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Abstract

This thesis deals with some stability results in Brunn-Minskowski theory, a rich and
active field within Convex Geometry and Geometric Functional Analysis. The classical
Brunn-Minkowski inequality, the cornerstone of Brunn-Minkowski theory is intimately
related to the Minkowski problem and form a core theme of various areas of convex
geometry, partial differential equations, probability, additive combinatorics, calculus of
variations and others. Firey’s and subsequently Lutwak’s extension to L, Minkowski
theory naturally gave rise to L, analogues of the problems, and the geometric and

functional inequalities found in the classical theory.

Here we focus on obtaining stability results in certain cases for the Prékopa-Leindler
inequality (a generalization and functional form of the Brunn-Minkowski inequality),
the log-Brunn-Minkowski and log-Minkowski inequalities (which correspond to the Lg
versions of the corresponding classical inequalities), and finally, stability of solution of

the logarithmic (Lg) Minkowski problem. Particularly, we establish:

(1) a stability version of the Prekopa-Leindler inequality at least for log-concave func-

tions in R™ in Chapter 3,

(11) stability versions of the logarithmic Brunn-Minkowski inequality and the Logarith-
mic Minkowski inequality for convex bodies in R” which are symmetric with respect to

linear reflections through n independent hyperplanes in Chapter 4, and

(i17) stability of solution of the Logarithmic Minkowski Problem on S™! in the case of
symmetries with respect to a Coxeter group G C O(n) acting without non-zero fixed

points on R™ in Chapter 5.
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Chapter 1

Notations, definitions and basics

We will be working in the space R™ equipped with the usual Euclidean structure, that is,
the usual inner-product denoted (-, -), and the Euclidean norm, ||z, = /(z,z). We'll
use ||z|| without the subscript to denote the Euclidean norm unless otherwise specified.

|||, would denote the L, norm.

We interchangeably use V(X) or |X| to denote Lebesgue measure of a measurable
subset X C R™ (with V(0) = |@] = 0), and H to denote the (n — 1)-dimensional Haus-
dorff measure normalized in a way such that it coincides with the (n — 1)-dimensional
Lebesgue measure on n — 1-dimensional affine subspaces. The k-dimensional Hausdorff

measure will be denoted H*, wherever we might need to specify the dimension.

We denote by o the origin in R®. We write B™ and S™! for the Euclidean ball and

sphere centered at the origin respectively.

C(S™1) denotes the set of continuous functions on the sphere S"! and equip it with

the max-norm metric, that is, for f,g € C(S™!), we write

1f = glle = max [f(u) — g(u)l.

ueSn—1

A measure g on S"! s even if u(—w) = p(w) for any Borel set w C S™!

GL(n,R) denotes the group of non-singular linear transformations on R", while SL(n, R)
denotes those transformations with determinant 1, and O(n) denotes the group of or-

thogonal transformations.
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conv(X) denotes the convex hull of X C R".

For X, Y C R" and a, f € R, the Minkowski linear combination is given by a X + Y =
{ax+ Py z € X, ye Y} If X and Y are convex compact, then so is aX + Y.

A compact convex set in R" with non-empty interior is called a convex body. We
denote by K" the family of convex bodies in R". Further, we denote by K7 the family
of convex bodies in R™ containing the origin o, and by IC?O) those convex bodies that
contain the origin in their interior (o € intK’). The family of origin symmetric convex
bodies (K = —K) is denoted by K.

Convex bodies K and C' are said to be homothetic if if K = vC + z for some v > 0
and z € R", translates of each other if K = C' + z for some z € R", and dilates of each
other if K = ~vC for some v > 0.

For a linear subspace L C R", K|L or P,K denotes the orthogonal projection of K
onto L.

The support function of a compact convex set K is given by hx(u) = max,cx(u, x) for
u € R™. hg is subadditive and positively homogeneous of degree one (hy (Au) = Mg (u)
for A > 0)). hxg < h¢ if and only if K’ C C. Given any subadditive and positively
homogeneous function h on R", there exists a unique compact convex set K such that
h = hg. For ® € GL(n,R), the support function of ®K satisfies

h@K(u) = hK((I)tU)

The Haussdorff distance between compact convex sets K and C' is denoted dy (K, C')
or doo (K, C) and is given by

dg(K,C)=min{r >0: K CC+rB"and C C K +rB"}.
Equivalently, we write dy(K,C) = ||hkx — h¢||oo-

We equip the set L™ with the topology induced by the Hausdorff metric. That is, for
a sequence of convex bodies {K;} in K", we say K; — K in K™ if

lhi, = hillo = 0.

For a convex body K, u € S"! is said to be an exterior unit normal of z € 9K if

(x,u) = hg(u). We call a boundary point x € K smooth if x has a unique exterior
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unit normal. 0K denotes the set of all smooth boundary points of K. It is a well
known fact that H(OK\0'K) = 0 (see Schneider [141]) and 0'K is a Borel set.

The spherical Gauss map vk : O’ K — S™"~! assigns to each x € &' K its unique exterior
normal. vg is continuous on K. For a Borel set w C "', vi!(w) is the set of all

points of 0’ K that have exterior unit normal in w.

The supporting distance at 0K of any z € &' K is given by (z, vk (x)) = hx(vk(x)) and
often denoted dk ().

For an origin symmetric convex body K in R", there exists a unique ellipsoid of maximal
volume contained in K, called the John ellipsoid , and a unique ellipsoid of minimal
volume containing K known as the Lowner ellipsoid. The John ellipsoid F in this case

satisfies
EC K C/nk.

We say K is in John (Lowner) position if the unit ball B is the John (Lowner) ellipsoid
for K. For any origin symmetric K, there exists ® € GL(n,R) such that ®K is in John
(Lowner) position. If K is in John’s position, there exist uy,...,u, € S" ! NIK

(contact points) and weights ay, ... a,, > 0 such that

o @ui =1,

i=1

where u ® u(z) = (z,u)u for v € R", u € S 1.



CEU eTD Collection

Chapter 2

Introduction

In this chapter we discuss the background and context (see Bordczky [30]) of Brunn-
Minkowski theory, which our results are a part of including basic ideas, definitions,
tools and other relevant theory. Particularly in sections 2.3, 2.8, 2.9, we mention an

overview of our results from the following papers:

o K. J. Boroczky and A. De. “Stability of the Prékopa-Leindler inequality for log-
concave functions.” In: Adv. Math 386 (2021), p. 107810. DOI: 10.1016/j.aim.
2021.107810

o K. J. Boroczky and A. De. “Stability of the log-Brunn-Minkowski inequality in
the case of many hyperplane symmetries”. In: (2021). DOI: 10.48550/ARXIV.
2101.02549. arXiv: 2101.02549 [math.MG]

o K. J. Boroczky and A. De. “Stable solution of the Logarithmic Minkowski prob-
lem in the case of hyperplane symmetries”. In: Journal of Differential Equations
298 (Oct. 2021), pp. 298-322. DOI: 10.1016/7.jde.2021.07.002

They are presented in Chapters 3, 4 and 5 respectively.

For a comprehensive survey of the state of the art concerning L, Brunn-Minkowski

theory, we refer to Boroczky [30].


https://doi.org/10.1016/j.aim.2021.107810
https://doi.org/10.1016/j.aim.2021.107810
https://doi.org/10.48550/ARXIV.2101.02549
https://doi.org/10.48550/ARXIV.2101.02549
https://arxiv.org/abs/2101.02549
https://doi.org/10.1016/j.jde.2021.07.002
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2.1. Introduction to Brunn-Minkowski Theory

2.1 Introduction to Brunn-Minkowski Theory

The Minkowski problem plays a central role in several fields, including fully nonlinear
partial differential equations and convex geometry. The problem’s influence extends
to various domains (see Trudinger, Wang [146] and Schneider [141]). Lutwak [115,
116, 117] further developed it into the L,-Minkowski theory which has become a core
area of research in modern convex geometry and geometric analysis. Minkowski and
Aleksandrov established Minkowski’s classical existence theorem, thereby providing a
characterization of the so-called surface area measure Sk for a convex body K in R".

Specifically, it offers a solution to the Monge-Ampére equation
det(V2h + h1d) = f

on the sphere S"~!. Given f, a convex body K with a C3 boundary provides a solution
if we set h = hg|gn-1, where hg is the support function of K. Here 1/f(u) is the

Gaussian curvature at the point € K, at which u € S"! is an exterior normal.

The logarithmic Minkowski problem (aka log-Minkowski problem) or the Ly Minkowski
problem, originally formulated by Firey in his groundbreaking paper [76] has the asso-

ciated Monge-Ampére equation:
hdet(V*h + h1d) = nf (2.1)

Its objective is twofold: first, to define the cone volume measure denoted as dVx =
%, hkdSk for a convex body K that contains the origin o, and second, to investigate
whether a unique solution exists when the function f is even. The uniqueness of even
solutions to the above Monge-Ampére equation is the log-Minkowski conjecture, as put
forward by Lutwak. The log-Minkowski conjecture is interestingly versatile and appears

to play a role in various seemingly disparate topics.

The log-Minkowski problem corresponds to the case p = 0 of Lutwak’s L,-Minkowski

problem

h'"P det(V2h + h1d) = f

posed in the 1990’s, whereas the case p = 1 refers to the classical Minkowski problem.

2.2 Brunn-Minkowski inequality and stability

Closely related to the Minkowski problem crops up the Brunn-Minkowski inequality
(see Gardner [80] or Schneider [141]) which states for convex bodies K and C' in R"
and «a, f > 0, we have

V(oK + BC)r > aV (K)w + BV(C)r, (2.2)

5
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2.2. Brunn-Minkowski inequality and stability

with equality if and only if K and C' are homothetic. In fact, the uniqueness up to
translation of the solution to the classical Minkowski problem follows from the equality
case of the Brunn-Minkowski inequality. The Brunn-Minkowski inequality remains valid
when K and C are bounded Borel subsets of R"™. Minkowski linear combinations of
measurable subsets may not themselves be measurable, and when that’s the case we

use outer measures.

For a subset X of R", denote the convex hull of X by conv X. We say that X is
homothetic to Y C R™ if Y = X + z where v > 0 and z € R". Using | X| or V(X)
to denote the Lebesgue measure of a measurable subset X of R (with V() = 0), the
Brunn-Minkowski inequality (Schneider [141]) states that if & and 8 > 0, and X, Y,
and Z are bounded measurable subsets of R”, then if o X + Y C Z, we have

3=

V(Z)n > aV(X)n + BV (Y)

In the case where V(X) and V(Y') are both positive, equality is achieved if and only if

conv X and conv Y are homothetic convex bodies with V' ((conv X )\ X) =V ((convY)\Y) =

0, and conv Z = a(conv X) + S(convY’). It’s important to note that even when X and
Y are Lebesgue measurable, the Minkowski linear combination aX + Y may not be a

measurable set.

Because of the homogeneity of the Lebesgue measure, an equivalent form of (2.2) is the
following. If A € (0,1), then

V(Z) > V(X)'2V(Y)* provided (1 —MN)X +\Y C Z. (2.3)

In the case V(X),V(Y) > 0, equality in (2.3) implies that conv X and convY are
translates, and V' ((conv X)\X) = V((convY)\Y) = 0.

Stability

Geometric and functional inequalities are of paramount importance in tackling a variety
of issues in fields like calculus of variations, partial differential equations, and geometry,
among others. Recently, there has been a rising interest in investigating the stability of
these inequalities: suppose we have an inequality with established equality cases, that
is, we know the minimizers, then can we say in a quantifiable manner, that if a function
or a geometric entity comes “very close” to satisfying the inequality, then it is also close
(in a suitable manner) to one of the minimizers? Is the inequality sensitive to small
perturbations? Naturally, the way we define closeness, that is, an appropriate notion of

“distance” is crucial in this regard. Finding stability results is much more than a mere
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2.2. Brunn-Minkowski inequality and stability

academic curiosity as it has important applications, for example, in determining rates

of convergence among other things.

Minkowski originally established the first stability versions of the Brunn-Minkowski
inequality for convex sets X and Y (see Groemer [84]). When considering the distance
between these convex sets, measured in terms of the Hausdorff distance, Diskant [61]
and Groemer [83] provided stability versions that are close to optimal (see Groemer
[84]). However, the natural notion of distance is based on the volume of the symmetric
difference, and the optimal results in this context were achieved by Figalli, Maggi, and
Pratelli [69, 70]. Let o = V(K) =, 8= V(C)%, and
Vie) VK )}

o(K,C) = maX{V(K)’V(C)

Then the “homothetic distance” A(K,C') of convex bodies K and C, is defined as

A(K,C) =min{V(aKA(x + BC)) : z € R"}.

THEOREM 2.2.1 (Figalli, Maggi, Pratelli). If K and C are convex bodies in R",
1

n-1 3
then for v*(n) = (%)2, we have

V(K 4+ C)n > (V(E)» +V(C)%) [1+ —— - A(K,C)?| .

The exponent 2 isn A(K, C')? is shown to be optimal as per Figalli, Maggi, Pratelli [70].
Before this, Diskant [61] and Groemer [83] had provided the only known error term
in the Brunn-Minkowski inequality and it was of the order of A(K,C)" with n > n.

Esposito, Fusco, Trombetti [67] offer a more direct approach.

The factor v*(n) = en™'* for some absolute constant ¢ > 0 provided by Figalli, Maggi,
Pratelli [69] has since been improved. Segal [142] improved it to cn™" and Kolesnikov,
Milman [106] (Theorem 12.12) further improved it to cn=>5.

Kolesnikov-Milman’s [106] estimate (Theorem 12.2) and Yuansi Chen’s [52] bound n°®)
on the Cheeger constant of a convex body in isotropic position (related to the Kannan-

Lovasz-Simonovits conjecture) together lead to the current best known bound for v*(n)

of the order of n=>—°1),

Harutyunyan [89] showed that v* can’t be of a smaller order than n? and conjectured

2

that v*(n) = cn~* should be the optimal order of the constant, whereas Segal [142]
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showed that the choice of v*(n) = cn? would follow from Dar’s conjecture in [59] if it

were to be true.

Dar [59] conjectured the following strengthening of the Brunn-Minkowski inequality. It
states that for convex bodies K and C' in R", and M = max,cg» V(K N (z + C)),

(2.4)

v<f<>v<c>>i
VIRITE)) "

V(K +C)= > M» + (
Dar’s conjecture has only been verified in R? by Xi, Leng [151], and only in certain

specific cases in higher dimensions (see Dar [59]).

Eldan, Klartag [66] explore certain “isomorphic” stability versions of the Brunn-Minkowski
inequality under conditions of the type V(3 K + 5 C) < 5\/V(K) - V(C). They con-
sider, for example, the L? Wasserstein distance of the uniform measures on suitable

affine images of K and C.

When X is a measurable bounded set and Y is a convex body, Barchiesi, Julin [15]
improves the estimate given in Carlen, Maggi [47] and shows that for some 4, > 0

depending on n, we have
X + Y7 > [X|" +|Y]" 46, min{|X],[Y[} 7 A(X,Y)>. (2.5)

Here, we discuss a bit about the case when X, Y, Z are bounded measurable with positive
measure and X +Y C Z. So, neither X nor Y are assumed to be convex. If X =Y and
n > 1, Hintum, Spink, Tiba [94] obtained estimates similar to (2.5), whereas Hintum,
Spink, Tiba [93] considered the case when n = 2 and X, Y are any bounded measurable
sets. If n = 1, Freiman obtained an even better error term of the order of A(X,Y)
(see Christ [54]). However, in R3, when XY, Z are any bounded measurable sets with
X +Y C Z, only a much weaker estimate is known, as shown by Figalli, Jerison [72,
73]: if

NX|=1+[]Y]=1+]|Z]| -1 <e and s X+1Y CZ
for small € > 0, then there exist a convex body K and z € R" such that

XCK, Y+2zCK and |[K\X|+ |K\(Y + 2)| < cp,e"

where ¢,,n > 0 depend on n and n < n=3".

2.3 Prékopa-Leindler inequality and stability

For a convex subset I' C R", we say that a function f : I' — [0,00) is log-concave, if
for any z,y € T and o, 8 € [0,1] with a + 3 = 1, we have f(az + By) > f(x)%g(y)".

8
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2.3. Prékopa-Leindler inequality and stability

For a convex function W : R® — (—o0, 00], the function ¢ = ™" is log-concave with

e~ =0, that is, log ¢ is concave for ¢ : R" — [0, 00)).

The Prékopa-Leindler inequality is a classical functional form and a generalization of the
Brunn-Minkowski inequality. The inequality itself, was initially introduced by Prékopa
[131] and Leindler [108] in one dimension, and later extended to higher dimensions and
generalized by Prékopa [130, 132] and Borell [29] (cf. also Marsiglietti [120], Bueno,
Pivovarov [129], Brascamp, Lieb [42], Kolesnikov, Werner [107], Bobkov, Colesanti,
Fragala [27]). A recent variant can be found in Artstein-Avidan, Florentin, and Segal
[9]. Various applications are explored and summarized in Ball [10],Barthe [17], Fradelizi,
Meyer [77] and Gardner [80]. Dubuc [63] has characterized the case of equality. The
following multiplicative version presented in [10] is particularly well-suited for geometric

applications.

THEOREM 2.3.1 (Prékopa-Leindler, Dubuc). If A\ € (0,1) and h, f,g are non-
negative integrable functions on R™ satisfying h((1 — N)ax + \y) > f(x)**g(y)* for
x,y € R", then

Lor=(Lr) (L) (2.6)

with equality implying that setting a = [gn f/ [gn g, there exists w € R™, and a log-
concave function h such that h = h, f(x) = a*h(z —  w) and g(y) = a=Vh(y + (1 —

ANw) almost everywhere.

Our main result here is the following stability version of Prékopa-Leindler inequality

for log-concave functions in terms of the L distance.

_7-}

THEOREM 2.3.2. For some absolute constant ¢ > 1, if T € (0, %], T<A<1
h,f,g : R* — [0,00) are integrable such that h((1 — Nz + \y) > f(x)' " g(y)* for

x,y € R", h is log-concave and

nsara (L) (L)

for e € (0,1], then there exists w € R™ such that setting a = [gn g/ Jgn f, we have

/n|f(x)—a_Ah(x—)\w)|dx < c"n’“\g/f-/nf
/]R” l9(z) — a**h(z + (1 = Nw)|dr < c”n”l\g/i~ g

RTL

Remark If f and g are log-concave, then so is

hz)= sup  f(2) gy

z=(1-N)z+Ay

9
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2.3. Prékopa-Leindler inequality and stability

and Theorem 2.3.2 applies.

Ball, Boroczky [13] provided a similar result to Theorem 2.3.2 for the case of even

1
1 57

instead of the €19 term in Theorem 2.3.2. Instead of considering the “translative” L,

log-concave functions and 7 = 3, where the error term is of the order of e%\ log 5]§
distance, Bucur, Fragala [45] showed a nice stability result in terms of the weaker notion

of bounding the (translative) distance of all one-dimensional projections.

Eldan [65], Lemma 5.2 attained an “isomorphic” stability result for the Prékopa-
Leindler inequality, in terms of the transportation distance. Using rather standard
arguments, it follows that non-isomorphic stability results in terms of the transporta-
tion distance yield stability in terms of the L; distance. For example, combining Propo-
sition 2.9 in Bubeck, Eldan, Lehec [44] and Proposition 10 in Eldan, Klartag [66] leads
to such an implication. However, due to its isomorphic nature, the current result in in

[65] fails to obtain a meaningful bound in terms of the L; distance.

A local variant of the Prekopa-Leindler inequality for log-concave functions was proved
by Brascamp and Lieb [42] ( Theorem 4.2 ), that is equivalent to the commonly known
Poincare-type Brascamp-Lieb inequality (Theorem 4.1 also in [42] ). Furthermore, a

stability version of this Brascamp-Lieb inequality is presented in Livshyts [112].

Recently, there has been notable breakthrough in obtaining stability results for geo-
metric functional inequalities. Fusco, Maggi, Pratelli [79] considered the isoperimetric
inequality and obtained an optimal stability version with respect to the symmetric dif-
ference metric, and this result was further extended to the case of the Brunn-Minkowski
inequality by Figalli, Maggi, Pratelli [69, 70]. Barthe, Boroczky, Fradelizi [21] provided
stronger versions of the functional Blaschke-Santalé inequality. Ghilli, Salani [81], Rossi,
Salani [134, 135] and Balogh, Kristaly [14] (later even on Riemannian manifolds) proved
stronger versions of the Borell-Brascamp-Lieb inequality. Figalli, Zhang [71] (extend-
ing Bianchi, Egnell [26] and Figalli, Neumayer [74]), Nguyen [127] and Wang [150] did
the same for the Sobolev inequality. Stability results for the log-Sobolev inequality
was considered by Gozlan [82], and some related inequalities by Caglar, Werner [46],
Cordero-Erausquin [57], Kolesnikov, Kosov [104].

To prove Theorem 2.3.2, we first prove a stability version with A = 7 = % We may

assume [pn f = Jgn ¢ = 1 and sup f = 1. We make use of the following stability version

by Ball, Boroczky for n = 1.

10
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2.3. Prékopa-Leindler inequality and stability

THEOREM 2.3.3. If f, g are log-concave densities on R, and h is log-concave satis-

fying with h(*$2) > \/f(r)g(s) r,s € R, and
/h§ 1+e,
R
for e € (0,1), then there exists w € R such that
/|f Wt +w)dt < c- 2 Inels
/|gt —h(t —w)|dt < c-\g/g|1n€|%.
R

Next we consider and compare the level sets of f, g, h in Theorem 2.3.2. Let

O, = {zeR": f(z) >t} and F(t) = ||
U, = {ze€R": g(z) >t} and G(t) = |V
Q = {zeR": h(zx) >t} and H(t) = |

The condition on f, g, h yields that if ®,, ¥, # () for r,s > 0, then
%(q)r + \I/s) C Q\/@

Therefore the Brunn-Minkowski inequality implies that

fﬂﬁ®z<Fm”§mQﬁ > \[F(r)-G(s)

for all 7, s > 0. In particular, we have

\//OOOF(t)dt-/OOOG(t)dtS/OOOH(t)S(1+5)\//OOOF(t)dt./Ooog(t)dt

We use the following stability version of the product form of the Brunn-Minkowski

inequality on R". Since
1 1 1 1L 1 1 —1\2
S (KR +117) = IKIRIC |1+ 5 (o(k,0)% = o(k,0)F)]

(o(K,C)—1) ]
32n20 (K, C)

> IKIHICT |14

from Figalli, Maggi, Pratelli’s [70] stability version of the Brunn-Minkowski inequality

Theorem 2.2.1, and denoting 0 = o(K,C) = max{%, %} we deduce that

‘%(KJFC)( >\ /|K]|-|C] [1+ <§2m§ + mg n) A(K, C)] (2.7)

11
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2.3. Prékopa-Leindler inequality and stability

Combining the stability result for n = 1 and the above product form of Brunn-
Minkowski stability, we arrive at the conclusion that &, and W, are “almost translates”.

More precisely consider the following convex bodies in R**!:

K=Key = {r4+ulnt: x€dcand £ <t < f(x)}
C=Cey = {z+ulnt: x€Veand £ <t <g(x)}
L=L¢y, = {z+ulnt: xe€Qeand & <t <h(x)}.

where £ ~ ¢35, h (%x + %y) > f(z)2g(y)? implies

;K + ;C CL

Thus we convert a problem involving log-concave functions to a problem concerning
convex bodies. Using certain estimates for the volume of the level sets, we deduce that
[V(K)—V(C)] and |V (C) — V(L)| are “small”, and using the product form of Brunn-
Minkowski stability (2.7), we deduce that K, C, L are essentially translates and conclude
the stability version of the Prékopa-Leindler inequality for A = % See Chapter 3 for a

complete presentation of the results.

We note here that Boroczky, Figalli, Ramos [36] (Theorem 1.6) have provided the first
quantitative stability version of the Prékopa-Leindler inequality for arbitrary measur-

able functions as follows.

THEOREM 2.3.4 ( Boroczky, Figalli, Ramos). For T € (0, %} and X € [1,1 — 7], if
f,9,h: R" — Rsq be measurable functions such that h((1 — Nz + \y) > f(z) " g(y)*
for all x,y € R™, and

Rnh<(1+5)(/nf)l_/\</ng)/\ for some € > 0,

the there are a computable dimensional constant ©,, and computable constants @Q,(T)
and M, (7) depending only on n and T such that the following holds: If0 < ¢ < e Mn(7),

then there exist h log-concave and w € R™ such that

/Rn”l_m+/Rn‘“Af_B('+Aw>‘+/n

where a = [gn g/ Jzn [

~ 5Qn(7—)
g —h(-+ (=) < - [ h,

7On

12
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2.4. Equivalent forms of Brunn-Minkowski inequality

2.4 Equivalent forms of Brunn-Minkowski inequal-
ity
Minkowski showed that for a;, f > 0 the volume of the linear combination oK + SC of

convex bodies K and C can be expressed as a polynomial in o and § as follows

n

VK +8C) =Y (Z‘) V(K,C;i)a B, (2.8)

i=0
The coefficients V (K, C};i) called the mixed volumes (see Schneider [141]). For a fixed
i, V(K,C;i) is positive and continuous in both variables. Some of the properties of the

mixed volumes are given below:
o V(aK,BC;i) =a" "BV (K,C;i) for a, 3 >0
e V(K,C;i)=V(C,K;n—1)
o V(OK +2,9C + y;i) = V(K,C;i) for z,y € R™ and ¢ € SL(n)

Several of the mixed volumes have geometric significance, for example, V (K, K;i) =
V(K,C;0) = V(K) and 1 V(K, B"; 1) = H(9K) is the surface area of K.

In fact, Minkowski defined mixed volumes for n convex bodies as follows

VMK 4. .o+ 2K = Z V(Ko K)o Ny oo Ay (2.9)
015yt =1
V(Cy,...,C,) is non-negative, symmetric and continuous in its arguments wrt the

Hausdorff metric. V(K, ;i) then denotes the mixed volume of n — i copies of K and

1 copies of C.

V(A=NK+XC)x

Considering the first derivative f’(\) of the concave function f(\) =
n [0, 1], it can be shown that the Brunn-Minkowski inequality (2.2) is equivalent to

the following, known as Minkowski’s inequality:
V(K,C;1)" > V(K)"'V(C), (2.10)

where equality holds if and only if K, C' are homothetic. Considering the second deriva-
tive f”(A) yields Minkowski’s second inequality which is also equivalent to the Brunn-
Minkowski inequality

V(K,C;1)?* > V(K)V(K,C;2), (2.11)
Recent results by van Handel, Shenfeld [144] have dealt with the equality conditions of

Minkowski’s second inequality.

13
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2.5. Surface area measure and Minkowski problem

Here, we note that that since the surface area measure (see section 2.5) is the first
variation of the volume, that is, for a convex body C' in R", we have
. V(K+eC)-V(K)
aV(K,C;1) = lim :/ he dS, (2.12)
Sn—l

e—0t IS

the Minkowski inequality (2.10) for the case V(K) = V(C) can be alternatively ex-

pressed as
/ he dSx > / hic dSi (2.13)
Snfl Snfl

where equality holds if and only if K and C' are translates.

As such we have the following equivalent formulations of the Brunn-Minkowski inequal-

ity for convex bodies K, C in R":

]
S=

V(aK + BC)w > aV(K)# + BV(C)

V((1=MNK +\O) > V(K)'AV(O)
e f(A\)=V((1=X\K +\C)n is concave on [0,1]

Minkowski inequality: V(K,C;1)" > V(K)"'V(C)

Minkowski’s second inequality: V(K,C;1)* > V(K)V(K,C;2) .

Here, we mention the important Alexandrov-Fenchel inequality (see Alexandrov [3, 5],
Schneider [141]) given by

V(Kb K27 K37 s 7Kn)2 Z V(Kla K17 K37 s 7Kn)V(K2a KQa K3a s 7Kn)

which generalizes both Minkowski’s first and second inequalities. For the equality con-
ditions in this case, we refer to van Handel, Shenfeld [143, 144].

2.5 Swurface area measure and Minkowski problem

Surface area measure

For a convex body K, u € S"! is said to be an exterior unit normal of z € 9K if
(x,u) = hg(u). We call a boundary point z € JK smooth if 2 has a unique exterior
unit normal. 9K denotes the set of all smooth boundary points of K. It is a well
known fact that H(OK\0'K) = 0 (see Schneider [141]) and &' K is a Borel set.

14



CEU eTD Collection

2.5. Surface area measure and Minkowski problem

The spherical Gauss map vg : @K — S" ! assigns to each z € &' K its unique exterior
normal. vg is continuous on & K. For a Borel set w C "', vg'(w) is the set of all

points of 0’ K that have exterior unit normal in w.

For K € K", the surface area measure of K is a Borel measure on S"~! given by
Sk(w) = H(vg' ()

for any Borel set w C S" 1. We have the basic volume formula

1
VK) =~ /S hic(u)d S (w).
In the case of a polytope P with facets Fi,..., F}, with corresponding exterior unit
normals uq, ..., u, the surface area measure is concentrated on {uy,...,u;}. And for

i=1,.. .k
Sp(ui) = H(F;)

which is the surface area of the facet F;. So, the surface area measure in this case is a

discrete measure, that can be written as
SK = a1(5ul + ...+ akéuk

where a; = H(F;) and d,, is the delta measure concentrated on w;.

We say 0K is C2 if it is C? and has positive Gaussian curvature. We write x(u) to

denote the Gaussian curvature at x € 0K with exterior unit normal v € S*!. Then
dSkg =k 'dH = det(V*h + hId)d H

on S"! where h = hg|gn-1, and Vh and V2h denote the gradient and hessian of h
with respect to a moving orthonormal frame. Here det(V?h + hld) > 0, and Sk is

absolute continuous.

Minkowski problem

Given a Borel measure p on S™!, the Minkowski problem looks for the necessary and

sufficient conditions such that
=Sk (2.14)

The Minkowski problem has the following associated Monge-Ampeére equation on the
sphere S"1:
det(V?h+ h1d) = f (2.15)

15
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2.6. L,-Minkowski linear combinations

where f is a given non-negative function with positive integral. In the case when p is
not absolute continuous wrt the Lebesgue measure, we call h = h|gn-1 an Alexandrov

solution of (2.15) if the surface area measure of K satisfies Sj, = p.

Minkowski [122, 123] provided the solution along with its uniqueness in the case whe p
is discrete or absolutely continuous. For the general case when i is any general measure
Alexandrov [2, 4, 5] (see also Fenchel, Jensen [68], Lewy [109] ) showed that there exists
a convex body K with u = Sk if and only if for any linear (n — 1)-dimensional subspace
L CR"”

p(LN S < u(S™ ) (2.16)
/STH udSk(u) = o; (2.17)

and the solution is unique upto translation, that is, for convex bodies K and C, Sx = S¢

if and only if K and C' are translates.

2.6 L,-Minkowski linear combinations

Recall that for any sub-additive, positive homogeneous function A on R", there exists a
unique compact convex set K in R™ such that h is the support function of K. For two
convex bodies K and C' in R"” and «, 8 > 0 the Minkowski linear combination is given
by
aK +pC ={ax+py:z€ K,y C}

If hx and he are the support functions of K and C respectively, then it readily follows
that the support function of the Minkowski linear combination aK + SC' is given by
hok+pc = ahg + Bhe.

In view of this, we can equivalently define the Minkowski linear combination as the
unique convex body whose support function is ahg + She. For p > 1, Firey similarly

defined the L, linear combination by
1
hak+,8c = (bl + BhE)?

Minkowski’s inequality implies that hax,sc = (bl + Bh’é)% is subadditive for p > 1.
However, for p < 1 this definition fails. To get around this, following Boroczky, Lutwak,

Yang, Zhang [39], we define the L, linear combination in terms of the Alexandrov body.

Alexandrov body/ Wulff shape
A continuous function f: S"! — (0, 00) defines a family of hyperplanes given by

H,={zeR": (z,u) = f(u)}.
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2.6. L,-Minkowski linear combinations

for each u € S™ 1. If we take the intersection of the half-spaces bounded by these
hyperplanes, we get the convex body

W)= N {eeR: ()< f(u)

ueSn—1

— {x eR": (z,u) < f(u)Vu € Sn_l}

known as the Alexandrov body or the Wulff shape of f. Note that W(f) is a convex
body containing the origin in its interior since f is strictly positive and continuous.
Equivalently we can define W (f) as the unique maximal element, with respect to set
inclusion of

{K ek, hk<f}.
It readily follows that hw sy < f, where hy (s is the support function of W(f). And

in fact, we have hy ;) = [ almost everywhere with respect to the surface area measure
Sw(s)- hw(p(u) = f(u) for any u in the support of Sy () and if W(f) has a smooth
boundary, hy (s = f. For a convex body K with support function hg, K itself is the
Alexandrov body of hy, that is, W (hg) = K.

Then for p € (0,1), we define the L, linear combination for A € (0, 1) by

(1= MK +, AC =W (1= A) he(w)” + Nhe(u)))
= {z € R": (z,u) < ((1 = \) he(w)? + M ho(u)P)r Yu e S™1)

where as for the case p = 0, the Ly or logarithmic linear combination is

(1= NK 49 AC = W (hg(u)' " he(u))
= {z € R": (z,u) < hg(u) " he(u) Yu € S"7'}

Next we note some properties of the Ly and L, linear combinations.

The Ly linear combination is linear invariant in the sense that if ® € GL(n), then
O ((1-ANK+9AC) = (1= XN)P(K) +¢ AP(C). It follows that if K and C are invariant
under @, then so also is (1 — A\)K +¢ AC. If {hx = 0} = {h¢ = 0}, the Ly linear
combination of K and C'is a convex body. If K and C' are polytopes, so is (1—\) K+oAC.
However, even if K, C have C% boundaries, (1 — A)K + AC' may contain segments and

may not be C2. Crasta, Fragala [58] provide a functional analogue of the Ly sum.

For p > 0, we also have that if ® € GL(n), then ® ((1 — \)K +, A\C) = (1 -\ ®(K) +,
A®(C). And again, L, combination preserves polytopes, but may not preserve smooth

boundaries.
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2.7. Cone volume measure, log-Minkowski problem, log-Brunn-Minkowski conjecture

2.7 Cone volume measure, log-Minkowski problem,

log-Brunn-Minkowski conjecture

Cone volume measure

For a convex body K in R" containing the origin, the cone volume measure, Vi on
S™~1 is defined by
1
AV = — hg dSk
n

where Sy is the surface area measure of K, and hy is its support function. So, the
total measure of S"~!is Vi (S"!) = V(K). The origin of the name is best illustrated if
we consider the case of polytopes. If P is a polytope containing the origin, with facets
F; and corresponding exterior unit normal u; for ¢ = 1,... k, then the cone volume

measure is concentrated on {uy,...,u;} and we have fori =1,... k
1

which is the volume of the cone conv{o, F;}. So, the cone volume measure in this case

is a discrete measure, that can be written as
Vk = U15u1 + ...+ vkéuk

where v; = V(conv{o, F;}) and §,, is the delta measure concentrated on u;. For K €

Kiy): we can write
1
Ve@ =1 )i
n Jzevy (w)
for a Borel set w C S™ ! where vg : 'K — S™ ! is the spherical Gauss map that

assigns to x € 'K its unique exterior unit normal.

log-Minkowski problem

Given a non-negative measurable function f on S"! with 0 < [gu1 fdH < oo,
the Monge-Ampere equation on the sphere S"! corresponding to the logarithmic

Minkowski problem is given by
hdet(V?h + h1d) = nf (2.18)

Given p, a finite non-trivial Borel measure on S™"~! we call a non negative function h on
S™=1 which is the restriction of the support function hx of a convex body K to S™ 1,

an Alexandrov solution to the problem 2.18, if
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2.7. Cone volume measure, log-Minkowski problem, log-Brunn-Minkowski conjecture

The logarithmic Minkowski problem then asks for the necessary and sufficient conditions

for p to be the cone volume measure of a convex body K in R"™ containing the origin.

The concept of cone volume measure was first introduced by Firey in his paper [76]
and has since become a widely employed concept following Gromov, Milman [85], for
example, in Guédon, Mendelson, Naor [22], Naor [124], Paouris, Werner [128]. Firey
[76] posed the log-Minkowski problem in 1974 and verified that in the case when f is a
positive constant function, (2.18) has a unique even solution provided by a centered ball.
The general case of uniqueness of solution for a positive constant function f without
the evenness condition was established by Andrews [6] if n = 2,3, and Brendle, Choi,
Daskalopoulos [43] if n > 4. Chen, Li, Zhu [50] showed that uniqueness may not hold

if f is not a constant function. The log-Minkowski problem remains open.

log-Minkowski conjectures

Lutwak [116]’s famous logarithmic Minkowski conjecture from 1993 states that given an
even positive function f, (2.18) has a unique even solution. A more restricted version

of this is the following Conjecture 2.7.1.

Conjecture 2.7.1 (log-Minkowski Conjecture 1). Given a positive, even, C* func-
tion f,
hdet(V*h + h1d) = nf (2.20)

has a unique even solution.

The above conjecture is very closely related to the following logarithmic analogue of
Minkowski’s inequality (2.13) (see Boroczky, Lutwak, Yang, Zhang [39] for origin sym-
metric bodies and Boroczky, Kalantzopoulos [38] for centered convex bodies). In fact,
it follows from Boroczky, Lutwak, Yang, Zhang [40], that Conjecture 2.7.1 is equivalent

to Conjecture 2.7.2 for origin symmetric convex bodies with C?° boundaries.

Conjecture 2.7.2 (log-Minkowski Conjecture 2). If K and C are convex bodies

in R™ whose centroid is the origin, then

V(K), V(C)

V(K)

(2.21)

h
/ log =< AV > log
Sn—1 hi

with equality if and only if K = K1+ ...+ K,, and C = Cy + ...+ C,, for compact
convex sets K;, C; of dimension at least one such that K;, C; are dilates fori=1,...,m
and Y70, dim K; = n.
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2.7. Cone volume measure, log-Minkowski problem, log-Brunn-Minkowski conjecture

If V(K)=V(C) in 2.21, then it can be equivalently written as

/ log he dVie > / log hz dVi (2.22)
Snfl Snfl

with the same equality case as above.

More precisely, the log-Minkowski Conjecture 2.7.1 can be expressed as follows: if
Vi = Ve for convex bodies K and C' in R™ with their centroids at the origin,then the

equality conditions in Conjecture 2.7.2 hold.

Nayar and Tkocz [125] provide examples that show that the choice of the right trans-
lates of K and C are important in Conjecture 2.7.2. It’s important to note that Con-
jecture 2.7.2 is invariant under applying the same non-singular linear transformation to
both K and C.

log-Minkowski conjecture: some known cases

 origin symmetric convex bodies in R? : Boéroczky, Lutwak, Yang, Zhang
[39] proved the log-Minkowski conjecture 2.7.2 in this case. However, the general

planar case is still open.

« complex bodies (in C"): Rotem [136] verified the conjecture for complex bod-

ies.

e« K and C are invariant under n-hyperplane symmetry: When K and C' are
invariant under reflections through n indpendent hyperplanes, Boroczky, Kalant-
zopoulos [38] verified the conjecture together with the equality characterization.
Further, Boroczky and De [33] verified a stability version in this case (see Chap-
ter 4).

« unconditional convex bodies: The case of unconditional bodies is a particular
case of the above. Saroglou [137] earlier verified the conjecture in this case along

with complete equality characterization.

« (' is origin symmetric, K is a zonoid: van Handel [148] verified the conjecture

in this case with equality characterization only for K with C2 boundary.

o (' is a centered convex body, K is a centered ellipsoid: Guan, Ni [30]

verifies the conjecture in this case via the Jensen and Blaschke-Santalé inequality.
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2.7. Cone volume measure, log-Minkowski problem, log-Brunn-Minkowski conjecture

+ local versions: The local estimates by Kolesnikov, Milman [106], and the use of
the continuity method in PDE by Chen, Huang, Li, Liu [48] show that the log-
Minkowski conjecture 2.7.2 holds for origin symmetric convex bodies K, C' when
K is close to being a centered ellipsoid (with the equality characterization when
K has C% boundary). Putterman [133] also provides a recent proof of the same.
Here K is said to be close to an origin symmetric ellipsoid £ if there exists ¢, > 0

depending only on n, such that
ECcKcC(l+¢e)E.

For ¢ > 2, and the dimension n high enough, Kolesnikov, Milman [106] show that

similar results hold for linear images of Hausdorff neighborhoods of [, balls.

Colesanti, Livshyts, Marsiglietti [55], Kolesnikov, Livshyts [105] and Hosle,
Kolesnikov, Livshyts [95] also consider local versions of the log-Minkowski con-

jecture 2.7.2.

e n = 2, convex bodies K and C are in dilated position: In R2, if the
convex bodies K and C' are in the so called “dilation position” as described by
Xi, Leng [151], the log-Minkowski inequality 2.7.2 holds together with the equality
characterization. In fact, Xi, Leng [151] also showed that Dar’s conjecture (2.4)

holds in the plane for convex bodies in dilated position.

Existence of solution to the log-Minkowski problem: some known

cases

Building on previous partial results and related research by Andrews [6], Chou, Wang
[53], He, Leng, Li [90], Henk, Schiirman,Wills [92], Stancu [145], and Xiong [152],
Boroczky, Lutwak, Yang, and Zhang [40] gave the following characterization of even

cone volume measures via the “subspace concentration condition”s:

THEOREM 2.7.3. Given a non-trival finite even Borel measure u on S™ ', there

exists an origin symmetric convex body K € K} with pn = Vi if and only if
(i) p(L NSty <4l (S"=Y) for any proper linear subspace L C R";

(ii) p(L N Sn=hy = dml ., (9n=1) equality in (i) is equivalent to the existence of a

n

complementary linear subspace L' C R™ with suppu C LU L'.

The cone volume measure Vi satisfies (ii) if and only if K = C'+C" for compact convex
sets C C L*+ and ¢' C L'*. A finite Borel measure p on S™"~! is said to satisfy the
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strict subspace concentration condition if (L N S™1) < L.y (S7=1) for any proper

linear subspace L C R™.

If a finite non-trivial even measure p on S™ ! is invariant under linear reflections
Ay, ... A, through n independent hyperplanes, then Boroczky, Kalantzopoulos [38§]
showed that there exists a convex body K invariant under the same reflections such
that p = Vi if and only if K satisfies the subspace concentration condition (i) and (ii)

for any proper subspace also invariant under the same reflections.

Boroczky, Henk [31] (see also Henk, Linke [91]) showed that the cone volume measure of
a centered convex body satisfies the subspace concentration condition whereas in [32],
the same authors show that if K € K" satisfies Vi (L N S"1) > (1 —¢) - 9L . V(K)
for a proper linear subspace . C R™ and a small ¢ > 0, then K is close to the sum of

two lower dimensional compact convex sets lying in complementary subspaces.

Freyer, Henk, Kipp [78] provide certain so-called Affine Subspace Concentration Con-

ditions for the cone volume measure of centered polytopes.

In the case of possibly non-even measures, the log Minkowski problem (2.19) remains
wide open. Chen, Li, Zhu [50] offer the best sufficient condition that a non-trival finite
Borel measure p on S™! is a cone volume measure if it satisfies the subspace con-
centration condition (solving for example the case of absolutely continuous measures).
Some obstruction is provided by Bordczky, Hegediis [37] where they characterized the

restriction of a cone volume measure to a pair of antipodal points.

log-Brunn-Minkowski conjecture

Recall that the logarithmic or Ly linear combination for convex bodies K,C € K} and
for A € (0,1) is given by

(1=MNK +oAC ={z € R": (z,u) < hg(u) P he(w)* Vu € S"71Y.
The following log-Brunn-Minkowski conjecture was proposed by Boroczky, Lutwak,

Yang, Zhang [39] for origin symmetric convex bodies and by Martin Henk for centered

convex bodies.

Conjecture 2.7.4 (log-Brunn-Minkowski Conjecture). If A € (0,1) and K and

C are centered convex bodies in R™, then
V((1—=MNK 49 \C) > V(K)'V(C)» (2.23)
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with equality if and only if K = K1+ ...+ K,, and C = Cy + ...+ C,, for compact
convex sets K;, C; of dimension at least one such that K;, C; are dilates fori=1,...,m
and 7", dim K; = n.

Note that for convex bodies K and C' containing the origin in their interior, we have
(1-=MNK+oAC C (1=X)K+ AXC. However, (1 —X)K 49 AC can be much smaller than
(1 = A)K + XC. For example consider K = [}, 1] X [—t,#] and C' = [—¢,¢] x [}, 1] in
R? for t > 0. then

1K +03C = [-1,1]?

2 (2.24)
LK+3C = |-+ b5+

So as we increase t, %K + %C’ becomes much larger than %K +o %C. And as such
the log-Brunn-Minkowski inequality is significantly stronger than the Brunn-Minkowski

inequality for centered convex bodies.

log-Brunn-Minkowski conjecture: some equivalent and related

formulations

Boroczky, Lutwak, Yang, Zhang [39] show that if the log-Brunn-Minkowski (2.23) holds
for K,C € K and for all A € (0,1), it implies the log-Minkowski inequality (2.21).
In fact, according to [39] for any family F of convex bodies closed under L, linear
combination, the log-Minkowski inequality (2.21) for all K,C € F is equivalent to the
log-Brunn-Minkowski inequality (2.23) for all K,C' € F and X € (0,1).

Kolesnikov, Milman [106] and Putterman [133] have derived the following conjectured

inequality for for origin symmetric convex bodies K and C in R"

V(K,C;1)2 _n—1 1 hZ,
> K, C;2 f/ he g 2.2
V(K) - n v( 7C7 ) + n Jon—1 h%( VK ( 5)

which is stronger than Minkowski’s second inequality (2.11), and is equivalent to the

log-Brunn-Minkowski conjecture without the characterization of equality.

And thus for origin symmetric convex bodies K and C'in R", we have the following three
equivalent forms of the log-Brunn-Minkowski conjecture, without the characterization

of equality in the third case:

e V(1 =XNK 49 \C) > V(K)'AV(C)*

o [gn1log Z—f{ AV > V(nK) log %
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V(K,C;1)2 n— . h2
. % > ML V(K C32) + 3 g 38 dVic

Kolesnikov, Milman [106] derives another equivalent formulation in terms of the so-

called Hilbert-Brunn-Minkowski operator.

Saroglou [137] shows that for origin symmetric convex bodies the log-Brunn-Minkowski
conjecture is equivalent to the so-called B-property which says that for an origin sym-
metric convex body K in R™ and a positive definite diagonal matrix in GL(n,R), the
function s — V([—1,1]" N ®*K) is log-concave for s € R.

Nayar, Tkocz [126] provides another equivalent form of the log-Brunn-Minkowsi con-
jecture for origin symmetric convex bodies in terms of the “strong B-property”: if L is
an n-dimensional subspace of RY (N > n), then V(L NTIY,[—e%, e]) is a log-concave
function of (ty,...,ty) € RY.

According to Saroglou [138] if the log-Brunn-Minkowski Conjecture (2.23) holds for
any origin symmetric convex bodies K and C' and A € (0, 1), then it holds for any even

log-concave measure p on R™:
p((1 = NEK +0 AC) = u(K)' = u(C)™. (2.26)

Also in Saroglou [138], it is shown that if (2.26) holds for the Gaussian measure p = 7, it

implies the log-Brunn-Minkowski Conjecture (2.23) for origin symmetric convex bodies.

log-Brunn-Minkowski conjecture: some known cases

The Log-Brunn-Minkowski Conjecture 2.7.4 remains open. Here we list some cases in

which it has been verified.

Since the log-Minkowski and log-Brunn-Minkowski conjectures are equivalent on a fam-
ily of convex bodies containing the origin and closed under Lg linear combination (espe-
cially in the case of origin symmetric bodies), all the verified cases of the log-Minkowski

conjecture in these cases also hold for the log-Brunn-Minkowski conjecture.

Borocezky, Lutwak, Yang, Zhang [39] verified it in R? for origin symmetric convex bod-
ies, although the general planar case remains open. Rotem [136] proved it for complex
bodies. Saroglou [137] treated the unconditional case along with the equality character-
ization. The case when the convex bodies are invariant under n-hyperplane symmetries
was verified by Béroczky, Kalantzopoulos [38] and a stability version was also provided
by Béréczky and De [33] (see section 2.8) and Chapter 4 for more details).
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When K and C' are origin symmetric convex bodies in the neighborhood of a fixed
centered ellipsoid E, that is, when £ C K,C C (1 + ¢,)FE for some ¢, > 0 depending
only on n, Chen, Huang, Li, Liu [48] extended the local estimate of Kolesnikov, Milman
[106] to establish the log-Brunn-Minkowski conjecture in this case, where as [106] and
the method of [48] provide an analogous result for linear images of [, balls for ¢ > 2 if
the dimension n is high enough. Chen, Feng, Liu [49] established some partial results
in R3. Earlier, Colesanti, Livshyts, Marsiglietti [55] had handled the case when K and
C' are in a C? neighbourhood of E.

Stability of solution to the log-Minkowski problem

Stability of the solution to the log-Minkowski problem has been established in certain
cases where we are aware of the solution’s uniqueness. For convex bodies invariant under
reflections through n independent hyperplanes (which includes the case of unconditional
convex bodies), stability of the solution was established by Boéroczky, De [35] (see
section 2.9 and Chapter 5 ). Ivaki [L01] verified a stability version in the case when the
given function f in (2.18) is positive constant in which case Firey had shown the only
origin symmetric solution is the centered ball. In R3, and for a possibly non-even f
that is C* and close to a constant function, Chen, Feng, Liu [49] proved the uniqueness
results while Andrews [6] and Brendle, Choi, Daskalopoulos [43] provided uniqueness

results if n > 4. Establishing a stability version in this case remains open.

Stability of log-Minkowski and log-Brunn-
2.8 Minkowski inequalities under n-hyperplane
symmetries

We say that A € GL(n) is a linear reflection associated to the linear (n — 1)-dimensional
space H C R™ if A fixes the points of H and det A = —1. In this case, there exists
u € R™\ H such that Au = —u where the invariant subspace Ru is uniquely determined
(see Davis [60], Humphreys [98], Vinberg [149]). It follows that a linear reflection A is

a classical “orthogonal” reflection if and only if A € O(n), that is, when H = u™.

Here, we consider the case of the log-Brunn-Minkowski (or equivalently the log-Minkowski)
conjecture where the convex bodies K and C' in R™ are invariant under linear reflec-
tions Ay, ..., A, through n independent hyperplanes. In that case, we say K and C are
invariant under n-hyperplane symmetry. Note that the case of unconditional convex
bodies (symmetric with respect to reflections through the co-ordinate hyperplanes) is

a particular case.
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Saroglou [137] verified the conjectures in the case of unconditional bodies along with
the characterization of equality cases. Based on ideas from Barthe, Fradelizi [19] and
Barthe, Cordero-Erausquin [18] where they verified the classical Mahler conjecture and
Slicing conjecture, and following the result by Saroglou [137], Béréczky, Kalantzopou-
los [38] verified the logarithmic Brunn-Minkowski and Minkowski conjectures under

hyperplane symmetry assumption.

THEOREM 2.8.1 (Boroczky, Kalantzopoulos). If the convex bodies K and C' in R™
are invariant under linear reflections A, ..., A, through n hyperplanes Hy, ..., H, with
Hyn...NnH, ={o}, then

V=N -K+oA\-C) > V(K)'*V(C)Y (2.27)
/STH1 log Zi dVk > V<nK) log ZEIC{)), (2.28)

with equality in either inequality if and only if K = Ki+.. .+ K, and C' = C1+...+C),
for compact convex sets K1, ..., K,,,C1,...,C,, of dimension at least one and invariant

under Ay, ..., A, where K; and C; are dilates, i =1,...,m, and >_7*, dim K; = n.

Our main results here are the following stability versions of the log-Brunn-Minkowski

and log-Minkowski inequalities.

THEOREM 2.8.2. If A € [1,1 — 7] for 7 € (0,3], the convex bodies K and C in R"
are invariant under linear reflections A, ..., A, through n hyperplanes Hy, ..., H, with
Hin...NH, ={o}, and

V((1=X)-K+4+oA-C) < (1+e)V(K) V(O
for e > 0, then for some m > 1, there exist compact convex sets Ki,C4,..., K,,,Cp,
of dimension at least one and invariant under Ay, ..., A, where K; and C; are dilates,
1=1,...,m, and > ", dim K; = n such that
Ki+..+K,C K C <1+c”(i>
Ci+...+C,C C C <1+c” (i)) (Cr+...+Cp)

where ¢ > 1 1s an absolute constant.

From Theorem 2.8.2, in turn, we deduce a stability version of the log-Minkowski in-

equality.
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THEOREM 2.8.3. If the convex bodies K and C' in R™ are invariant under linear
reflections Ay, ..., A, through n hyperplanes Hy, ..., H, with HyN...N H, = {o}, and

hco dVi 1 V(C)
log — < -1
/Sn_l B VE) S0 V() C
for e > 0, then for some m > 1, there exist compact convex sets Ki,C4,..., K,,,Cp,
of dimension at least one and invariant under Ay, ..., A, where K; and C; are dilates,

1=1,...,m, and > ;" dim K; = n such that

K+.. . +K,C K c(1+c”eﬁ)(K1+...+Km)
Cit...+CnC C C (14 ) (Cr+... 4 Cn)

where ¢ > 1 is an absolute constant.

Ivaki [99], Theorem 2.1 provides an improved version of Theorem 2.8.3 when K is a ball
centered at the origin (and hence m = 1) and C' does not need to satisfy any symmetry
assumption (only translated in a suitable way) with an error term of the order of g

) 1
instead of £9n.

The main ideas behind establishing Theorems 2.8.2 and 2.8.2 are as follows. First we

derive some stability versions for unconditional convex bodies.

If K and C are unconditional convex bodies in R™ and A\ € (0, 1), then the co-ordinate

wise product is defined as follows

K0 = (el e ) € R
(x1,...,2,) € K and (y1,...,yn) € C}.

K17 . C* is known to be an unconditional body. Hélder’s inequality implies that (see

Saroglou [137] )
K" CPc(1=))-K+o\-C.

Therefore, we have the following inequality.

THEOREM 2.8.4 (Bollobas & Leader, Uhrin, Saroglou). If K and C are uncondi-
tional bodies and \ € (0,1), then

V(=X -K+oA-C) > V(K™ CN > V(E)V(O). (2.29)

Saroglou [137] also characterized the equality case as follows
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(i) V(K- 0N = V(K)'MV(C)N if and only if C = ®K for a positive definite

diagonal matrix ®.

(ii) V(1 =X)- K +oA-C) = V(K)'AV(C)* if and only if K = K; & ... ® K, and
L=L®...®L,, for unconditional compact convex sets Ki,..., K,,,L1,..., Ly,

of dimension at least one where K; and L; are dilates, i = 1,...,m.

Using the stability version of the Prékopa-Leindler inequality for log-concave functions
(Theorem 2.3.2) and noting that f(zy,...,2z,) = 1k, (", ..., e )e" TFon

g(@1, .. xn) = 1, (e™, . e™)e” ot and h(zy, ..., 2,) = Lgi-aony, (€70, €"™)
e*1t-+n are log-concave, we derive the following stability version of the Bollobas-Leader

inequality (the second inequality in Theorem 2.8.4).

THEOREM 2.8.5. If A € [r,1—7] for T € (0, 3], and the unconditional convex bodies
K and C in R™ satisfy

V(K™ .CH < (1+e)V(K)"V(0)

for e > 0, then there exists positive definite diagonal matriz ® such that

V(KA(®C)) < ¢'n” (5> T V) and V(@ K)AC) < <5> e

T T

where ¢ > 1 is an absolute constant.

Combining, Theorem 2.8.5 and a stability version for the first inequality in Theorem
2.8.4 when C' = ®K is a linear image of K under a positive definite diagonal matrix
®, leads to the following stability version of the log-Brunn-Minkowski inequality in the

case of unconditional convex bodies.

THEOREM 2.8.6. If A € [7,1—7] for T € (0, ], and the unconditional convex bodies
K and C in R™ satisfy

V((1=X)-K+oA-C) < (1+e)V(K)V(C)

for e > 0, then for some m > 1, there exist 0y, ...,60, > 0 and unconditional compact
convex sets Ky,...,K,, such that lin K;, i = 1,...,m, are complementary coordinate

subspaces, and

1

5n

1—1—0"(76_) )(Kl@...@Km)

©

Kio..pK,,C K C

©
[un

5n

0LKi1...00,K, c C C <1_|_C”(6>

T

) LK1 ®...®0,K,)
where ¢ > 1 is an absolute constant.
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When a convex body K is symmetric under reflections through n independent hyper-
planes, it is invariant under a Coxeter group G of rank n. Using ideas from Barthe,
Fradelizi [19] and Barthe, Cordero-Erausquin [18], we see that G has a simplicial cone
C' as fundamental domain, and reflections through the walls of C' generate G. We can
then map C' into a “co-ordinate corner” (R%,) by a linear transform. Then the already
established results for unconditional convex bodies apply, and we deduce Theorem 2.8.2
and subsequently Theorem 2.8.3. For a complete presentation of the results, see Chap-
ter 4.

5.0 Stability of log-Minkowski problem under n-
" hyperplane symmetries

Under n-hyperplane symmetry assumption, Béréczky, Kalantzopoulos [38] provided the
following characterization of cone-volume measures. Here, we note that for any group
G C O(n) acting on R™ without non-zero fixed points, there exist only finitely many
G invariant linear subspaces of R™ where G is a Coxeter group if it is generated by

reflections through n independent hyperplanes.

THEOREM 2.9.1 (Boroczky, Kalantzopoulos). Let G C O(n) be a Coxeter group
acting on R™ without non-zero fized points. For a finite non-trivial Borel measure
p oon St invariant under G, there exists a G invariant Alezandrov solution of the

logarithmic Minkowski problem (2.19) if and only if
(i) p(L NSty < 9L (S"=Y) for any G-invariant proper linear subspace L;

(ii) p(L N Sy = dmL ., (Sn=1) in (i) for an invariant proper linear subspace L is

n

equivalent to suppu C LU L*.

In addition, if strict inequality holds in (i) for each G-invariant proper linear subspace

L, then the G invariant solution is unique.

We note that the measure in Theorem 2.9.1 may not be even; for example, possibly

1 = Vi for a regular simplex K whose centroid is the origin.

Béroczky, Kalantzopoulos [38] showed that Vi (LN S"™!) = 4L . V(K) holds in The-
orem 2.9.1 (i) for a proper invariant subspace L if and only if K = (KNL)® (K NL*).
Further, according to [38], Vkx = V¢ holds for convex bodies K and C' in R™ invariant

under a Coxeter group G C O(n) acting on R" without non-zero fixed points if and
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only if V(K) =V(C),and K = K1 & ...® K, and C = C, @ ... ® C,, for compact
convex sets Ky,...,K,,,Cy,...,C,, of dimension at least one and invariant under G
where K; and C; are dilates for « = 1, ..., m. Naturally, if m =1, then K = C.

[38] also verified the log-Minkowski inequality for convex bodies with n hyperplane

symmetry as follows.

THEOREM 2.9.2 (Boroczky, Kalantzopoulos). If the convex bodies K and C' in R™
are invariant under linear reflections Ay, ..., A, through n independent linear (n — 1)-
planes Hy, ..., H,, then

V(K), V()
V(K)’

h
/ log < AV > log
Sn—1 hx

with equality if and only if K = Ki+. ..+ K, and C = C1+...+C,, for compact convex
sets Ky,...,K,,,Cy,...,C,, of dimension at least one and invariant under Ay, ..., A,

where K; and C; are dilates, 1 =1,...,m, and 1", dim K; = n.

Further, Boroczky, De [33] proved the stability version of the logarithmic-Minkowski
inequality Theorem 2.8.3 (see Chapter 4 ) for convex bodies with many hyperplane

symmetries.

Our main goal here is to establish a stability version of of Theorem 2.9.1 under the
same condition of n hyperplane symmetry. In order to prepare for the stability version
Theorem 2.9.3 of Theorem 2.9.1, for any compact X C S®! and g € [0, 2], we consider
the tube

U(X,0)={uecS"':AreX, |zr—ul <o}

The cone volume measure Vi of a convex body K readily satisfies dV;x = t"dVk for
t > 0. Therefore, when comparing the cone volume measures of convex bodies K and
C, we may asssume that V(K) = V(C) = 1, and hence Vi and Vi are probability

measures on S™ 1.

One natural distance to consider between two probability measures p and v on S™! is
the 1, Wasserstein distance. The family of Lipschitz functions on S™~!, for for 6 > 0 is

given by
Lipg = {f: S"" = R: Va,be ", |f(a) = £(b)| < Olla—b]}. (2.30)
Now the Wasserstein distance of the Borel probability measures 4 and v on S™1 is

dW(,u,l/):sup{/sn_lfdu—/sn_lfdy: feLipl}.
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It is known that convergence of a sequence of probability measures with respect to the

Wasserstein distance is equivalent with weak convergence.

First we establish some estimates bounding the diameter of a G-invariant convex body
K in terms of Vi, and a condition yielding that a convex body with hyperplane sym-
metries is not close to be the direct sum of lower dimensional invariant compact convex
sets; then using Theorem 2.9.2 and Theorem 2.8.3, we establish the following stability

version of Theorem 2.9.1 (see Chapter 5 for details).

THEOREM 2.9.3. Let G C O(n) be a Coxeter group acting on R™ without non-zero

zed points. If yy and ps are G-invariant Borel probability measures on S™ ', and
fized p It It p y ;

m (W(LN S, 6))
1o (W(L NS, 6))

< T
(2.31)
<

for o, € (0, %) and for any G-invariant proper subspace L, then the unique G invariant

Alexandrov solution h; of the logarithmic Minkowski problem (2.19) for p = u;, i = 1,2,

satisfies

1h1 = hallee < o - dw (i, o) (2.32)

ro < hi,he < Ry (2.33)

where for some absolute constant ¢ > 1, we have

e Ry=mn,ry= %, Yo = ¢" and the condition (2.31) is irrelevant provided the action

of G is irreducible;

1 n n=1 n —3n n
e Ry= (%)T, rog = ’é—s (%) T oand o =< - §n T provided the action of G is
reducible.

Next, we show that Theorem 2.9.3 can actually be extended to the case when iy (S™™1) #
pa(S™1). In this case, instead of the Wasserstein distance we use the bounded Lipschitz

distance dy,r, (11, v) of two Borel measures p and v on S™~! (see Dudley [64]) given by

dpL (i, v) = sup {/Snlfdu—/snlfdu: f € Lip; and || fl|oo < 1}.

We have the following stability version for the case p;(S™™1) # po(S™1).

COROLLARY 2.9.4. Let G C O(n) be a Cozeter group acting on R™ without non-

zero fized points. If py and po are G-invariant finite Borel measures on S™™ ' satisfying
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dir (pa, pt2) < M = min{g ("), p2(S"1)} > 0 and

m(W(LNsm0) < (1_7)'(%’ (2.34)
uz(\D(LmS”—l,d)) < (1—7).dmL

for o, € (0, %) and for any G-invariant proper subspace L, then the unique G invariant
Alexandrov solution h; of the logarithmic Minkowski problem (2.19) for p = u;, i = 1,2,
satisfies

lhi — helle < VOM% - dpr (11, /12)95%" (2.35)

roMs < hi,hy < RoMw (2.36)
where for some absolute constant ¢ > 1, we have

e Ry=2n,ry= é, Yo = " and the condition (2.34) is irrelevant provided the action

of G is irreducible;

12n

1 — —3n
. R0:2(%6)T,r0:”—(%) " andv():%-é i 'E provided the action of G

1s reducible.

(SR

We note here that the error term in Theorem 2.9.3 in terms of ¢ is not far from being

optimal (see Chapter 5).

Next, we consider two partial converses of Theorem 2.9.3 to show that concerning
Theorem 2.9.3, both the conditions involved and the conclusion are of the right kind.

The first result does not require any symmetry assumption.

THEOREM 2.9.5. Let pu; and py be finite Borel measures on S™' such that there
exists Alezandrov solution h; of the logarithmic Minkowski problem (2.19) for p = p;
and i1 =1,2. If hy,he < R for R > 0, then

dor(p1, p2) < V(R n) - \f[[ha = halls
where y(R,n) > 0 depends on R and n.

The proof of (2.9.5) is based on the argument of Hug, Schneider [97] where they prove
that if R > 0 and K and C are convex bodies in R" satisfying K,C' C RB", then

du(Skc, S) < A(R,n) - \Jdo (K, C) (2.37)

where (R, n) > 0 depends on R and n.
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Secondly, we show that if we have almost equality in Theorem 2.9.1 (ii) for measures 1
and py and a proper linear subspace L invariant under reflections through independent
hyperplanes Hy, ..., H,, then even if u; and pus are close, it is possible that the solutions

hy and hy of (2.19) are arbitrarily far away.

To show this, we use ideas from Boroczky, Henk [32] where the authors characterized
convex bodies with centroid at the origin and satisfying almost equality in Theorem 2.9.1
(ii) as follows: if € € (0, &) and the convex body K C R™ has its centroid at the origin,
and satisfies g

Vik(LNS*™ M > (1—¢)-—-V(K)

n

for a linear d-space L with 1 < d < n, then

(1—7-ew)(C+M)CKCC+M (2.38)

for some compact convex set C C L*, and complementary d-dimensional compact

convex set M where £y,7 > 0 depend on the dimension n.

Further, using some estimates for the symmetric difference metric also found in [32]

together with the above, we establish the following.

THEOREM 2.9.6. Let G C O(n) be a group acting without non-zero fixed points on
R™, and let h be a positive G-invariant Alexandrov solution of (2.19) for a probability
measure i on S"t with h < R for R > \/n such that
dim L

n

p(T(LNS"6)) > (1—¢)-
fore € (0, 3%), 6 € (0,¢] and a G-invariant proper subspace L where g9 > 0 depends
onn. Then for any t > 1, there exists a positive G-invariant Alexandrov solution h; of

(2.19) for a probability measure y; on S™~* such that
Hh - ht”oo >t
_1
dw (ps ) < y(R,n)eton

where y(R,n) > 0 depends on R and n.

For a complete presentation of the results, see Chapter 5.

2.10 L,-Brunn-Minkowski Theory

Initiated by Lutwak [115, 116, 117], L,-Brunn-Minkowski theory has underwent rapid
development to become a main research area in modern convex geometry and geometric

analysis.
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L,-surface area measure

For p € R and K € K7, the L,-surface area measure Sk, on S"~! is defined by
dSk, = hy " dSk (2.39)

For a convex body K € IC?O) and any Borel set w C S"!, we can write

Siplw) = [, (ovil@)) (@)

-1
zEVvy (W)

where vy is the spherical Gauss map. The cases p = 1 and p = 0 correspond to the

surface area measure and the cone volume measure respectively.

L,-Minkowski problem

For p € R, the Monge-Ampére equation on S"!' corresponding to the L,-Minkowski

problem is

det(V2h + h1d) = hP-1f if p>1
WP det(V2h + h1d) = f it p<1
where f € L;(S™!) is non-negative with [¢.—1 fdH > 0.

(2.40)

For a finite non-trivial Borel measure pon S"™!, h = hy|gn—1 for a convex body K € K"
is an Alexandrov solution of the L,-Minkowski problem if
dSk =heldp if p>1
K (2.41)
hiPdSg =dp if p<1.

Some known existence and uniqueness results

e p>1,p#n: According to Hug, Lutwak, Yang, Zhang [96] (improving on Chou,
Wang [53] ), the L, Minkowski problem (2.41) has a unique Alexandrov solution
if and only if y is not concentrated on any closed hemisphere (that is L N S™~!

for a subspace L of codimension 1).

e p=n: According to Hug, Lutwak, Yang, Zhang [96], if 4 not concentrated onto
any closed hemisphere, there exists a convex body K € K and ¢ > 0 such that

=c-Skn.

e p=1,0: Corresponds to classical and log-Minkowski problems.
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e« p € (0,1) : Chen, Li, Zhu [51] shows if u is not concentrated onto any great
subsphere, an Alexandrov solution exists, that is, there exists K € K7 such that
Skp = p. In R? Boroczky, Trinh [41] provide complete characterization of L,
surface area measures. For n > 3, Bianchi, Boroczky, Colesanti, Yang [25] show
the following: if L is the linear hull of suppp in R” and 1 < dimL < n —1
where L, and if supp p is contained in a closed hemisphere centered at a point
of LN S™ !, then p is an L, surface area measure. Saroglou [139] provides some
restriction. If pu(w) = V(wN L) for any Borel w C S™!, then p is not a L, surface

area measure.

e p € (—n,0) : According to Bianchi, Boroczky, Colesanti, Yang [25], if p has a
density f with respect to H such that f € L_» (S"™1), then (2.40) has a solution.
For p < 0 and discrete u that is not concentrated on any closed hemisphere, if any

o

n unit vectors in the support of p are independent Zhu [154] provides a solution
to the L,-Minkowski problem.

e p= —n: Jian, Lu, Zhu [103] show the existence of a solution when f in (2.40) is
unconditional and satisfies some other conditions. Li, Guang, Wang [88], Chou,

Wang [53], Du [62] also provide some related results for p = —n.

e p < —n: According to a recent result by Li, Guang, Wang [87] there exists a C*
solution of (2.40) for any positive C? f. Du [62] provides an example of a non-
negative C'“ function f that is positive everywhere but a fixed pair of antipodal

points for which no solution exists.

For p < 1, the solution of the L,-Minkowski problem (2.40) may not be unique even
if f is positive and continuous. Examples are found in Chen, Li, Zhu [50, 51], Milman
[121], Jian, Lu, Wang [102], Li, Liu, Lu [111], Li [110].

If f is a constant function in the L,-Minkowski problem, combining Lutwak [116],
Andrews [6], Andrews, Guan, Ni [7] and Brendle, Choi, Daskalopoulos [43], we have if
p > —n, only solutions are centered balls; if p = —n, centered ellipsoids, where as there
are multiple solutions if p < —n. See also Crasta, Fragala [58], Ivaki, Milman [100] and
Saroglou [140]. Ivaki [101] has provided stability versions in these cases. However, no

stability results are known for possibly non-even solutions.
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L,~-Minkowski and L,-Brunn-Minkowski conjectures

Analogous to Lutwak’s log-Minkowski conjecture for the case p = 0, for p € (0,1), it
is also conjectured that the L,-Minkowski problem (2.39) has a unique even solution
for any positive, C*> and even f. The following conjecture is more general (for origin

symmetric convex bodies see Boroczky, Lutwak, Yang, Zhang [39] )

Conjecture 2.10.1 (L,-Minkowski Conjecture 1). For p € (0,1) and centered
convez bodies K and C in R", if Sk, = Sc,, then K = C.

Recall that for p > 0, o, 8 > 0 and convex bodies K, containing the origin,the L,

linear combination is given by
aK 4, BC = {z € R" : (z,u) < [ahx(u) + Bhe(w)?]? Yu e S},

Note that if p > 1, haxy,5c = [a bl + B h’é]% by Minkowski’s inequality. Firey [75]
showed that if p > 1, K,C € K}, then the Brunn-Minkowski inequality implies the
L,-Brunn-Minkowski inequality

ya
n

V(e K +,8C)" > aV(K)" +BV(C) (2.42)

for any o, > 0 with equality if and only if K and C are dilates; which can be

equivalently written in the following form
V(1= NK 4+, \C) > V(K)" 7V (0)* (2.43)

for A € (0,1) with equality if and only if K = C.

Analogous to the classical mixed volumes, Lutwak [115] defined the L, mixed volumes
as follows

V(K 4+,t0) - V(K) 1 hY
V,(K,C) = £ lim (K +,t0) ():/gnlhgdsK,pz/S —C qvy,

n t—0+ t n n-1 hh

Note here that Vi (K, C) = V(K, C;1). Taking the first derivative of A — V((1-X\) K+,
AC)7 leads to the L,-Minkowski inequality

3

V,(K,C) > V(K)+V(C) (2.44)

forp>1land K,C € IC?O) where equality holds if and only if K and C' are dilates.

In the case where p > 1, and K,C € K{,) with V(K) = V(C), we have the following

equivalent form

/S  hdSik, > /S W dSk, (2.45)
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where equality holds if and only if K = C.

For p > 1, Zhang [153], Ludwig, Xiao, Zhang [114] and Lutwak, Yang, Zhang [118] have

extended the L,-Brunn-Minkowski inequality to certain families of non-convex sets.

For p € (0,1), it is known that the L,-Minkowski and the L,-Brunn-Minkowski in-
equalities do not hold for general convex bodies K,C € IC?O). But it is a conjecture of
Boroczky, Lutwak, Yang, Zhang [39] that they hold at least for origin symmetric convex

bodies (Boroezky, Kalantzopoulos [38] for centered convex bodies).

Conjecture 2.10.2 (L,-Minkowski Conjecture 2). If p € (0,1), and K,C are

centered convex bodies in R™, then

V,(K,C) > V(K) " V(CO)» (2.46)
with equality if and only if K and C' are dilates;
or equivalently,
/S hdSk, > [S M dSx, (2.47)

when V(K) = V(C) and equality holds if and only if K = C.

Conjecture 2.10.3 (L,~-Brunn-Minkowski Conjecture). If p € (0,1), and K,C

are centered convex bodies in R™, then

V(e K +,B8C)" > aV(K)" +BV(C)" (2.48)
for any o, f > 0 with equality if and only if K and C' are dilates;
or equivalently,

V((1—=MNK 4+, \0) > V(K)'"V(C)* (2.49)

for X € (0,1) with equality if and only if K = C.

For 0 < ¢ < p, from Jensen’s inequality we have (1 —A\)K +,A C (1—=A)K +,AC. Then
it follows from (2.43) that the L,-Brunn-Minkowski conjecture implies the L,-Brunn-
Minkowski conjecture . Consequently we see that the log-Brunn-Minkowski conjecture

would yield the L,-Brunn-Minkowski conjecture for p € (0, 1), which in turn would lead
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to the Brunn-Minkowski inequality. Moreover, according to Kolesnikov-Milman [106]
the validity of the L,-Minkowski conjecture for some p € (0,1) would also lead to the
characterization of the equality case for the L,-Minkowski inequality when ¢ € (p, 1).

According to Boroczky, Lutwak, Yang, Zhang [39], the L,-Brunn-Minkowski inequality
implies the L,-Minkowski inequality, and for a family F of convex bodies closed under
L, linear combination, the L,-Minkowski inequality (2.44) for all K, C' € F is equivalent
to the L, Brunn-Minkowski inequality (2.42) for all K, C' € F and «, 8 > 0. Particularly

it holds for the family of origin symmetric convex bodies.

Kolesnikov, Milman [106] and Putterman [133] derive the following conjectured strength-

ening of Minkowski’s second inequality for origin symmetric convex bodies K,C C R":

V(K,C;1)2 _n—1 1—p hZ,
> V(K,C;2 —
V(K) ~n-—p (¥, C; )+n—p sn-1 h%

dVi (2.50)

which is equivalent to the L,-Brunn-Minkowski conjecture without the characterization

of equality.

So for p € (0,1) and origin symmetric convex bodies K and C' in R™ we have the
following three equivalent forms of the L,-Brunn-Minkowski conjecture (without the

characterization of equality in the case of the third formulation):

e V(1= NK +,\0) > V(E)V(C) for A € (0, 1);

n—p

« Vp(K,C) = V(K) = V(C)n;

3

. V(KC1? > ”—_IV(K,C’;Z)%-ﬁfSn—lZTQCdVK-
K

Some known cases of conjectures 2.10.1, 2.10.2 and 2.10.3

Borocezky, Lutwak, Yang, Zhang [39] have verified the conjectures in the planar case
n = 2. Combining the work of Kolesnikov, Milman [106] and Cheng, Huang, Li, Liu
[48] (see also Putterman [133]), we have that the L,-Minkowski and the L,-Brunn-
Minkowski conjectures hold for p € (0,1) close to 1. More precisely, we have the

following theorem

THEOREM 2.10.4. If K,C are origin-symmetric convex bodies in R" (n > 3), and
p € (pn,1) for 0 < p, < 1-— n(chn)w for an absolute constant ¢ > 0, then the L,-
Brunn-Minkowski and L,-Minkowski conjectures (2.42), (2.43), (2.44) and (2.45) hold,

together with the characterization of the equality cases.
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Further, all the known cases of the log-Minkowski and log-Brunn-Minkowski conjectures
imply the validity of the L,-Minkowski and L,-Brunn-Minkowksi conjectures (p € (0,1))

in those cases. For a comprehensive survey of the state of the art, we refer to Boroczky

[30).
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Chapter 3

Stability of the Prékopa-Leindler

inequality for log-concave functions

3.1 Introduction

In this chapter, our main goal is to eastablish a stability version of Prékopa-Leindler
inequality, a generalization of the Brunn-Minkowski inequality. The following multi-
plicative version from [10] is often more useful and is more convenient for geometric

applications.

THEOREM 3.1.1 (Prékopa-Leindler). If A € (0,1) and h, f,g are non-negative in-
tegrable functions on R™ satisfying h((1 — Na + My) > f(z)g(y)* for z,y € R",

Lo (LA (L) @

It follows from Theorem 3.1.1 that the Prékopa-Leindler inequality has the following
multifunctional form which resembles Barthe’s Reverse Brascamp-Lieb inequality [20].
If Ay,..., A\ > O satisty > A\; = 1 and fi,..., f,, are non-negative integrable func-
tions on R", then
* m m i
sup fi(x:) i dz > (/ fz) (3.2)
/Rn Z=ZZ1 iz z:q z:l_Il R

where * denotes the outer integral in case the integrand is not measurable.

A function f : R™ — [0,00) is said to have positive integral if f is measurable and

0 < Jgn f <oo. " C R™is aconvex set, a function f : ' — [0, 00) is called log-concave
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if for any z,y € I' and o, 8 € [0, 1] with a + 8 = 1, we have f(ax + By) > f(x)%g(y)".

Dubuc [63] has characterized the equality case in Theorem 3.1.1 as follows.

THEOREM 3.1.2 (Dubuc). If A € (0,1) and h, f,g : R" — [0,00) have positive
integral, satisfy h((1 — Na + \y) > f(2)Ag(y)* for 2,y € R™ and equality holds in
(3.1), then f, g, h are log-concave up to a set of measure zero, and there ezist a > 0 and
z € R™ such that

f(z) = a*h(z—\2)

glz) = a T Naz+(1-N)2)

for almost all x.

Our goal in this chapter is to prove a stability version of the Prékopa-Leindler inequality

Theorem 3.1.1 at least for log-concave functions.

THEOREM 3.1.3. For some absolute constant ¢ > 1, if T € (0, %], T<A<Z<1-—r7,
1-)

1
h,f,g : R* — [0,00) are integrable such that h((1 — Nz + Ay) > f(z)' " g(y)* for

x,y € R", h is log-concave and

osara (L) (La)

for e € (0,1], then there exists w € R™ such that setting a = [gn f/ Jgn g, we have

/n|f(m)—a’\h(x—)\w)|dx < c”n”l\’/f-/nf

/n l9(x) —a " Mh(z + (1 - Nw)|dz < "n" 1\g/f o 7

Remark According to Lemma 3.7.3 (i), if f and ¢ are log-concave, then

hz)=  sup  f(2) Pgy)?
2=(1=N)a+)y

is log-concave, as well, and hence Theorem 3.1.3 applies.

Ball, Boroczky [13] have proved a statement similar to Theorem 3.1.3 for even log-
1
29
version of the Prékopa-Leindler inequality for log-concave functions was also given by

concave functions and 7 = L, with an error term of the order of £5|loge|3. A stability

Bucur, Fragala [45] in terms of the weaker notion of bounding the (translative) distance
of all one dimensional projections instead of the “translative” L; distance considered

here.
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Here we present a version of Theorem 3.1.3 analogous to Theorem 3.3.2. If f, g are
non-negative functions on R with 0 < [z. f < 00 and 0 < [zn g < 00, then for the
probability densities

= f -9
f_fRnf and g fRng
we define
Li(f.0) = inf [ |f(@ = v) = g(z)|da. (33)

COROLLARY 3.1.4. If 7 € (0,3], A € [7,1 — 7] and f,g are log-concave functions

with positive integral on R™, then

/n (sup f(:v)l—Ag(y)AdZ > (1+7'T'El(f,g)19) (/nf)lA <'/ng)>\

z=(1-N)z+Ay

where v = ¢"/n**" for some absolutute constant ¢ € (0,1).
We also deduce the following stability version of (3.2) from Theorem 3.1.3.

THEOREM 3.1.5. For some absolute constant ¢ > 1, iof 7 € (0, %], m > 2,
My A € [1,1 = 7] satisfy S N = 1 and fi,..., fm are log-concave functions

with positive integral on R™ such that

[ g M <asall(fs)

for e € (0,1], then for the log-concave h(z) = SUP._5™" g, 17, f(z)N, there ewist

a1y .., 0, >0 and wy, ..., wy, € R" such that >3y \jw; = o and forv=1,...,m, we
have

L 1i@) = ahle +w))ldo < 'ntm = [,

(oo £2)
Remark a; = =%~/ fori=1,...,m in Theorem 3.9.4.

Hj;éi(f]R” fj) !

For the log-concavity of the h in Theorem 3.9.4 see Corollary 3.9.1.  In the next
Section 3.2 we review some known stability versions of the Prekopa-Leindler inequality
for functions on R, and in Section 3.3 we outline the idea for the proofs of Theorem 3.1.3,
Corollary 3.1.4 and Theorem 3.1.5.
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3.2 Stability versions of the one dimensional Prékopa-

Leindler inequality

Ball, Boroczky [12] showed the following stability version of the Prekopa-Leindler in-

equality Theorem 3.1.1 for log-concave functions on R (n = 1).

THEOREM 3.2.1. There exists a positive absolute constant c¢ with the following

property: If h, f, g are non-negative integrable functions with positive integrals on R

such that h is log-concave, h(*£2) >/ f(r)g(s) forr,s € R, and

[n<a+an/[ [

for e € (0,1), then there exists b € R such that for a =/ |z 9/ |z [, we have
rY/ Jr
/\f(t)—ah(t+b)\dt < c-%ylney%./f(t)dt
R R
/yg(t)—a-lh(t—b)mt < c-\%ylney%./g(t)dt.
R R

Remark If f and g are log-concave probability distributions, then a = 1, and if in

addition f and g have the same expectation, then even b = 0 can be assumed.

Combining Theorem 3.2.1, Lemma 3.7.3 (ii) and Lemma 3.7.4 gives us the following

more precise stability version of the one-dimensional Prekopa-Leindler inequality.

COROLLARY 3.2.2. For some absolute constant ¢ > 1, if 7 € (0,], 7 <A <1—7,
h,f,g : R — [0,00) are integrable such that h((1 — N)x + \y) > f(x)'g(y)* for

xz,y € R, h is log-concave and

frsasa(fr) (L)

for e € (0,1], then there exists w € R such that for a = [y g/ [z f, we have
Y 9 % 4
/ () — a bz — Aw)|de < c<) log e / f
R T R
1
/ lg(z) — a*h(z 4+ (1 = Nw)|de < ¢ (8) ’ ]10g5|% / g.
R T R
We note here, as in C. Borell [29], and K.M. Ball [10], that assigning to any function
H :[0,00] — [0,00] the function h : R — [0, 00] defined by h(z) = H(e*)e*, we have

the version Theorem 3.2.3 of the Prékopa-Leindler inequality. If H is log-concave and

decreasing, then h is log-concave.
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THEOREM 3.2.3. If H,F,G : [0,00] — [0,00] are integrable functions satisfying
H(\/rs) > /F(r)G(s) forr,s >0, then

/OOOHz,//OOOF-/OOOG.

Then Theorem 3.2.1 gives us the follwing corollary:

COROLLARY 3.2.4. There exists a positive absolute constant ¢y > 1 with the follow-
ing property: If H, F,G : [0,00] — [0, 00] are integrable functions with positive integrals
such that H is log-concave and decreasing, H(\/rs) > \/F(r)G(s) forr,s € [0,00], and

/OOOHS(Hs),//OOOF-/OOOG

fore €[0,cy"), then there exist a,b > 0, such that

/OOO|F(t)—aH(bt)|dt < c-{’/E|lne|§-/OooF(t)dt
/OOO|G(t)—a‘1H(b‘1t)|dt < c-{’/E|ln5|§-/DooG(t)dt.

Remark If in adddition, F' and G are decreasing log-concave probability distributions
then @ = b can be assumed. The condition that H is log-concave and decreasing can

be replaced by the one that H(e') is log-concave.

For more general measurable functions, the stability of at least the one-dimensional
Brunn-Minkowski inequality has been clarified by Christ [54] (see also Theorem 1.1 in
Figalli, Jerison [73]).

THEOREM 3.2.5. If X, Y C R are measurable with |X|,|Y| > 0, and | X + Y| <
| X |+ Y|+ 0 for some 6 <min{|X]|, |Y|}, then there exist intervals I,J C R such that
Xcl,YcJ,|I\X|<§and|J\Y| <.

3.3 Ideas to verify Theorem 3.1.3 and its conse-

quences

In order to prove Theorem 3.1.3, we first consider Theorem 3.3.1 which is essentially
1
2
the general case later in Sections 3.7 and 3.8.

the case A = 5 of Theorem 3.1.3 for log-concave functions and for small e. We treat

44



CEU eTD Collection

3.3. Ideas to verify Theorem 3.1.3 and its consequences

THEOREM 3.3.1. If h, f,g : R" — [0,00) are log-concave, f,g are probability dis-
tributions, h(*32) > 1/ f(x)g(y) for z,y € R", and
h<l+e
RTL

where 0 < € < (cn)™", then there exists w € R"™ such that
/ \f(z) — h(x —w)|de < én®- ¥/e-|loge|”
/ lg(x) — h(z +w)|de < én®- ¥z |loge|”

where ¢, ¢ > 1 are absolute constants.

Our proof of the stability version Theorem 3.3.1 of the Prékopa-Leindler inequality
stems from the follwing argument of Ball (¢f [10] and Borell [29]) for proving the
Prékopa-Leindler inequality based on the Brunn-Minkowski inequality.

Let f,g,h : R® — [0, 00] have positive integrals and satisfy that h(%3%) >/ f(z)g(y)
for z,y € R", and for ¢t > 0, consider the level sets

O, = {zeR": f(x) >t} and F(t) = |Dy
U, = {zeR": g(x) >t} and G(t) = |y
Q = {zeR": h(zx) >t} and H(t) = |

As it was observed by Ball [10] and and Borell [29], it follows from the condition on
f, g, h that if ®,, ¥, # () for r, s > 0, then
5(Dp +T) C Qs

Then the Brunn-Minkowski inequality gives us that

H(\/rs) > (F Gk *G“)i) > JF(r) - G(s)

2

for all ;s > 0. And the Prékopa-Leindler inequality would then follow from Theo-

rem 3.2.3 as follows:

/nh:/oooﬁ(t)dtz\//OOOF(t)dt-/OOOG(t)dt:,//nf. [

For the proof of Theorem 3.3.1, we will need the stability version Corollary 3.2.4 of the

Prekopa-Leindler inequality for functions on R, and a stability version of the product

form of the Brunn-Minkowski inequality on R™.
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Recall the stability version of the Brunn-Minkowski inequality by Figalli, Maggi, Pratelli
[70].

n-13
THEOREM 3.3.2 (Figalli, Maggi, Pratelli). For v*(n) = (Y2.22)%, and for any

convex bodies K and C' in R,

K +C|v > (|K|" +|C|") [1 v A(K, 0)2] .
o(K,C)x
Since
1 1 1 1L 1 1 —1\2
5 (K" +1017) = |K|=|C]= {1+2<0(K,O)4n —a(K,C’)zm)}

4n—1

32n20(K,C) 2

1 1 K _12
> |K|%|C| [1+ (0(K,C) — 1) ]

using the notation o = (K, C) = max{%, %}, we conclude from the stability version

Theorem 3.3.2 that
o) 2 ikt il i+ e aep|. e

32no2 o

Note that the volume of the symmetric difference |[KKAC| of convex bodies K and C
is a metric on convex bodies in R™. We use this fact in the following consequence of
Theorem 3.3.2:

LEMMA 3.3.3. Ifn € (0, 52+) and K,C.L are convex bodies in R"™ such that |C| =

» 12207
K|, |L| < (1+n)|K| and § K + 3 C C L, then there exists w € R™ such that

|KA(L —w)| < 24507 /n |K| and |CA(L 4+ w)| < 24507 /1 |K]|.

Proof: We may assume that |C'| = |K| = 1. Theorem 3.3.2 implies that there exists
z € R™ such that

n 7
KNnC—-2)|>1- >1-—122n )

From z +[K'N(C —z)] C C, we have that M = § z+[K N(C —z)] C L. Then it follows
from |L| <1+ n that [LAM]| < n+ 122n",/ < 123n",/7. Denoting w =  z, we have

|IKA(L —w)| < |[KA(M —w)| + |[(M — w)A(L — w)| < 24507 /7.

We also get |[CA(L + w)| < 245n7,/7 by a similar argument. [

46



CEU eTD Collection

3.4. Some properties of log-concave functions

In Section 3.4 we discuss some fundamental estimates for log-concave functions. We
compare the level sets of f, g and h in Theorem 3.3.1 in Section 3.5, and finally complete
the argument for Theorem 3.3.1 in Section 3.6. Theorem 3.1.3 for small ¢ is verified
in Section 3.7. Section 3.8 deals with the proofs of Theorem 3.1.3 and Corollary 3.1.4.
And finally in Section 3.9, we prove Theorem 3.1.5.

3.4 Some properties of log-concave functions

First, we characterize a log-concave function ¢ on R", n > 2 with positive integral;

namely, if 0 < [gn ¢ < 00. For any measurable function ¢ on R", we denote

M, = sup .

LEMMA 3.4.1. Let ¢ : R™ — [0,00) be log-concave. Then ¢ has positive integral if
and only if ¢ is bounded, M, > 0, and for any t € (0, M,), the level set {@ > t} is

bounded and has non-empty interior.

Proof: If ¢ has positive integral, then M, > 0, and there exists some ¢, € (0, M,,) such
that the n-dimensional measure of {¢ > ty} is positive. As {¢ > ty} is convex, it has
non-empty interior. It follows from the log-concavity of ¢ that the level set {¢ > ¢}
has non-empty interior for any ¢ € (0, M,,). In turn, we deduce that ¢ is bounded from

the log-concavity of ¢ and [z. ¢ < 00.

Next we suppose that that there exists ¢ € (0, M,,) such that the level set {¢ > t} is
unbounded and seek a contradiction. As {¢ > t} is convex, there exists a u € S™!
such that = + su € int{e > t} for any = € int{p > t} and s > 0. We conclude that
Jgn p = 00, contradicting the assumption [z, ¢ < co. Therefore the level set {¢ > t}
is bounded for any ¢ € (0, M,,).

Assuming that the conditions of Lemma 3.4.1 hold, we readily have [z. ¢ > 0. To show
Jgn ¢ < 00, we choose xy € R™ such that ¢(z) > 0, and let B be an n-dimensional ball
centered at zo and radius ¢ > 0 containing {¢ > 1 ¢(zo)}. Let us consider

_llz—=qll

P(x) = p(xo)e™

It follows from the log-concavity of ¢ that ¢(x) < (z) if ||z — x¢|| > o, and hence

R" B R\ B

verifying Lemma 3.4.1. [J
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If p: R® — R is a bounded measurable function, and ¢t € R, we denote the level set
Eor={r eR": ¢(z) >t}

For a log-concave function ¢ with positive integral, it’s symmetric decreasing rear-
rangement ¢* : R™ — R is characterized by the following properties. For any ¢ > 0, we

have

|E<p*,t = ‘E@,t‘

and whenever |Z,;| > 0, =+, is a Euclidean ball centered at the origin 0. Moreover,
M g p— * g * .
o = max p(w) = max " (z) = ¢"(0)

Here, Lemma 3.4.1 implies that ¢* is well-defined. It follows that ¢* is log-concave as

[Tz dt:/ooE* dt:/ .
/ngo /0|<p’t 0 ’w’t R"SO

Denote by B™ the Euclidean ball centered at the origin with |B"| = k,, and so, the

surface area of S"! is nk,. The symmetric decreasing rearrangement of log-concave

well and

functions satisfies the following useful property that if S« ;37, = 0 B", and if we write

s=-e ¢ for 7,0 > 0, then

go*(x) > Mwe—vlle if ||xH <o (3 5)
o*(z) < Mye el if ||z|| > o. '
Note that when s = e™7¢, we have
Zgsn, | = |2 sm, | = Fno™ (3.6)

We will make use of the following related integral which follows from induction on n

/Oo e dr = (n— 1)1y (3.7)
0

LEMMA 3.4.2. If ¢ is a log-concave probability density on R™, then for T € (0,1),

we have
1 "

n+1 'E'

(3.8)

|E(p,(1—T)M¢| >

Proof: Here, we are gonna make use of the property (3.5). We choose 7,0 > 0 such
that Z,+ 1-rym, = 0B" with 1 —7 =¢77¢ From e77¢ > 1 — vp, we have yo > 7.
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Then using (3.6) and (3.7), we have

1 =

o

¢"(z)de < |0 B"|- M, + " () da
n Rn\an

< Epa-nm,| - My + /Rn M@e—"/llw\l dx

= M, |E,0-nm,| + Mynk, /Ooo et dr
= M, - |2, 0-nm,| + Mnlk, -v"

< My |Eg —ry,| + Mpnlk, - %

= M, |24 0-mm,] (1 + ZZ) ,

and that concludes the proof of (3.8). O

To see that the estimate (3.8) is close to being optimal, let’s consider the probability
density ¢(z) = M,e 72l for an appropriately chosen vy > 0. Then for 7 € (0, %), we

- _ |In(1—7)|™ er™
have "_‘907(1*7')M¢’| - n!My, n!My*

If p, is the probability measure corresponding to the log-concave probability density ¢
(that is, dp, () = p(x)dz ), then it follows from Lovasz, Vempala [113] Lemma 5.16
that for s € (0,e~4("1)),

po(p < sMy,) < s+ |lns|"t < s-|Ins|™ (3.9)

W

Next we derive the following necessary estimate.

LEMMA 3.4.3. If s € (0,e7*"Y) and ¢ is a log-concave probability density on R",

then
2| In s|™
Cos , 3.10
» M“” n!M, ( )
sMy 1 n
/O Eaaldt < (150 ) s TP (3.11)

Proof: Once again, we will make use of the property (3.5). Choose 7, 0 > 0 satisfying

Epesm, = 0B" with s = e772. From s € (0, *"~V), it follows that

vo > 4(n —1). (3.12)
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Using (3.7) and integrating by parts, we have

[ee) 0o nfl( k
ey - I ne)
/Q e r ldr:e”’@/o e r ldr-kz;o o (3.13)
Now, using the estimate (n — 1)! > (";le:fl, we have for k=1,...,n—1,
— 1)k
(h=1) . (n—k) > "= (3.14)

ok
Next, noting that s > 4 implies 1 + ¢ -s < e1® and using (3.14), we have that if
t > 4(n —1), then

n—1 tk n—1 (n _ 1) et k et n—1
Y=<y ( > = (1 + ) <e
ok =\ k n—1 n—1

Then, combining (3.12), (3.13) and (3.15), it follows that

>

‘ (3.15)

* —yron—1 - e n—1 3 -1 R |
/ e " hdr < e 79/ e " dr - e17? = ¢ 479/ e " dr
0 0 0

1 00
< f/ e dr., (3.16)
2 Jo
It follow from (3.5), (3.16) and (3.6) that
1 > / ©*(x) da:Z/ M e =l gy
oB" oB"
0
= ”“nMw/ el dr
0
1 oo Mk, 0"
> nk,M, - = / o=yl gy — " eRn 0
2 0 Q/Yngn
nlM@_ =]

2 |lns®

And hence, for s € (0,e~4""1)) we have that

This together with (3.9) gives us that if s € (0,e~*™=1)  then

sM, 1
/ w]EW]dt:]E%S\-s—i—uw(g0<sM@)<e 1+ —]s-|lns|",
0 M,

which concludes the proof of (3.11). O

Once again if we consider the probability density ¢(x) = Mwe””wn for appropriately

chosen v > 0, then |Z, | = % And hence, the estimate (3.10) is close to being

optimal.
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3.5 The measure of the level sets in Theorem 3.3.1
Here, we consider the functions f, g, h as in Theorem 3.3.1.We may assume that
f(0) = max{f(x):z € R"} and g(0o) = max{g(z) : x € R"}. (3.17)

Next let’s consider the following bounded convex sets (as per Lemma 3.4.1 ): for ¢ > 0,
let

& = Ep={r€R": f(x) =1} and F(t) = |®
U = = {reR": g(e) >t} and G(t) = |y
Q = Ep={reR": h(z) >t} and H(t)= |9

Note then that (3.17) implies
o€ d,NU, (3.18)

Further, we have
0 My 00 M,
/ F:/ F={ f=1 and / G:/ G=1{ g=1. (3.19)
0 0 Rn 0 0 Rn

We note here as in K.M. Ball [10], that the condition satisfied by f, g, h means that if
O, U, £ () for r;s > 0, then
L(®, +T,) C Q. (3.20)

Consequently, it readily follows from the Brunn-Minkowski inequality that for all r, s >

0, we have

H(/r3) > (F (”";G“)") > JF(r) - G(s). (3.21)

Consider the absolute constant ¢y > 1 of Corollary 3.2.4 and for 0 < & < 1/¢, denote
by
w(e) = co - /2| Inels (3.22)

the error estimate in Corollary 3.2.4.
The main result of this section is the following estimate.
LEMMA 3.5.1. I[f0<e < # for a suitable absolute constant ¢ > 1, then

Joo @ =[] [ dt - < 97y/ny/w(e)

(3.23)
JEW| = ]| dt < 97 \Jw(e).
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Proof: We choose the absolute constant ¢ > 1 in the condition 0 < ¢ < — such that

(cf (3.22)) -
1

w(e) < YOI
This is equivalent to (3.34) below.

(3.24)

Note here that as we had defined before ®;, ¥, ), are convex bodies, and the cor-
responding functions F(t), G(t), H(t) are decreasing and log-concave. It follows from
(3.19) that F, G are probability distributions on [0, c0).

Note that [ H = [gnh < 1+ . Then Corollary 3.2.4 yields that there exists b > 0

such that
Joo [oF(bt) — H(t)| dt

<
G — H|dt < w(e) (3:25)
WLOG, we can assume b > 1.
Let’s denote, for t > 0,
O, = bridy if D A0
U, = ba Wy, if U, #£ 0.
Then we have that || = bF(bt), |¥,| = b~'G(b~'t), and (3.25) gives us
| 11@d - H®ldt < w(e) (3.26)
/OOO 0 — H)|dt < w(e). (3.27)
From (3.20), we have that if ®;, # ) and U, # (), then
L% @, + b ,) C Q. (3.28)

Next, we dissect [0, 00) into I and J in such a way that ¢ € I, if 3 H(t) < |B,| < 3 H(t)
and 3 H(t) < 1Ty| < 2 H(t), and t € J otherwise. Since ¢ < - and we choose ¢ > 1 in
a way such that (3.34) holds, it follows from (3.26) and (3.27) that

_ _ 1
/JH(t) dt < 4/J (11 = H@)|+ [0 = H®)) dt < 8w() < . (3.29)
For I, Prékopa-Leindler inequality and (3.29) gives us
1
/H(t) dt >1— / Hp)dt > . (3.30)
I J
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Let’s denote for t € I, a(t) = |®,|/H(t) and S(t) = |¥,|/H(t). Then 3 <at),B(t) <
And it follows from (3.26) and (3.27) that

/0°° H() - (Ja(t) — 1] + |8(t) — 1]) dt < 2w(e). (3.31)

FNPS;

Using v* and A(-,-) as in Theorem 3.3.2 and (3.4), we define
Sz o1z BA(t) oft)
O'(t) g (b ts b t) max { a(t) s bZB(t)
(o(t)—1)*  ny’

e E=r A

For ¢ € I, it follows from «a(t), 3(t) > 3 that \/a(t) - B(t) > 1 — max{0,1 — a(t)} —
max{0,1 — 5(¢)} > 1. Then (3.4) and (3.28) give us

V=@ [0 (14 () = B ) - Jat) - B + (1)
H(t) - (1 —max{0,1 — a(t)} —max{0,1 — 5(t)}) (1 + n(t))
H(t) - (1—a(t) = 1] = |B(t) — 1| + 3 n(t)),

which together with (3.31) yield

/1 H(t) - () dt < dw(e). (3.32)

H(t)

Vv

v

v

In order to estimate b > 1 (see (3.35)), we claim that for ¢ € I,

() 11+ 181 — 1] +-n(t) = L1 (3.33)

Indeed note first that if a(t) < b5(t), then o(t) > b, which gives us

(b—1)
) > o

Next, we consider the case when «(t) > b5(t) in (3.33). If 5(t) > 1, then we have

alt) — 1|4 |8 — 1] > |alt) 1| > b—1> bgl

On the other hand, if 1/b < §(t) < 1, then

o) 1+ 8() 1] > bB() ~ 1+ 1= (1) > .
And finally if 5(¢) < 1/b, then
o(t) 1+ 18() ~1 > [8() ~ 1| 21— 7 ==L
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Thus we have that the claim in (3.33) indeed holds.

Combining (3.30), (3.31), (3.32) and (3.33), it follows that

(b—1)* / (b—1)*
< . dt
64nb2  — 32nb?

[ H® - (0) + att) = 1+ 150) - 1)) dt < 6e(e),

IN

which gives us
b—1
e

Recall that in the condition e < -%;, we had chosen ¢ > 1 large enough (cf. (3.24))
that

1
24 —. 3.34
V(o) < 3 (3.34)
If b > 2, "2 > 1 would contradict (3.34). So we must have that b < 1 which gives us
from (3.34) that

b—1<48/njw(e). (3.35)

We then claim that
51| = 1@ | dt < 96y/myw(e) 50

SNl = [0 [ dt < 96/ \fw(e).
It follows from || < || that,
| lled = 12| at = [ 1] — bl at
< [l = bl dt+b [0 = @] di

- (b—1)+b/0 |B,| — |y dt

= 2(b—1) <96y/n\/w(e).

Similarly, |U,| < |W,-14] gives us

/ 1w, — By dt = / 10, — 07 |y
0 0
/0 ‘|\Ift]—b*1\\11t|’dt+b*1/o 10| — | Wy 1y]| dt

dt

IN

_ (1—b*1)+b’1/0 Wy — || dt

= 2(1-b7") < 96v/n\/w(e),
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and hence (3.36) indeed holds.

Finally using (3.26), (3.27) and (3.36) gives us that (3.23) holds, concluding the proof.
U

Next we derive the following corollary of Lemma 3.23

COROLLARY 3.5.2. There exists an absolute constant ¢ > 1 such that if 0 < € <
(en)™™, then § < My/M, < 2 and 5 < My/M, < 2.

Proof: From (3.23), we have

/O°° 1@, — [W,]| dt < 194,/0(e). (3.37)

We may assume that 1 = My > M,. Note that |¥;| = 0if ¢ > M,. Then using (3.37),

(3.8) and k! < (%)%, /27 (k + 1), we have
1 1 1 .
194, /w(e) > /Mg B, | dt > M/Mgu —dt

1 1— M n+1 n+1
- s : (1= M)
2-nl n+1 2(n 4 1)1, /271(n + 2)

which gives us
1
1 — M, < cynw(e)2m+D

for an absolute constant ¢; > 0. Then (3.22) yields that for some absolute constant

¢>1,if 0 <& < (cn)™, then M, > 1 which gives us 3 < M;/M, < 2.

By a similar argument, 3 < M;/M, < 2 analogously follows from (3.23). O

3.6 Proof of Theorem 3.3.1

using all the same notation as in Section 3.5, we assume here that f(0) = 1, that is,

f(o) = M; =1 and g(o) = M,. (3.38)

First we assume that for a large enough absolute constant ¢ > 1,
e<c ™" (3.39)
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Then (3.38), (3.39) and Corollary 3.5.2 give us

< glo)=M, <2

(3.40)
< M,, < 2.

N N

here we assume that R™ is a linear subspace of R"™! and denote by wug the (n + 1)th

basis vector in R"*! orthogonal to R". Let

¢ o/w(e)

- VI 3.41
Inw(e)? 340

It follows from (3.39) that

674(n71)

1
€< and 6e - |In¢|" < 3" (3.42)

Using My = 1 (see (3.38)), 3 < My, M, < 2 (see (3.40)), (3.11)) and (3.42) with the

substitution s = Int, we have

1 Mf 1

/é\qmdt:/ @udt > 1=2e-¢-|ng" > 2 (3.43)
3

Y= [ ) d e S L] 3.44
/{’t\t—/gft|t>—€‘Mg'nMg (3.44)

1

> 1—6e§-|1n§|“>§

2 My, 1
/€|Qt|dt:/f Quldt > 1—6eg-[lngl" > . (3.45)

Next we define the following convex bodies in R™*!:

K=Ky = {ex+ulnt: x€ P and £ <t < f(x)} (3.46)
C=0Cey = {x+ulnt: xeVeand £ <t <g(z)} (3.47)
L=1L = {x+ulnt: z € Qe and <t < h(x)}. (3.48)

Denote by V(-) the volume ((n + 1)-dimensional Lebesgue measure) in R™™!. Then
(3.43) and (3.44) gives us

VIK) = fugl®e|ds = J |i] - 5 dt = J¢ | @] dt > 3,

. (3.49)
V(C) = fold|Welds = [2|Ty|- Ldt > [2|W,] - Fdt > 1.
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Note here that K is contained in a right cylinder whose base is a translate of ®¢ and
height is [In |, and C' is contained in a right cylinder whose base is a copy of ¥¢ and
height is [In | +1In2 < 2| In&|. Then it follows from (3.10) that

V(K) < Z-[lng",
" (3.50)
V(C) < A |me
Using (3.23), f(o) =1, (3.40) and the substitution s = Int gives us
In 2 2 1
V)=V = |[ (0] = 0uds| = | [ (@ =120 7
1 2 \Jwi(e
< f/ 1D, — || dt < 97\/57(). (3.51)
€ Je £
Similarly, we have
Vw(e
V(C) - V(L)| <97vn g() (3.52)
Then from (3.51) and (3.52), it follows that
w(e)
V(C) - V(K)| < 194\/5T. (3.53)
We note here that h(%5¥) > \/f(z)g(y) for z,y € R™ in Theorem 3.3.1 gives us
tK+:iCcCL. (3.54)

LEMMA 3.6.1. Ife < ¢ "n™" as in (3.39), there exist w € R"™ and absolute constant
v > 1 such that

8 4(,0(5) ntl
V(KA(L —w)) < 7n ‘T'“nﬂ 2

8 4(,0(5) ntl
V(CA(L+w)) < n -T-Hné’\ 7.

Proof: We start by showing a slightly weaker statement, where we allow the translation
vectors to be chosen from R"*! and not only from R”. We claim that there exist

@ € R™! and absolute constant v > 1 such that

8 4

(€) nt1

)
E
&

V(KA(L —w)) < 3 T ngl 2 (3.55)
- yn® \/w(e) ntl
V(CA(L +w)) < 3 7 ng| 2. (3.56)
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In order to show (3.55) and (3.56), we consider a homothetic copy Ky C K of K and
homothetic copy Cy C C of C such that V(Kj) = V(Cy) = min{V(K),V(C)}. We
have either K = K, or C' = (), and

sKo+35Co C L. (3.57)

Then using (3.51) and (3.52), and noting that either K = K, or C' = Cj, we have

V(L) = V(Ko) < 97y/n -

V(Ky). (3.58)

Recall that € = Jw(e)/|Inw(e)|z. Then (3.39) (provided ¢ is large enough) and (3.49)

give us that gv?)l(é))) < 2w(e)3|Inw(e)|2 is small enough for Lemma 3.3.3 to be applied

to Koy, Cp and L. And hence using (3.57), (3.58) and Lemma 3.3.3, it follows that there

exist w € R"! and an absolute constant v > 1 such that

V(KoA(L —w)) <

JeV (o) Ve

vw(e) g Vw(E)
N V(Ky) = o AV (K,
V(K (Ko) = 7 (Ko)
V;(g) V(o).

8
Yonu -

8
Yoo -

V(CoA(L +w)) <

Then (3.49), (3.53) and the properties of K, and Cy yield that

VIKAL—@) < (q0+1)n*- j(g)- V(K)
V(ICA(L+®)) < (yo+1)n®- 43(;)- V(K).

Then, (3.50) implies (3.55) and (3.56).
We next show that if w € R™ is such that @ = w + pug for p € R, then
V(KA(L —w)) < 3V(KA(L—-w)) (3.59)
V(CA(L +w)) < 3V(CA(L+ w)). (3.60)
Here, we may assume p # 0 and we consider the cases p < 0 and p > 0.

For p < 0, let us consider
Ky ={r e K:In& < (z,up) <|p|+mé} C K\(L—w).
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Note that &, is decreasing as a set as ¢ > 0 increases. Then using Fubini’s theorem, it

follows

V(EAK + [plup)) = 2V (Kyy) < 2V(KA(L — ).
And the using the triangle inequality for the symmetric difference metric, we get
V(KA(L —w)) = V((K +[pluo)A(L — w))

< V(K +|pluo)AK) + V(KA(L — w))
3V(KA(L — ).

IN

Similarly, for p > 0, let
Lpy={reLl: < (r,u) <p+1In&}

with
Ly +w C (L+ w)\K.

Note that §2; is decreasing as a set as ¢t > 0 increases and it follows
V((L+0)A(L+w)) =2V (L)) < 2V(KA(L +w));
Then using the triangle inequality for the symmetric difference metric, we have
V(KA(L+w)) < V(KA(L+w))+ V({(L+0)A(L+w)) <3V(KA(L +w)),
which concludes the proof of (3.59).

Finally, (3.55), (3.56), (3.59) and (3.60) together give us Lemma 3.6.1. [

Proof of Theorem 3.3.1 Here we can assume that f and g are log-concave probability

distributions with

flo)=My=1 and g(o) = M,.

From (3.40), we have % < My, M, < 2. Let K,C,L C R be the convex bodies
as defined in (3.46), (3.47) and (3.48) and let w € R" be the translating vector from

Lemma 3.6.1. Note here that % < My, M), < 2, and hence Mif, Mig < 2¢ and both 1—|—Mif

and 1+ Mih are at most 3. As before we denote & = Jw(e)/|Inw(e)|z and let v be
the absolute constant in Lemma 3.6.1. Then for the functions f,g,h, n > 2, (3.11)
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(compare the condition (3.42)) and Lemma 3.6.1 give us
2
/n f(z) — h(z — w)|de = /0 1B, A(Q; — w)| dt

2 3 3
< /£|<I>tA(Qt—w)|dt+/0 EX dt+/0 10| dt

IN

2 1 3 3
2/5 |<I>tA(Qt—w)|-;dt+/o EX dt+/0 1| dt
3 3
- 2V(KA(L—w))+/ | dt+/ 10| dt
0 0

8 4w(5) n+1l n
n 'T'llngl = +2-3-(26) | In(29)]

2yn® - Jw(e) - [ Inw(e)|" 7.

IN

IN

Similarly, we have
— h(x + dz < 2vn® - Jw(e) - |Inw(e)|" 1.
/Rn lg(x) (x 4+ w)|dz < 2vyn (e) - |Inw(e)|" 1

Note that w(e) = ¢o&/2|Ine|3 for an absolute constant ¢ > 1 (¢f. (3.22)). It follows
that

L 1f@) =h@—w)ldz < qon®- V- |loge|"
[ J9@) = h(@+w)lde < qon° - V- [logel”
Rn

where 79 > 1 is an absolute constant. This concludes the proof of Theorem 3.3.1. [

IN

3.7 A version of Theorem 3.1.3 when ¢ is small

In this section we prove the following version of Theorem 3.1.3 for small ¢.

THEOREM 3.7.1. For some absolute constant ¢ > 1, if 7 € (0,1], A € [r,1 — 7],
h,f,g: R" — [0,00) are integrable such that h((1 — Nz + \y) > f(z)g(y)* for

x,y € R", h is log-concave and

osara (L) (La)

n

for e € (0,7eg) for eg = ¢ ™n™", then there exists w € R"™ such that setting a =

fR" f/ fRn g, we have

n

/ If(z) — a*h(z — Aw)|dz < cn® 1€ log5 f
n T T Jre
glx) —a V" z+ (1 —-—MNw)|de < en® /- - |log— g.
(1 )\)h 1 A d 8 18/ € 1
n T T JRe
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The log-concave hull f : R” — [0,00) of a bounded measurable function f : R" —
[0, 00) is given by

k
f(z) = sup 11 f(zo)*
Z:Zle QT Z:1
Zle a;=1, Yo; >0

Showing f is log-concave, is equivalent to proving that if €, o, 5 € (0,1) and z,y € R™,
then
flaz + By) > (1 —¢)f(2)*f(y)”. (3.61)

Note that there exist z1,..., 2k, y1,...,ym € R* and ay,...,ax,51,...,58mn => 0 with
SE o =1, YiBi=1x= Sk Lz and y = SF | B2 such that

k m
(1—e)f(x) H flz)® and (1—¢)f H
We have

k m k m
ax + By = Z Z(aiﬁjaxi + «;;By;) where Z Z(O{iﬁja +a;58;8) =1.  (3.62)

i=1j=1 i=1j=1

It follows that

k m
flaz + By) > H LT £ ()P f (y;)>iP9°

> (1=e)*f(2)*(1 =)’ f(y)" = (1 = &) f(2)" f(y)",
which proves that f is log-concave via (3.61).
We note that if ag > 0 and z, € R™ and fy(2) = agf(z — 2), then
fo(2) = aof(z — ). (3.63)

In order to prove Theorem 3.7.1, we first derive the follwing three technical lemmas,

Lemma 3.7.2, Lemma 3.7.3 and Lemma 3.7.4 about log-concave functions.

LEMMA 3.7.2. If A € (0,1), h is a log-concave function on R™ with positive integral,
and f,g: R™ — [0,00) are measurable satisfying [gn f >0, [gng >0 and h((1 — )z +
\y) > f(x)g(y)* for x,y € R", then f and g are bounded, and their log-concave hulls
f and § satisfy that h((1 — Nz + \y) > f(x)2G(y)* for z,y € R™.
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Remark The Prékopa-Leindler inequality implies fgn f < 00 and fg. § < co.

Proof: Choose yy € R™ with g(yo) > 0. Then for any x € R™, we have h((1—\)z+Ayy) >
f(x)*2g(yo)>. Tt follows that

(=N +Ago) ™ _ M
A — A
9(yo) ™ 9(yo) ™

I

flz) <
that is, f is bounded. Similarly, we can show that g is bounded too.

It suffices to prove that z,y € R™, and € € (0,1)
W((1 =Nz +Ay) > (1—e) f(2)' g(y) (3.64)

We choose z1, ..., 2k, y1,. ., Ym € R" and ay, ..., a4, 01, ..., Bm > 0 with Z?Zlozi =1,
Y Bi=1x= SF iz and y = SF | B2 such that

(1= e)fte) = TL A and (1= )f) > I S)*

(2

Then (3.62) and the log-concavity of h give us

h(1= Nz +Xy) = (Z i i 3;((1 = N)z; + )\yj))

i=1j5=1
k m £ m
Z H H h'<<1 - )\>:Cz + )\y )aiﬁj 2 H H f(xz)(l )‘)azﬁ]g(y )/\Oézﬁj
=1j=1 i=1 j=1
l: 1= m A !
— Hf(xﬁ%) (H f(yj)ﬁj
=1 _]21

which proves (3.64). O

LEMMA 3.7.3. Let f,g: R™ — [0,00) be log-concave with positive integrals.
(i) For X € [0,1], the function hy : R" — [0,00) defined by

ha(z) = sup  f(z)Pg(y)?
z=(1-N)z+Xy

is log-concave, has positive integral, and satisfies hg = f and hy = g.
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3.7. A version of Theorem 3.1.3 when ¢ is small

(ii) The function A — [gn hy is log-concave for A € [0, 1].

Proof: From the definition of Ay, it’s immediately obvious that hy = f and h; = ¢g. Now
we assume A\ € (0,1). We show the log-concavity of hy by proving that if z;, 2o € R™,
a,f>0witha+ =1and e € (0,1), then

ha(azy + Bzg) > (1 — e)ha(z1)ha(22)”. (3.65)

Next, we choose x1, 2, 1, y2 € R" satisfying that z; = (1= X)z1+ Ay, 220 = (1= N)xa+
Ay and

fx)' ) > (1 —e)ha(z1) and f(z2)' Pg(y2)* > (1 — &)ha(22).

Then we have that az; + S22 = (1 —\)(ax1 + Bx2) + Aays + By2) and the log-concavity
of f and ¢ gives us

h/\<(1 — N)(awy + Bxg) + AMay: + 53/2))

> flomy + Baz) glay: + Bya)

F@) O f(@2) Vg (1) N g ()"

(£l g)) " (Flaa) P g(2))

(1 —e)%(z1)*(1 — 5)6h,\(z2)f8 =(1- €)h)\(21)ah,\(2’2)’8.

ha(ozr + Bzs)

v

V

This proves (3.65), and hence h, is log-concae.

Readily, [gn by > 0. Lemma 3.4.1 gives us that 0 < My, M, < oo and hence
M = My, = M;M,.
If hy(z) > t, for some t € (0, M), then there exist z,y € R" such that
z=(1=Nxz+ Xy (3.66)

and f(z)'"*g(y)* > t. Then we have

f(x) > (@) and g(y) > (M;i_k> (3.67)

Then (3.66), (3.67) and Lemma 3.4.1 yield that hy(z) > t is bounded, and hence,

Lemma 3.4.1 implies h) has positive integral.

To show that A — [g. hy is log-concave for A € [0,1] it is enough to prove that if
A1, A2 € [0,1] and o, B > 0 with  + 8 = 1, then for A = a\; + S)\2, we have

[ = </R hAl)a (/R h&)ﬁ. (3.68)
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3.7. A version of Theorem 3.1.3 when ¢ is small

Note here that due to the Prékopa-Leindler inequality Theorem 3.1.1, it suffices to show
if 2 = az; + Bz, 21,29 € R”, then

ha(z) > ha, (21) hay(22)°.

And this would follow if we can show that if z = az; + (2 for 21,20 € R* and € € (0, 1),
then
ha(z) > (1 — )Ry, (21) %Ry (22)". (3.69)

We have that for ¢ = 1,2, there exist z;,y; € R™ such that

zi = (1= X)zi + Nyi (3.70)
F@) gy > (1—e)hy,(z). (3.71)

From A\ = a)\; + S\ and z = az; + [z, it follows that 1 — A = a(l — A\y) + 5(1 — \2)

and

2 = az+ fxn= oz[(l — A1)z + )xlyl] + ﬁ{(l — Xo)wy + /\2?/2}

The, the fact that f and g are log-concave, and (3.71) give us
a(l — X 1—-A e A g
ha(z) = f<<1_)\1)'171+5(1_)\2)'962> 9(/\1‘%4—6)\2\02)
Flan) M f(2) 02 g (1) g (y2) 2
_ a _ B
(Fl)Mg)™)" (Flr2)'0(y2)™)
> (1 - 5)°‘h>\1 (Zl)a<1 - 5)ﬂh>\2 (22)16 = (1 - g)hkl(zl)ahkz('z?)ﬂv

v

which shows that (3.69), and hence so does (3.68). O

LEMMA 3.7.4. Fora fired A € (0,1), ifn € (0,2-min{1—X, A\}) and ¢ is a log-concave
function on [0,1] satisfying p(\) < (1+n)e(0)12p(1)A, then

o(3) = (14 s ) V0RO

Proof: We may assume that 0 < A < 1. Then we have A = (1 —2X) - 0+ 2X - 1,

©(\) < (1+1)p(0)12p(1)*. And sice ¢ is log-concave, it follows that
2
(14 m)e0) (1) > o(0) > 9(0) e (3)
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3.7. A version of Theorem 3.1.3 when ¢ is small

Then noting that (14 7)zx < e2x < 1+ 1, it follows that

o (3) < L+ /p(0)p(1) < (1 - Z) p(0)p(1). O

Proof of Theorem 3.7.1: We may assume that the A in Theorem 3.7.1 satisfies
0< A< % Then min{l — A\, A} = A.

For suitable d, e > 0 and w € R", we may replace f(z) by d- f(z—w), g(z) by e-g(z+w)
and h(z) by d*=*e*h(z + (2X — 1)w) where e and d will be defined by (3.73) below, and
w will be defined by (3.76) and (3.77).

Denote by f and § the log-concave hulls of f and ¢g. Then from Lemma 3.7.2, we have

h((1 =Nz + \y) > f(2)' g(y)* for z,y € R™. (3.72)
By (3.63), we may assume
/ F=/ 5=1 (3.73)
n R'n
Let
h(z) = sup  f(z)"'g(y)'
z=(1—t)z+ty
and
p(t) = hy.
R™

Then Lemma 3.7.3 implies that ¢ is log-concave on [0, 1] and that

p(0) = (1) =1. (3.74)

Using (3.72), (3.73), the Prékopa-Leindler inequality Theorem 3.1.1 and the conditions

in Theorem 3.7.1 we have that

) (L) < e L (L) (o)
< (1+a)(/Rnf)1_A(/Rng>A:1+g. (3.75)

In view of (3.75) and (3.74), Lemma 3.7.4 gives us
1 € 3
hie = - < (14— 0)p(l) =1+ —.
Lo v(2) = (1 §) o1

And then using Theorem 3.3.1 we have that there exists w € R" such that

€TL

/n 1f(2) = hipa(z +w)|dz < én® T/i log nE (3.76)
N N € "
/n 15(2) = hijo(z —w)|dz < &n® 1\5%: log X (3.77)
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3.7. A version of Theorem 3.1.3 when ¢ is small

Note that the function hy/, does not change if we replace f(z) by f(z —w) and g(z) by
g(z+w) (c¢f. (3.63)), and it follows that

n

[ 1F=hl < ot \/f log 5" (3.78)
/Rn 1§ — | < énsl\S/? log/\n (3.79)
In order to replace hy/; by hin (3.78) and (3.79), we claim that
/Rn\h—hm] §5En81\8/§- login (3.80)
Let
X_ = {zeR":h(x) < hija)}
Xy = {2z eR":h(z) > hypo(x)}.
Then (3.72) implies that for any z € X_, we have
hz) > F@) 5@ > min{f(z), §(2)}
And so, for z € X_, we have
0 < huya(w) = h(z) < [hya(a) = f(2)] + |haja() = ().
Then it follows from (3.78) and (3.79) that
Jom=tpl = [ up=0) < [ (b= fl+ bz - 3D
< om® 1\8/§ 1og§ " (3.81)

Now, we have [gn h < 1+4¢ and [ga hij2 > 1 by (3.75), and hence it follows from (3.81)

that
/ |h—hija| = / (h = hiye) = / /h1/2+/ (hij2 —h)
X4
< 5+/ hl/g—h)<3cn ,/)\

Thus, by (3.81) and (3.82), our claim (3.80) holds.

(3.82)

1
ogA

Next in order to replace f and § by f and g in (3.78) and (3.79), , we claim that
[Af-fl<eand [ g-gl<e (3.83)
R" R™
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3.8. Proof of Theorem 3.1.3 and Corollary 3.1.4

We have f > f and § > ¢, and [gn g < fan § = 1. Then (3.75) gives us
- ~ 1
— fl = — <l—-—<e.
A= i fs1-——<=
Similarly, we can handle g and g, and thus, (3.83) holds.

Finally, using (3.78), (3.79), (3.80) and (3.83), we have

n

/Rn|f—h|da: < 7en81\8/§-1ogi ,
/Rn]g—h]dx < 7én81\7§-logi :

which, in turn, proves Theorem 3.7.1. [

3.8 Proof of Theorem 3.1.3 and Corollary 3.1.4

First we derive the following simple estimate.

LEMMA 3.8.1. Ifp>0,t>1 and n > 2, then

Proof: Denote s = logt, and consider the function ¥(s) = nlogs — 2. Taking the

derivative of ¥ (s), we have

logt)™
tog (80" _ 1 log s — £ < n(log(ng) — 1) = nlog 2,
te ¢ ‘

which leads to Lemma 3.8.1. O

Proof of Theorem 3.1.3 and Corollary 3.1.4: We may assume that f and g are
probability densities.

Theorem 3.7.1 and Lemma 3.8.1 then gives us that for some absolute constants ¢y, co >

1,if e < ¢;"n™™ - 7, then there exists w € R" such that

/n|f(x)—h(x—)\w)|dx < cg’nnl\g/f (3.84)
[ g —hla+ (1= Nw)lde < ga® \/f (3.85)
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3.9. Proof of Theorem 3.1.5

n

which proves Theorem 3.1.3 in the case when ¢ < ¢;"n™" - 7.

Now, if e > ¢;"n ™7, the left hand sides of (3.84) and (3.85) are at most 2+¢ < 3. Then
for a suitable absolute constant ¢, > 1, both (3.84) and (3.85) hold. This completes
the proof of Theorem 3.1.3.

For Corollary 3.1.4, the functions f and g are log-concave probability densities on R".
Let

h(z)= sup  f(z) gy
z=(1-N)z+Ay

Then Lemma 3.7.3 (i) implies that A is log-concave on R". Using the same w as in
(3.84) and (3.85), we have that

Lifg) < [ 17+ w) — gla)ldo < 2§/,

and that settles Corollary 3.1.4. [J

3.9 Proof of Theorem 3.1.5

Lemma 3.7.3 (i) and induction on m gives us the following corollary.

COROLLARY 3.9.1. If \,..., Ay > 0 satisfy >0 N\ = 1 and f1,..., fm are log-

concave functions with positive integral on R™, then
h(z) =  sup H fz(xl)k'
ZZZ:-ZI Aix; =1

is log-concave and has positive integral.

In order to prove Theorem 3.9.4, we first consider the case when each \; in Theorem 3.9.4

1

is —.
m

THEOREM 3.9.2. Let ¢ > 1 be the absolute constant in Theorem 3.7.1, let g = cn®
and eg = c"n"". If fi,..., fin, m > 2 are log-concave probability densities on R™ such
that

/ sup ] fi(xi)% dz<1l+¢
R

" mzzzyil T i=1
for 0 < e < go/m*, then for the log-concave h(z) = SUp,, .=~ o, 12 filay)w, there
exist wy, ..., Wy, € R™ such that 7", w; = o and

/Rn |fi(z) — h(z +w;)| de < m* -~ Ve - [loge|”.
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3.9. Proof of Theorem 3.1.5

Proof: Here we prove that if 0 < ¢ < g9/4/°®2™1 then there exist wy, ..., w,, € R” such
that >, w; = o0 and

/ fi(2) — h(z + w;)| de < 47°8m] .~ W2 . [loge|™. (3.86)
R’ﬂ
And then since 4821 < 42log2m — 4 (3.86) implies Theorem 3.9.2.

To prove (3.86), we use induction on [log,m] > 1 If [log, m] = 1, and hence m = 2,
then Lemma 3.7.3 (i) implies that

hz)= sup  fi(z)" fo(z)

z=A1T1+A2T2

is log-concave, and in turn, Theorem 3.7.1 yields (3.86) in this case.

Next, we assume that [log,m| > 1, and let k = [m/2], and hence [log,(m — k)] <
[logy k] = [logym| — 1. Let

— 1 1
A= m satisfying — <\ < —,
m 3 2
and
h(z) = sup ] filw)w (3.87)
mz:zz':1 zii=1
k 1
fz) = sup ] filws)* (3.88)
kz:Zle z; =1
o 1
g(z) = sup IT fi(z)==. (3.89)
(m—k)z:ZiW;,Hl Ti i=k+1
Corollary 3.9.1 then says that f, g, h are log-concave. Further, note that
hz)=  sup  flx) Mgy
z=Az+(1-N)y
Then Prékopa-Leindler inequality gives us that
> 1 3.90
R” f - ( )

/ng > 1 (3.91)

e (L) ()
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3.9. Proof of Theorem 3.1.5

From [pn h <14 ¢, we get

/ f < At <(1+e)P<1+de (3.94)
[ g < 144 (3.95)
And it follows from Theorem 3.7.1 that for a = [gn g/ [z f, there exists w € R™ such
that
Jo 1@) = ahta = dwlde < o7 logel” [ f
< 27 Ve [logel" (3.96)
[ o) —a 0O+ (= Nw)lde < 204 - logel” [ g
n 1/3 R"
< 29 Y5 - [logel" (3.97)

From (3 90), (3.91), (3.94), (3.95) we have that 1+4¢ > a,a™" > 7z > 1 — 4e. Then
using 5§ <A< 2, fga h < 14¢, (3.96) and (3.97), we have

L 1f@) = hle = dw)de < 45 V- |logel” (3.98)
[ lg(@) = h(z+ (1= Nw)dz < 4y V- | log " (3.99)

Since [logy(m — k)] < [logy k] = [logy m] — 1, using induction and (3.89), (3.88) and
(3.87), we have that there exist w0y, ..., 0, € R" such that

k m
Yo=Y @ =o, (3.100)

andift=1,....,kand j=k+1,...,m, then

/ fi(x) = flo+ @) de < 4loFly Ve [logel™, (3.101)
/]R Nfi(@) = glx + @)l de < 4l Plag Ve - [loge|™. (3.102)

Using (3.98), (3.99), (3.101) and (3.102), we have that there exists wy,...,w,, € R"

such that for i =1,...,m,
L 15(@) = b+ wg)| da < 4- 4l N - log ] = 475, V/E - |log ]
where
w, = —Aw-—w; fori=1,... k,

w; = (I1-Nw—w; forj=k+1,...,m
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3.9. Proof of Theorem 3.1.5

From)\:mT_kandl—)\:%,wehave
m k m
Zwi:—k-)\w—(Zwi>+(m—k)(1—)\)w— > w; | =o,
i=1 i=1 j=k+1

which settles the proof of (3.86). O

For m > 2, denote the (m — 1)-simplex

A" = {p=(p1,. .., pm) ER™: pr+.. +pnm =1}

The proof of Lemma 3.7.3 can be readily extended to show the following lemma.

LEMMA 3.9.3. Let fi,..., fm, m > 2 be log-concave probability densities on R",
n>2. Forp=(pi,...,pm) €A™ the function

hy(z) = sup ﬁ fi(z;)Pe

22221 piTii=1

is log-concave on R", and the function p — [ga hy, is log-concave on A™ .

THEOREM 3.9.4. For some absolute constant ¥ > 1, if 7 € (0, %], m > 2,
Ay Am € [1,1 = 7] satisfy Xty N = 1 and fi,..., fm are log-concave functions

with positive integral on R™ such that

/R sup ﬁ filz)Nidz < (1+ e)ﬁ (/Rn fz))\z

n m "
Z_Zizl Aix; =1

for 0 <e < 7-37"n""/m*, then for the log-concave h(z) = sup._ym g, [T flz)N,

there exist ay,...,a, > 0 and wy,...,w, € R"™ such that }7"; \sw; = o and for
1=1,...,m, we have
/ |fi(z) — a;h(z + w;)|dx < ym°n® 118/i - |log — fi-
Rn mT m7| Jre
(Jn 1)
Remark a; = =%~/ fori=1,...,m in Theorem 3.9.4.

Hj;si (fnw fj) !

Proof: Let 7 € (O,%], let Ap,...; A\ € [1,1 — 7] with Ay + ...+ X\, = 1 and let
fi,---, fm be log-concave with positive integralral as in Theorem 3.9.4. In particular,
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3.9. Proof of Theorem 3.1.5

A= (A,..., An) € A™ L We may assume that fi,..., f,, are probability densities,
AM>..>Apand A\, < % (as if A, = %, then Theorem 3.9.2 implies Theorem 3.9.4).

Let p = (&,...,), and for i = 1,...,m, let vy € R™ be the vector whose ith
coordinate is 1, and the rest is 0, and hence v(1), ..., vy are the vertices of A™ 1 and

A=Y \vy. For p=(p1,...,pm) € A™ 1 we write
hp(z) = sup ] filz:)?,
z=y 0 pimii=1

and hence h,, . = f;. According the conditions in Theorem 3.9.4,

V()

hy<1+e. (3.103)
Rn

Since \; — A\, >0fori=1,...,m —1and m\,, <1, it follows that

—1
~— A — A
:E,H H e A™!

1 — 1—mhy, v ’

and Corollary 3.9.3 and [gn by, = [gn fi = 1 yield that [, hy > 1. Since
m—1
A =mA,p+ Z (Ai = Am)vy = mAnp + (1 — mAy)g,
i=1

(3.103) and Corollary 3.9.3 imply that

lfm)\m m)\m
vees [z (fom) (L) = (Lo
Rn n n n

therefore, ¢ < m7r < mA,, yields

MmAm
)

™

2e
m\,

hy < (14e)mm < emm < 1+
R

According to Theorem 3.9.2, there exist wy, ..., w, € R" such that >, w; = o0 and

s 2€
/Rn |fi(w +wi) = hy(x)| do < m? -0 ] M\

for i =1,...,m. Replacing f;(x) by fi(x + w;) for i = 1,...,m does not change h; by
the condition Y./, w; = o; therefore, we may assume that

2e
) _h- < mt. A, 18 .
/Rn |[fi(x) = hy(x)| do < m™ -0 ] ——

fori=1,...,m.

n

2e
MAnm

log

n

| 2e
o)
& MAn,

(3.104)
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3.9. Proof of Theorem 3.1.5

To replace h; by hy in (3.104), we claim that

2e 2e "
— hy| < 3m® -y Y -l 1
/Rn |hy — hs| < 3m° - . og . (3.105)
To prove (3.105), we consider
X_ = {zeR":hy(z) < hs(x)}
Xy = {zeR":hy(z) > hs(z)}.
It follows from the definition of h, that for any x € X_, we have
> [[ fite)* = min{fi(x), ..., fm(z)}
i=1
or in other words, if x € X_, then
0 < hy(z) — ha(z) < Y| fi(x) — hy(a)].
i=1
In particular, (3.104) implies
f tia=tal = [ =) <30 [ Ute) = o)
2e 2e |"
< m -1 3.106
< m o fles (3.106)

On the other hand, [p. hy < 14¢ and the Prékopa-Leindler inequality yields [gn by > 1,
thus (3.106) implies

/ Iy — hy) :/ (hx — hy /hA—/ h+/ (hy — hy)
Xy

/2 2

< E+/ (hy — hy) < 2m® - v c ‘l c

We conclude (3.105) by (3.106) and (3.107).

n

(3.107)

Finally, combining (3.104) and (3.105) prove Theorem 3.9.4. [

Proof of Theorem 3.1.5 We may assume that [p. f; =1 for i = 1,... m in Theo-

rem 3.1.5 for the log-concave functions fi,..., f,, on R™.
Let 7 € (0, %} for m > 2, and let Ay, ..., A\, € [1,1 — 7] satisfy >/%; \; = 1 such that

/ sup [ fi(zi)Mde <1+¢
"= N i=1
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3.9. Proof of Theorem 3.1.5

for e € (0, 1].

For the absolute constant 4 > 1 of Theorem 3.9.4, if

0<e<7-7"n"/m? (3.108)
then for the log-concave h(z) = SUp._s g, [1i% f(x;)™, there exist wy, ..., w, € R"
such that >/, \;w; = o and for i = 1,...,m, we have
~ 5 818 € e "
/ |fi(x) — h(z + w;)| dx < Am°n® F— - |log —
R" mT mT

We deduce from Lemma 3.8.1 that

i(r) —h id<~nn519i 1
| 15(@) = b+ wy)| do < Fgntm® - (3.109)

for i = 1,...,m and some absolute constant 35 > max{%, 3}, proving Theorem 3.1.5 if
(3.108) holds. Finally if ¢ > 7 -5 "n~"/m*, then (3.109) readily holds as the left hand
side is at most 2+ ¢ < 3. O
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Chapter 4

Stability of log-Brunn-Minkowski
and log-Minkowski inequality under

n hyperplane symmetries

4.1 Introduction

In this chapter, we establish stability versions of the log-Minkowski and log-Brunn-
Minkowski conjectures under many hyperplane symmetries. First, recall that for A €
(0,1), the Ly or logarithmic sum of two origin symmetric convex bodies K and C' in
R"™ is defined by

(1=N)K+9A-C={z eR": (z,u) < hie(u) ho(u)* Yu € S*71}.

It is linearly invariant in the sense that A((1 —A) - K+ A-C) = (1 = X) - AK +9
A+ AC for A € GL(n). We recall here the long-standing and highly investigated
equivalent conjectures - the log-Brunn-Minkowski and log-Minkowski conjecture for

centered convex-bodies.

Conjecture 4.1.1 (Logarithmic Brunn-Minkowski conjecture). If A € (0,1) and K

and C are convex bodies in R™ whose centroid is the origin, then

V((I=X):-K+4oA-O)>V(K)'" V(O (4.1)
with equality if and only if K =K1 +...+ K,, and C =C1+...4+ C,, compact convex
sets Ky,...,K,,,Cy,...,Cp of dimension at least one where 1", dim K; = n and K;
and C; are dilates, 1 =1,...,m.
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4.1. Introduction

Conjecture 4.1.2 (Logarithmic Minkowski conjecture). If K and C' are convex bodies

in R™ whose centroid is the origin, then

V(C)
V(K)

V() (4.2)

h
/ log =< dVg > log
Sn—1 hi

with the same equality conditions as in Conjecture j.1.1.

We call a linear transformation A € GL(n) a linear reflection associated to the linear
hyperplane H (subspace of R" of dimension n — 1) if all the points of H are fixed under
A and det A = —1. In this case, there exists u € R™\ H such that Au = —u where the
invariant subspace Ru is uniquely determined (see Davis [60], Humphreys [98], Vinberg

[149]). A linear reflection A is a classical “orthogonal” reflection if and only if A € O(n).

Béroczky, Kalantzopoulos [38] verified the logarithmic Brunn-Minkowski and Minkowski
conjectures under n hyperplane symmetry assumption, following Saroglou’s [137] results

on unconditional convex bodies.

THEOREM 4.1.3 (Boroczky, Kalantzopoulos). If the convex bodies K and C' in R™
are invariant under linear reflections Ay, ..., A, through n hyperplanes H, ..., H, with
Hyn...NH, ={o}, then

V(=N -K+o)\-C) > V(K)'"V(C)Y (4.3)
/S  log Zi dVie > V;K ) log g((?) (4.4)

with equality in either inequality if and only if K = Ki+.. .+ K,, and C' = C1+...+C),
for compact conver sets Ky, ..., K,,,C4,...,C,, of dimension at least one and invariant

under Ay, ..., A, where K; and C; are dilates, i =1,...,m, and >1*, dim K; = n.

Barthe, Fradelizi [19] and Barthe, Cordero-Erausquin [18] first considered geometric
inequalities under n-independent hyperplane symmetries where they verified the classi-
cal Mahler conjecture and Slicing conjecture, respectively for convex bodies with said

symmetry.
The main result of this chapter is the following stability version of Theorem 4.1.3.

THEOREM 4.1.4. If A € [1,1 — 7] for 7 € (0,1], the convez bodies K and C in R"
are invariant under linear reflections Ay, ..., A, through n hyperplanes Hy, ..., H, with
H,n...NnH, ={o}, and

V(A=) -K+oA-0) <1+ e)V(EK)VO)
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for e > 0, then for some m > 1, there exist compact convex sets Ki,C4,..., K., Cp
of dimension at least one and invariant under Ay, ..., A, where K; and C; are dilates,
1=1,...,m, and 37", dim K; = n such that

1

Ki+. . +K,C K C <1+c”(i>%"

)Mﬁm+M)

©
=

5n

Cit...tCpC C C<1—|—c"<7€_> )(01+...+0m>

where ¢ > 1 is an absolute constant.

We note here that the bound in Theorem 4.1.4 is not far from being optimal in the
sense that the exponent should be at least 1/(95n) should be at least 1/n. The following
example illustrates this. Consider the box Ko = [5:27, zimr] X [—2,2]"7'. We cut off
corners of K of size of the order of 5%, for small £ > 0. And we get C' from the box
Co = [-2"71, 271 x [5E, 1]"~! by cutting off corners of suitable size of order e=. Then
we have that 1 - K +¢ 3 - C = [—1,1]", and

(SIS

1% (; K 44 ; - O) < (1+e)V(K)V(O)2,

But if nKy C K for n > 0, then n <1 — 'ys% for some v > 0 depending on n.

We also derive the following stability version of the logarithmic-Minkowski inequality
(4.4) for convex bodies with many hyperplane symmetries, which follows from Theo-
rem 4.1.4.

THEOREM 4.1.5. If the convex bodies K and C in R™ are invariant under linear
reflections Ay, ..., A, through n hyperplanes Hy, ..., H, with HyN...N H, = {o}, and

he dVi 1 V(C)
log — < -—-1
/snfl B VK) ~n BV(R) T ©
for e > 0, then for some m > 1, there exist compact convex sets Ki,C4,..., K., Cp,
of dimension at least one and invariant under Ay, ..., A, where K; and C; are dilates,

1=1,...,m, and 7", dim K; = n such that

Kit.. . +KnC K C(1+c%m)(Ki+...+ Kp)
C,+..+C,C C c(1+cnsﬁ)(01+...+0m)

where ¢ > 1 is an absolute constant.

Ivaki [99], Theorem 2.1 gives an improved version of Theorem 4.1.5 where K is a ball

centered at the origin (and hence m = 1) and in this case, C' need not satisfy any

7
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symmetry assumption (only translated in a suitable way). The error term is of the

1 1
order of en»+1 instead of €9n.

Theorem 4.1.5 implies the stability of the solution of the Monge-Ampére equation
Logarithmic-Minkowski Problem on S™~! for unconditional data according to Boroczky,
De [35]. We discuss it in Chapter 5.

In order to prove Theorem 4.1.4, we first verify it in the case of unconditional con-
vex bodies, these partial results are presented in Section 4.2. First we use the recent
stability version of the Prekopa-Leindler inequality to derive a stability result involv-
ing coordinatewise product of unconditional convex bodies (see Section 4.3). Then the
unconditional case Theorem 4.2.3 of Theorem 4.1.4 is verified in Sections 4.4 and 4.5.
Section 4.6 and Section 4.7 reviews some some fundamental properties of Weyl cham-
bers and Coxeter groups in general. We prove Theorem 4.1.4 in Section 4.8 and finally,
Theorem 4.1.5 is verified in Section 4.9.

4.2 The case of unconditional convex bodies

On our way to proving Theorem 4.1.4, we first consider the case of unconditional convex
bodies. Note here that unconditional convex bodies are a particular case of symmetry
with respect to n independent hyperplanes, that is, when A;,..., A, are orthogonal
reflections and H,, ..., H, are coordinate hyperplanes. The coordinatewise product of
two convex bodies K and C' is defined as follows: if A € (0, 1), then

K0 = (el e ) € R
(x1,...,2,) € K and (y1,...,yn) € C}.

K17 . C* is known to be an unconditional convex body (see for example Saroglou
[137]). Further Holder’s inequality gives us the following containment relation between

the coordinatewise product and the Ly sum
K™ .C*c(1—=)N)-K+o\-C.

This containment relation together with its equality characterization was verified by
[137] which also verified that for a positive definite diagonal matrix ®, A € (0,1) and

unconditional convex body K in R", we have
K™ (DK = 'K (4.5)

Here, ® is a diagonal matrix of the form ® = (¢1,...,¢,) where ¢; > 0, and " =
(t7,...,t7) for n € R.
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The Logarithmic Brunn-Minkowski Conjecture 4.1.1 was verified for unconditional con-
vex bodies by several authors, as Bollobas, Leader [28], Uhrin [147] and Cordero-
Erausquin, Fradelizi, Maurey [56] verified the inequality V((1 — ) - K 49 A - C) >
V(K)'=*V(C)* in (4.6) about the coordinatewise product, even before the log-Brunn-
Minkowski conjecture was stated, and the containment relation between the coordi-
natewise product and the Lyp-sum and the description of the equality case are due to
Saroglou [137]. For X,Y C R™, we write X @Y to denote X + Y if linX and linY are

orthogonal.

THEOREM 4.2.1 (Saroglou). If K and C' are unconditional convex bodies in R"™ and
A€ (0,1), then

V((A=X)-K+oA-C) > V(K™ CN > V(E)V(O). (4.6)

(i) V(K™ . CN = V(K)*AV(C) if and only if C = ®K for a positive definite

diagonal matriz ®.

(i) V(1 =X) K+ A-C)=V(E)AV(C) if and only if K = K, ® ... ® K,,, and
L=L®...® L, for unconditional compact convex sets Ky,...,K,,,L1,..., Ly,

of dimension at least one where K; and L; are dilates, 1 =1,...,m.

The second inequality in (4.6) about the coordinatewise product follows from the
Prékopa-Leindler inequality (see Section 4.3). And as such the stability version Propo-
sition 4.3.2 of the Prékopa-Leindler inequality leads to the following stability version of

the aforementioned inequality.

THEOREM 4.2.2. If\ € [r,1—7] for T € (0, 1], and the unconditional convex bodies
K and C in R™ satisfy

V(K™ 0N < 1+ o) V(KM V (e

for e > 0, then there exists positive definite diagonal matriz ® such that

V(KA®C)) < 'n” (ff)llgvu() and V(& 'K)AC) < 'n" <5> V(C)

T T

where ¢ > 1 is an absolute constant.

In the case of the logarithmic-Brunn-Minkowski inequality for unconditional convex

bodies, we have a different type stability estimate:
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THEOREM 4.2.3. If\ € [r,1—7] for T € (0, 3], and the unconditional convex bodies
K and C in R™ satisfy

V((1=XA)-K+4oA-C) < (1+e)V(K)V(O)*

for e > 0, then for some m > 1, there exist 01,...,0,, > 0 and unconditional compact
conver sets Kq,...,K,, such that lin K;, + = 1,...,m, are complementary coordinate

subspaces, and

©
[

5n

)(Kl@...@l{m)

1

14 <€> 95n
T

Ke. ok,c K C(l-l—c”(j_)
0K, ®...90,K, Cc C C(

) (0L Ki1®...00,K,)

where ¢ > 1 is an absolute constant.

4.3 Coordinatewise product

The primary tool here is the Prékopa-Leindler inequality, a functional form of the
Brunn-Minkowski inequality, due to Prékopa [131] and Leindler [108] in one dimension,
and to Prékopa [132], C. Borell [29] and Brascamp, Lieb [42] in higher dimensions (see
Artstein-Avidan, Florentin, Segal [9] for a recent variant). Various applications are
explored and summarized in Ball [10], Barthe [17] and Gardner [80]. The following

multiplicative version from [10] is particularly well-suited for geometric applications.

THEOREM 4.3.1 (Prékopa-Leindler). If A € (0,1) and h, f,g : R" — [0,00) are
integrable functions satisfying h((1 — X)x + \y) > f(x)'"*g(y)* for z,y € R", then

Lon=(L6) (o) (4.7)

Dubuc [63] characterized the equality case of Theorem 4.3.1 and showed that in the
case of equality f, g and h should be essentially log-concave. Recall that a non-negative
function ¢ on R™ is log-concave if p((1—N)z+Ay) > ¢(z)p(y)* for all 7,y € R™ and
A € (0,1). We will make use of the following stability version of the Prékopa-Leindler
inequality for log-concave functions established by Boroczky, De [34].

THEOREM 4.3.2. If A € (0,1) and f,g are log-concave probability densities on R"
satisfying

/ sup  f(x)' g(y)dz <1+e
R™ z=(1-X)z+)\y
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for e > 0, then there exists w € R™ such that

[ 17@) = gl +w)|de < wi(e) (4.8)

1
where wy(g) = "n™ <m> ' for some absolute constant ¢ > 1.

THEOREM 4.3.3. If A € (0,1) and unconditional convex bodies K and C in R"

satisfy
V(K™ 0N < (1+e)V(K)'"MV(e)Y

for e > 0, then there exists a positive definite diagonal matrix ® such that
V(KA(®C)) < 8wy(e)V(K) and V((®1K)AC) < 8wy (e)V(C) (4.9)
where wy () is taken from (4.8).

Proof: For any unconditional convex body L, let’s denote
L, =LNRL.
We may assume that
V(Ky) =V(Cy) =1

If wy(e) > i, then choosing ® to be any linear map with det ® = 1, we have

V(KA(®C)) = V(K)+V(®C) -2V (K NdC)
= V(K)+|det®|-V(C)—-2V(K NdC)
= 2-2.V(KN®C)
< 2 < 8wy(e)V(K)

Similarly, we have V((®71K)AC) < 8wy(¢)V(C). And hence, in this case, (4.9) is
established. Therefore, we may also assume that ¢ > 0 is small enough to ensure

1

wa(e) < 1 (4.10)

We set M = K'=*.C?, and consider the log-concave functions f, g, h : R™ — [0, 00) de-

fined by f(x1,...,2n) = Li, (€™, ... €™ )e" T g(aq, ..., x,) = Lo, (€7, ..., e"n)e Tton
and h(z1,...,z,) = Lo, (€7, ..., €™ )e" T+ In particular,
hz)= sup  f(x) gy
z=(1-N)z+Ay

81



CEU eTD Collection

4.3. Coordinatewise product

holds for any z € R" by the definition of the coordinatewise product. In addition,

h

Rn

Therefore Theorem 4.3.2 yields that there exists w = (wy, ...

V(M) =

V(M)
on

<o)

(1+¢e) V(K)' - V(e

o ([ )7 (o) =1+e

V(K)

/Rn |f(x) = g(x +w)|de < wy(e) /Rn 1.

Let ® € GL(n) be the diagonal transformation ®(ti,...,t,)

therefore, for a = e¥1T%n we have

glr +w) =

It follows that

wr(E)V(Ky) >

1o,

a1(¢c)+(e yee e

ag(x)

(ewl-‘rwl

1

[ 1) — ag(a)| do

/Rn g, (e, ...
/R” |1K+ —al(q>c)+|dl‘

+

T

PRI

, €

, €$n>6$1+-~+1‘n

Ve
=) (%

= <€_w1t1, e

xn+wn) Lefrte T g

'

,Wy) € R™ such that

e,

") — aley, (€7, ... ™) e T dy

1, —al dz
/1<+u(<1>0)+| Ky @04

/ |1 —aldr +
K N(®C)+ K \®C4

1dx + a/
PCL\KL

1dx

la— 1] - V(I 0 (80);) + V(KN (®@C),) +aV (9C):\K)

In particular, using (4.10), we have

and hence

VIEA@C),) < exl&V(K.) < TV(KL)

V(KN (2C)y) =

In turn, we deduce

la — 1| <

>

wa(e)V(Ky)

V() - V(E\(@C);)

V(K,)

1
-V

4

V(K N (2C)5)
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thus % <a< %. It follows that

VIR 3 vk, (4.12)

V(@C)\Ky) < 2 ’

Combining (4.11) and (4.12) yields

VIKAQRC)) = V(EN@O)) 1 V(@C),\K,)
< ZwA(E)V(K+) < 3y ()V(K,)

and hence, V(KA(PC)) < 3wa(e)V(K). Note that |det | = e~ = 1/a, thus

V(®C) = | det ] - V(C) = iV(C) _ iV(K)

Finally,
V(@ 'K)AC) = V(O HKA(®C)))
= |det® |- V(KA(®C)) = V(KA(®C))
< Bwa(e)V(K) = 3awy(e)V(PC)
< Awy(e)V(O)
U

4.4 Linear images of unconditional convex bodies
In this section, the main purpose is to strengthen the containment relation
K™.C*c(1—=)N-K+4o\-C.

and derive a stability verison when C' is a linear image of K. We denote by ey, ..., e,
the fixed orthonormal basis of R™. For a proper subset J C {1,...,n}, we define the
linear span L; by

Ly =lin{e;}ies.
We write T' = (t4,...,t,) for a diagonal matrix, where the t;’s are the diagonal entries.

Then

,,,,,

And as usual B™ denotes the unit ball centered at the origin.
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PROPOSITION 4.4.1. If 7 € (0,3], A € (1,1 — 7), K is an unconditional convex

body in R™ and ® is a positive definite diagonal matriz satisfying
V((1=X) K49 A (®K)) < (1+)V(K'™ - (®K)")
= —1
for e > 0, then either ||s® — I, |l < 16n* - =5 for s = (det ®)=, or there exist

81, -+, 8m > 0 and a partition of {1,...,n} into proper subsets Ji, ..., Jpy, m > 2, such
that

1
T5

@ijﬂK (1+16n ")K

where for k =1,...,m, we have

1

sp- (L, NK)C ®(Ly NK) C (1 + 1604 - 55") s+ (Ly, N K).

1
T5

Proof: First we assume that

TTL

Let ® = (ay,...,qa,). Since we may apply a positive definite diagonal transform to K,

we may also assume that

e € OPMK = (K™ - (®K)*) fori=1,...,n.

Let

We write ¢ 1 j for ¢,5 € {1,...,n} if

exp(—0) < 2 < exp(6).

Qi
In addition, we write ~ to denote the the equivalence relation on {1,...,n} induced
by >; namely, for 7,5 € {1,...,n}, we have i ~ j if and only if there exist pairwise

different ig,...,75 € {1,...,n} with ig =i, ¢ = j, and ix_; X i for k = 1,...,1. We

may readily assume that

[ <n in the definition of i ~ j. (4.14)

Let Ji,...,Jn, m > 1 be the equivalence classes with respect to ~. The reason behind
introducing ~ are the estimates (4.15), (i) and (ii). Let 8y = min{«a; : i € Ji},
e =max{a; : i € Jy} for k =1,...,m. We claim that any = € L;,_satisfies

Billzll < | @l < e Brll]. (4.15)
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To prove (4.15), lets denote {io,...,4} = Ji such that a;, > ... > «a;, = B. Then for

any ¢ = i; € Ji, we have

QG My Yy < lf < onf
Br Qs g Qs
and hence
Be <oy <e"By (4.16)

holds for i € J, proving (4.15).

Next, if k # [ holds for k,l € {1,...,m}, then
B 0 Yk "y

either — >¢", or — <e
Vi B

Note that v /8 > Bk/v. Since Jy, J; are distinct equivalence classes with respect to ~,

5k Vk 0 0
g

So we have

either — > @ >e r@ < < e ?.
L T B
Then noting that

B llll < [1P]] < i ]

we have

¢ || @for any € Ly \oand y € L, \o;
(ii) or || ”” <e?. % for any x € L, \o and y € L, \o.
Step 1 m=1

Here we have m = 1, and hence J; = {1,...,n}, and 51 = min{w; : i € {1,...,n}}.
For any u € S" ' NR%, and = € R%,, (4.16) implies

(u, Brz) < {u, @) < (u, " Bra)

By the unconditionality of K, ®K, for any u € S" ' n R%,, the points on K, 0K
where u is an exterior unit normal lie in R%,. Hence, we have for any u € S*' N R,
and z € RY,,

(u, 1) < (u, @) < max{(u, x) : v € KNRL} = hog(u)
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which gives us
hg i (u) = max{(u, S1z) : v € K NRL} < hor(u).
Similarly, we have,
hor (u) < henog, 1 ().

Therefore,
Bi(KNRL)) C PK NRY, C e™Bi(K NRY)

and hence, the unconditionality of K and noting that e™® < 1 + 2n# for nf < 1, yields
K CPK C (1+2n0)5 K. (4.17)
Now, det ® = (a1 - - - av,) > 7 implies
Bt > (det @)_% =s
Next choosing = (1/y/n,...,1/y/n), (4.15) yields that
"B = e [|z]| = || D]

2 2
n

1 —1
which gives us

Bt <s < gt
Therefore, we have

_ - 2% Q;
1 5]}

and using nf < 1 implies €™ < 1+ 2n0 and e ™ > 1 — 2nf, we have
1—2n0 < soy <1+ 2n6
which yields
|s® — I, < 2nb

Step 2 If m > 2 and K is not close to M = @& (L;, N ®*K), then we find an
zo € AP K) NRY sitting “deeply” in (1 — ) - K +o X+ (PK) (¢f. Claim 4.4.2)

Therefore we assume that m > 2. Here again using a similar argument as in (4.17)

from Step 1 yields for k =1,... m,
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For
(Lj, NP'K),

P+

M=
k

the condition e¢; € 0P K, i = 1,...,n, yields that

1

1
—B"C®K Cc MC+/nB" (4.19)
n

vn

We prove indirectly that
(1 —2ynf)M C O K, (4.20)

which would complete the proof of Proposition 4.4.1. Indeed if (4.20) holds we would

have
M C &K + 2/ndM

From (4.19) we have 1M C ®*K which yields
1
2VnOM = 2n\/nb - —M C 2ny/nf - P K
n
And that in turn would give us

M C 2¢/nbM + &K C 2ny/nb - P K + O K
C (1 +2n%0)d K

which proves Proposition 4.4.1. Now, to prove (4.20), we suppose that

(1—2ynh)M ¢ P K, (4.21)
and seek a contradiction. Let n > 0 be maximal such that

n(M +6B™) C P K.
We deduce that .

5o S0 <1—2vnf. (4.22)
For, the upper bound, indeed if n > 1 — 24/n#, then

n(M +60B"™) C 'K
implies

(1 —=2vnO)M C (1 —2y/nb)(M + 6B™) C n(M + 0B™) C & K

which can’t hold under (4.21). So indeed in this case, we have n < 1 — 2y/nf. For the
lower bound, 2M C ®*K (as ®*K unconditional), § < 5~ and %B" C M gives us

1 1 1 1 1
— 0B") Cc ~®*K + —B" C —P*'K + —M C K.
2n( + ) 2 + 4n? 2 + 2n
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Let R%y = {z € R: 2 > 0}. The maximality of  and the unconditionality of K yield

that there exists an
zo € n(M + 6B") N (P K) NRL,,
and hence there exists a unique exterior normal w € S ' NRZ to O(P*K) at xg. Then

it follows that (cf. (4.22))

0 0
- . — . B" C K. 4.2
Zo 277, w + 2n C ( 3)

In addition, we have from ﬁB” cM
xo+0B" € n(M +60B") +0B" C nM + noB" + 0B"
C (1 —2y/nb)M + 26B"
C (1 —2y/nb)M + 2y/nfM = M.
That is,
xo+ 60 B" € M. (4.24)
Writing x| L to denote the orthogonal projection of x € R™ to a linear subspace L, we

claim that )

0
|lw|Ly|* <1-— o for k=1,...,m. (4.25)
n
Let v € SN L, be such that w|L;, = ||w|L,, || v, and hence
lw] L]l = (w, v).

Note that Hw|L§kH = m, xo — (x| Ly,) is orthogonal to v and ||zo|| < /n by
(4.19). It follows that

[{w, 2o = (0| Ly )| = (w = (w, v)v, 0 = (wo|Ls,))|
< [lw = (w, 0} || - lzo = (zo[ Ly )|

< wlLg,| - lloll
<Vn-y/1—(w,v)?
It follows from (4.24) that
(zo|Lj,) +0v € PKNLy,.

Since w is an exterior normal to ®*K at xq, we have (w, z¢) > (w, (xo|L,, ) + 0v), thus
VA T= (w, 0 = (w,0 — w0l L) = (w,30) — (w, (w0l L)

> (w, (20| L) + 0v) = (w, (wo| Ls,))
0{w,v)
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We deduce that
n 62 62
Ly|?= gL DL AR
ulZall = w2 < =1 L 2
proving (4.25). In turn, we conclude from 7", ||w|Ly,[|* =1, m < n and (4.25) that
there exist p # ¢ satisfying

62 62

2 2
lwlZ, I 2 o and | Ly, [P > 2. (4.26)

To deduce it, denote aj, = ||w|Ly,||. Assume for the sake of contradiction that that, for

k:17...,m,az<%. Then
Ui 62 nb? 0
1= rim =< —=—<1
kglak Mo =92 T oy

which is absurd. So indeed, there exists p € {1,...,m} such that

‘ ES
[

2
W= 50

[\

n

Next suppose a, is the only such among the a;’s. Then from (4.25),

92 ) m 9 5 92
1- <1_2n2> §1—ap:kz_:1ak—ap<(m—l)-Q—n2
that is, % < (m-—1)- % which leads to n < m — 1 < n which is absurd. So, there
exists at least one other a, with
2 P
= o
This verifies (4.26). Possibly after reindexing, we may assume that
ol > 5 and flulZs| > o (4.27)
w — and ||w —. )
M= on 2= 9n

For any u € S"! N Ry, it follows from ®*zy € K and ®'*zy € PK that
(u, ®*x0) < hge(u) and (u, ®' *z0) < hox (u); (4.28)

Then using Holder’s inequality we have

1-A A
<U, I0> = Z'rOjuj = Z Oé-_A.I‘OjUj . Oél_A.TojUj
- J J
J

J

J

1-X A
A 1-A
< (Z% 9503'%') ' (Z% xoj“j)
J

= (u, @7 o) "M u, @1 )
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which along with (4.28) gives us
(u, 7o) < hge(u) *hox (u). (4.29)

In particular, (4.29) implies that g € (1 = X) - K 4+ A - (PK).

In order to prove (4.20); more precisely, to prove that (4.21) is false, the next step is
the following stability version of (4.29).

Step 3 xq sits “deeply” in (1 — X) - K +¢ X - (PK)

CLAIM 4.4.2. For any u € S ' NRY,, we have

(u, o) (1 + TQE)) < he(u) ™ he (u). (4.30)

210n5.5

Proof: We observe that (u, ® *zo) = (& u, z¢), (u, P o) = (P12, x),
hic(u) = hor (@ u);
hox(u) = harg(®' ),

and hence it follows from (4.28) and (4.29) that it is sufficient to prove that if u €
S" 1N RY, then either

(P~ Au,z0) (P Au,z0)

—\ 1-X 1—X A
(’W) >4 217(;?155'57 or <h¢AK(<I> U)) > 1+ % (4.31)

Let us write w = @ wy, and u = O} uy for wy = w|L,, and u, = u|L,,, and prove
that (cf. (4.27)) there exists i € {1,2} such that

. 12 | 02 |2 A ?
ther |10 _ | > , U2l )l > . 4.32
e | R R I B T (4:32)
We prove (4.32) by contradiction; thus, we suppose that if ¢ € {1, 2}, then
I | < -2 ama [P | <
— — [Jwy and |T——— — [|w; .
|| D~ ] 16n2 | D12 ul| 16n2
and seek a contradiction.
Denote a = H<I>*)‘u , a; = H(IJ*Aui , b= H(IDI*Au , b = Hdﬂ*)‘ui , ¢; = ||lwi]|. Then we
have,
a; 92 i 92
G Ul s 2 4.33
a T2 |0 T T 1602 = 2 (4:33)
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4.4. Linear images of unconditional convex bodies

From (4.33), we have

2
. . . 0 0
First we claim that if z >y > -, and |z —y| < (E) , then

|
ISES
ENE

<-—<e

< |8

First note that

n? 4n? 4n? x
eSS4 —(r—y)=1+—-y[=-—1
e >1+ 7 (x —y) + 0 Y »

42
R UL (D IR
0 4dn \y Y

A%
\

Then,

that is,

Applying (4.34) first to % and ¢;, and then to %, ¢;, we have

o a; 0 _o b 0
i< —<erande i < — <ed
ac; be;
It follows that
_o by ag 0
e 2 —--— <ez2
be;  a;
that is,
_9 b, a [
ez < L.~ <e?
a; b
And in turn, we have
b1 a as b
-6 01 @ %2 0 e

(4.34)

(4.35)

(4.36)
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4.4. Linear images of unconditional convex bodies

which we can write as

by b
6—0 < =
aq (12

<e (4.37)

That is,
[o@ ] [[e@ )

[ Auall ([ O ugll
Since ®*u; € Ly, for i = 1,2, the last inequalities contradict (i) and (ii), and in turn
verify (4.32).

-0 < <é (4.38)

Based on (4.32), and the triangle inequality we have the existence of i € {1,2} such

that either
2

PPy, N H(I)*)‘ui
eI R T T
or
Pl—Hy, H‘Dl_’\ui 2
S |
oy ) = g ~ ] = 15
In turn, we have for some i € {1,2}, either
m o uj @*)‘uj 2 02 2
. —all > =
ot =] = Sl ] =l =] = (56
or , similarly,
Pl 2 02 \?
> 2
H [~ = <16n2>
that is,
(I)l )\ 92
ith —_ — > —. 4.39
e H 2] wH = Ton? H [l H = Ton? (4.39)
First, we assume that out of the two possibilities in (4.39), we have
My 62
_— > — 4.40
‘ || D~ | H — 16n? (4.40)
According to (4.23), we have
~ 0 0
B=xy— — w+-—B"C®K,
2n 2n
which in turn yields (using (4.40) and ||zo|| < v/n at the end) that
har i (D7 ) — (DM, z9) > hg (P u) — (CD u, To)
6 M
= (dMu,zp — — A T
< u, To w + 5 ||CI>—>‘u||> (P u, x0)
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4.4. Linear images of unconditional convex bodies

0 d My
(M — [ —— —
< “2n (n@—AuH w>>

- 0 My )
=[le=] - 5 '<||<1>Au||’ <||<I>Au|| _w>>

2n
0.
2n

= o7 u

i

0 _
> 2o (w)

65 (D, x) - 65 (D u, x)

> . .

= 210p5 | o] — 210p5 NZD
> P )

= 910,,5.5 u, To)-

We conclude using 1 — A > 7 that

horge (@u) ' o \" 67
<<<I>—/\u, 7o) > |1+ 310,55 > 1+ 310,55 (4.41)
Secondly, if
(I)l >\ 92
>
lmmay ] = 16

holds in (4.39), then a similar argument yields

h(I)AK(q)l_)\U) A Z 1 i 7—05 .
<Q)1—)\u7 $0> 210n5.5

proving (4.31). In turn, we conclude (4.30) in Claim 4.4.2. O

Step 4 Claim J.4.2 contradicts (4.21)

Let o > 0 be maximal with the property that

zo+ 0B" C(1=)N)- K +¢ X (PK). (4.42)

Since xq sits deeply in (1 — A) - K 4+ A - (PK) by Claim 4.4.2, it follows that ¢ > 0

We claim that
T6°

02 5 (4.43)
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4.4. Linear images of unconditional convex bodies

To prove (4.43), we may assume for the sake of contradiction that

T60° 1

Maximality of ¢ and the unconditionality of (1 —\)- K +¢ A+ (®K) imply the existence

o<

of a
Yo € (0 + 0B NA((1 = A) - K +9 A (2K)) NRY,

Let u € S"' NR%, be the exterior unit normal to
M=(1-)\-K+\-(PK)
at yo, and hence yy = 29 + ou. Now, +e; € P K C M for i = 1,...,n implies that

chonv{:l:ei:izl,...,n}cﬂand

1 .
—B"cQQCcM
Vil

and hence, hy;(u) > ﬁ, and (4.44) implies

<U7I0> = <u7y0> — 0= hﬁ(u) -0
1 1 1

> > =
=/n 2= 2yn

On the other hand, k- (u) = hg(u)'"*hex (u)* holds because yq is a smooth boundary
point of M; therefore, it follows from (4.30), and (4.45) that

(4.45)

0 = hy(u) = (u, 20) = hyc(u)'~hag (u)* — (u, xo)

70° T0°
> (1 ) o = 020 = g o)

S T6° 1 S T6°
= 910,55 2/n = 21pb

which contradicts (4.44), hence proving (4.43).

From ®*K C \/nB"™, we have
V(P K) < n?k, (4.46)

Also note that the supporting hyperplane, Hy at xy to ®*K cuts xo 4+ oB" in half, and

P K U (20 + 0B\ P K) ¢ M (4.47)

Finally, using (4.43), (4.46) and (4.47), we deduce

2 211nn6n

. n 1 non
V(M) > V(®K) + 2 2““ > V(OMK) + = <79> K
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4.5. Proof of Theorem 4.2.3

n95n Ko,
1+ :
211n+1 nﬁn V(@)\K)

+

. n05n 1
ollntipbn %
n95n
(1 + 211n+1n6 5n>
(1+

n5n
1+ o )

215nn10n

> V(0K

> V(P'K)
> (1+ 5)V(K)1‘AV(Q>K)

which is absurd. This contradicts (4.21), and verifies (1 —2/nf)M C ®*K, completing
the proof of Proposition 4.4.1 under the condition & < smers (¢f. (4.13)). On the
other hand, if € > 220777;15", then

1
£5n
16n* -

>n,

url=

T

thus Proposition 4.4.1 readily holds. [

4.5 Proof of Theorem 4.2.3

The main tools used to prove Theorem 4.2.3 are Theorem 4.3.3 and Proposition 4.4.1.
But first we state some simple lemmas that we are going to use. The first lemma is a
corollary of the logarithmic Brunn-Minowski inequality for unconditional convex bodies
(see Lemma 3.1 of Kolesnikov, Milman [106]).

LEMMA 4.5.1. If K and C' are unconditional convex bodies in R™, then
pet)=V({(1—-t)-K+ot-C)

is log-concave on [0, 1].

The next claim provides some simple estimates for log-concave functions.

LEMMA 4.5.2. Let ¢ be a log-concave function on [0, 1].

(i) If X € (0,1), n € (0,2-min{1 — A\, A\}) and p(\) < (1+n)e(0)p(1)*, then

o(3) = (14 s ) V0RO
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4.5. Proof of Theorem 4.2.3

(i) I p(0) = p(1) = 1 and ¢(0) < 2, then ¢ () <1+ ¢'(0).

Proof: For (i), we may assume that 0 < A\ < 1, and hence A = (1 —2X) - 0+ 2\ - 1,
©(N) < (1+1)p(0)1"*¢(1)* and the log-concavity of ¢ yield

(L4 mp(0) (1) = p(A) = p(0) 2 (1)

Thus (1+ 7))z < e < 1+ 4 implies

—_
+

y‘\"

o (5) < 1+ F (D) < (14 1) e(0)e(D).

For (ii), we write ¢(t) = e for a concave function W with W (0) = W (1) = 0. Thus
W (%) < 2W’'(0), which in turn yields using W’(0) = ¢/(0) < 2 that

o (3) = VB < MOR 1L W(0) = 1+ ¢/(0). O

We will also be using the following result about volume difference.

LEMMA 4.5.3. If M C K are o-symmetric convez bodies with V(K\M)) < 5 V(K),

then
K C <1+4- (W)) M.

Let ¢t > 0 be minimal such that
Kc(l+tH)M

Then there exists z € K and y € OM such that z = (1 + ¢)y. Note that

2 t
. . K McK
r— Z+t+2 re K,Vee M C
that is,
2 it vk (4.48)
t+2 T 2 ‘ '

Now using z = (1 + t)y,

2 ¢ 2 /
- M=—— (1+ty+ — M
12 i 2 Uyt s
¢ /
_ M € K\intM
y+t+2 y+t+2 € K\int
Therefore,
¢
M) < v(k\M
V(t+2 >— (FAM)
t n
— <t+2) V(M) < V(K\M) (4.49)
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From V(K\M) < 55+ - V(K), we have

i) S VOO

1

V(K)

1
— V(K) <

L= 5o
s V(K\M) < 21nV(M) (4.50)
Combining (4.49) and (4.50), we get
(t) < E = t<2 (4.51)
t+2 2
Finally using (4.51) and (4.49), we have

< (pta) <0 e (VU0

The next two statements are the case A = % of Theorem 4.3.3 and Proposition 4.4.1

respectively that we will be using in the proof of Theorem 4.2.3.

COROLLARY 4.5.4. If the unconditional convex bodies K and C in R™ satisfy
V(K?-C3) < (14e)V(K)2V(C)?
for e > 0, then there exists positive definite diagonal matriz ® such that
V(KA(®C)) < "n"eV (K) (4.52)

where ¢ > 1 is an absolute constant.

COROLLARY 4.5.5. If K is an unconditional convex body in R™ and ® is a positive

definite diagonal matrixz satisfying

V(5 Koy (@0K)) < (L oV (K - (@K)F)

for e > 0, then either |[s® — I,|lec < 20n* - e5n for s = (det ®)=, or there emist

S1y- -y 8m > 0 and a partition of {1,...,n} into proper subsets Ji, ..., Jy, m > 2, such
that

P(Ly,NK)C (1+20n" 5 ) K

k=1

sk(Ly, NK) C ®(Ly, NK) C (1+20n"-£5) sy (Ly, N K), k=1,...,m.
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4.5. Proof of Theorem 4.2.3

Proof of Theorem 4.2.3 Step 1 First we consider the case A = %7 and hence prove

that if the unconditional convex bodies K and C' in R" satisfy

[N

Vv (1 K +o ; : c) < (14 V(K}V (O) (4.53)

2

for € > 0, then for m > 1, there exist 64, ...,6,, > 0 and unconditional compact convex
sets Kiy,...,K,, > 0 such that lin K;, « = 1,..., m, are complementary coordinate

subspaces, and

Ki®. . &K,C K C(1+cem)(Kia.. &K, (4.54)
0K, @®.. 00, K, C C C (1 + cga%%) (1K, & ... 3 0,K,) (4.55)

where ¢y > 1 is an absolute constant. We have

CE) <V (; K+ ; ~ C) < (1+e)V(K)2V(O)3;

[NIE
[SIE

V(K
therefore, Corollary 4.5.4 yields a positive definite diagonal matrix ® such that
V((PK)AC) < &@n"e5V(C) and V(KA(®'C)) < &@n"e5V (K) (4.56)
where ¢ > 1 is an absolute constant.

First we assume that
g <y Mo (4.57)

for a suitable absolute constant v > 1 where 7 is a chosen in a way such that

n.on_ = 1
et < oo (4.58)
for the constant ¢ obtained above.
Let
M=Kn(®'C),
Denoting p; = &n"e1s, from (4.56), we have
V(C)-V(®KNC)=V(C\PK) < V(CAPK) < p1V(C)
V(K)-V(KN®'0)=V(K\® 'C) < V(KAD'C) < pV(K)
which yields
V(M) > (1—pp)-V(K) 4.59
V(eM) > (1—p1)-V(C) (4.60)
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where p; = &'nets. As M C K and ®M C C, it follows that

V(3 M+ 5 (0M))

IA

V(i K+3-C)
< (14e)V(K)2V(C)z
1+e). lV(M)] | [V(CI)M)F

— l+e . l. l_pll
= ( ) V(M)z - V(®M)?

[NIES

IN

< (142p)-V(M)2-V(®M)?
< (1+2p) -V (M3 - (@M)3)

Here we have used ( Lte ) < 1+ 2p; which follows from p; < Qnﬂ

Now we can apply Corollary 4.5.5 to M and ®M. Here from Corollary 4.5.5, we get

the term
1

20n" - (2p)% = 20- 257 - &5 -5 e < oyn® - eT (4.61)

for an absolute constant ¢; > 1.

So Corollary 4.5.5 yields that either |[s® — I,[c < cin® - c%n for s = (det®) =, or
there exist si,...,5, > 0 and a partition of {1,...,n} into proper subsets Ji,..., Jy,
m > 2, such that

m

P(Ls, N M) C (1+cn’ 77 ) M (4.62)
k=1
where for k =1,...,m, we have
Sk * (LJk N M) C CD(LJk N M) C (1 —|—01n5 . Eﬁ) Sk * (LJk OM) (463)

From p; < 5, (4.59), (4.60), we have

V(K)

2n+1
V(C)
2n+1

V(E\M) = V(K)—V(M)<p-V(K) <

V(O\(®M)) = V(C)—V(®M) < p,-V(C) <

Now, applying Lemma 4.5.3, we have

K C (1+4-<m> )]\/[
C c (1+4-< K\q)M )(I)M
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Then,
VIEAM) - V(K) -V(M) _V(K)
V(M) V(M) V(M)
1 1
< —1= < 2p1.
o1 L—p ="
Similarly,
V(C\OM
o) _,
V(®M)
We find an absolute constant ¢y > 1 such that 4- (2p1)% —4.2% - G-n-eTw <cn £Ton
which gives us
M C K C (1+ canemn)M (4.64)
OM C C C (14 cone™ )OM. (4.65)
We have p; = 5”71"5?19, and denote p; = cln55ﬁ, p3 = @néﬁ. Note that nems <
1 1
pi < 1 and nPemn < pi* < 1. We deduce
(L+p2)(1 + p3) = 1+ pa + p3 + p2p3
=1+ cln5695% + CQnew% + clcgnalgin . n5€95%b
<14 (c1+co+ clcQ)nSEﬁ
that is, for c3 = ¢1 + o + c169
(1+p2)(1+ p3) < 1+ csn’emn (4.66)
Using the last inequality, we further deduce
(14 ps3)(L+ p2)? < (L + cgnem ) (1 + o)
<1+ 61715695% + 63n5895%z + 01637110595%" . 695%1
<1+ (e + 3+ crcp)nilemn
that is, for ¢4 = ¢1 4+ ¢c3 + c1c3
(1+p3)(1+ p2)? < 1+ c5n'emn (4.67)

In the case m = 1, from Step 1 of the proof of Proposition 4.4.1, in particular (4.17),
we have, for 31 = min{ay,...,a,} where ® = diag(ay,...,a,), 0 = 8n?- (2/)1)5% and
using (4.61),
M C @M C (14 2n0)5,M
C (14 2n20)51M
C (14 eyn’es) B M (4.68)
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Combining (4.65), (4.68), and (4.66) we have

BiM C C C (1+ ps)dM
C (L +ps)(L + p2)i M
C (1 + cynPemn) B M

That is,
BiM C C C (1 + esn’e )/ M

From (4.64), we get
M C K C (14 ps)M C (1+csn’emn)M

Therefore, in the case [|s® — I,,|| < cinden | that is, when m = 1, choosingK, = M
and § = B establishes Theorem 4.2.3 On the other and, if ||s® — I,||cc > c1n® - 57,

then we choose
Kip=1+p) ' (LyyNnM) fork=1,....,m

Note that

M cC é(LJk N M) (4.69)
k=1

Using (4.64), (4.62), (4.69), (4.66) we deduce

PEL=P1+p) (L;,NM)CMCKC(1+4p)M
=1

=1

o

k:l
C (14 p3)(L+ p2) DL+ p2) (L, N M)
k=1
C (14 p3)(1+ p2) P Ky
k=1

C (1 + csn’ewn ) P Ky, (4.70)
k=1
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Next, using (4.65), (4.63), (4.69), (4.67) we get

@SkKk—@Sk 1+p2 (ijﬂM)
COM C C C (14 p3)®M

c(1 +ps)@q)(LJk N M)
1+p3@1—|—p2 (ijﬂM)
k=1
=1+ p3)(1+ Pz)Q@SkKk

C(1+ cmlosﬁ) @ s K, (4.71)

k=1
. I 1
Choosing an absolute constant ¢y > cj - e, we have
1 1 1
(1 + 037155@) < (1 + cyzlogﬁ) < (14 cpen)

and hence (4.70) and (4.71) yield (4.54) and (4.55).This proves Theorem 4.2.3 if
A=zand e <y " (cf. (4.57)).

Still keeping A = %, we observe that if () is any unconditional convex body in R", then
? 1 (Re; N Q) and @ share the same John ellipsoid £ and as such we have

EcQcC é(Rei NQ) CnkE CnQ. (4.72)
i=1
in particular,
O (BenQ) c Qc DR Q) (.73
=1 i=1

Now if € > y™"n=19 (¢f. (4.57)) holds in (4.53), choosing an absolute constant

1 6 1 1 1
Co > ’)/9571655 > ’y95n - Mno5n - nn7

we get
1 1 1 _ 1 1
C’gg%>’ym.n3.n.fy 9% .M 5 >n.

Then taking m = n, K, = %(Rek N K), and choosing 0, > 0 in a way such that
Op(Rep, N K) =Re, NC for k=1,...,n, we have

n
D
k=1

no1 !
Rex NK)CKCn-P—(Rex NK) C (1+ cjemn)
k=1" k

(Rey NK)  (4.74)

P-
S|

3\'—‘

1
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n 1
@ Rek NC)cCc(1+ 00895" @ Oy - Rek NnC) (4.75)
And thus Theorem 4.2.3 has been verified if A = 5.

Next, we assume that A € [r,1 — 7] holds for some 7 € (0, 3] in Theorem 4.2.3. First

let ¢ < 7. From Lemma 4.5.1, we have
et)=V((1—1t)-K+¢t-C)
is log-concave on [0, 1]. Note that the condition in Theorem 4.2.3 gives us

p(\) < (1+)V(K)*V(C)*

Then Lemma 4.5.2 yields that

1) < S ;
0 (3) < (1 (i A’A}> P(0)e(1);
and since \,1 — X € [r,1 — 7],

v (; K 4o ; : C) < (1 + i) V(K)RV(0)3.

Then (4.54) and (4.55) imply that for m > 1, there exist 6;,...,0,, > 0 and un-
conditional compact convex sets Ki,...,K,, > 0 such that lin K;, « = 1,...,m, are
complementary coordinate subspaces, and

1

€\ 9%n
Kio..oK,C K c<1+c3<7) >(Kl@...@Km) (4.76)

1

BKL D ... P0,Ky,C C C<1+03<i)95n>(91l{1@ @0, Ky).  (4.77)

Finally, if A € [r,1 — 7] holds for some 7 € (0,41] in Theorem 4.2.3 and € > 7, then

1
taking an absolute constant ¢y > er > nﬁ, we have c{f ( )95” > n. Then choosing again

m=n, K, = %(Rek N K), and 6; > 0 in a way such that 0;y(Re, N K) = Re, N C for
k=1,...,n, (4.73) yields (4.76) and (4.77). O

4.6 Convex bodies and simplicial cones

Here we consider and state some results about the part of a convex body in a Weyl

chamber, that we will use later. Recall that for a convex body M, we write ' M to
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denote the smooth boundary points of M, that is, those boundary points with unique
exterior unit normals. It is a well-known fact that the n — 1-dimensional Hausdorff

measure of OM\J' M is 0, that is, H""H(OM\I' M) = 0.

LEMMA 4.6.1. Let Hy, ..., H, be independent (n — 1)-dimensional linear subspaces,
and let W be the closure of a connected component of R"\(H, U ... U H,,).

(1) If M is a convex body in R™ symmetric through Hy, ..., H,, then vy, € W for any
geWNIM, and in turn

MOW ={zeW: (z,u) < hy(u) Yu e W}.

(i) If A € (0,1) and K and C are convex bodies in R™ symmetric through Hy, ..., Hy,
then

WN((1=MNK+o\C)={x e W: (z,u) < hg(u)he(u)* Yu € W}.

Proof: For (i), it is sufficient to prove the first statement; namely, if ¢ € int W N 9'K,
then vy, € W.

Let u; € S"™', i = 1,...,n, such that W = {x € R" : {(x,u;) > 0}, and hence
(q,u;) > 0,4 =1,...,n, and (i) is equivalent with the statement that if i = 1,...,n,
then

(Wi, Vi q) > 0. (4.78)

Since ¢ = q—2(q, u;)u; is the reflected image of ¢ through H;, we have ¢ € M; therefore,
0 < (Vg4 — ) = (Vi g, 2(q, ui)wi) = 2(q, W) - (Vi g i)
As (q,u;) > 0, we conclude (4.78), and in turn (i).
For (ii), let M = (1 — A\)K +¢ AC, and let
My ={zeW: (z,u) < hg(u) *he(u)* Yu € W}.

Readily, W N M C M,. Therefore, (ii) follows if for any ¢ € &’ M N intW, we have
q € OM,. As ¢ € OM NintW , there exists u € S"~! such that (g, u) = hx(u)'"*he(u)?.
Since ¢ € 'M N'W, we have u = vy, and hence (i) yields that vy, € W. Therefore
q € OM,, proving Lemma 4.6.1 (ii). O
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In order to use already established results for unconditional convex bodies to the case of
convex bodies with n independent hyperplane symmetries, our main idea is to linearly

transfer a Weyl chamber TV into the co-ordinate corner R%.

LEMMA 4.6.2. Let K be a conver body in R"™ with o € int K, let independent
V1, ..., U, € R™ be such that (v;,vj) >0 for 1 <i < j <mn,let W =pos{vy,...,v,},
and let ® € GL (n,R) such that ®W = R%, then:

(i) ©7'W C RL,.
(it) If v . € W for any x € WNI'K, then

vor,. € RY, for any 2 € R, NI'PK; (4.79)

(1ii) and there exists an unconditional convex body Ky such that

KoNRYy = d(KNW).

Proof: Let eq,...,e, be the standard orthonormal basis of R™ indexed in a way such
that e; = $v;. First we claim that fore=1,...,n

(@ v, e;) > 0. (4.80)
Since v € W = pos {vi, ..., v,}, we can write v = 337 Aju; for \; > 0. Now, (vj,v;) >
0for j=1,...,n gives us

0< Z)\] v, V) = <Z)\ v],vl> (v,v;) = (D7, D) = (D", ¢;),

=1

proving (4.80) and hence (i) holds.

Take any x € W N d' K, then from the condition in (i7), vk, € W. Note that & vy,
is an exterior normal to @K at ®z. We have ¢z € RL; NI ®K and from (i), vox e =
P~k » € RZ and hence, (ii) holds.

Now (4.79) yields that if z = (21,...,2,) € RENIPK and 0 < gy < 25,0 =1,...,m,
then y = (y1,...,yn) € ®K. Therefore repeatedly reflecting R%, N ®K through
the coordinate hyperplanes, we obtain the unconditional convex body K, such that
R, NKy =R NOK =d(WNK). O
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4.7 Some properties of Coxeter groups

We note here that if a convex body K is invariant under a linear map A, then the
minimal volume Lowner ellipsoid of K is also invariant under A. And hence, accord-
ing to the following result from Barthe, Fradelizi [19], it is sufficient to consider only

orthogonal reflections in our case.

LEMMA 4.7.1 (Barthe, Fradelizi). If the conver bodies K and C in R" are invari-
ant under linear reflections Ay, ..., A, through n independent linear (n — 1)-planes
Hy, ..., H,, then there exists B € SL(n) such that BA;B™',... BA,B™! are orthogo-
nal reflections through BHy, ..., BH, and leave BK and BC' invariant.

Here, we briefly discuss some theory concerning Coxeter groups following Humpreys
[98]. Let V be an n dimensional vector space with the usual Euclidean structure.
Let pi1,...,p, be n independent vectors in V. Then we denote by G the closure of the
Coxeter group generated by orthogonal reflections through the independent hyperplanes
pr, ..., pr. We note that a linear subspace L C V is invariant under the action of G
if and only if p1,...,p, € LU L*+. We call an invariant subspace L C V irreducible
if L # {o} and any invariant subspace L' C L satisfies either L' = L or L' = {o}.
So the action of G on an irreducible invariant subspace is irreducible. We note that
the intersection and the orthogonal complement of invariant subspaces is invariant and

hence, the irreducible subspaces L1, ..., L,,, m > 1 are pairwise orthogonal, and
Lis...oL,=V. (481)

Then for any A € G, we can write A = A|;, & ... ® Alr,,. If L C V is an invariant
subspace, we denote G|, = {A|L : A € G} and O(L) as the group of isometries of
L fixing the origin. In this section our main task is to understand some properties of

irreducible Coxeter groups.

LEMMA 4.7.2 (Barthe, Fradelizi). Let G be closure of the Cozeter group generated
by the orthogonal reflections through pi,...,p+ for independent py,...,p, € R*. If
L C R" is an irreducible invariant subspace, and G|p, is infinite, then G|, = O(L).

Let L be a d-dimensional irreducible invariant linear subspace of V' with respect to the
closure G of a Coxeter group. In the case when G| is finite, we need a more detailed
analysis. We write G’ = G|, to denote a finite Coxeter group generated by some orthog-
onal reflections acting on L. Denote by Hy,..., H; the (d — 1) dimensional subspaces
of L such that the reflections through Hy, ..., Hy generate G'. let uy, ..., usy € L\{0}

be a system of roots for GG'. Here, there are exactly two roots orthogonal to each H;,
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and these two roots are opposite. For algebraic purposes, it’s customary to normalize
the roots such that % is an integer but we drop this condition since we are only
concerned with the cones determined by the roots.

We denote by W the closure of a Weyl chamber, that is, a connected component of
I\{H,...,Hy}. It is known (see say [98] ) that

d
W = pos{vy,...,v4} = {Z)\ﬂ]z‘ VA > 0}

i=1
where vy,...,v4 € L are independent. Moreover, for any x € L\{Hy,...,Hy}, there
exists a unique A € G’ such that x € AW. Thus there is a natural bijective correspon-

dence between the Weyl chambers and G’. We may reindex Hy, ..., Hy and uq, ..., usg

in a way such that H; = ui- for i = 1,...,d are the “walls” of W, and

(uj,v;)y > 0 fori=1,...,d;

4.82
<7,LZ',’UJ‘> =0 f0r1§2<]§d ( )

In this case, reflections L — L through Hy, ..., H; generate G, and uq, . .., u,4 is called a
simple system of roots. The order we list simple roots is not related to the corresponding

Dynkin diagram.

LEMMA 4.7.3. Let G be the Coxeter group generated by the orthogonal reflections
through py,...,pt for independent py,...,p, € R". If L C R™ is an drreducible invari-
ant d-dimensional subspace with d > 2, and G|, is finite, and W = pos{vy,...,v4} C L
is the closure of a Weyl chamber for G|, then

(i, v5) > = - vl - ||y (4.83)

IS

Proof: Let G' = G|p. We use the classification of finite irreducible Coxeter groups.
For the cases when G’ is either of Dy, Eg, E7, Es (see Adams [1] about Eg, E7, Eg), we
use the known simple systems of roots in terms of the orthonormalt basis ey, ..., e4 of
L to construct vy,...,vs via (4.82). However, there is a unified construction for the
other finite irreducible Coxeter groups because they are the symmetries of some regular

polytopes.

Case 1: (' is one of the types Io(m), Ag, Bq, F4, H3, Hy

In this case, G’ is the symmetry group of some d-dimensional regular polytope P cen-
tered at the origin. Let Fy C ... C Fy_1 be a tower of faces of P where dim F; = 1,
i = 0,...,d — 1. Defining v; to be the centroid of F; 1, ¢ = 1,...,d, we have that
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W = pos{vy,...,v4} is the closure of a Weyl chamber because the symmetry group of

P is simply transitive on the towers of faces of P.

As @' is irreducible, the John ellipsoid of P (the unique ellipsoid of largest volume
contained in P) is a d-dimensional ball centered at the origin of some radius r > 0. It
follows that P C drB", and hence r < |jv;|| < dr for i = 1,...,d. In addition, v; is the
closest point of aff F;_; to the origin for ¢ = 1,...,d, and v; € F;_; if 1 < j <4, thus
(vj,v;) = (v, v;) if 1 < j <4 < d. We conclude that if 1 < j <4 <d, then

CROI !
Tosll-Trodl =~ oyl =

Case 2: G' =
In this case, a simple system of roots is

U; = € —€j11 forz'zl,...,d—l,
Ug = €41+ €q.
In turn, we may choose v, ...,v4 as
v = Y€ fori=1,...,d—2and i =d,
Vio1 = —vg+ i e

As (v;,v;) is a positive integer for i # j, and |lv;|| < V/d for i = 1,...,d, we conclude
(4.83).

Case 3: G' =
In this case d = 6, and a simple system of roots is

U = € — €41 fori=1,2,3,4,
Us = €4+ €5

5
ug = V3es— X0 e

Using coordinates in ey, ..., eg, we may choose vy, ...,vs as v; = (\/g, 0,0,0,0,1), v
(v3,4/3,0,0,0,2), v5 = (v/3,v3,4/3,0,0,3), vy = (1,1,1,1, —1,/3), v5 = (1,1,1,1,1,f)
and vg = (0,0,0,0,0,3). As (v;,v;) > 3 fori # j, and ||v;|| < V18 fori =1,...,6, we
conclude (4.83).

Case 4: ' =
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In this case d = 7, and a simple system of roots is

U = € — € fori=1,2,3,4,5,
Ug = €5+ €g

6
ur = V2er =0 e

Using coordinates in ey, ...,e7, we may choose vy,...,v; as v; = (2,0,0,0,0,0, \/5),
vy = (1,1,0,0,0,0,v2), v5 = (1,1,1,0,0,0, f) =(1,1,1,1,0,0,2v/2),
vs = (1,1,1,1,1,-1,2v/2), v5 = (1,1,1,1,1,1,3\/5) and v; = (0,0,0,0,0,4). As
(vi,v;) > 4 for i # j, and ||v;|| < V28 for i = 1,...,7, we conclude (4.83).

Case 5: (¢ =

In this case d = 8, and a simple system of roots is

U = € — €41 fort=1,2,3,4,5,6,7,
us = —Y i€+ g€
Using coordinates in ey, ..., eg, we may choose vy, ..., vg as
v =(1,-1,-1,-1,-1,—-1, -1, 1)
vy = (0,0,—1,—1,—-1,—1,—-1,—1)
vy =(-1,—-1,-1,-3,-3,-3,—-3,-3)
vy=(-1,-1,-1,-1,-2,-2, -2, -2)
5 5 b
=(-1,-1,-1,-1,—-1,——, —=, —=
Us ( ) ) ) ) ) 37 3a 3)
ve =(—1,—-1,—-1,—-1,—-1,—1, -2, —2)
vy =(-1,-1,-1,-1,—-1,-1,—1,-3) and
vg=(—-1,-1,-1,-1,-1,-1,—1, —1)

As (v;,v;) > 6 for i # j, and ||v;]| < V48 for i = 1,...,8, we conclude (4.83). O

For a convex body invariant under a Coxeter group, we can determine some exterior

normals at certain points provided by the symmetries of the convex body.

LEMMA 4.7.4. Let G be the closure of a Coxeter group generated by n independent
orthogonal reflections of R™, let L C R™ be an irreducible linear subspace and let K be

a convex body in R™ invariant under G.
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(1) If G|L, is finite, and W = pos{vy,...,vq} C L is the closure of a Weyl chamber for

G|p, and tyv; € OK fort; >0,i=1,...,d, then v; is an exterior normal at tv;.

(it) If G|, is infinite and v € L\{o}, and tv € OK for t > 0, then v is an exterior

normal at tv.
Proof: Let d = dim L.

For (i), first we claim that there exist independent uy,...,u, ; € v; such that the
reflection through u; lies in G for j = 1,...,n — 1. To construct uy, ..., uy—1 € v;", if
d > 2, then we choose roots uy, ..., uq_1 € v;- for G|y that corresponds to the walls of
W containing v;. In addition, if d < n, then we choose independent g, . .., u,_1 € L*
such that the reflection through u]L lies in G for j = d,...,n — 1, completing the

construction of wuq, ..., Uy 1.

Let N = {z € R" : (z,t;v; —z) > 0 Vo € K} be the normal cone at t,v; € K.
If N = R>yv;, then we are done. Since N is a cone and o € int K, it N # Rygv;,
then there exists w € v;-\{o} such that 2 = v; + w € N. Let H C G be the closure

of the subgroup generated by the reflections through ui,...,ut ;, and hence both

Rv; and vt are invariant under H. Since uy,...,u, 1 € v;

centroid of M = conv{Aw : A € H} C v is 0. We deduce that the centroid of

i

v+ M = conv{Aw: A€ H} C N is v; therefore, v; € N.

are independent, the

For (ii), the argument is essentially same because similarly, there exist independent

U1, ..., TUn_1 € v+ such that the reflection through ﬁ]l liesin Gforj=1,....,n—1. [

4.8 The proof Theorem 4.1.4

Lemma 4.7.1 and the linear invariance of the Ly-sum yield that we may assume that
Ay, ..., A, are orthogonal reflections through the linear (n — 1)-spaces Hy, ..., H,,
respectively, with Hy N ... N H, = {0} where K and C are invariant under Ay, ..., A,.

Let G be the closure of the group generated by Ai,...,A,, and let Lq,..., L, be
the irreducible invariant subspaces of R™ of the action of G. If ¢1,...,t,, > 0 and
U € GL(n,R) satisfies Vo = t;x for x € L; and i = 1,...,m, then

VK and UC are both invariant under G. (4.84)
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Let E be the John ellipsoid of K, that is, the unique ellipsoid of maximal volume
contained in K. Therefore, E is also invariant under GG. In particular, we can choose
the principal directions of F in a way such that each is contained in one of the L;, and
L; N E is a Euclidean ball of dimension dim L;. Therefore, after applying a suitable

linear transformation like in (4.84), we may assume that £ = B", and hence

B"C K C nB". (4.85)

Foranyi=1,...,n,let G; = G|, if G|z, is finite, and let G; be the symmetry group of

some dim L; dimensional regular simplex in L; centered at the origin if G|z, is infinite.

We consider the finite subgroup G C G that is the direct sum of Gy, ..., G, acting in
the natural way C?]L =G;forv=1,...,m. Let 0 =pg < p1 < ... < pn = n satisty
that p; — pi_1 = dim L; for i = 1,...,m. We choose a basis vq,...,v, € 8" of R",
in a way such that for each i = 1,...,m, W; = pos{vp, ,41,...,vp,} is the closure of a

Weyl chamber for the irreducible action of G; on L;.
According to Lemma, 4.7.3, these vy, ..., v, € S"! satisfy that

ifp1+1<j<i<pandi=1,...,m; (4.86)

1
n
0 if there exists ¢ = 1,...,m — 1 such that j <p; <l. (4.87)

Let eq,...,e, be the standard orthonormal basis of R", let & € GL(n) satisfy that
v, =e€;,1=1,...,n, and let
It follows that @1V = R%, and int W is a fundamental domain for G in the sense that

U{AW: AeG} = R*

. . . ~ (4.88)
int AW Nint BW = () if A,B€ G and A # B.

Ifi e {1,...,m} and p;—1 + 1 < j < p;, then we define u; € L; N S™* by (u;,v;) >0

and (uj,v;) = 0 for [ # j. Therefore, ui,...,u; are the walls of W; namely, the linear
hulls of the facest of the simplicial cone W, and the reflections through ui, ..., ul are

symmetries of both K and C' (and actually generate é’) We may apply Lemma 4.6.2 to
W because of Lemma 4.6.1, (4.86) and (4.87), and deduce the existence unconditional
convex bodies K and C' such that

RL,NEK =®WNK)and R NC =&WNC).
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We claim that
RZy N ((1=MNEK +XC) C®(WN((1—MNK +9A0)). (4.89)
According to Lemma 4.6.1 and to ®~'W C R%, (¢f. Lemma 4.6.2), we have

Rgoﬂ((l—/\)f(/—i—)\é) = {zeR%y: (z,u)
C {zeRY: (z,u)

IN

hiz(u)' " hg(u) Vu € REy}
hiz(u)' ™ hg(u) Vu € W}

IN

We observe that if uw € ®~'IV, then there exist yo € R%y N 0K = RZ, N O(PK)
and 2 € R%, N C = R%, N O(PC) with hz(u) = (yo,u) and hz(u) = (20,u). For
v=0lucW,y=>"1yy € WNOK and y = d 1y, € W N IK, it follows that v is an

exterior normal to K at y and to C' at z, and
hi () ™ ha() = (By, @0) "N @z, @7 "0)* = (y,v) Mz, 0)* = hie(v)' he(v).

We deduce from the considerations just above and from applying Lemma 4.6.1 to W
that

RN (1= NK+XC) € @{ge W : (g v) < hr(v)  hg(v) Yo e W}
= O(WN((1=NK +¢AC)),

proving (4.89).
Writing |G | to denote the cardinality of G, (4.88) yields
V(M) =|G|-V(MOW)

where M is either K, C' or (1—)\)- K +oA-C. We deduce from (4.89) and the condition
in Theorem 4.1.4 that

V((1=\)-K+oA-C) 2"V (RN (1= X) - K +9 A C))

< V(W N (1= MK 40 A(C)))
< HES e avu vy

(1+)V(E) V()

We apply the following equivalent form of Theorem 4.2.3 to K and C where )\ € [7,1—7]
for 7 € (0, %] There exist absolute constant ¢ > 1, complementary coordinate linear

subspaces Ay, ..., A, k> 1, with @?le\j = R" such that

o, (KNA;) c (1 e <5> 9é> K, (4.90)

T
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and there exist 6y,...,60;, > 0 such that

5,0, (Knk,) cCc (1 +e(2) ) oh, 0, (Knk).  (490)
For A; = ®'A;, j =1,..., k, we deduce that
i £\ T
WAS (KNA) C <1+5" (T) )(WQK), (4.92)
j=1

and

Jj=1 Jj=1

k L k
WnS 6, (KNA)cWnCc <1+an (5)) (WﬂZej (KﬂAj)) . (4.93)
T
We observe that each A; is spanned by a subset of vy, ..., v,.

For the rest of the argument, first we assume that ¢ is small enough to satisfy

w1
& (5) P (4.94)

T n?

We claim that if (4.94) holds, then
each Aj, j =1,...,k, is invariant under G. (4.95)

We suppose indirectly that the claim (4.95) does not hold, and we seek a contradiction.
In this case, & > 2. Since each A; is spanned by a subset of vy,...,v,, after possibly
reindexing Ly, ..., Ly, Ai,..., Ay and vy, ..., v,, we may assume that v; € Ly NA; and
ve € L1 N Ag. For i =1,...,n, let s; > 0 satisfy s;v; € OK; therefore, (4.85) yields

1 <s; <mn, (4.96)
and hence
sty € LiN KN A1 and v € LN KN AQ. (497)
It follows from (4.86) that
1
> —. 4.
(v1,v2) > - (4.98)
We deduce from (4.97), and then from (4.92) that
i £\ 7
st eWNY (KNA;) C <1+5" (T) ")(WmK). (4.99)
j=1
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Lemma 4.7.4 yields that v; is an exterior unit normal to 0K at s;v;, and hence s; =
hi(v1). We deduce from first (4.99) and then from assumption (4.94) and the formula
(4.96) that

1

95n

o1+ (v1,v2) = (Ul,slvl—l—v2>§<1+én (j) )hK(vl)

T 1
= 5+ (5) e <14~ (4.100)
T n

On the other hand, we have s1 + (v1,v2) > 14 + by (4.98), contradicting (4.100). In

turn, we conclude (4.95) under the assumption (4.94).

We deduce from (4.92), (4.93), (4.95) and the symmetries of K and C' that

&f_ (KN Ay C (1 T (i)‘%) K, (4.101)
and )
ef_0,(KNA) cCc <1 +en (i) 95") & 0, (K NA,) . (4.102)

In addition, the symmetries of K and (4.95) yield that K NA; = K|A; for j =1,...,k,
therefore,
K cal (KnA;).

Combining this relation with (4.101) and (4.102) implies Theorem 4.1.4 under the as-
sumption (4.94).

Finally, we assume that

(€ 3 1
and hence )
n (€)% 2
(4¢) () > n?, (4.104)
T

Fori=1,...,m, the symmetries of K and C' yield that r;(B"N L;) is the John ellipsoid
of KN L; and 0;r;(B™ N L;) is the John ellipsoid of C'N L; for some r;,0; > 0. For
Ki="(B"NL;),i=1,...,m, we have

en K; C conv{mKy,...,mK,};

therefore, it follows from (4.104) that
m 2 m n [E)%n
or 0K, cCc n* @ 0,K;C (1 + (4¢)" (6) e, 0:K;,
T
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proving Theorem 4.1.4 under the assumption (4.103). O

4.9 Proof of Theorem 4.1.5

As in the case of Theorem 4.1.4, it follows from Lemma 4.7.1 and the linear invariance
of the Lg-sum that we may assume that Aq,..., A, are orthogonal reflections through
the linear (n — 1)-spaces Hy, ..., H,, respectively, with H; N...N H, = {0} where K
and C are invariant under Ay, ..., A,. We write G to denote the closure of the group
generated by Aq,...,A,, and Lq,..., L, to denote the irreducible invariant subspaces
of R™ of the action of G.

For the logarithmic Minkowski Conjecture 4.1.2, replacing either K or C' by a dilate

does not change the difference of the two sides; therefore, we may assume that

In this case, the condition in Theorem 4.1.5 states that

he
log — dVx < 4.105
[, loa < dvic < ¢ (1.105)
for e > 0.
First we assume that
ne < 1, (4.106)

for t € 0, 1], we define
et)=V((1—-1t)-K+ot-C).

According to (3.7) in Béroczky, Lutwak, Yang, Zhang [39], we have

hc’
, —_—
©'(0) = n/Sni1 log . AV, (4.107)
and hence (4.105) and the assumption (4.106) yield that ¢’'(0) < ne where ne < 1. We

deduce from Lemma 4.5.2 (ii) that

1 1 1
V(-K+O-C>:go<2><l+ns.

2 2
Now we apply Theorem 4.1.4, and conclude that for some m > 1, there exist 64, ...,0,, >
0 and compact convex sets Ki,...,K,, > 0 invariant under G such that lin K;, ¢ =
1,...,m, are complementary coordinate subspaces, and
K@, ®K,C K C(1+c"%e™)(Ki&... &K, (4.108)

OFK & ... ®0,K,C C C(1+c"m) (K&, @0,K,) (4.109)
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where ¢ > 1 is an absolute constant. In turn, we deduce Theorem 4.1.5 under the

assumption ne < 1 on (4.106).

On the other hand, if ne > 1, then Theorem 4.1.5 can be proved as Theorem 4.1.4
under the assumption (4.103). O
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Chapter 5

Stability of solution of the
log-Minkowski problem under the
symmetries of a Coxeter group

acting without fixed points

5.1 Introduction

The main goal in this chapter is to obtain the stability of solution of the logarithmic or
Lo Minkowski problem under symmetry with respect to a Coxeter group acting on R"

without non-zero fixed points.

Let’s recall that for a convex body K containing the origin with support function hg
(hik(u) = max,ex(u,z)), and surface area measure S, it’s cone volume measure is
given by
1
dVik = — hg dSk.
n
And the total measure then is

V(5" = V(K).

The Monge-Ampere equation on the sphere S"~! corresponding to the logarithmic (or

Lo-) Minkowski problem is
hdet(V?h + h1d) = nf (5.1)

where Vh and V2h are the gradient and the Hessian of h with respect to a moving

orthonormal frame. For a given finite Borel measure p on S"!, a positive h on S"~!
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that is the restriction of a convex homogeneous function on R" is the solution of (5.1)
in the Alexandrov sense if the corresponding Monge-Ampere measure satisfies

det(V2h + h1d) do = % - dp (5.2)

where o is the Lebesgue measure on S™ 1.

We note that the Monge-Ampere equation (5.1) is homogeneous in the sense that re-
placing f by X f for A > 0 is equivalent to replacing h by A/*Dh. Therefore, we may
assume that Vi (S"!) = V(K) = 1; or in other words, the f in (5.1) is a probability

density, or the measure p in (5.2) is a probability measure.

For any group G C O(n) acting on R™ without non-zero fixed points, there exist only
finitely many G invariant linear subspaces of R™ where GG is a Coxeter group if it is gener-
ated by reflections through n independent hyperplanes. Béroczky, Kalantzopoulos [38]
established the following characterization of cone-volume measures under hyperplane

symmetry assumption.

THEOREM 5.1.1 (Boroczky, Kalantzopoulos). Let G C O(n) be a Coxeter group
acting on R™ without non-zero fized points. For a finite non-trivial Borel measure
pw oon St invariant under G, there exists a G invariant Alexzandrov solution of the

logarithmic Minkowski equation (5.2) if and only if
(i) p(L NSty <9l (S"=1) for any G-invariant proper linear subspace L;

(ii) p(L NSty = L.y (S"=Y) in (i) for an invariant proper linear subspace L is

equivalent to supp u C LU L*.

In addition, if strict inequality holds in (i) for each G-invariant proper linear subspace

L, then the G invariant solution is unique.

We note that the measure in Theorem 5.1.1 may not be even; for example, possibly

i = Vi for a regular simplex K whose centroid is the origin.

For compact convex sets M and N, we write M & N to denote M + N if (x,y) = 0 holds

for x € M and y € N. In addition, we say that a linear subspace L of R" is proper if
1 <dim L < n—1. We note that [38] proved that Vi (LN S"1) = 4L V(K) holds in
Theorem 5.1.1 (i) for a proper invariant subspace L if and only if K = (KNL)®(KNL*).

According to [38], Vk = Vi holds for convex bodies K and C' in R™ invariant under

a Coxeter group G C O(n) acting on R™ without non-zero fixed points if and only if
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VIK)=V(C),and K =K1® ... ® K, and C = C; @ ... ® C,, for compact convex
sets Kq,...,K,,,C4,...,C,, of dimension at least one and invariant under G where K;
and C; are dilates for ¢ = 1,...,m. Naturally, if m = 1, then K = C.

In order to prepare for the stability version Theorem 5.1.2 of Theorem 5.1.1, for any
compact X C S"! and ¢ € [0, 2], we consider the tube

U(X,0)={uec S FreX, |z—ul| <o}

The cone volume measure Vi of a convex body K readily satisfies dV;x = t"dVk for
t > 0. Therefore, when comparing the cone volume measures of convex bodies K and
C, we may asssume that V(K) = V(C) = 1, and hence Vi and Vi are probability

measures on S™ 1.

One natural distance to consider between two probability measures p and v on S™1
is the [; Wasserstein distance. First, we consider the family of Lipschitz functions on

Sn=1: namely, for 0 > 0, let
Lipg = {f: S"" = R: Va,be ", |f(a) = £(b)| < Olla—b]}. (5.3)

Now the Wasserstein distance of the Borel probability measures p and v on S™ 1 is

dw(u,u):sup{/sn1fdu—/sn1fdy: feLipl}.

It is known that convergence of a sequence of probability measures with respect to the

Wasserstein distance is equivalent to weak convergence.

We note that as u(S™') = v(S"1) in the definition of dy (11, v), we may assume that
min f = —1; therefore, f € Lip; implies that

[flloe = max |f(u)| <1. (5.4)

ueSn—1

In turn, we observe that if du(u) = p(u) du and dv(u) = ¥ (u) du, then

(e v) < [ lplu) = o(w)| du. (5.5)

Sn—1

THEOREM 5.1.2. Let G C O(n) be a Coxeter group acting on R™ without non-zero

ved points. If uy and ps are G-invariant Borel probability measures on S, and
Jized p It I p Y ,

Ml(\I’(LﬂSnfl,é)) < (1-7).dmL

n

Lo (\II(L NS, 5)) < (1—7). dmL (5.6)

- n
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for o, € (0, %) and for any G-invariant proper subspace L, then the unique G invariant
Alexandrov solution h; of the logarithmic Minkowski problem (5.2) for p= p;, i = 1,2,

satisfies
|h1 — hallso < - dW(,Ula,UQ)ﬁ (5.7)
ro < hi,he < R (5.8)
where for some absolute constant ¢ > 1, we have

e Ry=n,rg= %, Yo = ¢ and the condition (5.6) is irrelevant provided the action

of G s irreducible;

n—1

1 ﬂ - n —3n n
e Ry = (%)T, rog = Té—j (%) " oand v = - §n provided the action of G is
reducible.

Actually, Theorem 5.1.2 can be extended to the case when gy (S™™ 1) # pa(S™1) (see
Corollary 5.1.3). In this case, we need the bounded Lipschitz distance dyr, (1, v) of two

Borel measures ;1 and v on S"~! (see Dudley [64]); namely,

d(pv) =sup{ [ fau— [ fav: e Lip and [fl <1}

Using the test function constant 1 shows that
(8" = v(S" )] < do(p,v). (5.9)

We observe that if u(S" ') = v(S" 1) = 1, then dyy(u,v) = dw(i,v). On the other
hand, if A\ > 0 and y is any finite non-trivial Borel measure on S™~!, then

dor (11, ) < [A = 1] - p(S"7H). (5.10)

COROLLARY 5.1.3. Let G C O(n) be a Cozeter group acting on R™ without non-

zero fized points. If py and po are G-invariant finite Borel measures on S™~! satisfying

dpr,(p1, pro) < M = min{p (S™1), p2(S™ 1)} > 0 and
m(VELNSLE) < (1-7)- ek, -

, 5.11

ma(W(LNSL6)) < (1—7) dmk

foré, T € (0, %) and for any G-invariant proper subspace L, then the unique G invariant

Alexandrov solution h; of the logarithmic Minkowski problem (5.2) for u = p;, i = 1,2,

satisfies
[h1 = hallo < VOM% - dpL(p, Mz)ﬁ (5.12)

ToM%S hl,hz SRoM% (513)
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where for some absolute constant ¢ > 1, we have

e Ry =2n, 1y = %, Yo = c" if the action of G 1is irreducible, in which case the

condition (5.11) is irrelevant;

Sl

n—1
—3n 12n

, o = (i)T and v = < -6+ n'+ if the action of G is

nb

o= 2(4)
reducible.

We observe that the error term in Theorem 5.1.2 in terms of € is not far from being
optimal. We provide an unconditional example; namely, when G is generated by the

reflections through the coordinate hyperplanes. Let K be the unit cube K = [—1, 1]",

202
and the unconditional C' be obtained from K by chopping off vertices of K using
simplices of volume ¢ and rescaling (to ensure V(C') = 1). Then dw (Vk, Vo) <7 - €,

while (1 — 725%)1( ¢ C for suitable 71,72 > 0 depending on n.

The stable solution Theorem 5.1.2 of the logarithmic Minkowski problem under hyper-
plane symmetry does use the metric structure on S"~!. The next example shows that
we can’t expect an “affine invariant” stability version of Theorem 5.1.2 even if the cone

volume measure is affine invariant in certain sense.

Example 5.1.4. Ife € S"!, and K and C are any convex bodies in R™ containing the

origin in their interiors with V(K) = V(C) = 1 and Vk (eNS™ 1) = Vo (etNS™1) = 0,

and ®, is the diagonal transformation with ®,(e) = s~ " Ve and ®,(x) = s forx € e*,

then both Vg, i and Ve o tend weakly to py as s tends to infinity where po denotes the
1

probability measure on S™~' with po({£e}) = 5. In particular, Vo, x and Vo, are

arbitrarily close if s is large.

Next, we consider two partial converses of Theorem 5.1.2 to show that concerning
Theorem 5.1.2, both the conditions involved and the conclusion are of the right kind.

The first result does not require any symmetry assumption.

THEOREM 5.1.5. Let puy and py be finite Borel measures on S™1 such that there
exists Alexzandrov solution h; of the logarithmic Minkowski problem (5.2) for = u; and
i=1,2. If hy,ho < R for R > 0, then

dor(p1, p2) < Y(R,n) - \/||ha — hal|so

where y(R,n) > 0 depends on R and n.
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Secondly, we show that if we have almost equality in Theorem 5.1.1 (ii) for measures zi;
and py and a proper linear subspace L invariant under reflections through independent
hyperplanes Hy, ..., H,, then even if u; and pus are close, it is possible that the solutions

hy and hgy of (5.2) are arbitrarily far away.

THEOREM 5.1.6. Let G C O(n) be a group acting without non-zero fixed points on
R™, and let h be a positive G-invariant Alexandrov solution of (5.2) for a probability
measure 1 on S with h < R for R > \/n such that

dim L
n

p(P(LNS",06)) > (1—¢)-
fore € (0,7%), 6 € (0,¢] and a G-invariant proper subspace L where g > 0 depends
onn. Then for any t > 1, there exists a positive G-invariant Alexandrov solution h; of

(5.2) for a probability measure j; on S™ such that

[h—hille > t
dw (p, 1) < (R, n)emn

where y(R,n) > 0 depends on R and n.

5.2 Bounding the diameter of K in terms of Vi

First we state a simple relation for balls contained in and containing a convex body.

Since k, = V(B") = F(%fl)? lower and upper bounds for the I' function on positive
2
reals are often needed. The following version of Stirling’s formula due to Artin [8] (3.9)

would be useful for us. For any « > 1, there exists 6 € (0,1) such that

r+1
(&

Iz+1) = ( ) 2n(z +1) - ool (5.14)

Note that t € (0,1], log(1 +1¢) <t — % + g It follows that for = > 1, (%“)‘”eﬁ <e.
Since (“"‘zil)”% is monotone decreasing, we also have (“"”zil)”% > e. Then it follows

from (5.14) that
T\* z\*
- 2 < T 1)< (- 2 1). 0.15
(e) V2rx (x+1) (e) 27 (z + 1) (5.15)
Batir [23], Theorem 1.6 and [24] provides much more precise lower and upper bounds.

LEMMA 5.2.1. If K is a convex body in R™ whose centroid is the origin, and K C
R B™ for R > 0, then rB™ C K for some

wl3
=
3

>TL
"= Gn  Re1
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Proof: We set r > 0 be maximal with the property »rB™ C K. Since the origin is the
centroid of K, we have —K C nK, and hence K is contained in a cylinder whose height
is (n 4 1)r < 2nr and base is an (n — 1)-ball of radius R. Therefore,

V(K) < 2nk, R" 7.

AsT(t+1) > (Y)'v2rt for t > 1 (see (5.15)) and k,—1 < Y2 - k,, we have

V2r
vn+1 vn+1 U Vn+1 (2em):  (2en)z
K1 < —— Ky, = : < : <

Vor " Ver  T(5+1) 21 niymn nim
In turn, we deduce

Ls  VI(K) n2 V(K)
~ 20k, 1RV T n-(2em): R

completing the proof of Lemma 5.2.1 as n - (2em)z < 6™. O

For a convex body K in R", we write R(K) to denote the minimal radius of a Eu-
clidean ball containing K, and r(K) to denote the radius of largest ball contained in
K. We observe that if the convex body K is invariant under the reflections through the
hyperplanes Hy, ..., H, with H; N...N H, = {o}, then its centroid is the origin, and

r(K)B" C K C R(K) B".

For Proposition 5.2.2 and Lemma 5.2.3, B denotes the Euclidean ball centered at the

origin with V/(B) = 1.

PROPOSITION 5.2.2. Let G C O(n) be a Cozeter group acting reducibly and without
non-zero fized points on R™ (n > 2), and let i be a G-invariant Borel probability measure

on S™ ! satisfying _

LS 6) < (1-7)
n

for 6,7 € (0, %), and for any G-invariant linear subspace L of R™ of dimension 1,

i=1,...,n—1, and let C be a G-invariant convex body in R™ with V(C) = 1. Then

(i)
R(C)™6

nd

/ log he dp > log , and
Sn—l

(i) if [gn-1loghodp < [gn-1log hz dp, then

R(C) < (f)i and r(C) > nf <5>”71
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Proof: Let E be the John ellipsoid of C' (i.e. the maximal volume ellipsoid contained

in ('), and hence FE is invariant under G, and

EcCcCnE. (5.16)

Let Ly, ..., L, be the irreducible linear subspaces invariant under G. The symmetries
of E yield that there exists a set of principal directions of E that are part of L;U...UL,,,
and for each L; there exists r; > 0 such that ENL; = r;(B"NL;),i=1,...,m. We

may assume that v < ... <rp,,.

If m = 1, then (5.16) yields that rB" C C' C nryB™; therefore, Proposition 5.2.2
trivially holds. In particular, let
m > 2.

For
Q = conv{r;(B" N L;) }iz1...m,

E is the Loewner of @) (i.e. minimal volume ellipsoid containing @), and hence @ C
E C /nQ, thus (5.16) yields that Q C C' C n*Q. In particular, writing d; = dim L;
fori=1,...,m, @ C C satisfies

n™ [ r rlikg > V(Q)>n""V(C) =n"" (5.17)
1

i=1 1=

IV

where d; + ...+ d,, = n. We observe that for any u € S"~! |, there exists L; such that
|lu|L;|| > \/% > % Fori=1,...,m, we define

~

~

J J
B; = {u € 8" |lulLi]| > = and |lu|L]| < — for j > z}
n n

It follows that S"~! is partitioned into the Borel sets By, ..., B, and as B; C ¥(A; N
Sn=1§) for 1 < j <4 <m—1, we have

(dy+...+d;)(1—1)

w(By)+ ...+ u(B;) < fori=1,...,m—1 (5.18)

w(By) + ...+ w(By) = L (5.19)
For ( = 1’77 > ﬁ, next we define
Bi = wp(B;)—d;¢ forj=1,...,m—1 (5.20)
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where (5.18) and (5.19) yield
bit+...+6n = 0. (5.23)

u € By, i =1,...,m. We deduce from applying (5.17), (5.19), (5.20), (5.21), (5.22),
(5.23),r1 <...<r, and % <(< % that

/ loghodp > / logth,u:Z/ log ho dyu
Sn—l Sn—l i

It follows from 7; B* N L; C @ and from the definition of B; that hg(u) > r; - % for

0
Zu logrﬁ—z,u log— Z,u B;) logn—irlog—

=1

o
= Zﬁzlogn —i—ZCd logn—i—ﬂogrm—i—log—

=1 =1

1 )
> Zﬂilogri—l—(’logT + 7logr,, + log —
— n=n n

v

= (Bi+...4 Pm)logr, + Z(ﬁl + ...+ 8i)(logr; —logrii1)
)
—3n(logn + Tlogr,, + log —
n

o
> —3logn + tlogr, + log —
n

where we used ¢ < + at the end. Now r,, = R(E) > R(C)/n and 7 < 1 imply

R(C) + log °
n n

> —3logn+ 7log R(C) —logn + logd — logn
R(C)76

no

)
—3logn+ 1logr,, +log— > —3logn+ 7log
n

= log

)

proving Proposition 5.2.2 (i).

For (ii), let 7, be the radius of B, and hence [(5+1) < (2"—6)% 2m(5 +1) < (2?”)% (see
(5.15)) implies

L TP <ew)’5
= ’]” /{n = ’r’ - —_— r . _ ,
" " F(%+1) " \2n
and hence
2
P < 4 2 (5.24)
erm

We deduce from (i) and (5.24) that

R(CYTS 5
log X 5) g/ loghcdug/ log h dps < log | =,
n Sn—1 Sn—1 e

125




CEU eTD Collection

5.2. Bounding the diameter of K in terms of Vi

6

thus R(C) < (%)7.

3=

In turn, the bound for r(C') follows from Lemma 5.2.1, completing the proof of Propo-
sition 5.2.2. [

LEMMA 5.2.3. Let G C O(n) be a Cozeter group acting irreducibly, let p be a G-
invariant Borel probability measure on S~ ' and C be a G-invariant convex body in R"
with V(C) =1 Then

/ log he dpi > —1:

Sn—1

1

- <r(C) < R(C) <n.

e
Proof: As the action of G is irreducible, it follows that the inscribed ball of C' is the
John ellipsoid; namely, the ellipsoid of maximum volume contained in C. According
to Ball [11], r(C) is at least the inradius r, of the regular simplex of volume one, and
hence n! > (2)"v27n (see (5.15)) yields
n! (B)"V2rn 1

ns(n—+1)= 2n"+3 en

r(C) =y =
On the other hand, as the action of G is irreducible, it follows that the circumscribed
ball of C' is the Loewner ellipsoid; namely, the ellipsoid of minimum volume containing
C'. According to Barthe [16] (see also Lutwak, Yang, Zhang [119]), R(C') is at most the

inradius R,, of the regular simplex of volume one, and hence n! < (2)"/27(n + 1) (see

(5.15)) yields
7.l <n%-(%)”./277(n+1) <n”\/27r< n

n".
n%(n—l— l)nT+1 =B

(n+1)=2" er
We conclude £ < r(C') < R(C) < n.

n

R(C)" < R} =

Finally, 7(C)) > 1 implies that log hc(u) > logr(C) > —1 for all w € S*~1. O

For a convex body K with V(K) = 1 and hyperplane symmetries the Logarithmic
Minkowski Inequality Theorem 5.3.2

For a convex body K with V(K) = 1 and hyperplane symmetries, combining Proposi-
tion 5.2.2 with the consequence [gn-110oghx dVi < [gu-1log hg dVi of the Logarithmic
Minkowski Inequality Theorem 5.3.2 or using Lemma 5.2.3 we have the following corol-

lary.
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COROLLARY 5.2.4. Let G C O(n) be a Cozeter group acting without non-zero fized
points on R™, and let K be a G-invariant convex body in R"™, (n > 2), satisfying

Vie(W(LAS™0) < (1 —1)- L. v(K)

n
foré,7 € (0, %) and for any G-invariant subspace L of dimension d, d € {1,...,n—1},
then
("6>; V(K)w if the action of G is reducible;
nV(K)% if the action of G is irreducible;

%—% (%)T V(K)® if the action of G is reducible;
L. V(K)x if the action of G is irreducible.

Another consequence of Proposition 5.2.2 is a condition yielding that a convex body
with hyperplane symmetries is not close to be the direct sum of lower dimensional

invariant compact convex sets.

PROPOSITION 5.2.5. Let G C O(n) be a Cozeter group acting reducibly and without

non-zero fized points on R™ (n > 2), and let K be a G-invariant convex body in R™,
satisfying
dimL
Vie(W(LNS™ 1 6) < (1—7) =

V(K)

for o, € (0, %), and for any proper G-invariant coordinate subspace L, then for
or nF (§\"
n=-——"=z\=%1 -
dn 6™ \n

A-n(LnK) e (L NK) ¢ K

we have

for any proper G-invariant subspace L.

Proof: We may assume that V(K) = 1, and define

N

nT
R, = | —
= (5)

n n—1
A
0_6n n6 )

_57 70 - T
= Ry 4n’

and hence
(5.25)
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while Proposition 5.2.2 implies that

roB" C K C RyB™.

We prove Proposition 5.2.5 by contradiction; therefore, we suppose that there exists a

coordinate i-subspace L, 1 < i < n — 1, such that
(1-n(LnK)e (L' NK))CK. (5.26)
We define
Qo = {[o,x—i—y] cx€e€(l—=n)d(LNK) and y € (1—n) (1—2:) (LLﬂK)}.
In addition, let

Q = {zeK:3te(0,1], tz € Q}
= {zeK: (1-n)zeQ}
= {ueS" 1 I e QNIK, ho(u) = (z,u)}.

[1]

We deduce using 7 < o~ that

V() > H"(Q) |
_ ; A=) H(LAK) - (1) (1 _ ;n)" LY A K
> (1—7); H(LNK)-H (LN K) > (1—7);&. (5.27)
Therefore, we contradict (5.26) by proving
ECU(LNS™L). (5.28)

Let © € = be an exterior normal at z € 0K. We observe that
u =wvcos S+ wsin 3

where v € LN S, we LUS" ! and = Z(u,v) € [0,5). We write z = x + y for
re€LNKandy € L*NK. As z € Z, we have

(I=nz+l-ny = 1-nz€e
€ (1_n)(LmK)+(1—n)(1_;n)(LLmK).

In turn, we deduce that

y € <1 - ng) (L* N K). (5.29)
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Let
pz(l—n)x+y+i-row,
which, using (5.29), roB™ C K, (5.25) and (5.26) satisfies
T T
1-n)(LNK l—— ) *NK)+— (L*NK
poe (1-nEnk)+ (1= )0 K) + - (LK)

= (1—n)(LmK)+<1—4;> (L* N K)
C I-nLNK)+(1-n)(L*NK)CK.

Since u is exterior normal at z = z +y where w € L* N S" ! v € L N S"! and
xr € LN RyB™, we have

02 G5 = (1, )

4dn

= <vcosﬁ+wsinﬁ,7—ro Cw —nx> _ T -sin 8 — (v, z)ncos 3

4dn 4n
> o sin § — Ryncos (5.

4dn
We conclude that A R
lu—v| <tang < —1. 20 <5,
T To

which in turn, yields (5.28) and contradicts (5.26), proving Proposition 5.2.5. [

5.3 The logarithmic Minkowski conjecture

In this section, we recall the logarithmic Minkowski conjecture. Here, of particular
interest to us is the case of convex bodies with n independent hyperplane symmetries
in which case the conjecture has been verified by Boroczky, Kalantzopoulos [38], and

even a stability version has been established by Bordczky, De [33] (see Chapter 4).

For origin symmetric convex bodies, the logarithmic Brunn-Minkowski conjecture is
equivalent to the following logarithmic Minkowski conjecture (see Boroczky, Lutwak,
Yang, Zhang [39]).

Conjecture 5.3.1 (Logarithmic Minkowski conjecture). If K and C' are convex bodies
in R™ whose centroid is the origin, then

V() V(C)

he
log — dVi >
/s B K= V(K)
with equality if and only if K = K1+ ...+ K,, and C = Cy + ...+ C,, for compact
convexr sets Kq,...,K,,,C1,...,Cy,, of dimension at least one where K; and C; are

dilates, v =1,...,m, and }_7", dim K; = n.

(5.30)

log
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According to Boroczky, Lutwak, Yang, Zhang [40], uniqueness of the solution of the
logarithmic-Minkowski problem (5.1) for any positive even C™ f is equivalent to saying
that the Logarithmic Minkowski conjecture (5.30) holds for any o-symmetric convex
bodies K and C with C'° boundaries with equality if and only if K and C are dilates.

In R? Boroczky, Lutwak, Yang, Zhang [39] verified Conjecture 5.3.1 for origin sym-
metric convex bodies, but the general case remains open. In higher dimensions, Con-
jecture 5.3.1 is proved in the case of convex bodies with n independent hyperplane
symmetries (¢f. Theorem 5.3.2) and for complex bodies (¢f. Rotem [136]).

Conjecture 5.3.1 has been verified for origin symmetric convex bodies in the case when
K is close to being an ellipsoid by a combination of the local estimates by Kolesnikov,
Milman [106] and the use of the continuity method in PDE by Chen, Huang, Li, Liu
[48]. Putterman [133] provides a more recent proof of the same result using Alexan-
drov’s approach of considering the Hilbert-Brunn-Minkowski operator for polytopes.
Kolesnikov, Livshyts [105] and Hosle, Kolesnikov, Livshyts [95] provide other local ver-

sions of Conjecture 5.3.1.

Following the result on unconditional convex bodies by Saroglou [137], Béréczky, Kalant-
zopoulos [38] verified the logarithmic Minkowski conjecture for convex bodies with n

independent hyperplane symmetries.

THEOREM 5.3.2 (Boroczky, Kalantzopoulos). If the convex bodies K and C' in R™
are invariant under linear reflections Ay, ..., A, through n independent linear (n — 1)-
planes Hy, ..., H,, then

V(0)
V(K)’

V(K)
1
n_ 8

he
log — dVi >
/Snil og I K Z
with equality if and only if K = Ki+...+ K, and C = C1+...4+C,, for compact convex
sets Ky,...,K,,,Cy,...,Cy, of dimension at least one and invariant under Ay, ..., A,

where K; and C; are dilates, 1 = 1,...,m, and >_;", dim K; = n.

Further, Boroczky, De [33] (see Chapter 4) proved the following stability version of
the logarithmic-Minkowski inequality Theorem 5.3.2 for convex bodies with many hy-
perplane symmetries. We will make use of this stability version in the proof of Theo-
rem 5.1.2.

THEOREM 5.3.3. If the convex bodies K and C' in R™ are invariant under the
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Coxeter group G C O(n) acting without non-zero fizved points on R", and

V(C)
V(K)

I he I
— [ log P dvie < — -1
V(K) - B TR

+e

fore > 0, then for somem > 1, there exist G-invariant compact convex sets K1,C, ..., K,,, Cy,
of dimension at least one, where K; and C; are dilates, 1 =1,...,m, and 37", dim K; =

n such that

Ki+.. . +EK,C K C(1+c%em)(Ki+...+Kp)
Cit...+CnC C C (14" ) (Cr+...+Cn)

where ¢ > 1 is an absolute constant.

Ivaki [99], Theorem 2.1 provides an improved version of Theorem 5.3.3 with an error
term of the order of 7 instead of 5= for the case when K is a ball centered at the
origin (and hence m = 1), and in that case C' does not need to satisfy any symmetry

assumption (only translated in a suitable way).

5.4 Proof of Theorem 5.1.2
For compact convex sets K and C' in R", their Hausdorff distance is

doo(K,C) = ||hg — helloo =min{r >0: K CC+rB" and C C K +r B"}.
We prove Theorem 5.1.2 in the following form.

THEOREM 5.4.1. Let G C O(n) be a Cozxeter group acting without non-zero fized
points on R™. If K and C' are G-invariant convez bodies in R™ with V(K) =V (C) =1
satisfying

IN
—~
—
|
=
~—
=
=
~

Vic(W(L N S"1,5)) e 1)
Vo(B(Lns™16) < (1—7) 4k
for 8,7 € (0,3) and for any G-invariant proper subspace L, then
ro < hx, he < Ry; (5.32)
deo(K,C) < ~o-dw(Vi, Vo)™ (5.33)

where for some absolute constant ¢ > 1, we have

e Ry =mn, g = % and vo = " if the action of G is irreducible (and hence the

condition (5.31) is irrelevant);

131



CEU eTD Collection

5.4. Proof of Theorem 5.1.2

—3n 12n

1 z n=1 N
e Ry= (”—G)T, ro = 22 ( J ) " oand~yo = -0 n'r if the action of G is reducible.

] 6" \nb

We will use the simple statements Lemma 5.4.2, (5.34) and (5.35).

LEMMA 5.4.2. If K is a convex body with K C R B™ for R > 0, then for u,v € S"!,
hic(u) = hic(v)] < Rllu—of .

Proof: Let oy € OK be the boundary point where v € S®! is an exterior normal, that
is, hy(u) = (u,zo). Since K C RB™, ||lzo|| < R. Then we have for for any v € S"!,

hic(u) = hic(v) < (u, 20) = (v, 20) = (u = v,20) < [lu—o[| - [lzo]| < [lu—vl- R.

A similar argument shows that hg(v) — hx(u) < ||v — ul| - R, and the lemma follows.
U

Let u,v be Borel probability measures on S"~! and f: S"! — R and 6§ > 0 satisfy
that |f(u) — f(v)| < 6llu—wv|| for u,v € S*~'. That is, f € Lipy. Then §- f € Lip, and
it follows from | fgu1 3 fdp — [gn1 3 fdv| < dw(p,v) that

/SH fdp— /Sn,l fdv) <0-dw(p,v). (5.34)

Ifz>y>r>0, we have from e+ (5 71) 21+%(§—1) >

that =2 > log %, that is,

z
Y T

logx —logy < Y (5.35)
r

Proof of Theorem 5.4.1 Let dy (Vk, Vo) = €. In order to apply Corollary 5.2.4, we

set

(%6) T if the action of G reducible;
Ry =

n if the action of GG irreducible;

n n—1

n? (i)T if the action of GG reducible;

nb

o —
= if the action of G irreducible.

Then Corollary 5.2.4 gives us that
Tan C K, C C R()Bn

That is,
To S hK, hc S Ro. (536)
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Then for u,v € S"1, (5.35) and Lemma 5.4.2 imply

h(u) — hg(v R
1 log hi (u) — log hi(v)| < [P )r x(v)] < 7°-||u—v|| (5.37)
0 0
ho(u) — he(v R
| log he(u) — log ho(v)| < [he(w) = he(v)l < 20l — | (5.38)
To To
where .
R & (22)7 if the action of G reducible;
"o en if the action of GG irreducible.

From (5.37) and (5.38), we have that loghx,loghc € Lipr,. The noting that here
dw (Vik, Vo) = €, and using first (5.34), and then the Logarithﬁnic Minkowski Inequality
Theorem 5.3.2 and again (5.34), we get

R R
/ loghe dVie < / 10ghchc+f0-6§/ log hi dVe + —2 - ¢
Sn—1 Sn—1 To Sn—1

To

2R
< / log hyc dVic + —2 - e
Sn-1 T

- 0

It follows from Theorem 5.3.3 that for some m > 1, there exist 6;,...,0,, > 0 and

compact convex sets K7, ..., K,, > 0 invariant under G such that >, dim K; = n and

2R,

Kio..oK,C K C <1+cg< "
0

5>> (K @.. @K,  (540)

2R, \n

To

where ¢y > 1 is an absolute constant.

If the action of (G is irreducible, then m = 1, and hence

1 -1 1
R, 550 R, 55n
<1+07<°-5)95) KCCC(1+C?<O-5)%)K
To To

for some absolute constant ¢; > 1. In turn, K,C C RyB™ (¢f. (5.32)), Ry = n and
1
(82)™ <2 (¢f. (5.39)) yield (5.33) as

Ry \%n o
do(K,C) < Ry- ¢ (T ~5) < (2e0)" - £
0

Next, let the action of G be reducible. First, we assume that

96n2

e < 57 (§r)%5n (5> ' (5.41)

no
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where ¢y € (0,1) is a suitably small absolute constant such that if € > 0 satisfies (5.41),
then

1
2]%0 95n oT To
n (=20 0 < 42

CO(TO 6) <4n Ry (<1) (542)
holds for the ¢q in (5.40) (¢f. (5.39)). Therefore, on the one hand, we have

(1_073(2701%0.5)9;”) (KNL)®...®(KNL,))CK

for L; = linK;, i = 1,...,m, and, on the other hand, we deduce from (5.42) and

Proposition 5.2.5 that m = 1. In particular,

1 1
6\ 957 6\ 95+
(1—c§ (%) 59§n)KCCC (1+c§ (Z) 595%)[(

for a suitable absolute constant c3 > 1, and hence K,C' C RyB" implies
_1

716 957
doo(K, O) S RO . CgL <5> €9%n,

We conclude Theorem 5.4.1 under the condition (5.41).

Finally, we assume that the condition (5.41) does not hold; namely,

96n2

e > 5 (§r)Pm <5> "

no

Since 0o € K,C C RyB", we have
96n

6\ 71+ )
(ioo(}K; (7) f; f%o = ) £95n

7N
SIEN
~
S
AN
o
o
3
—
>,
ﬂ
S~—
AR
7N
SIS

proving Theorem 5.4.1. [

Proof of Theorem 5.1.2 According to Theorem 5.1.1, there exist convex bodies K
and C' invariant under G such that hy(u) = hg(u) and hy(u) = he(u) for u € S*~1. In
turn, we conclude (5.8) from (5.32), and (5.7) from (5.32) and (5.33). O

After verifying Theorem 5.1.2, we consider the case when p;(S™1) # po(S™1).
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Proof of Corollary 5.1.3 We may assume that
L=M=m(S"") < pa(S"7).
For € = dpp,(p11, p2) < 1, it follows from (5.9) that
1< pa(S™ ) <1+e. (5.43)

We consider the probability measure fig = p2(S™ 1)~ - . Since dpr(u2, fia) < € by
(5.10), the triangle inequality yields dyz (1, fi2) < 2¢ by (5.43), and readily
dim L

n

o (W(LNS™16) < (1-7)-
for any proper subspace L invariant under G. In addition,
hy = MQ(Sn_l)_’Tl - hy
is the invariant Alexandrov solution of the Logarithmic Minkowski Problem (5.2).
We deduce from Theorem 5.1.2 that

||h1_ﬁ2Hoo < ’70' (25)95%

ro < hihy < Ry
where for some absolute constant ¢ > 1, we have
e Ry=n,rg= é and o = é" - £5m provided the action of G is irreducible;

—*n'#" provided the action of G is

 Ro= (%) =2 (5)T and 5 =20
reducible.

Therefore, hy = pa(S™1)w - hy and (5.43) imply Corollary 5.1.3 with ¢ = 2¢ and
Ro — 2&0 D

5.5 Partial converses Theorem 5.1.5 and Theorem 5.1.6

of Theorem 5.1.2

In this section, we prove the two partial converses Theorem 5.1.5 and Theorem 5.1.6 of

Theorem 5.1.2 by verifying Theorem 5.5.1 and Theorem 5.5.2.
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Our argument for Theorem 5.5.1 is based on Hug, Schneider [97], which paper proved
that if R > 0 and K and C are convex bodies in R" satisfying K, C C RB"™, then

dv1.(Sk, Sc) < A(R,n) -/ deo (K, C) (5.44)
where ¥(R,n) > 0 depends on R and n. Theorem 5.1.5 directly follows from the
following theorem (see the explanation after (5.2)).

THEOREM 5.5.1. If K and C are convex bodies in R™ satisfying o € intK,intC' and
K,C C RB"™ for R > 0, then

dor,(Vie, Vo) < ~(R,n) - /doo (K, C)

where y(R,n) > 0 depends on R and n.
Proof: Let € = doo(K,C) < R. By the symmetry of K and C, it is sufficient to prove
that if f € Lip; with || f]|oc < 1, then
fo favie= [ fdve <y -z
where v(R,n) > 0 depends on R and n, which is equivalent to say that
/S - hidSx — /S f-hedSe < ny(R,n) - e, (5.45)
It follows from do (K, C) < € that
hxg < he +e.

We deduce from C' C R B" and Lemma 5.4.2 that h¢ € Lipg, and hence f-he € Lipyp.
For g = 5= f - he, it follows that g € Lip; and ||g]| < 1, thus [|f[l <1, K C RB"
and the result (5.44) by Hug, Schneider [97] yield

fhidSi— [ fhedse < [ flho+e)dsi— [ fhodSe

_ 5-/ FdSk +
Sn—l

2R (/S gdSk — /S gdSc>

< e-R"'nk, +2R-(R,n) - Ve

Sn—1

We conclude (5.45) from ¢ < 2R, and in turn Theorem 5.5.1. O

Convex bodies whose centroid is the origin and having almost equality in Theorem 5.1.1
(ii) were characterized by Boroczky, Henk [32]. More precisely, if € € (0,&,) and the
convex body K C R"™ has its centroid at the origin, and satisfies

d

Vek(LNS*™ M > (1—¢)- ~ V(K)
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for a linear d-space L with 1 < d < n, then
(1—7-ew)(C+M)CKCC+M (5.46)

for some compact convex set C C L+, and complementary d-dimensional compact

convex set M where £y, > 0 depend on the dimension n.

The paper [32] also verified two observations that we need in the sequel. For a convex
body @ in R", we write o(Q) to denote the centroid, and ||z|/g-¢ to denote the norm of

an x € R™ with respect to the origin symmetric convex body () — Q; namely, ||z|lg-¢ =

min{t > 0: z € t(Q — Q)}.

For convex bodies K, K in R", writing K AK to denote the symmetric difference,
Lemma 3.4 in [32] says that if V(KAK) < tV(K) for t € (0, ), then

’ 4ne

|o(K) — o(K)| z_z < 4nt. (5.47)

r
The second observation, Lemma 3.3 in [32] states that if z € R”, then

V(KA(z + K)) < 2nljz]|z_zV (K). (5.48)

The following statement exhibits why we need a condition of the type of (5.31) in
Theorem 5.4.1.

THEOREM 5.5.2. Let K be a convex body in R™ (n > 2) with centroid at the origin,
V(K) =1, K C RB™ (for R > \/n) satisfying

Vie(W(LAS™0) > (1—e). 2

n
fore € (0, 2%), 6 € (0,¢] and a proper linear subspace L of dimension d (i.e, 1 < d < n),
where g > 0 depends on n, then

doo(K,C + M) < y R e

for some compact conver set C C L+, and complementary d-dimensional compact

convex set M, and a constant v > 0 depedning on n.

If, in addition, K and L are G-invariant for a Coxeter group G C O(n) acting without
non-zero fized points on R™, then we may assume that C = K|L*+ and M = K|L.

Proof: We assume that ¢ € (0, 5%) where £y > 0 depending on n is small enough to

make the argument work.
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We deduce from Lemma 5.2.1 that »r B™ C K for

n
2

n
r= :
6an—1
We plan to cut off a rim from K in order to apply (5.46). For
4.6"R" 4R
n= ™ 0= — 57
nz r

we claim that if u € S"7! is an exterior normal at z € 0K with z|L € (1 — n)(K|L),
then

ug W(LNS"16). (5.49)
Let « € [0,%], v € S ' NL and w e S ' N L+ such that u|L = vcosa and u|L+ =
w sin «, and hence u = v cos o + w sin a.

Next let y € 0K be such that v is an exterior normal at y. Since z|L € (1 — n)(K|L),

we have
(z,v)v € (1 —n)(KI[L)

which gives us
({z,0)v,0) < hapr(v) = (1 =n){y,v)

Then using hx > r yields

<.Z',U> < (1 - n)(y,v) = (y,v> - 77<y771>
< (y,v) —nr (5.50)

It follows that

0 < h(u) = (y,u) = (z,u) = (y,u)
= (r —y,vcosa+ wsin a)
= (xr —y,v)cosa+ (x —y,w)sina
< —preosa+ [z -yl sina

< —nmrecosa + 2R sin a.

And hence,

nr 4R r
t > —=—"0-—= =20
MY=9r ™ "'2R

Consider ug € S™ ! such that ||ug — v|| = d, and let 3 be the angle between g and v.

Then
I5; B V4A— 2

Huo—v]|:2sin§:(5, cos o =5
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Therefore, for 6 < 1, we have

B B ) 4—62
tan § — 2811150055 :2-52- 22
COSQ§—sin2§ 4_45 —%
B 0v4 — 02 <95
242 '

Then tan o > 2§ > tan [ gives us
ug¢ W (LNS"4)

We define
K={reK:zLe(l-n)K|L)},

Note that (5.49) implies all the points of d(1 — 1)K that have exterior unit normal
in U(L N S"1,6) lie on the extruding part cutoff by (1 — 1)K and hence noting that

V(K) <V(K) =1, we get
Vi (LNS™1) > Vi (W (L0S™74,6)) = (1 - )"Vie (¥ (L0571, 0))

d d
21 =m)(l—¢e)-—=(1—c—ny+npe)-

> (1= (1 nn)e -+ ma) - &
> (1- (e + nR'9)) - &

n
> (1 — (mR" + 7 R"%))

> (1 -2y, R"%) - Z - V(K) (5.51)

where ~; > %, 1 — nn depends on n. Here we first derive some estimates. We have
n

1
() <l+ecn
L—=n

for some constant ¢ > 1 such that n <1 — % and n < % We can choose ¢ depending on

go. Now for cnp < 1, we have

1 n
<1> <(1+em<1+(2"—1)en
-n
4.6"- R"
=1+(2"-1)-¢c- —5— ¢
n2
— 147 R (5.52)
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for 75 > 0 depending on n. Since (1 —7)K C K, we have from (5.52),

V(KAK) =V(K) - V(K)

({2

< R - V(K)

for 75 > 0 depending on n. According to (5.47) based on [32], the centroid a(g) of K
satisfies

lo ()
It follows from (5.48) based on [32] the convex body Ky = K — o(K) satifies that
0(Ky) = o and

|7 5 < 4npR" - ¢ (5.53)

V(K\AK) < 8027, R"V (K) - ,
and hence

Vi, (LN 8™ > Vi (LN S") =V (KAK)

d.—~ —
> (1 — 2y R") - EV(K) — 8n?y,R"e - V(K)
d —
= (1 — 27 R" — 8n*y, R"¢c - Z) — - V(K)
d
> (1 — 27 R"e — 8n372R"€) T V(Ko)

= (1 aRe) - 0V (k)

for 3 > 0 depending on n.

We deduce from (5.46) based on [32] and V(Kj) < 1 that there exist some compact

convex set Cy C L*, and complementary d-dimensional compact convex set M, such

that
(1 — 73RS - £57)(Co + M) C Ko C Co + M (5.54)

where v4 > 0 depends on the dimension n. Note that
Ko+o(K)C K c(1—n) YKo+ o(K)) (5.55)
and K — K = Ky — Ky = 2K,. Denote a(%) = z and
lo(B) | z_z = lIzllore = to( say )
Then z € 2ty Ky. Let z = 2tqwy for some wy € Ky. For any z € K
(1 —2ty) z + 2to(—w) € Ky

:>(1—2t0)$€K0+2t0’LU:K0+Z
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Then from (5.55), we have

(1= 2ty) Ko C Ko+ 0(K) C K C (1—1)" (Ko+0o(K))

C (1 —n)""(Ky+ 2ty - Kp)
=(1—n)~" (1 +2t) Ky
C(1—n)"" (14 2t) (Co + My)
that is,
(1= 2to) Ko C (1 —1)"" (1 +2t0) (Co + M) (5.56)

Denoting o = 4 R3e5, from (5.54), we have

(1 —a)(1—2t) (Co+ Mp) C (1 —2tp) Ko
(1 —2t)

= (1—@)-m

1- n>] =)L 20) (Cot Mo) © (1= 2t0) Ko (5.57)

Recall tg < 4nvyR™ - ¢ from (5.53). Now, note that

<1 — 2ty
1+ 2t

) > (1= 2t)* > (1 — 4ty)

and

> 1—16nyR"e — 4yR"e

=1-0 (5.58)

where we denoted n = 44y - R", and 5 = (16nvys + 479) R"e = ~sR"e for 75 > 0

depending on n. Finally, then from (5.58), we have

(1 — 2¢)

m(l—ﬂ)>(1—a)(1—5)>1—&—5

(1-a)
=1- (74 - Rsesn + 75 - R”g)
>1—(y+7) R'ew
=1— - Rrewn (5.59)

where 75 > 0 depends on n. Combining (5.56), (5.57) and (5.59), and denoting C' =
(1- 77)_1 (1+2ty) Co and M = (1 — 77)_1 (1 + 2tg) My, we have

(1—9sR"e% ) (C+ M) C K CC+M (5.60)

for compact convex set C' C Ltand complementary d-dimensional compact convex set

M. From (5.60), denoting p = v6R"ewn, we further get,
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1
C’+MC17-KC(1+01/))K

for some constant ¢; > 1 such that p < 1 — é Then using K C RB", we get
C+McCK+cpK C K+ cpRB".
And since K C C'+ M, we have
dso(K,C + M) < c1pR = c176R*" - e57 = 3, R™! . e5n (5.61)
for v; > 0 depending on n.

Finally, if K is invariant under a group G C O(n) leaving L (and hence also L*) in-
variant and acting without fixed point on L N S"7!, then let G’ C O(n) be the group
whose elements are of the form ®|, @ id. for & € G that acts without non-zero fixed
point on L, and let G” C O(n) be the group whose elements are of the form ®|, . Gidy
for ® € G that acts without non-zero fixed point on L*. Now for any z € K|L*, the
section K N (z + L) is invariant under G’, and hence the centroid o(K N (z + L)) of
KN(z+L) is invariant under G’, which in turn yields that x| L* = o(KN(z+ L)) € K.
Therefore, K|L+ = K N L*. Since similar argument implies K|L = K N L, we may
choose C = K|L+ and M = K|L. O

Proof of Theorem 5.1.6: According to the remarks after (3.2), there exists a convex
body K, invariant under G such that h = hx and p = Vi. The centroid, o(K) of K is
invariant under G. But since G has no nonzero fixed points, it must be that o(K) = 0,

that is, K has centroid at the origin.

From theorem 5.5.2, we have
(1 — Oé) (O() + M()) C K cCcCy+ M, (562)

where Cy = K|L+, My = K|L and a = v'R"™ - ean for ~v" > 0 depending on n. Rescaling
Co, My to Cy = sCy and M; = sM, such that V (Cy + M;) = 1, we have

1=V (sCy+ sMy) = s"V (Coy + My) > s"V(K) = s"
which gives us s < 1. Then from (5.62), we have

(1—a)s(Co+ My) C sK C K
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which gives us

K C (14 ca)K

1
Ci+ M, C
11—«

C K + caRB" (5.63)

where ﬁ < 1+ ca for a positive constant ¢ > 1 such that o < 1 — % (¢ an be chosen

depending on ¢y ). Now, note that from (5.62) we have
V(1 = a)(Co+ Mp)) S V(K) =1=V(s(Co+ My))
which gives us 1 — a < s, or, « > 1 — s. Hence,

K=sK+(1-s)K Cs(Cy+ M)+ (1 —s)K
C s(Co+ M) + aK
C s(Cy + My) + caRB" (5.64)

Therefore, from (5.63) and (5.64), we have

doo (K,C, + M) < caR =cy' - R"** . e (5.65)

Denoting @) = Cy + M;, and noting that K C RB™ and C} + M; C K 4+ caRB™ C
(14 ca)RB™, we can apply theorem 5.5.1 to get

dW (VK7 VQ) < ’Yl(R; n) doo(Kv Q)

< n(R.n)yfc v - Rrtl - ctn

= v(R,n) - e10w (5.66)

where v(R,n) = v (R,n)v/c -+ R* > 0 depends on R and n.

Let d = dim L and p > 0 be the radius of the maximal ball of dimension d contained
in M;. Denote

d

t+p ps "¢
a = b=
ps t+p

doo (CLMl,Mo) = HahMl - hMoHoo = Ha‘Sh‘Mo - hMoHoo

Then for any ¢t > 1, we have

= las =1 [P |l o

p=t (5.67)
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Now, let
Q¢ = alM; + bCy

Let r1 = do (K, Qy). That is, 7y > 0 is minimal such that

KC&M1+b01+Tan
aM; +bCy Cc K +nrmB"

Projecting onto L, we have

My = K|L C aM, + r,B*
aM; C My + Tle
Then we must have
11 > deo (aMy, My) >t

that is, dy (K, Q) > t. Note also that

V(Q:) =V (aM; + bCh)
= a'V (M) - 0"V (C)

d d
t+p pS
= . V(M +C

(pé‘) (Hp) W+ G

=1
= V(@)

And since Q; = aM; + bCy and Q = M, + C4, we also have
Vo=V
Finally from (5.66) we have
dw (Vie, Va,) = dw (Vie, Vo) < (R, n)e™r

Therefore, we can choose hy = hg, and p = Vg,. O
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