneity by estimating a
fixed effects specification. Thus, they could include ai in X∗

i that means a control for all time-
invariant factors, like (mostly) gender and country. Additionally, they also control for age in a
quadratic form.

To handle the endogeneity of the retirement decision they also use eligibility ages as instruments:
first, the age of 62 which is the eligibility age for social security in the US and second, the
normal retirement age which varies by cohort. They measure the cognitive performance of the
individual with the total word recall score. They find that being retired has an effect of 1 less
word recalled, that could be translated into a yearly drop of 0.05 standard deviation, a slightly
larger effect than what was found by Mazzonna and Peracchi (2012).

In the replication of their analysis, I use the same eligibility dummies for early and normal
retirement benefits as before - these should correspond to the dummies which Bonsang et al.
(2012) apply for the case of the US. Table 2.5 summarizes the results of the estimation which
follows the main specification of Bonsang et al. (2012) but for a different sample (using SHARE
instead of HRS). The age range (50-75) is the same, but the time period is shorter due to data
limitation (spanning over only 6 years of 3 waves). The corresponding first stages can be found
in the Appendix (Table B.4).

I could not replicate their results. Both the unrestricted retirement dummy that was used by
Rohwedder and Willis (2010) and the dummy requiring a retirement spell of at least one year
lead to positive coefficient estimates. Nonetheless, none of them are significant.

The difference might originate from at least two sources: First, the US might be different from
the European countries. Either because eligibility rules have a stronger influence on the time
of retirement which is suggested by my weaker first stage, or because retiring might mean
something else in terms of cognition. This is a topic worth investigating further. Second, my
time period is shorter.

Estimating the fixed-effects model on an unbalanced panel makes the results hard to interpret.
Mazzonna and Peracchi (2012) argue that panel data is inappropriate for identifying the causal
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Table 2.5: Replication of Bonsang et al. (2012)

(1) (2)
Retirement duration > 0 Retirement duration ≥ 1

Retired 0.0955 0.173
(0.14) (0.14)

Age 0.185*** 0.189***
(0.016) (0.017)

Age (sq.) −0.001*** −0.001***
(0.0001) (0.0001)

Observations 41,476 37,374
Weak IV F statistic 136.82 131.89

Notes: The results are from the second stage estimation of Si = α + ai +
βg(Ri) + ui where g(Ri) = 1(Ri > 0) or 1(Ri ≥ 1) and these dummies are
instrumented by early and normal eligibility dummies. The coefficient of in-
terest in Bonsang et al. (2012) is –0.942*** on a sample of 54,377 observations.
This amounts to 0.27 standard deviation, or (considering the average dura-
tion of retirement in their sample) a yearly drop of 0.05 standard deviation.
The corresponding first stage estimates are summarized in Table B.4.
Weak IV F statistic is calculated according to Angrist and Pischke (2008).
Stock et al. (2002) suggest that an F below 10 should make us worry about
the potential bias in the IV estimation.
* p < 0.1, ** p < 0.05, *** p < 0.01. Standard errors in parentheses.

effect of retirement on cognition because of two reasons: First, as in each wave the exact same
cognitive exercises are performed, the participants may remember their answers from previous
waves. Second, there is considerable attrition in the sample which might also bias the result.
The unbalance in the data means that people who are present throughout the whole period get
more weight. This makes it ambiguous how learning and attrition could bias the estimates.
Also, pooling waves that extend over 10 years mixes cohorts that are differently affected by the
extension of education. This could lead to compositional effect with unclear consequences. To
assess the magnitude of these problems, I estimating the same relationship on different time
periods. The resulting point estimates vary a lot, but all remain positive and insignificant (see
Table B.5 in the Appendix). We need a cleaner identification strategy to reliably estimate the
causal effect.

2.5 My strategy

I demonstrated in the previous section that getting a clear causal effect in cross-section is really
challenging. Some straightforward improvements upon the strategy of Rohwedder and Willis
(2010) resulted in a drop of the estimated effect from 0.23 standard deviation per year to a
magnitude less. But still, there are plenty of factors left in u∗

i which are likely to bias our results
(to a yet unknown extent). Moving to panel identification solves a lot of issues. It enables us to
compare the cognitive scores of the exact same individual instead of assuming that another one
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is a good subject for the comparison. The fixed-effects specification on unbalanced panel data
resulted in a negative estimated yearly decline with comparable magnitude to what we get with
the improved cross-sectional method, but this does not let itself be replicated on my data and
might be subject to other biases resulting from attrition, learning and cohort effects.

I suggest a novel identification strategy that also exploits the panel nature of the data but aims
for more clarity in the mechanisms. Instead of pooling periods, I look at changes between two
periods to identify whether the cognitive paths differ for retired and non-retired individuals.
Formally, I estimate the following equation

∆Si = α∗ + β∆Ri + θ′Wi + ∆ũi (2.6)

where ∆Si is the change in cognitive performance between two waves (measured by TWR,
numeracy or fluency score) and ∆Ri is the number of years spent in retirement during this
period. Note that this specification implies a balanced panel. It also controls for all time-
invariant individual heterogeneity like gender, amount and quality of education, country, etc.3

Variables Wi control for different trends (instead of just level differences). This way I can
handle issues like different rates of cognitive decline by gender, as discussed in the replication
of Mazzonna and Peracchi (2012). The use of years spent in retirement instead of a simple
retirement dummy captures better the actual treatment. To handle endogeneity, I use the same
instruments as Mazzonna and Peracchi (2012): years after early and normal eligibility ages.

Following from the nature of the data collection, the time elapsed between interviews of two
waves is not the same for all individual (e.g. it ranges from 11 to 40 months between the first
two waves). Therefore, the amount of ageing between two waves is not the same across the
sample so I need to control for this by including the years elapsed variable in W .

This strategy makes evaluating the panel concerns easier. The learning effect is captured by
the constant term: if people are indeed better at their second and third interviews because of
the repetition, α̂∗ should be positive. However, learning effect shall not bias the coefficient of
interest due to the balanced panel. It only matters if learning is different for employed and
retired persons, but in this case, this is part of the retirement effect so it should be estimated
within the treatment effect – and this is exactly what is going to happen in this specification.

Using a balanced panel also resolves some of the attrition concerns. To see whether it still
causes any a problem, I will estimate the same relationship on different samples (comparing
different waves) which are likely to suffer from different attrition rates and check whether they
are different.

3For two time periods, regression on differences gives the same coefficient estimates as the fixed
effect specification on a balanced panel.
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I have three waves of SHARE, so I can estimate the differences in three ways: between wave
1 and 4 (the longest period), between wave 1 and 2, and between wave 2 and 4. I restrict my
sample to those who were aged between 50 and 70 and were either employed or retired in the first
period, and has worked at age 50. I exclude those who returned to the labor market during this
period (around 5% of the sample). Table 2.6 summarizes the data for the different comparison
periods.

Table 2.6: Summary statistics

Sample Men Women
wave 1 wave 2 wave 4 N wave 1 wave 2 wave 4 N

wave
1-4

age 59.7 66.3 3,551 58.9 65.5 2,877
(5.9) (6.0) (5.8) (5.9)

TWR 8.73 9.22 3,528 9.82 10.49 2,866
(3.17) (3.27) (3.30) (3.37)

numeracy 3.74 3.82 3,547 3.48 3.56 2,873
(1.03) (1.02) (1.02) (1.00)

fluency 21.34 20.41 3,510 22.00 21.25 2,858
(7.08) (6.94) (7.04) (7.24)

retired 1,537 2,244 3,551 1,137 1,761 2,877

wave
1-2

age 59.7 62.1 5,332 58.9 61.2 4,026
(5.9) (6.0) (5.9) (5.9)

TWR 8.71 9.01 5,258 9.78 10.13 3,998
(3.13) (3.17) (3.26) (3.23)

numeracy 3.76 3.80 5,295 3.48 3.54 4,000
(1.01) (1.04) (1.04) (1.03)

fluency 20.48 20.56 5,214 21.31 21.43 3,986
(7.13) (7.10) (7.11) (7.35)

retired 2,346 2,702 5,332 1,651 1,933 4,026

wave
2-4

age 60.3 64.5 4,359 59.2 63.5 3,783
(5.8) (5.8) (5.8) (5.9)

TWR 9.23 9.53 4,330 10.47 10.81 3,765
(3.10) (3.20) (3.23) (3.30)

numeracy 3.86 3.87 4,345 3.58 3.60 3,765
(1.03) (1.01) (1.02) (1.00)

fluency 21.69 20.87 4,313 21.31 21.43 3,757
(7.17) (6.94) (7.14) (7.07)

retired 1,712 2,142 4,359 1,319 1,711 3,783

Notes: The table presents the means and standard deviations (in parentheses) of the individuals’
characteristics for each sample, by gender and wave.

Figure 2.1 shows the average paths of cognitive score of the individuals who were present in all
waves, by working history for each country. For example, working history of 110 indicates a
person who worked during the first two waves but left between wave 2 and 4. The first thing
to note is that no clear pattern arises regarding the effect of retirement. There are some signs of
selection and learning, but it does not seem like retirement would have any clear-cut effect on
cognitive scores.

The first three columns of Table 2.7 shows the 2SLS results for changes in total word recall
score between wave 1 and 4 with different controls (again, years in retirement is instrumented

49

C
E

U
eT

D
C

ol
le

ct
io

n



10.14754/CEU.2020.12

Figure 2.1: Pattern of cognitive scores across waves by working history
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Notes: Working history code corresponds to the three waves used in the analysis, each digit displaying
1 if the individual worked in the given wave (100: worked only in first wave, 110: worked in first two
waves, 111: worked in each wave).

by years after the eligibility ages). It seems that one more year in retirement decreases the
cognitive score by 0.03-0.04 standard deviation point. My preferred specification is in column
(3) where I allow for different trends in cognitive decline by gender and country. According
to the estimates, women tend to lose their abilities slower. The positive constant term includes
the effect of learning. The magnitude of the effect is comparable to that of Table 2.4, the closest
replication of Mazzonna and Peracchi (2012). Note that my estimates are much more stable to
including additional controls (e.g. allowing for different trends by country) which I interpret as
a sign that the panel specification in itself eliminates many biases inherent in a cross-sectional
analysis.

However, there is a reasonable scenario we have not considered yet. If natural age-related cog-
nitive decline is concave instead of being linear then controlling only for a linear age trend
might attribute the larger decline in older ages to the effect of retirement. Unfortunately, we are
unable to allow for heterogeneous age effect and still use our instruments (there is not enough
variability within country, gender and age). It still makes sense to run simple OLS regressions
to see the difference.

If we compare the third and fourth columns of the tables we can see that OLS results are slightly
smaller in absolute value than those of 2SLS. Originally, we were afraid of a negative selection
bias. This difference could be possibly explained by two facts: First, we eliminated all time-
invariant individual heterogeneity so selection only matters if the rate of decline is different
as well. Second, the 2SLS estimate the Local Average Treatment Effect (LATE), the effect of
retirement on those who retired because reaching the eligibility age. These people might have
been exposed a bigger change in their lifestyle than those who were retired anyway, and thus,
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Table 2.7: Panel estimation: change in total word recall score between wave 1 and 4

(1) (2) (3) (4) (5)
2SLS 2SLS 2SLS OLS OLS

Years in retirement −0.025*** −0.026*** −0.040*** −0.028*** −0.016**
(0.0058) (0.0058) (0.0060) (0.0044) (0.0065)

Years elapsed −0.263*** −0.263*** −0.084* −0.093* −0.093*
(0.033) (0.033) (0.050) (0.050) (0.050)

Female 0.042 0.053** 0.055** 0.049*
(0.026) (0.026) (0.026) (0.026)

Age at first wave −0.009***
(0.0032)

Constant 1.819*** 1.808*** 0.568* 0.571* 1.086***
(0.22) (0.22) (0.34) (0.34) (0.39)

Country dummies No No Yes Yes Yes

Observations 6,394 6,394 6,394 6,394 6,394
Weak IV F statistic 3729.06 3787.19 3665.10

Notes: All results are from the estimation of ∆Si = α∗ + β∆Ri + W∗′
i ν + ∆ũi where

∆Mi = Mi,w=4 − Mi,w=1 and Si = Total word recalli. For 2SLS, the second stage regressions
are reported where ∆Ri is instrumented by the distance from early and normal retirement
age, and W include years elapsed, female dummy and country dummies. For OLS, W addi-
tionally include age at first wave. The corresponding first stage estimates are summarized
in Table B.7.
Weak IV F statistic is calculated according to Angrist and Pischke (2008). Stock et al. (2002)
suggest that an F below 10 should make us worry about the potential bias in the IV estima-
tion.
* p < 0.1, ** p < 0.05, *** p < 0.01. Standard errors in parentheses.

might have been affected by a more expressed cognitive shock at retirement. Including age
control (column 5) decreases the OLS estimate further, to less than 0.02 standard deviation
yearly. This decline suggests that the 2SLS estimate in column (3) without age control slightly
overestimates the true effect.

The same results for the other periods and other cognitive measures along with the correspond-
ing first stages can be found in Appendix. The results are mainly consistent: 2SLS estimate
a yearly decline of 0.01-0.05 standard deviation. The OLS estimates are smaller in absolute
value, ranging between 0 and 0.02 standard deviation. There is no clear pattern by periods and
measures which serves as a robustness check for the results4. My results are even smaller than
the previous ones, like Mazzonna and Peracchi (2012) and Bonsang et al. (2012), especially if
we take into account that the 2SLS estimates might still overestimate the true effect.

As an additional robustness check, we can estimate the preferred specifications separately for
men and women. We saw before that is was crucial in the cross-sectional setting to pin down
the estimates. In contrast, in the panel setting it is less of concern. Figure 2.2 compares the
estimates by gender along with the pooled estimates. The estimated coefficients lie close to each

4The other coefficients are less consistent. Sometimes, the constant term and the years elapsd estimate
switch sign – it can be a result of the high noise and the difficulty to separate the effects as there is a little
variation in the years elapsed variable. The female coefficient is mostly positive.
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other in every setting. The picture they draw is consistent: the effect of retirement on cognition
cannot exceed a yearly 0.05 standard deviation decline (that is close in magnitude to what
Mazzonna and Peracchi (2012) and Bonsang et al. (2012) get with different methods), and it
might still be an overestimate of the true effect (see the near-zero OLS-estimates).

Figure 2.2: Comparison of the retirement effect estimate by gender
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Notes: The dots represent β̂, the lines show the 95% confidence intervals from the estimation of ∆Si =

α∗ + β∆Ri + W∗′
i ν + ∆ũi, pooled and separately by gender. For 2SLS, the second stage regressions

are reported where ∆Ri is instrumented by the distance from early and normal retirement age, and W
include years elapsed, and country dummies. For OLS, W additionally include age at first wave.

2.6 Concluding remarks

Several recent works investigate the effect of retirement on cognitive performance, arriving
to very different conclusions. To better understand the mechanisms that cause the excursive
outcomes, I replicated the methods of the literature using data from the first three general waves
of Survey of Health, Ageing and Retirement in Europe (SHARE). This exercise showed that
identifying a clear causal effect is far from straightforward. Ideally, we would need to compare
individuals from the same cohort and country, with the same age and education, one of them
randomly assigned to be retired for a period of time while the other being working. Such a
comparison is clearly impossible. I traced back the major difference in the estimations to omitted
variable bias: the large estimated retirement effect can be reduced a lot controlling for relevant
variables such as gender and country. However, even after the inclusion of controls, the estimate
is likely to be biased.

I came up with a novel identification strategy to solve the issues. I use the longitudinal feature
of the data and compare the cognitive paths of employed and retired individuals. My estimated
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effect is even smaller than the smallest estimate in the literature, amounting to at most 0.05
standard deviation point decline yearly (that is still likely to be overestimated).

I reckon that retirement in itself has essentially no effect. What matters is the accompanying
change in the lifestyle – that could be very heterogeneous across agents: some may retire from a
stressful job to get more time to relax and care for grandchildren, others may lose the meaning of
their lives. There are some works in the psychology literature that point to this direction. Stine-
Morrow (2007) investigates the so called Dumbledore hypothesis, that individual choice plays
a crucial role in old age cognitive decline. "it is our choices... that show what we truly are, far
more than our abilities" (Rowling, 1999). Aichberger et al. (2010) find that physical inactivity
goes together with worse cognitive performance. Hertzog et al. (2009) summarize previous
results about what older adults can do to preserve their functional capacity. Future empirical
work in this topic should build in these considerations and try to uncover the heterogeneous
effect of retirement on cognitive performance, differentiating by the nature of the retirement,
that is how it affected the individual’s lifestyle.

Apart from the actual question I see my paper contributing to the literature in a more general
way as well: it shows that replicating previous works and synthesizing their findings can lead
to better understanding of the problem. Amidst of the replication crisis (Ioannidis, 2018) I
consider this as a valuable lesson and hope to see more efforts towards this direction in the
future.
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Chapter 3

Do Elite Schools Benefit the Average
Student

joint with Sándor Sóvágó

3.1 Introduction

Most school districts feature elite schools in which admission is merit-based (i.e., depends on
a qualifying priority score) and the student body consists of affluent, high-achieving students.
Admission to these elite schools is highly selective and preparation for the admission requires
substantial pecuniary and non-pecuniary resources from the parents of prospective students.
Therefore, it is important for these parents to understand the extent to which their child may
benefit from enrollment in an elite school.

A large literature studies the effectiveness of elite schools (for a recent summary, see Beuermann
and Jackson, Forthcoming). This literature exploits discontinuities in admission chances that
are created by the merit-based priority-score cutoffs. Thereby, these studies provide estimates
for students who are on the margin of admission. However, if the effect of elite schools is
heterogeneous, existing estimates may not be informative for parents, who would be interested
in the effect for the average elite-school student with similar characteristics to theirs.

This paper studies the effects of elite schools on academic achievement in Hungary. Merit-based
admission combined with high demand implies that elite-school students have high-achieving
peers. Elite schools offer a more advanced, higher-paced curriculum, and teachers of high-
qualification. Moreover, elite-school enrollment entails early switching to a secondary gram-
mar school. Using administrative data, our study examines how enrollment in an elite school
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affects elite-school students’ short- and medium-run academic achievement. Motivated by the
potential heterogeneity in the effectiveness of elite schools, we conduct our analysis by gender
and baseline ability (Oosterbeek et al., 2020).

Our main empirical strategy identifies the effects of enrollment in an elite school using non-
parametric bounds. Our non-parametric bounds approach builds on a weak stochastic domi-
nance assumption. We assume that conditional on observable student characteristics more able
students are more likely to enroll in an elite school (conditional Monotone Treatment Selection,
MTS; see Manski and Pepper, 2000; de Haan, 2011). The conditional MTS assumption yields
an upper bound on the average treatment effect on the treated (ATET). We estimate the effect
of elite-school enrollment throughout the outcome distribution, thus, we can study whether
the effects differ between the top and the bottom end of the outcome distribution (de Haan and
Leuven, 2020).

The non-parametric bounds approach offers several advantages. First, our approach identifies
the effect of elite-school enrollment for elite-school students, and not only for students on the
margin of admission. Second, the conditional MTS assumption is consistent with elite schools’
admission policy and yields testable implications.

We find that enrollment in an elite school has a negative effect on female and low-ability elite-
school students’ mathematics test scores two years after enrollment. Elite-school enrollment
reduces the probability of scoring above the median in mathematics by more than 7.5 percent-
age points, corresponding to 30 percent, for low-ability female students, and by more than 1
percentage points, corresponding to 10 percent, for low-ability male students. For high-ability
female students, we find that elite-school enrollment reduces the probability of scoring in the
top 10 percent in mathematics by more than 2 percentage points, corresponding to 10 percent.
We argue that our findings for female and low-ability students are not the consequence of grad-
ing policies (e.g., ceiling effects, grading on a curve), but they reflect negative effects on skill
formation. By contrast, we cannot rule out positive effects for high-ability male students at the
upper half of the outcome distribution.

We next investigate whether the negative short-run effects persist four years after enrollment.
We find that the upper bounds are positive and relatively large in magnitude for each ability
and gender group. Thus, our non-parametric bounds strategy is uninformative about the sign
of the effect on the medium run.

We further examine the medium-run effects of elite-school enrollment using a complementary
empirical strategy. Using the selection on observables assumption, we estimate school value-
added models to identify the average treatment effect on the treated. Our school value-added
models control for students’ lagged test scores and well as a rich set of student and school
characteristics. We find that elite-school enrollment has a positive effect elite-school students’
mathematics and reading test scores on the medium run. Even if the school value-added and
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non-parametric bounds empirical strategies build on different identifying assumptions, reassur-
ingly, the school value-added estimates are always consistent with our non-parametric bounds
on the effect of elite schools.

Our paper contributes to the understanding of the effectiveness of elite schools in a number of
ways. First, numerous studies examine the effects of elite schools (or attending a better school)
using regression discontinuity design (RDD) in settings where admission is merit-based (Jack-
son, 2010; Clark, 2010; Pop-Eleches and Urquiola, 2013; Bui et al., 2014; Lucas and Mbiti,
2014; Abdulkadiroglu et al., 2014; Dobbie and Fryer, 2014; Anderson et al., 2016; Barrow et
al., Forthcoming).1 These RDD estimates are informative for students who are on the margin
of admission. Instead, our study focuses on the effect for the average student, and thus com-
plements this literature. Moreover, these RDD studies have limited ability to identify hetero-
geneous effects by student ability, since student ability varies little at the margin of admission
(Oosterbeek et al., 2020). By contrast, our identification strategy allows us to estimate the effect
for different ability groups. When we split the sample by baseline ability, our estimates suggest
that the benefits of elite schools are concentrated on high-ability students. When looking at the
outcome distribution, our estimates indicate that the benefits of elite schools materialize at the
top of the outcome distribution.

Second, our paper studies the effect of elite-school enrollment on outcomes that are measured
in different points in time. Documenting how the effects of elite school enrollment change over
time is important, since behavioral responses of students, teachers, or parents may materialize
on different time horizons (Pop-Eleches and Urquiola, 2013). We show that elite-school en-
rollment has a negative effect on female and low-achieving students’ mathematics score on the
short run. This finding suggests that it more costly for certain groups of students to adjust to
the elite-school environment.

Finally, we also contribute to the studies evaluating the performance of Hungarian elite schools.
In the same context as ours, (Horn, 2013) finds positive, albeit, imprecisely estimated effects of
selective secondary-school attendance on short-run academic achievement. Using less stringent
identifying assumptions, our study considerably narrows the upper bound on these estimates.

The remainder of the paper is organized as follows. Section 3.2 provides background information
about Hungarian education and the organization of elite schools. Section 3.3 describes our data
and provides summary statistics. Section 3.4 discusses our empirical strategies and presents
the results of our validity checks. Section 3.5 presents our results. Section 3.6 concludes.

1A very much related literature studies elite-school effectiveness (or the effects of attending a better
school) in settings where a lottery-based admission system is in place (e.g., Cullen et al., 2006; Deming,
2011; Dobbie and Fryer, 2011; Oosterbeek et al., 2020). Our study is similar to these papers in a sense that
it identifies the effect of elite-school enrollment away from the priority-score cutoff. A key difference is
that admission is merit-based in our setting, which implies that elite-school students are more selected
that those who are admitted in a lottery-based admission system.
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3.2 Context: Elite schools in Hungary

This section describes the institutional details of elite schools in Hungary. We describe admis-
sion to elite schools and detail the treatment.

Students begin primary education at age 6 in Hungary. After eight years in primary schools,
they transition to secondary education. Secondary education is tracked in Hungary: students
may choose a secondary grammar school, which has a more academic orientation and prepares
students for higher education, or students may choose a vocational school, which has a less
academic orientation and gives a vocational degree (see Table 3.1). Primary and secondary
education are organized together in some schools. That is, in these comprehensive schools,
students do not switch school when they transition from primary to secondary education. Even
in these comprehensive schools, students are required to do the admission exam to proceed on
the secondary track.

Primary-school students, at the end of grade 6, may decide to enroll in the 6-years long academic
track of a secondary grammar school. We label these 6-years long academic tracks as elite
schools. These elite schools are typically separate classes in a secondary grammar school, which
have regular tracks as well. Thus, an elite school is essentially an “elite track” in a secondary
grammar school (cf. Pop-Eleches and Urquiola, 2013).2

Table 3.1: The overview of the education system in Hungary

Grade 1–4 5–6 7–8 9–12
Age 6–9 10-11 12–13 14–17

Path

Regular track in a secondary grammar school

Primary school Vocational school
6-years long academic track in a secondary grammar school (elite school)

8-years long academic track in a secondary grammar school (excluded)

Notes: The table provides an overview of the education system in Hungary. The regular and the 6-years
long academic tracks take place in secondary grammar schools. We refer to the 6-years long academic
track in a secondary grammar school as an elite school. We exclude the 8-years long academic track
from our analysis.

Admission to elite schools is merit-based. Elite schools organize admission exams where stu-
dents have to solve numeracy and literacy tests. While all applicants solve the same test in
the country, the priority-score formula used for the actual rankings is school-specific: it is a
combination of the students’ primary-school grades, the result of their written admission test,
and the result of their oral admission exam. Since elite schools are highly oversubscribed, they
are highly selective, and only high-achieving students are admitted.

Enrollment in an elite school is a composite treatment. First, elite-school students have aca-
demically stronger peers, which follows from the combination of merit-based admission and the

2Some of the secondary grammar schools offer a 8-years long academic track. Due to data limitations
we do not study these 8-years long academic tracks, and drop students who enrolled in these 8-years
long academic tracks from all of our samples.
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high demand. Second, elite-school students enter the secondary education environment sooner
than non-elite-school students. Teachers in secondary schools are typically more qualified than
primary school teachers, and they are more experienced with more mature students. Third, elite
schools offer a more advanced, higher-paced curriculum. Finally, elite-school students switch
school at age 12. By contrast, students who do not enroll in an elite school attend their primary
school for an additional 2 years, and switch only at age 14.

3.3 Data and summary statistics

This section describes the data we use to estimate the effect of enrollment in an elite school on
elite-school students’ academic achievement. We begin, in Section 3.3.1, by describing the data
and discussing the construction of our samples. In Section 3.3.2, we present summary statistics
showing that elite-school students are positively selected based on socioeconomic status and
academic achievement, and that the peer quality of elite-school students is better than those of
non-elite-school students.

3.3.1 Data

For the analysis, we use administrative data from the National Assessment of Basic Competen-
cies (NABC). Our data are longitudinal and cover every student in grades 6, 8, and 10 in the
period of 2008–2014.

The backbone of our administrative data are the standardized test scores of the NABC. The
NABC is similar to OECD’s Programme for International Student Assessment (PISA), but it
extends to every student in grades 6, 8, and 10. The NABC (and the corresponding survey on
students’ background) is conducted annually in the last week of May. The NABC measures
students’ mathematics and reading skills. Students’ 6th-grade test scores are measured on
a scale, which has a mean of 1,500 and standard deviation of 200. In grades 8 and 10, the
test scores are standardized in a way, such that the test scores are comparable over time (e.g.,
a student’s 6th-grade and 8th-grade test scores are comparable) and across cohorts (e.g., the
average test scores in grade 8 are comparable across cohorts). The standardized test scores differ
from students’ school-grades in many aspects: the standardized test scores are of low-stakes,
they are graded blindly and externally, and they are not top-coded.3

Our data also include information on students’ demographics (gender), socioeconomic status
(the number of books at home, disadvantaged status, and parental education), and schools

3Figure 3.3 presents the cumulative distribution function of students’ 6th-grade mathematics and
reading test scores.
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(school identifiers in grades 6, 8, and 10, school type, the county of the school, and the type
of the settlement where the school is located). We also have rich information on students’ aca-
demic achievement. Our data also include students’ GPA in grade 5, i.e., one year prior the
students’ first NABC taking place. Finally, our data have information on students’ 8th-grade
mathematics grade.4 These grades are given by students’ own teachers and they are measured
on a scale of 1 to 5.

We study two (overlapping) samples in order to maximize the power of our analysis. When
studying short-run outcomes (i.e., outcomes measured 2 years after elite-school enrollment),
we focus on students who we observe in grades 6 and 8. We refer to this sample as the 8th-
grade sample. The 8th-grade sample consists of five cohorts, whose 8th-grade outcomes are
measured in the period of 2010–2014. When studying medium-run outcomes (i.e., outcomes
measured 4 years after elite-school enrollment), we focus on students who we observe in grades
6, 8, and 10. We refer to this sample as the 10th-grade sample. The 10th-grade sample consists
of three cohorts, whose 10th-grade outcomes are measured in the period of 2012–2014.

In our analysis we make a number of sample restrictions to focus on students for whom enrolling
in an elite school is a viable option. First, we focus on students’ with a complete academic path
with no missing information. Second, our samples include students who are enrolled either in
an elite or in a primary school in grade 8. Third, we focus on students whose propensity to enroll
in an elite school is non-negligible. Therefore, our samples only include students (1) whose 5th-
grade GPA is at least 4, (2) whose 6th-grade mathematics grade is at least 3, and (3) who attend
a primary school in grade 6 from which at least one student enrolled in an elite school in our
sample period. Appendix Table C1 provides information on the sample size reduction for each
sample restriction. After the sample restrictions, we end up with about 25,000 students in each
cohort (approximately 25% in each cohort).

In our analysis, we standardize students’ test scores on our restricted samples. We conduct
our analysis for four student groups, defined by (baseline) ability and gender, separately. We
refer to students whose 6th-grade standardized test score is below the sample median as low-
ability students, and whose 6th-grade standardized test score is above the sample median as
high-ability students.

3.3.2 Summary statistics

Table 3.2 presents summary statistics of student characteristics by elite-school enrollment for
each of our samples. Panel A focuses on students’ pre-treatment characteristics. About 55
percent of the students are female. Approximately 37 percent of the students has maximum 150

4Information on students’ socioeconomic status (number of books at home and parental education)
and their school grades (5th-grade GPA and 8th-grade mathematics grade) is self-reported.
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books at home, 37 percent has between 150 and 600 books at home, and 27 percent has more
than 600 books at home. On average, students’ 5th-grade GPA is 4.6, on a scale of 1 to 5.5 The
composition of the 8th-grade and 10th-grade samples are almost identical.

Out of the 126,196 students in the 8th-grade sample, 16,702 students (13.2 percent) enrolled in
an elite school. Students who enrolled in an elite school have higher socioeconomic status: about
45 percent of elite-school students has more than 600 books at home compared to 24 percent
of those who did not enroll in an elite school. Elite-school students’ 6th-grade mathematics
(reading) test score is higher than the sample average by 53 (50) percent of a standard deviation.
By contrast, students who did not enroll in an elite school have a 6th-grade test score that is
by 6 percent of a standard deviation lower than the sample average in both subjects. These
patterns indicate that elite-school students are positively selected based on their socioeconomic
status and (baseline) academic achievement.

Panel B of Table 3.2 reports summary statistics on students’ outcomes. On average, students’
8th-grade mathematics grade is 4.0. Elite-school and non-elite-school students’ average 8th-
grade mathematics grades are similar. By contrast, elite-school students’ 8th-grade standard-
ized test scores are considerably higher than those of non-elite-school students. For example,
elite-school students’ average 8th-grade mathematics test score is 36 percent of a standard devi-
ation higher the sample average. Non-elite-school students’ average 8th-grade mathematics test
score is 6 percent of a standard deviation lower than the sample average. Summary statistics of
the 10th-grade sample indicate that elite-school students’ average 10th-grade mathematics test
score is 58 percent of a standard deviation higher the sample average. By contrast, non-elite-
school students’ average 10th-grade mathematics test score is 8 percent of a standard deviation
lower than the sample average. These patterns indicate that the differences in standardized
scores between elite-school and non-elite-school students persist up until 4 years after elite-
school enrollment.

5The relatively high average 5th-grade GPA follows from the fact that our samples include students
whose 5th-grade GPA is at least 4; see Section 3.3.1.
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Table 3.2: Summary statistics

8th-grade sample 10th-grade sample

Elite-school
students

Non-elite-school
students Total Elite-school

students
Non-elite-school

students Total

(1) (2) (3) (4) (5) (6)

A. Pre-treatment characteristics
Female 0.54 0.56 0.55 0.54 0.56 0.55

(0.50) (0.50) (0.50) (0.50) (0.50) (0.50)
Max. 150 books at home 0.19 0.39 0.37 0.17 0.36 0.33

(0.39) (0.49) (0.48) (0.37) (0.48) (0.47)
B/w 150 and 600 books at home 0.36 0.37 0.37 0.34 0.37 0.37

(0.48) (0.48) (0.48) (0.47) (0.48) (0.48)
More than 600 books at home 0.45 0.24 0.27 0.49 0.27 0.30

(0.50) (0.43) (0.44) (0.50) (0.45) (0.46)
5th-grade GPA (1–5) 4.77 4.55 4.58 4.78 4.57 4.59

(0.28) (0.34) (0.34) (0.28) (0.34) (0.34)
6th-grade mathematics test score (std.) 0.53 -0.08 0.00 0.56 -0.08 0.00

(1.01) (0.97) (1.00) (1.02) (0.97) (1.00)
6th-grade reading test score (std.) 0.50 -0.08 0.00 0.51 -0.07 -0.00

(0.96) (0.98) (1.00) (0.96) (0.99) (1.00)

B. Outcomes
8th-grade mathematics grade (1–5) 4.04 3.98 3.99 . . .

(0.87) (0.88) (0.88) ( .) ( .) ( .)
8th-grade mathematics test score (std.) 0.36 -0.06 0.00 . . .

(1.01) (0.99) (1.00) ( .) ( .) ( .)
8th-grade reading test score (std.) 0.42 -0.06 0.00 . . .

(0.95) (0.99) (1.00) ( .) ( .) ( .)
10th-grade mathematics test score (std.) . . . 0.58 -0.08 0.00

( .) ( .) ( .) (0.98) (0.98) (1.00)
10th-grade reading test score (std.) . . . 0.53 -0.07 -0.00

( .) ( .) ( .) (0.91) (0.99) (1.00)

Number of students 16,702 109,494 126,196 8,850 63,112 71,962

Notes: The table presents the means and standard deviations of student characteristics for each sample. Columns (1) and (4) focus on
students who did not enroll in an elite school, columns (2) and (5) focus on students who enrolled in an elite school, and columns (3)
and (6) focus on the entire sample.
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Figure 3.1 presents the distribution of students’ peer quality, which is the leave-out mean of
peers’ 6th-grade standardized test scores within a school. The figure displays the distribution
of peer quality before and after elite-school enrollment, i.e., in grades 6 and 8. We present
these distributions for elite-school and non-elite-school students separately, and for students’
6th-grade mathematics and reading test scores.6

The left panels of Figure 3.1 show that the peer quality distribution of elite-school students
shifts to the right between grades 6 and 8. The average 6th-grade mathematics test score of
elite-school students’ peers in grade 6 is 1,530. By contrast, the average 6th-grade mathematics
test score of elite-school students’ peers in the elite school is 1,671. Thus, elite-school students’
peer quality substantially improves after they enroll in an elite school.

The right panels of Figure 3.1 show that the peer quality distribution of non-elite-school stu-
dents largely remain unchanged between grades 6 and 8. The average 6th-grade mathematics
test score of non-elite-school students’ peers in grade 6 is 1,512 and it is 1,501 in grade 8.
This small reduction in the peer quality of non-elite school students is consistent with positive
selection into elite schools.7 We also note that elite-school students’ peer quality considerably
exceeds the the peer quality of non-elite-school students in grade 8. Thus, enrollment in an elite
school entails having academically stronger peers.

Figure 3.1: Peer quality and elite-school enrollment

Elite−school students Non−elite−school students

M
ath

R
eading

1200 1500 1800 1200 1500 1800

0.000

0.002

0.004

0.000

0.002

0.004

Average score of peers

6th grade 8th grade

Notes: The figure shows the distributions of students’ peer quality in grades 6 and 8. Peer quality is
the leave-out mean of peers’ 6th-grade standardized test scores (within school). The left (right) panels
focus on elite-school (non-elite-school) students. The top (bottom) panels focus on peers’ 6th-grade
mathematics (reading) test scores.

6When we compute students’ peer quality, we include all students in the calculations. Therefore,
in Figure 3.1, we preserve the original scale of students’ 6th-grade standardized test scores; see Sec-
tion 3.3.1.

7In the same context, (Schiltz et al., 2019) show that the departure of smart peers to elite schools has
a small, negative effect on the academic achievement of students who are left behind.
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3.4 Empirical strategies

This section discusses our empirical strategies to identify the effect of enrollment in an elite
school on the outcome distribution. We begin, in Section 3.4.1, by deriving a non-parametric
bound on the effect of enrollment in an elite school using a weak stochastic dominance as-
sumption (conditional Monotone Treatment Selection). In Section 3.4.2, we present evidence
supporting the validity of our identifying assumption. Finally, in Section 3.4.3, we discuss a
complementary empirical strategy that builds on the selection on observables assumption.

3.4.1 Non-parametric bounds: conditional MTS throughout the out-
come distribution

We are interested in the effect of enrollment in an elite school on elite-school students’ outcomes,
that is, we focus on the the average treatment effect on the treated (ATET). We study the entire
distribution of potential outcomes. Thus, the causal effect of interest, denoted by τ(γ), is the
effect of elite-school enrollment on the probability of obtaining an outcome greater than γ for
students who enrolled in an elite school:

τ(γ) = P [Y(1) ≥ γ|D = 1]− P [Y(0) ≥ γ|D = 1] ,

where we denote student i’s potential outcome by Yi(D) and D takes a value of one if the student
enrolled in an elite school and zero otherwise.

The causal effect of interest focuses on students who enrolled in an elite school. This means
that we identify the effect not only for students on the margin of admission, as studies that
exploit priority-score cutoffs, but also for inframarginal students. Thus, we address whether
elite schools academically benefit students who enrolled in them, and not whether the expansion
of elite-school capacities benefits marginally admitted students.

The identification problem is that the potential untreated outcome distribution of students who
enrolled in an elite school is unobservable. Therefore, we make an assumption on the selection
of students into elite schools. Specifically, we impose a weak stochastic dominance condition on
the potential untreated outcome distribution of students who enrolled in an elite school.

Assumption 1 (Monotone Treatment Selection, MTS). The distribution of potential un-
treated outcomes of students who enrolled in an elite school weakly dominates that of
those who did not enroll in an elite school:8

P [Y(0) ≥ γ|D = 1] ≥ P [Y(0) ≥ γ|D = 0] , ∀γ. (MTS)
8Our MTS assumption requires stochastic dominance of the potential outcome distributions, and

thus is stronger than the MTS assumption originally proposed by (Manski and Pepper, 2000).
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The MTS assumption implies that the effect of enrollment in an elite school does not exceed
the difference between the (observed) outcome distributions of students who enrolled in an elite
school and of those who did not enroll:

τ(γ) = P [Y(1) ≥ γ|D = 1]− P [Y(0) ≥ γ|D = 1]

≤ P [Y(1) ≥ γ|D = 1]− P [Y(0) ≥ γ|D = 0] .

We further sharpen the upper bound on the effect of enrollment in an elite school by assuming
that the MTS assumption holds for certain subgroups of students.

Assumption 2 (conditional MTS). The distribution of potential untreated outcomes of
students who enrolled in an elite school weakly dominates that of those who did not
enroll in an elite school conditional on each values of the variable of X:

P [Y(0) ≥ γ|D = 1, X] ≥ P [Y(0) ≥ γ|D = 0, X] , ∀γ. (conditonal MTS)

In the analysis, for a given value of γ, we use the conditional MTS assumption to derive bounds
on P [Y(0) ≤ γ|D = 1, X] for each values of X. We then combine these bounds to obtain an
upper bound on the causal effect of interest:9

τ(γ) ≤ ∑
x∈X

(P [Y(0) ≤ γ|D = 0, X = x]− P [Y(1) ≤ γ|D = 1, X = x])P [D = 1|X = x] ∀γ.

The upper bound on the effect of enrollment in an elite school equals to the corresponding
exact matching estimator (Rubin, 1973). The exact matching estimator identifies the effect of
enrollment in an elite school on the treated under the Conditional Independence Assumption
(CIA). Instead of maintaining the CIA, we assume that selection into an elite school is positive
conditional on X, and thus we identify an upper bound on the causal effect of interest.

We estimate the non-parametric bound on τ(γ) by the corresponding sample means and em-
pirical probabilities. The 95% confidence intervals on the causal effect of interest are based on
1,000 bootstrap replications using the methodology derived by Imbens and Manski (2004).

We combine two pre-treatment variables, students’ 5th-grade GPA and the number of books at
home, to sharpen the bounds on the effect of enrollment in an elite school. We assume that con-
ditional on students’ 5th-grade GPA and the number of books at home the potential untreated
outcome distribution of students who enrolled in an elite school weakly dominates of those who
did not enroll in an elite school. Since admission to elite schools is merit-based, elite-school

9Since we investigate the effect of enrollment in an elite school on the entire outcome distribution, we
could derive a no-assumption lower bound on τ(γ). This lower bound is, by construction, never positive,
thus we do not report it.
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students are positively selected. Consistent with the merit-based admission procedure, we as-
sume that positive selection is present even conditional on students’ 5th-grade GPA, which is
a pre-treatment proxy of students’ academic ability, and the number of books at home, which
is a proxy of socioeconomic status. The next section presents evidence using pre-treatment
outcomes to support the validity of our identifying assumptions.10

3.4.2 Validity check

We next assess the validity of the conditional MTS assumption for the interaction of students’
5th-grade GPA and the number of books at home. A prerequisite of the conditional MTS as-
sumption is a sufficient overlap between elite-school and non-elite-school students for each value
of the interaction of students’ 5th-grade GPA and the number of books at home (cf. Common
Support Assumption). Moreover, if the conditional MTS assumption is met, then the distribu-
tion of elite-school students’ pre-treatment outcomes should weakly dominate those of non-elite-
school students’ pre-treatment outcomes. We use students’ 6th-grade standardized test score,
which is realized prior to elite-school enrollment, to test this implication.

We first provide evidence supporting the overlap between elite-school and non-elite-school stu-
dents’ characteristics. Figure 3.2 presents the share of students who enrolled in an elite school
for each value of the combination of 5h-grade GPA and the number of books at home. The figure
splits the sample by (pre-treatment) ability and gender. There is no combination of 5th-grade
GPA and the number of books at home such that the share of elite-school students is below 1
percent.11

We next provide graphical evidence supporting the MTS assumption. Figure 3.3 displays the
distribution of students’ 6th-grade standardized test scores by elite-school enrollment and gen-
der. The figure shows that the 6th-grade test score distribution of students who enrolled in an
elite school weakly dominates of those who did not enroll for each gender and test type (mathe-
matics and reading).

Figure 3.4 presents a formal test of the validity of the conditional MTS assumption. For each
value of the combination of students’ 5th-grade GPA and the number of books at home, we per-
form a one-sided Kolgomorov-Smirnov test. Figure 3.4 presents the corresponding p-values of

10Students’ 5th-grade GPA and the number of books at home are likely to be positively related to
students’ potential outcome distribution, and thus are valid monotone instrumental variables (MIVs)
(Manski and Pepper, 2000; de Haan, 2011). We find empirical support for the combination of students’
5th-grade GPA and the number of books at home being valid MIVs. However, consistent with the
argument of Richey (2016), the combination of the conditional MTS and MIV assumptions does not
tighten our bounds.

11Appendix Figure C.1 provides the same information for the 10th-grade sample, with the same con-
clusion.
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Figure 3.2: Validity check: Elite-school enrollment and student characteristics

Low ability High ability

F
em

ale

M
ath

M
ale

M
ath

F
em

ale

R
eading

M
ale

R
eading

4.0 4.5 5.0 4.0 4.5 5.0

Max 150

Bw 150−600

More than 600

Max 150

Bw 150−600

More than 600

Max 150

Bw 150−600

More than 600

Max 150

Bw 150−600

More than 600

5th−grade GPA

B
oo

ks
 a

t h
om

e

Treated share >=0.1 <0.1 <0.05 <0.01

Notes: The figure presents the share of students who enrolled in an elite school by student characteristics.
Each cell shows the share of elite-school students for a combination of 5th-grade GPA and the number
of books at home. In the top panels (bottom) high-ability/low-ability is defined as having 6th-grade
mathematics (reading) test score above/below the median. Sample: 8th-grade sample, N = 126,196.

Figure 3.3: Validity-check: The distribution of students’ 6th-grade standardized test
scores by elite-school enrollment
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Notes: The figure displays the cumulative distribution function of students’ 6th-grade standardized test
score by elite-school enrollment and gender. The left (right) panels present the distributions for female
(male) students. The top (bottom) panels present the distribution of the 6th-grade mathematics (reading)
test scores.

the Kolgomorov-Smirnov test by gender and pre-treatment ability for each value of the combi-
nation of 5th-grade GPA and number of books at home. Out of the 264 tests we perform, we
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reject the null hypothesis only 6 times at a 10 percent significance level. We interpret these
results as strong evidence supporting the validity of the conditional MTS assumption.12

Figure 3.4: Validity-check: The p-values of the Kolgomorov-Smirnov test
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Notes: The figure displays the p-values of the one-sided Kolgomorov-Smirnov test. The Kolgomorov-
Smirnov test tests the equality of the distributions of elite-school and non-elite-school students’ 6th-
grade standardized test scores. Each cell shows the p-value for a combination of 5th-grade GPA and
the number of books at home. In the top panels (bottom) high-ability/low-ability is defined as hav-
ing 6th-grade mathematics (reading) test score above/below the median. Sample: 8th-grade sample,
N = 126,196.

3.4.3 School value-added

The non-parametric bound approach offers several advantages (e.g., mild identifying assump-
tions with testable implications), however, its ability to recover informative estimates may be
limited. Therefore, we consider a complementary empirical strategy, which builds on selection
on observables—a more demanding assumption.

Assumption 3 (Selection on observables).

P [Y(d) ≥ γ|D = d, Z] = α
γ
d + β

γ
d Z, d = 0, 1; ∀γ,

where Z is a vector of variables.
12Appendix Figure C.2 provides evidence supporting the validity of the conditional MTS assumption

for the 10th-grade sample.

67

C
E

U
eT

D
C

ol
le

ct
io

n



10.14754/CEU.2020.12

The selection on observables assumption provides point identification for the causal effect of
interest:

τ(γ) = ∑
z∈Z

(
α

γ
1 − α

γ
0 + (β

γ
1 − β

γ
0 )z
)

P [D = 1|Z = z] .

The selection on observables assumption ensures that an ordinary least squares (OLS) regres-
sion of Yi on an indicator of elite-school enrollment interacted with Zi recovers unbiased es-
timates of α

γ
d and β

γ
d . We consider two specifications. First, the vector Z includes students’

6th-grade standardized test scores and cohort fixed effects (simple model). Second, the vector
Z includes additional covariates, such as 5th-grade GPA, number of books at home, education
of the mother, education of the father, being disadvantaged, the county of the school, and the
type of the residence where the school is located (full model).13 Both specifications resemble the
commonly used “school value-added” approach to evaluate the effectiveness of schools (Koedel
et al., 2015).

The plausibility of the selection on observables assumption is debated in the context of school
value-added (school VA) estimates (see e.g., Chetty et al., 2014a,b; Guarino et al., 2015; Roth-
stein, 2010, 2017). For elite schools in Amsterdam, (Oosterbeek et al., 2020) finds that school
value-added estimates are severely biased when they are compared to admission lottery-based
estimates. In the context of Hungarian elite schools, we view the school value-added estimates
complementary to our non-parametric bound approach. We note that when the selection on
observables assumption is violated, the direction of the bias of the school value-added estimate is
unclear. Therefore, the school value-added estimates might be less informative about our causal
effect of interest than the non-parametric bounds.

3.5 Results

This section presents our results. We begin, in Section 3.5.1, by showing that enrollment in
an elite school has a negative effect on the short-run academic achievement of female and low-
ability students. In Section 3.5.2, we show that our non-parametric bounds strategy cannot rule
out moderately positive effects on academic achievement 4 years after enrollment. Finally, in
Section 3.5.3, using value-added models, we show that elite schools improve students’ academic
achievement 4 years after enrollment.

13Appendix C.3 describes the construction of our variables, and Appendix Table C.1 presents sum-
mary statistics of the additional covariates of the school value-added specifications.
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3.5.1 Short-run academic achievement

We begin by studying the effect of enrollment in an elite school on elite-school students’ 8th-
grade mathematics grade. Figure 3.5 displays the upper bounds on the causal effect of interest,
split by ability and gender.14 The figure also displays the raw (unconditional) differences be-
tween the outcomes of elite-school and non-elite school students for each group.

Figure 3.5 shows that the upper bounds are negative throughout the outcome distribution for
each gender–ability group. For example, enrollment in an elite school decreases the probability
of having an 8th-grade mathematics grade larger than 4.5 by at least 15 percentage points
for high-ability male students. The upper bound of 15 percentage points corresponds to a 21
percent relative decrease (Appendix Figure B1). For high-ability students, the upper bounds are
the lowest at the top of the distribution. The upper bounds of the causal effect are considerably
lower than the unconditional differences, which is consistent with positive selection into elite
schools.

The negative upper-bound estimates on students’ 8th-grade mathematics grade do not neces-
sarily reflect negative effects on students’ skill formation. Alternative explanations are ceiling
effects, grading on a curve (Calsamiglia and Loviglio, 2019), or more demanding study require-
ments in elite schools. To rule out these alternative explanations, we next examine the effect of
elite schools on students’ 8th-grade standardized test scores. This test score is not top-coded,
blindly graded, and standardized nationwide, therefore, it is not susceptible to the above men-
tioned alternative explanations.

Figure 3.6 presents the upper bounds on the effect of enrollment in an elite school on the dis-
tribution of 8th-grade standardized test scores. The figure displays the upper bounds on the
deciles of the distribution of students’ mathematics and reading test scores.15

The figure shows that enrollment in an elite school has a negative effect on female and low-
ability elite-school students’ mathematics test scores two years after enrollment. Elite-school
enrollment reduces the probability of scoring above the median in mathematics by more than
7.5 percentage points, corresponding to 30 percent, for low-ability female students, and by more
than 1 percentage points, corresponding to 10 percent, for low-ability male students. For high-
ability female students, we find that elite-school enrollment reduces the probability of scoring
in the top 10 percent in mathematics by more than 2 percentage points, corresponding to 10
percent (Appendix Figure B2). The figure also shows that enrollment in an elite school does not
meaningfully increase the 8th-grade mathematics test scores of low-ability male students. The

14The figure also displays the 95% confidence intervals on the causal effect of interest. Since we present
the upper bound estimates of the causal effect exclusively, we mark the area between the upper confi-
dence band and the estimate itself (shaded area).

15To simplify the exposition, Figure 3.6 displays the bounds only on the bottom- and top-6 deciles of
the outcome distribution of low- and high-ability students, respectively.
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Figure 3.5: The effect of elite-school enrollment on the distribution of elite-school
students’ 8th-grade mathematics grade
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Notes: The figure presents our upper-bound estimates of the effect of elite-school enrollment on the
distribution of elite-school students’ 8th-grade mathematics grade (solid lines). The dashed line denotes
the raw difference between the outcomes of elite-school and non-elite-school students. We report the
estimates separately by gender and low- and high-ability students. Low- and high-ability students
are defined by whether the students’ 6th-grade mathematics test score is below or above the median.
Students’ 6th-grade mathematics grade is measured on the scale of 1–5. The shaded area represents the
area between the upper confidence band (95%) and the upper bound estimate itself. The 95% confidence
intervals are based on 1,000 bootstrap draws. Sample: 8th-grade sample, N = 126,196.

upper bounds are actually negative for the fourth and fifth deciles of the outcome distribution.
If anything, elite-school enrollment may only raise high-achieving male students’ mathematics
test score at the top of the outcome distribution, by at most 2–5 percentage points.

The bottom panels of the figure show the effect of enrollment in an elite school on students’
8th-grade reading test scores. We find that the effect is negative for low-ability female students.
The bounds do not exclude positive effects for male and high-achieving female students.

A potential mechanism underlying the negative short-run effects is that elite-school students
switch schools, and it may take time for them to adapt to the new environment. We test this
hypothesis by conducting a heterogeneity analysis. To this end, we focus on elite-school students
who attend a comprehensive school, and thus enrollment in an elite school does not involve
switching schools. Figure 3.7 presents the estimates for this subsample of students. The upper
bounds are negative for both male and female students (irrespective of ability) in mathematics.
These results suggest that the fact that students in the comparison group do not switch school
does not drive our short-run results.16

16Appendix Figure C.3 shows the estimates for elite-school students who did switch to an elite school.
The estimates are largely similar to those presented in Figure 3.6.
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Figure 3.6: The effect of elite-school enrollment on the distribution of elite-school
students’ 8th-grade standardized test scores
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Notes: The figure presents our upper-bound estimates of the effect of elite-school enrollment on the
distribution of elite-school students’ 8th-grade mathematics grades (solid lines). The dashed line de-
notes the raw difference between the outcomes of elite-school and non-elite-school students. We report
the estimates separately by gender and low- and high-ability students. Low- and high-ability students
are defined by whether the students’ 6th-grade standardized test score is below or above the median.
The shaded area represents the area between the upper confidence band (95%) and the upper bound
estimate itself. The 95% confidence intervals are based on 1,000 bootstrap draws. Sample: 8th-grade
sample, N = 126,196.

3.5.2 Medium-run academic achievement

Having found that enrollment in an elite school has a negative effect on female and low-ability
students’ 8th-grade mathematics test score, we next investigate whether these negative effects
persist in grade 10. Figure 3.8 presents the upper bounds on the effect of enrollment in an elite
school on the distribution of 10th-grade test scores. We find that the upper bounds are positive,
and relatively large in magnitude, for each subgroup and test (mathematics and reading). These
findings are consistent with negative as well as substantial positive effects, and therefore they
are inconclusive about the question whether the short-run negative effects persist.

A potential explanation for the high upper bounds is that students who did not enroll in an elite
school attend low value-added schools. This concern, for example, is particularly pronounced
for vocational schools, whose curriculum has less of an academic orientation. We thus focus
on the subset of secondary grammar schools that have elite school tracks and regular tracks as
well (see Table 3.1). Figure 3.9 presents the upper bounds on this subset of secondary grammar
schools. We find that the upper bounds are positive, but considerably lower than the ones
presented in Figure 3.8. For example, the upper bound on the effect of having a mathematics
test score in the top decile for high-ability male students drops from 12.5 to 6 percentage points.
These findings indicate that low value-added secondary-schools (e.g., vocational schools) do not
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Figure 3.7: The effect of elite-school enrollment on the distribution of elite-school
students’ 8th-grade standardized test scores: Comprehensive schools
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Notes: The figure presents our upper-bound estimates of the effect of elite-school enrollment on the
distribution of elite-school students’ 8th-grade standardized test scores (solid lines). The dashed line
denotes the raw difference between the outcomes of elite-school and non-elite-school students. We
report the estimates separately by gender and low- and high-ability students. Low- and high-ability
students are defined by whether the students’ 6th-grade standardized test score is below or above the
median. The shaded area represents the area between the upper confidence band (95%) and the upper
bound estimate itself. The 95% confidence intervals are based on 1,000 bootstrap draws. Sample: 8th-
grade sample – comprehensive schools, N = 111,501.

drive the positive upper bounds. Yet, these bounds do not reveal whether the negative effects of
elite schools persist.

3.5.3 School value-added

As our non-parametric bounds strategy is inconclusive about the sign of the effects of elite-
school enrollment in the medium run, we turn to the results of our school value-added models.
Figure 3.10 presents the school value-added estimates for students’ 8th-grade standardized test
scores, in each gender–ability group using two alternative specifications. The simple model
controls for students’ 6th-grade standardized test score and cohort fixed effects. The full model
adds additional controls for student and school characteristics (see Section 3.4.3).

The figure corroborates that enrollment in an elite school has a negative effect on female elite-
school students’ 8th-grade mathematics test scores throughout the outcome distribution. The
simple model shows that enrollment in an elite school decreases the probability of having a
mathematics test score above the median by 5 percentage points for low-ability, and 3 percentage
points for high-ability female students. The full model with additional covariates suggests that
the effect is about minus 7.5 percentage points for low-ability, and minus 8 percentage points
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Figure 3.8: The effect of elite-school enrollment on the distribution of elite-school
students’ 10th-grade standardized test scores
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Notes: The figure presents our upper-bound estimates of the effect of elite-school enrollment on the
distribution of elite-school students’ 10th-grade standardized test scores (solid lines). The dashed line
denotes the raw difference between the outcomes of elite-school and non-elite-school students. We
report the estimates separately by gender and low- and high-ability students. Low- and high-ability
students are defined by whether the students’ 6th-grade standardized test score is below or above the
median. The shaded area represents the area between the upper confidence band (95%) and the upper
bound estimate itself. The 95% confidence intervals are based on 1,000 bootstrap draws. Sample: 10th-
grade sample, N = 71,962.

for high-ability female students. The negative relative effect of elite-school enrollment is larger
for low-ability female students and at the top of the outcome distribution (Appendix Figure B6).

Figure 3.10 also reiterates that elite-school enrollment does not meaningfully increase the 8th-
grade mathematics test scores of low-ability male students. The estimates of the simple school
VA model are close to zero for both low- and high ability male students throughout the en-
tire outcome distribution. The full model with additional covariates indicates that the effect is
negative. Similar to female students, we find that the size of the relative effects are larger for
low-ability male students relative to high-ability male students, and at the top of the outcome
distribution (Appendix Figure B6).

The school value-added estimates are less robust when we study the effect of elite-school en-
rollment on elite-school students’ 8th-grade reading scores. The simple model yields positive
estimates for each ability-gender group throughout the outcome distribution. By contrast, the
full model results in negative or insignificant estimates. We find that the full model’s results
are consistent with our non-parametric bounds (Appendix Figure C.4).

Figure 3.11 presents the school VA estimates for elite-school students’ 10th-grade standardized
test scores. We find that elite-school enrollment has a positive effect on elite-school students’
10th-grade test scores for both ability groups. The full model suggests that elite-school en-
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Figure 3.9: The effect of elite-school enrollment on the distribution of elite-school
students’ 10th-grade standardized test scores: Elite-school subsample
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Notes: The figure presents our upper-bound estimates of the effect of elite-school enrollment on the
distribution of elite-school students’ 10th-grade standardized test scores (solid lines). The dashed line
denotes the raw difference between the outcomes of elite-school and non-elite-school students. We
report the estimates separately by gender and low- and high-ability students. Low- and high-ability
students are defined by whether the students’ 6th-grade standardized test score is below or above the
median. The shaded area represents the area between the upper confidence band (95%) and the upper
bound estimate itself. The 95% confidence intervals are based on 1,000 bootstrap draws. Sample: 10th-
grade sample – elite-school subsample, N = 21,384.

rollment increases the probability of having a mathematics test score above the median by 10
percentage points for low-ability female students, and 12.5 percentage points for low-ability
male students. For high-ability students, we find that the effect on the probability of having a
mathematics test score above the 9th decile is 7 percentage points for girls, and 8 percentage
points for boys. The relative effect of elite-school enrollment on the mathematics test score is
heterogeneous for high-ability students. We find that the relative effect for high-ability female
students is higher than those of high-ability male students. By contrast, the relative effects do
not differ between low-ability female and male students. We also find that the relative effect is
higher at the top of the outcome distribution (Appendix Table B7).
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Figure 3.10: The effect of elite-school enrollment on the distribution of elite-school
students’ 8th-grade test scores: School VA

Low ability High ability

M
ath

R
eading

0.1 0.2 0.3 0.4 0.5 0.6 0.4 0.5 0.6 0.7 0.8 0.9

−0.10

−0.05

0.00

−0.05

0.00

0.05

P(score ≥ di)

E
ffe

ct
 o

f e
lit

e 
sc

ho
ol

s

Female Male full simple

Notes: The figure presents the school value-added estimates of the effect of elite-school enrollment on
the distribution of elite-school students’ 8th-grade standardized test scores. The figure presents school
VA estimates for the deciles of the outcome distribution. The top (bottom) panels focus on mathematics
(reading). The left (right) panels focus on students whose 6th-grade test score is above (below) the me-
dian. The dashed lines refer to the estimates of the simple school VA model (6th-grade standardized test
score, cohort fixed effects) and the solid lines refer to the full school VA model (6th-grade standardized
test score, cohort fixed effects, 5th-grade GPA, number of books at home, parental education, disadvan-
taged status, county of the school, type of the settlement where the school is located). The shaded are
represents the 95% confidence intervals around the school VA estimates. The confidence intervals are
based on 1,000 bootstrap draws. Sample: 8th-grade sample, N = 126,196.
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Figure 3.11: The effect of enrollment in an elite school on the distribution of
elite-school students’ 10th-grade test scores: School VA
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Notes: The figure presents the school value-added estimates of the effect of elite-school enrollment on
the distribution of elite-school students’ 10th-grade standardized test scores. The figure presents school
VA estimates for the deciles of the outcome distribution. The top (bottom) panels focus on mathematics
(reading). The left (right) panels focus on students whose 6th-grade test score is below (above) the me-
dian. The dashed lines refer to the estimates of the simple school VA model (6th-grade standardized test
score, cohort fixed effects) and the solid lines refer to the full school VA model (6th-grade standardized
test score, cohort fixed effects, 5th-grade GPA, number of books at home, parental education, disadvan-
taged status, county of the school, type of the settlement where the school is located). The shaded are
represents the 95% confidence intervals around the school VA estimates. The confidence intervals are
based on 1,000 bootstrap draws. Sample: 10th-grade sample, N = 71,962.
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3.6 Conclusions

We have studied the effect on enrollment in an elite school on elite-school students’ short- and
medium-run academic achievement. Motivated by the fact that local effects identified at the
margin of admission may not generalize to the average elite-school student, the causal effect
of interest has been the average treatment effect on the treated. To identify the causal effects
of interest, we have used non-parametric bounds and school value-added models. To further
understand the heterogeneous effects of elite schools, we have conducted our analysis by gender-
ability groups, and we have studied the effects throughout the outcome distribution.

Our main finding is that enrollment in an elite school has a negative effect on female and low-
ability students’ mathematics test scores on the short run. By contrast, our non-parametric
bounds strategy does not allow us to exclude small, positive effects for high-ability male stu-
dents. We argue that the short-run negative effects are not the consequence of grading policies
(e.g., grading on a curve, ceiling effects), but they reflect real effects in skill formation. As non-
parametric bounds are uninformative about the sign of the medium-run effects, we have used
school value-added models to test whether the negative short-run effects persist. These school
value-added estimates suggest that elite-school enrollment has a positive effect on academic
achievement for each gender-ability group on the medium run.

The most salient difference between an average elite-school student and a student on the margin
of admission is her (baseline) academic ability. Therefore, our analysis has focused on effect
heterogeneity along the ability distribution. Splitting the sample by baseline ability suggests
that high-ability students benefit more from elite-school enrollment. By studying the effect
of elite-school enrollment throughout the outcome distribution, our findings indicate that the
benefits of elite schools are concentrated at the top of the test score distribution.

Our study design does not allow us to identify the exact mechanisms driving our results.
Nonetheless, heterogeneity analysis along school characteristics enables us to exclude some im-
portant mechanisms. First, the negative upper bounds on the short-run effects in comprehen-
sive schools suggest that school switching does not explain the negative short-run effects of elite
schools. Second, the positive upper bounds on medium-run outcomes are not solely driven by
less selective schools in the counterfactual.

We have focused on how elite-school enrollment affect academic achievement. However, parents
may also value schools along other dimensions, such as non-cognitive skills, field of study,
college enrollment, or labor market outcomes (see, e.g., Beuermann and Jackson, Forthcoming;
Beuermann et al., 2018).17 We view the understanding of how elite schools affect these outcomes
as fruitful directions for future research.

17The strong positive association between Hungarian students’ standardized test scores and their
labor market outcomes (such as employment and wages) suggests that the medium-run benefits in
academic achievement may turn into long-run gains in the labor market (Hermann et al., 2019).
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Appendix A

Appendix for Chapter 1

A.1 Simulation distributions

This section presents the whole simulation distributions for expected welfare and various esti-
mators to complement the summary numbers in the main text.
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Figure A.1: Distribution of welfare by batch size
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Notes: Each panel shows the distribution of the achieved welfare by the bandit algorithm with the corre-
sponding batch size (σ = 10). Quicker adaptivity (smaller batch size) leads to higher achievable welfare
but also higher variance.
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Figure A.2: Distribution of τ̂0 by batch size
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Notes: Each panel shows the distribution of the standard treatment effect estimate for the bandit algo-
rithm with the corresponding batch size (σ = 10). The dashed line shows the true treatment effect, while
the solid line corresponds to the expected value of the estimates. Quicker adaptivity (smaller batch size)
leads to a more volatile estimate with larger bias.
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Figure A.3: Distribution of τ̂IPW by batch size
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Notes: Each panel shows the distribution of the inverse-propensity-weigthed treatment effect estimate
for the bandit algorithm with the corresponding batch size (σ = 10). The dashed line shows the true
treatment effect, while the solid line corresponds to the expected value of the estimates. Quicker adap-
tivity (smaller batch size) leads to larger bias. The variance is larger compared to τ̂0, especially for larger
batch sizes.
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Figure A.4: Distribution of τ̂FB by batch size
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Notes: Each panel shows the distribution of the treatment effect estimate calculated on the first batch
of the bandit algorithm with the corresponding batch size (σ = 10). The dashed line shows the true
treatment effect, while the solid line corresponds to the expected value of the estimates. The estimator
is unbiased but really volatile, especially for smaller batch sizes.
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A.2 Detailed simulation results

This section presents all the simulation results of expected welfare, expected bias and expected
welfare for the various strategies in different setups. The welfare-estimation plots in the main
text are based on these numbers.

Table A.1: Expected welfare for different strategies (n = 10, 000)

Batch size

allocation 10 20 50 100 200 500 1000 2000 5000 10,000

σ = 1
TS 9987 9985 9974 9950 9900 9750 9500 9000 7500 5000
ETC 9465 9847 9973 9950 9900 9750 9500 9000 7500 5000
LTS-0% 9851 9702 9455 8960 7475 5000
LTS-1% 9851 9802 9655 9410 8920 7450 5000
LTS-2% 9776 9752 9704 9560 9320 8840 7400 5000
LTS-5% 9490 9477 9455 9410 9275 9050 8600 7250 5000
LTS-10% 8995 8991 8980 8960 8920 8800 8600 8200 7000 5000
LTS-15% 8495 8493 8483 8465 8430 8325 8150 7800 6750 5000
LTS-20% 7996 7994 7985 7970 7940 7850 7700 7400 6500 5000

σ = 2
TS 9957 9957 9953 9940 9898 9750 9500 9000 7500 5000
ETC 7858 8663 9580 9892 9899 9750 9500 9000 7500 5000
LTS-0% 9850 9702 9455 8960 7475 5000
LTS-1% 9846 9801 9655 9410 8920 7450 5000
LTS-2% 9767 9748 9703 9560 9320 8840 7400 5000
LTS-5% 9479 9471 9452 9410 9275 9050 8600 7250 5000
LTS-10% 8986 8984 8976 8958 8920 8800 8600 8200 7000 5000
LTS-15% 8489 8487 8479 8464 8430 8325 8150 7800 6750 5000
LTS-20% 7991 7990 7983 7969 7940 7850 7700 7400 6500 5000

σ = 5
TS 9797 9800 9801 9798 9778 9691 9482 8998 7500 5000
ETC 6186 6710 7713 8412 9098 9615 9494 9000 7500 5000
LTS-0% 9750 9656 9442 8959 7475 5000
LTS-1% 9736 9714 9615 9399 8919 7450 5000
LTS-2% 9660 9656 9630 9527 9311 8839 7400 5000
LTS-5% 9395 9394 9386 9357 9252 9044 8600 7250 5000
LTS-10% 8922 8925 8921 8912 8883 8785 8597 8200 7000 5000
LTS-15% 8439 8442 8438 8429 8403 8315 8148 7800 6750 5000
LTS-20% 7954 7955 7951 7943 7920 7843 7699 7400 6500 5000

σ = 10
TS 9372 9382 9389 9392 9383 9321 9178 8820 7469 5000
ETC 5626 5840 6375 6946 7533 8496 9004 8896 7498 5000
LTS-0% 9371 9308 9163 8800 7451 5000
LTS-1% 9358 9351 9288 9140 8774 7430 5000
LTS-2% 9302 9309 9301 9234 9082 8713 7384 5000

89

C
E

U
eT

D
C

ol
le

ct
io

n



10.14754/CEU.2020.12

Table A.1: Expected welfare for different strategies (n = 10, 000) (continued)

Batch size

allocation 10 20 50 100 200 500 1000 2000 5000 10,000

LTS-5% 9096 9106 9111 9097 9026 8871 8508 7241 5000
LTS-10% 8694 8707 8713 8711 8695 8623 8476 8139 6995 5000
LTS-15% 8260 8278 8280 8276 8258 8193 8060 7758 6747 5000
LTS-20% 7819 7829 7829 7826 7809 7750 7634 7370 6498 5000

σ = 15
TS 8878 8873 8881 8896 8891 8828 8709 8400 7258 5000
ETC 5441 5615 5950 6285 6781 7594 8175 8429 7453 5000
LTS-0% 8884 8825 8703 8392 7250 5000
LTS-1% 8875 8871 8812 8691 8379 7238 5000
LTS-2% 8830 8849 8837 8779 8656 8343 7209 5000
LTS-5% 8678 8693 8708 8696 8638 8508 8199 7104 5000
LTS-10% 8356 8374 8386 8392 8377 8318 8196 7907 6900 5000
LTS-15% 7989 8014 8025 8030 8012 7955 7842 7579 6679 5000
LTS-20% 7609 7622 7629 7632 7616 7563 7464 7233 6450 5000

σ = 20
TS 8359 8353 8369 8386 8380 8331 8226 7957 6968 5000
ETC 5312 5445 5696 5983 6328 6969 7577 7936 7300 5000
LTS-0% 8375 8327 8223 7954 6965 5000
LTS-1% 8373 8368 8321 8216 7946 6958 5000
LTS-2% 8340 8351 8345 8299 8194 7924 6941 5000
LTS-5% 8222 8243 8253 8244 8193 8090 7824 6869 5000
LTS-10% 7964 7983 8005 8014 7997 7946 7847 7598 6714 5000
LTS-15% 7660 7699 7712 7713 7700 7649 7556 7328 6532 5000
LTS-20% 7340 7364 7377 7375 7364 7319 7235 7032 6334 5000

σ = 25
TS 7923 7936 7942 7945 7939 7901 7804 7578 6704 5000
ETC 5248 5373 5591 5804 6088 6632 7120 7531 7104 5000
LTS-0% 7935 7901 7802 7575 6702 5000
LTS-1% 7938 7930 7893 7797 7571 6699 5000
LTS-2% 7924 7922 7913 7878 7782 7556 6688 5000
LTS-5% 7829 7847 7856 7835 7797 7703 7483 6637 5000
LTS-10% 7603 7637 7653 7661 7646 7602 7507 7304 6516 5000
LTS-15% 7349 7401 7412 7413 7398 7355 7268 7080 6368 5000
LTS-20% 7084 7116 7130 7130 7115 7075 6994 6828 6200 5000

σ = 30
TS 7566 7551 7585 7585 7590 7548 7473 7245 6485 5000
ETC 5260 5302 5466 5664 5899 6337 6827 7159 6896 5000
LTS-0% 7577 7548 7471 7244 6484 5000
LTS-1% 7566 7574 7543 7468 7240 6481 5000
LTS-2% 7567 7554 7562 7530 7456 7230 6473 5000
LTS-5% 7520 7506 7497 7501 7464 7394 7172 6434 5000
LTS-10% 7316 7347 7357 7338 7345 7301 7231 7025 6337 5000
LTS-15% 7091 7140 7141 7130 7134 7096 7026 6839 6212 5000
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Table A.1: Expected welfare for different strategies (n = 10, 000) (continued)

Batch size

allocation 10 20 50 100 200 500 1000 2000 5000 10,000

LTS-20% 6871 6895 6901 6889 6894 6855 6790 6623 6067 5000

Notes: TS: Thompson sampling, ETC: Explore-then-commit, LTS-X%: Limited Thompson sam-
pling with X% limitation. Expected welfare is calculated as the average of the sum of outcomes
(∑n

i=1 Y) across the simulation runs. Number of simulations = 10, 000 for σ < 10, 20, 000 for
10 ≥ σ < 20 and 50, 000 for σ ≥ 20.

Table A.2: Bias for different strategies (n = 10, 000)

Batch size

strategy 10 20 50 100 200 500 1000 2000 5000 10000

σ = 1
TS 0.127 0.072 0.009 0.001 0.000 0.000 0.000 0.000 0.000 0.000
TS-IPW 0.177 0.169 0.047 0.001 0.000 0.000 0.000 0.000 0.000 0.000
TS-FB 0.018 -0.003 0.003 0.001 0.002 0.000 -0.001 0.000 0.000 0.000
ETC 0.008 0.000 0.002 0.001 0.000 0.000 0.000 0.000 0.000 0.000
LTS-0.5% 0.002 0.000 0.001 0.000 -0.001 0.000
LTS-1% 0.001 0.000 0.000 -0.001 -0.001 0.001 0.000
LTS-2% 0.001 -0.001 0.000 0.000 -0.001 -0.001 0.000 0.000
LTS-5% 0.000 0.000 0.000 0.000 -0.001 -0.001 0.000 0.000 0.000
LTS-10% 0.000 0.000 0.000 0.000 0.000 -0.001 0.000 0.000 0.000 0.000
LTS-15% 0.000 0.000 0.000 -0.001 0.000 0.000 0.000 0.000 0.000 0.000
LTS-20% 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

σ = 2
TS 0.196 0.174 0.109 0.043 0.003 -0.002 -0.001 0.000 0.000 0.000
TS-IPW 0.219 0.231 0.244 0.195 0.055 -0.002 -0.001 0.000 0.000 0.000
TS-FB -0.002 -0.005 0.001 0.006 0.000 -0.002 -0.002 -0.001 0.000 0.000
ETC 0.000 -0.003 0.003 0.001 -0.002 -0.002 -0.001 0.000 0.000 0.000
LTS-0.5% 0.003 0.003 0.002 -0.001 0.001 0.000
LTS-1% 0.000 0.000 0.002 -0.003 -0.001 0.002 0.000
LTS-2% 0.001 0.001 -0.001 0.000 -0.002 -0.001 0.000 0.000
LTS-5% -0.001 0.001 0.001 0.000 -0.001 -0.001 -0.001 0.000 0.000
LTS-10% -0.001 0.000 0.001 0.000 0.000 -0.001 -0.001 -0.001 0.000 0.000
LTS-15% -0.001 0.000 0.000 0.000 0.000 -0.001 -0.001 0.000 0.000 0.000
LTS-20% 0.000 0.000 0.001 0.000 0.000 -0.001 0.000 -0.001 0.000 0.000

σ = 5
TS 0.313 0.302 0.260 0.213 0.148 0.052 0.013 0.003 0.001 0.001
TS-IPW 0.305 0.302 0.287 0.284 0.255 0.198 0.103 0.030 0.000 0.001
TS-FB -0.012 -0.010 0.022 -0.007 -0.003 0.004 0.002 0.003 0.000 0.001
ETC 0.009 0.009 0.007 0.000 0.004 0.006 0.004 0.003 0.001 0.001
LTS-0.5% 0.004 0.007 0.005 -0.005 -0.006 0.001
LTS-1% 0.003 0.007 0.000 0.000 -0.005 -0.007 0.001
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Table A.2: Bias for different strategies (n = 10, 000) (continued)

Batch size

strategy 10 20 50 100 200 500 1000 2000 5000 10000

LTS-2% 0.002 0.005 0.004 -0.005 -0.004 -0.002 -0.004 0.001
LTS-5% 0.000 0.004 0.001 0.001 -0.005 -0.002 0.001 -0.001 0.001
LTS-10% -0.001 0.003 0.001 0.001 0.000 -0.004 0.000 0.000 -0.001 0.001
LTS-15% 0.000 0.002 0.000 0.001 -0.001 -0.002 0.001 0.001 -0.001 0.001
LTS-20% 0.001 0.002 0.001 0.000 -0.001 -0.001 0.000 0.002 -0.001 0.001

σ = 10
TS 0.419 0.394 0.383 0.342 0.279 0.182 0.099 0.035 0.003 0.002
TS-IPW 0.375 0.337 0.306 0.261 0.190 0.140 0.115 0.100 -0.007 0.002
TS-FB -0.041 -0.043 0.008 0.030 -0.015 0.003 0.004 0.001 -0.001 0.002
ETC -0.066 -0.023 0.002 0.007 -0.004 0.003 0.003 0.001 0.000 0.002
LTS-0.5% -0.006 -0.001 -0.004 -0.010 0.001 0.002
LTS-1% -0.010 -0.003 -0.001 -0.001 -0.005 -0.003 0.002
LTS-2% -0.010 -0.002 -0.008 0.001 -0.005 -0.006 -0.007 0.002
LTS-5% -0.004 -0.006 -0.003 0.003 -0.001 -0.005 0.003 -0.005 0.002
LTS-10% -0.005 -0.004 -0.003 0.002 -0.001 -0.004 -0.001 0.002 -0.004 0.002
LTS-15% -0.004 -0.005 0.000 0.001 0.001 -0.002 0.000 0.001 -0.003 0.002
LTS-20% -0.002 -0.004 0.000 0.001 0.001 -0.001 -0.001 0.001 -0.002 0.002

σ = 15
TS 0.516 0.509 0.462 0.424 0.376 0.267 0.184 0.092 0.017 0.002
TS-IPW 0.443 0.404 0.315 0.246 0.182 0.096 0.060 0.035 0.046 0.002
TS-FB 0.033 0.085 0.009 -0.019 0.029 -0.008 0.003 -0.002 0.000 0.002
ETC 0.045 0.067 0.015 -0.019 0.018 0.001 -0.001 0.001 0.002 0.002
LTS-0.5% 0.002 -0.002 0.005 0.008 0.007 0.002
LTS-1% 0.011 0.002 0.002 0.008 0.010 0.004 0.002
LTS-2% -0.001 0.007 0.005 0.004 0.005 0.008 0.003 0.002
LTS-5% 0.003 -0.003 0.005 0.001 0.010 0.005 0.004 -0.001 0.002
LTS-10% 0.003 -0.001 -0.001 0.000 -0.001 0.008 0.001 0.002 -0.001 0.002
LTS-15% 0.001 -0.001 -0.002 -0.001 -0.002 0.005 0.002 0.003 0.001 0.002
LTS-20% -0.001 0.002 -0.002 0.003 -0.002 0.003 0.001 0.000 0.000 0.002

σ = 20
TS 0.541 0.545 0.507 0.478 0.421 0.322 0.226 0.131 0.025 -0.003
TS-IPW 0.437 0.401 0.305 0.220 0.156 0.082 0.039 0.029 0.023 -0.003
TS-FB -0.040 0.009 -0.015 0.011 -0.020 -0.013 0.005 0.003 -0.002 -0.003
ETC -0.027 -0.008 -0.012 0.003 -0.016 -0.010 0.000 -0.002 -0.004 -0.003
LTS-0.5% 0.002 -0.002 -0.003 0.005 0.000 -0.003
LTS-1% -0.002 0.003 -0.001 -0.003 0.005 0.000 -0.003
LTS-2% 0.001 -0.002 0.001 0.005 -0.002 0.006 0.003 -0.003
LTS-5% 0.004 0.003 0.000 0.002 0.002 0.001 0.003 0.002 -0.003
LTS-10% -0.005 0.000 0.002 0.002 -0.001 0.003 0.000 0.001 0.002 -0.003
LTS-15% -0.005 0.001 0.002 0.000 0.000 0.001 0.001 0.001 0.002 -0.003
LTS-20% -0.004 -0.001 0.000 -0.001 -0.001 -0.001 0.000 0.001 0.002 -0.003

σ = 25
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Table A.2: Bias for different strategies (n = 10, 000) (continued)

Batch size

strategy 10 20 50 100 200 500 1000 2000 5000 10000

TS 0.603 0.588 0.558 0.511 0.463 0.358 0.260 0.159 0.036 0.006
TS-IPW 0.484 0.409 0.314 0.217 0.131 0.061 0.027 0.018 -0.006 0.006
TS-FB 0.002 0.025 0.032 0.019 0.007 0.005 -0.003 0.007 -0.004 0.006
ETC -0.048 0.049 -0.001 0.000 -0.003 0.001 0.006 0.007 0.000 0.006
LTS-0.5% 0.003 0.003 -0.006 -0.009 -0.004 0.006
LTS-1% 0.003 -0.001 -0.001 -0.004 -0.009 -0.007 0.006
LTS-2% 0.010 0.003 -0.001 0.001 -0.003 -0.008 -0.002 0.006
LTS-5% 0.001 0.007 0.003 0.002 0.001 -0.004 -0.003 -0.004 0.006
LTS-10% -0.002 0.003 0.000 0.004 0.002 0.000 -0.002 -0.001 -0.003 0.006
LTS-15% 0.000 0.003 0.005 0.004 0.001 0.002 -0.002 0.001 -0.002 0.006
LTS-20% 0.002 0.000 0.005 0.004 0.002 0.002 -0.002 0.003 -0.003 0.006

σ = 30
TS 0.628 0.591 0.583 0.527 0.477 0.386 0.287 0.176 0.039 -0.002
TS-IPW 0.498 0.401 0.312 0.197 0.117 0.061 0.039 0.021 -0.012 -0.002
TS-FB -0.069 -0.018 0.016 0.030 0.000 -0.014 0.013 -0.008 -0.001 -0.002
ETC 0.109 0.011 -0.032 -0.002 0.020 0.001 0.010 -0.002 -0.002 -0.002
LTS-0.5% 0.000 0.004 0.002 0.001 -0.011 -0.002
LTS-1% 0.003 -0.003 0.007 0.002 0.000 -0.010 -0.002
LTS-2% 0.002 -0.007 -0.005 0.002 -0.002 -0.003 -0.008 -0.002
LTS-5% 0.014 0.000 -0.004 -0.005 0.002 -0.005 0.000 -0.005 -0.002
LTS-10% 0.010 0.005 0.002 -0.007 0.001 -0.003 -0.001 0.001 -0.003 -0.002
LTS-15% 0.008 0.007 0.000 -0.006 -0.003 -0.002 -0.001 0.001 -0.002 -0.002
LTS-20% 0.006 0.007 0.000 -0.006 0.000 -0.001 -0.003 0.002 -0.002 -0.002

Notes: TS: Thompson sampling with τ̂0, TS-IPW: Thompson sampling with τ̂IPW , TS-FB:
Thompson sampling with τ̂FB, ETC: Explore-then-commit with τ̂0, LTS-X%: Limited Thomp-
son sampling with X% limitation and τ̂IPW . Number of simulations = 10, 000 for σ < 10,
20, 000 for 10 ≥ σ < 20 and 50, 000 for σ ≥ 20.

Table A.3: MSE for different strategies (n = 10, 000)

Batch size

strategy 10 20 50 100 200 500 1000 2000 5000 10000

σ = 1
TS 0.118 0.068 0.036 0.020 0.010 0.004 0.002 0.001 0.001 0.000
TS-IPW 0.185 0.154 0.062 0.022 0.010 0.004 0.002 0.001 0.001 0.000
TS-FB 0.400 0.198 0.081 0.040 0.021 0.008 0.004 0.002 0.001 0.000
ETC 0.201 0.099 0.040 0.020 0.010 0.004 0.002 0.001 0.001 0.000
LTS-0.5% 0.019 0.020 0.018 0.016 0.010 0.000
LTS-1% 0.010 0.010 0.010 0.009 0.008 0.005 0.000
LTS-2% 0.005 0.005 0.005 0.005 0.005 0.004 0.003 0.000
LTS-5% 0.002 0.002 0.002 0.002 0.002 0.002 0.002 0.001 0.000
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Table A.3: MSE for different strategies (n = 10, 000) (continued)

Batch size

strategy 10 20 50 100 200 500 1000 2000 5000 10000

LTS-10% 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.000
LTS-15% 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.000
LTS-20% 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.000

σ = 2
TS 0.248 0.192 0.104 0.059 0.037 0.017 0.009 0.004 0.002 0.002
TS-IPW 0.319 0.346 0.384 0.379 0.201 0.027 0.009 0.004 0.002 0.002
TS-FB 1.576 0.807 0.323 0.160 0.081 0.032 0.016 0.008 0.003 0.002
ETC 0.793 0.411 0.162 0.082 0.040 0.017 0.009 0.004 0.002 0.002
LTS-0.5% 0.079 0.081 0.073 0.065 0.040 0.002
LTS-1% 0.039 0.040 0.039 0.036 0.032 0.021 0.002
LTS-2% 0.020 0.020 0.020 0.020 0.018 0.016 0.011 0.002
LTS-5% 0.008 0.009 0.008 0.009 0.008 0.008 0.007 0.005 0.002
LTS-10% 0.004 0.005 0.005 0.005 0.004 0.004 0.004 0.004 0.003 0.002
LTS-15% 0.003 0.003 0.003 0.003 0.003 0.003 0.003 0.003 0.002 0.002
LTS-20% 0.003 0.003 0.003 0.003 0.002 0.002 0.002 0.002 0.002 0.002

σ = 5
TS 0.637 0.548 0.388 0.259 0.159 0.076 0.049 0.028 0.013 0.010
TS-IPW 0.701 0.731 0.762 0.902 1.208 1.821 1.697 0.546 0.016 0.010
TS-FB 9.965 4.994 1.994 0.989 0.515 0.197 0.101 0.051 0.020 0.010
ETC 5.109 2.567 1.019 0.507 0.261 0.104 0.055 0.028 0.013 0.010
LTS-0.5% 0.407 0.454 0.427 0.400 0.254 0.010
LTS-1% 0.224 0.221 0.227 0.223 0.204 0.130 0.010
LTS-2% 0.115 0.119 0.119 0.118 0.112 0.106 0.068 0.010
LTS-5% 0.050 0.052 0.051 0.051 0.050 0.048 0.045 0.031 0.010
LTS-10% 0.027 0.028 0.027 0.027 0.027 0.027 0.026 0.024 0.019 0.010
LTS-15% 0.021 0.020 0.020 0.019 0.019 0.019 0.019 0.018 0.015 0.010
LTS-20% 0.015 0.016 0.015 0.015 0.016 0.015 0.015 0.015 0.013 0.010

σ = 10
TS 1.355 1.072 0.887 0.656 0.440 0.238 0.141 0.088 0.052 0.040
TS-IPW 1.461 1.294 1.384 1.515 1.722 2.508 3.616 4.936 3.608 0.040
TS-FB 39.354 19.621 8.090 4.034 1.988 0.802 0.401 0.202 0.080 0.040
ETC 19.620 9.940 4.059 2.010 1.001 0.407 0.210 0.111 0.053 0.040
LTS-0.5% 0.989 1.047 1.129 1.199 0.929 0.040
LTS-1% 0.628 0.624 0.646 0.661 0.673 0.492 0.040
LTS-2% 0.380 0.380 0.373 0.382 0.384 0.364 0.268 0.040
LTS-5% 0.186 0.191 0.183 0.182 0.183 0.175 0.166 0.123 0.040
LTS-10% 0.105 0.106 0.105 0.105 0.103 0.100 0.099 0.095 0.075 0.040
LTS-15% 0.083 0.075 0.076 0.077 0.075 0.073 0.073 0.070 0.059 0.040
LTS-20% 0.062 0.061 0.061 0.062 0.060 0.059 0.060 0.058 0.051 0.040

σ = 15
TS 2.571 2.109 1.566 1.173 0.842 0.477 0.292 0.178 0.109 0.091
TS-IPW 2.666 2.407 2.188 2.220 2.376 2.788 3.776 5.158 5.206 0.091
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Table A.3: MSE for different strategies (n = 10, 000) (continued)

Batch size

strategy 10 20 50 100 200 500 1000 2000 5000 10000

TS-FB 90.993 44.865 17.786 8.885 4.576 1.777 0.900 0.452 0.181 0.091
ETC 45.523 22.524 8.949 4.504 2.271 0.916 0.480 0.253 0.121 0.091
LTS-0.5% 1.484 1.486 1.520 1.625 1.294 0.091
LTS-1% 1.053 1.028 1.011 1.021 1.027 0.796 0.091
LTS-2% 0.684 0.676 0.674 0.661 0.656 0.645 0.483 0.091
LTS-5% 0.373 0.373 0.366 0.366 0.359 0.345 0.334 0.253 0.091
LTS-10% 0.226 0.222 0.224 0.221 0.221 0.219 0.209 0.203 0.163 0.091
LTS-15% 0.180 0.165 0.166 0.164 0.163 0.164 0.158 0.154 0.131 0.091
LTS-20% 0.137 0.136 0.137 0.135 0.134 0.136 0.130 0.129 0.115 0.091

σ = 20
TS 4.045 3.241 2.359 1.846 1.301 0.791 0.490 0.312 0.191 0.160
TS-IPW 4.121 3.481 3.039 2.952 2.943 3.234 3.647 4.817 4.828 0.160
TS-FB 160.604 79.991 31.699 15.892 7.963 3.204 1.585 0.812 0.321 0.160
ETC 79.498 39.556 15.826 7.942 4.007 1.641 0.835 0.446 0.215 0.160
LTS-0.5% 1.943 1.844 1.821 1.873 1.480 0.160
LTS-1% 1.463 1.384 1.337 1.317 1.310 0.991 0.160
LTS-2% 1.016 0.992 0.972 0.946 0.912 0.885 0.666 0.160
LTS-5% 0.596 0.587 0.573 0.573 0.556 0.539 0.513 0.394 0.160
LTS-10% 0.375 0.373 0.367 0.370 0.371 0.358 0.351 0.333 0.275 0.160
LTS-15% 0.307 0.284 0.286 0.282 0.284 0.277 0.271 0.262 0.227 0.160
LTS-20% 0.238 0.237 0.236 0.238 0.236 0.230 0.228 0.221 0.201 0.160

σ = 25
TS 5.833 4.810 3.600 2.714 1.956 1.181 0.757 0.486 0.299 0.249
TS-IPW 5.831 5.002 4.337 4.033 3.712 3.741 4.020 4.813 4.535 0.249
TS-FB 251.082 124.151 49.360 24.801 12.551 5.030 2.480 1.239 0.497 0.249
ETC 124.807 62.439 24.887 12.560 6.382 2.570 1.310 0.689 0.335 0.249
LTS-0.5% 2.490 2.297 2.154 2.144 1.604 0.249
LTS-1% 1.927 1.804 1.713 1.636 1.552 1.172 0.249
LTS-2% 1.397 1.340 1.300 1.251 1.201 1.109 0.843 0.249
LTS-5% 0.840 0.824 0.806 0.811 0.785 0.754 0.701 0.543 0.249
LTS-10% 0.563 0.548 0.544 0.543 0.544 0.527 0.512 0.484 0.401 0.249
LTS-15% 0.466 0.425 0.429 0.425 0.429 0.420 0.409 0.393 0.341 0.249
LTS-20% 0.362 0.359 0.361 0.360 0.361 0.358 0.351 0.339 0.305 0.249

σ = 30
TS 9.055 7.077 5.094 3.642 2.670 1.693 1.085 0.701 0.432 0.363
TS-IPW 9.056 7.285 6.168 4.952 4.528 4.539 4.597 5.099 4.519 0.363
TS-FB 364.392 178.634 72.500 35.187 18.079 7.213 3.605 1.810 0.723 0.363
ETC 180.242 89.158 35.970 18.149 9.123 3.720 1.891 1.001 0.480 0.363
LTS-0.5% 3.065 2.808 2.590 2.392 1.862 0.363
LTS-1% 2.493 2.289 2.151 2.018 1.845 1.395 0.363
LTS-2% 1.835 1.748 1.693 1.622 1.528 1.393 1.051 0.363
LTS-5% 1.145 1.114 1.081 1.059 1.060 1.007 0.920 0.727 0.363
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Table A.3: MSE for different strategies (n = 10, 000) (continued)

Batch size

strategy 10 20 50 100 200 500 1000 2000 5000 10000

LTS-10% 0.772 0.765 0.755 0.743 0.751 0.731 0.705 0.660 0.561 0.363
LTS-15% 0.646 0.604 0.604 0.602 0.606 0.587 0.573 0.548 0.487 0.363
LTS-20% 0.516 0.515 0.513 0.513 0.518 0.504 0.494 0.479 0.441 0.363

Notes: TS: Thompson sampling with τ̂0, TS-IPW: Thompson sampling with τ̂IPW , TS-FB:
Thompson sampling with τ̂FB, ETC: Explore-then-commit with τ̂0, LTS-X%: Limited Thomp-
son sampling with X% limitation and τ̂IPW . Number of simulations = 10, 000 for σ < 10,
20, 000 for 10 ≥ σ < 20 and 50, 000 for σ ≥ 20.

Table A.4: Expected welfare for different strategies (σ = 10)

Batch size

allocation 10 20 50 100 200 500 1000 2000 5000 10,000

n = 2000
TS 1631 1640 1638 1627 1605 1526 1367 1000
ETC 1120 1196 1268 1363 1469 1550 1442 1000
LTS-0.5% 1604 1525 1367 1000
LTS-1% 1625 1603 1524 1366 1000
LTS-2% 1630 1621 1599 1521 1363 1000
LTS-5% 1612 1609 1602 1581 1504 1351 1000
LTS-10% 1558 1566 1565 1557 1536 1466 1323 1000
LTS-15% 1502 1510 1510 1503 1483 1419 1290 1000
LTS-20% 1444 1449 1447 1442 1424 1367 1253 1000

n = 10000
TS 9372 9382 9389 9392 9383 9321 9178 8820 7469 5000
ETC 5626 5840 6375 6946 7533 8496 9004 8896 7498 5000
LTS-0.5% 9371 9308 9163 8800 7451 5000
LTS-1% 9358 9351 9288 9140 8774 7430 5000
LTS-2% 9302 9309 9301 9234 9082 8713 7384 5000
LTS-5% 9096 9106 9111 9097 9026 8871 8508 7241 5000
LTS-10% 8694 8707 8713 8711 8695 8623 8476 8139 6995 5000
LTS-15% 8260 8278 8280 8276 8258 8193 8060 7758 6747 5000
LTS-20% 7819 7829 7829 7826 7809 7750 7634 7370 6498 5000

n = 20000
TS 19,268 19,272 19,288 19,298 19,292 19,243 19,119 18,791 17,465 14,998
ETC 11,181 11,714 12,871 13,743 15,346 17,252 18,468 18,757 17,496 15,000
LTS-0.5% 19,258 19,210 19,079 18,737 17,399 14,949
LTS-1% 19,202 19,204 19,153 19,017 18,666 17,329 14,899
LTS-2% 19,063 19,075 19,072 19,014 18,869 18,510 17,183 14,800
LTS-5% 18,583 18,597 18,598 18,588 18,520 18,368 18,009 16,740 14,500
LTS-10% 17,692 17,702 17,712 17,706 17,692 17,622 17,477 17,141 15,995 14,000
LTS-15% 16,765 16,779 16,781 16,773 16,758 16,692 16,561 16,259 15,247 13,500
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Table A.4: Expected welfare for different strategies (σ = 10) (continued)

Batch size

allocation 10 20 50 100 200 500 1000 2000 5000 10,000

LTS-20% 15,819 15,827 15,832 15,822 15,810 15,750 15,635 15,371 14,498 13,000

n = 40000
TS 39,152 39,167 39,182 39,210 39,197 39,166 39,058 38,757 37,460 34,998
ETC 22,203 23,374 25,845 28,008 30,444 34,583 37,421 38,571 37,486 35,000
LTS-0.5% 39,104 39,072 38,954 38,625 37,297 34,849
LTS-1% 38,977 38,972 38,932 38,803 38,460 37,127 34,700
LTS-2% 38,655 38,672 38,660 38,607 38,464 38,108 36,782 34,400
LTS-5% 37,582 37,598 37,608 37,586 37,518 37,366 37,008 35,739 33,500
LTS-10% 35,690 35,704 35,715 35,712 35,691 35,619 35,474 35,141 33,994 32,000
LTS-15% 33,763 33,779 33,782 33,776 33,757 33,690 33,559 33,260 32,246 30,500
LTS-20% 31,821 31,829 31,832 31,825 31,807 31,747 31,633 31,372 30,498 29,000

Notes: TS: Thompson sampling, ETC: Explore-then-commit, LTS-X%: Limited Thompson sam-
pling with X% limitation. Expected welfare is calculated as the average of the sum of outcomes
(∑n

i=1 Y) across the simulation runs. Number of simulations = 20, 000 for n = 10, 000, and 10, 000
otherwise.

Table A.5: Bias for different strategies (σ = 10)

Batch size

strategy 10 20 50 100 200 500 1000 2000 5000 10000

n = 2000
TS 0.527 0.514 0.427 0.347 0.253 0.111 0.033 0.002
TS-IPW 0.429 0.370 0.242 0.164 0.092 0.025 0.019 0.002
TS-FB -0.001 0.076 0.001 0.022 0.002 0.001 0.002 0.002
ETC 0.010 0.065 0.001 0.025 0.013 0.003 0.003 0.002
LTS-0.5% -0.003 -0.008 0.002 0.002
LTS-1% -0.008 -0.005 -0.006 -0.002 0.002
LTS-2% -0.001 -0.003 0.006 -0.008 0.007 0.002
LTS-5% 0.008 -0.003 -0.001 0.000 -0.011 -0.001 0.002
LTS-10% -0.001 0.007 -0.002 -0.004 0.000 0.000 -0.002 0.002
LTS-15% 0.000 0.007 -0.005 -0.002 0.001 0.002 -0.003 0.002
LTS-20% 0.005 0.007 -0.006 0.002 -0.001 0.003 -0.001 0.002

n = 10000
TS 0.419 0.394 0.383 0.342 0.279 0.182 0.099 0.035 0.003 0.002
TS-IPW 0.375 0.337 0.306 0.261 0.190 0.140 0.115 0.100 -0.007 0.002
TS-FB -0.041 -0.043 0.008 0.030 -0.015 0.003 0.004 0.001 -0.001 0.002
ETC -0.066 -0.023 0.002 0.007 -0.004 0.003 0.003 0.001 0.000 0.002
LTS-0.5% -0.006 -0.001 -0.004 -0.010 0.001 0.002
LTS-1% -0.010 -0.003 -0.001 -0.001 -0.005 -0.003 0.002
LTS-2% -0.010 -0.002 -0.008 0.001 -0.005 -0.006 -0.007 0.002
LTS-5% -0.004 -0.006 -0.003 0.003 -0.001 -0.005 0.003 -0.005 0.002
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Table A.5: Bias for different strategies (σ = 10) (continued)

Batch size

strategy 10 20 50 100 200 500 1000 2000 5000 10000

LTS-10% -0.005 -0.004 -0.003 0.002 -0.001 -0.004 -0.001 0.002 -0.004 0.002
LTS-15% -0.004 -0.005 0.000 0.001 0.001 -0.002 0.000 0.001 -0.003 0.002
LTS-20% -0.002 -0.004 0.000 0.001 0.001 -0.001 -0.001 0.001 -0.002 0.002

n = 20000
TS 0.378 0.368 0.343 0.312 0.267 0.184 0.108 0.041 0.005 0.001
TS-IPW 0.352 0.341 0.310 0.271 0.207 0.192 0.163 0.135 0.078 0.009
TS-FB -0.047 0.027 0.015 -0.032 0.022 -0.006 0.001 0.003 0.002 0.001
ETC 0.000 0.023 -0.004 -0.008 0.014 -0.004 0.000 0.001 0.002 0.001
LTS-0.5% -0.010 0.000 -0.010 -0.009 0.009 0.009
LTS-1% -0.003 -0.003 -0.002 -0.004 -0.005 0.012 0.007
LTS-2% -0.005 -0.003 0.001 0.005 0.000 -0.001 0.010 0.001
LTS-5% 0.002 -0.003 -0.002 0.000 0.005 0.000 0.000 0.000 0.000
LTS-10% 0.001 0.002 -0.003 -0.001 0.002 0.001 0.001 -0.001 -0.001 0.001
LTS-15% 0.001 0.001 -0.004 -0.002 0.001 0.001 -0.001 0.000 -0.002 0.001
LTS-20% 0.000 -0.001 -0.001 0.001 0.001 0.002 -0.002 -0.002 0.000 0.000

n = 40000
TS 0.305 0.306 0.300 0.289 0.251 0.189 0.117 0.047 0.002 0.000
TS-IPW 0.291 0.294 0.281 0.285 0.265 0.228 0.205 0.201 0.069 0.011
TS-FB -0.078 -0.027 0.047 0.036 0.005 0.000 0.003 0.003 -0.005 0.001
ETC -0.001 -0.005 0.061 0.025 0.010 0.001 -0.001 0.000 -0.002 0.000
LTS-0.5% 0.003 0.003 0.006 0.000 0.002 -0.001
LTS-1% 0.000 0.002 0.001 0.007 -0.003 0.005 0.002
LTS-2% 0.000 0.001 0.001 0.002 0.001 -0.001 -0.002 -0.001
LTS-5% 0.001 0.000 0.004 0.003 0.000 0.001 0.000 -0.003 -0.001
LTS-10% -0.001 0.000 0.003 0.002 0.003 0.001 0.001 -0.002 -0.002 0.000
LTS-15% -0.001 0.000 0.002 0.001 0.001 0.001 0.000 -0.002 -0.002 0.001
LTS-20% -0.001 0.000 0.003 0.002 0.001 0.000 -0.001 -0.002 -0.002 0.001

Notes: TS: Thompson sampling with τ̂0, TS-IPW: Thompson sampling with τ̂IPW , TS-FB:
Thompson sampling with τ̂FB, ETC: Explore-then-commit with τ̂0, LTS-X%: Limited Thomp-
son sampling with X% limitation and τ̂IPW . Number of simulations = 20, 000 for n = 10, 000,
and 10, 000 otherwise.

Table A.6: MSE for different strategies (σ = 10)

Batch size

strategy 10 20 50 100 200 500 1000 2000 5000 10000

n = 2000
TS 3.045 2.203 1.399 0.992 0.616 0.343 0.243 0.200
TS-IPW 3.210 2.629 2.303 2.401 2.464 2.604 2.227 0.200
TS-FB 40.238 19.600 7.975 4.059 1.995 0.789 0.409 0.200
ETC 20.402 10.048 4.107 2.064 1.047 0.462 0.271 0.200
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Table A.6: MSE for different strategies (σ = 10) (continued)

Batch size

strategy 10 20 50 100 200 500 1000 2000 5000 10000

LTS-0.5% 2.147 1.994 1.560 0.200
LTS-1% 1.620 1.509 1.375 1.087 0.200
LTS-2% 1.176 1.120 1.089 0.943 0.769 0.200
LTS-5% 0.703 0.688 0.681 0.651 0.566 0.471 0.200
LTS-10% 0.440 0.451 0.443 0.444 0.432 0.386 0.335 0.200
LTS-15% 0.365 0.348 0.345 0.352 0.338 0.308 0.279 0.200
LTS-20% 0.289 0.297 0.290 0.298 0.284 0.267 0.253 0.200

n = 10000
TS 1.355 1.072 0.887 0.656 0.440 0.238 0.141 0.088 0.052 0.040
TS-IPW 1.461 1.294 1.384 1.515 1.722 2.508 3.616 4.936 3.608 0.040
TS-FB 39.354 19.621 8.090 4.034 1.988 0.802 0.401 0.202 0.080 0.040
ETC 19.620 9.940 4.059 2.010 1.001 0.407 0.210 0.111 0.053 0.040
LTS-0.5% 0.989 1.047 1.129 1.199 0.929 0.040
LTS-1% 0.628 0.624 0.646 0.661 0.673 0.492 0.040
LTS-2% 0.380 0.380 0.373 0.382 0.384 0.364 0.268 0.040
LTS-5% 0.186 0.191 0.183 0.182 0.183 0.175 0.166 0.123 0.040
LTS-10% 0.105 0.106 0.105 0.105 0.103 0.100 0.099 0.095 0.075 0.040
LTS-15% 0.083 0.075 0.076 0.077 0.075 0.073 0.073 0.070 0.059 0.040
LTS-20% 0.062 0.061 0.061 0.062 0.060 0.059 0.060 0.058 0.051 0.040

n = 20000
TS 1.102 1.007 0.721 0.565 0.409 0.230 0.132 0.079 0.043 0.027
TS-IPW 1.187 1.178 1.080 1.181 1.374 2.142 3.360 5.423 4.824 1.119
TS-FB 40.125 20.155 7.858 3.982 1.955 0.795 0.394 0.200 0.078 0.039
ETC 20.110 9.920 3.951 2.013 0.986 0.407 0.205 0.104 0.045 0.027
LTS-0.5% 0.630 0.668 0.685 0.759 0.735 0.526
LTS-1% 0.383 0.368 0.388 0.394 0.425 0.378 0.266
LTS-2% 0.216 0.217 0.216 0.216 0.222 0.220 0.194 0.140
LTS-5% 0.098 0.101 0.100 0.098 0.098 0.095 0.095 0.085 0.065
LTS-10% 0.053 0.053 0.054 0.055 0.054 0.053 0.052 0.052 0.047 0.038
LTS-15% 0.042 0.038 0.039 0.038 0.037 0.037 0.037 0.037 0.035 0.030
LTS-20% 0.031 0.030 0.031 0.031 0.030 0.030 0.030 0.030 0.029 0.026

n = 40000
TS 0.709 0.704 0.570 0.496 0.372 0.222 0.129 0.076 0.040 0.023
TS-IPW 0.762 0.821 0.806 0.996 1.164 1.754 2.879 4.926 5.361 1.328
TS-FB 40.465 19.838 7.935 3.991 2.001 0.806 0.397 0.202 0.080 0.040
ETC 19.978 10.142 4.042 2.023 0.983 0.405 0.208 0.104 0.043 0.023
LTS-0.5% 0.376 0.402 0.400 0.413 0.432 0.383
LTS-1% 0.214 0.217 0.219 0.215 0.218 0.221 0.189
LTS-2% 0.117 0.120 0.118 0.115 0.118 0.115 0.112 0.099
LTS-5% 0.050 0.053 0.051 0.051 0.051 0.050 0.049 0.047 0.042
LTS-10% 0.027 0.027 0.028 0.028 0.028 0.028 0.027 0.027 0.025 0.023
LTS-15% 0.022 0.019 0.020 0.020 0.020 0.020 0.020 0.019 0.018 0.017
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Table A.6: MSE for different strategies (σ = 10) (continued)

Batch size

strategy 10 20 50 100 200 500 1000 2000 5000 10000

LTS-20% 0.016 0.015 0.016 0.016 0.016 0.016 0.016 0.015 0.015 0.014

Notes: TS: Thompson sampling with τ̂0, TS-IPW: Thompson sampling with τ̂IPW , TS-
FB: Thompson sampling with τ̂FB, ETC: Explore-then-commit with τ̂0, LTS-X%: Limited
Thompson sampling with X% limitation and τ̂IPW . Number of simulations = 20, 000 for
n = 10, 000, and 10, 000 otherwise.
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Appendix B

Appendix for Chapter 2

B.1 Comparison of methodologies in the literature

Table B.1: Comparing the methodologies of the literature

Rohwedder and Willis (2010) Mazzonna and Peracchi (2012) Bonsang et al. (2012)

f (Ri; β) β̃1(Ri > 0) βRi β̃1(Ri ≥ 1)

X∗
i - age, gender, country dum-

mies
age, age squared, individual
fixed effects

Zi normal & early eligibility
dummies (no variation
within country-gender cells)

normal & early eligibility
dummies (some variation
within country-gender cells)

social security eligibility &
normal retirement age

used data 2004 waves of SHARE &
HRS & ELSA

2004 wave of SHARE 6 waves (1998-2008) of HRS

Notes: Using a simple retirement dummy instead of years in retirement is equivalent to estimating the average
effect conditional on the average time spent in retirement in the sample (or the average time excluding fresh
retirees as in the case of Bonsang et al. (2012)), i.e. β̃ = βRi.

B.2 Additional tables for the replication exercises

This appendix contains summary tables of the first stage regressions for the replications exer-
cises. It also contains a robustness check summary, replicating the method of Bonsang et al.
(2012) on various subsamples.
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Table B.2: Comparing the methodology of Rohwedder and Willis (2010)
by two versions of the instrumental variable: first stage

(1) (2)
Rohwedder and Willis (2010) Mazzonna and Peracchi (2012)

Eligible for early benefits 0.323*** 0.246***
(0.028) (0.027)

Eligible for full benefits 0.165*** 0.185***
(0.014) (0.014)

Constant 0.375*** 0.439***
(0.027) (0.025)

Observations 4,464 4,464
Adjusted R2 0.0643 0.065

Notes: Both results are from the first stage estimation of Si = α + β1(Ri > 0) + ui where
the retirement dummy is instrumented by early and normal eligibility dummies. The corre-
sponding coefficients for early and full benefits in Rohwedder and Willis (2010) are 0.19***
and 0.16**, respectively, with the adjusted R2 being 0.059 on a sample of 8,828 observations.
* p < 0.1, ** p < 0.05, *** p < 0.01. Standard errors in parentheses.

Table B.3: Moving from the strategy of Rohwedder and Willis (2010)
to that of Mazzonna and Peracchi (2012): first stage

(1) (2) (3) (4) (5)
aged 60-64 aged 50-70 + worked at 50 + age + country

Years after early eligibility 0.303*** 0.016 0.183*** 0.129*** 0.033
(0.071) (0.033) (0.013) (0.013) (0.025)

Years after normal eligibility 0.580*** 0.581*** 0.266*** 0.144*** 0.166***
(0.079) (0.033) (0.013) (0.015) (0.018)

Age 0.200*** 0.274***
(0.013) (0.024)

Constant 6.437*** 8.310*** 3.696*** −8.659*** −11.793***
(0.38) (0.18) (0.071) (0.83) (1.42)

Country dummies No No No No Yes

Observations 4,052 17,448 14,052 14,052 14,052
Adjusted R2 0.0546 0.1561 0.4513 0.4599 0.4784

Notes: All results are from the first stage estimation of Si = α+ βRi +X∗′
i γ∗+ui where the retirement

dummy is instrumented by early and normal eligibility dummies.
* p < 0.1, ** p < 0.05, *** p < 0.01. Standard errors in parentheses.
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Table B.4: First stages, FE-IV estimation mimicing Bonsang et al. (2012)

(1) (2)
Retired Retired for at least 1 year

Eligible for normal retirement 0.104*** 0.110***
(0.0072) (0.0076)

Eligible for early retirement 0.059*** 0.059***
(0.007) (0.007)

Age 0.0005 0.005
(0.006) (0.006)

Age (sq.) 0.00007 0.00004
(0.00005) (0.00005)

Observations 41,476 37,374
Within-R2 0.0575 0.0689

Notes: The results are from the first stage estimation of Si = α+ βg(Ri)+
ui where g(Ri) = 1(YRi > 0) or 1(YRi ≥ 1) and these retirement dum-
mies are instrumented by early and normal eligibility dummies. The
corresponding coefficients for the eligibility dummies are 0.11*** and
0.07*** in Bonsang et al. (2012) on a sample of 54,377 observations with
a within-R2 of 0.242.
* p < 0.1, ** p < 0.05, *** p < 0.01. Standard errors in parentheses.

Table B.5: Replication of Bonsang et al. (2012) on various subsamples

(1) (2) (3)
wave 1-2 wave 2-4 wave 1-2-4

Retired for at least 1 year 0.394 0.248 0.127
(0.65) (0.19) (0.15)

Age 0.105*** 0.201*** 0.202***
(0.038) (0.026) (0.024)

Age (sq.) −0.001** −0.002*** −0.001***
(0.0003) (0.0002) (0.0002)

Observations 24,470 19,362 19,746
Weak IV F statistic 8.28 78.28 106.80

Notes: The results are from the second stage estimation of Si =
α + ai + βg(Ri) + ui where g(Ri) = 1(Ri ≥ 1) and this dummy
is instrumented by early and normal eligibility dummies. The
corresponding first stage estimates are summarized in Table B.6.
Weak IV F statistic is calculated according to Angrist and Pischke
(2008). Stock et al. (2002) suggest that an F below 10 should make
us worry about the potential bias in the IV estimation.
* p < 0.1, ** p < 0.05, *** p < 0.01. Standard errors in parentheses.
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Table B.6: First stages, replication of Bonsang et al. (2012) on various subsamples

(1) (2) (3)
wave 1-2 wave 2-4 wave 1-2-4

Eligible for normal retirement 0.104*** 0.110*** 0.133***
(0.0072) (0.0076) (0.0097)

Eligible for early retirement 0.059*** 0.059*** 0.058***
(0.007) (0.007) (0.009)

Age 0.001 0.005 0.027***
(0.006) (0.006) (0.009)

Age (sq.) 0.0001 0.0000 −0.0001
(0.0000) (0.0000) (0.0001)

Observations 41,476 37,374 19,746

Notes: The results are from the first stage estimation of Si = α +
βg(Ri) + ui where g(Ri) = 1(YRi ≥ 1) and this dummy is instru-
mented by early and normal eligibility dummies.
* p < 0.1, ** p < 0.05, *** p < 0.01. Standard errors in parentheses.
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B.3 Detailed estimation tables for my strategy

This section contains the estimation results of my strategy for each cognitive score, for each pe-
riod, along with the corresponding first stages. The main results of these tables are summarized
in Figure 2.2 in Section 2.5.

Table B.7: Panel estimation: change in total word recall score between wave 1 and 4:
first stage

(1) (2) (3)
Years in retirement Years in retirement Years in retirement

Years after early eligibility 0.270*** 0.249*** 0.215***
(0.015) (0.015) (0.019)

Years after normal eligibility 0.071*** 0.094*** 0.132***
(0.015) (0.015) (0.019)

Years elapsed 0.270*** 0.255*** 0.377***
(0.067) (0.066) (0.096)

Female −0.408*** −0.366***
(0.052) (0.051)

Constant −0.594 −0.218 −0.041
(0.47) (0.47) (0.67)

Country dummies No No Yes

Observations 6,394 6,394 6,394

Notes: The results are from the first stage estimation of ∆Si = α∗ + β∆Ri + W∗′
i ν + ∆ũi where

∆Mi = Mi,w=4 − Mi,w=1, Si = Total word recalli and ∆Ri is instrumented by distance from early
and normal retirement age.
* p < 0.1, ** p < 0.05, *** p < 0.01. Standard errors in parentheses.
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Table B.8: Panel estimation: change in total word recall score between wave 1 and 2

(1) (2) (3) (4) (5)
2SLS 2SLS 2SLS OLS OLS

Years in retirement −0.019 −0.018 −0.017 −0.017* −0.015
(0.013) (0.013) (0.013) (0.0090) (0.013)

Years elapsed 0.001 0.002 0.085** 0.084** 0.084**
(0.025) (0.025) (0.040) (0.040) (0.040)

Female 0.016 0.010 0.010 0.010
(0.020) (0.020) (0.020) (0.020)

Age at first wave 0.000
(0.0024)

Constant 0.016 0.008 −0.094 −0.094 −0.067
(0.059) (0.060) (0.11) (0.11) (0.18)

Country dummies No No Yes Yes Yes

Observations 9,256 9,256 9,256 9,256 9,256
Weak IV F statistic 4272.83 4353.52 4332.50

Notes: All results are from the estimation of ∆Si = α∗ + β∆Ri + W∗′
i ν + ∆ũi

where ∆Mi = Mi,w=2 − Mi,w=1 and Si = Total word recalli. For 2SLS, the sec-
ond stage regressions are reported where ∆Ri is instrumented by the distance
from early and normal retirement age, and W include years elapsed, female
dummy and country dummies. For OLS, W additionally include age at first
wave. The corresponding first stage estimates are summarized in Table B.9.
Weak IV F statistic is calculated according to Angrist and Pischke (2008). Stock
et al. (2002) suggest that an F below 10 should make us worry about the po-
tential bias in the IV estimation.
* p < 0.1, ** p < 0.05, *** p < 0.01. Standard errors in parentheses.

Table B.9: Panel estimation: change in total word recall score between wave 1 and 2:
first stage

(1) (2) (3)
Years in retirement Years in retirement Years in retirement

Years after early eligibility 0.063*** 0.052*** 0.073***
(0.0041) (0.0042) (0.0060)

Years after normal eligibility 0.061*** 0.073*** 0.054***
(0.0041) (0.0043) (0.0059)

Years elapsed 0.388*** 0.380*** 0.374***
(0.021) (0.021) (0.033)

Female −0.173*** −0.146***
(0.018) (0.018)

Constant 0.070 0.226*** 0.518***
(0.056) (0.058) (0.096)

Country dummies No No Yes

Observations 9,256 9,256 9,256

Notes: The results are from the first stage estimation of ∆Si = α∗ + β∆Ri + W∗′
i ν + ∆ũi where

∆Mi = Mi,w=4 − Mi,w=1, Si = Total word recalli and ∆Ri is instrumented by distance from early
and normal retirement age.
* p < 0.1, ** p < 0.05, *** p < 0.01. Standard errors in parentheses.
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Table B.10: Panel estimation: change in total word recall score between wave 2 and 4

(1) (2) (3) (4) (5)
2SLS 2SLS 2SLS OLS OLS

Years in retirement −0.027*** −0.028*** −0.045*** −0.028*** −0.012
(0.0079) (0.0079) (0.0081) (0.0057) (0.0082)

Years elapsed 0.040 0.041 −0.029 −0.043 −0.037
(0.042) (0.042) (0.053) (0.052) (0.052)

Female −0.003 0.008 0.010 0.003
(0.023) (0.023) (0.023) (0.023)

Age at second wave −0.008***
(0.0028)

Constant −0.119 −0.119 0.011 0.020 0.463*
(0.18) (0.18) (0.23) (0.23) (0.28)

Country dummies No No Yes Yes Yes

Observations 8,095 8,095 8,095 8,095 8,095
Weak IV F statistic 4185.47 4205.43 4081.89

Notes: All results are from the estimation of ∆Si = α∗ + β∆Ri + W∗′
i ν + ∆ũi

where ∆Mi = Mi,w=4 − Mi,w=2 and Si = Total word recalli. For 2SLS, the sec-
ond stage regressions are reported where ∆Ri is instrumented by the distance
from early and normal retirement age, and W include years elapsed, female
dummy and country dummies. For OLS, W additionally include age at first
wave. The corresponding first stage estimates are summarized in Table B.11.
Weak IV F statistic is calculated according to Angrist and Pischke (2008). Stock
et al. (2002) suggest that an F below 10 should make us worry about the poten-
tial bias in the IV estimation.
* p < 0.1, ** p < 0.05, *** p < 0.01. Standard errors in parentheses.

Table B.11: Panel estimation: change in total word recall score between wave 2 and 4:
first stage

(1) (2) (3)
Years in retirement Years in retirement Years in retirement

Years after early eligibility 0.157*** 0.147*** 0.125***
(0.0086) (0.0087) (0.012)

Years after normal eligibility 0.072*** 0.083*** 0.107***
(0.0088) (0.0090) (0.012)

Years elapsed −0.055 −0.048 0.234***
(0.058) (0.058) (0.072)

Female −0.189*** −0.168***
(0.032) (0.032)

Constant 1.310*** 1.420*** 0.863***
(0.25) (0.25) (0.32)

Country dummies No No Yes

Observations 8,095 8,095 8,095

Notes: The results are from the first stage estimation of ∆Si = α∗ + β∆Ri + W∗′
i ν + ∆ũi where

∆Mi = Mi,w=4 − Mi,w=2, Si = Total word recalli and ∆Ri is instrumented by distance from early
and normal retirement age.
* p < 0.1, ** p < 0.05, *** p < 0.01. Standard errors in parentheses.
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Table B.12: Panel estimation: change in numeracy score between wave 1 and 4

(1) (2) (3) (4) (5)
2SLS 2SLS 2SLS OLS OLS

Years in retirement −0.008 −0.008 −0.008 −0.009** −0.010
(0.0053) (0.0052) (0.0055) (0.0040) (0.0059)

Years elapsed −0.001 −0.001 0.048 0.049 0.049
(0.029) (0.029) (0.045) (0.045) (0.045)

Female −0.001 −0.002 −0.002 −0.002
(0.023) (0.023) (0.023) (0.024)

Age at first wave 0.000
(0.0029)

Constant 0.035 0.035 −0.252 −0.252 −0.260
(0.19) (0.19) (0.31) (0.31) (0.36)

Country dummies No No Yes Yes Yes

Observations 6,420 6,420 6,420 6,420 6,420
Weak IV F statistic 3728.74 3787.09 3668.76

Notes: All results are from the estimation of ∆Si = α∗ + β∆Ri + W∗′
i ν + ∆ũi

where ∆Mi = Mi,w=4 − Mi,w=1 and Si = Numeracyi. For 2SLS, the second
stage regressions are reported where ∆Ri is instrumented by the distance from
early and normal retirement age, and W include years elapsed, female dummy
and country dummies. For OLS, W additionally include age at first wave. The
corresponding first stage estimates are summarized in Table B.13.
Weak IV F statistic is calculated according to Angrist and Pischke (2008). Stock
et al. (2002) suggest that an F below 10 should make us worry about the po-
tential bias in the IV estimation.
* p < 0.1, ** p < 0.05, *** p < 0.01. Standard errors in parentheses.

Table B.13: Panel estimation: change in numeracy score between wave 1 and 4: first
stage

(1) (2) (3)
Years in retirement Years in retirement Years in retirement

Years after early eligibility 0.270*** 0.250*** 0.215***
(0.015) (0.015) (0.019)

Years after normal eligibility 0.070*** 0.093*** 0.132***
(0.015) (0.015) (0.019)

Years elapsed 0.275*** 0.260*** 0.382***
(0.067) (0.066) (0.096)

Female −0.409*** −0.366***
(0.052) (0.051)

Constant −0.627 −0.250 −0.074
(0.46) (0.46) (0.67)

Country dummies No No Yes

Observations 6,420 6,420 6,420

Notes: The results are from the first stage estimation of ∆Si = α∗ + β∆Ri + W∗′
i ν + ∆ũi where

∆Mi = Mi,w=4 − Mi,w=1, Si = Numeracyi and ∆Ri is instrumented by distance from early and
normal retirement age.
* p < 0.1, ** p < 0.05, *** p < 0.01. Standard errors in parentheses.
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Table B.14: Panel estimation: change in numeracy score between wave 1 and 2

(1) (2) (3) (4) (5)
2SLS 2SLS 2SLS OLS OLS

Years in retirement −0.026** −0.028** −0.028** −0.020** −0.012
(0.013) (0.013) (0.013) (0.0090) (0.013)

Years elapsed 0.027 0.029 0.018 0.015 0.013
(0.025) (0.025) (0.040) (0.040) (0.040)

Female 0.029 0.031 0.032 0.030
(0.020) (0.020) (0.020) (0.020)

Age at first wave −0.002
(0.0024)

Constant −0.039 −0.053 0.023 0.019 0.154
(0.059) (0.060) (0.11) (0.11) (0.18)

Country dummies No No Yes Yes Yes

Observations 9,295 9,295 9,295 9,295 9,295
Weak IV F statistic 4282.96 4362.29 4341.05

Notes: All results are from the estimation of ∆Si = α∗ + β∆Ri + W∗′
i ν + ∆ũi

where ∆Mi = Mi,w=2 − Mi,w=1 and Si = Numeracyi. For 2SLS, the second
stage regressions are reported where ∆Ri is instrumented by the distance from
early and normal retirement age, and W include years elapsed, female dummy
and country dummies. For OLS, W additionally include age at first wave. The
corresponding first stage estimates are summarized in Table B.15.
Weak IV F statistic is calculated according to Angrist and Pischke (2008). Stock
et al. (2002) suggest that an F below 10 should make us worry about the po-
tential bias in the IV estimation.
* p < 0.1, ** p < 0.05, *** p < 0.01. Standard errors in parentheses.

Table B.15: Panel estimation: change in numeracy score between wave 1 and 2: first
stage

(1) (2) (3)
Years in retirement Years in retirement Years in retirement

Years after early eligibility 0.063*** 0.052*** 0.073***
(0.0041) (0.0042) (0.0060)

Years after normal eligibility 0.061*** 0.073*** 0.053***
(0.0041) (0.0043) (0.0059)

Years elapsed 0.390*** 0.382*** 0.375***
(0.021) (0.021) (0.033)

Female −0.172*** −0.144***
(0.018) (0.018)

Constant 0.064 0.218*** 0.515***
(0.056) (0.058) (0.096)

Country dummies No No Yes

Observations 9,295 9,295 9,295

Notes: The results are from the first stage estimation of ∆Si = α∗ + β∆Ri + W∗′
i ν + ∆ũi where

∆Mi = Mi,w=2 − Mi,w=1, Si = Numeracyi and ∆Ri is instrumented by distance from early and
normal retirement age.
* p < 0.1, ** p < 0.05, *** p < 0.01. Standard errors in parentheses.

109

C
E

U
eT

D
C

ol
le

ct
io

n



10.14754/CEU.2020.12

Table B.16: Panel estimation: change in numeracy score between wave 2 and 4

(1) (2) (3) (4) (5)
2SLS 2SLS 2SLS OLS OLS

Years in retirement −0.003 −0.003 −0.005** −0.005*** −0.004*
(0.0020) (0.0020) (0.0020) (0.0014) (0.0021)

Years elapsed 0.030*** 0.031*** 0.018 0.018 0.018
(0.010) (0.010) (0.013) (0.013) (0.013)

Female −0.005 −0.006 −0.006 −0.006
(0.0056) (0.0056) (0.0056) (0.0057)

Age at second wave 0.000
(0.00069)

Constant −0.123*** −0.122*** −0.031 −0.031 −0.011
(0.043) (0.043) (0.057) (0.057) (0.069)

Country dummies No No Yes Yes Yes

Observations 8,110 8,110 8,110 8,110 8,110
Weak IV F statistic 4172.20 4190.63 4072.09

Notes: All results are from the estimation of ∆Si = α∗ + β∆Ri + W∗′
i ν + ∆ũi

where ∆Mi = Mi,w=4 − Mi,w=2 and Si = Numeracyi. For 2SLS, the second
stage regressions are reported where ∆Ri is instrumented by the distance from
early and normal retirement age, and W include years elapsed, female dummy
and country dummies. For OLS, W additionally include age at first wave. The
corresponding first stage estimates are summarized in Table B.17.
Weak IV F statistic is calculated according to Angrist and Pischke (2008). Stock
et al. (2002) suggest that an F below 10 should make us worry about the poten-
tial bias in the IV estimation.
* p < 0.1, ** p < 0.05, *** p < 0.01. Standard errors in parentheses.

Table B.17: Panel estimation: change in numeracy score between wave 2 and 4: first
stage

(1) (2) (3)
Years in retirement Years in retirement Years in retirement

Years after early eligibility 0.157*** 0.147*** 0.125***
(0.0086) (0.0087) (0.012)

Years after normal eligibility 0.072*** 0.083*** 0.107***
(0.0088) (0.0090) (0.012)

Years elapsed −0.062 −0.055 0.231***
(0.058) (0.058) (0.072)

Female −0.184*** −0.164***
(0.032) (0.032)

Constant 1.338*** 1.446*** 0.872***
(0.25) (0.25) (0.32)

Country dummies No No Yes

Observations 8,110 8,110 8,110

Notes: The results are from the first stage estimation of ∆Si = α∗ + β∆Ri + W∗′
i ν + ∆ũi where

∆Mi = Mi,w=4 − Mi,w=2, Si = Numeracyi and ∆Ri is instrumented by distance from early and
normal retirement age.
* p < 0.1, ** p < 0.05, *** p < 0.01. Standard errors in parentheses.
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Table B.18: Panel estimation: change in fluency score between wave 1 and 4

(1) (2) (3) (4) (5)
2SLS 2SLS 2SLS OLS OLS

Years in retirement −0.038*** −0.039*** −0.041*** −0.024*** −0.003
(0.0053) (0.0053) (0.0055) (0.0040) (0.0060)

Years elapsed 0.008 0.008 0.058 0.046 0.046
(0.030) (0.030) (0.046) (0.046) (0.046)

Female 0.018 0.042* 0.045* 0.036
(0.024) (0.024) (0.024) (0.024)

Age at first wave −0.014***
(0.0030)

Constant 0.076 0.071 −0.313 −0.311 0.540
(0.20) (0.20) (0.31) (0.31) (0.36)

Country dummies No No Yes Yes Yes

Observations 6,368 6,368 6,368 6,368 6,368
Weak IV F statistic 3733.22 3793.56 3670.54

Notes: All results are from the estimation of ∆Si = α∗ + β∆Ri + W∗′
i ν + ∆ũi

where ∆Mi = Mi,w=4 − Mi,w=1 and Si = Fluencyi. For 2SLS, the second stage
regressions are reported where ∆Ri is instrumented by the distance from early
and normal retirement age, and W include years elapsed, female dummy and
country dummies. For OLS, W additionally include age at first wave. The
corresponding first stage estimates are summarized in Table B.19.
Weak IV F statistic is calculated according to Angrist and Pischke (2008). Stock
et al. (2002) suggest that an F below 10 should make us worry about the po-
tential bias in the IV estimation.
* p < 0.1, ** p < 0.05, *** p < 0.01. Standard errors in parentheses.

Table B.19: Panel estimation: change in fluency score between wave 1 and 4: first
stage

(1) (2) (3)
Years in retirement Years in retirement Years in retirement

Years after early eligibility 0.270*** 0.248*** 0.213***
(0.015) (0.015) (0.019)

Years after normal eligibility 0.072*** 0.095*** 0.135***
(0.015) (0.015) (0.019)

Years elapsed 0.263*** 0.247*** 0.371***
(0.067) (0.067) (0.097)

Female −0.416*** −0.373***
(0.052) (0.051)

Constant −0.541 −0.152 0.008
(0.47) (0.47) (0.67)

Country dummies No No Yes

Observations 6,368 6,368 6,368

Notes: The results are from the first stage estimation of ∆Si = α∗ + β∆Ri + W∗′
i ν + ∆ũi where

∆Mi = Mi,w=4 − Mi,w=1, Si = Fluencyi and ∆Ri is instrumented by distance from early and
normal retirement age.
* p < 0.1, ** p < 0.05, *** p < 0.01. Standard errors in parentheses.
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Table B.20: Panel estimation: change in fluency score between wave 1 and 2

(1) (2) (3) (4) (5)
2SLS 2SLS 2SLS OLS OLS

Years in retirement −0.021* −0.021* −0.026** −0.015* −0.003
(0.011) (0.011) (0.012) (0.0081) (0.011)

Years elapsed 0.044* 0.044* 0.155*** 0.150*** 0.147***
(0.023) (0.023) (0.036) (0.036) (0.036)

Female 0.005 0.011 0.011 0.009
(0.018) (0.018) (0.018) (0.019)

Age at first wave −0.003
(0.0022)

Constant −0.084 −0.086 −0.587*** −0.594*** −0.404**
(0.054) (0.055) (0.099) (0.099) (0.16)

Country dummies No No Yes Yes Yes

Observations 9,200 9,200 9,200 9,200 9,200
Weak IV F statistic 4250.45 4330.57 4310.36

Notes: All results are from the estimation of ∆Si = α∗ + β∆Ri + W∗′
i ν + ∆ũi

where ∆Mi = Mi,w=2 − Mi,w=1 and Si = Fluencyi. For 2SLS, the second stage
regressions are reported where ∆Ri is instrumented by the distance from early
and normal retirement age, and W include years elapsed, female dummy and
country dummies. For OLS, W additionally include age at first wave. The
corresponding first stage estimates are summarized in Table B.21.
Weak IV F statistic is calculated according to Angrist and Pischke (2008). Stock
et al. (2002) suggest that an F below 10 should make us worry about the po-
tential bias in the IV estimation.
* p < 0.1, ** p < 0.05, *** p < 0.01. Standard errors in parentheses.

Table B.21: Panel estimation: change in fluency score between wave 1 and 2: first
stage

(1) (2) (3)
Years in retirement Years in retirement Years in retirement

Years after early eligibility 0.062*** 0.051*** 0.072***
(0.0041) (0.0042) (0.0060)

Years after normal eligibility 0.062*** 0.074*** 0.055***
(0.0042) (0.0043) (0.0060)

Years elapsed 0.388*** 0.379*** 0.375***
(0.021) (0.021) (0.033)

Female −0.173*** −0.145***
(0.018) (0.018)

Constant 0.074 0.230*** 0.519***
(0.056) (0.058) (0.096)

Country dummies No No Yes

Observations 9,200 9,200 9,200

Notes: The results are from the first stage estimation of ∆Si = α∗ + β∆Ri + W∗′
i ν + ∆ũi where

∆Mi = Mi,w=2 − Mi,w=1, Si = Fluencyi and ∆Ri is instrumented by distance from early and
normal retirement age.
* p < 0.1, ** p < 0.05, *** p < 0.01. Standard errors in parentheses.
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Table B.22: Panel estimation: change in fluency score between wave 2 and 4

(1) (2) (3) (4) (5)
2SLS 2SLS 2SLS OLS OLS

Years in retirement −0.036*** −0.036*** −0.031*** −0.016*** 0.002
(0.0072) (0.0072) (0.0073) (0.0052) (0.0075)

Years elapsed −0.014 −0.015 0.192*** 0.179*** 0.185***
(0.038) (0.038) (0.048) (0.048) (0.048)

Female 0.012 0.021 0.023 0.016
(0.021) (0.021) (0.021) (0.021)

Age at second wave −0.008***
(0.0025)

Constant 0.132 0.129 −0.693*** −0.686*** −0.222
(0.16) (0.16) (0.21) (0.21) (0.25)

Country dummies No No Yes Yes Yes

Observations 8,070 8,070 8,070 8,070 8,070
Weak IV F statistic 4173.04 4193.86 4070.78

Notes: All results are from the estimation of ∆Si = α∗ + β∆Ri + W∗′
i ν + ∆ũi

where ∆Mi = Mi,w=4 − Mi,w=2 and Si = Fluencyi. For 2SLS, the second stage
regressions are reported where ∆Ri is instrumented by the distance from early
and normal retirement age, and W include years elapsed, female dummy and
country dummies. For OLS, W additionally include age at first wave. The
corresponding first stage estimates are summarized in Table B.23.
Weak IV F statistic is calculated according to Angrist and Pischke (2008). Stock
et al. (2002) suggest that an F below 10 should make us worry about the poten-
tial bias in the IV estimation.
* p < 0.1, ** p < 0.05, *** p < 0.01. Standard errors in parentheses.

Table B.23: Panel estimation: change in fluency score between wave 2 and 4: first
stage

(1) (2) (3)
Years in retirement Years in retirement Years in retirement

Years after early eligibility 0.157*** 0.146*** 0.124***
(0.0086) (0.0087) (0.012)

Years after normal eligibility 0.072*** 0.084*** 0.108***
(0.0088) (0.0090) (0.012)

Years elapsed −0.049 −0.042 0.240***
(0.058) (0.058) (0.072)

Female −0.192*** −0.172***
(0.032) (0.032)

Constant 1.289*** 1.401*** 0.848***
(0.25) (0.25) (0.32)

Country dummies No No Yes

Observations 8,070 8,070 8,070

Notes: The results are from the first stage estimation of ∆Si = α∗ + β∆Ri + W∗′
i ν + ∆ũi where

∆Mi = Mi,w=4 − Mi,w=2, Si = Fluencyi and ∆Ri is instrumented by distance from early and
normal retirement age.
* p < 0.1, ** p < 0.05, *** p < 0.01. Standard errors in parentheses.
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Appendix C

Appendix for Chapter 3

C.1 Additional Tables

Section C.1.1 presents additional summary statistics on the variables we use in our school
value-added models. Section C.1.2 presents validity checks for the 10th-grade sample. Sec-
tion C.1.3 presents additional results and compares the non-parametric bounds to the school
value-added estimates.

C.1.1 Data
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Table C.1: Additional summary statistics

8th-grade sample 10th-grade sample

Elite-school
students

Non-elite-school
students Total Elite-school

students
Non-elite-school

students Total

(1) (2) (3) (4) (5) (6)

A. Pre-treatment student characteristics
Primary education (father) 0.02 0.06 0.05 0.01 0.05 0.04

(0.12) (0.23) (0.22) (0.11) (0.21) (0.20)
Secondary education (father) 0.48 0.69 0.67 0.48 0.69 0.66

(0.50) (0.46) (0.47) (0.50) (0.46) (0.47)
Tertiary education (father) 0.50 0.25 0.28 0.51 0.26 0.29

(0.50) (0.43) (0.45) (0.50) (0.44) (0.46)
Primary education (mother) 0.02 0.07 0.06 0.02 0.06 0.05

(0.12) (0.25) (0.23) (0.13) (0.23) (0.22)
Secondary education (mother) 0.40 0.62 0.59 0.39 0.61 0.58

(0.49) (0.49) (0.49) (0.49) (0.49) (0.49)
Tertiary education (mother) 0.58 0.32 0.35 0.59 0.34 0.37

(0.49) (0.47) (0.48) (0.49) (0.47) (0.48)
Disadvantaged 0.00 0.03 0.03 0.00 0.01 0.01

(0.07) (0.17) (0.16) (0.06) (0.12) (0.12)

B. School location
Capital or county capital 0.59 0.41 0.44 0.59 0.64 0.63

(0.49) (0.49) (0.50) (0.49) (0.48) (0.48)
Town 0.41 0.40 0.40 0.41 0.36 0.36

(0.49) (0.49) (0.49) (0.49) (0.48) (0.48)
Village 0.00 0.19 0.16 0.00 0.00 0.00

(0.00) (0.39) (0.37) (0.00) (0.07) (0.06)

Number of students 16,702 109,494 126,196 8,850 63,112 71,962

Notes: The table presents the means and standard deviations of student characteristics for each sample. Columns (1) and (4)
focus on students who did not enroll in an elite school, columns (2) and (5) focus on students who enrolled in an elite school,
and columns (3) and (6) focus on the entire sample.
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C.1.2 Validity check

Figure C.1: Validity check: Elite-school enrollment and student characteristics –
10th-grade sample
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Notes: The figure presents the share of students who enrolled in an elite school by student characteristics.
Each cell shows the share of elite-school students for a combination of 5th-grade GPA and the number
of books at home. In the top panels (bottom) high-ability/low-ability is defined as having 6th-grade
mathematics (reading) test score above/below the median. Sample: 10th-grade sample, N = 71,962.
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Figure C.2: Validity check: The p-values of the Kolgomorov-Smirnov test –
10th-grade sample
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Notes: The figure displays the p-values of the one-sided Kolgomorov-Smirnov test. The Kolgomorov-
Smirnov test tests the equality of the distributions of elite-school and non-elite-school students’ 6th-
grade standardized test scores. Each cell shows the p-value for a combination of 5th-grade GPA and
the number of books at home. In the top panels (bottom) high-ability/low-ability is defined as hav-
ing 6th-grade mathematics (reading) test score above/below the median. Sample: 10th-grade sample,
N = 71,962.
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C.1.3 Results

Figure C.3: The effect of elite-school enrollment on the distribution of elite-school
students’ 8th-grade standardized test scores: Non-comprehensive schools
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Notes: The figure presents our upper-bound estimates of the effect of elite-school enrollment on the
distribution of elite-school students’ 8th-grade standardized test scores (solid lines). The dashed line
denotes the raw difference between the outcomes of elite-school and non-elite-school students. We
report the estimates separately by gender and low- and high-ability students. Low- and high-ability
students are defined by whether the students’ 6th-grade standardized test score is below or above the
median. The shaded area represents the area between the upper confidence band (95%) and the upper
bound estimate itself. The 95% confidence intervals are based on 1,000 bootstrap draws. Sample: 8th-
grade sample – non-comprehensive schools, N = 124,189.
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Figure C.4: The effect of elite-school enrollment on the distribution of elite-school
students’ 8th-grade standardized test scores: Bounds and school VA
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Notes: The figure presents our upper-bound estimates of the effect of elite-school enrollment on the dis-
tribution of elite-school students’ 8th-grade standardized test scores (solid lines) along with the school
value-added estimates of full model (dashed lines). The figure presents the estimates for the deciles
of the outcome distribution. We report the estimates separately by gender and ability. Low- and high-
ability students are defined by whether the students’ 6th-grade standardized test score is below or above
the median. The shaded area represents the 95% confidence intervals (for the bound estimate, only
the upper confidence bound is plotted) based on 1,000 bootstrap draws. Sample: 8th-grade sample,
N = 126,196.
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Figure C.5: The effect of elite-school enrollment on the distribution of elite-school
students’ 10th-grade standardized test scores: Bounds and school VA
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Notes: The figure presents our upper-bound estimates of the effect of elite-school enrollment on the dis-
tribution of elite-school students’ 10th-grade standardized test scores (solid lines) along with the school
value-added estimates of full model (dashed lines). The figure presents the estimates for the deciles
of the outcome distribution. We report the estimates separately by gender and ability. Low- and high-
ability students are defined by whether the students’ 6th-grade standardized test score is below or above
the median. The shaded area represents the 95% confidence intervals (for the bound estimate, only
the upper confidence bound is plotted) based on 1,000 bootstrap draws. Sample: 10th-grade sample,
N = 71,962.
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C.2 The relative effects of elite-school enrollment

This Appendix presents non-parametric bounds on the relative ATET, i.e., the relative effect of
enrollment in an elite school for elite-school students. We define the relative ATET as follows:

Relative ATET =
P [Y(1) > γ|D = 1]
P [Y(0) > γ|D = 1]

− 1 =
τ(γ)

P [Y(1) > γ|D = 1]− τ(γ)
, ∀γ.

In this Appendix, we present the relative ATET estimates for each figure presented in the main
text.

Figure B1: The relative effect of elite-school enrollment on the distribution of
elite-school students’ 8th-grade mathematics grade

Low ability High ability

M
ath

3 4 5 3 4 5

−50

−40

−30

−20

−10

0

P(score ≥ di)

R
el

at
iv

e 
ef

fe
ct

 o
f e

lit
e 

sc
ho

ol
s 

(%
)

Female Male raw difference upper bound

Notes: The figure presents our upper-bound estimates of the relative effect of elite-school enrollment
on the distribution of elite-school students’ 8th-grade mathematics grade (solid lines). The dashed line
denotes the raw difference between the outcomes of elite-school and non-elite-school students. We
report the estimates separately by gender and low- and high-ability students. Low- and high-ability
students are defined by whether the students’ 6th-grade mathematics test score is below or above the
median. Students’ 6th-grade mathematics grade is measured on the scale of 1–5. The shaded area
represents the area between the upper confidence band (95%) and the upper bound estimate itself. The
95% confidence intervals are based on 1,000 bootstrap draws. Sample: 8th-grade sample, N = 126,196.
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Figure B2: The relative effect of elite-school enrollment on the distribution of
elite-school students’ 8th-grade standardized test scores
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Notes: The figure presents our upper-bound estimates of the relative effect of elite-school enrollment
on the distribution of elite-school students’ 8th-grade mathematics grades (solid lines). The dashed
line denotes the raw difference between the outcomes of elite-school and non-elite-school students. We
report the estimates separately by gender and low- and high-ability students. Low- and high-ability
students are defined by whether the students’ 6th-grade standardized test score is below or above the
median. The shaded area represents the area between the upper confidence band (95%) and the upper
bound estimate itself. The 95% confidence intervals are based on 1,000 bootstrap draws. Sample: 8th-
grade sample, N = 126,196.
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Figure B3: The relative effect of elite-school enrollment on the distribution of
elite-school students’ 8th-grade standardized test scores: Comprehensive schools
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Notes: The figure presents our upper-bound estimates of the relative effect of elite-school enrollment
on the distribution of elite-school students’ 8th-grade mathematics grades (solid lines). The dashed
line denotes the raw difference between the outcomes of elite-school and non-elite-school students. We
report the estimates separately by gender and low- and high-ability students. Low- and high-ability
students are defined by whether the students’ 6th-grade standardized test score is below or above the
median. The shaded area represents the area between the upper confidence band (95%) and the upper
bound estimate itself. The 95% confidence intervals are based on 1,000 bootstrap draws. Sample: 8th-
grade sample – comprehensive schools, N = 111,501.
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Figure B4: The relative effect of elite-school enrollment on the distribution of
elite-school students’ 10th-grade standardized test scores
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Notes: The figure presents our upper-bound estimates of the relative effect of elite-school enrollment on
the distribution of elite-school students’ 10th-grade standardized test scores (solid lines). The dashed
line denotes the raw difference between the outcomes of elite-school and non-elite-school students. We
report the estimates separately by gender and low- and high-ability students. Low- and high-ability
students are defined by whether the students’ 6th-grade standardized test score is below or above the
median. The shaded area represents the area between the upper confidence band (95%) and the upper
bound estimate itself. The 95% confidence intervals are based on 1,000 bootstrap draws. Sample: 10th-
grade sample, N = 71,962.
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Figure B5: The relative effect of elite-school enrollment on the distribution of
elite-school students’ 10th-grade standardized test scores: Elite secondary grammar

schools
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Notes: The figure presents our upper-bound estimates of the effect of elite-school enrollment on the
distribution of elite-school students’ 10th-grade standardized test scores (solid lines). The dashed line
denotes the raw difference between the outcomes of elite-school and non-elite-school students. We
report the estimates separately by gender and low- and high-ability students. Low- and high-ability
students are defined by whether the students’ 6th-grade standardized test score is below or above the
median. The shaded area represents the area between the upper confidence band (95%) and the upper
bound estimate itself. The 95% confidence intervals are based on 1,000 bootstrap draws. Sample: 10th-
grade sample – elite secondary grammar schools, N = 21,384.
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Figure B6: The relative effect of elite-school enrollment on the distribution of
elite-school students’ 8th-grade standardized test scores: School VA
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Notes: The figure presents the school value-added estimates of the relative effect of elite-school enroll-
ment on the distribution of elite-school students’ 8th-grade standardized test scores. The figure presents
school VA estimates for the deciles of the outcome distribution. The top (bottom) panels focus on math-
ematics (reading). The left (right) panels focus on students whose 6th-grade test score is above (below)
the median. The dashed lines refer to the estimates of the simple school VA model (6th-grade stan-
dardized test score, cohort fixed effects) and the solid lines refer to the full school VA model (6th-grade
standardized test score, cohort fixed effects, 5th-grade GPA, number of books at home, parental edu-
cation, disadvantaged status, county of the school, type of the settlement where the school is located).
The shaded are represents the 95% confidence intervals around the school VA estimates. The confidence
intervals are based on 1,000 bootstrap draws. Sample: 8th-grade sample, N = 126,196.
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Figure B7: The relative effect of elite-school enrollment on the distribution of
elite-school students’ 10th-grade standardized test scores: School VA
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Notes: The figure presents the school value-added estimates of the relative effect of elite-school enroll-
ment on the distribution of elite-school students’ 8th-grade standardized test scores. The figure presents
school VA estimates for the deciles of the outcome distribution. The top (bottom) panels focus on math-
ematics (reading). The left (right) panels focus on students whose 6th-grade test score is above (below)
the median. The dashed lines refer to the estimates of the simple school VA model (6th-grade stan-
dardized test score, cohort fixed effects) and the solid lines refer to the full school VA model (6th-grade
standardized test score, cohort fixed effects, 5th-grade GPA, number of books at home, parental edu-
cation, disadvantaged status, county of the school, type of the settlement where the school is located).
The shaded are represents the 95% confidence intervals around the school VA estimates. The confidence
intervals are based on 1,000 bootstrap draws. Sample: 10th-grade sample, N = 71,962.
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C.3 Data (for online publication)

This Appendix describes our data. We begin, in Section C.3.1, by describing our sample restric-
tions. In Section ??, we explain how we construct our variables.

C.3.1 Sample restrictions

Table C1 presents the evolution of the sample size as a result of our sample restrictions.

Table C1: Evolution of the sample size

2010 2011 2012 2013 2014 Total

A. 8th-grade sample
raw 104,266 96,843 92,966 89,913 87,542 471,530
w/o missing test score 96,212 89,005 85,245 81,919 80,065 432,446
w/o missing variables 76,875 70,777 68,278 66,636 65,651 348,217
w/o missing after imputation 91,372 84,562 81,441 75,971 74,637 407,983
w/o missing history 62,637 57,651 56,943 53,660 53,703 284,594
final sample 27,328 25,550 25,326 24,275 23,717 126,196

B. 10th-grade sample
raw 102,037 95,649 90,188 287,874
w/o missing test score 90,315 83,554 78,727 252,596
w/o missing variables 72,697 68,041 64,963 205,701
w/o missing after imputation 84,911 78,561 74,433 237,905
w/o missing history 54,062 48,945 47,365 150,372
final sample 25,371 23,519 23,072 71,962

Notes: The first row shows the number of students in our raw data, the National Assessment
of Basic Competencies (NABC), in each of the relevant years and grades. We document how
much of them we lose due to missing test scores and missing background variables. We
win back a part of this loss by imputing background variables (see Appendix C.3.3 for more
detail), resulting in a sample of more than 80% of the whole cohorts. Unfortunately, we can
only link 60-70% of these students to their 6th-grade results. Restricting the sample to those
for whom elite school seems to be a relevant option (having good grades and being in a
school in 6th grade from which at least one student goes into an elite school in our sample
period) further decreases the size: we end up with about 25% of the cohorts. Our samples
are highly selective, but that makes them more relevant for our question.

C.3.2 Variable description

This Appendix describes the construction of variables in Tables 3.2 and C.1.

• Number of books at home is categorical variable with three values: max. 150 books,
between 150 and 600 books, and more than 600 books;
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• Mother’s education is a categorical variable with three values: primary, secondary, and
tertiary education;

• Father’s education is a categorical variable with three values: primary, secondary, and
tertiary education;

• Disadvantaged status is a binary variable, which takes a value of one when a student
has a disadvantaged status (i.e., comes from a low-income family);

• The type of the settlement where the school is located is a categorical variable with
four values: village, town, county capital, capital;

• County of the school is a categorical variable with 20 values;

C.3.3 Imputation

Student’s characteristics (number of books at home, mother’s education, father’s education,
disadvantaged status) are gained from an extensive background survey that complements the
NABC and which the students fill out together with their parents on a voluntary basis (the
average completing rate is around 75 percent, see Table C1). As these characteristics should be
mainly constant over time, we could exploit the longitudinal aspect of our data to fill out miss-
ing values in one year from the corresponding questionnaire of another year. The imputation is
done by following a before-after approach: in the 8th-grade sample, we first look for a value in
the 6th-grade questionnaire, or if that is still missing, we rely on the 10th-grade questionnaire;
in the 10th-grade sample, we impute from grade 8, or if that is still missing, we go on to grade
6.
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