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Abstract

My thesis investigates various problems in the field of Extremal Combinatorics. We work on
the classical Turdn problem for graphs before branching out into “Generalized Turan problems”.
Specifically, we were interested in the growing field of Planar Turdn problems. We also explore the
natural generalization of Turdn type problems in hypergraphs. In addition, we apply the concepts

of Planar Extremal Graph Theory in determining the Wiener index of planar graphs.

The thesis contains six chapters. The first chapter introduces the field of Extremal Graph
Theory and Turdn type problems for graphs and hypergraphs. We delve into the basic notations

and famous theorems, which laid the foundations of Extremal Graph Theory and its generalizations.

The Turdn number of a graph H, denoted by ex(n, H), is the maximum number of edges in
an n-vertex graph that does not have H as a subgraph. Erdds-Stone-Simonovits Theorem asserts
that ex(n,H) = (1 - m> (5) + o(n?), where x(H) is the chromatic number of H. If H is
non-bipartite, this result is an asymptotic form of ex(n, H), but if H is bipartite, the order of
magnitude of ex(n, H) is in general open. Even when the graph H is non-bipartite, it is still
interesting to know the order of magnitude of lower terms for ex(n, H). Let T' Py be the triangular
pyramid of k-layers. For k > 1, the chromatic number of TPy is 3. In Chapter [2, we determine
that ex(n, TP3) = tn? +n + o(n) and pose a conjecture for ex(n,TP;). These results are based
on the paper “The Turdn Number of the Triangular Pyramid of 3-Layers”, co-authored by Gyori,

Paulos, Xiao and Zamora.

Now we look at problems in generalized Turdan numbers. Let exp(n, T, H) denote the maximum
number of copies of T in an n-vertex planar graph which does not contain H as a subgraph. When
T = Ko, exp(n,T, H) is the well-studied function, the planar Turdn number of H. It is denoted
by exp(n, H) and was initiated by Dowden (2016). Unfortunately, the case when the forbidden
subgraph is a complete graph (i.e., the analog to Turdn) and stars is fairly trivial. The next most
natural type of graph to investigate is perhaps a cycle. Dowden obtained a sharp upper bound for
both exp(n,Cy) and exp(n,Cs). Later, Lan, Shi and Song continued this topic and proved that
exp(n, Cg) < 202,
bound: exp(n,Cs) < %n — 7, for all n > 18. We also pose a conjecture on exp(n,Cy), for k > 7.
These results are based on the paper “Planar Turdn number of the 6-cycle”, co-authored by Gyori,

In Chapter (3|, we improve this result and give the following sharp upper

Martin, Paulos and Xiao.

Another generalization of the planar Turdn number of stars are the double stars as the forbidden
graph. Double stars are two adjacent vertices of degree m and n, respectively, and are denoted
by Smn. It is easy to see that ex(n,Sp ) = 3n — 6, for m > 2 and n > 6. In Chapter {4 we
determine the upper bounds for exp(n, Sa2), exp(n,S23), exp(n, S24), exp(n, Sz5), exp(n, S33)

X1
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and exp(n, S34). Moreover, the bound for exp(n, S22) is sharp. These results are based upon the

ongoing paper “Planar Turan Number of Double Stars”, co-authored by Gyéri, Paulos and Xiao.

Next, we consider a Turdn type problem in the field of Hypergraphs. One of the first problems
in Extremal Graph Theory was the maximum number of edges that a triangle-free graph can have.
Mantel solved this, which built the foundations of what we know as Extremal Graph Theory. The
natural progression was to ask the maximum number of edges in a k-book free graph. A k-book,
denoted by By, is k triangles sharing a common edge. Given a graph G on n vertices and having
{"TQJ + 1 edges. Erdds conjectured in 1962 [35] that the size of the largest book in G is & and this
was proved soon after by Edwards (unpublished, see also Khadziivanov and Nikiforov [110] for an
independent proof). In the early 2000s, Gyéri [69] solved the hypergraph analog of the maximum
number of hyperedges in a triangle-free hypergraph. In a hypergraph, k-book denotes k Berge

triangles sharing a common edge. Let exs(n,F) denote the maximum number of hyperedges in a
2

Berge- F-free 3-uniform hypergraph on n vertices. In Chapter we prove ex3(n, By) = %(1+0(1)).
These results are from the paper “Book free 3-Uniform Hypergraphs”, co-authored by Gyori, Nagy-

Gyorgy, Paulos, Xiao, and Zamora.

The Wiener index is the sum of the distances between all the pairs of vertices in a connected
graph. The Wiener index of an n-vertex maximal planar graph was conjectured to be at most
L%(Tﬁ +3n?)|. In Chapter @ we prove this conjecture and determine the unique n-vertex maximal
planar graph attaining this maximum. These results are from the paper “The maximum Wiener

index of maximal planar graphs”, co-authored by Gyéri, Paulos, Salia, and Zamora.
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Chapter 1

Introduction

Notations and definitions:

All the graphs we consider in this chapter are simple and finite. Let G be a graph. We denote the
vertex and edge set of G by V(G) and E(G), respectively. We denote the degree of a vertex v by
d(v), the minimum degree in graph G by §(G) and the maximum degree in graph G by A(G). Let
the complete graph on r vertices or a r-clique be denoted by K,. The Chromatic number, denoted
by x(G), is the smallest number of colors needed to color the vertex set of G such that no two
adjacent vertices share the same color. The Turdn number of a graph H, denoted by ex(n, H),
is the maximum number of edges in an n-vertex graph that does not contain H as a subgraph.
Let EX(n, H) denote the set of extremal graphs, i.e., the set of all n-vertex, H-free graph G such
that e(G) = ex(n, H). A k-partite graph is a graph whose vertices are or can be partitioned into
k different independent sets. A complete bipartite graph is a bipartite (2-partite) graph (Vi, Va, E)
such that for every two vertices v; € Vi and vy € V5, vivg is an edge in E. A complete bipartite
graph, with partitions of size |Vi|= m and |V3|= n, is denoted by K, ,,. A subgraph H of a graph
G is a graph whose vertex set V(H) is a subset of the vertex set V(G), and whose edge set E(H) is
a subset of the edge set E(G). A graph H is called a topological minor of the graph G if H can be
formed from G by deleting edges and vertices and by contracting edges. The join G = G + G3 of
graphs G; and G9 with disjoint vertex sets V7 and V5 and edge sets X7 and X5 is the graph union
G1 UG5 together with all the edges joining V4 and V5. A connected graph G is called a Hamiltonian

graph, if there is a cycle that includes every vertex of G, and the cycle is called a Hamiltonian cycle.
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Extremal Graph Theory is among the most natural fields in Graph Theory and filled with
intriguing results. Questions such as how global graph parameters, such as the edge number, density,
and chromatic number, influence the local substructures have been an ever-growing research field.
For instance, consider an n-vertex graph G. How many edges do we have to give the graph G to
make sure that, no matter the arrangement of the edges, G contains a K, subgraph for some given
r? Or at least a K, minor? Will some sufficiently high average degree or chromatic number ensure

that one of these substructures occurs?

Extremal Graph Theory problems can be broadly subdivided into two categories, as follows: If
we look for the global conditions that ensure a graph G contains some given graph H as a minor
(or topological minor), it will suffice to raise G above the value of some linear function of |G|, i.e.,
to make €(G) := % large enough. On the other hand, if we ask what global assumptions imply the
existence of some given graph H as a subgraph, it will not help to raise in-variants such as €. As
soon as H contains a cycle, there are graphs of arbitrarily large chromatic numbers not containing
H as a subgraph. In fact, let H be non-bipartite, and f be the function such that f(n) edges on

n2

n vertices force a H as subgraph. Since complete bipartite graphs can have %- edges, f(n) must

2
exceed ”T .

A systematic study of these type problems started after Turan found and characterized EX(n, K, 41).

The case r = 2 was solved by Mantel in 1907.

Theorem 1.0.1 (Mantel [103]). The mazimum number of edges in an n-vertex triangle-free graph

18 L%QJ Furthermore, the only triangle-free graph with MTQJ edges is the complete bipartite graph

Kiajra1

The Turan graph, T.(n), is an n-vertex complete r-partite graph whose parts have as equal as
possible sizes. Precisely speaking, the graph has (n mod r) parts of size [n/r]| and r — (n mod r)
parts of size |n/r|. Denote e(T,.(n)) by t,(n). Turdn proved the following fundamental result in

Extremal Graph Theory:

Theorem 1.0.2 (Turan [122]). For an n-vertex K,ii-free graph G, e(G) < t,(n). Equality holds
if and only if G is the Turan graph T,(n), i.e., ex(n, Ky11) = ty(n) and EX(n, Ky11) = T.(n).

In 1966, Erdés, Stone, and Simonovits determined the asymptotic value of ex(n, H) by its chro-

2
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matic number only. In particular, for any non-bipartite graph H, their result gives an asymptotic

value which is best up to the leading term.

Theorem 1.0.3 (Erdds, Stone, and Simonovits [43], 45]). Let F' be a non-bipartite graph. Then

n

ex(n, H) = (1 - ><<Hl)—1> <2> +o(n?),

where x(H) denotes the chromatic number of H.

But when x(H) = 2 we get that ex(n, H) = o(n?) and wish to know exactly how “small” is this
o(n?). The most natural classes of graphs that arise from this question are paths and complete
bipartite graphs. One of the oldest problems is the question of determining ex(n, P;) and was

solved by Erdos and Gallai.

Theorem 1.0.4 (Erdés and Gallai [40]). If G, is a graph containing no Py, (k > 2), then e(G,,) <
(k—2)n

T
The tightness of Theorem is shown by the graph with ;5 disjoint Kj_1, where n is
divisible by & — 1. We refer the reader to an excellent survey on related topics by Fiiredi and

Simonovits [55].

If k£ is even, then there are nearly extremal graphs having a completely different structure.
Namely, one can take a complete bipartite graph with partite sets A and B of sizes |A|= % and
|B|l=n — % and add all edges in A. Faudree and Schelp [49] proved that the extremal graph for

Py can indeed be obtained in this way for all n and k.

We proceed to explore the complete bipartite graphs, specifically K52. The upper bound was
provided by Erdés, Rényi, and Sés [42]. The following K3 o-free construction, due to Erdds, Rényi

[41] (and independently re-discovered by Brown [17]), allows us to show that ex(n, K22) ~ %n:)’/ 2,

Theorem 1.0.5 (Erdés, Rényi, and Sés [42], Erdés, Rényi [41], Brown [17]). The mazimum number

of edges in a Ka2-free graph on n vertices is:

<; — 0(1)> ni <ex(n,Kss) < %(1 + \/4717—3)

3
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Construction: We first show that for every prime p, we can construct a Kso-free graph on
n = p? — 1 vertices with m > (p> —1)(p—1)/2 = (3 — 0(1))n% edges. So given a prime p, we define
a graph on p? — 1 vertices where each vertex is a pair (a,b) € F, x F}, (a,b) # (0,0). We “connect”
vertex (a,b) to vertex (z,y), if and only if ax + by = 1(over F},). Assume v = (a,b) # (0,0).
Then, it is easy to check that in all cases (i.e., if v is either (a,0), (0,b) or (a,b) with a,b # 0),
that there are exactly p solutions to ax + by = 1. This means that we always have d(v) > p — 1
(we omit the possible solution satisfying = = a,y = b since we do not allow loops), implying that
m > (p? —1)(p — 1)/2 as needed. To show that the graph is indeed K2 o-free, take any v = (a', '),
u = (a,b), u # v. Then the equations ax + by = 1 and ¢’z + b’y = 1 have at most one solution

implying that u and v have at most one common neighbor, so the graph is indeed K3 »>-free.

There is also a result of Fiiredi extending this. He proved that for each ¢, ex(n, Ka41) & %n:s/ 2

[52]. The following construction is due to Brown and provides the lower bound ex(n, K33) >
con® 3[17). Roughly speaking, take a prime p = 3(mod 4) and consider the graph on p?® vertices
whose vertex set is Z3, where (x,y, 2) is joined to (a, b, ¢) if and only if (a—z)*+ (b—y)?+(c—2)* =
1(mod p). For any given (x,y, z), there will be on the order of p? elements (a, b, c) to which it is
connected. There are, therefore, around ¢n®/3 edges in the graph. Moreover, the unit spheres
around the three distinct points (z,y, 2), (z/, v/, 2') and (2”,y”, 2"”) cannot meet in more than two

points, so the graph does not contain a K3 3. The result follows for all n by a similar argument to

above.

The following generalization was proved by Kévari, Sés and Turan [121].

Theorem 1.0.6 (Kévari, Sés, Turdn [121]). For every s <t we have ex(n, Ky;) < (3 4+ o(1)) (t —

1)%77,2_%, where, o(1) — 0 when n — co.

Other than the constructions mentioned, there is also an impressive construction of Alon, Kollér,
Roényai and Szabé which shows that if ¢ > (s—1)! 41, the upper bound mentioned above is essentially
sharp, that is, ex(n, Ks;) > In? e [2, 190].

The next natural step in understanding Turan numbers is to consider the extremal problem for
other bipartite graphs. Cycles of even length are one of the most obvious choices. Let cycles of
length k& be denoted by Cj. Bondy-Simonovits proved the following upper bound for any general

cycle of even length:
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Theorem 1.0.7 (Bondy, Simonovits [15]). For any natural number k > 2, there exists a constant

¢ such that ex(n, Cy) < O(an%).

For £ = 2,3 and 5, that is, for C4, Cg and Cqg, this is known to be sharp. For cycles of
length 4, we have already seen that ex(n,Cy) =~ %n% by Theorem m Benson [7] proved the
lower bounds of Cs and C1g. Some other constructions achieving it were found by Wenger [126],
Lazebnik and Ustimenko [96], Mellinger [105], and Mellinger and Mubayi [106]. We refer the reader
to the paper [97] that presents new constructions as well as gives numerous references. One of the

most intriguing questions of modern Graph Theory is whether this upper bound is sharp or not.

Next, we consider the extremal number for odd cycles. We already know, by Theorem [1.0.3]
that ex(n,Cogy1) =~ %2. The so-called stability approach proves that, for n sufficiently large,
ex(n, Copy1) = VTQJ . The idea behind the stability approach is to show that a Coy.1-free graph with
roughly the maximal number of edges is approximately bipartite. Then one uses this approximate

structural information to prove an exact result.

Theorem 1.0.8 (Erdés [38]). For every natural number k > 2 and € > 0, there exists § > 0 and a
natural number ng such that, if G is a Copq1-free graph on n > ng vertices with at least (i — §)n?

edges, then G may be made bipartite by removing at most en® edges.

For more detailed values of ex(n,Car41), we refer the reader to the works of Bondy [14} [13],
Woodall [128], and Bollobés [8] (pp. 147-156). For a recent presentation, see Dzido [30], who also
considered the Turdn number of wheels. One of the problems we worked on with the “stability
approach” was determining the Turan number of Triangular pyramids. Triangular pyramids with
k-layers are smaller triangles arranged in k layers to form a bigger triangle (see Figure and are
denoted by T'Py.

For k > 1, the chromatic number of TPy is 3. Hence, by Theorem we have ex(n,TPy) =

%2 + o(n?). Yet, it remains interesting to determine the exact value of ex(n,TP;). Recall, by

Theorem [1.0.1}, the maximum number of edges in an n-vertex triangle-free graph is L"{J Since

TP is a triangle, we have ex(n,TP;) = L%QJ The graph T'P, denotes the flattened tetrahedron.
Liu [99] determined ex(n,T P») for sufficiently large values of n. Later, C. Xiao, G. O.H. Katona,
J. Xiao, and O. Zamora [129] determined ex(n,T'P,) for small values of n. They showed that the

5
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4 4
) )

Figure 1.1: A Triangular Pyramid of 3 layers.

maximum number of edges in an n-vertex T Py-free graph (n # 5) is,

2
HJ + LgJ n %2 (mod 4),
ex(n,TPy) =
mn oy = 2 (mod 4)
73 , n=2(mo .

We studied the Turdn number for the Triangular Pyramid with three layers in [63]. The maxi-
mum number of edges a T P;-free graph on n vertex can have is at most %nQ +n+o(n). We refer the
reader to the Chapter [2 for the details. The extremal constructions are interesting in their way. For
example, if n is divisible by 6, we take a complete bipartite graph with each class containing n/6
vertices. Replace every vertex with a triangle and add the edges between the vertices of triangles

in different classes, see Figure [1.2

1.1 Generalized Turan Numbers

In this chapter, we briefly overview one of the many generalizations which have received an emerging

significance in recent years, from the many notable extensions of the Turdn function ex(n, F').

The first one officially carries the name of “Generalized Turan problems”. Given graphs H
and F, the generalized Turdn number ex(n, H, F') is the maximum number of copies of H in an
n-vertex F-free graph. Alon and Shikhelman [3] initiated the study of the function ex(n, H, F').
Note that the case H = K gives back the well-studied Turdn function. Moon and Moser [107]

studied the case when H is a triangle. A recent notable sharp result in this area is of Reiher |117],

6
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Figure 1.2: The extremal construction on n vertices with ex(n,TPs) edges, when n is divisible by
6.

concerning the clique case F' = K, for arbitrary t € Z*, which answered the question of Lovéasz and
Simonovits [101]. In general, similarly to the basic Turdn-function, there is an essential difference
in terms of the chromatic number of F. That is, we may expect asymptotically sharp results for
X(F) > 2, while in the case x(F') = 2 even the exponent of the function can be unclear in certain
domains of m. A few examples of ex(n, H, F), with H # K, were studied first by Zykov in |132]
and independently by Erdés [36]. They determined ex(n, K, K;) for all r and s. Later Gyéri, Pach
and Simonovits [74] studied ex(n, H, K;) for various graphs H when s > 3. A different example
that has received considerable attention recently is ex(n, C,, Cs) for various values of r and s. In
2008, Bollobas and Gy6ri [11] showed that ex(n, C3, C5) = ©(n3/?), and this paper was the start of
a more extensive study of this type of problems. Meanwhile, Gy6ri and Li [73] obtained upper and
lower bounds on ex(n, K3,Co1), that were subsequently improved by Fiiredi and Ozkahya [54]
and by Alon and Shikhelman [3]. One of the most famous problems in this field was the following
conjecture by Erdds [37]:

Conjecture 1.1.1. The number of cycles of length 5 in a triangle-free graph on n-vertices is at

most (%)5 and the equality holds for the blown-up pentagon if 5 | n.

Hatami, Hladky, Kral, Norine, and Razborov [81], and Grzesik [65] independently proved this
conjecture. Recently, attention has been given to the problem of maximizing the number of induced

copies of a fixed small graph H, see, for example, |48} 83][116]. Morrison and Scott [108] determined

7
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the maximum possible number of induced cycles, without restriction on length, in an n-vertex
graph. The maximal number of induced complete bipartite graphs and induced complete r-partite
subgraphs have also been studied in |9} 12, 16]. The maximum number of induced Cs’s has been
elusive for a long time, and Balogh, Hu, Lidicky and Pfender [5] finally solved it. We mention this

result here since we worked on an extension in the case of planar Turan number, see Theorem [1.1.§]

Theorem 1.1.1 (Balogh, Hu, Lidicky, Pfender [5]). Let C(n) denote the mazimum number of
induced copies of 5-cycles in graphs on n vertices. For n large enough, C(n) = abcde + C(a) +
Cb)+C(c)+C(d)+ C(e), where a+b+c+d+e =mn and a,b,c,d,e are as equal as possible.
Moreover, if n is a power of 5, the unique graph on n vertices maximizing the number of induced

5-cycles is an iterated blow-up of a 5-cycle.

Another way to generalize the Turan problem is to study the so-called supersaturation problem
(or Rademacher-Turén type problem). Erdés and Simonovits [44] were the first to investigate this
systematically. At the same time, the pioneer result due to Rademacher (unpublished) revealed
a particular case, see [35]. Here the aim, in general, is to determine the minimum number of
subgraphs F' in n-vertex graphs having m edges, in terms of m. This function was called the
supersaturation function of F', and it takes a positive value exactly if m > ex(n, F'). A sharp result
in this case is only known for graphs Ky, due to the Nagy [111] and He, Ma and Yang [82], based
on earlier work of Erdés and Simonovits [44], and the construction of Fiiredi [52]. Concerning the
theory of supersaturation, we refer the reader to the surveys of Simonovits|119], Fiiredi-Simonovits

[55] and Pikhurko and Yilma [112].

Now let us focus on a particular type of generalized Turdn number of graphs. Let f(n, H) be
the maximum number of copies of H in an n-vertex planar graph. For a given graph H, let F
be the collection of subdivisions of K5 and K3 3. It follows from Kuratowski’s [92] theorem that
ex(n, H, F) is equal to f(n,H). In this sense, the problem of maximizing H copies in a planar
graph is in some sense a special case of the problem of Alon and Shikelman. The simplest case of
H = P, or in other words, the maximum number of edges in an n-vertex planar graph is 3n — 6,
and it follows from Euler’s formula [47]. Hakimi and Schmeichel 79| initiated the study of this
function for non-trivial cases, such as when H is a cycle. They determined the value of f(n,C3)
and f(n,Cy) precisely and showed that in general f(n,C}) = ©(nl¥/2)). Their result for f(n,Cy)

is as follows:
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Theorem 1.1.2 (Hakimi, Schmeichel [79]). Forn >4, f(n,Cy) = (n*+ 3n — 22).

Recently, Gy6ri, Paulos, Salia, Tompkins, and Zamora [77] determined the exact answer for the
5-cycle. In the same paper, the order of magnitude is also given for f(n, H) when H is a cycle of

length more than 4.
Theorem 1.1.3 (Gyéri, Paulos, Salia, Tompkins, Zamora [77]). Forn =6 andn > 8, f(n,C5) =

2n2 — 10n + 12. For n =5 we have f(n,Cs) = 6, and for n = 7 we have f(n,Cs5) = 41.

It is natural to ask the value of f(n, P), where Py is a path of k vertices. Recall f(n, P;) = 3n—6
if n > 3. Alon and Caro [1] determined the exact value of f(n, H), where H is a complete bipartite
graph in which the smaller class is of size 1 or 2. The previous result consequently determines the

value of f(n, P3). They showed that

Theorem 1.1.4 (Alon, Caro [1]). For n >4, f(n, Ps) = n? + 3n — 16.

Gyori, Paulos, Salia, Tompkins, and Zamora in [76] determined the exact value of f(n, Py).

Theorem 1.1.5 (Gy6ri, Paulos, Salia, Tompkins, Zamora [76]). The mazimum number of paths

of length 4 in a planar graph on n vertices is as follows:

12, ifn=4;
147, ifn="1;
f(na P4) =
222, ifn=38;
? —32n 427, ifn=>5,6 andn > 9.

The order of magnitude of f(n, H) when H is a fixed tree was determined in [75] and for general
H (and in arbitrary surfaces) by Huynh, Joret and Wood [84] (see also [85] for results in general
sparse settings). For a path on k vertices, we have f(n, P;) = @(nL%J"'I). In a follow-up paper,
we gave an asymptotic value of f(n, Ps). This bound is asymptotically the best possible. Consider
the maximal planar graph on n vertices containing two degree n — 1 vertices as shown in Figure

It can be checked that this graph contains at least n® copies of Ps.

9
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Figure 1.3: A graph on n vertices containing at least n® copies of Ps.

Theorem 1.1.6 (Ghosh, Gyéri, Martin, Paulos, Salia, Xiao, Zamora [58]). The maximum number

of paths of length 5 in an n vertex planar graph is f(n, Ps) = n 4+ O(n?).

We also studied a variant of the above problem, where we are trying to maximize the number
of induced copies of a certain fixed graph H in an n-vertex planar graph. Considering the growing
interest in Turdan number of induced graphs, see Theorem In the planar case, the result of
Hakimi and Schmeichel [79] investigated the case where H is a cycle. For H = Cjy, note that the
planar graph Ks 5 contains exactly 2(n? —5n+6) induced 4-cycles (see Figure (b)) It follows
from this observation and Theorem [I.1.2]that the maximum number of induced 4-cycles in a planar
graph with n vertices is %nz + O(n). Induced 5-cycles are the next non-trivial case. We determined
the maximum number of induced 5-cycles in a planar graph on n vertices, for n sufficiently large,

exactly. To state the formula, we define the following function.

Definition 1.1.7. Forn > 7, let

h(n) = Inax{klk‘g + koks + ksk1 : ki1, ko, ks e Nk + ko + k3 =n — 4} + 2.

Clearly, the maximum is attained when k1, ko and k3 are as close as possible. In particular,

h(n) =n?/3 + O(n).

Theorem 1.1.8 (Ghosh, Gy0ri, Janzer, Paulos, Salia, Zamora |56 ). There exists a positive integer
ng such that if n > ng and G is a planar graph on n vertices, then G contains at most h(n) induced
5-cycles. Moreover, there exists a planar graph on n vertices which contains precisely h(n) induced

5-cycles.

Since the extremal graph has a rather complex structure, we present a simpler n-vertex planar

10
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(b)

Figure 1.4: Planar graphs containing asymptotically the maximum number of induced 5-cycles and
4-cycles, respectively

graph which has h(n)—2 induced 5-cycles. Let S7, Sy and S5 be pairwise disjoint sets of vertices such
that |S1|+|S2|+|S3|=n —4 and |S1],|S2|, |S3| are as close as possible. We define an n-vertex planar
graph G as follows. The vertex set of GG is the three sets of vertices S1, S2 and S3 together with four
vertices, say wi,we,ws and u. That is, V/(G) = S1 U Sy U S3 U {w1, wa, w3, u}. We define the edges
of G as E(G) = {wiwa, waws, wzw1} U{wiv,vu| v € S1} U{wav,vul v € Sa} U{wsv,vu| v € Sz}
(see Figure|1.4](a)). It can be checked that G contains exactly |S1||S2|+|S2||S3|+|S3||S1|= h(n)—2

induced C5’s.

Let us introduce a special case of the Generalized Turdan numbers. Over the last decade, a large
quantity of work has been carried out in the area of ‘random’ planar graphs (see, for example, [64],
and [104]). However, there seem to be no known results on questions analogous to the Erdés-Stone
Theorem, i.e., how many edges can an n-vertex planar graph have without containing a given
smaller graph? In 2016, Dowden [2§] initiated the study of these specific Turdn-type problems.
Note that this is the case of f(n,H), where H is K5. The planar Turdn number of a graph H,
exp(n, H), is the maximum number of edges in a planar graph on n vertices which does not contain

H as a subgraph.

Unfortunately, the case when the forbidden subgraph is a complete graph (i.e., the analog to

11
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Turén) is fairly trivial. Since K3 is not planar, the only meaningful cases to look at are K3 and Ky;
these are both straightforward. For the former, K5, 2 must be extremal (since all faces have size
four when drawn in the plane), and so the extremal number of edges is 2n — 4. For the latter, it
suffices to note that there exist planar triangulations not containing K4 (e.g., take a cycle of length
n—2 and then add two new vertices that are adjacent to all those in the cycle). Thus, the extremal
number is 3n — 6. The planar Turdn number, when the forbidden subgraph is a star, is also fairly
trivial. The next most natural type of graph to investigate is perhaps a path. We refer the reader
to [93] and [94], for extremal planar Turdan number for paths of length {6,7,8,9,10,11}. There are
also various ways to extend the topic further. For example, one natural idea is to obtain several
sufficient conditions on H which yield exp(n, H) = 3n — 6 for all n > |V(H)|. The authors in [94]
proved that exp(n, H) = 3n — 6 for all H with n > |H|+2 and either x(H) =4 or x(H) = 3 and
A(H) > 7. They also completely determine exp(n, H) when H is a wheel or a star, and the case
when H is a (t,r)-fan, that is, H is isomorphic to K + tK,_1, where ¢t > 2 and r > 3 are integers.

The next most natural type of graph to investigate is perhaps a cycle. Dowden [28] obtained
the tight bounds exp(n,Cy) < %7_2), for all n > 4 and exp(n, C5) < %, for all n > 11. Later,

Lan, Shi and Song [95] proved the following:

Theorem 1.1.9 (Lan, Shi, Song [95]). Let 6y denote the family of Theta graphs on k > 4 vertices,

that is, graphs obtained from a cycle Cy by adding an edge joining two non-consecutive vertices.

1. For alln >4, exp(n,0s) < 12(n=2)

5
2. For alln > 5, exp(n,05) < @

3. For allm > 7, exp(n, ) < %_2)'

Because of the bound for 65 in the same paper, they presented the following corollary for Cg:

For all n > 6, exp(n, Cg) < w

, with equality when n = 9. The tight bound for exp(n, Cg) was
presented by Ghosh, Gy6ri, Paulos, Xiao and Zamora in [57]. We proved that for n > 18 and an
n-vertex Cg-free plane graph G, e(G) < gn — 7. In Chapter |3, we present this proof. In a follow-up
paper, we improve the additive constant of the bound of exp(n,fs) given by Lan, Shi, Song. [95]

and illustrate that our bound is sharp. We proved the following:

12
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a, b 2 3 4 5 >6
2 2n —4 2n (8/3)n | (20/7)n | 3n —6
3 2n (5/2)n—2| (20/7)n - 3n—6
4 (8/3)n (20/7)n - 3n—6 | 3n—6
5 | (20/7)n - 3n—6 | 3n—6 | 3n—06

>6 | 3n—6 3n—6 3n—6 3n—6 | 3n—06

Table 1.1: Upper bounds for exp(n, Sq4).

a b P 3 1 5 >6
2 2n — 4 2n (15/T)n | (5/2)n | 3n —6
3 2n (5/2)n—>51| (9/4)n - 3n—6
4 | (15/7)n (9/4)n - 3n—6|3n—6
5 (5/2)n - 3n—6 | 3n—6|3n—06

>6 | 3n—6 3n—6 3n—6 |3n—6|3n—=6

Table 1.2: Lower bounds for exp(n, Sgp).

Theorem 1.1.10 (Ghosh, Gyéri, Paulos, Xiao, Zamora[62]). Let G be a 0g-free planar graph on n
vertices. The mazimum number of edges G can have is at most 1—78n — g, for alln > 14. Equality

holds when G is a 2-connected planar graph.

Another generalization of the planar Turdn number of stars might be double stars as the for-
bidden graph. Double stars are two adjacent vertices of degree m and n, respectively, and are
denoted by Sy, . It is easy to see that ex(n, Sy,) = 3n — 6, for m > 2 and n > 6. The other
cases are non-trivial. The upper bounds were described by Ghosh, Gy6ri, Paulos, and Xiao in [61].
They have some interesting extremal constructions, from disjoint copies of maximal planar graphs
to Apollonian networks. For example, the extremal structure for Ss3 is obtained by joining every
vertex of the maximal matching on n — 2 vertices with two vertices. For detailed proofs, we refer

the reader to Chapter 4l The following Table compiles the upper bounds.

13
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1.2 Hypergraph Turan Type Problems

Definitions and Notations:

A hypergraph H = (V; E) is a family E of distinct subsets of a finite set V. The members of E
are called hyperedges and the elements of V' are called vertices. A hypergraph is called r-uniform
if each member of E has size r. A hypergraph H = (V, E) is called linear if every two hyperedges
have at most one vertex in common. For a family of forbidden r-uniform hypergraphs F, the Turan
number ex,(n, F) denotes the maximum number of hyperedges in an r-uniform hypergraph on n
vertices with no element of F as a sub-hypergraph. For convenience, whenever F = {F'} consists of
a single forbidden hypergraph, we write ex,(n, F') instead of ex,(n,{F'}). A Berge cycle of length
k, denoted by Berge-C}, is an alternating sequence of distinct vertices and distinct hyperedges of

the form vy, hy, v, ho, ..., vk, hy where v;, v;+1 € h; for each i € {1,2, k= 1} and vpv1 € hy.

It is natural to consider the Turdn Problem in the setting of r-uniform hypergraphs (r-graphs
for short). Surprisingly, while we have rather exact results for the graph Turdn problem, already
for 3-graphs the problem becomes much harder. Consider the “first” non-trivial case, when we
forbid K3, the complete 3-graph on 4 vertices. Let ex(n, K}) denote the maximum number of
edges a 3-graph can contain if it does not contain a copy of Kj. It is not hard to show that
ex(n, K3) > (8 —0(1))(3). We do something very similar to what we did in the graph case. We
take n vertices and partition them into 3 sets Vi, Vs, V3 of almost equal size. We then take as
edges all triples of vertices (z,y, z) if they are of the form =z € Vi,y € Va,z € V3, or of the form
z,y € Vi,z € Viy1, where i € [3] (and addition is modulo 3). Denote this graph by 734 A
well-known conjecture of Turén is that ex(n, K3) < (3 4+ 0(1))(3). To date, the best known upper
bound is ex(n, K3) < 0.561() [115].

A probable explanation for the hardness of proving tight bounds for hypergraph Turdn problems
is the following: In the graph case, most proofs proved a tight upper bound along with the unique
extremal graph (the Turdn graph). As it turns out, the 3-graph T3 we described above is not
the unique Kj-free 3-graph with this many edges. In fact, for every n, there are exponentially
many non-isomorphic 3-graphs that are K3 -free and have the same number of edges as T%*. So, if
indeed ex(n, K3) = |E(T3%)|, then any proof would have to “avoid” proving that 7% is the unique

maximum.

14
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A very natural and widely studied topic is Turdn numbers of cycles in hypergraphs. Unlike
graphs, there are several types of cycles in hypergraphs. Most studied of them are Berge cycles and
linear cycles. The systematic study of Turan numbers of Berge cycles started with the investigation
of Berge triangles by Gyéri |69], who proved that the maximum number of hyperedges in a Berge
triangle-free 3-uniform hypergraph on n vertices is at most %2. The construction for the lower
bound is the following: Take 3 disjoint sets, A = {aj,aq,... ,a%},A’ = {d},d},... ,a’%} and B =
{b1,ba, ..., b%}. The hypergraph H, whose vertex set is AU A’ U B and the edge set is {a;, a}, b; |
1 <i<%,1< 5 < 5}, is Berge triangle-free and has %2 hyperedges. There is an informal but
convenient way to see this construction. First, we take a complete bipartite graph, and then we
make a copy of each vertex on one side. We create a triple corresponding to each edge of the
original bipartite graph and assign hyperedges to these triples. It is worth noting that this type

of hypergraph extension of a graph is quite common, and we will come across similarly obtained

hypergraphs in Chapter

o A

R N

Figure 1.5: Replacing every graph edge z;y; in the bipartite graph with two hyperedges z;y;y; and
Yiyi T

Recently, Firedi, Kostochka, and Luo [53] proved similar results for Berge cycles. Instead
of forbidding Berge cycles of fixed length, they forbid all Berge cycles of length at least k. It
continued with the study of Berge five cycles by Bollobds and Gyéri [11]. They showed that
n%/ 3v3 < exz(n,Cs) < \/in% + 4.5n. Very recently, this estimate was considerably improved by
Ergemlidze, Gy6ri and Methuku [46]. Gyéri, Katona, and Lemons |70] proved the following analog
of the Erdds-Gallai Theorem for Berge paths.

Theorem 1.2.1 (Gydri, Katona, Lemons [70]). Fiz k > r+ 1 > 3 and let H be an r-uniform

n

hypergraph containing no Berge path of length k. Then e(H) < E(]:) For the other case, fix

. . . k—1
r >k > 2. If H is an r-uniform hypergraph with no path of length k, then e(H) < n5+1 ),

For other results, see [4, 86]. Gyéri and Lemons considered a more general question and esti-

mated Turdan number of Berge cycles of any given length.
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Theorem 1.2.2 (Gy6ri, Lemons [71],[72]). For r > 2, we have ex,(n,Cy) = O(nH%). Forr >3,

we have exy(n, Copy1) = O(anH)

The particular case of determining ex{™(n, C3) is equivalent to the famous (6, 3)-problem, which
is a special case of a general problem of Brown, Erdés, and Sés. The famous theorem of Ruzsa and
Szemerédi states that there exists a constant ¢ > 0 for which we have n° Virr < exin(n, C3) =

o(n?).

Recall that the maximum number of edges in a triangle-free graph is one of the classical results
in Extremal Graph Theory, and Mantel proved it in 1907 [103]. The extremal problem for diamond-
free graphs follows from this. If there are 2 triangles sitting on an edge in a graph, we call this
a diamond. On the other hand, k triangles sitting on an edge is called a k-book, denoted by a
By. Given a graph G on n vertices and having {%J + 1 edges. Mantel showed that G contains a
triangle. Using Mantel’s Theorem, we can also prove that this graph G also contains a diamond.
Rademacher (unpublished and simplified later by Erdés in [39]) proved in the 1940s that the number
of triangles in G is at least |%|. ErdSs conjectured in 1962 [35] that the size of the largest book
in G is § and this was proved soon after by Edwards (unpublished [32], see also Khadziivanov and
Nikiforov [110] for an independent proof). Both Rademacher’s and Edwards’ results are sharp. In
the former, adding an edge to one part in the complete balanced bipartite graph (note that in G
there is an edge contained in L%J triangles) achieves the maximum. In the latter, every known
extremal construction of G has 2(n?) triangles. For more details on book-free graphs, we refer the

reader to the following articles [10], [114] and [131].

The hypergraph equivalent of diamonds and k-books is defined similarly, with 2-Berge triangles
and k-Berge triangles sharing a common edge, respectively. We continue the work and determine
the maximum number of hyperedges for a k-book free 3-uniform hypergraph in [59]. The main
result is as follows: For a given k£ > 2 and a 3-uniform Bj-free hypergraph H on n vertices,
e(H) < 7;2(1 +0(1)). Recall that ex(n,C3) = ex(n, Bg) = %2 in graph setting. Gyéri |69] proved
that the maximum number of hyperedges in a Berge triangle-free 3-uniform hypergraph on n vertices
is at most %2. So, there is an obvious parallel between the triangle-free and book-free graphs and

hypergraphs, making the result much more intriguing. We refer the reader to Chapter [5| for the
details.
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1.3 Wiener Index

The Wiener index is named after Harry Wiener, who introduced it in 1947; at the time, Wiener
called it the “path number” [127]. He was studying its correlations with boiling points of paraffin,
taking into consideration its molecular structure. It is the summation of distances between all the
unordered pair of the vertices of G. It is the oldest topological index related to molecular branching.
Based on its success, many other topological indexes of chemical graphs, based on information in
the distance matrix of the graph, have been developed subsequently to Wiener’s work. Since
undirected graphs, especially trees, are used to model molecules. The concept of Wiener index has
been studied under different names such as the total status by [80], the total distance by Entringer,
Jackson, and Snyder [34], and the transmission by Plesnik [113] for various applications to topics
including chemistry, communication, Sociometry, and the theory of social networks. Several survey

papers |25} 26} 27, 88| |130] contain a great deal of knowledge on the Wiener index.

) . Networks with

2W(G
n(n—1)

The average distance (or mean distance) u(G) of the graph G is pu(G) =
small mean distances are desirable due to their good properties. Thus, the average distance of a

connected graph is at least 1 and can be realized only by a complete graph. On the other hand, the

average distance of a connected graph of order n is at most "T'H and this bound is attained only

by a path of order n, see |29, |34} |100]. Plesnik [113] showed that this bound can be improved to
2
s
(n—1)
order n. There is no closed or recursive formula to calculate their Wiener indices for most general

for 2-connected or 2-edge-connected graphs of order n, and can be attained only by a cycle of

classes of graphs. Thus, finding bounds on Wiener indices for a general class of graphs of a given

order has been an attractive research topic.

Many sharp or asymptotically sharp bounds on W(G) in terms of other graph parameters are
known. Beezer, Riegsecker, and Smith [6] proved the following bound for graphs with minimum

degree 0.

Theorem 1.3.1 (Beezer, Riegsecker, Smith [6]). The Wiener index of a connected graph with n

. . . (n—1)n(n+1)—2e
vertices, e edges and minimum degree § satisfies LTJ

Sharp bounds on Wiener indices of k-connected graphs or k-edge-connected graphs of order n

have been completely solved. The question in terms of finding a sharp upper bound on the average
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distances of k-connected (resp., k-edge-connected) graphs of a given order n for & > 3 was posed by
Plesnik |113] in 1984. In 2006, Gutman and Zhang [68| gave a sharp lower bound on Wiener indices
of k-connected (resp., k-edge-connected) graphs of order n. Dankelmann, Mukwembi, and Swart
[22, [21] established asymptotically sharp upper bounds on average distances of k-edge-connected
graphs of a given order for £ > 3. When k£ > 3 is odd, they [23] further showed that the upper bound
on the average distances of k-connected n-vertex graphs, can be improved to u(G) < #ﬂ + 30.
This bound is the best possible, apart from an additive constant. For other results involving
graph parameters, for example, connectivity, edge-connectivity, and maximum degree see [51],
respectively. For finding more details in the mathematical aspect of the Wiener index, see also

results [24] [66] 87| [102] (89, (67, [109], [124], [123] [125] 20|, [91].

One can study the Wiener index of the family of connected planar graphs. Since a path attains
the above, it is natural to ask the same question for some family of planar graphs. For instance, the
Wiener index of a maximal planar graph with n vertices, n > 3 has a sharp lower bound (n—2)2+2.
Any maximal planar graph such that the distance between any pair of vertices is at most 2 (for
instance, a planar graph containing the n-vertex star) attains this bound. It is well-known [34] that
the Wiener index of a tree on n vertices attains the minimum value (n — 1)2, when it is a star. On

3

the other hand, it attains the maximum value %(n —n) in case of a path. Marraki, Mohamed, and

Abdelhafid [33] showed that a maximal planar graph minimizes the Wiener index of a planar map of
order n and is equal to (n—2)?+2. On the other hand, a path maximizes it and is equal to %(n?’ —n).
Che and Collins [18], and independently Czabarka, Dankelmann, Olsen and Székely [19], gave a
sharp upper bound of a particular class of maximal planar graphs known as Apollonian networks.
An Apollonian network is an undirected graph formed by recursively subdividing a triangle into

three smaller triangles. Starting from a single triangle, select a triangular face repeatedly and add

a new vertex inside. Connect the new vertex to each vertex of the face containing it.

Theorem 1.3.2 (Che, Collins [18], Czabarka, Dankelmann, Olsen, Székely [19]). Let G be an
Apollonian network of order n > 3. Then W(G) has a sharp upper bound

(n3 + 3n?), if n = 0(mod 3);
(n®+3n% —4), if n=1(mod 3);
(n®+3n% —2), if n =2(mod 3).

1

W(G) < {1(713 + 3n2)J -

18 1

|- &= &l—

1

co
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The authors in [18] also conjectured that this bound also holds for every maximal planar graph.

Dowden [19] showed that the conjectured bound holds asymptotically. In particular,

Theorem 1.3.3 (Dowden [19]). For k = 3,4,5, there exists a constant Cy, such that

1
W(G) < &n?’ + Cyn®/?,

for every k-connected maximal planar graph of order n.

In [60], we confirm the conjecture above. We refer the reader to Chapter [6 for the details. The
authors in [18] also had a conjecture for Wiener index of quadrangulation graphs. Gyéri, Paulos,

and Xiao [78] proved this conjecture recently. Their result is as follows:

Theorem 1.3.4 (Gyo6ri, Paulos, Xiao [78]). Let G be a quadrangulation graph with n > 4 vertices.

Then
iy < [ =2
- T12n3 + %n -1, ifn=1(mod 2).
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Chapter 2

Turan Number of TP

2.1 Introduction

All the graphs we consider in this chapter are simple and finite. Let G be a graph. We denote the
vertex and edge set of G by V(G) and E(G), respectively. Let e(G) and v(G) denote the number of
edges and vertices, respectively. We denote the degree of a vertex v by d(v), the minimum degree
in graph G by §(G) and the maximum degree in graph G by A(G). The subgraph induced by
S C V(G), is denoted by G[S]. Moreover, N(v) denotes the set of vertices in G adjacent to v. Let
H be a subgraph of G and v be a vertex in H. Let Ny (v) denote the set of vertices in H that are
adjacent to v. Let x1,29,...,x; be k vertices in H. The set of vertices in H which are adjacent to
all these k vertices, 1,22, ..., xk, is denoted by N (z1,x2,...,2,). We may omit the subscript in
the notation whenever the underlying graph is clear. Let A and B be subsets of V(G), then the
number of edges between them is denoted by e(A, B). We denote the cycle of length 6 by Cg or a
6-cycle. A 7-wheel, denoted by W7, is a 7-vertex graph containing a (s and a vertex adjacent to
all the vertices of the 6-cycle. Recall that the Turdn number of a graph H, denoted by ex(n, H), is
the maximum number of edges in an n-vertex graph that does not contain H as a subgraph. Let
EX(n, H) denote the set of extremal graphs, i.e., the set of all n-vertex, H-free graph G such that
e(G) = ex(n, H).

Definition 2.1.1. The Triangular Pyramid with k layers, denoted by T Py, is defined as follows:

Draw k + 1 paths in layers such that the first layer is a 1-vertex path, the second layer is a 2-vertex
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) T3
(i) TPs (ii) T Ps

Figure 2.1: A Triangular Pyramid with 3 and 5 layers, respectively.

path, ..., and the (k + 1)° layer is a (k + 1)-vertex path. Label the vertices of the it layer’s path
from left to right as o', x5, ... ot where i € {1,2,3,...,k+ 1}. The vertex set of the graph T P

is the set of all the vertices of the (k + 1) paths. The edge set contains all the edges of the paths.
1

zt and z7tal , are in E(TPy),

Additionally, for any two consecutive (i — 1)" and i** layer, xi” 4

where i € {1,2,...,k+ 1} and 1 <r <i—1 (see Figure[2.1]).

For k > 1, the chromatic number of T P, is 3. Hence, by Theorem we have ex(n, T P) =
%2 +o0(n?). Yet, it remains interesting to determine the exact value of ex(n, T Py). The graph TP
is a triangle and by Mantel’s Theorem, ex(n,TP;) = [%QJ The graph T'P> denotes the flattened
tetrahedron. Liu [99] determined ex(n,T P») for sufficiently large values of n. Later, Katona, Xiao,

Xiao, and Zamora [129] determined ex(n,T P,) for small values of n.

Theorem 2.1.2 (Katona, Xiao, Xiao, Zamora [129]). The mazimum number of edges in an n-vertex

T Py-free graph (n #5) is,

VZJ + LgJ , n#2 (mod 4),

ex(n, TPy) =
n? n

+--1 n =2 (mod 4).

In this chapter, we study the Turdan number of T'Ps, i.e., the Triangular Pyramid with three

layers.

Theorem 2.1.3. The mazimum number of edges in an n-vertex T Ps3-free graph is:

1
ex(n,TPs;) = Zn2 +n+ o(n).
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It can be checked that the constructions given in Figure 2.2] 2.3 and [2.4) are T Ps-free graphs
containing inQ +n+1, %nQ +n+ % and inQ + n edges, respectively. Thus, the bound in Theorem

[2.:2.3]is best up to the linear term for infinitely many values of n.

N\ M\&im y/.
\\\\ﬁ'\!i}\‘i{l : '/ ////7
\\\ | /
\\‘n‘ﬂ ,' \\

\ ;'Q\'I 7//\\‘\Vv//

X0

\

Figure 2.3: The extremal construction when n is odd and n = 1(mod 10).

This chapter is structured as follows: In Section [2.2] the proof of the main theorem is presented.

In Section [2.3] a conjecture on the exact extremal number of T'P3 and TPy is provided.

2.2 Proof of Theorem 2.1.3

We will be using the following classical stability result of Erdés and Simonovits:

Theorem 2.2.1 (Erd8s, Simonovits [38]). Let k > 2 and suppose that H is a graph with x(H) =
k+1. If G is a H-free graph with e(G) > tx(n) —o(n?), then G can be formed from Ty (n) by adding

and deleting o(n?) edges.

Since x(T'Ps) = 3, the above theorem can be restated as follows:
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Figure 2.4: The extremal construction when n is divisible by 6.

Theorem 2.2.2. For every v > 0, there exists an € > 0 and no(vy) such that for every T Ps-free

2

graph G on n (n > ng(y)) vertices with e(G) > %2 — en®, we have

[B(G)AE(Ty(n)| < An?.

We will prove the following version of Theorem [2.1.3]

Theorem 2.2.3. Ford > 0 andn > 5”35(6) , the maximum number of edges in an n-vertex T P3-free

graph is ex(n, TP3) < %2 + (14 )n.

Given a 0, we define the following functions of §: The ny(d) in Theorem is coming from
the Theorem Let () < mim(l + %, %, ﬁ, n-2)  On the other hand, () satisfies the
inequalities v < min{ ;96?), gz, 214, 24} and 43y < (8% — 167)(1 — 167). For brevity of the paper,

we do not calculate these functions precisely.

We start by proving the following weaker version of Theorem [2.2.3}

[NIEN]

Lemma 2.2.4. Let G be a T Ps-free graph on n (n > 10) vertices. Then e(G) < % + 4n.

Proof. Suppose e(G) > %2 + %n The maximum number of edges in a 7-wheel free graph on n
vertices is ex(n, W7) = L”; + 4 + 1] [31], which is less than ”72 + Zn. So, we may assume that G

contains a 7-wheel. We claim that each edge in GG is contained in at least 8 triangles. Suppose not,
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i.e., there is an edge zy € E(G) such that |[N*(z,y)|< 7. In this case, the number of edges that are
incident to either x or y is at most n + 6. By the induction hypothesis,

G(G)SB(G—{x,y})+(n+6)§(71742)2+;(n_2)+(n+6):7f+ n

N =3

One can check that the statement also holds for small n.

Now consider a 7-wheel in G, containing the 6-cycle xizoxszixsr6z1 and the center vertex
y. For any edge z;x; in the 6-cycle, it can be easily seen that there are at least 3 vertices in
V(G)\{z1,z2,...,26,y} which are adjacent to both x; and z;. Therefore, by the Pigeonhole prin-
ciple, we can find three distinct vertices, say yi,y2 and y3 which are in N*(z1, z2), N*(z3,24), and

N*(zx5,z¢), respectively. This is a contradiction, as G does not contain a T'Ps. O

Lemma 2.2.5. Let § > 0 be given. Let G be a graph on n (n > 5"37(@) vertices with e(G) >

%2 + (1 +0)n. Then either G contains a TP3 as a subgraph or G contains a subgraph Gy on nj
1\2 !

vertices such that e(Gp) > % + (1 + d)n{, with dg,(z) > [% + 1J, for all x € V(Go) and any

two adjacent vertices are incident to at least ny + 2 common vertices (so each edge is contained in

at least three triangles).

Proof. Let H be a subgraph of G. We call H a good subgraph if e(H) > @ + (1 4+ 9)v(H).
Additionally, for all z € V(H)

H
dgy > V(Q )+1J , (2.1)
and any two adjacent vertices in H are incident to at least v(H) + 2 edges.

If every vertex in GG satisfies the property and any two adjacent vertices in G are incident
to at least v(G) 4 2 edges (i.e., G itself is a good subgraph), then the lemma holds. Otherwise, we
delete the vertex in G if it doesn’t satisfy the degree condition in . If a vertex along with one
of its neighbors has fewer than v(G) + 2 edges incident to it, then we delete the vertex with the
smaller degree. We repeat this step, say m times, till we get a subgraph H, satisfying the property
and any two adjacent vertices are incident to at least v(H) + 2 edges.

We claim the following:

2

Claim 1. e(H) > ("_4m) + (1 +6)(n —m) + dm.
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Proof. Suppose not. Let e(H) < W + (14 9)(n —m) + dm. We distinguish the following four

cases based on the parity of n and m to complete the proof:

Case 1: n is odd. The sequence of the number of edges deleted in m steps from G, when m

is even and m is odd, is as follows:

<n—|—1 n+l n—-1n-1 n—m-+3 n—m+3>

2 7 2 7 92 7 92 ' 2 ’ 2
and
n+1n+1n—-1n-1 n—-—-m+4 n—m+4 n—m-+2
2 7 2 7 92 7 92 ' 2 ’ 2 ’ 2 ’

When m is even, the number of edges deleted after m steps is at least 7 (2n —m + 4). Hence,

e(G) < E(H) + 220 —m+4) < <(n_m)2+(1+(5)(n—m)+5m> ™ (o0 —m +4)
- 4 4 4
=7f+(1+5)n,

which is a contradiction. Similarly, when m is odd, the number of edges deleted after m steps is at

least%@n—m—i—f))—i-%wzw—mf?—km . Hence,
m?  mn n— m?  mn 1
e(G)SE(H)——Jr—er—— +(1+8)n—m)+ém)— —+—— +m— -
4 2 4 2 4
:% (1+8)n— -,

which is again a contradiction.

Case 2: n is even. The sequence of the number of edges deleted in m steps from G, when m

is odd and m is even, is as follows:

n—i-QQQ n—-—m+3 n—m-+3
2 927977 2 ’ 2

and
n—|—2 Q n—m+4 n—m+4 n—m+4+2
2 AR 2 ’ 2 ’ 2 '

1\3\3

When m is odd, the number of edges deleted after m steps is at least mT_l(Qn —m+3)+ ”%“2 =

2
m mn 1
— 4 + 5 +m + i Hence,
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2
+(1+6)(nm)+5m> —%+%+m+i

m?  mn 1<(n—m)2

4

2

1

Clearly, e(G) < ”Tz—k(l—i—é)n. Otherwise, we get an integer between %2+(1+6)n and %2+(1+6)n+i,
which is not true. This contradicts the fact that e(G) > "72 + (14 6)n.

Similarly, when m is even, the number of edges deleted after m steps is at least mT_2(2n —m+

— 2
4) 4 nE2 gy nomd2 _ mn - gy Hence,

m® mn n—m)? m2  mn
e(G)<EH)- —(+—+m< u-1—(1—|—5)(7’L—m)—I—cSm ——t—4m
4 2 4 4 2
2
=L (140,
4
which is again a contradiction. O

If H contains a T'P3 as a subgraph, we are immediately done. Consider H is T P;-free. By
Lemma e(H) < M + Z(n —m). Thus,

(n —m)?
1

(n—m)?

+ (14 8)(n—m)+dm < + =(n —m).

Hence, m < %n In other words n —m > Q‘ST". The condition, n > 5”37(@ implies n —m > ng(y).

Thus, we found the good subgraph H of G.
O

Definition 2.2.6. Let a 7-wheel in H be with center y and the 6-cycle x1xox3x42501. We call the

7-wheel, a sparse T-wheel, if v;x;12 ¢ E(G) for alli € {1,2...,6} (see Figure[2.5).

We provide a sketch of the proof before going into the details. Suppose e(G) > %2 + (1 +0)n,
then one of the bipartitions must have more than § + %" edges. We prove the following lemmas as
stepping stones. Given a graph G on n vertices with at least %2 + (1 + 6)n edges and containing
a sparse 7-wheel as a subgraph, Lemma proves that G contains a T P3 as a subgraph. We
take the biggest balanced bipartite splitting of G and prove in Lemma [2.2.9] that if one of the color
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I x2

L6 T3

7
—

Figure 2.5: A sparse 7-wheel, the dashed red edges are not in G.

classes contains a vertex with large enough degree, then G contains a T'P3 as a subgraph. Lemma
2.2.12| shows that if one of the color classes contains more than 5 + %” edges, then G contains a

T P; as a subgraph.

Lemma 2.2.7. Let G be a graph on n vertices, where n > 5n§§'y); and e(G) > ”72 +(1+dn. IfG

contains a sparse T-wheel, then G contains a T P3 as a subgraph.

Proof. By Lemma G contains a good subgraph H. In other words, for all x € V(H) we have

v(H)
-~ +1, 2 H),
d(x) > 2 | v(H)

WL 9y o(H),

(2.2)

and any two adjacent vertices in H are incident to at least v(H) + 2 edges (and so every edge is

contained in at least three triangles).

Let a sparse 7-wheel in H be with center y and the 6-cycle x1z9x3x4251671, as shown in Figure
Since H is a good subgraph, for each x;z;11, 7 € {1,2,...,6}, |N(x;,zi+1)|> 3. Moreover,
for each z;z;41, i € {1,2,...,6}, all the remaining four vertices of the cycle are not in N (z;, x;11).
Indeed, without loss of generality, consider the edge x1xo. The vertices x3 and x4 are not in
N (z1,x2), since the wheel is sparse. We can prove that the vertices xg and x5 are not in N(x1,x2)
by a similar argument. Therefore, there exist at least two vertices in V(H)\{x1,x2,...,26,y},
which are in N(z;,x;41). Take the matching xiz9,x374 and xszg. If there are three distinct
vertices in V(H)\{z1,x2,...,2s,y}, which are in N(z1,z2) U N(x3,24) U N(2z5,26), then there is
a TPs; in H. Suppose not. Let z1, 22 and z3 be the vertices in V(H)\{z1,z2,...,zs y} such that
{21, 22,23} C N(x1,22)UN (x3,24)UN (25, 26). Since H is T Ps-free and |N(z1, z2)|, N|(x3,z4)| and
|N(z5,26)| are at least 3, it follows that each of the sets N(z1,x2), N(z3,z4) and N (x5, x¢) must

28



CEU eTD Collection

contain at least two of the vertices in {z1, 22, 23}. By Hall’s Theorem, we get a distinct pairing of
21, 22, 23 and N(z1,x2), N(z3,24) and N(xs,z6) such that z; € N(xj,xx), i € {1,2,3} and (j, k) €
{(1,2),(3,4), (5,6)}, which is a contradiction to the fact that H does not contain a T'P;. Now we
may assume that there are only two distinct vertices, say v; and ve in V(H)\{x1,x2,...,26,y},

such that N(z1,2,...,26) = {v,v1,v2}(see Figure [2.6).

Figure 2.6: Structure of the subgraph of G with 2 common neighbors for each vertex on the cycle
of the good wheel.

Consider the case when n is odd. Similarly, one can also solve when n is even. Let A and B
be the set of vertices in V(H)\{x1,...,zs,y,v1,v2} which are adjacent to x; and xs, respectively

(see Figure . Obviously, AN B = (). Otherwise, the graph contains a T'P; as a subgraph. Thus,

either |A|< 252 or |B|< 252. Without loss of generality, suppose |A|< 252, If |A|< 251 then

d(zy) < |A|+6 = "_211 +6= "T‘H, which is a contradiction.

So, assume |A|= 272, In this case, we also have that |B|= 252. We need the following claim

to complete the proof of the lemma:

Claim 2. Fach vertex in A is adjacent to at least one other vertex in A.

Proof. Suppose not. Let x be a vertex in A which is adjacent to no other vertex in A. The vertex

x is not adjacent to xo and xg, otherwise, H contains a T Ps as a subgraph.

If = is adjacent to x4, then z is not adjacent to both x3 and x5. Otherwise, the graph contains
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a T Ps as a subgraph. In this case, the vertex x is possibly adjacent to y,v1,ve, and vertices in B.
Thus, considering the vertex z; which is already adjacent to z, we get d(z) < %52 +5 = %L, This

is a contradiction since H is a good subgraph.

Let z be adjacent to x3. Then x cannot be adjacent to x4. If x5 is not adjacent to x, then
d(z) < "T_g +5= ”%‘1, which is a contradiction. So, let x5 be adjacent to x. If x is not adjacent to
one of the vertices in {y,v1,v2}, then d(z) < ”T_g +5= ”T‘H, which is a contradiction. Otherwise,
consider the 7-wheel, with the 6-cycle xsyxsvizivaws (see the bold green cycle in Figure and
center x. Consider the matching x5y, rsv; and zive. Consider the vertices x4, T3, xg, which are
the common neighbors of the end vertices of the matching. These vertices along with the given

7-wheel form a T'Ps3, a contradiction. O

Figure 2.7: A graph containing a T Ps.

With the same argument, one can verify that the minimum degree of each vertex in B is at
least 1. Now we finish the proof of Case 1. Consider the edge x516. Let A’ and B’ be the set of
vertices in V(H)\{z1,...,x¢,y,v1,v2} which are adjacent to x5 and x¢, respectively. For the same
reason given above, |A'|=|B'|= 252, Clearly A'N B’ = (. Since ANB' = and A'N B =, i.e.,
B'=Band A’ = A. Thus, |B'N B|= |[An A|= 252,

Let x € AN A’. We claim that x is not adjacent to y. Suppose on the contrary that z is
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adjacent to y. We can take the 7-wheel, with the 6-cycle zz 222324252 and center y. By Claim 2]
there is a vertex z in A which is adjacent to x. Since this vertex is adjacent to x1, then taking the
matching xx1, roxs and x4xs with common neighbors z,v; and ve, respectively, we show that the

graph contains a T'P3 as a subgraph. Hence, a contradiction.

Let t € BN B’. We claim that ¢ cannot be adjacent to y. Suppose on the contrary that ¢ is
adjacent to y. Consider the 7-wheel, with 6-cycle txoxsxsxsaet and center y. By Claim [2] ¢ is
adjacent to a vertex r in B. Since this vertex is adjacent to xo, taking the matching txs, x3x4
and xsr¢ with common neighbors 7, v; and vg, respectively, we show that H contains a T'P5 as a
subgraph. Hence, a contradiction. Thus, we found that y is a vertex in H with constant degree,

which is a contradiction to the fact that H is a good subgraph. O

Remark 2.2.8. For the rest of the write-up, we always work on this “good” subgraph, and to

simplify notations, we denote it by G.

Lemma 2.2.9. Let G be a graph on n vertices, where n > 5n0(7), and e(G) > ”T (L+9)n. Let
A and B be a partition of V(G) with size as equal as possible and with e(A, B) mazimal. If A
contains (or B contains) a vertez, say x, such that da(x) > fn (or dg(x) > Bn), then G contains

a TP; as a subgraph.

Proof. Without loss of generality, suppose there exists a vertex = € A such that d4(x) > pn. Note

that, e(G) > %2 — en?, for any € > 0. Thus, by the stability theorem, |E(G)AE(T,2)|< yn?.

Let A, be the graph induced by the vertices Na(x) U {x} in A. We have e(A4;) < yn?. The

average degree of a vertex in A, is

> da,(y)
- yeV (A, 2e(Az) < 2yn? _2yn
v

)
TV R TS T

Let X = {x € V(A4;) | da,(z) > 4””} The size of X is at most 2]77; %" Let Y =V (A;)—X.

)
Thus, |Y|> %1 and for each y € Y, da, (y) < W We color G[Y] with % colors. The average size
of the color class in G[Y] is at least 4’8 "//26 = > 3. Barring at most 2 vertices, each of these color

classes can be divided into triples. Each of these triples form an induced K7 3 with the vertex = as

31



CEU eTD Collection

Figure 2.8: A sparse 7-wheel.

the center. Thus, we obtained at least % (% - 2'457”) induced K 3’s in A, (see Figure .

The graph induced by B, denoted by G[B], also contains at most yn? edges. Thus, d(Gg) < 2yn.
Delete vertices in B whose degree is at least 4yn. By similar reasoning as above, the number of
vertices deleted is at most 5. Let Z be the set of remaining vertices in B. We color G[Z] with
4~yn colors. The average size of the color class in G[Z] is at least % = % > 3. Barring at most
2 vertices, each of these color classes can be divided into triples. This implies that we can find at

least % (% -2 4’yn) =3 (% — 87) induced triples in Gp (see Figure )

If for each pair of induced K 3’s and induced triples obtained in A and B, respectively, there is
a missing edge, then the number of missing edges is at least % (g — %) - ¥ (% — 87). The following
holds from the definition of 8 and ~:

n(p 8y\ n/(l 9
s (5-%) (o) 23

Thus, the number of missing edges is greater than yn?, a contradiction. Hence, there must be an
induced K3 in A, which is joined completely to an induced triple of vertices in B. Therefore, we

get a sparse 7-wheel and, by Lemma G contains a T'P3 as a subgraph. O

Definition 2.2.10. The tree given in Figure[2.9 with 3 legs and one joint, is denoted as the spider

graph.
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Uy U1 w1

U2 V2 w2

Figure 2.9: A spider graph with three legs and one joint.

Corollary 2.2.11. Let G be a graph on n vertices, where n > 5”37(57), and e(G) > %2 + (14 9)n.
Let A and B be a partition of V(G) with size as equal as possible and with e(A, B) mazimal. If A

or B has a spider graph as a subgraph, then G contains a T P3 as a subgraph.

Proof. Let S denote the spider graph. Without loss of generality, suppose S C G[A].

We consider the 4-vertex subsets of S, namely {z, u1, ug, v1}, {z,v1,v2, w1} and {x, w1, wa, u1 }.
Suppose we can find three vertices in B’, namely y1,y2 and ys, such that y; is connected to all the
vertices in {x, u1,u2,v1}, y2 is connected to all the vertices in {z,v1, v, w1} and ys3 is connected to
all the vertices in {x, w1, w2, u1 }. We immediately find a T'P;. Thus, for every vertex y € B except
for at most 2 vertices, y is not adjacent to at least one of the vertices in {x, u1, ug,v1}. The average
degree of vertices in {x, u1, uz,v1} to B is less than %". So there exists a vertex z € {z,uy,u2,v1},
such that dp(z) < 22. The minimum degree of the vertices in G is at least Z, thus da(z) > 2.
Since B < £, we are done by Lemma [2.2.9 O

We want to prove ex(n, TPs) < inz + (1+0)n. Assume that there is a T'Ps-free graph that has
more than %nz + (14 d)n edges. Then one of the bipartitions must have more than § + %" edges.

We prove in Lemma [2.2.12[ that this is not possible.

Lemma 2.2.12. Let G be a graph on n vertices, where n > 5n§7§7). Let A and B be a partition
of V(G) with size as equal as possible and with e(A, B) mazimal. Assume that neither A nor B
contains a spider graph as a subgraph and the maximum degree of vertices inside each class is less

than fn. If e(A) > 5§ + %", then G contains a T Ps as a subgraph.

Proof. We start by claiming the following:
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Claim 3. Given a graph Gy on k vertices, with 2k edges. We can find an independent set of

vertices with size %

Proof. Say we delete the vertices with degree greater than 10. Denote the remaining graph with
G).. The number of vertices deleted is denoted by I. The number of edges deleted is at least 51.
Since the number of edges in Gy, is 2k, | < % The number of vertices in G, is at least % and every
vertex has degree at most 10. Start by choosing an arbitrary vertex x € G/, delete its neighbors,
and continue choosing another vertex in the graph G) \ N(z). In each step, we delete at most 11

vertices. Thus, we can get an independent set of size % with this recursive procedure. O

We use this to prove the following claim:

Claim 4. Let G be a graph on n wvertices, where n > 5n°m Let A and B be a partition of V(G)
with size as equal as possible and with e(A, B) mazimal. Assume that neither A nor B contains a
spider graph as a subgraph and the maximum degree of vertices inside each class is less than (n.

If e(A) > 5 + %n, then one of the following is true:

1. There are at least 2 664 vertex disjoint Kq3’s in A.

2. There are stars of size at least 85 in A, such that partitioning each of their leaves into triples
(1 or 2 vertices may be missed from each star), we have at least 2 564 triples forming an induced

K 3 along with the center of the respective star.

Proof. The degree sum of vertices in A is greater than or equal to 2(5 4 0%). Since A has size at

least | 5], we have vertices with degree more than 2.

Let v be a vertex in A such that dg(v) = As. Let A, be the graph induced by the vertices
{v} UN4(v). Note, A, doesn’t contain the spider graph as a subgraph. We consider the following
cases:

Case 1: A < 83. Let z1,z2 and x3 be the vertices in Ng(v). The vertices v, x1, x2, and x3 form
a K1 3. Delete the set of vertices {v} U Ng(v). We delete at most 332 edges in this step and since
e(A) > 0%, we can continue repeating this process by taking another vertex v', with da(v’) equal

to the new maximum degree. Thus, the number of K 3’s we can find is at least 2 564+
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Case 2: A > 84. Denote the vertices in N4(v) with z;. Note that we do not have 3 independent
edges going out of N4 (v) from x;’s, as we have a spider-free graph. Let z1, z2, and x3 be the vertices
with degree greater than 2. By Hall’s Theorem, we immediately get 3 independent edges going
from the set Ng(v) to A\ N4(v). Thus, we have at most 2 vertices in the set {z;}, who have degree

greater than 2. Thus, the number of edges incident to N4 (v) is at most 2(A—1)+2(A—2)+A < 5A.

By the previous Claim [3| in the graph induced by the set of vertices x; with 2A edges, we can

3A

=5 Hence, we can find at least % triples such that they

find an independent set of size at least
form an induced K7 3 with v being the center. Delete the set of vertices {v} U N4(v). We delete at
most 5A edges in this step and since e(A) > 0%, we can continue repeating this process by taking

another vertex v/, with d(v") equal to the new maximum degree. Thus, the number of induced

on

K 38 we can find is at least ££5.

There are two possibilities to consider:

Case 1: Half of the triples in A lie in disjoint K 3’s. Consider a vertex € B. We know
that the maximum degree of x inside B is less than Sn. Thus, x has at most Sn non-neighbors

in A. There are at least 1‘;—38 — Bn triples in disjoint K7 3’s, such that all four of the vertices in

n

the K13 are adjacent to x. Recall that every vertex in G has degree strictly greater than b + 1J.
Since the partitions A and B are with size as equal as possible and with e(A, B) maximal, every
vertex in B has degree at least 1 in B. The maximum degree of vertices inside each class is less
than Bn and § > 28n + 1, thus we can find at least 3 independent edges in B. Let y;21,y222 and
yszs denote any three independent edges in B. For each of these 6 vertices, we can find at least
% — fn triples in disjoint K1 3’s, such that the vertices of the K3 are joined completely to the

given vertex. By the definition of 3, we have:

on 6 on
>

328 27 I3m (2.4)

Thus, each of the vertices y; (similarly z;), for i € {1,2,3}, is completely connected to all the
vertices of at least g triples of disjoint K 3’s in A. By the Pigeonhole principle, we have a common

triple, such that these 3 independent edges are connected to it completely. Denote the vertices of
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this triple as x1,z2 and x3. The vertices x1,y1, T2, y2, T3, and y3 along with the vertex x as the
center form a 7-wheel. The triangles x1y121, T2y222, and x3ysz3 along with the 7-wheel, form a

TP;.

Case 2: Half of the triples in A lie in induced K 3s with the center vertex having
degree at least 84. Let x € A, such that d4(x) > 84. The maximum degree of z in A is at most
Bn. Hence, x can have at most Sn non-neighbors in B. Delete these vertices in B and denote the

graph remaining by B’. We know that A(B’) < n. Hence, we can color it with Sn colors. Barring

. . . . n_9
at most 2 vertices, each of these color classes can be divided into triples. We can choose -2 3’8 “

independent triples in B’. Each of these triples must have a missing edge to the root vertices in

the K3 chosen in A. Otherwise, we have a sparse 7-wheel. By Lemma G contains a T Pj

as a subgraph, a contradiction. Thus, the total number of missing edges is at least lg—gg . 5_32 fn
However, % . 5_32 CUIES yn?. Thus, the number of missing edges is greater than yn?, which is a

contradiction. Hence, we can find a sparse 7-wheel in G. By Lemma G contains a T'P3 as a

subgraph, a contradiction. ]

2.3 Concluding remarks and Conjectures

Following the two constructions given in Figure [2.2]and Figure[2.3] we pose the following conjecture

concerning ex(n, T'P3):

Conjecture 2.3.1.
sn“+n+1, ifnis even,
ex(n,TP;) < {4 /

inQ +n+ %, otherwise.

We also pose the following conjecture related to ex(n, T Py).

Conjecture 2.3.2. For n sufficiently large, ex(n,TPy) = %2 + O(n*/?).

To show the lower bound, we consider an n-vertex graph GG obtained from a complete bipartite

4/3 edges

graph with color classes as equal as possible and adding a bipartite Cg-free graph with cn
in one of the color classes. Thus, e(G) > ”72 + O(n*3). We need the following claim to show that

G does not contain a T Py:
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Claim 5. Fvery 2-coloring of the TPy such that color 1 is independent, contains either a Cs or a

Cg in color 2.

Proof. Consider a 2-coloring ¢ of a T'Py such that color 1 is independent. We want to show that
there is either a C3 or a Cg in color 2. Suppose there is no such C3. Then one of the vertices of

the triangle x1x923 (see Figure[2.10)) is in color 1. Without loss of generality, let the color of z1 be
1. Since c is a 2-coloring with the property that color 1 is independent, then all the 6 neighboring

vertices of 1 must be of color 2. Therefore, we obtain a Cg with color 2 and this completes the

fava

Figure 2.10: A Triangular Pyramid with 4 layers.

proof.

The following lemma is a consequence of Claim

Lemma 2.3.1. If G is a graph obtained from a complete bipartite graph K%V% (with color class 1
and 2) by adding a bipartite, Cs-free graph to the color class 2, then G is a T Py-free graph.

Hence, the lower bound of Conjecture holds.
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Chapter 3

Planar Turan Number of the 6-Cycle

3.1 Introduction and Main Results

All the graphs we consider in this chapter are simple and finite. Let G be a graph. We denote the
vertex and edge set of G by V(G) and E(G), respectively. Let e(G) and v(G) denote the number
of edges and vertices, respectively. The minimum degree of G is denoted by 0(G), whereas the
maximum degree of G is denoted by A(G). For a vertex v in G, the neighborhood of v, denoted
by Ng(v), is the set of all vertices in G which are adjacent to v. We denote the degree of v by
da(v) = |Ng(v)|. We may avoid the subscripts if the underlying graph is clear. The number of
components of G is denoted by ¢(G). For the sake of simplicity, we may use the term k-cycle to
mean a cycle of length & and k-face to mean a face bounded by a k-cycle. A k-path is a path with k
edges. The Turdn number of a graph H, denoted by ex(n, H), is the maximum number of edges in
an n-vertex graph that does not contain H as a subgraph. Let EX(n, H) denote the set of extremal

graphs, i.e., the set of all n-vertex, H-free graph G such that e(G) = ex(n, H).

In 2016, Dowden [28] initiated the study of Turdn-type problems when host graphs are planar.
The planar Turdn number of a graph H, exp(n, H), is the maximum number of edges in a planar
graph on n vertices which does not contain H as a subgraph. Dowden obtained the tight bounds
exp(n,Cy) < w, for all n > 4 and exp(n,C5) < %, for all n > 11. Later, Lan, Shi and
Song [95] obtained the following bounds:

Theorem 3.1.1 (Lan, Shi, Song [95]). Let 0y denote the family of Theta graphs on k > 4 vertices,
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that is, graphs obtained from a cycle Cy by adding an edge joining two non-consecutive vertices.

1. For alln >4, exp(n,0y) < %

2. For allm > 5, exp(n,05) < =5

3. For allm > 7, exp(n, ) < —=—

They also demonstrated that their bounds for ©4 and Oy are tight. They presented the following

corollary, based on the bound for Og:

Corollary 3.1.2 (Lan, Shi, Song [95]).

18(n — 2)

exp(n, Cg) < -

for all n > 6, with equality when n =9.

In this chapter, we present a tight bound for exp(n, Cgs). The main ingredient of the result is

as follows:

Theorem 3.1.3. Let G be a 2-connected, Cg-free plane graph on n > 6 vertices with 6(G) > 3.
Then e(G) < 5n —17.

We use Theorem which considers only 2-connected graphs with no degree 2 (or 1) vertices

and order at least 6, to prove the following result:

Theorem 3.1.4. Let G be a Cg-free plane graph on n > 18 vertices. Then

e(G) < -n-—"T.

Indeed, there are Cg-free graphs on 17 vertices with 36 edges, see Figure

We show that, for large graphs, Theorem [3.1.4]is tight.

Theorem 3.1.5. For every n = 2(mod 5), there exists a Cg-free plane graph G with v(G) = %

and e(G) = 9n. Thus, e(G) = 3v(G) — 7.
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Figure 3.1: A graph G on 17 vertices, such that e(G) > (5/2)v(G) — 7.

The chapter is structured as follows: In Section we present the construction of the extremal
graph. In Section we provide the definitions for the triangular blocks. In Section and
Section [3.5] we present the proofs of Theorem [3.1.3] and Theorem [3.1.4] respectively. In Section

[3.6] we present conjectures on generalizing the proof for cycles of higher order. In Section the

tables give a summary of the results from Lemmas |3.4.2] [3.4.4] and [3.4.6]

3.2 Proof of Theorem [3.1.5 Extremal Graph Construction

Let Gy be an n (n = 7(mod 10))-vertex plane graph, such that every face has length 7 and the
degree of every vertex is either 2 or 3. Given such a Gy, we can construct G, where G is a Cg-free
plane graph with v(G) = B”T*M and e(G) = 9n. We then give a construction for such a Gy, when
n = 7(mod 10). In Remark we summarize the construction for n = 2(mod 10) and will not

show the details. Using Euler’s formula, we have e(Gyp) = @ and the number of degree 2 and

n+28 4n—28
=2 and =

degree 3 vertices in Gy is , respectively.

Given Gy, we construct an intermediate graph G’ by step

(1) Add halving vertices to each edge of Gy and join the pair of halving vertices with distance 2,
see an example in Figure Let G’ denote this new graph. Thus, v(G’) = v(Gp) + e(Gyp) =
12"57_14 and the set of degree 2 vertices in G’ is the set of degree 2 vertices in Gy. The same

holds for the degree 3 vertices. Hence, the number of degree 2 and degree 3 vertices in G’

equals the number of degree 2 and degree 3 vertices in Gy, respectively.
To obtain G, we apply the following steps and on the degree 2 and degree 3 vertices
in G'.

(2) For each degree 2 vertex v in G, let N(v) = {v1,v2}, and so v1vvy forms an induced triangle

in G'. Fix v; and va. Replace vivvy with a K by adding the vertices vll, v; to V(G') and
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(3-0)

Figure 3.2: Adding a halving vertex to each edge of Gy.

/ / / ! ’ / / .
the edges v v, v vy, V1V1, V V2, VyU1, VU2 to E(G'), see Figure

/N AA

Figure 3.3: Replacing a degree 2 vertex of G with a K .

(3) For each degree 3 vertex v in G’, such that N(v) = {v1, va,v3}, the set of vertices {v, v1,ve,v3}
forms an induced K, in G'. Fix vq, vo, and v3. Replace this K4 with a K5 by adding a new

vertex v’ to V(G') and the edges v'v, v'v1, v've to E(G'), see Flgure 3 4

A A

Figure 3.4: Replacing a degree 3 vertex of G with a K .

We present a construction for such a Gy. For each integer £ > 0 and n = 10k + 7, denote it by
Gk Let v} and v (1 <i<k+1) be asubset of the top and bottom vertices of the heptagonal grids
with 3 layers and k columns, respectively (see the red vertices in Figure [3.5| E Let v be the extra
vertex in Gk but not in the heptagonal grid. We join viv, vvl and vtvb (2<i<k+1). Clearly, G’S
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is a plane graph on (10k + 7)-vertices and each face of G’(‘j is a 7-face. Obviously e (G'g) =14k +7,

and the number of degree 2 and 3 vertices are 2k + 7 = %28 and 8k = 4”g28, respectively.

Figure 3.5: The graph G’g, k > 1, in which each face has length 7. The graph H[])“ (see Remark D
is obtained by deleting z1,...,z5 and adding the edge vty.

After applying steps and on G’g , we get G. It is easy to verify that G is a Cg-free
plane graph with

v(G) = v(GE) + e(GE) + 22k +7) + 8k = (10k +7) + (14k +7) + 12k + 14 = 36k + 28,
e(G) = 9v(GE) = 90k + 63.

Thus, e(G) = 3v(G) — 7.

Remark 3.2.1. In fact, for k > 1 and n = 10k + 2, there exists a graph H(]f which is obtained
from G’g by deleting the vertices (colored green in Figure T1, To, T3, T4, Ts, and adding the
edge viy. Clearly, H(’f 1s a 10k + 2-vertex plane graph such that all faces have length 7. Moreover,
e(H(]f) = 14k, and the number of degree 2 and degree 3 vertices are 2k+6 = %28 and 8k—4 = 4”5;28,
respectively. After applying steps (1), (2), and (3) to HY, we get a Cg-free plane graph H, with

e(H) = (5/2)v(H) — 7.
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Thus, for any n = 2(mod 5) (n > 7), we have graphs on n vertices such that each face is a
7-gon, and we get a Cg-free plane graph on n' vertices with (5/2)n' — 7 edges for n' = 10(mod 18)
if n > 28.

3.3 Definitions and Preliminaries

We give some necessary definitions and preliminary results.

Definition 3.3.1. Let G be a plane graph and e € E(G). If e is not in a 3-face of G, then we

call it a trivial triangular block. Otherwise, we recursively construct a triangular block in the

following way: Start with H as a subgraph of G, such that E(H) = {e}.

(1) Add the other edges of the 3-face containing e to E(H).

(2) Take ¢ € E(H) and search for a bounded 3-face containing €'. Add the other edge(s) in this
bounded 3-face to E(H).

(3) Repeat step (2) till we cannot find a bounded 3-face for any edge in E(H).

Let B(e) denote the triangular block obtained from e as the starting edge.
Let G be a plane graph. We have the following three observations:

(i) If H is a non-trivial triangular block and ey, es € E(H), then B(e;) = B(es) = H.
(ii) Any two triangular blocks of G are edge disjoint.

(iii) Every triangular block of G contains at most 5 vertices.

Let B be the family of triangular blocks of G. From observation above, we have

BeB
where e(G) and e(B) are the number of edges of G and B, respectively.
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Definition 3.3.2. A triangulated graph is a graph in which for every cycle of length k > 3, there

1 an edge joining two monconsecutive vertices.

Lemma 3.3.3. If B is a triangular block with the unbounded region being a 3-face, then B is a

triangulation graph.

Proof. Suppose B is not a triangulation graph. Since each triangular block of G contains at most

5 vertices, we may assume that B contains a bounded 4-face or bounded 5-face.

If B contains a bounded 4-face, namely vivov3v4. By the definition of a triangular block, each
edge of B is contained in a bounded 3-face. If v(B) = 4, E(B) contains either vyvy or v1v3. Without
loss of generality, suppose vovy € E(B) and vav1v4 be the bounded 3-face, then the edges vovs and
v3vy are not in any bounded 3-face, which contradicts the fact that B is a triangular block. Let
v(B) = 5. Without loss of generality, suppose vjv9vs forms a bounded 3-face in B. Since vivy4
should be contained in a bounded 3-face, then either vivs € E(B) or vqvs € E(B). Suppose
vivg € E(B). Similarly, vovs is contained in a bounded 3-face if the edge vsvs € E(B). Hence,
v1v3vs forms an unbounded 3-face, see Figure (a). However, B is not a triangular block in this
case, a contradiction. Consider the case, when vyvs € E(B) and viv4vs is the resulting bounded
3-face. Since vgvz should be contained in a bounded 3-face, either vovy € E(B) or vsvs € E(B). If
vouy € E(B), then B is not a triangular block. If vs3vs € E(B) and vavsvs is the resulting bounded
3-face, clearly vsvy is not contained in a bounded 3-face,see Figure b). This contradicts the fact

that B is a triangular block.

If B contains a bounded 5-face, namely vivovsvsvs. Each edge of B is contained in a bounded
3-face. Without loss of generality, suppose that vivy, vovy € E(B). Therefore, vivy is not contained

in a bounded 3-face, which contradicts the fact that B is a triangular block. O

We describe all the possible triangular blocks in G based on the number of vertices of the block.

For k € {2,3,4,5}, we denote the triangular blocks on k vertices as Bj.

Triangular blocks on 5 vertices.

There are four types of triangular blocks on 5 vertices, see Figure Notice that Bs, is a Ky .
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------

Figure 3.6: The triangular block B on 4 vertices containing a bounded 4 face.

Bs g Bs Bs.. Bs q

) ) ) )

Figure 3.7: The triangular blocks on 5 vertices.

Triangular blocks on 4, 3, and 2 vertices.

There are two types of triangular blocks on 4 vertices, see Figure Observe that By, is a Ky.

The 3-vertex and 2-vertex triangular blocks are simply K3 and Ky (the trivial triangular block),

respectively.

By By B3

By

Figure 3.8: The triangular blocks on 4, 3, and 2 vertices.

Definition 3.3.4. Let G be a plane graph.

(i) A vertex v in G is called a junction vertex if it is in at least two distinct triangular blocks

of G.

(i) Let B be a triangular block in G. An edge of B is called an exterior edge if it is on a

boundary of a non-triangular face of G. Otherwise, we call it an intertor edge. An end
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vertex of an exterior edge is called an exterior vertex. We denote the set of all exterior and
interior edges of B by Ext(B) and Int(B), respectively. Let e € Ext(B), a non-triangular

face of G with e on its boundary is called the exterior face of e.

Notice that, an exterior edge of a non-trivial triangular block has one exterior face exactly.
On the other hand, if G is a 2-connected plane graph, then every trivial triangular block has two

exterior faces.

Definition 3.3.5. For a non-trivial triangular block B of a plane graph G, we call a path P =

V123 . .. Vg an exterior path of B, if the following holds:

(i) The vertices vi and vy, are junction vertices,
(i) The edges v;vi11 are exterior edges of B, fori € {1,2,...,k — 1}, and

1i) The vertices v; are not a junction vertex, for j € {2,3,...,k—1}.
J

The corresponding face in G, where P is on the boundary, is called the exterior face of P.

All graphs discussed from now on are Cg-free plane graphs. We define the contribution of a

vertex to the number of vertices of a triangular block.

Definition 3.3.6. Let G be a plane graph, B be a triangular block in G and v € V(B). The

contribution of v to the vertex number of B is denoted by np(v), and is defined as

1

B # triangular blocks in G containing v’

np(v)

We define the contribution of B to the number of vertices of G as n(B) = >, mnp(v).
veV(B)

Obviously, v(G) = > n(B), where v(G) is the number of vertices in G and B is the family of
BeB
all the triangular blocks of G.

Let B K; be a triangular block of G isomorphic to a Bs , with exterior vertices vy, v2, v3, where
v1 and vs are the junction vertices, see Figure for an example. Let F' be a face in GG such that

V(F) contains all exterior vertices vi 1,...,V1,m,V2,1,---,V2m,V31,-..,V3m of m (m > 1) copies of
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BK;, such that vy, v, v3; are the exterior vertices of the i-th BKg and vy 4, v3; (1 <@ <m) are
the junction vertices. Let C'r denote the cycle associated with the face F. We alter E(CF) in the

following way:

E(Cy) :==E(Cp) — {va1,vi1} — {va1,v31} — - — {v2mvim} — {v2,m, v3,m}
@] {’L)1,1U371} U...U {Ul,m, U3,m}-

Thus, |E(C})|= |E(CF)|—m. For example, in Figure 3.9 |E(Cp)|= 11 but |[E(Cy)|=9. If G is a
Cs-free plane graph, we have |E(C%)|> 6.

<

AN

(%1 V3

Figure 3.9: An example of a face containing all the exterior vertices of at least one B .

Now, we can define the contribution of an “edge” to the number of faces of a Cg-free plane
graph G.
Definition 3.3.7. Let F' be an exterior face of G and Cp := {e1,ea,...,er} be the cycle associated
with F'. The contribution of an exterior edge e to the face number of the exterior face F, is denoted

by fr(e) and is defined as follows:

(i) For 1 <i <k—1, if e; and e;+1 are the adjacent exterior edges of a BKQ’ then fr(e;) +
1

fr(eit1) = W For the e;’s on the exterior face F' (which do not lie as an exterior edge
F
1
pair of a By—), we define fr(ej) = 75—
° Cpl
. . 1

(ii) Otherwise, fr(e) = ——.
Cr|
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Note that > fr(e) = 1. For a triangular block B, the total face contribution of B, denoted

e€E(F)
by f(B), is defined as f(B) = (# interior faces of B)+ Y.  fr(e), where F is the exterior face
ecExt(B)
of B with respect to e. Obviously, f(G) = Y f(B), where f(G) is the number of faces of G.

BeB

3.4 Proof of Theorem [3.1.3

We begin by outlining our proof. Let f, n, and e be the number of faces, vertices, and edges of G,

respectively. Let B be the family of all triangular blocks of G.

The main target of the proof is to show that

7f+2n—5e <0. (3.1)

Once we prove Equation (3.1]), then by using Euler’s Formula, we can finish the proof of The-
orem To prove (3.1), we show the existence of a partition Py, Pa,..., P, of B such that
7> f(B)+2 > n(B)—5 > eB) <0, for all i € {1,2,3...,m}. Since f = > f(B),

BeP; BeP; BeP; BeB
n= Y n(B)and e= ) e(B) we have
BeB BeB
Tf+2n—5e=7Y_ > f(B)+2> > n(B)-5> Y e(B)
i BEeEP; i BeP; v BEP;
—Z(? S fB)+2> n(B)-5> e(B)) <0.
7 BeP; BeP; BeP;

The following proposition is used throughout the chapter:
Proposition 3.4.1. Let G be a 2-connected, Cg-free plane graph on n (n > 6) vertices with
i(G) > 3.

(i) If B is a non-trivial triangular block (that is, not Bsz), then none of the exterior faces can

have length 5.

(it) If B is in {Bs.q, Bsp}, then none of the exterior faces can have length 4.
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(111) If B is in {Bs q, Ba,a, Bap} and an exterior face of B has length 4, then that 4-face must share
a 2-path with B (shown in blue in Figures and . The other edges of the 4-face must
be in trivial triangular blocks. If Bs . has an exterior face of B with length 4, then that 4-face
must share a 3-path with Bs .. The other edge of the 4-face must be a trivial triangular block.

(iv) No two 4-faces can be adjacent to each other.

Proof. Observe that for every non-trivial triangular block B and every pair of vertices on the
exterior of B, there is a 2-path (recall a 2-path has two edges) between them, using edges of
B. That is, if u and v are vertices on the exterior of B, then there is a vertex w € V(B)
such that wwwv is a path. Thus, if an exterior face of B is a 5-face, the edge lying in B can be

replaced with the 2-path, resulting in a 6-cycle.

Similar to (i). If B € {B5,4, Bsp} and it has an exterior 4-face, then either B shares an edge
with the exterior face, or it shares a 2-path with the exterior face. If B shares an edge with
the exterior face, then B has a 3-path between the vertices of the shared edge, which forms a
6-cycle with the remaining 3-path of the 4-face. If B shares a 2-path with the exterior face,

then B has a 4-path which forms a 6-cycle with the remaining 2-path in the exterior face.

If B € {Bs4, Bap, Bs,c}, then any pair of consecutive exterior vertices has a path of length 3
between them. For Bs g (see Figure , we see that there is a path of length 4 between vg
and v4. Thus, the only way a 4-face can be adjacent to B is via a 2-path with end vertices
vy and v3. Since there is no vertex of degree 2, the path must be vivsvs. For By (see
Figure since B cannot have a vertex of degree 2, the 4-face and B cannot share the
path vovqvy or the path vovzvy. Thus, the only paths that can share a boundary with a 4-face
are v1v4v3 and vivv3. For By,, it can be easily checked that the only path that can share
a boundary with a 4-face is viv4v3. For Bs ., any pair of consecutive exterior vertices has a
path of length 4 between them. Thus, the only possibility that Bs . has an exterior 4-face is

when vjvsv4v3v1 forms a 4-face.

As to the other blocks that form edges of such a 4-face, consider the case when B €
{Bs.d4, Ba,a, Bap}. Figure shows that if, say viu is in a non-trivial triangular block,
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Figure 3.10: The blocks defined by blue edges must be trivial.

then there exists a vertex w in that block such that wvizvsvsuw forms a 6-cycle, a contradic-
tion. When B = Bs ., Figure shows that if vivs is in a non-trivial triangular block, then

there exists a vertex w in that block, such that wvivsvqvevsw forms a 6-cycle, a contradiction.

If two 4-faces share an edge, then there is a 6-cycle formed by deleting that edge. If two
4-faces share a 2-path, then the midpoint of that path is a vertex of degree 2 in GG. In both

cases, we get a contradiction.

Lemma verifies 7f(B) + 2n(B) — 5e(B) < 0 for most blocks B. As for the exceptions,
Lemmas [3.4.3] [3.4.4] 3.4.5] and [3.4.6| will give bounds for 7f(B) + 2n(B) — 5e(B) for Bs., Bs 4,

By, and By, respectively. See Tables and in Section

Lemma 3.4.2. Let G be a 2-connected, Cg-free plane graph on n (n > 6) vertices with §(G) > 3. If
B is a triangular block in G such that B ¢ {Bs ¢, Bs 4, Ba,q, Bap}, then 7f(B)+2n(B) —5e(B) < 0.

Proof. We separate the proof into several cases.
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Case 1: B is B5,4. Let v1, v2 and v3 be the exterior vertices of the K, . At least two of them

must be junction vertices, otherwise G contains a cut vertex. We consider the following possibilities:

(a) Let B be Bs, with 3 junction vertices (see Figure [3.11[(a)). By Proposition every
exterior edge in B is contained in an exterior face with length at least 7. Thus, f(B) =

(# interior faces of B)+ >  fr(e) < 5+3/7. Moreover, every junction vertex is contained
e€Ext(B)
in at least 2 triangular blocks, so we have n(B) < 2 + 3/2. With e(B) = 9, we obtain

TF(B) + 2n(B) — 5e(B) < 0.

(b) Let B be Bs, with 2 junction vertices, say va and vs (see Figure B.11|(b)). Let F and Fy be
the exterior faces of the exterior edge vovs and exterior path vovivs of the triangular block,
respectively. Notice that vivs and vous are the adjacent exterior edges in the same face F7,
hence |C'(F1)|> 8. By Definition we have fr, (viv2) + fr, (vivs) < 1/7. Since there can
be no Cg, one can see that regardless of the configuration of the BK5_, we have fr(vovs) < 1/7.
Thus, f(B) < 542/7. Moreover, since vo and v3 are contained in at least 2 triangular blocks,

we have n(B) < 3+ 2/2. With e(B) = 9, we obtain 7f(B) + 2n(B) — 5¢(B) < 0.

4 A
LUl , v1 .
’ N 1
. . k Fi,
’ * 1 1
' \
] \ ' !
. ' \ ]
' ! ‘\ ll
Y ’
~ » A ’
~ -
Al 4 A
V9 V3 s %) V3 s
) ’ F 1
1 1 1 1
\ ’ A} 4
. ’ Al ’

------------

Figure 3.11: A Bj, triangular block with 3 and 2 junction vertices, respectively.

Case 2: B is Bs;. When B is Bsj, there are 4 faces inside the triangular block and each
face incident to this triangular block has length at least 7. So, f(B) < 4 4+ 4/7. Since there is no
cut-vertex, this triangular block must have at least two junction vertices, hence n(B) < 3 + 2/2.

With e(B) = 8, we obtain 7f(B) + 2n(B) — 5e(B) < 0, as seen in Table [3.3]

Case 3: B is Bs. Let v1, vo and vg be the exterior vertices of the triangular block B. Each
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of these three vertices must be a junction vertex, since there is no degree 2 vertex in G. Thus, the

vertices are contained in at least 2 triangular blocks. We consider the following possibilities:

(a) Let the three exterior vertices be contained in exactly 2 triangular blocks. By Proposi-
tion the length of each exterior face is either 4 or at least 7. We want to show that at
most one exterior face has length 4. If not, then let v; be a vertex that is in two such faces.
Consider the triangular block incident to B at vy, call it B’. By Proposition B’ is
not in {Bs.q, Bsp}-

If B’ is in {Bs 4, Bap, B3}, then the triangular block has vertices {5, {3, each adjacent to vq
and the length 4 faces consist of {v1, 2, ma,v2} and {v1,l3, m3,v3}. Either ¢ is adjacent
to f3 or there is a ¢ distinct from v that is adjacent to both /5 and ¢35. In the first case,
lomaovovzmslsly is a 6-cycle (see Figure (a)). When ¢ is distinct from ms and msg,
U lamovguilsl’ is a 6-cycle. When ¢ is mg or mg, ¢'(= ma)vavivsmslsl (= msg) or (=
ms)vzvivamalel' (= m3) is a 6-cycle, see Figure (b)

If B’ is Ba, then the trivial triangular block is {v, £}, in which case {£, ma, v, v1,v3,m3} is a
Cs, see Figure (c) Thus, we may conclude that if each of the three exterior vertices are
in exactly 2 triangular blocks, then f(B) <1+ 2/7+1/4 and n(B) < 3/2. With e(B) = 3,
we obtain 7f(B) + 2n(B) — 5e(B) < —5/4.

7
by V 3 by 3
, AY 4 AY
’ \ ‘ Y s
I' U1 ‘\ I' U1 ‘\ "l
‘. % !’ % « 2
4 AY 4 AY
® M2 ms e o M2 ms e *
~ k4 . k4 A
R Re R Re A
V2 U3 V2 U3

(@) (b) ()

Figure 3.12: A Bj triangular block, B which is incident to two 4-faces.

’

(b) Let at least one exterior vertex be contained in at least 3 triangular blocks and the others
be contained in at least 2 triangular blocks. In this case, we have f(B) < 1+ 3/4 and
n(B) <2/2+1/3. With e(B) = 3, we obtain 7f(B) + 2n(B) — 5e(B) < —1/12.
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Case 4: B is Bs. Recall, there is no vertex of degree 2. Thus, if an end vertex is in exactly

two triangular blocks, then the other one cannot be a By. We consider the following possibilities:

(a)

Let each end vertex be contained in exactly 2 triangular blocks. Since neither of the triangular
blocks that are incident to B can be trivial, they cannot be incident to a face of length 5 by
Proposition Thus, B cannot be incident to a face of length 5. Moreover, the two
faces incident to B cannot both be of length 4, again by Proposition Hence, f(B) <
1/4+1/7. Clearly n(B) < 2/2 and with e(B) = 1, we obtain 7f(B)+2n(B) —5e(B) < —1/4.

Let one end vertex be contained in exactly 2 triangular blocks and the other end vertex be
contained in at least 3 triangular blocks. This is like case @ in that neither of the faces can
have length 5 and they cannot both have length 4. The only difference is that n(B) < 1/2+1/3
and so 7f(B) + 2n(B) — 5e(B) < —7/12.

Let each end vertex be contained in at least 3 triangular blocks. The two faces cannot both
be of length 4 by Proposition [3.4.1(iv)l Hence, f(B) < 1/4 +1/5 and n(B) < 2/3. With
e(B) = 1, we obtain 7f(B) + 2n(B) — 5e(B) < —31/60.

O]

Lemma 3.4.3. Let G be a 2-connected, Cg-free plane graph on n (n > 6) vertices with 6(G) > 3.
If B is Bs, then Tf(B) + 2n(B) — 5e(B) < 7/12. Moreover, 7f(B) + 2n(B) — 5e(B) < 0 unless
B shares a 3-path with a 4-face.

U1 V2 U1 V2

(%1 V4

(a) (b)

Figure 3.13: A Bs . triangular block and a Bs . with a 4-face incident to it.

Proof. Let B be Bs . with vertices vy, vg, v3, v4, and vs, as shown in Figure [3.13(a). By Proposi-
tion [3.4.1(i)} no exterior face of B can have length 5. By Proposition 3.4. if there exists an
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exterior face of B that has length 4, this 4-face must be vivsvqvsvi. Since there is no vertex of

degree 2 in G, v; and v3 are junction vertices. We consider the following cases:

(a) None of the exterior faces of Bs . are of length 4. Thus, each exterior face has length at least 7.

Hence, f(B) <3+45/7 and n < 3+2/2. With e = 7, we obtain 7f(B)+2n(B) —5¢(B) < —1.

(b) The vertices vivsvqvgv; form an exterior face of length 4. Since G contains no cut vertex,
at least 2 of the vertices vi, v9 and wg are contained in one more triangular block. Hence,
f(B) <3+3/4+2/7Tand n(B) <2+ 1+4+1/3+1/3. With e(B) = 7, we obtain 7f(B) +
2n(B) — 5e(B) < 7/12.

O

Lemma 3.4.4. Let G be a 2-connected, Cg-free plane graph on n (n > 6) vertices with 6(G) > 3.
If B is Bs 4, then 7f(B) + 2n(B) — 5e(B) < 1/2. Moreover, 7f(B) + 2n(B) — 5e(B) < 0 unless B
shares a 2-path with a 4-face.

U1 U1

DA
Z

v3 U3

(a) (b)

V2 V4

Figure 3.14: A Bs 4 triangular block and a Bjs 4 with a 4-face incident to it.

Proof. Let B be Bs 4 with vertices v1, v2, v3, v4, and vs, as shown in Figure a). By Propo-
sition [3.4.1§(1), no exterior face of B can have length 5. By Proposition [3.4.1ii1)} if there is an

exterior face of B that has length 4, this 4-face must contain the path vjv4vs. Since there is no

vertex of degree 2, vy is a junction vertex. There is at least one other junction vertex, since G has

no cut-vertex. We consider the following cases:
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(a)

Let v4 be a junction vertex. This prevents an exterior face of length 4. Thus, each exterior
face has length at least 7. Hence, f(B) < 4+ 4/7 and n(B) < 3+ 2/2. With e(B) = 8, we
obtain 7f(B) + 2n(B) — 5e(B) < 0.

Suppose vy fails to be a junction vertex and exactly one of the vertices v, v3 is a junction
vertex. Without loss of generality, let it be v3. In this case, each exterior face has length
at least 7. (In fact, it can be shown that the length of the exterior face containing the path
vau1v4v3 is at least 9. These yields f(B) <4+1/743/9 and 7f(B) +2n(B) —5e(B) < —2/3.
However, this precision is unnecessary.) Again, f(B) < 4+ 4/7 and n(B) < 3+ 2/2. With
e(B) = 8, we obtain 7f(B) + 2n(B) — 5e(B) < 0.

Suppose vy fails to be a junction vertex and both the vertices v; and v3 are junction vertices.
Here, either the exterior path viv4vs is part of an exterior face of length at least 4, or each
edge must be in a face of length at least 7. If each exterior face is of length at least 7, then
f(B) <4+44/7, otherwise f(B) < 4+2/442/7. In both cases, n(B) < 2+3/2 and e(B) = 8.
Hence, we obtain 7f(B)+2n(B) —5e(B) < —1 in the first case and 7f(B) +2n(B) — 5e(B) <

1/2 in the case where B is incident to a 4-face.
O

Lemma 3.4.5. Let G be a 2-connected, Cg-free plane graph on n (n > 6) vertices with 6(G) > 3.
If B is By, then Tf(B) 4 2n(B) — 5e(B) < 3/2. Moreover, 7f(B) + 2n(B) — 5e(B) < 0 unless B

shares a 2-path with any 4-face.

V4

/N

U3 U1 U3 U1

Figure 3.15: A Bs, triangular block and a Bs, with a 4-face incident to it.

Proof. Let B be By, with vertices vy, v, v3, and v4, as shown in Figure [3.15(a). By Proposi-
tion [3.4.1(1), no exterior face of B can have length 5. If there exists an exterior face of B that has
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length 4, it is easy to verify that this exterior 4-face contains 2 exterior edges of B. Since G has no

cut-vertex, there are at least two junction vertices in B. We consider the following cases:

(a) None of the exterior faces of By, has length 4. Thus, each exterior face has length at least 7.

Hence, f(B) <34 3/7 and n < 2+ 2/2. With e = 6, we obtain 7f(B) + 2n(B) — 5¢(B) < 0.

(b) Without loss of generality, suppose vivqvs is part of an exterior face of length 4. Hence,
f(B) <3+2/4+1/7and n(B) < 2+42/2. With e(B) = 6, we obtain 7f(B)+2n(B)—5e(B) <

3/2.
/ O

Lemma 3.4.6. Let G be a 2-connected, Cg-free plane graph on n (n > 6) vertices with 6(G) > 3.
If B is Bay, then 7f(B) + 2n(B) — be(B) < 4/3. Moreover, 7f(B) + 2n(B) — 5e(B) < 1/6 if B
shares a 2-path with exactly one 4-face and 7f(B) + 2n(B) — 5e(B) < 0 if B fails to share a 2-path

with any 4-face.

U1

e

U3
(a) (0) (c)

Figure 3.16: A B, triangular block and a B, with a 4-face incident to it.

Proof. Let B be By with vertices v, v, vs, and vy, as shown in Figure [3.16{a). By Proposi-
tion [3.4.1j(i)| no exterior face of B can have length 5. Suppose there is an exterior face of B that

has length 4. Since G is a Cg-free graph and contains no vertices of degree 2, v; and vs must be

the junction vertices. We consider the following cases:

(a) Let either vy or vy be a junction vertex. Without loss of generality, let it be vy. All the
exterior faces have length at least 7 except for the possibility that the path v;v4v3 may form
two sides of a 4-face. Hence, f(B) <2+2/4+42/7 and n(B) <1+ 3/2. With e(B) =5, we
obtain 7f(B) + 2n(B) — 5e(B) < —1/2.
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(b) Let neither va nor vs be a junction vertex. Hence, there are two exterior faces: One that
shares the exterior path vjv4vs and the other shares the exterior path vivovs. Each exterior

face has length either 4 or at least 7. We consider several subcases:

(i) If both faces are of length at least 7, then f(B) <24 4/7, and n(B) < 2+ 2/2. With
e(B) = 5, we obtain 7f(B) 4 2n(B) — 5e(B) < —1.

(ii) If only one of the exterior faces is of length 4, then f(B) < 2+ 2/7+ 2/4. Moreover, at
least one of the vertices between v; and vg must be a junction vertex with more than
two triangular blocks, otherwise either v(G) = 5 or the vertex incident to two blue edges
in Figure 3.16|b) is a cut-vertex. Hence, n(B) <2+ 1/3+1/2 and e(B) = 5, we have
7f(B) +2n(B) — 5e(B) < 1/6.

(iii) Both the exterior faces are of length 4. Thus, f(B) < 2+4/4. By Proposition [3.4.1iii)|
the blocks represented by the blue edges in Figure (c) are trivial. Hence, n(B) <
2+ 2/3. With e(B) =5, we get 7f(B) + 2n(B) — 5e(B) < 4/3.

The last step in the proof of Theorem is Lemma which collects the blocks into parts
of a partition such that the blocks B for which 7f(B) + 2n(B) — 5e(B) is positive, are balanced

with those for which it is negative.

Lemma 3.4.7. Let G be a 2-connected, Cg-free plane graph on n (n > 6) vertices with §(G) > 3.

Then the triangular blocks of G can be partitioned into sets, P1, Pa,..., Pm such that7 > f(B)+
BeP;
2 > n(B)=5 > e(B) <0 forallie [m].
BeP; BeP;

Proof. As it can be seen from Tables and [3.5] in Section there are 5 possible cases
where 7f(B)+2n(B)—b5e(B) assumes a positive value. We deal with each of these blocks as follows:

(1) Let B be a Bs, triangular block as described in the proof of Lemma [3.4.3|(b), see Figure
3.13(b). By Proposition the edge vyvs is a trivial triangular block. Denote this
triangular block by B’. One of the exterior faces of B’ has length 4, whereas by Proposi-
tion the other has length at least 5. If it has length 5, then either (i) one of the edges
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v1v2 Or vous is contained in this 5-face or (ii) none of the edges vivy and vou3 are contained
in it. For case (i), vousvqvs or vavgvsv; would complete it to a 6-cycle. For case (ii), vivavs

would complete it to a 6-cycle. Hence, the other exterior face of B’ has length at least 7.

Thus, f(B') <1/441/7 and n(B’) < 1/241/2. With e(B’) = 1, we obtain 7f(B’)+2n(B’) —
5e(B’) < —=7/12. Define P’ = {B,B’}. Thus, 7 > f(B*)+2 Y. n(B*)—5 >  e(B*) <

B*ep! B*eP’ B*eP’
1/2+2(-7/12) = —2/3.

Therefore, for each triangular block in G as described in Lemma [3.4.3{(b), it belongs to a
set P’ of three triangular blocks such that 7 > f(B*)+2 >  n(B*)—5 >  e(B*) <0.

. BeP! B P B*ep!
Denote such sets as P1,Pa, ..., Pm, if they exist.

U1

B/
U2 U
/ B

U3

Figure 3.17: Structure of a Bj 4 if it is incident to a 4-face, as in Lemma The triangular
blocks B’ and B” are trivial.

(2) Let B be a Bs 4 triangular block as described in the proof of Lemma see Figure
By Proposition the edges viu and vsu are trivial triangular blocks. Denote these
triangular blocks as B’ and B”. Consider B’. One of the exterior faces of B’ has length
4, whereas by Proposition the other has length at least 5. It must have length at
least 7. Otherwise, if it had length 5, then the path vivsu would complete it to a 6-cycle.
Thus, f(B') < 1/4+1/7. Since the vertex u cannot be of degree 2, then this vertex is shared
in at least three triangular blocks. Thus, n(B’) < 1/2 + 1/3. With e(B’) = 1, we obtain
7f(B')+2n(B’) —5e(B’) < —7/12 and similarly 7f(B") +2n(B") — 5¢(B") < —7/12. Define

P’ ={B,B',B"}. Thus,7 Y f(B)+2 ¥ n(B)-5 3 e(B*)<1/2+2(-7/12) =
23 B*ep” B*ep B*ep"

Therefore, for each triangular block in G as described in Lemma [3.4.4(c)} it belongs to a set
P" of three triangular blocks such that 7 > f(B*)+2 > n(B*)—5 > e(B*) <0.

B*G’P/I B*G’PN B*E’PH
Denote such sets as P 41, Pmy+2s - - - » Pms if they exist.
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Figure 3.18: Structure of a By, triangular block if it is incident to a 4-face, as in Lemma m
The triangular blocks B’and B” are all trivial.

3)

Let B be a By, triangular block as described in the proof of Lemma b)7 see Figure
By Proposition the edges viu; and vzuy are trivial triangular blocks. Denote them
as B’ and B”, respectively. Consider B’. One of the exterior faces of B’ has length 4 and by
Proposition the other has length at least 5. It is easy to check that if another face
of B’ has length 5, then no matter whether this 5-face contains v3 or not, we can find a copy

of Cg in G. Hence, f(B') <1/44 1/7. Similarly, for B”.

Since the vertex u cannot be of degree 2, u is contained in at least 3 triangular blocks.
Since G does not contain a cut vertex, at least one of v; or wg is contained in one more
triangular block. To get the upper bound of n(B) + n(B’) + n(B"), we may assume that
v1 is contained in at least 3 triangular blocks and ws is contained in at least 2 triangular
blocks. Thus, n(B’) < 1/3 +1/3. With e(B’) = 1, we obtain 7f(B’) + 2n(B’) — 5e(B’) <
—11/12. Similarly, for B”, we have f(B"”) < 1/4+4 1/7. But n(B”) < 1/3 + 1/2, with
e(B") =1, we obtain 7f(B") 4+ 2n(B") — 5e(B") < —7/12. Define P = {B, B’, B"}. Thus,
7T f(B)+2 > n(B*)-5 > e(B*)<3/24(-7/12)+ (-11/12) =0.
B*eP" B*eP" B*eP"

Therefore, for each triangular block in G as described in Lemma m(b), it belongs to a set
P of three triangular blocks such that 7 Y. f(B*)+2 >, n(B*)—5 Y e(B*) <0.

B*GP/// B*GP”/ B*GP”/
Denote such sets as P41, Prmg+2s - - - » Pmg if they exist.

Let B be a By, triangular block as described in the proof of Lemma [3.4.6(b){ii)| See Fig-
ure [3.19(a).
By Proposition [3.4.1)(ii1), the edges viu; and vsu; are trivial triangular blocks. Denote them

as B’ and B”, respectively. Consider B’. One of the exterior faces of B’ has length 4 and
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U1

B/
u1
V2

U3

(a) (b)

Figure 3.19: Structure of a By triangular block if it is incident to a 4-face, as in Lemma
The triangular blocks B’, B”, B"”, and B"" are all trivial.

by Proposition the other has length at least 5. Thus, f(B’) < 1/4 + 1/5. Since
the vertex u; cannot be of degree 2, then this vertex is shared in at least three triangular
blocks. Thus, n(B') < 1/2 +1/3. With e(B’) = 1, we obtain 7f(B’) + 2n(B’) — 5e(B’) <
—11/60. Similarly, 7f(B") + 2n(B") — 5e(B"”) < —11/60. Define P""" = {B, B’, B"}. Thus,

7Y f(BY+2 Y n(B)-5 X e(BY)<1/6+2(~11/60) = —1/5.
B*GP”N B*ep//// B*EP””

Therefore, for each triangular block in G as described in Lemma [3.4.6(b (i)}, it belongs to a set
P"" of three triangular blocks such that 7 Y~ f(B*)+2 Y. n(B*)-5 > e(B*) <0.
B*E’])//// B*e’])//// B*G’P///I

Denote such sets as Ppyy41, Prmg+2; - - - Pmy if they exist.

Let B be a By triangular block as described in the proof of Lemma [3.4.6(b {iii)| see Fig-
ure[3.19(b). By Proposition [3.4.1(iii)| the edges viu1, v3u1, viug, and vsug are trivial triangu-
lar blocks. Denote them as B’, B”, B”" and B"”, respectively. Consider B’. One of the exterior
faces of B’ has length 4, whereas the other has length at least 5. Thus, f(B’) < 1/4+1/5.
Since the vertex u; cannot be of degree 2, then this vertex is shared in at least three triangular
blocks. Clearly, v; is in at least three triangular blocks. Thus, n(B’) < 2/3. With e(B’) =1,
we obtain 7f(B’) + 2n(B’) — 5e(B’) < —31/60 and the same inequalities hold for B”, B"
and B"".

Define " = {B, B', B", B"”, B""}. Thus,7 Y. f(B)+2 Y aB*)-5 Y e(B*) <
B*EP///// B*EPINN B*E’]D/////

4/3 + 4(—31/60) = —11/15.

Therefore, for each triangular block in G as described in Lemma(3.4.6(b)[(iii)} it belongs to a set

P of four triangular blocks such that 7 > f(B*)+2 > n(B*)-5 > e(B*) <0.
B*G’PIIIN B*G’])///N B*E’Pl”//
Denote such sets as Py, 41, Prmy+2s - - - Pms if they exist.
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Now define P41 = B — U5 P;, where B is the set of all blocks of GG. Clearly, for each block
i=1
B € Prgt1, Tf(B)+2n(B)—5e(B) < 0. Thus,7 Y. f(B)+2 >, n(B)-5 > eB)<
BEPrmg+1 BEPmg+1 BEPmg+1

0. Putting m := ms5 + 1 we got the partition Py, Ps, ..., Py of B meeting the condition of the

lemma. O

3.5 Proof of Theorem [3.1.4

Let G be a Cg-free plane graph. We will show that either 5v(G) — 2¢(G) > 14 or v(G) < 17.

If we recursively delete a vertex x with degree at most two from G, then

50(G —z) —2e(G —x) = 5(v(G) — 1) — 2(e(G) — deg(x))
=5v(G) — 2¢(G) — 5 + 2deg(x)
< 5v(G) — 2¢e(G) — 1.

So, if the procedure ends with an empty graph, then e¢(G) < 2n — 3 < gn — 7, when n > 8. If
not, the graph G has an induced subgraph G’ with §(G’) > 3 and

50(G) — 2¢(G) > 50(G") — 2¢(G") + (v(G) — v(G)). (3.2)

In line with usual graph theoretic terminology, we call a maximal 2-connected subgraph a block.
Let B’ denote the set of blocks of G’ with the i*" block having n; vertices and e; edges. Let b be
the total number of blocks of G’. Specifically, let by, b3, by, and bs denote the number of blocks

of size 2, 3, 4, and 5, respectively. Let bg denote the number of blocks of size at least 6. Then we

have b = bg + bs + by + bs + by and, using Table 3.1}

b b
5 (Zni—(b—1)> —2) e

(57% - 261‘ - 5) +5

5v(G') — 2e(G")

I
,M®

1
> 9bg + 2b5 + 3by + 4b3 + 3by + 5. (3.3)

o
I
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’ ‘minof5n—2e—5 ‘

n>6 14—5 > 9 [ Theorem3.1.3
n=>5|505)—-2(9) -5 > 2| Bs,, Figure 3.7
n=4|54)—-2(6)—-5 > 3| Byg, Figure|3.8
n=3[53)—2(8)—5 > 4| Bs, Figure[3.8
n=2[52) —2(2)—5 > 3| By, Figure[3.8

Table 3.1: Estimates of 5n — 2e — 5 for various block sizes.

Combining (3.2)) and (3.3)), we obtain

50(G) — 2¢(G) > 9bg + 2bs + 3by + 4b3 + 3ba + 5 + (v(G) — v(G")) . (3.4)

If bg > 1, then the right-hand side of (3.4]) is at least 14, as desired.
So, let us assume that bg = 0 and b = b5 + by + b3 + by. Furthermore,

’U(G/) = Bbs + 4bg + 3b3 +2by — (b—1)
= 4bs + 3bg + 2b3 + by + 1. (3.5)

So, substituting 2bs from (3.5)) into (3.4)), we have

50(G) — 2e(G) > 2b5 + 3by + 4bg + 3ba + 5 + (v(G) — v(G"))

1 3 1 1
= <2U(G/) — 5[)4 —bg — 552 - 2) + 3by + 4bg + 3by + 5 + (U(G) — U(G,))
- 1 , 3 5 9
= ’U(G) — QU(G) + 2b4 + 3bs + 2b2 + 5
1 9
> b

which is strictly larger than 13 if v(G) > 18. Since 5v(G) — 2¢(G) is an integer, it is at least 14 and

this completes the proof of Theorem [3.1.4!

Remark 3.5.1. Observe that for n > 17, the only graphs on n vertices with e edges such that
e > (5/2)n — 7 have blocks of order 5 or less and by (3.4), there are at most 4 such triangular
blocks. A bit of analysis shows that the maximum number of edges is achieved when the number of

blocks of order 5 is as large as possible.
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3.6 Concluding remarks and Conclusions

We note that the proof of Theorem particularly Lemma can be rephrased in terms of

a discharging argument.

We believe that our construction in Theorem can be generalized to prove exp(n, Cy) for n
sufficiently large. That is, we construct a plane graph Gq such that all the faces are of length ¢+ 1

and all the vertices have degree either 2 or 3. (As above, n belongs to a congruence class.)

If such a Gq exists, then the number of degree 2 and degree 3 vertices are % and

4("fo 1), respectively. We could then apply steps like (1), (2), and (3) in the proof of Theorem

in that we add halving vertices and insert a graph B,_; in Figure (or another maximal planar

graph of £ — 1 vertices) in place of the vertices of degree 2 and 3. For the resulting graph G,

{—5 40+ 1 4in—0—1
_ 0+1 (02 —50m +2(0+1)
—n+7£_1(n—2)+ 71
-3 N 2(0+1)
(1"t
and e(G) = (3¢ — 9)v(Gp) = (3¢ — 9)n.
Therefore, e(G) = @U(G) - @. We conjecture that this is the maximum number of

edges in a Cy-free planar graph — at least if £ is small.

A A

Figure 3.20: By_; is used in the construction of a Cy-free graph.

Conjecture 3.6.1. Let G be Cy-free plane graph (10 > £ > 7) on n vertices, then there exists an

integer No > 0, such that when n > Ny, e(G) < 3(2_1)71 - 6(%1).

Remark 3.6.1. The conjecture is different if £ > 11, since instead of By_1 we can use a bigger

graph which is not Hamiltonian, or if £ is even bigger, then we can take an appropriate mazximal
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planar graph not containing a cycle Cy. Fven more, in these cases, the proof technique is not just

more complicated, but some other difficulties may rise too. Here, we do not want to go into details.

3.7 Tables

The following tables give a summary of the results from Lemmas [3.4.2] [3.4.4] and [3.4.6]

A red edge incident to a vertex of a triangular block indicates the corresponding vertex is a

junction vertex. Moreover, if a vertex has only one red edge, the vertex is shared in at least two

triangular blocks. Whereas, if a vertex has two red edges, the vertex is shared in at least three

blocks.

A pair of blue edges indicates the boundary of a 4-face.

Case B Diagram f(B) < n(B) < e(B)=| 7f+2n—5e <
Lemma B4 | 545 943 9 0
() ’ 7 2
2 2
Lemma [3.4.2] Bsa 54 2 342 9 0

Table 3.2: The Bs 4 blocks in G and the estimation of 7f(B) + 2n(B) — 5e(B).
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Case B Diagram f(B) < n(B) < e(B) 7f+2n —be <
4 2
Lemma [3.4.2] Bsy 442 342 ) 0
2 ’ 7 2
Lemma [3.4.3] 5 2
Bs . 34+ = 3+ = 7 -1
(a) > Z> "7 i
Lemma [3.4.3] 3 2 1 1 7
Bs . 3+—-+=-|24+1+-4 = 7 — k%
(b) > @ Tyt etitgts 12
4 2
Lemma [3.4.4] Bs il 542 S 0
2] ’ 7 2
Lemma [3.4.4] 4 2
B 4+ — 3+ = 8 0
5,d ’—<> + - + 5
Lemma [3.4.4] 2 2 3 1
B 4+ — 4+ — 2+ — — %
5. >—<>- +ot = +5 8 5

Table 3.3: The possible B blocks that are not a Ky in G and the estimation of 7f(B) + 2n(B) —

5e(B).
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Case B Diagram f(B) < n(B) < e(B) 7f+2n—5e <
Lemr?j)m Bia > 34.% 2+; 6 0
Lemn(as)m Bi. >‘ 3+§+% 2+§ 6 ;*
Lem Bup % 2+ ; 2+ ; ) -1

Table 3.4: All possible By blocks in G and the estimate of 7f(B) + 2n(B) — 5e(B).
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Case B Diagram f(B) < n(B) < e(B) Tf+2n—b5e <
Lemma [3.4.6] 2 1 3 5
B 14+24 - ° -2
J(a)] s 7ty 2 s 4
Lemma [3.4.6l 3 2 1 1
B 142 24z 3 -
5 T3 2" 12
Lemma [3.4.6] 1 1 2 1
B —eo—o—o -+ = - 1 ——
4(a)] 2 177 2 1
Lemma [3.4.6] 1 1 1 1 7
B, | e—e—oC Sz Sz 1 L
4®)] 2 17 2" 12
Lemma [3.4.6] 1 1 2 31
B o 4 z 1 _2
4(c) 2 175 3 60

Table 3.5: All possible B3 and By blocks in G and the estimate of 7f(B) + 2n(B) — be(B).
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Chapter 4

Planar Turan Number of Double Stars

4.1 Introduction

All the graphs we consider in this chapter are simple and finite. Let G be a graph. We denote the
vertex and edge set of G by V(G) and E(G), respectively. Let e(G) and v(G) denote the number of
edges and vertices, respectively. We denote the degree of a vertex v by d(v), the minimum degree
in graph G by §(G) and the maximum degree in graph G by A(G). The subgraph induced by
S C V(G), is denoted by G[S]. Moreover, N(v) denotes the set of vertices in G adjacent to v. Let
A and B be disjoint subsets of V(G). Let e(A, B) denote the number of edges in G, that joins a
vertex in A and a vertex in B. An m-n edge is an edge such that the end vertices of the edge are
with degree m and n. The Turdn number of a graph H, denoted by ex(n,H), is the maximum
number of edges in an n-vertex graph that does not contain H as a subgraph. Let EX(n, H) denote
the set of extremal graphs, i.e., the set of all n-vertex, H-free graph G such that e(G) = ex(n, H).
The join G = G1 4+ G2 of graphs G1 and G2 with disjoint vertex sets V7 and V5 and edge sets X
and X5 is the graph union G; U G2 together with all the edges joining Vi and V.

Recall that one of the famous problems in Extremal Graph Theory is determining the number
of edges in an n-vertex graph to force a certain graph structure. The well-known result of Turan
(Theorem gives the maximum number of edges in an n-vertex graph, containing no complete
graph of a given order. The result of Erdds, Stone and Simonovits (Theorem asymptotically

determines ex(n, F') for all non-bipartite graphs F'. In the last decade, the area of ‘random’ planar
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graphs has received considerable attention. However, there seem to be no known results on questions
analogous to the Erdés-Stone Theorem, i.e., how many edges can a planar graph on n vertices have
without containing a given smaller graph? In 2016, Dowden |[28| initiated the study of these
specific Turdn-type problems. The planar Turdn number of a graph F', denoted by exp(n, F'), is

the maximum number of edges in a planar graph on n vertices containing no F' as a subgraph.

The analog to Turdn’s theorem in the case of planar graphs is fairly trivial. Since K35 is not
planar, there are only two meaningful cases. For the K3, the extremal number of edges is 2n — 4,
and the extremal graph is K ,_2 (since all faces have size four when drawn in the plane). Note
that there exist planar triangulations not containing K4 (e.g., take a cycle of length n — 2 and then
add two new vertices that are adjacent to all those in the cycle). Thus, the extremal number in
the case of K4 is 3n — 6. The planar Turdn number when the forbidden subgraph is a star is also
fairly trivial. The authors in [94] proved that exp(n, H) = 3n — 6 for all H with n > |H|+2 and
either x(H) =4 or x(H) =3 and A(H) > 7. They also completely determine exp(n, H) when H
is a wheel or a star, and the case when H is a (¢,7)-fan, that is, H is isomorphic to K; + tK,_1,
where t > 2 and r > 3 are integers. The next most natural type of graph to investigate is perhaps a
path. For extremal planar Turdn number for paths of length {6,7,8,9,10,11}, we refer the reader
to [93] and [94]. The next natural extension of the topic is considering double stars as the forbidden

graph.

Definition 4.1.1. An (m,n)-double star, denoted by Sy, r, is the graph obtained by taking an edge,
say xy, and joining one of its end vertices, say x, with m vertices and the other end vertez, vy,
with n vertices which are different from the m wvertices. The edge xy is called the backbone of the
double star. The vertices adjacent to an end vertex of the backbone are called the leaf-sets of the

double star. Figure[].1] shows an m-n double star such that the backbone is xy and the leaf-sets are

{z1,29,...,2m} and {y1,y2,...,yn}, respectively.

4o Y1
Y2

Y3

T2
T3

Tm Yn

Figure 4.1: An (m,n)-double star.
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In this chapter, we address the planar Turan number of double stars. The main results can be

summarized as follows:
Theorem 4.1.2. Estimates on the planar Turdn number of double stars Sy, . for given values of
{m,n} are as follows:
(i) For any n > 16, exp(n, Sz2) = 2n — 4.
(i1) For any n > 1, exp(n, Sy 3) = 2n.
(iii) For anyn > 1, 1—7571 < exp(n,Sz4) < %n.
(iv) Forn>1, 3n < exp(n,Sys) < 2—7071.
(v) Forn >3, 3n—5<exp(n,S33) < 3n—2.
(vi) Forn >1, %n < exp(n,S34) < 2—7011.

The chapter is structured as follows: Each section proves parts of the previous Theorem one by

one.

4.2 Planar Turan number of S5,

We start by proving the following weaker bounds:

Lemma 4.2.1. Let G be an Saa-free plane graph on n (n # 5) vertices, then e(G) < 2n — 2.

Proof. Suppose that G contains 6 vertices. There are only two 6-vertex maximal planar graphs M;
and M as shown in Figure It can be checked that M, and M, both contain an S22. Thus,
e(G) < 10 = 2n — 2, when n = 6. Now let G be an S o-free planar graph on 7 vertices. If G
contains a vertex of degree at most 2, we are done by induction. Moreover, there is no vertex of
degree at least 5 in G. Suppose there is a vertex x € V(G) such that d(z) = k, where £ > 5. In
this case, each vertex in N(z) must be of degree at most 2. Otherwise, it is easy to find an Sy in

G, which is a contradiction.
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M1 M2

Figure 4.2: The two 6-vertex maximal planar graphs.

Assume that A(G) < 4. Let the number of vertices in G with degree at most 3 be k. Hence, G

contains at least n — k vertices of degree 4, which implies

4(n—k)+3k
- =

e(G) < 2n —

k

2

If there are at least 4 vertices of degree at most 3, then e(G) < 2n — % = 2n—2. Let v be a degree 4
vertex in G. If each vertex in N (v) is of degree at most 3, then e(G) < 2n — 2. So, there is a vertex
u € N(v), such that uv is a 4-4 edge in G. Since G is an Sp o-free plane graph, uv must be contained
in 3 triangles. Let N(u) N N(v) = {z1,22,23} and S = V(G)\{u, v, z1,z2,23}. Observe that no
vertex in S is adjacent to a vertex in {x1, 2, x3}. Deleting the vertices {u, v, z1, z2, x3}. We deleted
at most 3-5—6 =9 edges. Hence, e(G) = e(G — {u,v,x1,22,23}) +9<2(n—5) —24+9 < 2n — 2.

Hence, we are done by induction. O

Lemma 4.2.2. Let G be an S 2-free plane graph on n (n > 8) vertices. If there is a vertex with
degree at least 5, then e(G) < 2n — 4.

Proof. Let z € V(G) such that d(x) = k > 5. Let N(x) = {x1,22,23,...,2}, and S be the
set of vertices in V(G)\N(x). Each vertex in N(z) is adjacent to at most one other vertex in
N(z). Otherwise, it is easy to show that G contains an Sp . Similarly, for an edge z;z;, where
xj,x; € N(x), there is no vertex in S which is adjacent to either z; or ;. Thus, the number of
edges joining a vertex in N(z) and a vertex in S is at most k. If |S|# 5, using Lemma
e(G[S]) < 2(n—k —1) — 2. Therefore e(G) <2(n—k—1) =2+ k+ k = 2n — 4, and we are done.
Let |S|= 5. Let the graph induced by S be a K . Since G is an So»-free plane graph, no vertex
in N(z) is adjacent to any vertex in S. This implies that e(G[s]) =9 and e(G[N(x)]) < % Hence,
e(G) < k+§+9. Since n = k+6, we have e(G) < (n—6) + 258 +9=32 <2p—4 forn >8. O
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Proof of Theorem ( i). The lower bound is attained by considering the graph K3 ,_», which is
S o-free and contains 2n — 4 edges. From Lemma we may assume that A(G) < 4. Let k be
the number of vertices in G whose degree is at most 3. Then e(G) < w =2n—%5 Ifk>8,
then we are done. We may assume that the number of degree 4 vertices in G is at least 9, since

n > 16. We start by proving the following claims:

Claim 6. There is no degree 4 vertex in G such that all its neighbors are of degree at most 3.

Proof. Suppose not. Let = be a degree 4 vertex in G, such that d(y) < 3 for all y € N(x). It is
easy to check that for each y € N(x), if y is adjacent to any vertex in V(G)\({z} U N(z)), then
d(y) = 2. Otherwise, G contains an S 2. Therefore, using Lemma e(G) =e(G[8])+4+4<
2(n —5) — 248 = 2n — 4. Assume that for each y € N(x), y is not adjacent to any vertex in
V(G)\({z}UN(z)). Then e(G[zUN (z)]) < 8. Therefore, using Lemma[t.2.1] ¢(G) = e(G[S])+8 <
2(n—5)—2+8=2n—4. 0

Claim 7. The number of 4-4 edges in a matching in G is at least 3.

Proof. Suppose not. Let the number of 4-4 edges in a matching in G be 2. Denote the 4-4
edges in the matching by wv and xy. Each of the edges is contained in 3 triangles. Let N(u) N
N(v) = {u1,u2,u3} and N(z) " N(y) = {1, x2,23}. Since G is an Sy o-free plane graph, no vertex
in {ui,ug,us} is adjacent to a vertex in V(G)\{z,y,x1,x2,23} and no vertex in {1, x2,x3} is
adjacent to a vertex in V(G)\{u,v,u1,us,us}. Moreover, at least two vertices in {z1,z9, 3} and
in {u1,us,us} are of degree at most three. The number of degree 4 vertices in G is at least 9.
Thus, there is a degree 4 vertex, say z, in V(G)\{z,y,u,v, 1, x2, x3,u1, u2,us} such that d(t) <3
for every t € N(z). This contradicts Claim[6] A similar argument can be given, if we assume that

the number of 4-4 edges in a matching in G is 1. O

From now on, suppose that the number of 4-4 edges in a matching in G is at least 3. We

distinguish the following two cases:

Case 1: The number of 4-4 edges in a matching in G is at least 4. Denote the 4-4
edges in the matching in G by z1x9, r314, T526 and x7xg, respectively. Recall that each edge is

contained in 3 triangles. Moreover, at least two vertices in N (x;) N N(x;41) are of degree at most
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3, for each i € {1, 3,5,7}. Thus, we have at least 8 vertices in G whose degree is at most 3. Hence,

we are done in this case.

Case 2: The number of 4-4 edges in a matching in G is 3. Denote the 4-4 edges in
the matching in G by zyx9, x3x4 and x5x6, respectively. At least two vertices in N(x;) N N (2i41)
are of degree at most 3, for ¢« € {1,3,5}. This implies that G contains at least 6 vertices whose
degree is at most 3. Moreover, if a vertex in N(xz;) N N(z;+1) is of degree at most 2, for some
i € {1,3,5}, then the remaining two vertices are of degree at most 3. Observe that in this case,

e(G) < w = 2n — 4 and we are done.

So, we assume exactly two vertices in N (x;) N N(z;41) are of degree 3, for each i € {1,3,5}. In
this case, the remaining vertex in N(x;) N N(x;+1) is of degree 4. Thus, the vertices {z;, xiy1} U
(N(z;) " N(zit1)), for each ¢ € {1, 3,5}, induce a K , and it is a component in G. If n = 16, then
there is an isolated vertex. In this case, e(G) = 27 < 2n — 4. If n > 17, it is easy to find 2 more
vertices of degree at most 3 since the number of 4-4 edges in a matching in G is 3. Thus, there are

at least 8 degree 3 vertices in G. This completes the proof of Theorem [4.1.2(1). O

4.3 Planar Turan number of S; 3

Proof of theorem (u) Let G be an S5 3-free plane graph on n vertices. Since the graph S 3
contains 7 vertices, a maximal planar graph with n < 6 vertices does not contain an Sz 4. Thus, the
lower bound is attained by considering disjoint copies of the maximum planar graphs on 6 vertices,
i.e., My or My (see Figure If the maximum degree in G is at most 4, then e(G) < 2n. Now we

separate the rest of the proof into 2 cases:

Case 1: There exists a vertex v € V(G), such that d(v) > 6. It is easy to check that for
each u € N(v), d(u) < 2, otherwise, we find a copy of Sz 3 in G. Delete a vertex u € N(v), then the
number of deleted edges is at most 2. By the induction hypothesis, we get e(G — {u}) < 2(n —1).
Hence, e(G) = e(G — {u}) +d(u) <2(n—1) +2 = 2n.

Case 2: There exists a vertex v € V(G), such that d(v) = 5. It is easy to check that for
each u € N(v), if u is adjacent to any vertex in V(G)\({v} U N(v)), then d(u) = 2. Otherwise, G
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contains an Sp 3. As in Case 1, we are done by induction. Assume that for each v € N(v), u is not
adjacent to any vertex in V(G)\({v}UN(v)). Then e(G[vUN (v)]) < 3-6—6 = 12. By the induction
hypothesis, e(G —{vUN(v)}) < 2(n—6). Therefore, e(G) = e(G—{vUN(v)})+e(GlvUN(v)]) <
2n. U

4.4 Planar Turan number of Ss 4

Let G be an S5 4-free plane graph on n vertices. Since S 4 contains 8 vertices, a maximal planar
graph with n < 7 vertices, does not contain an S 4. Let 7|n. Consider the plane graph consisting
of 2 disjoint copies of maximal planar graphs on 7 vertices. This graph does not contain an S2 4.

Hence, exp(n, Sz 4) > %n

Claim 8. Let G be an Sz 4 onn (1 <n < 18) vertices. The number of edges in G is at most %n.

Proof. Recall that, an n-vertex maximal planar graph contains 3n — 6 edges. Since 3n — 6 < %n

for n <18, ¢(G) < %n holds for all n, 1 <n < 18. O

Lemma 4.4.1. If G contains a vertezx of degree greater than or equal to 7, then e(G) < %n.

Proof. Let v € V(G), such that d(v) > 7. It is easy to check that for each u € N(v), d(u) < 2,
otherwise, we find a copy of Sa4 in G. Delete a vertex u € N(v), then the number of deleted
edges is at most 2. By the induction hypothesis, we get e(G — {u}) < §(n —1). Hence, e(G) =
e(G—{u}) +du) < 3(n—-1)+2< in. O

Lemma 4.4.2. If G contains a vertex of degree 6, then e(G) < %n.

Proof. Let v € V(G), such that d(v) = 6 and let H = N(v) U {v}. It is easy to check that for
each u € N(v), if u is adjacent to any vertex in V(G)\H, then d(u) = 2. Otherwise, G contains
an Sz 4. We are done by induction in this case. Assume that for each u € N(v), u is not adjacent
to any vertex in V(G)\H. Then e(G[H]) < 3-7—6 = 15. Hence, ¢(G) = e(G — H) + e(G[H]) <

8(n —7) 415 < $n. We are done by induction. O
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Proof of Theorem (iii). If G contains a vertex of degree at least 6, we are done by Lemmas
and Hence, we can assume that A(G) < 5.

T v Yy
Figure 4.3: The graph G has a 5 — 5 edge xy, with 4 triangles sitting on the edge xy.
Claim 9. If G contains a 5 — 5 edge, then e(G) < %n.

Proof. Let zy € E(G) be a 5 — 5 edge. There are at least 3 triangles sitting on the edge xy,
otherwise G contains an S 4. We subdivide the cases based on the number of triangles sitting on

the edge zy.

1. There are 4 triangles sitting on the edge zy. Let a,b, ¢ and d be the vertices in G which
are adjacent to both x and y (see Figure . Let S1 = {a,b,c,d} and H = {z,y,a,b,c,d}.
Delete the vertices in H. The vertices in S; can have at most one neighbor in V(G)\H
each and can form a path of length 3 in S;. Hence, the number of edges deleted is at most

9+4+3 =16. Using the induction hypothesis, e(G) < e(G — H) +16 < §(n—6) + 16 = 5.

2. There are 3 triangles sitting on the edge xy. Let a,b and ¢ be the vertices in G which
are adjacent to both z and y. Let d be the vertex adjacent to = but not adjacent to y, and e
be the vertex adjacent to y but not adjacent to x. Let S; = {a,b,c} and H = {z,y,d,e} US].
Delete the vertices in H. The vertices d and e can have at most one neighbor in V(G)\H

each. We distinguish the cases as follows:

(a) The vertices d and e have no neighbors in Si, see Figure [.4(i). The vertices in S
can have at most one neighbor in V(G)\H each and can form a path of length 2 in S;. If
the vertices d and e are adjacent, they cannot have a neighbor in V(G)\H. Otherwise,
we have an S 4 with dz (or ey) as the backbone. Thus, the number of edges deleted is

at most 9+2+ 3+ 2 =16.
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(vii) (viii) (ix)
Figure 4.4: The graph G has a 5 — 5 edge zy, with 3 triangles sitting on the edge xy.
(i) The vertices d and e have no neighbors in 5.
(ii) The vertex d has one neighbor in S7, and e has none.
(iii) The vertices d and e have one common neighbor in 5.

(iv) The vertices d and e have one distinct neighbor in 5.

)
)
)
)
(v) The vertex d has two neighbors in S7, while e has none.

(vi) The vertex d is the neighbor of a and ¢, and while e is the neighbor of c.
(vii) The vertex d is the neighbor of a and ¢, while e is the neighbor of b.
(viii) The vertices d and e are neighbors of a and ¢ both.

)

(ix) The vertex d is the neighbor of a and ¢, while e is the neighbor of a and b.
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(b)

One of the vertices d or e¢ has one neighbor in S;, and the other has none.
Without loss of generality, suppose a is the neighbor of d, see Figure (ii). Note that a
cannot have a neighbor in V(G)\H. Otherwise, we have an Sy 4 with ay as the backbone.
If the vertices d and e are adjacent, they cannot have a neighbor in V(G)\H. Similarly,
as before, the vertices b and ¢ can have at most one neighbor in V(G)\H each and the
vertices {a, b, c} can form a path of length 2 in S;. Thus, the number of edges deleted
is at most 10+ 2+ 2 4+ 2 = 16.

The vertices d and e have one neighbor in S;. There are two possibilities. In the
first case, without loss of generality, suppose a is the common neighbor of d and e, see
Figure iii). Similarly, as before, a cannot have a neighbor in V(G)\ H. If the vertices
d and e are adjacent, they cannot have a neighbor in V(G)\H. The vertices b and ¢ can
have at most one neighbor in V(G)\H each, and the vertices {a, b, c} can form a path
of length 2 in S7. Thus, the number of edges deleted is at most 11 +2 +2 42 = 17.

Without loss of generality, suppose a is the neighbor of d while ¢ is the neighbor of e,
see Figure (iv). Similarly, as before, the vertices a and ¢ cannot have a neighbor
in V(G)\H. The vertex b can have at most one neighbor in V(G)\H and the vertices
{a,b,c} can form a path of length 2 in S;. Thus, the number of edges deleted is at most
11+2+ 1+ 2 =16. (If the vertices d and e are adjacent, there can only be a path of
length 1 inside Sj. Again, this precision is unnecessary. We skip this in the following

cases also.)

One of the vertices d or e has two neighbors in S;, while the other has none.
Without loss of generality, suppose d is the neighbor of a and ¢, see Figure V).
Similarly, as before, the vertices a and ¢ cannot have a neighbor in V(G)\H. The vertex
b can have at most one neighbor in V(G)\H and the vertices {a, b, c} can form a path
of length 2 in S7. If the vertices d and e are adjacent, they cannot have a neighbor in

V(G)\H. Thus, the number of edges deleted is at most 11 +2 4+ 1 + 2 = 16.

One of the vertices d or e has two neighbors in 57, while the other has one
neighbor. There are two possibilities. In the first case, without loss of generality,
suppose d is the neighbor of a and ¢, and e is the neighbor of ¢ (see Figure [4.4(vi)).
Similarly, as before, the vertices a and ¢ cannot have a neighbor in V(G)\H. The vertex

b can have at most one neighbor in V(G)\H and the vertices {a,b, c} can form a path

78



CEU eTD Collection

of length 2 in S7. If the vertices d and e are adjacent, they cannot have a neighbor in

V(G)\H. Thus, the number of edges deleted is at most 12 +2 4+ 1+ 2 = 17.

In the other case, without loss of generality, assume that d is the neighbor of a and c,
and e is the neighbor of b (see Figure vii)). The vertices a,b and ¢ cannot have a
neighbor in V(G)\H, but they can form a path of length 2 in S;. Thus, the number of
edges deleted is at most 12 + 2 4 2 = 16.

Both the vertices d and e have two neighbors in S;. There are two possibilities.
In the first case, without loss of generality, suppose d and e are the neighbors of a and
c both (see Figure [1.4|viii)). Similarly, as before, the vertices a and ¢ cannot have a
neighbor in V(G)\H. The vertex b can have one neighbor in V(G)\H. The vertices
{a,b,c} can form a path of length 2 in S;. If the vertices d and e are adjacent, they
cannot have a neighbor in V(G)\H. Thus, the number of edges deleted is at most
13+1+24+2=18.

On the other hand, without loss of generality, assume d is the neighbor of a and ¢, while
e is the neighbor of a and b (see Figure [£.4(ix)). The vertices a,b and ¢ cannot have a
neighbor in V(G)\H, but they can form a path of length 2 in S;. Thus, the number of
edges deleted is at most 13 + 2 4 2 = 17.

Using the induction hypothesis,

e(G)ge(G—H)+18§§(n—7)+18:§n.

This completes the proof. ]

Take z,y € V(G). By the previous claims, if d(x) + d(y) > 10, we are done by induc-
tion. Assume that d(z) + d(y) < 9. Summing it over all the edge pairs in G, we have 9e >
D ayer(c) (d@) +d(y)) = Z:Iev(G)(d(ac))2 > nd = n(%)?, where d is the average degree in G.
This gives us e § n < %n forn > 1. O

79



CEU eTD Collection

4.5 Planar Turan number of S5

Let G be an Sy 5-free plane graph on n vertices. Let 12|n. Consider the plane graph consisting of
15 disjoint copies of 5-regular maximal planar graphs with 12 vertices, see Figure This graph

. . o s 5
does not contain an Sy 5, since it is a 5—regular graph. Hence, exp(n, S24) > 5n.

Claim 10. Let G be an Sa5 onn (1 < n < 42) vertices. The number of edges in G is at most ?n

Proof. Recall that, an n-vertex maximal planar graph contains 3n — 6 edges. Since 3n — 6 < ?n

for n <42, e(G) < %n holds for all n, 1 < n < 42. O

Baw @

Figure 4.5: (n/12)-disjoint copies of 5-regular maximal planar graphs with 12 vertices.

Lemma 4.5.1. If G contains a vertex v of degree greater than or equal to 8, then e(G) < 70

Proof. Let v € V(G), such that d(v) > 8. It is easy to check that for each u € N(v), d(u) < 2.
Otherwise, we find a copy of Sz5 in G. Delete a vertex u € N(v), then the number of deleted
edges is at most 2. By the induction hypothesis, we get e(G — {u}) < Z(n — 1). Hence, e(G) =

e(G—{u}) +d(u) < F(n-1)+2< Pn. O

Lemma 4.5.2. If G contains a vertez v of degree equal to 7, then e(G) < 2—7071.

Proof. Let v € V(G), such that d(v) = 7 and let H = N(v) U {v}. It is easy to check that
for each v € N(v), if u is adjacent to any vertex in V(G)\H, then d(u) = 2. Otherwise, G
contains an Sz 5. We are done by induction in this case. In the other case, assume that for each
u € N(v), u is not adjacent to any vertex in V(G)\H. Then e(G[H]) < 3-8 — 6 = 18. Hence,
e(G) = e(G — H) + e(G[H]) < 2(n — 8) + 18 = Zn. We are done by induction. O
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Proof of Theorem (iv). If G contains a vertex of degree at least 7, we are done by Lemmas
and Hence, we can assume A(G) < 6.

a

x v Yy
e
Figure 4.6: The graph G has a 6 — 6 edge xy, with 5 triangles sitting on the edge zy.

Claim 11. If G contains a 6 — 6 edge, then e(G) < Zn.

Proof. Let xy € E(G) be a 6-6 edge. There are at least 4 triangles sitting on the edge zy, otherwise

G contains an S25. We subdivide the cases based on the number of triangles sitting on the edge

xy.

1. There are 5 triangles sitting on the edge xy. Let a,b,c,d and e be the vertices in
G which are adjacent to both = and y (see Figure [4.6). Let Sy = {a,b,c,d,e} and H =
{z,y,a,b,c,d,e}. Delete the vertices in H. The vertices in S; can have at most one neighbor
in V(G)\H each and can form a path of length 4 in S;. Hence, the number of edges deleted
is at most 11 + 54 4 = 20. Using the induction hypothesis, ¢(G) < e(G — H) + 20 <

D(n—17)+20=2Ln.

2. There are 4 triangles sitting on the edge zy. Let a,b,c and d be the vertices in G
which are adjacent to both x and y. Let e be the vertex adjacent to z but not adjacent
to y, and f be the vertex adjacent to y but not adjacent to z. Let S; = {a,b,c,d} and
H = {z,y} US; U{e, f}. Delete the vertices in H. The vertices e and f can have at most
one neighbor in V(G)\H each. We distinguish the cases based on the neighbors of e and f

as follows:
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Figure 4.7: The graph G has a 6 — 6 edge xy, with 4 triangles sitting on the edge xy.

(i
(ii
(ii
(iv
(v
(vi
(vii
(vii
(ix

(x

)
)
)
)
)
)
)
)
)
)

the vertices e and f have no neighbors in 5.

The vertex e has one neighbor in S7 and f has none.

The vertices e and f have one common neighbor in .5;.

The vertices e and f have one distinct neighbor in S;.

The vertex e has two neighbors in S; and f has none.

The vertex e is the neighbor of a and d, and f is the neighbor of d.

The vertex e is the neighbor of a and d, and f is the neighbor of b.

The vertices e and f are neighbors of both a and d.

The vertex e is the neighbor of a and d, while f is the neighbor of a and b.

The vertex e is the neighbor of a and d, while f is the neighbor of b and c.

(a)

The vertices ¢ and f have no neighbors in S, see Figure (1) The vertices in
Si can have at most one neighbor in V(G)\H each and can form a path of length 3 in
Sy. If the vertices e and f are adjacent, then they cannot have a neighbor in V(G)\H.
Otherwise, we have an Sy 5 with ez (or fy) as the backbone. Thus, the number of edges

deleted is at most 11 +3 +4 + 2 = 20.

One of the vertices ¢ or f has one neighbor in 57, and the other has none.
Without loss of generality, suppose a and e are adjacent (see Figure ii)), then a cannot
have a neighbor in V/(G)\H. Otherwise, we have an Sy 5 with ay as the backbone. If the
vertices e and f are adjacent, then they cannot have a neighbor in V(G)\H. Similarly,
as before, the vertices b, c and d can have at most one neighbor in V(G)\H each and the
vertices {a, b, c,d} can form a path of length 3 in S;. Thus, the number of edges deleted
is at most 124+ 3 43 4+ 2 = 20.

The vertices ¢ and f have one neighbor in S;. There are two possibilities. In the
first case, without loss of generality, suppose a is the common neighbor of e and f, see
Figure iii). Similarly, as before, a cannot have a neighbor in V(G)\H. If the vertices
e and f are adjacent, they cannot have a neighbor in V(G)\H. The vertices b, c and d

can have at most one neighbor in V(G)\H each, and the vertices {a, b, ¢, d} can form a
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(d)

path of length 3 in S7. Thus, the number of edges deleted is at most 13+3+3+2 = 21.
Without loss of generality, suppose a is the neighbor of e while d is the neighbor of f,
see Figure (iv). Similarly, as before, the vertices a and d cannot have a neighbor in
V(G)\H. The vertex b and ¢ can have at most one neighbor in V(G)\H each, and the
vertices {a, b, ¢, d} can form a path of length 3 in S;. If the vertices e and f are adjacent,
then they cannot have a neighbor in V/(G)\H. Thus, the number of edges deleted is at
most 13 + 3 + 2+ 2 = 20. (In fact, it can be shown that if the vertices w and f are
adjacent, there can only be a 2-path inside S;. However, this precision is unnecessary.

We skip this in the following cases also.)

One of the vertices ¢ or f has two neighbors in S;, while the other has
none. Without loss of generality, suppose e is the neighbor of a and d, see Figure
4.7(v). Similarly, as before, the vertices a and d cannot have a neighbor in V(G)\H.
The vertices b and ¢ can have at most one neighbor in V(G)\H each, and the vertices
{a,b,c,d} can form a path of length 3 in S;. If the vertices e and f are adjacent, then
they cannot have a neighbor in V(G)\H. Thus, the number of edges deleted is at most
13+3+24+2=20.

One of the vertices ¢ or f has two neighbors in 5], while the other has one
neighbor. There are two possibilities. In the first case, without loss of generality,
suppose e is the neighbor of a and d, and f is the neighbor of d (see Figure [1.7{(vi)).
Similarly, as before, the vertices a and d cannot have a neighbor in V(G)\ H. The vertices
b and ¢ can have at most one neighbor in V(G)\H each, and the vertices {a,b, c,d} can
form a path of length 3 in Sy. If the vertices e and f are adjacent, then they cannot have
a neighbor in V(G)\ H. Thus, the number of edges deleted is at most 14+3+2+2 = 21.
In the other case, without loss of generality, assume that e is the neighbor of a¢ and d,
and f is the neighbor of b (see Figure [4.7|(vii)). The vertices a,b and d cannot have a
neighbor in V(G)\H, but they along with ¢ can form a path of length 3 in S;. The
vertex ¢ can have at most one neighbor in V(G)\H. Thus, the number of edges deleted

is at most 14 4+ 3+ 1+ 2 = 20.

Both the vertices ¢ and f have two neighbors in S;. There are three possibilities.
In the first case, without loss of generality, suppose e and f are neighbors of both a and

d, see Figure (viii). Similarly, as before, the vertices a and d cannot have a neighbor
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in V(G)\H. The vertices b and ¢ can have at most one neighbor in V(G)\H each. The
vertices {a, b, ¢,d} can form a path of length 3 in S;. If the vertices e and f are adjacent,
then they cannot have a neighbor in V/(G)\H. Thus, the number of edges deleted is at
most 15 +3 + 2+ 2 = 22.

On the other hand, without loss of generality, assume e is the neighbor of both a and
d, while f is the neighbor of a and b (see Figure ix)). The vertices a,b and d cannot
have a neighbor in V(G)\H, but they along with ¢ can form a path of length 3 in Sj.
The vertex ¢ can have at most one neighbor in V(G)\ H each. Thus, the number of edges
deleted is at most 15+ 3+ 1+ 2 = 21.

In the last case, without loss of generality, assume e is the neighbor of a and d both,
while f is the neighbor of b and ¢ (see Figure [4.7(x)). The vertices a,b, ¢ and d cannot
have a neighbor in V(G)\H, but they can form a path of length 3 in S;. Thus, the
number of edges deleted is at most 15+ 3 + 2 = 20.

Using the induction hypothesis,

e(G)ge(G—H)+22§?(n—8)+22:?n—g.

This completes the proof. ]

Consider z,y € V(G). By the previous claims, if d(x) + d(y) > 12, we are done by induction.
Assume that d(z) + d(y) < 11. Summing it over all the edge pairs in G, we have 1le(G) >
ZmyeE(G) (d(z) +d(y)) = erv(G)(d(ac))2 > nd = n(@)z, where d is the average degree in G.

This gives us e(G) < 1n < Zn, for n > 1. O

4.6 Planar Turan number of Ss3

We show that for infinitely many integer values of n, we can construct an n-vertex S3 3-free plane
graph G, with gn — 5 edges. This is to verify that the bound we have is best up to the linear term.
Consider a plane graph G,, which is obtained by joining every vertex of the maximal matching on

n — 2 vertices with two vertices. Constructions of GG,, when n is even or odd is shown in Figure
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Each edge in G, has a degree 3 end vertex. Thus, G, is an S3 3-free planar graph. Moreover,
e(Gp) = L%nJ — 5.

(a) m is even. (b) n is odd.

Figure 4.8: Extremal Constructions for the lower bound of planar Turdn number of S3 3.

Claim 12. Let G be an S33 onn(1 < n < 8) vertices. The number of edges in G is at most %n— 2.

Proof. Recall that, an n-vertex maximal planar graph contains 3n — 6 edges. Since 3n—6 < %n -2
O

for n <8, e(G) < gn—2 holds for all n, 1 < n <8.

Let u be a vertex in G with degree at most 2. By the induction hypothesis, we get e(G —{u}) <
2 (n —1). Hence, e(G) = e(G — {u}) +d(u) < 5(n—1) —2+2 < 3n — 2. Similarly, if we have a
3-3 edge in GG, we can finish the proof by induction. From now on, we may assume that GG contains
no vertex of degree at most 2 and no 3-3 edge. The following claims deal with the different cases

of degree pairs in G:

Claim 13. No verter in G with a degree at least 7 is adjacent to a vertex of degree at least 4.

Proof. Suppose not. Let xy be an edge in G such that d(z) > 7 and d(y) > 4. Obviously, there are
three vertices in V(G)\{z}, say y1,y2 and y3, which are adjacent to y. Since |N(x)\{y}|> 6, there
are three vertices x1,x2 and x3, not in {y, y1, y2,y3} which are adjacent to x. This implies we got
an S33 in G with backbone zy and leaf-sets {z1,x2, 23} and {yi1,y2,y3}, respectively, which is a

contradiction. This completes the proof of Claim O
Claim 14. If there is a 6-6 edge in G, then e(G) < gn — 2.
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Proof. Let zy € E(G) be a 6-6 edge. Since G is an S3 3-free plane graph, zy must be contained in
5 triangles, see Figure [£.9] Let a,b,c,d and e be the vertices in G which are adjacent to both x

a

N
N

Figure 4.9: The graph G has a 6 — 6 edge xy.

and y. Let S1 = {a,b,¢c,d,e} and H = {x,y,a,b,c,d,e}. Delete the vertices in H. Suppose a has
two neighbors in V(G)\H. We immediately get an S33 with za or ya as the backbone. Thus, any
vertex in the set S; can have at most 1 neighbor in V(G)\H. If there are no edges between the
vertices in S1, we deleted at most 11 + 5 = 16 edges. Assume that there is an edge between the
vertices in S, say ab. If a (or b) has a neighbor in V/(G)\H, za (or xb) is the backbone of an Ss 3.
Similarly, for the other edges in S7, both the vertices cannot have a neighbor in V/(G)\H. Thus, if
there is an edge joining any two vertices in S7, the number of edges deleted is at most 11 4+4 = 15.
Using the induction hypothesis,

(n—?)—2+16:§n—3.5<§n—2.

e(G)<e(G—H)+16 < 5 5

| Ot

This completes the proof. O
Claim 15. If there is a 5-6 edge in G, then e(G) < 3n — 2.

Proof. Let xy be a 5-6 edge in G. Since G is an S33-free plane graph, xy must be contained
in 4 triangles, see Figure Let a,b,c and d be the vertices in G which are adjacent to both
x and y. Let e be the vertex adjacent to y but not adjacent to x. Let S; = {a,b,c,d} and
H ={z,y,a,b,c,d,e}. Delete the vertices in H. Any vertex in S; can have at most 1 neighbor in

V(G)\H. If there is an edge joining any two vertices in Sq, say ab. Similarly, as before, the vertices
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A
e e

(i) (iii)

Figure 4.10: The graph G has a 5 — 6 edge xy.

8
<
A
S
3
<

(i) The vertex e has no neighbors in Sj.
(ii) The vertex e has one neighbor in Sj.

(iii) The vertex e has two neighbors in Sj.

a and b cannot have a neighbor in V(G)\H. We further distinguish the cases based on the number

of edges from e as follows:

1. The vertex e has no neighbors in 57, see Figure M(l) Clearly, the vertex e can have
at most 2 neighbors in V(G)\H. If there are no edges between the vertices in S7, we deleted
at most 10 4+ 2+ 4 = 16 edges. If there is an edge joining any two vertices in S, the number

of edges deleted is at most 10 + 2 + 3 = 15.

2. The vertex e has one neighbor in S;. Without loss of generality, suppose a is the neighbor
of e, see Figure ii). The vertex e can have at most one neighbor in V/(G)\H. If the vertex
a has a neighbor in V(G)\H, we have an S3 3 with xza as the backbone. If there are no edges
between the vertices in S1, we have deleted at most 11 + 3+ 1 = 15 edges. If there is an edge

joining any two vertices in Sy, the number of edges deleted is at most 11 + 3 + 1 = 15.

3. The vertex e has two neighbors in S;. Without loss of generality, suppose e is the
neighbor of a and d, see Figure [4.10{iii). The vertex e cannot have a neighbor in V(G)\H,
otherwise we have an S3 3 with ye as the backbone. If either a or d has a neighbor in V(G)\H,
we have an S3 3 with za or xd as the backbone, respectively. Suppose there is no edge between

the vertices in S7. The total number of edges deleted is at most 12 + 2 = 14. Suppose a and
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b are adjacent, then b cannot have a neighbor in V(G)\H. Similarly, for the other edges in
S1 except ad, which is still possible without any extra restrictions. If there is an edge joining

any two vertices in S, the total number of edges deleted is at most 12 + 3 = 15.

Thus, by induction
5 5
e(G)=e(G-H)+16 < 5(n=T)=24+16 < n—2,

and we are done. O
Claim 16. If there is a 4-6 edge in G, then e(G) < 3n — 2.

Proof. Let xy be a 4 — 6 edge in G. Since G is an 93 3-free plane graph, zy must be contained in 3
triangles, see Figure Let a,b and ¢ be the vertices in G which are adjacent to both z and y.
Let d and e be the vertices adjacent to y but not to z. Let S; = {a,b,c} and H = {z,y,a,b,c,d, e}.
Delete the vertices in H. The vertices d and e can have at most two neighbors in V(G)\H each.
The vertices in S; can have at most one neighbor in V(G)\H each. If there is an edge joining
any two vertices in Sy, say ab. Similarly, as before, the vertices a and b cannot have a neighbor in

V(G)\H. We distinguish the cases based on the neighbors of d and e as follows:

1. The vertices d and e have no neighbors in 51, see Figure i). If the vertices d and
e are adjacent, they can have at most one neighbor in V(G)\H each. Otherwise, we have an
S3.3 with dy (or ey) as the backbone. If there are no edges between the vertices in Sy, the
number of edges deleted is at most 9+ 3+ 4 = 16. If there is an edge joining any two vertices

in S7, the number of edges deleted is at most 9 + 2 + 4 = 15.

2. One of the vertices d or ¢ has one neighbor in S;, while the other has none.
Without loss of generality, suppose the vertices a and d are adjacent (see Figure (11))
The vertex a cannot have a neighbor in V(G)\H, and d can have at most one neighbor in
V(G)\H. If the vertices d and e are adjacent, then d cannot have a neighbor in V(G)\H and
e can have at most one neighbor in V(G)\H. Otherwise, we have an S3 3 with dy (or ey) as

the backbone. If there are no edges between the vertices in S7, the number of edges deleted
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d
A/
(i)
~
/b
<&

(iv) (v) (vi)

c c
(vii) (viii)
Figure 4.11: The graph G has a 4 — 6 edge zy.
(i) The vertices d and e have no neighbors in ;.
(ii) The vertex d has one neighbor in S7, and f has none.

(iii) Both the vertices d and e have one common neighbor in 5.

(iv) The vertices d and e have one distinct neighbor in S;

(vi) The vertex d is the neighbor of a and ¢, while e is the neighbor of c.

)
)
)
)
(v) The vertex d has two neighbors in S7, while e has none.
)
(vii) The vertex d is the neighbor of a and ¢, while e is the neighbor of b.
)

(viii) Both the vertices d and e have two neighbors in Sj.
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is at most 10 4+ 2 4+ 3 = 15. If there is an edge joining any two vertices in S, the number of

edges deleted is at most 10 4+ 2 + 3 = 15.

. Both the vertices d and e have one neighbor in S;. There are two possibilities. In the

first case, without loss of generality, suppose a is the common neighbor of d and e (see Figure
[4.11{iii)). Similarly, as before, a cannot have a neighbor in V(G)\H, and d and e can have at
most one neighbor in V(G)\H each. If the vertices d and e are adjacent, they cannot have a
neighbor in V(G)\H. If there are no edges between the vertices in Sj, the number of edges
deleted is at most 11 + 2 4+ 2 = 15. If there is an edge joining any two vertices in S7, the
number of edges deleted is at most 11 + 2 + 2 = 15.

Without loss of generality, suppose a is the neighbor of d while ¢ is the neighbor of e (see Figure
4.11(iv)). Similarly, as before, the vertices a and ¢ cannot have a neighbor in V(G)\H, and
d and e can have at most one neighbor in V(G)\H each. If the vertices d and e are adjacent,
they cannot have a neighbor in V(G)\H. If there are no edges between the vertices in Sj, the
number of edges deleted is at most 11 + 1+ 2 = 14. If ¢ and b are adjacent, then b does not
have a neighbor in V(G)\H. Similarly, for the edge bc. The vertices a and ¢ can be adjacent
without any constraints. Thus, if there is an edge joining any two vertices in S7, the number

of edges deleted is at most 11 +2 + 2 = 15.

. One of the vertices d or ¢ has two neighbors in S;, while the other has none.

Without loss of generality, suppose d is the neighbor of a and ¢, while e has no neighbors
in Si (see Figure [.11|(v)). The vertex d cannot have a neighbor in V(G)\H. Similarly, as
before, the vertices a and ¢ cannot have a neighbor in V(G)\H, whereas e can have at most
two neighbors in V(G)\H. If d and e are adjacent, then e can have at most one neighbor in
V(G)\H. If there are no edges between the vertices in 51, the number of edges deleted is at
most 11 4+ 1+ 2 = 14. If a and b are adjacent, then b does not have a neighbor in V(G)\H.
Similarly, for the edge bc. The vertices a and ¢ can be adjacent without any constraints.
Thus, if there is an edge joining any two vertices in Sp, the number of edges deleted is at

most 11 42 + 2 = 15.

. One of the vertices d or e has two neighbors in S;, while the other has one. There

are two possibilities. In the first case, without loss of generality, suppose d is the neighbor of

a and ¢, while e is the neighbor of ¢ (see Figure vi)). Similarly, as before, the vertices

91



CEU eTD Collection

a,c and d cannot have a neighbor in V(G)\H, whereas e can have at most one neighbor in
V(G)\H. If d and e are adjacent, then e cannot have a neighbor in V(G)\H. If there are no
edges between the vertices in S7, the number of edges deleted is at most 12+ 1+ 1 =14. In
the other case, the vertices a and ¢ can be adjacent without any constraints. Thus, if there is

an edge joining any two vertices in .57, the number of edges deleted is at most 124+2+1 = 15.

Without loss of generality, suppose d is the neighbor of ¢ and ¢, while e is the neighbor of b
(see Figure (vii)). Similarly, as before, the vertices a,b,c and d cannot have a neighbor
in V(G)\H, whereas e can have at most one neighbor in V(G)\H. If d and e are adjacent,
then e cannot have a neighbor in V(G)\H. If there are no edges between the vertices in Si,
the number of edges deleted is at most 12 + 1 = 13. In the other case, the vertices a,b and
c can be adjacent without any constraints. Hence, the number of edges deleted is at most

12+2+1=15.

6. Both the vertices d and e have two neighbors in S;. Without loss of generality, suppose
d is the neighbor of a and ¢, while e is the neighbor of b and ¢ (see Figure M(Vﬁi)). Similarly,
as before, the vertices a, b, ¢,d and e cannot have a neighbor in V(G)\H. The vertex ¢ can be
adjacent to a and b without any constraints. Hence, the number of edges deleted is at most

13+2=15.

Thus, by induction

n—17 72+16§§n72,
2

Do | Ot

e(G)=e(G—H)+16 <

and we are done. O

The following lemma completes the proof of the Theorem M(v)

Lemma 4.6.1. Let G be an Ss3-free plane graph on n vertices, then e(G) < %n — 2.
Proof. Let A ={x € V(GQ) | d(z) =3}, B={x € V(GQ) | d(z) =4 or d(y) =5} and C = {x €
V(G) | d(z) > 6}.

Since there is no 3-3 edge, the vertices in A are independent. From Claims [15] and there is
no edge between the sets B and C'. Moreover, C is independent by Claim The distribution of
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the edges in G is shown in Figure [£.12]

B A

Figure 4.12: A graph showing the distribution of edges in G.

Let |A|= a, |B|=b and |C|= c¢. Let = be the number of edges between the sets A and B, i.e.,
e(A,B) = x. Since the maximum degree in B is 5, we have 2¢(G[B]) = Y .pd(v) — x which
implies e(G) < %fo. Each vertex in A has degree 3 and the vertices in A are independent, hence

e(A,C) = 3a — z. Thus, the number of edges in G is

5b — x 5 a—x
—|—:1:+3a—x—§a+ b+

e(G) =e(G[B]) +e(A,B) +¢e(A,C) <

On the other hand, since G is a plane graph and the graph induced by the vertices in A and the
vertices in C' is bipartite, e(A, C) = 3a—x < 2(a+c) —4. This implies that 45* < c—2 = %c—%c—2
for all ¢ > 0. Therefore, using the inequality in (4.1]), we get

) 5 ) 3 5 3 5
G(G) 5 +§b+§ —<2C+2> 2(a—|—b+C)—<26+2> 27’L—2 (41)

The last inequality in (4.1]) holds (and hence Lemma 4.6.1)) if a # 0 and ¢ # 0. To finish the proof,

we distinguish the following two cases:

Case 1: a # 0 and ¢ = 0. Observe that e(G) < w = 5n—a. If a > 2, then we are
done. Thus, a = 1. Let the number of degree 4 vertices in G be k. Hence, e(G) = w =

%n — % — 1. If £ > 2, then we are done.
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Let the number of degree 4 vertices in G be at most 1. Let A = {z} and N(z) = {z1,x2, z3}.
Let d(z;) = 5, for every i € {1,2,3}. Considering that there is at most one degree 4 vertex in G, it
is easy to find a degree 5 vertex in UleN (z;), such that all its 5 neighboring vertices are of degree
5. Moreover, the same property holds if one vertex in N(x) is of degree 4. Let v be a degree 5
vertex in G, such that all its 5 neighboring vertices are of degree 5. Let N(v) = {z1, z2, 3,24, 25},
such that a plane drawing of G results in a clockwise alignment of the vertices x1, 9, T3, x4, x5
around v. Since G is an S33-free plane graph, every 5-5 edge in G must be contained in at least
3 triangles. Thus, an edge x1v must be contained in at least 3 triangles. This implies, 1 must
be adjacent to at least one vertex in {x3,x4}. Without loss of generality, assume z; and z3 are
adjacent. Then the 5-5 edge xov is contained in at most 2 triangles, which results in an S33 in G

with x9v as the backbone.

5(n—k)+4k
2

Case 2: a = 0. Let the number of degree 4 vertices in G be k. Thus, e(G) = = %n—%

If the number of degree 4 vertices is at least 4, then e(G) < %n — 2 and we are done. Now assume
that the number of degree 4 vertices in G is at most 3. Notice that, v(G) > 8. Otherwise, taking

any maximal planar graph on n vertices, it can be checked that 3n — 6 < %n - 2.

Let v be a degree 5 vertex in G, and N(v) = {1, %2, %3, T4, x5}. At least two vertices in N(v)
must be of degree 5. Otherwise, the number of degree 4 vertices is at least 4 and we are done. Let
the plane drawing of G result in a clockwise alignment of the vertices z1,xo, 3, x4, x5 around v.
There are exactly 2 vertices in N(v), which are of degree 5. Indeed, suppose that the number of
degree 5 vertices is at least 3. We can assume that for some ¢ € [5], d(x;) = d(z;4+1) = 5. Without
loss of generality, assume that these vertices are x1 and xo. Since x1v and zov are 5-5 edges, they
must be contained in at least 3 triangles. Thus, both z1 and xo must be adjacent to x4. On the
other hand, it is easy to see that x3v and x5v are 4-5 edges. Thus, the vertex x3 must be adjacent
to w9 and z4. Similarly, the vertex x5 must be adjacent to 1 and x4. Since d(z3) = 4, there must
be a vertex xg, such that xszg € E(G). If d(zg) = 5, then xg must be adjacent to x4. This is
impossible, as d(x4) = 5. Hence, d(xg) = 4. Similarly, we have another vertex z7 adjacent to x5

and d(xz7) = 4. This is a contradiction, as we found 4 vertices of degree 4, namely z3, x5, g and x7.

Thus, we can assume that only two vertices in N (v) are of degree 5. Moreover, the vertices are

not consecutive with respect to the alignment in the clockwise direction. Without loss of generality,
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assume that the vertices are z9 and z4. It can be checked that the vertices xo and x4 are adjacent.
Since z1v and zsv are 4-5 edges, then the edges x1z2, 125 and z5x4 are in G. Since d(z3) = 4,
there must exist a vertex xg adjacent to the vertex x3. If this vertex is of degree 4, then it is a
contradiction as we found 4 vertices of degree 4, namely z1, z3, 5 and x¢. Hence, d(z¢) = 5 and the
edges xoxg and x4z6 are in G. Since d(z1) is 4, there must exist a vertex x7 such that z1z7 € E(G).
If d(x7) is 5, then z7 is adjacent to z9 and d(z2) > 6, which is a contradiction. Hence, 27 must be a
vertex of degree 4. This is a contradiction, as we found 4 vertices of degree 4, namely x1, z3, z5 and

x7. This completes the proof of Claim and subsequently the proof of Theorem [4.1.2(v). O

4.7 Planar Turan number of S;4

Proof of the Theorem ( vi). Let G be an n-vertex Ss4-free plane graph. Since S3 4 contains 9
vertices, a maximal planar graph with n < 8 vertices, does not contain an Sz 4. Let 8|n. Consider
the plane graph consisting of g disjoint copies of maximal planar graphs on 8 vertices. This graph

does not contain an S 4. Hence, exp(n, S34) > %n.

Claim 17. Let G be an S34 onn (1 < n < 42) vertices. The number of edges in G is at most ?n.

Proof. Recall that, an n-vertex maximal planar graph contains 3n — 6 edges. Since 3n — 6 < ?n

for n <42, ¢(G) < ?n holds for all n, 1 < n < 42. O

The following claims deal with the different cases of degree pairs in G:

Claim 18. No verter in G with a degree at least 8 is adjacent to a vertex of degree at least 4.

Proof. Suppose not. Let xy be an edge in G such that d(z) > 8 and d(y) > 4. Obviously, there are
three vertices in V(G)\{x}, say y1,y2 and ys3, which are adjacent to y. Since |N(x)\{y}|> 7, there
are four vertices x1, 22, x3 and x4, not in {y,y1,y2,y3} which are adjacent to x. This implies we
got an S3 4 in G with backbone xy and leaf-sets {1, 2, x3, 24} and {y1, y2,y3}, respectively, which

is a contradiction. This completes the proof. O

Claim 19. If there is a 7-7 edge in G, then e(G) < ?n.
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Figure 4.13: The graph G has a 7 — 7 edge zy.

Proof. Let xzy € E(G) be a 7-7 edge. Since G is an Ss 4-free plane graph, zy must be contained
in 6 triangles. Let a,b,c,d,e and f be the vertices in G which are adjacent to both x and y,
see Figure [1.13i). Let S1 = {a,b,c,d,e, f} and H = {z,y,a,b,c,d,e, f}. Delete the vertices in
H. Assume a has two neighbors in V(G)\H. We immediately get an S34 with za or ya as the
backbone. Thus, any vertex in the set S; can have at most 1 neighbor in V(G)\H. If there are
no edges between the vertices in S7, we deleted at most 13 4+ 6 = 19 edges. Assume that there is
an edge between the vertices in S1, say ab. If a (or b) has a neighbor in V(G)\H, then xza (or xb)
is the backbone of an S33. Similarly, for the other edges in Si, both the vertices cannot have a
neighbor in V(G)\H. Thus, if there is an edge joining any two vertices in Sp, the number of edges
deleted is at most 13 + 5 = 18. By the induction hypothesis, we get e(G — H) < ?(n —8). Hence,
e(G)=e(G-H)+19< 2(n—8)+19< Ln. O

Claim 20. If there is a 6-7 edge in G, then e(G) < ?n.

Proof. Let xzy € E(G) be a 6-7 edge. Since G is an S3 4-free plane graph, zy must be contained
in 5 triangles. Let a,b,c,d and e be the vertices in G which are adjacent to both = and y. Let
f be the vertex adjacent to y but not to x, see Figure Let S; = {a,b,c,d,e} and H =
{z,y,a,b,c,d, e, f}. Delete the vertices in H. Any vertex in S; can have at most 1 neighbor in

V(G)\H. If there is an edge joining any two vertices in S1, say ab. Similarly, as before, the vertices
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(ii) (iii)
Figure 4.14: The graph G has a 6 — 7 edge xy.
(i) The vertex f has no neighbors in Sj.
(ii) The vertex f has one neighbor in Sj.

(iii) The vertex f has two neighbors in 5.

a and b cannot have a neighbor in V(G)\H. We further distinguish the cases based on the number

of edges from f as follows:

1. The vertex f has no neighbors in Sj, see Figure [4.14i). Clearly, the vertex f can have
at most 2 neighbors in V(G)\H. If there are no edges between the vertices in S7, we deleted
at most 1242+ 5 = 19 edges. If there is an edge joining any two vertices in S, the number

of edges deleted is at most 12 +2 4+ 4 = 18.

2. The vertex f has one neighbor in S;. Without loss of generality, suppose a is the
neighbor of f, see Figure [£.14[ii). The vertex f can have at most one neighbor in V/(G)\H. If
the vertex a has a neighbor in V(G)\ H, we have an S3 4 with xza as the backbone. If there are
no edges between the vertices in S, we have deleted at most 13+4 41 = 18 edges. If there is

an edge joining any two vertices in S1, the number of edges deleted is at most 134+4+1 = 18.

3. The vertex f has two neighbors in S;. Without loss of generality, suppose f is the
neighbor of a and e, see Figure [4.14|(iii). The vertex f cannot have a neighbor in V(G)\H,
otherwise we have an S3 4 with y f as the backbone. If either a or e has a neighbor in V(G)\H,

we have an 53 4 with za or ze as the backbone, respectively. Suppose there is no edge between
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the vertices in S7. The total number of edges deleted is at most 14 + 3 = 17. Suppose a and
b are adjacent, then b cannot have a neighbor in V(G)\H. Similarly, for the other edges in
S1 except ad, which is still possible without any extra restrictions. If there is an edge joining

any two vertices in S, the total number of edges deleted is at most 14 + 4 = 18.

Thus, by induction

2 2
e(G):e(G—H)+19§70(n—8)+19<70n,

and we are done. O

Claim 21. If there is a 5-7 edge in G, then e(G) < ?n.

Proof. Let xy be a 5 — 7 edge in G. Since G is an S34-free plane graph, zy must be contained
in 4 triangles. Let a,b,c and d be the vertices in G which are adjacent to both x and y. Let
e and f be the vertices adjacent to y but not to x, see Figure Let S; = {a,b,c,d} and
H ={xz,y,a,b,¢c,d,e, f}. Delete the vertices in H.

The vertices e and f can have at most two neighbors in V(G)\H each. The vertices in S; can
have at most one neighbor in V(G)\H each. If there is an edge joining any two vertices in Sj, say
ab. Similarly, as before, the vertices a and b cannot have a neighbor in V(G)\H. We distinguish

the cases based on the neighbors of e and f as follows:

1. The vertices e and f have no neighbors in S, see Figure [1.15(i)). If the vertices e and
f are adjacent, they can have at most one neighbor in V(G)\H each. Otherwise, we have
an S34 with ey (or fy) as the backbone. If there are no edges between the vertices in S,
the number of edges deleted is at most 11 + 4 + 4 = 19. If there is an edge joining any two
vertices in S7, the number of edges deleted is at most 11 + 3 + 4 = 18.

2. One of the vertices ¢ or f has one neighbor in S;, while the other has none.
Without loss of generality, suppose e and a are adjacent (see Figure (11)) The vertex a
cannot have a neighbor in V(G)\H, and e can have at most one neighbor in V(G)\H. If the
vertices e and f are adjacent, then e cannot have a neighbor in V(G)\H and f can have at

most one neighbor in V(G)\H. If there are no edges between the vertices in S, the number
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Figure 4.15: The graph G has a 5 — 7 edge zy.

(i)
(i)
(i)
(iv)
(v)
(vi)
(vii)
(viii)
)

(ix

The vertices e and f have no neighbors in 5.

The vertex e has one neighbor in S7, and f has none.

Both the vertices e and f have one common neighbor in S7.

The vertices e and f have one neighbor in S; and they are distinct.

The vertex e has two neighbors in S7, while f has none.

The vertex e is the neighbor of a and d, while f is the neighbor of d.

The vertex e is the neighbor of a and d, while f is the neighbor of c.

The vertex e is the neighbor of a and d, while f is the neighbor of ¢ and d.

The vertex e is the neighbor of a and d, while f is the neighbor of b and c.

of edges deleted is at most 12+ 3 + 3 = 18. If there is an edge joining any two vertices in S,
the number of edges deleted is at most 12 + 3 4+ 3 = 18.

Both the vertices e and f have one neighbor in S;. There are two possibilities. In the
first case, without loss of generality, suppose a is the common neighbor of e and f (see Figure
4.15|iii)). Similarly, as before, the vertex a cannot have a neighbor in V/(G)\H, and e and f
can have at most one neighbor in V/(G)\H each. If the vertices e and f are adjacent, e and f
have no neighbors in V(G)\H. If there are no edges between the vertices in Sp, the number
of edges deleted is at most 13 4+ 3 + 2 = 18. If there is an edge joining any two vertices in S,
the number of edges deleted is at most 13 +3 4+ 2 = 18.

Without loss of generality, suppose a is the neighbor of e and d is the neighbor of f (see Figure
4.15(iv)). Similarly, as before, the vertices a and d cannot have a neighbor in V(G)\H, and
e and f can have at most one neighbor in V(G)\ H each. If the vertices e and f are adjacent,
then they have no neighbor in V(G)\H. If there are no edges between the vertices in Sj, the
number of edges deleted is at most 13 + 2 + 2 = 17. If a and b are adjacent, then b does not
have a neighbor in V(G)\H. Similarly, for the other edges in S7, except ad. The vertices a
and d can be adjacent without any constraints. Thus, the number of edges deleted is at most

13+3+2=18
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4. One of the vertices e or f has two neighbors in S;, while the other has none.

Without loss of generality, suppose e is the neighbor of a and d, while f has no neighbors
in S (see Figure 4.15(v)). The vertex e cannot have a neighbor in V(G)\H. Similarly, as
before, the vertices a and d cannot have a neighbor in V(G)\H, whereas f can have at most
two neighbors in V(G)\H. If e and f are adjacent, then f can have at most one neighbor in
V(G)\H. If there are no edges between the vertices in 51, the number of edges deleted is at
most 1342+ 2 = 17. If a and b are adjacent, then b does not have a neighbor in V(G)\H.
Similarly, for the other edges in S, except ad. The vertices a and d can be adjacent without

any constraints. Hence, the number of edges deleted is at most 13 + 3 + 2 = 18.

. One of the vertices e or f has two neighbors in 57, while the other has one. There

are two possibilities. In the first case, without loss of generality, suppose e is the neighbor of
a and d, while f is the neighbor of d (see Figure [4.15|vi)). Similarly, as before, the vertices
a,d and e cannot have a neighbor in V(G)\H, whereas f can have at most one neighbor in
V(G)\H. If e and f are adjacent, then f cannot have a neighbor in V(G)\H. If there are
no edges between the vertices in S1, the number of edges deleted is at most 14+ 2 4+ 1 = 17.
In the other case, the vertices a and d can be adjacent without any constraints. Hence, the

number of edges deleted is at most 14+ 3 + 1 = 18.

Without loss of generality, suppose e is the neighbor of @ and d, while f is the neighbor of ¢
(see Figure vii)). Similarly, as before, the vertices a, ¢,d and e cannot have a neighbor in
V(G)\H, whereas f can have at most one neighbor in V(G)\H. If there are no edges between
the vertices in S7, the number of edges deleted is at most 14 4+ 1+ 1 = 16. In the other case,
the vertices a, ¢ and d can be adjacent without any constraints. Hence, the number of edges

deleted is at most 14 +3 +1 = 18.

. Both the vertices ¢ and f have two neighbors in S;. There are two possibilities. In

the first case, without loss of generality, suppose e is the neighbor of a and d, while f is the
neighbor of ¢ and d (see Figure (viii)). Similarly, as before, the vertices a,c,d,e and f
cannot have a neighbor in V(G)\H. If there are no edges between the vertices in 51, the
number of edges deleted is at most 15+ 1 = 16. In the other case, the vertices a, ¢ and d can

be adjacent without any constraints. Thus, the number of edges deleted is 15 4+ 3 = 18.

Without loss of generality, suppose e is the neighbor of a and d, while f is the neighbor of
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b and ¢ (see Figure [4.15(ix)). Similarly, as before, the vertices a,b,c,d,e and f cannot have
a neighbor in V(G)\H. The vertices a,b,c and d can be a path of length 3 without any

constraints. In this case, the number of edges deleted is 15 4+ 3 = 18.

Thus, by induction
2 2
e(G)=e(G-—H)+19< 70(n—8)+19< 707%

and we are done. O

Claim 22. If there is a 6-6 edge in G, then e(G) < Zn.

Proof. Let zy € E(G) be a 6-6 edge. There are at least 4 triangles sitting on the edge zy, otherwise

G contains an S34. We subdivide the cases based on the number of triangles sitting on the edge

xy.

1. There are 5 triangles sitting on the edge zy. Let a,b, ¢, d and e be the vertices in G which
are adjacent to both x and y, see Figure Let S1 = {a,b,c,d,e}, and H = S1 U {z,y}.
Delete the vertices in H. The vertices in S; can have at most one neighbor in V(G)\H
each and can form a path of length 4 within S;. Hence, the number of edges deleted is
11 +5+4 4 = 20. By the induction hypothesis, we get e(G — H) < Z(n — 7). Hence,
e(G)=e(G—H)+20< 2(n—7)+20 < Zn.

2. There are 4 triangles sitting on the edge xy. Let a,b, c and d be the vertices in G which
are adjacent to both x and y. Let e be the vertex adjacent to x but not adjacent to y, and
f be adjacent to y but not adjacent to x. Let S; = {a,b,c,d} and H = {z,y} U S U{e, f}.
Delete the vertices in H. The vertices e and f can have at most two neighbors in V(G)\H

each. We distinguish the cases based on the neighbors of e and f as follows:

(a) The vertices e and f have no neighbors in S;, see Figure [1.7(i)). The vertices
in S; can have at most one neighbor in V(G)\H each and can form a path of length 3
in Sy. If the vertices e and f are adjacent, then both can have at most one neighbor
in V(G)\H. Otherwise, we have an S34 with ex (or fy) as the backbone. Thus, the
number of edges deleted is at most 11 + 3 +4 + 4 = 22.
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(b)

One of the vertices e or f has one neighbor in 57, while the other has none.
Without loss of generality, assume that e and a are adjacent, see Figure (ii). The
vertex a cannot have a neighbor in V(G)\H, and e can have at most one neighbor in
V(G)\H. Otherwise, if a has a neighbor in V(G)\H, ya is the backbone of an Sz 4. If
the vertices e and f are adjacent, then the vertex e cannot have a neighbor in V(G)\H,
and f can have at most one neighbor in V/(G)\H. Otherwise, we have an S34 with ex
(or fy) as the backbone. Similarly, as before, the vertices b, c and d can have at most
one neighbor in V(G)\H each and the vertices {a, b, ¢,d} can form a path of length 3 in
S1. Thus, the number of edges deleted is at most 12+ 3 + 3 + 3 = 21.

The vertices e and f have one neighbor in S;. There are two possibilities. In the
first case, without loss of generality, suppose a is the common neighbor of e and f, see
Figure [4.7]iii). Similarly, as before, a cannot have a neighbor in V(G)\H, and e and
f can have at most one neighbor in V(G)\H each. The vertices b,c and d can have
at most one neighbor in V(G)\H each, and the vertices {a,b,c,d} can form a path of
length 3 in S;. If the vertices e and f are adjacent, then they cannot have a neighbor

in V(G)\H. Thus, the number of edges deleted is at most 13 + 3 + 3 + 2 = 21.

Without loss of generality, suppose a is the neighbor of e, and d is the neighbor of f,
see Figure (iv). Similarly, as before, the vertices a and d cannot have a neighbor in
V(G)\H, and e and f can have at most one neighbor in V(G)\H each. The vertices b
and ¢ can have at most one neighbor in V(G)\H each, and the vertices {a, b, c,d} can
form a path of length 3 in .S7. If the vertices e and f are adjacent, then they cannot have
a neighbor in V(G)\H. Thus, the number of edges deleted is at most 13+3+2+2 = 20.
(In fact, it can be shown that if the vertices e and f are adjacent, there can only be a
2-path inside S7. However, this precision is unnecessary. We skip this in the following

cases also.)

One of the vertices e or f has two neighbors in 57, while the other has none.
Without loss of generality, suppose e is the neighbor of a¢ and d, see Figure V).
Similarly, as before, a and d cannot have a neighbor in V(G)\H, and e at most one
neighbor in V(G)\H. The vertices b and ¢ can have at most one neighbor in V(G)\H
each, and the vertices {a, b, ¢,d} can form a path of length 3 in S;. If the vertices e and

f are adjacent, then e cannot have a neighbor in V/(G)\H and f can have at most one
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neighbor in V(G)\H. Thus, the number of edges deleted is at most 13+ 3 +2+3 = 21.

One of the vertices ¢ or f has two neighbors in 5], while the other has one
neighbor. There are two possibilities. In the first case, without loss of generality,
suppose e is the neighbor of a and d, and f is the neighbor of d (see Figure (Vi)).
Similarly, as before, the vertices a and d cannot have a neighbor in V(G)\ H. The vertices
e and f can have at most one neighbor in V(G)\H each. On the other hand, the vertices
b and ¢ can have at most one neighbor in V(G)\H each and the vertices {a, b, ¢,d} can
form a path of length 3 in S7. If the vertices e and f are adjacent, e and f cannot have a
neighbor in V(G)\H. Thus, the number of edges deleted is at most 14+ 3+ 242 = 21.
Without loss of generality, assume that e is the neighbor of @ and d, and f is the neighbor
of b (see Figure [4.7|(vii)). The vertices a,b and d cannot have a neighbor in V(G)\H,
but they along with ¢ can form a path of length 3 in S;. The vertices ¢,e and f can
have at most one neighbor in V(G)\H each. Thus, the number of edges deleted is at
most 14 +3 + 1+ 2 = 20.

Both the vertices ¢ and f have two neighbors in S;. There are three possibilities.
In the first case, without loss of generality, suppose e and f are neighbors of a and
d both, see Figure (viii). Similarly, as before, the vertices a and d cannot have a
neighbor in V(G)\H. The vertices e and f can have at most one neighbor in V(G)\H
each. The vertices b and ¢ can have at most one neighbor in V(G)\H each. The vertices
{a,b,c,d} can form a path of length 3 in S;. If the vertices e and f are adjacent, e and
f cannot have a neighbor in V(G)\H. Thus, the number of edges deleted is at most
154+3+2+2=22.

On the other hand, without loss of generality, assume e is the neighbor of a and d both,
while f is the neighbor of a and b (see Figure [4.7)(ix)). The vertices a,b and d cannot
have a neighbor in V(G)\ H, but they along with ¢ can form a path of length 3 in S;. The
vertices c,e and f can have at most one neighbor in V(G)\H each. Thus, the number
of edges deleted is at most 15+ 3 + 1+ 2 = 21.

In the last case, without loss of generality, assume e is the neighbor of ¢ and d both,
while f is the neighbor of b and ¢ (see Figure [1.7|(x)). The vertices a,b, ¢ and d cannot
have a neighbor in V(G)\H, but they can form a path of length 3 in S;. The vertices
e and f can have at most one neighbor in V(G)\H each. Thus, the number of edges
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deleted is at most 15+ 3 + 2 = 20.

By the induction hypothesis, we get e(G — H) < 2(n — 8). Hence, e(G) = (G — H) + 22 <

D(n—8)+22< Ln.

Take z,y € V(G). By the previous claims, if d(x) + d(y) > 12, we are done by induc-
tion. Assume that d(z) + d(y) < 11. Summing it over all the edge pairs in G, we have 1le >
> wyerc) ([d(@) +d(y)) = ZxGV(G)(d(x))Q > nd = n(2)?, where d is the average degree in G.

This gives us e < %n < ?n for n > 1. O

4.8 Concluding remarks and Conclusions

Concerning the exact value of exp(n, S33), we conjecture the following:

Conjecture 4.8.1.

3n — 6, if3<n<7,

16, ifn =238,
eXp(n, S373) =

18, ifn=29,

Lgnj — 5, otherwise.
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Chapter 5

Book free 3-Uniform Hypergraphs

5.1 Introduction

All the graphs we consider in this chapter are simple and finite. Let G be a graph. We denote the
vertex and edge set of G by V(G) and E(G), respectively. If there are 2 triangles sitting on an
edge in a graph, we call this a diamond. On the other hand, k triangles sitting on an edge is called
a k-book and is denoted by Bj. Similarly, let H be a hypergraph. The vertex and edge set of H
are denoted by V(H) and E(H), respectively. A hypergraph is called r-uniform if each hyperedge
has size r. A hypergraph H = (V, E) is called linear if every two hyperedges have at most one
vertex in common. A Berge cycle of length k, denoted by Berge-Cy, is an alternating sequence of
distinct vertices and distinct hyperedges of the form vy, hi, v, ho, ..., vg, hy Where v;, v;41 € h; for
each i € {1,2,...,k — 1} and vgv; € hg. The hypergraph equivalent of k-book is defined similarly,

with k-Berge triangles sharing a common edge.

The maximum number of edges in a triangle-free graph is one of the classical results in Extremal
Graph Theory. Mantel [103] proved this in 1907. The extremal problem of book-free graphs follows
from this. Given a graph G on n vertices and having L”;J + 1 edges. Mantel showed that G
contains a triangle. Rademacher (unpublished and simplified later by Erdés in [39]) proved in the
1940s that the number of triangles in G is at least |2]. Erdés conjectured in 1962 [35] that the

size of the largest book in G is & and this was proved soon after by Edwards (unpublished, see also

Khadziivanov and Nikiforov [110] for an independent proof).
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Theorem 5.1.1. [Edwards [32], Khadziivanov and Nikiforov [110]] Every n-vertex graph with more

than %2 edges, contains an edge that is in at least G triangles.

Both Rademacher’s and Edwards’ results are sharp. In the former, the addition of an edge to
one of the parts in the complete balanced bipartite graph (note that, in G there is an edge contained
in L%J triangles) achieves the maximum. In the latter, every known extremal construction of G has
Q(n?) triangles. For more details on book-free graphs, we refer the reader to the following articles

[10], |114] and [131]. We investigate the equivalent problem in the case of hypergraphs.

Given a family of hypergraphs F, we say that a hypergraph H is Berge-F-free if, for every
F € F, the hypergraph H does not contain a Berge-F' as a sub-hypergraph. The maximum
possible number of hyperedges in a Berge-F-free r-uniform hypergraph on n vertices is denoted by
ex,(n, F). When F = {F'}, then we simply write ex,(n, F') instead of ex,(n, F). The linear Turan
number ex!™(n, F') is the maximum number of hyperedges in a r-uniform linear hypergraph on n

vertices, which does not contain F' as a sub-hypergraph.

The systematic study of the Turan number of Berge cycles started with Lazebnik and Verstraéte
[98], who studied the maximum number of hyperedges in a r-uniform hypergraph containing no
Berge cycle of length less than five. Another result was the study of Berge triangles by Gyo6ri [69)].
He proved that:

Theorem 5.1.2 (Gyo6ri [69]). The maximum number of hyperedges in a Berge triangle-free 3-

. . . 2
uniform hypergraph on n vertices is at most g

It continued with the study of Berge five cycles by Bollobds and Gy6ri [11]. In |70], Gyéri,
Katona, and Lemons proved the analog of the Erdds-Gallai Theorem for Berge paths. For other
results, see [4, [86]. The particular case of determining ex{™(n,C3) is equivalent to the famous
(6, 3)-problem, which is a special case of a general problem of Brown, Erdés, and Sés. The famous

theorem of Ruzsa and Szemerédi states:

Theorem 5.1.3. [Ruzsa and Szemerédi [118]] For any € > 0 and n > ny(€), we have

(& .
n~ ViEn < exi(n,C3) = en?.
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We determine the maximum number of hyperedges for a k-book free 3-uniform hypergraph.

The main result is as follows:

Theorem 5.1.4. For a given k > 2 and € > 0, a 3-uniform By-free hypergraph H on n vertices
2

can have at most % + en? edges, where n > max(ny(€)y/(6k — 9)(3k — 3), 12k).

The following example shows that this result is asymptotically sharp. Take a complete bipartite

graph with color classes of size {%] and L%J, respectively. Denote the vertices in each class with z;

and y;, respectively. Construct a graph by doubling each vertex and replacing each edge with two

triangles, as shown below (Figure . Every graph edge x;y; is replaced by the two hyperedges

ziyiy, and y;yix,. The construction does not contain a Berge triangle. Hence, it does not contain
2

a k-book. With this, the number of hyperedges is 2 - 71‘—2 =

o A

R

Figure 5.1: Replacing every graph edge z;y; in the bipartite graph with two hyperedges x;y;y; and
Yiyi ;-
The chapter is structured as follows: In Section we prove the main result of the chapter.

In Section we conjecture the tight bound.

5.2 Proof of Theorem [5.1.4]

Let H be a By-free 3-uniform hypergraph. We are interested in the 2-shadow, i.e., let G be a graph
with vertex set V(H) and E(G) = {ab | {a,b} C e € E(H)}. If an edge in G lies in more than
one hyperedge in H, we color it blue. Otherwise, we color it red. We subdivide the hypergraph H
into two sub-hypergraphs, namely Hy and Hs, such that H; is the collection of hyperedges in H
containing two or more red edges in G. On the other hand, Hs is the collection of hyperedges in

H, containing two or more blue edges in G. Note that, H is the disjoint union of H; and Hs.

Lemma 5.2.1. Given n > 12k, the number of hyperedges in Hy is at most %2.
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Proof. Recall that each hyperedge in H; was replaced by two or more red edges in G. Let G;
denote the subgraph of GG, formed by the red colored edges. By the definition of red colored edges,
we have e(G1) > 2e(H;). If e(Gy) < %2, we are done. Otherwise, assume e(Gp) > %2 + 1. By
Theorem we have a book of size & in G1. Denote the vertices of the g-book in G with u,v
and {z; | 1 <1i < g}, where the edge uv denotes the base of the book. Denote the third vertex of
the hyperedge sitting on the edge uv by w. Let Vygoq := {z; | 1 <4 < &} and Egpoq := 0 denote

the set of “good” vertices and “good” hyperedges, respectively.

Consider the triangle uvx. Denote the hyperedge sitting on the edge uxy and vz by uxiy;

and vx121, respectively. We have a couple of cases to consider:

(i) Both the vertices y; and 21 are distinct from {x; | 1 < i < §}. In this case, add the hyperedges

ur1yr and vr121 t0 Egood-

(ii) The vertex y1 € {z; | 1 <7 < &}, whereas the vertex 21 € {z; [ 1 <4 < §}. In this case, add

the hyperedges uz1y; and vr121 to Eypoq. Also remove the vertex 2z from Viooq.

(iii) The vertex y1 € {z; | 1 < i < §}, whereas the vertex z; € {x; | 1 <4 < §}. This is similar
to the previous case, and we add the hyperedges ux1y; and vx121 to Eyoq, and remove the

vertex y1 from Vjpoq.

(iv) Both the vertices y; and 21 belong to the set {z; | 1 < i < §}. If y1 # 21, then remove
the vertex x; from Vj,0q and add the hyperedges ux1y; and vr121 to Egooq. Also add the
hyperedges sitting on the edge vy; and uz1 to Egooq. When y1 = 21, we remove the vertex y;

from Vj0q and add the hyperedges uz1y; and vri121 to Egooq-

Continue repeating this process for all the other vertices in V4. Consider the set of hyperedges
Egooa U {uvw}. We delete at most one vertex from Vgood in each step and since % > 2k, the above

set of hyperedges forms a k-book. Hence, e(G1) < %2 and e(H;) < %2. O

Now let us work on the sub-hypergraph Hs.

Lemma 5.2.2. A pair of vertices in Hs is contained in at most 2k — 2 hyperedges of Ho.
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Proof. Suppose v and v be the pair of vertices in Hy, which is contained in 2k — 1 hyperedges of
H,. The edge uv is colored blue. Denote the third vertex of each such hyperedge by z;, where
1 <i<2k—1. Let Vygog := {z; | 1 <4 < 2k — 1}, Vigqg := 0 and Eyppq := 0 denote the set
of “good” vertices, “bad” vertices and “good” hyperedges, respectively. Consider the hyperedge
uvzxi. At least one of the edges uxy or vz is colored blue. Without loss of generality, assume
ux is colored blue, i.e., there is at least one more hyperedge sitting on the edge ux; other than
ux1v. Denote this hyperedge sitting on the uxy by uz1y1. If y1 € Vyooa, add the hyperedges uziy;
and ux1v to Egpeq. If y1 € Vyooq, then remove the vertex y; from Viooq and add it to Vieq. The
hyperedges uz1y; and uzqv are added to Eg,.q. Continue doing this for every other vertex in V4.
Let xpqq be a vertex in Vjqq. Consider the set of hyperedges Ejooq U {uvapaq}. Note, |Vyood|> k and
in each step we add two hyperedges to Egooq. Thus, |Egooq|> 2k, and it is easy to see that the set

E

good U {uvxpaq} forms a k-book sitting on the edge uv. If Vi, is empty, then consider the set of

hyperedges Egooq U {uvzar—1}. Similarly, as above, |Ego0q|> 2k and it is easy to see that the set

E

good U {uvxay_1} forms a k-book sitting on the edge uv. O

We now give an upper bound on the number of hyperedges in Ho.

Lemma 5.2.3. For a given ¢ > 0 and n > n(e)\/(6k — 9)(3k — 3), the number of hyperedges in

Hsi.e., e(Hs), is at most en?.

Proof. Take a hyperedge xyz in the sub-hypergraph Hs. By the previous Lemma there are
at most 2k — 2 hyperedges of Hs sitting on each of the pairs of vertices xy, yz, and xz. Delete all
such hyperedges barring xyz. We have deleted at most 6k — 9 hyperedges. Repeat this for every

hyperedge left in Hy. Hence, the total number of hyperedges remaining is at least %%{29). Denote

the new hypergraph by H}. Any two hyperedges in H} have at most 1 vertex in common. In other

words, HY is a linear 3-uniform hypergraph.

Consider a hyperedge abc in H). Since H) is a By-free hypergraph, the number of Berge triangles
sitting on the edge ab is at most kK —1. Otherwise, the k-Berge triangles sitting on the edge ab along
with the hyperedge abc form a k-book. Denote one such Berge triangle by abd. It is formed by the
set of hyperedges {abe, ade, bdf }, where e and f are the end vertices of the hyperedges sitting on the
edge ad and bd, respectively. We delete one of the hyperedges in {ade, bdf}. Continue this process
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for every Berge triangle sitting on the edge ab. Similarly, for the edges bc and ac. Repeat this for

every hyperedge left in Hj. Hence, the total number of hyperedges remaining is at least 36((15%)).

Denote the resulting hypergraph as Hé/. By construction, Hé/ is a linear triangle free 3-uniform
hypergraph. From Theorem for the given € and ni(e) > ng(e), the number of hyperedges
in a 3-uniform triangle free linear hypergraph is at most en(e)?. Hence, e(Hy) < eny(e)? and

e(Haz) < e(ni1(€)y/(6k — 9)(3k — 3))%. Since n > n1(e)\/(6k — 9)(3k — 3), we are done. O

Proof of Theorem [5.1.4 By definition, H = H; U Hy and they are non-intersecting. By Lemma

and e(H) <e(Hp)+e(Hy) < %2 + o(n?). Hence, we are done. O

5.3 Concluding remarks and Conjectures

Recall that ex(n,C3) = ex(n, By) = %2 in graph setting. Gyo6ri [69] proved that the maximum
. . . . 2
number of hyperedges in a Berge triangle-free 3-uniform hypergraph on n vertices is at most “¢-.

Given the similarities, we conjecture the following:

Conjecture 5.3.1. For a given k > 2 and a 3-uniform By-free hypergraph H on n vertices (n is
2
large), e(H) < %
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Chapter 6

The Maximum Wiener Index of

Maximal Planar Graphs

6.1 Introduction

The Wiener Index was first introduced by H. Wiener [127] in 1947 while studying the correlations of
the molecular structure with the boiling point of paraffin. It has become one of the most frequently
used topological indices in chemistry. Since undirected graphs, especially trees, are used to model
molecules. It has been used even in computer network representations and lattice hardware security

enhancements.

Definition 6.1.1. For a connected graph G, the Wiener index is the sum of distances between all

the unordered pairs of vertices in the graph and is denoted by W(G). That means

WG = > da(uv),

{uv}CV(G)

where dg(u,v) denotes the distance from u to v i.e., the minimum length of a path from u to v in

the graph G.

Many results on the Wiener index and closely related parameters such as the gross status [80],
the distance of graphs [34], and the transmission [120] have been studied. The survey papers [25,

206, [27), 188, 1130] are among many which accumulate a great deal of knowledge on the Wiener index.
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Finding a sharp bound on the Wiener index for graphs under some constraints has been one of the
research topics attracting many researchers. One of the most basic upper bounds for W(G) is as

follows:

Theorem 6.1.2. (21,113, |100] If G is a connected graph of order n, then,

(n—1)n(n+1)

W(G) < 5 ,

which is attained only by a path.

Many sharp or asymptotically sharp bounds on W(G) in terms of other graph parameters are
known, for instance, minimum degree [6, |20 [91], connectivity [23| [50], edge-connectivity [22} [21]
and maximum degree [51]. More details of the mathematical aspect of Wiener index are covered

in [24] (66|, 87, 102, [89] [67] 109} [124], [123] [125].

One can study the Wiener index of the family of connected planar graphs. Since a path attains
the bound given in Equation [6.1] it is natural to ask the same question for some family of planar
graphs. For instance, the Wiener index of a maximal planar graph on n (n > 3) vertices has a
sharp lower bound of (n —2)2 + 2. Any maximal planar graph such that the distance between any
pair of vertices is at most 2 attains this bound (for instance, a planar graph containing the n-vertex

star).
Che and Collins [18], and independently Czabarka, Dankelmann, Olsen and Székely [19], gave a

sharp upper bound of a particular class of maximal planar graphs known as Apollonian networks.

Definition 6.1.3. An Apollonian network may be formed, starting from a single triangle embedded
on the plane, by repeatedly selecting a triangular face of the embedding, adding a new vertex inside

the face, and connecting the new vertex to each of the three vertices of the face.

They showed that

Theorem 6.1.4 (Che, Collins [18] Czabarka, Dankelmann, Olsen, Székely [19]). Let G be an
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Apollonian network of order n > 3. Then W(G) has a sharp upper bound

(n3 + 3n?), if n =0(mod 3);
(n®+3n% —4), ifn=1(mod 3);
(n®+3n% —2), ifn=2(mod 3).

&l &l &l

It has been shown explicitly in [18] that the bound is attained for the maximal planar graphs
T,. We will give the construction of 7T, in the next section, see Definition [6.2.2l The authors in
[18] also conjectured that this bound also holds for every maximal planar graph. The authors in

[19] showed the following result:

Theorem 6.1.5 (Czabarka, Dankelmann, Olsen, Székely [19]). For k € {3,4,5}, there exists a

constant C), such that

1
< 3 5/2
W(G) < —6kn + Cyn

for every k-connected mazximal planar graph of order n.

In this chapter, we confirm the above conjecture.

Theorem 6.1.6. Let G be an n > 6 vertex mazimal planar graph. Then

) L(n®+3n?), if n =0(mod 3);
W(G) < Lg(n?’ - 3n2)J =q&m3+3n®—4), ifn=1(mod 3);
E(n®+3n%*-2), ifn=2(mod 3).

FEquality holds if and only if G is isomorphic to T, for all n > 9.

The chapter is structured as follows: In Section [6.2] we have some notations and preliminaries.
In Section [6.3] we prove the main result of the chapter. In Section we provide some conjectures

regarding the Wiener index of 4-connected planar graphs.
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6.2 Notations and Preliminaries

A path in a graph is an alternating sequence of distinct vertices and edges, starting from a vertex
and ending at a vertex, such that every edge is incident to neighboring vertices in the sequence.
The length of the path is the number of edges in the given path. A cycle in a graph G is a non-zero
length path from a vertex v to v itself. We use the standard function dg (v, u) to denote the length
of the shortest path from the vertex v to the vertex u. Even more, we may define a function that

denotes the distance from a vertex to a set of vertices. Let v be a vertex of G and S C V(G), then

da(S,v) == minyes{da(u,v)}.

Definition 6.2.1. For a vertex set S C V(Q), the status of S is defined as the sum of all distances
from the vertices of the graph to the set S. It is denoted by og(S), thus

oa(S):= Y da(Su).

ueV(G)

For simplicity, we may omit the subscript G in the above functions if the underlying graph is

obvious. With a slight abuse of notation, we use o¢(v) := og({v}).

We have,
wW(G) =5 > oal).
veV(Q)
Here we use the definition from [18], for an Apollonian network 7}, on n vertices. We will prove
that T}, is the unique maximal planar graph that maximizes the Wiener index of the maximal

planar graphs.

Definition 6.2.2. ([18]) The Apollonian network T,, is the mazimal planar graph onn > 3 vertices,
with the following structure, see Figure [6.1]:

If n is a multiple of 3, then the vertex set of T, can be partitioned in three sets of the same
size, A ={ay,a9,...,ar}, B ={b1,ba,...,bx} and C = {c1,ca,...,c}. The edge set of T), is the
union of the following three sets: Ej = Ule{(ai,bi), (bi, ¢i), (¢iyai)} forming concentric triangles,
By = Uf;ll (ai, bit1), (ai, civ1), (bi,civ1)} forming ‘diagonal’ edges, and Es = U’f_l{(ai, ait+1),

(bisbit1), (cisciv1)} forming paths in each vertex class, see Figure [6.1d,
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(a) 3| n (®) 3| (n—1) (c) 31 (n—2)

Figure 6.1: Apollonian networks maximizing the Wiener index of maximal planar graphs [18].

If 3|(n — 1), then T,, is the Apollonian network which may be obtained from T, 1 by adding a
degree three vertex in the face ay,bi,c1 or aanl,ban, Cno1, see Figure . Note that both graphs

are isomorphic.

If 3|(n — 2), then T, is the Apollonian network which may be obtained from T,_o by adding a
degree three vertex in each of the faces a1,b1,c1 and aznT—l,bnT—l,CnT—l, see Figure .

At first, we would like to recall some standard definitions. A connected graph G is said to
be s-vertex connected or simply s-connected if it has more than s vertices and remains connected
whenever fewer than s vertices are removed. Formally, let G be a graph and S be a subset of the
vertices of G, S C V(G). Then the induced subgraph G[S] of G is a graph on the vertex set S and
E(G[S]) ={e€ E(G):e C S}.

Lemma 6.2.3. Let G be an s-connected, mazximal planar graph and S be a cut set of size s of G.

Then G[S] is Hamiltonian.

Proof. Let us denote the vertices of S by S = {vy,va,...,vs}. Let u and w be two distinct vertices,
{u,w} € V(G) \ S such that any path from u to w contains at least one vertex from S. Since G is
s-connected, by Menger’s Theorem, there are s-pairwise internally vertex disjoint paths from u to
w. Fach of the paths intersects S in disjoint nonempty sets. Therefore, each of the paths contains
one vertex from S exactly. Assume that in a particular planar embedding of G, those paths are
ordered in the following way: One of the two regions determined by the cycle obtained from the
two paths from v to w, containing v;, and v;, ,, has no vertex from S (where indices are modulo s),

see Figure[6.2] From the maximality of the planar graph, there is a path from vertex u to vertex w
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that does not contain a vertex from S, a contradiction. Thus, we must have the edges {v;,,v;,,,}

Therefore, we have a cycle of length s on the vertex set S, v;,,vi,, -+, vi,,v;, in the given order.
Hence, G[S] is Hamiltonian. O
Uy

U
Uis

Figure 6.2: s-pairwise disjoint paths from the vertices u to w.

The following definition is particularly helpful for the proof of Theorem [6.1.6] Given a set
S C V, the Breadth-First Search partition of V with root S, denoted by 735@ (or simply Ps when
the underlying graph is clear), is Pg = {So, S1,. ..}, where Sy = S, and for i > 1, S; is the set of
vertices at distance exactly i from S. Formally S; = {v € V(G) : dg(S,v) = i}. We refer to those
sets as levels of P,. For example, S is the first level. For the largest integer k, for which Sy # 0,
we refer to Sy, as the last level. We refer to Sy and the last level as terminal levels. Note that every
level besides the terminal levels is a cut set of G. Let P, denote the Breadth-First Search partition

from {v}, i.e., the partition Py,.

The following three lemmas play a critical role in proving Theorem [6.1.6

Lemma 6.2.4. Let G be an n + s vertex graph and S, S C V(G), be a set of vertices of size s.

Suppose, each non-terminal level of Pg has size at least 3. Then we have

(n? + 3n), if n =0 (mod 3);
(n?2+3n+2), ifn=1,2(mod 3).

o(S) <os(n) =

= O
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Proof. 1f Ps = {So, S1, ...}, by definition, we have that o(S5) = Zz |S|. Therefore

o(S) =151 +2|S2| +3|S3| +---

§3<1+2+'~—|—L§J>+<L§J+1)<n—3L§J)zag(n). 0

Lemma 6.2.5. Let G be an n + s vertex graph and S, S C V(G), be a set of vertices of size s.

Suppose, each non-terminal level of Ps has size at least 4. Then we have

(n? + 4n), if n =0 (mod 4);
(n?2+4n+3), ifn=1,3 (mod 4);
(n?2+4n+4), ifn=2 (mod 4).

o(S) < oy(n) =

ool ool 0ol

Proof. We have

a2 () oo oo e [ e

Lemma 6.2.6. Let G be an n + s vertex graph and S, S C V(G), be a set of vertices of size s.

Suppose, each non-terminal level of Pg has size at least 5. Then we have

£ (n%+5n), if n =0 (mod 5);
o(S) <os(n) == q &(n?+5n+4), ifn=14 (mod5);
%(n2—|—5n+6), if n=2,3 (mod 5).

Proof. We have

6.3 Proof of Theorem [6.1.6|

Proof. From [18], we know that the desired lower bound is attained by T),. For the upper bound,
we are going to prove Theorem by induction on the number of vertices. In [1§], the authors

prove the upper bound for n < 10 without computer aid. In [19], it is shown that the upper bound
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of Theorem [6.1.6] holds, for 6 < n < 18 by using a computer program. It is also shown, by means
of the computer program, that the upper bound is sharp for 6 <n < 18 and the extremal graph is

unique T;, for 9 < n < 18.

In our proof, we use the computer-aided result of [19] only in Case 2.1 and for the uniqueness
of the extremal graph. For the rest, the result in [18] is enough. When n < 18, unfortunately, we
do not have a proof without the use of computers. So, we assume n > 19 from now on. Let G
be a maximal planar graph of n vertices. Since G is a maximal planar graph, it is either 3, 4, or
5-connected. Notice that the result in [19] is much stronger asymptotically than ours if G is 4 or

H-connected.

Case 1: Let G be a 5-connected graph. For every fixed vertex v € V(G), consider P,,.
Since G is 5-connected, and each of the non-terminal levels of P, is a cut set, we have that each

non-terminal level has size at least 5. Therefore, from Lemma we have,

W(E =5 Y o) < hostn—1) <

1
(n® +3n+2) < {(n‘3 + 3n2)J ,
veV(G)

i3
20 18

for all n > 4. Therefore, we have the desired result if G is 5-connected.

Case 2: Let G be a graph which is 4-connected, but not 5-connected. G contains a
cut set of size 4, which induces a cycle of length four, by Lemma Let us denote the vertices
of this cut set as vy, v9,v3 and vy, forming the cycle in this given order. The cut-set divides the
plane into two regions. We call them the inner and the outer region, respectively. Let us denote the
number of vertices in the inner region by x. Without loss of generality, assume that x is minimal
as possible but greater than one. Obviously x < "7_4 or ¢ = n — 5. From here on, we deal with

several subcases depending on the value of z.

Case 2.1: Let x > 4 and x # n — 5. Let us consider the subgraph of G, say G’, obtained
by deleting all vertices from the outer region of the cycle v1,vs,v3,v4 in G. The graph G’ is not
maximal since the outer face is a 4-cycle. The graph G is 4-connected; therefore, it does not contain
either {vy,v3} or {ve,v4}. Consequently, we may add any of them to G’ to obtain a maximal planar
graph. Adding an edge decreases the Wiener index of G’. In the following paragraph, we prove

that adding one of the edges decreases the Wiener index of G’ by at most %.
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Let A; = {v € V(G)|d(v,v;) < d(v,vj),¥j € {1,2,3,4} \ {i}}, for i € {1,2,3,4}. Let A be the
subset of the vertices of G’ not contained in any of the A;’s. So A, Ay, A, Az, Ay is a partition of
the vertices of G’. It is simple to observe that, if adding an edge {v;, v;12}, for i € {1,2}, decreases
the distance between a pair of vertices, then these vertices are from A; and A;1o. If there is a vertex
u which has at least three neighbors from the cut set, without loss of generality say vy, v, v3, then
As = (0, since G is 4-connected. Therefore, we are done if such vertex a vertex exists. Otherwise,
for each pair {vi,ve}, {v2,v3}, {vs,va}, {v4,v1}, there is a distinct vertex which is adjacent to both
vertices of the pair. Hence, the size of A is at least 4. The size of the vertex set U;L:lAi, is at most
x. By the AM-GM inequality, we have that one of |A;|-|As| or |As|-|A4| is at most %. Therefore,
we can choose one of the edges {vy,v3} or {ve,v4}, such that after adding that edge to the graph
G’, the Wiener index of the graph decreases by at most %. Let us denote the maximal planar

graph obtained by adding this edge to G’ by Gy14.

Similarly, the maximal planar graph obtained from G, by deleting all the vertices in the inner

region and adding the diagonal, is denoted by G,,—,. This decreases the Wiener index by at most

(n—x—4)2
16 '

Consider the graph G,_, and a subset of its vertices S = {v1,v2,v3,v4}. Since the graph G

is 4-connected, each non-terminal level of ’Pg"*z has at least 4 vertices. Therefore, we get that

oG, .(S) <osn—x—4)= %, from Lemma [6.2.5]

Recall that G’ is the graph obtained from G by deleting the vertices from the outer region.
For each i € {1,2,3,4}, consider the BFS partition 735/. Note that, z > 4, G is 4-connected, and
by minimality of z, we have that every non-terminal level of 775/ has at least 5 vertices, except
for two cases. The first level may contain only four vertices, and the penultimate level may also
contain four vertices, with the last level having exactly one vertex. The status of the vertex v; is
maximized, if the first and the penultimate level contain four vertices each, the last level contains

only one vertex and every other level contains exactly five vertices.

To simplify calculations of the status of the vertex v;, we may hang a new temporary vertex on
the root, and we may bring a vertex from the last level to the previous level. These modifications
do not change the status of the vertex, but it increases the number of vertices. Now we may apply

Lemma for this BFS partition, considering that the number of vertices in all levels is 5 exactly.
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2
Therefore, we have og (v;) < %. Observe that this status contains distances, from v; to
the other vertices in the cut set, which equals four. This is a uniform upper bound for the status

of each of the vertices from the cut set.

Finally, we may upper bound the Wiener index of G in the following way:

(n—x—4)>2 z?
16 + W(Gpta) + 6 8

+z-0q, ,{vi,ve,v3,04}) +(n—x—4)- (og/(v1) — 4).

W(G) < W(Gn-o) +

In the first line, we upper bound all the distances between pairs of vertices on the cut set and the
outer region, and between pairs of vertices on the cut set and the inner region. We subtract 8 since
distances between the pairs from the cut set were double counted. In the second line, we upper
bound all the distances from the outer region to the inner region. These distances are split in two,
distances from the outer region to the cut set and from a fixed vertex of the cycle to the inner

region. Without loss of generality, let the fixed vertex of the cycle be vy.

We are going to prove that W(G) < & (n®+3n?)—1. We need to prove the following inequality:

1 1 —x—4)2
307 — 12 (0 —2)* +3(n - 2)’) + ("1‘””6)

+i(( +4)% 4+ 3( +4)2)+w—2 8

18 v 16
-z —2)2 4)2 45 4
+x'w+(n—x—4)~((m+ )7+ 5+ )—4).
8 10
After simplifications, we get
82 9n  n? o dnz nPr 32 e’ 2 (6.2)

45 10+16+5+ 120 24 40 + 60 40 —

We know that 4 < z < ”T_‘l and if we set x = 4, we get 2176 + 528n — 75n% < 0 which holds for all
n > 10. The derivative of the right-hand side of the inequality is negative for all {z |4 <z < "7_4}
Thus, the inequality holds for all these values of x. Differentiating the LHS of the Inequality ,
with respect to =, we get

0 x
(5:13(45_10—1_16+5+ 120 24 40 ' 60 ' 40

1 4ln n? 3z nx 32?2

82 9n n? Alnz  n2z 322  na? :):3>
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If we set x = 4 in Equation we get %0(96+57n—5n2), which is negative for all n > 13. If we
set x = "774 in Equation we get %(—n2+8n+ 128), which is negative for all n > 17. Therefore,
Equation is negative in the whole interval. Since n > 19, we have W(G) < & (n® + 3n?) — 1,

and this subcase is settled.

Case 2.2 : Let 2 < x < 3. By the minimality of x and maximality of G, we have x = 2. Let

Gy —o denote the maximal planar graph obtained from G by deleting these two vertices from the

inner region and adding an edge which decreases the Wiener index by at most (nI66 ) Such an edge

exists, as in the previous case.

Since G is 4-connected, for each vertex v, v € V(G), each level of P contains at least 4
vertices, except the last one possibly. Therefore, status of both vertices inside can be bounded by

o5(n) = 2((n— 1) + 4(n — 1) + 4). This bound comes from Lemma Finally, we have

(n—6)* 2 2
W(G) < W(Gn) + e+ 5((n =1 +4(n 1) +4) - 1
g%((nn)ﬂ?}(n 2)2)+(n;56)2+§((n1)2+4(n1)+4)1 (6.4)
:%ns—}-%nz—in—kzll—g—l_1—8(n3+3n2)—1

The last inequality holds for all n > 9, so we have the desired result in this subcase.

Case 2.3: Let x = n—5. We have a vertex outside the cut set. Let GG,,—1 denote the maximal

planar graph, obtained from G by deleting the vertex from the outer region and adding an edge

2
which decreases the Wiener index by at most (nfé’ Iy

By the choice of z, we have that for the vertex outside the cut set v, each level of P& contains at
least 5 vertices, except the first one which contains only 4 vertices. The penultimate level may also
contain 4 vertices followed by a vertex in the last level. The status of the vertex v is maximized, if
the first and the penultimate level contain four vertices each, the last level contains only one vertex

and every other level contains exactly five vertices.

Therefore, status of v can be bounded by 1—10(712 + 5n). This bound comes from Lemma

Finally, we have
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(=57 L2 15

16 10
—-52 1
(n—1)%+3(n-1)%+ (”16) + 15 2 4 5n) (6.5)
1, 13, 7 241 1, )
- - —p - < = 3n®) — 1.
8" tao" Tad" g =™ T

W(G) < W(Gp-1) +

<

5|~

The last inequality holds for all n > 9, so we have the desired result in this subcase.

Case 3: Let G be a graph which is 3-connected and not 4-connected. Since G is not
4-connected, and it is a maximal planar graph, it must have a cut set of size 3, say {v1,va,v3}.
This induces a triangle from the Lemma Without loss of generality, let us assume that the

number of vertices in the inner smaller region of the cut set is as minimal as possible, say x.

Case 3.1 : Let x < 2. By the minimality of x, we have z = 1. Let us denote this vertex as v.
Let G—1 be a maximal planar graph obtained from G by deleting the vertex v. From the Lemma
we have og(v) < %(n2 +n)— %13‘(71,1), where 13/(,,_1) equals one if 3 divides n — 1 and zero

otherwise. Finally, we have,

W(G) < W(Gp-1) + og(v)

1 , o1 2
< (=17 +3(n = 1)%) = 5lajn — g L3im-2)
1, ., 1 nd n? 1 1 2 1 (6.6)
e +n) = Sl = 10+ = g~ glam ~ gLsie-2) ~ 3Lse-1
1 3 2
<|= :
< Lgm +3n )J

In this case, the equality holds if and only if the graph obtained after deleting the vertex v is T;,—1.
We can observe that, if we add the vertex v to the graph T,,_1, the choice that maximizes the status
of the vertex v, og(v) = #(n*+n) — %13“”,1), is only when we add the vertex v in one of the two
faces which gets us the graph 7,,. Hence, we have the desired upper bound of the Wiener index

and equality holds if and only if G = T,.

Case 3.2 : Let x = 3. Let us denote the vertices in the inner region as z1, 2 and x3. From
the minimality of x and maximality of the plane graph G, the structure of G in the inner region
is well-defined (see Figure [6.3a)). If we remove these three inner vertices, the graph we get is

denoted by G,,_3 and is still maximal. Hence, we may use the induction hypothesis for the graph
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Gr—3. Consider the graph G,_3 and a vertex set S = {v1,vs,v3}. Each level of Pg”_s has at
least three vertices, except the terminal one. Therefore, we may apply Lemma then we have
0G,_s({v1,v2,v3}) < £((n — 6)* + 3(n — 6) 4+ 2). To estimate the distances from the vertices in
the outer region to the vertices in the inner region, we do the following: We first estimate the
distances from the outer region to the cut set and from the fixed vertex on the cut set to all x;.
The distances from the vertices in the outer region to the set {vi,v2,v3}, is 0, 4 ({v1,v2,v3}). The
sum of distances from v; to the vertices {x1, z2, x3} is 4. If we take a vertex in the outer region that
has at least two neighbors on the cut set, then for this vertex we need to count 3 for the distances
from the cut set to the vertices {x1,z9,23}. Since we have at least two such vertices, all the cross

distances can be bounded by 3o¢, ,({vi,v2,v3}) + 4(n — 5) 4+ 6. Thus,

W(G) < W(Gn—3) + W(K3) + 30q,_,({vi,v2,v3}) +4n — 14

< (=3P 433+ J((m =02 13- +Y+an-11 (g
[}

Therefore, this case is also settled.

V2 U2

(a) z=3. (b) z = 4.

Figure 6.3: The unique inner regions for the 3-connected case when x = 3 and = = 4.

Case 3.3: Let x = 4. By the minimality of x and the maximality of the planar graph G,
there is only one configuration of the inner region (see Figure . Let G,,—4 be the maximal
planar graph on the n — 4 vertices, obtained from G by deleting the four inner vertices. We
will apply the induction hypothesis to upper bound the sum of distances between all pairs of
vertices from V(G,—_4) in G. By applying Lemma for G,—4 and S = {vy,va,v3}, we get
oG,y ({v1,v2,v3}) < £((n —4 —3)% 4+ (n— 4 — 3) +2). The sum of the distances between the four

inner vertices is 7. The sum of the distances from each v; to all the vertices inside is at most six.
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By a similar argument as in the previous case we have,

1 %«n—7ﬂ+ow—n+2y+an—®

4)+an—)%+7+6

{ n+3nJ

Therefore, this case is also settled.

H

(6.8)

Case 3.4: Let x = 5. By the minimality of x and the maximality of the planar graph G,
there are three configurations of the inner region, see Figure Consider a maximal planar graph
on the n — 5 vertices, say G,_5, obtained from G by deleting 5 vertices from the inner region.
We will apply the induction hypothesis to bound the sum of the distances between the vertices
of V(Gp—5) in the graph G. By applying Lemma for G,—5 and S = {v1,v9,v3}, we get
0G,_s({v1,v2,v3}) < #((n — 8)* 4+ (n — 8) + 2). The sum of the distances between the five inner

vertices is at most 13. The sum of the distances from v; to all the vertices inside is at most 8. We

have,
W(G) < %((n 5P 1 3(n—5)?) +13 + %((n _ 82+ (n—8)+2)+8(n—5)
< r(n?’ - 3n2)J (o)
18

Therefore, this case is also settled.

V2 V2 U2

U1 v3 U1 U3 U1 U3

Figure 6.4: The unique inner regions for the 3-connected case when x = 5.

Case 3.5: Let x > 6. First, we settle for the case for x > 7. Consider the maximal planar
graph on n — x vertices, say G,_,, which is obtained from G by deleting those x vertices from the
inner region of the cut set {v1,ve,v3}. Consider the maximal planar graph on x + 3 vertices, say
Gz+3, which is obtained from G, by deleting all n — x — 3 vertices from the outer region of the cut

set {v1,v2,v3}. We know by induction that W (Gai3) < &((z + 3)® + 3(x + 3)?). There are at
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least two vertices from the cut set {v1,ve,vs}, such that each of them has at least two neighbors
in the outer region of the cut set. Without loss of generality, we may assume they are v; and vs.
Hence, if we consider Pﬁ"’” and 7?,?;”, we will have 4 vertices in the first level and at least three

in the following levels until the last one. Therefore, we have og, ,(v1) < o3(n —x —2) +1 <

((n—2—2)*+3(n—2 —2)+8) from Lemma|6.2.4 and same for v3. Now let us consider 73{(3)”17*”32},

from minimality of x, each non-terminal level of the P{Ciﬁf’?}

by applying Lemma we get 0, ., ({v1,v2}) < £(2? 4 62 +9). We have,

contains at least 4 vertices. Therefore,

W(G) <(W(Gyt3) + W(Gn—z) = 3) + (n — x — 3)(06G,,s({v1,v2}) — 1)

+a (max{agw (1), UGH(U2)} _ 2) . (6.10)

The first term of the sum is an upper bound for the sum of all distances which does not cross
the cut set. The second and the third terms upper bounds all the cross distances in the following
way: we may split this sum into two parts. For each crossing pair, from inside to the set {vq,va}.

Secondly from v;, i € {1,2} to the vertex outside. Therefore, applying estimates, we get

1 1 1
1—8(713 +3n%) —1> @+ 3)% + 3(x + 3)%) + (= z)3 +3(n—1x)%) -3
11
n—x—-3)(2?>+6x+1) z((n—2-22+3n—z—-2)—4) (6.11)
+ + :
8 6
After simplification we have
— 2+ 2%(n+3) + 2(21 — 6n) — (15 + 3n) >0, (6.12)

where

(;(—x3+m2(n+3)—|—m(21 —6n) — (15+3n)> = —32% 4+ (2n 4 6)z + 21 — 6n.

The derivative is positive when x € [7, §]. Hence, since the inequality (6.12]) holds for x = 7, it also

holds for all x, x € [7, §]. Therefore, if 2 > 7, we have the desired result.

Finally, if x = 6, then distances from v; and vy to all vertices inside is 9 instead of % as it was
used in the Inequality Thus, we get an improvement of Inequality (6.11)), which shows that
W(G) < | 1x(n + 3n?)| even for z = 6. Therefore, we have settled the 3-connected case too.
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6.4 Concluding remarks and Conjectures

The maximal planar graph 7,, maximizes the Wiener index and is unique, by Theorem|[6.1.6] Clearly
T, is not 4-connected. One may ask for the maximum Wiener index for the family of 4-connected
and 5-connected maximal planar graphs. In [19], asymptotic results were proved for both cases.
Moreover, based on their constructions, they conjecture sharp bounds for both 4-connected and

5-connected maximal planar graphs. Their conjectures are the following:
Conjecture 6.4.1. Let G be an n > 6 vertex maximal 4-connected planar graph. Then
2—14713 + inQ + %n -2, ifn=0,2(mod 4);
W(G) < qagnd+in2 4+ 2n—3, ifn=1 (mod 4);
Q—Zn?’—F%nQ—i—%n—l, if n =3 (mod 4);
Conjecture 6.4.2. Let G be an n > 12 vertex mazximal 4-connected planar graph. Then
3—10713—1-%712—%71—1—32, if n =0 (mod 5);

1.3 3 _ 23 ; — .
sgn” + g En+ =, ifn=1(mod5);

( )

2 _ 23 ( )
W(G) < 4nd+ 302 — 2n+ 18 ifn =2 (mod 5);

( )

( )

156

3 15 5

3—10713—1-%712—%71—1—31, if n =3 (mod 5);

1.3, 3.2 23 161 po _
31° + 1gn En+ &, ifn=
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