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Abstract

In this dissertation we begin by investigating the problem of characterizing three dimensional
Riemannian manifolds with the property that the total scalar curvature of a tube about an
arbitrary curve depends only on the radius and length of the tube. The motivation for this
problem was to extend earlier results about characterizing harmonic manifolds geometrically
through studying the volume of tubes in these manifolds or studying the volume of the
intersection of geodesics balls. One of the approaches attempted to solve this problem was to
reduce it to an algebraic problem, in the same way that the study of simply connected Lie groups
is reduced to the study of Lie algebras. The rest of the dissertation is devoted to developing the
theory of how to reduce from the geometric problem to the algebraic problem.
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1 Introduction:

In differential geometry, the problem of classifying manifolds carrying a geometric structure satisfying certain
constraints comes up a lot in the literature. We list some some familiar classes of manifolds carrying a connection
or a metric with some special properties. We state the definitions of each of these classes and briefly state what’s
known about them.

1. A Lie group is a manifold equipped with a group structure such that the group operations are smooth.
In fact an application of the inverse function theorem shows that it suffices to only require that the group
multiplication is smooth, and it will follow that the group inverse is smooth(]). The natural question that
arises is how to classify Lie groups up to isomorphism. It turns out that in the simply connected case,
this question is equivalent to the question of classifying finite dimensional Lie algebras (defined below
for convenience) up to isomorphism. We quickly outline the central elements of how this reduction from
geometry to algebra happens in the simply connected case:

Definition 1.1. A Lie algebra over a field F' is a vector space L over I’ equipped with a skew symmetric
bilinear map [,]: L X L — L that satisfies the Jacobi identity below for all z,y, z:

[z, 9], 2] + [y, 2], 2] + [[2,2],4] =0

)
Definition 1.2. Let G be a lie group and X be a smooth vector field over G. We call X left invariant iff
for every a € G we have X (a) = DL,|.X (e) (Where L, : G — G is the map of left multiplication by a).

Fact 1.3. Let G be a Lie group, then the set of left invariant vector fields when equipped with natural
addition,scalar multiplication, and the lie derivative will form a finite dimensional lie algebra (which is
called the Lie algebra of G) over R whose dimension will equal dim/(G)(1).

Theorem 1.4 (Lie’s First Correspondence). Let G be a Lie group with Lie algebra g. Let h be a lie
subalgebra of g, then there exists a unique Lie subgroup H of G such that the Lie algebra of H coincides
with h.({3) ()

Theorem 1.5 (Lie’s Second Correspondence). Let G, H be Lie groups with corresponding Lie algebras
g,h. It is given that G is simply connected and that we have a Lie algebra homomorphism f : g — h.
Then there exists a unique Lie group homomorphism F : G — H such that DF|. = f (3){1))

Theorem 1.6 (Lie’s Third Correspondence). Let g be a finite dimensional Lie algebra over R, then there
exists a unique simply connected Lie group G whose Lie algebra is g(3)(1).

For purposes of this thesis, we would like to point out another characterization of simply connected Lie
groups that uses a differential equation imposed on a connection as its formulation:

Theorem 1.7. A simply connected Lie group can be defined as a simply connected geodesically complete
manifold equipped with a flat connection whose Torsion tensor is parallel(Z).

2. A symmetric space is a riemannian manifold (M, g) with the property that for every p € M, there exists
an isometry s, : M — M such that s,(p) = p, and Tps, = —Id. We call the map s, : M — M a geodesic
involution as it sends exp,(v) to exp,(—v). It follows easily from this definition that all symmetric spaces
are necessarily geodesically complete and homogeneous. Analogous to Theorem [1.7], we have another
characterization of symmetric spaces by imposing a differential equation on the manifold’s connection:
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Theorem 1.8. A simply connected geodesically complete riemannian manifold is symmetric iff it’s cur-
vature tensor is parallel(d]).

As a matter of fact, there exists an algebraic definition of symmetric spaces that defines symmetric spaces
as manifolds equipped with a smooth multiplication operation satisfying some axioms(@). However, we
focus on the approach that imposes a differential equation on a connection like Theorem [I.8] for purposes
of this thesis.

As in the case of Lie groups, the geometric problem of classification of simply connected symmetric spaces
can be reduced to to the algebraic problem of classifying Lie triple systems. This is achieved via the
correspondence theorem .

Definition 1.9. A Lie Triple system, as defined in (5l)(6)(7), is an R—vector space V equipped with a
tri-linear map R:V x V x V — V such that:

1) R is skew symmetric in its leftmost two arguments

2) R(z,y,2) + R(y,z,x) + R(z,z,y) =0 for all z,y,z € V

3)R(z,y, R(u,v,w)) = R(R(z,y,u),v,w)+ R(u, R(z,y,v),w) + R(u,v, R(z,y,w)), for all z,y,u,v,w € V

Analogous to the Lie correspondence theorem, we have the following correspondence theorem(See (5)(6l))
for symmetric spaces:

Theorem 1.10. Simply connected Symmetric spaces and Lie triple systems are in one to one correspon-
dence

The complete classification of Symmetric spaces was given by Cartan about a hundred years ago (8]) (9]) (10)).

. A third class of Riemannian manifolds that was studied in the literature is the class of harmonic manifolds.

As usual we are only interested in the geodesically complete and simply connected case. Harmonic
manifolds may be defined in several equivalent ways, we present one of these ways below:

Definition 1.11. Let (M, g) be a simply connected complete Riemannian manifold. Denote the volume
element of (M,g) by dV. (M,g) is simply connected and so orientable. Equip M with an orientation.
Fix a point m € M and let ey, es,...,e, be any positively oriented orthonomal basis for T;, M. Choose
r > 0 small enough so that exp,,|B,(0) gives a normal coordinates chart centered at m. Consider a
function 6., : B,(0) — R defined by 6,,,(¢) = dV (Dexpy, |41, Dexpp|qea, . . ., Dexpm|qsen). We say (M, g)
is harmonic iff the volume density function 6, is radially symmetric for all m € M. (The definition can
be seen easily to be independent of the choice of the orthonormal basis ej,es,...,€,.)

Further equivalent defintions of harmonic manifolds as well as other notions of harmonicity can be found
in (II)(12)(13) (I4). By using Jacobi fields, one can obtain power series expansion for the Riemannian
metric g in normal coordinates , and so compute a power series expansion for the volume density function
0., in Definition [1.11] The constraint of radial symmetry on the volume density function restricts the
coefficients of its power series, thus giving rise to the so called Ledger conditions(15). These are infinite
sequence of constraints on the curvature tensor of (M, g) and its higher covariant derivatives {VkR}kZO.
We list the first few Ledger conditions (L) for k € {2,3,4,5} below (p will denote the3 Ricci tensor):

(L2) CPxx = Z Rioza = ATox (1)

a=1
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(L3) : Vapaw =0 (2)

(L4) : Z RIGZEbRZanb =Axox (3)
a,b=1

(L5) : Z Vszaxmeazb =0 (4)
a,b=1

For some global constants A\, u € R.

Z.1. Szabo proved that all compact simply connected harmonic spaces are rank 1 symmetric spaces, thus
settling the famous Lichnerowicz conjecture in the compact case(I6). Damek and Ricci constructed their
family of "Damek Ricci spaces” that are all harmonic but contain noncompact homogenous harmonic
Riemannian manifolds, thus showing that the Lichnerowicz conjecture does not hold in the noncompact
case (I7). Heber, see (18)), then showed that a simply connected homogeneous harmonic space is either flat
or symmetric of rank 1 (rank r symmetric space means that the maximal dimension of a flat submanifold
is ) or a member of the family of harmonic spaces constructed by Damek and Ricci. While a complete
classification of all simply connected harmonic spaces of all dimensions is still an open problem, however
Nikolayevsky showed all five dimensional harmonic spaces are of constant curvature after tedious algebraic
computations using the Ledger conditions(L9]).

. A fourth class of Riemannian manifolds that was studied in the literature is the class of D’ Atri spaces (20)) (21)).

As usual we are only interested in the geodesically complete and simply connected case. D’Atri spaces are
defined by:

Definition 1.12. A (simply connected, complete) D’Atri space is a riemannian manifold such that the
local geodesic involution at any point p (given by exp,(v) — exp,(—v)) is volume preserving.

Once again by using Jacobi fields to obtain power series expansion for the Riemannian metric in normal
coordinates, we get the condition of being "D’Atri” restricts the coefficients of the power series of the
volume density function. The resulting constraints are the vanishing of all odd order Ledger conditions
mentioned earlier(T2]). Tt is easily seen that the class of all simply connected complete harmonic spaces
lives inside the class of all simply connected complete D’Atri spaces. Thus, a complete classification of
D’Atri spaces is still an open problem as the easier problem of classifying harmonic spaces is open as well.
However, a classification of three dimensional harmonic spaces is known(22)). Furthermore, a classification
of all homogeneous four dimensional D’Atri spaces is also known(23)) (24]). There exists a strong conjecture
proposing that all D’Atri spaces are homogenous (12)).

The main point of view that distinguishes modern differential geometry from classical differential geometry is
the abstract notion of a manifold as opposed to working with embedded submanifolds in a Euclidean space. The
two point of views later turn out to be equivalent as was seen by the embedding theorems of Whitney and then
by the embedding theorems of Nash (25])(26). However, the abstract notion of a manifold offers two advantages:
Firstly, It forces the mathematician to think about the right notions and ignore any other distracting details.
The idea which pops up a lot in mathematics is that the right objects to study are those which remain invariant
under the symmetries of the problem. More intuitively, these are the objects which have nothing to do with how
the problem is presented. For example, the important ideas in spherical geometry should not be dependent on
which parametrization is used to present the metric of the sphere. Secondly, the right objects which the abstract
point of view forces the mathematician to focus on also turn out to be shorter to express as formulas. Shorter
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formulas offer more clarity and thus more understanding if one accepts the philosophy that understanding is a
form of data compression.

A usual calculus trick for solving for an unknown function satisfying a differential equation is to use the
differential equation to get a recursive formula for the coefficients of the function’s power series . A similar
technique applies to understanding Riemannian manifolds satisfying a given differential equation on the metric.
One can pick a random chart at any point, rewrite the given differential equation of the metric as a partial
differential equation on the components of the metric under the chosen chart, finally use the partial differential
equation to get an iterative formula for the coefficients of the Taylor series of the metric components. However,
doing that would not be optimal for reasons presented in the previous paragraph. A better approach would be
to take a natural example of a coordinate system, like normal coordinates around a map, instead of a random
chart. This way all attention is devoted to the "right” objects.

The next important observation is that the differential of the exponential map can be expressed using Jacobi
fields(27). Jacobi fields satisfy a differential equation (the Jacobi equation) formulated using the curvature
tensor. This allows for a recursive formula for the coefficients of the power series of Jacobi fields using the
curvature tensor at a point and its higher covariant derivatives. It follows that the pullback of the metric
along a suitable restriction of the exponential map has a power series with coefficients expressed using the
curvature tensor and its higher covariant derivatives(28]). These ideas are what gives rise to the Ledger conditions
mentioned earlier.

Kowalski used the Ledger conditions (L3), (L5) in (I2)) to obtain a classification of three dimensional simply
connected complete D’Atri spaces (M, g). We briefly outline the strategy behind his approach as his classification
theorem will be used later on in this dissertation. Firstly, the curvature tensor R of a three dimensional
Riemannian metric can be expressed using the Ricci tensor p. This is partially due to the coincidence that in
dimension 3 ,we have:

3%2(32 -1
dimension of algebriac curvature tensors on a 3 dimesnional inner produce space = % =6
. . R . . . 3(3+1)
dimension of symmetric bilinear forms on a 3 dimensional inner product space = — = 6

For every p € M, the ricci tensor at p: p|, will be a symmetric bilinear form on the inner product space T, M ,and
thus can be diagonalized by an orthonormal basis. Hence, one gets orthonormal vector fields (not necessarily
smooth) Eq, Eo, E5 such that p(E;, E;) = 0 for distinct 4, j. Next, Kowalski makes use of the following result of
K.Sekigawa (29):

Theorem 1.13 (K.Sekigawa). : Let (M, g) be a three dimensional simply connected and complete Riemannian
manifold such that for every x,y € M there exists an isomorphism of algebraic structures:

¢ (TaM,g(x), Rlo, Vr|z) = (TyM, 9(y), Rly, VR]y)
Then (M, g) is homogeneous Riemannian manifold.

For higher dimesnional analouges of Theorem refer to (B0) (31)). K.Sekigawa also classified all Rieman-
nian homognous 3-manifolds. Thus, all one has to do now is show that the ledger conditions (L3), (L5) imply the
hypothesis of the above theorem, then computationally check all candidates of Sekigawa’s classification for the
property of being D’Atri. Since in dimension three the Ricci tensor can be used to recover the curvature tensor,
thus to use Sekigawa’s theorem it suffices to show that for every x,y € M we have an isomorphism of algebraic
structures ¢ : (T, M, g(x), ple, Volz) = (TyM, g(y), ply, Vply) . To show that two symmetric bilinear forms on

10
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two inner product spaces are isomorphic it suffices by diagonalizability to prove that they have the same set of
eigenvalues. While the eigenvalues might not be smooth functions on M, however all symmetric polynomials

of the eigenvalues \; := p(E;, E;) will be polynomials of the coefficients of the characteristic equation of p,
and hence will be smooth. Thus, Kowalski, begins by focusing attention on two symmetric polynomials of the
eigenvalues A1, A2, A\3: T := A; + A2 + A3, |p|? := A2 + A3 + A3. These polynomials are smooth and so can

be differentiated which allows for using the condition (L3). After lots of algebraic manipulations, Kowalski
succeeds with using the conditions (L3), (L5) to show that p(E;, E;), Vp(E;, E;, Ei,) are constant on M which
allows for the application of Sekigawa’s theorem.

This thesis is divided into three chapters:

1. Chapter 2 In this chapter we recall the definition of tubes around a submanifold of a Riemannian
manifolds. Recall the Generalized Gauss lemma. Relate Jacobi fields to the shape operator of a tube, the
most important geometric invariant of a submanifold of codimension 1 of a manifold.

2. Chapter 3 In this chapter we consider the problem of classifying Riemannian 3-manifolds with the tube
property, i.e.: manifolds with the property that the total scalar curvature of tubular hypersurface about
an arbitrary curve depends only on radius and length. B. Csikos and M.Horvath showed in (32) that a
Riemannian n-manifold (n > 4) is harmonic if and only if it has the tube property. Their proof breaks
for the case n = 3 due to a division by n — 3 in one of the steps. The main result we show in this chapter
that unlike the higher dimesnional case, a Riemannian 3-manifold has the tube property iff it is D’Atri.
This combined with Kowalski’s classification completes the classification of 3-manifolds possesing the tube
property. The work of this chapter is based on joint work between B.Csikos, M.Horvath, and myself(33]).

3. Chapter 4 In this chapter we try to extend the Lie group-Lie Algebras correspondence to all manifolds.
In order to achive that, we introduce a new algebraic structure, Curvature-Torsion Algebras. Curvature-
Torsion Algebras include Lie algebras as a special case. This theorem generalizes an earlier result due to
Kowalski and Belger to the non-torsion free case. We also use the methods developed in this chapter to
prove some side results like a more general version of the Hausdorff Campbell formula, the analyticity
of manifolds possessing the geodesic tube property, and analyticity of Ricci cyclic parallel 3-manifolds.
The importance of generalizing Belger and Kowalski’s result to the non-torsion free case is to have an
abstraction that handles the case of Lie groups and Riemannian manioflds all in one setting.

11
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2 Chapter 2: Background Material on Tubes

In this chapter, we introduce some well known background material about tubes around submanifolds. Further
information regarding tubes can be found in Gray’s book on Tubes (34]). Let S be a k dimensional boundaryless
submanifold of an n dimensional boundaryless Riemannian manifold (M,g). Let 7 : TM — M denote the
natural projection of the tangent bundle onto its base, V denote the Levi Civita connection of (M, g), and let
exp: TM — M denote the exponential map. For any submanifold A of M, we denote the normal bundle of A
by NA. Let’s fix some notation for this section. For every ¢ > 0, we introduce the notation below:

T.(S.t) = {veNS||v| <t}

To(S,t) ={ve NS|[|v| <t}
7:(57 t) = eatp(T.(S, t))
7;(‘97 t) = emp(TO(S7 t))

Assume throughout the rest of this section that there exists a k dimensional boundaryless submanifold S of M
such that S C S, and such that S is a precompact subspace of S. T4(S,t) should be visualized as the solid tube
of radius ¢ around S, while 75(S, ¢) should be visualized as the boundary of 74(S,t). . This intuition is justified
by Fact 2:2] Let’s recall one of the versions of the Tubular neighborhood theorem below:

Fact 2.1 (Tubular Neighborhood Theorem). Let A be a boundary less manifold of (M,g). Then there exists
a positive valued smooth map f : A = R, {v € NA : |v| < f(w(v))} is subset of dom(exp) and is mapped
diffeomorphically by exp to an open subset of M.

Proof. Can be found in (35]),(28) O

Fact 2.2. For sufficiently small t > 0, we have that To(S,t) C dom(exp). We will also have that Te(S,t) is an
n dimensional submanifold with boundary of M, and T5(S,t) is an n — 1 dimensional boundaryless submanifold
of M. Furthermore, T5(S,t) = 0T4(S,t)

Proof. Use Fact to get a smooth map f : S — R such that ezp maps {v € NS : |v| < f(n(v))} diffeomor-
phically to an open subset of M. By precompactness of S as a subspace of S, we can set get 6 > 0 such that
f(x) > dforallz € S. For every t €]0, 5[ we have {v € NS : |v| < t} is open subset of {v € NS : |v| < f(7(v))}.
A: NS — given by v — v o v is smooth map that has ¢ as a regular value. Thus, by baisic transversality facts
(See (36)) we get A~1(] — o0, #]) is n dimensional submanifold of N'S whose boundary equals A~1({t}). By choice
of §, we have A\™1(] — 00,t]) € {v € NS : |v| < f(r(v))} C for every t €]0,5[. Combining all what we have so
far, we get that To(S,t) = A71(] — 0o, 1]) is an n dimensional manifold living in dom(exp) that will be mapped
diffeomorphically by exp to an n submanifold of M. Furthermore:

To(8,t) = exp(To(S, 1) = exp(A ™" ({t}) = exp(OA~" (]-00,1]) = dewp(A~" (]-00,1]) = deap(Tu(S, 1)) = OTa(S. 1)
O

Let vy € To(S,1) be arbitrary. Set xz¢ to be m(vg) € S. Define the geodesic v to be given by t — expy, (tvo).

Using the immersion theorem followed by Gram Schmidt orthogonalization one can get an open subset U
of M containing xy, and get orthonormal smooth vector fields E1, Es, ..., B, with domain U with the property
that: For every x € SN U, we have that {E;(z)} ;e is an orthonormal basis for 73,S. Assume WLOG that
Ej11 is selected so that Eyi1(z9) = vo

12
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Consider the map FER : (SNU)x] — L, L[""*— M given by

n
(@, tht1, oty - - tn) > exp( Z toEo(z))
a=k-+1

By selecting the open set U, and the positive number L to be sufficently small, we may assume WLOG that
FER gives a diffeomorphism between its domain and an open subset of M. For every j € [n], we define a
smooth vector field C; locally defined at ¢ (dom(C;) = Im(FER)) and is given by:

Tz FER(E;(x),0,0,...,0 | <k
CjFER(CC, o1y tosas - .. ’tn) _ (Tytkt15t k42500 05tn) ( J(i> ) j
T(;z,tk+1,tk+2,-<.,tn,)FER(Ora ej—k) J =z E+1

Where 0, is the zero tangent at the point 2 in manifold S. One checks easily that for all € S, j € [n] ,we have
that C;(x) = E;(z).
The next fact generalizes the well known Gauss lemma Citation (37).

Fact 2.3 (Generalized Gauss Lemma). Let t > 0 be sufficently small so that T5(S,t) is an n — 1 dimensional
submanifold of M, then Ty To(S,t) = {v'(t)}+

Proof. Let j € {k+2,k+3,...,n} be arbitrary. Consider a variation through geodesics I' defined by:
0(6,t) = expa, (t(cos(0) Exy1(x0) + sin(0)E;(x0))) = FER(xo,t(cos(8)er + sin(0)e; 1))
Note that I'(0,t) = (¢) for all t. Differentiate to get :
ohT'(0,t) = —tsin(8)Cry1(I'(9, 1)) + tcos(8)C;(I'(0,1))
0.I'(0,t) = cos(0)Cry1(I'(0,1)) + sin(0)C;(T'(6,1))

Since T is a variation through geodesics, thus we get t — 0:I'(0,t) = tC;((¢)) is a Jacobi field along v. In

fact, it is a normal jacobi field since one can check that the inital conditions are orthogonal to +/(0):
[(tCj(¥(t))]t=0 0+'(0) = 0

4
dt lt=0
By definition of ', we have I'(6,t) € T5(S,t) for every 6. Thus:

[(tC5(v(1))] 0 7'(0) = Cj(x0) ©7(0) = Ejj(wo) © Ey1(z0) =0

d

tC;(v(1)) = T(0,6) = —5|

F(97 t) € T’y(t),];(sa t)

. Furthermore tC;(y(t)) € {7/(t)}*, as t = tC;(v(t)) is normal Jacobi field along ~. Hence:

/n\ Ci(v(1) € Ty To(S:t) N {7/ ()} (5)
i=k+1

Now let j € [k] be arbitrary. Thus, Ej restricts to a vector field over S. Hence, we may consider the integral
curve o :] — €, e[— S of E; with initial condition o(0) = zo.

13
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Consider a new variation through geodesics I' defined by I'(s, ) = exp,(s)(tEr4+1(0(s))) = FER(o(s), teq).
Note that T'(0,t) = v(¢) for all ¢ Differentiate to get that:

(s, t) = C;(T(s,1))

I'(s,t) = Cr41(T(s,1))

Since T is a variation through geodesics, thus we get ¢t — 0:I'(0,t) = C;(~(t)) is a Jacobi field along . In
fact, it is a normal Jacobi field since one can check that the initial conditions are orthogonal to 4/(0) = Exy1(x0)
(Note: The computations below rely on Torsion freeness of the Levi Civita conenctionV):

(©()] _ o7 (©) = Ej(ao) © Bt (w0) = 0

& t:O[(Cj (P)/(t))] °© 7/(0) = V’Y/(O)Cj ° 7/(0) = [Vck+1Cj © Ck+1”$o = [ij Ck+1 o Ck+1”mg =

1 d
5 < Cj(xo), Ck+1 o Ck+1) >=< JI(O), Ck+1 o Ck+1 >= %’t70[0k+1(0(t)) © Ck+1(o—(t))} =

% t:o[Ek'H(a(t)) o Exyi1(o(t))] = %

By definition of T, we have T'(s,t) € T5(S,t) for every s. Thus:

1) =0

t:O(

T(s,t) € T’y(t)’]:) (S,t)

s=0

C,00) = r(0.0) = &

Furthermore C;(y(t)) € {7/ (t)}*, as t — C;(y(t)) is normal Jacobi field along . Hence:

k
N\ Ci(r(1) € Tyy To(S,8) N { ()} (6)

i=1

Combine and @) to get that we have n — 1 linearly independent vectors {C;(y(t)}jze+1 € {Y'(£)} N
Ty To (S, t). Since {7/ ()}, Ty To (S, ) are both n—1 dimensional linear spaces, therefore we get 10,1y 7o (5, t) =

{3+ O
By retaining the details of the proof of Fact we may define Normal Jacobi fields {Y}};xr41 along
defined by:

! tCi(y(t) >k +2

For every t, denote the shape operator, second fundamental form of 7,(S,t) by Shy, I' respectively.

14
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Fact 2.4. Let t > 0 be sufficently small so that T5(S,t) is an n — 1 dimensional submanifold of M. Let
j € [n] = {k + 1} be arbitrary, then we have that Shy(Y;(t)) = =Y/ (t).

Proof. Consider the smooth vector field N on Im(FER) — S given by:
v
|1

In the above equation x € SNU,v € (] — L, L[”*kf{m}) are arbitrary. Using the Fact one checks that
the restriction of N to 75(5,t) gives a normal vector field along 75(S,¢t). For every i € {k+ 1,k +2,...,n}, let
70 (SNU)x] — L, L[*~*— R be the smooth map given by (x,tx11,tk12,-..,tn) — t;. Let a € [k] be arbitrary
then we have(Note V is torsion free):

N(FER(x,7)) = T(z.5yFER(0,,

Shi(Ya(t)) = =Vy, ;)N = =V, (yanpN =

- n;0o FER™!
= -V, > - Ci = -Vg,C =
Ca(v(1)) A \/(MH o FER )2 + (mpyo0 FER- )2+ -+ (m,0 FER )2 +1‘7(t)

= —Ve,Crirly@) = =V, Caly

=Y, (t) = ~[Ca(v(t))' = =V yCa = =V rs: Calyo)

The above two equations give us that Shy (Y, (¢)) = =Y/ (t). Now let a € {k+ 2,k +3,...,n} be arbitrary, then
we have(Note V is torsion free):

Shi(Ya(t)) = =Vic,(zenN = —tVe, (N =

e n 0 FER™! o
o i=k+1 V(mk10 FER™1)2 4 (mp20 FER™1)2 + - 4 (m, 0 FER™1)? l
—[Ca(v(®)) +tVe, Criilyy) = —[Ca(v(t) + tV e,y Caly 1))

=Y, (t) = =[tCa(v(1))" = =[Ca(r(t)) + tVy(1yCa] = —[Ca(¥(1)) + tV 0y, Calyv)]
It follows from the above equations that Sh:(Y,(t)) = =Y/ (t), and we're done. O

Fact [2:4] allows one in principle to obtain a power series expansion for the shape operator Sh: by utilizing
Jacobi fields, just like how one uses Jacobi fields to obtain a power series for the components of Riemannian
metric in normal coordinates. Once one has a power series for the shape operator of the tube 75(S,t), it
becomes possible to get a power series (in the variable ¢) expansion for other intrinsic quantities of 75(S,t) like
its volume or its total scalar curvature etc. For full details of the computation was published by L.Gheysens

and H.Vanhecke (38)) .
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3 Chapter 3: Manifolds Possessing The Tube Property

By H. Hotelling’s theorem (39), in the n-dimensional Euclidean or spherical space, the volume of a solid tube
of small radius about a curve depends only on the length of the curve and the radius of the tube. A. Gray
and L. Vanhecke (40) extended Hotelling’s theorem to rank one symmetric spaces. B. Csikés and M. Horvath
(41), (42) showed that Hotelling’s theorem is true also in harmonic manifolds, and conversely, if a Riemannian
manifold has the property that the volume of a solid tube of small radius about a geodesic segment depends only
on the radius of the tube and the length of the geodesic, then the manifold is harmonic. Using the Steiner-type
formula of E. Abbena, A. Gray, and L. Vanhecke (43]), the above characterization of harmonic spaces provided
further similar characterizations of harmonicity in which the condition on the volume of solid tubes is replaced by
analogous conditions either on the surface volume, or on the total mean curvature of the tubular hypersurfaces.
If the dimension of the manifold is at least 4, harmonicity can also be characterized by an analogous property
of the total scalar curvature of the tubular hypersurfaces. It was left open in (42)) whether the restriction on the
dimension is necessary in the case of total scalar curvature. L. Gheysens and L. Vanhecke (38, p. 193) pointed
out that the 3-dimensional case is different. They also posed the question whether vanishing of the total scalar
curvature of tubes about curves in a 3-dimensional Riemannian manifold implies that the manifold is harmonic.
Recall that a 3-dimensional connected Riemannian manifold is harmonic if and only if it is of constant sectional
curvature.

The goal of the present chapter is to fill this gap and characterize 3-dimensional Riemannian manifolds, in
which the total scalar curvature of tubular surfaces of small radii about regular curves, or only about geodesic
segments depends only on the length of the central curve and the radius of the tube. One of our main theorems,
Theorem [3.10] says that a 3-dimensional Riemannian manifold has this property for tubes about arbitrary
regular curves if and only if the space is a D’Atri space, furthermore, the total scalar curvature of tubes in a
3-dimensional D’Atri space is constant 0.

Recall that a Riemannian manifold is said to be a D’Atri space if the local geodesic reflection with respect
to an arbitrary point is volume-preserving. Every harmonic manifold is a D’Atri space, but the family of D’Atri
spaces is strictly larger than that of harmonic manifolds even in dimension 3, as shown by the classification
of 3-dimensional D’Atri spaces by O. Kowalski (I2). In particular, by Theorem the answer to the above
mentioned question of L. Gheysens and L. Vanhecke is negative.

It is a natural question to ask whether the D’Atri property of a 3-dimensional Riemanian manifold is
implied by the weaker assumption that the total scalar curvature of tubular surfaces of small radius about
geodesic segments depends only on the length of the geodesic and the radius of the tube. In Theorem [3.11} we
show that the answer is yes, if we assume additionally that the manifold is complete and has bounded sectional
curvature, for example if it is compact, or homogeneous. However, the following question remains open.

Question 3.1. Can we omit the assumptions on completeness and boundedness of the sectional curvature in

Theorem B.11J?

The proof of Theorems and will be based on Theorem which provides some characterizations
of D’Atri spaces in terms of the scalar curvature functions of geodesic spheres. It claims, for example, that a
Riemannian manifold is a D’Atri space if and only if any two geodesic hemispheres lying on the same geodesic
sphere have the same total scalar curvature. There is a strong conjecture proposing that all D’Atri spaces are
locally homogeneous. If it is true, then it would complete the classification problem of harmonic manifolds by
J. Heber (44)). The conjecture is true in dimension 3 and is supported by a theorem of P. Giinther and F. Priifer
(@5) claiming that in a D’Atri space, the volume of small balls depends only on the radius, but not on the
center. A positive answer to the following question would be a further support to the conjecture and would
sharpen Theorem [3.7]
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Question 3.2. Do small geodesic spheres of the same radius have equal total scalar curvature in a connected
D’Atri space?

3.1 Notations

All manifolds in this chapter are assumed to be smooth, connected, and of dimension at least 3.

Let (M, (,)) be a Riemannian manifold of dimension n. The symbols V, R, p, and 7 will denote the Levi-
Civita connection, the curvature tensor, the Ricci tensor and the scalar curvature function of M, respectively.
For a two-dimensional linear subspace o C T),M, the sectional curvature in the direction of ¢ will be denoted
by K(o). Let TM C TM be the domain of the exponential map exp: TM — M of M, exp,,: T,,M — M be
the restriction of exp to YO},M =T,MnN TM. The injectivity radius at p will be denoted by (p).

For p € M and r > 0, we shall denote by B,(r) C T,M and S,(r) C T,M the closed ball and the sphere of
radius r centered at the origin 0, € T, M, respectively. The unit sphere S,(1) will be denoted simply by Sp.
Denote by SM = UpeM Sp C T'M the total space of the unit sphere bundle of the tangent bundle.

Associated to a non-zero tangent vector v € T, M \ {0,}, we shall consider the hemisphere

ST(v)={w e LM | {w,v) >0, |lw]| = [Iv]}.
When 7 < (p) and ||v|| < (p), we can take the exponential images
Sp(r) = exp(Sp(r)), ST (v) = exp(ST(v)).

The set S,(r) is the geodesic sphere of radius r centered at p. Analogously, the set S*(v) will be called a
geodesic hemisphere.
For a smooth regular curve 7: [a,b] = M and r > 0, set

Te(vy,r) ={v e TM |3t € [a,b] such that v € T,y M,v L ~/(t), and |v| < r},

and
To(y,r) ={v e TM | 3t € [a,b] such that v € T,y M,v L +/(t), and ||v| =r}.

Assume that r is small enough to guarantee that Te(v,r) C TM and the exponential map is an immersion of
To(7y,r) into M. Then we define the solid tube of radius r about v by

Te(v,7) = exp(Te(v,7)),

while the tubular hypersurface, or shortly the tube of radius r about 7y is defined as

To(y,7) = exp(To(v,7))-

Tubular hypersurfaces about geodesic segments will be called cylinders.

Speaking of geodesic spheres and hemispheres, tubes, and cylinders of small radius r, “small” will always
mean that r satisfies the requirements given above in the definition of these geometric shapes.

The scalar curvature of the geodesic sphere Sp,(r) at the point exp,(v) for v € S,(r) will be denoted by
(V).

The total scalar curvature of a compact submanifold, possibly with boundary, of a Riemannian manifold is
the integral of the scalar curvature function of the submanifold over the submanifold with respect to the volume
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measure induced by the Riemannian metric. The definition can be extended in an obvious way to immersed
submanifolds having self-intersections.

When T is a tensor field of type (k,0) and Y, Xy,..., Xy are arbitrary vector fields, then the expression
VyT(Xy,...,Xg) can be understood in two different ways, namely as (VyT) (X1,...,Xk)oras Vy (T(Xl, . ,Xk)).
We shall use the convention that whenever the clarifying brackets are missing, VyT'(X7, ..., Xy) should be un-
derstood as (VyT) (X1,..., Xk).

3.2 D’Atri spaces and the total scalar curvature of hemispheres
Recall that the volume density function 0: TM — R is defined by the formula
0(v) = |Tv exp,(e1) A - -+ ATy exp,(en)];

where v € jz'pM7 (e1,...,eyn) is an orthonormal basis of the Euclidean linear space T\, (T,M) = T,M, and
Ty exp,, denotes the derivative map of the exponential map exp,, at v.
For any given unit tangent vector u € SM, the coefficients aj(u) in the Taylor series > p-  ax(u)r® of the
function #(ru) can be expressed explicitly in terms of the curvature tensor of M. The initial terms are
uu) 5, Vep(u,u) ;

f(ru)=1-— o . " + O(rh), (7)

see (46, Cor. 2.4).

Definition 3.3. A Riemannian manifold M is a D’Atri space if for any point p € M, the local geodesic
symmetry in p is volume-preserving, or equivalently, if for all p € M, there is a ball B,(r) C T,M such that
6(v) = 0(—v) for all v € B,(r).

The definition implies at once, that in a D’Atri space, all the odd coefficients agi+1(u) in the Taylor series
of the function §(ru) must vanish. The identity as(u) = 0, also called the third Ledger condition L3, means
that the Ricci tensor of M is cyclic parallel, i.e., it satisfies the identity

Vxp(Y,Z) +Vyp(Z,X)+ Vzp(X,Y) = 0.

It was proved by Z. I. Szabé (@7, Ch. 2, Thm. 1.1), that any Riemannian manifold with cyclic parallel Ricci
tensor, in particular, every D’Atri space is a real analytic Riemannian manifold, consequently in such manifolds,
the function #(ru) coincides with the sum of its Taylor series Y = ax(u)r® when r is small. This also gives
the equivalence of the D’Atri property to the vanishing of all the odd coefficients agg1.

The following technical lemma provides a characterization of spaces with cyclic parallel Ricci tensor.

Lemma 3.4. The following two statements are equivalent for an n-dimensional Riemannian manifold:
(i) Vxp(X,X)=0 and VT = 0.
(ii) Vxp(X,X)+ Vx| X||? =0 for some constant ¢ # —2/(n + 2).

Proof. 1t is clear that (i) = (i%), consider the converse. Polarizing (ii) we get

(Vxp(Y, Z) + Vyp(Z, X) + Vzp(X,Y)) + c(Vx(Y, Z) + Vy7(Z, X) + Vz7(X,Y)) = 0.
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To prove (i) at a particular point p € M, choose an orthonormal frame FEji,...,E, around p, substitute
Y = Z = E; into the above identity and take sum for i. Using the identity 2div p = V7, this gives

n

: i=1

=1
n

- (Z Vxp(E;, Ei)> +2div p(X) + e(n + 2)VxT = (Z Vxp(E;, E,-)) +(e(n+2) + 1)V
i=1 i=1

Introducing the notation w!(X) = (VxE;, E;) and using the skew symmetry
w! (X) +wi(X) = Vx(E;, E;) =0,
we also have

VxT = Z Vx(p(Ei, By)) = ZVXP(E% E;)+2 Z P(Wg(X)Eﬁ E;) = Z Vxp(E;, E;).

i=1 i,j=1 i=1
Hence (¢(n +2) +2)Vx7 =0, which yields V7 =0 and (7). O
In the special case when ¢ = 0, implication (it) = (¢) yields an important statement.

Corollary 3.5. The scalar curvature of a connected manifold with cyclic parallel Ricci tensor is constant.

The following consequence of the Steiner-type formula of E. Abbena, A. Gray, and L. Vanhecke (@3]) will
play a crucial role in the proof of the main theorem of this section.

Lemma 3.6. The volume density function, and the scalar curvature of geodesic spheres are related by the
formula

(Palr)s 7))+ 75(m) = 7 () 6r) = D200rw) + 2~ 1)2,0(rw)~ -+ (n — 1~ 26(rw) . (3)

where u € S, M is an arbitrary unit tangent vector, vy is the unit speed geodesic with initial velocity v,,(0) = u,
0<r<(p).

Proof. Choose an arbitrary open subset U = exp,,(rU) C Sy(r) of a geodesic sphere, where U C S, is an open
subset, and compute the volume Vi, (h) of the one-sided parallel domain (J, <, exp,(sU) of height h over U
in two different ways for 0 < r < r + h < (p). First, computing the volume by integrating the density function
0 over the corresponding domain in the tangent space, we obtain

h
Vu(h) = /U/O O((r + t)u)(r + )" 'tu
— / /h {a(ru)rnfl + 0, (O(ru)r™~ )t + 07 (H(ru)rnfl)g " O(tg)}tu
v Jo
= / {G(Tu)rnﬂh +{0:0(ru)r" " + (n — 1)9(”1)7,7172}%
U
3
+{020(ru)r" " +2(n — 1)9,0(ru)r™ % + (n — 1)(n — 2)9(ru)r”_3}% n O(h4)}u_
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On the other hand, the Steiner-type formula of E. Abbena, A. Gray, and L. Vanhecke (43, Thm. 3.5) tells us

that
2

Vie(h) = /U {h = HOw 4 (o), 7)) + 75 () = a(r) o+ O} 6w,

where H(ru) is the trace of the Weingerten map of S,(r) at v, (r) relative to the normal vector ~, ().

As the two integrals expressing Vi;(h) are equal for any open subset U C S, and any 0 < r < (p), the
integrands must be equal pointwise. Equating the coefficients of k3 in the expansions of the integrands yields
the desired identity. O

Now we prove the main theorem of this section.
Theorem 3.7. For a Riemannian manifold (M, (,)), the following statements are equivalent:
1. M is a D’Atri space.
2. The product 750 is an even function, i.e., 75(v)0(v) = 7°(—v)0(—v) whenever both sides are defined.

3. The total scalar curvatures of any two geodesic hemispheres lying on an arbitrarily given geodesic sphere
are equal.

Proof. First we show the implication Expressing the function r + 79(ru) for an arbitrary fixed unit
tangent vector u € SM with the help of Lemma [3.6] we obtain

Tsru:m n—
(ra) = Sy 20— 1)

9p0(ru) 1
O(ru) r

=1 —2)5 +70u() L)) ()

If M is a D’Atri space, then 6 is an even function, M has cyclic parallel Ricci tensor, that is Vx p(X, X) = 0, and
the scalar curvature 7 of M is constant. Having cyclic parallel Ricei tensor implies that the function p(v,,v,) is
constant on the domain of +,. Hence the right hand side of @D, and consequently both 7 (ru) and 79 (ru)d(ru)
are even functions of 7.

To prove that 2] implies [T} we first prove that that [2] implies the Ledger condition L3. Choose an arbitrary
unit tangent vector u € SM and consider the functions #(ru), 79(ru) and 7°(ru)é(ru). According to (46
Thm. 4.4), we have the power expansion

-1 -2 2 1 2
o = PR (20 )+ (Var = P2V ) 4 00,
which, combined with @, yields

9 (ru)f(ru) = (n=Dn-2) lign =3, (7- Lt +gl i Gp(u,u)>
n <Vu7'— n?+3n+ 14

D Vup(u, u)) r+O(r?).

The coefficients of odd powers of r have to vanish in the power expansion of an even function, so if 796 is
even, then the coefficient V7 — wvup(m u) of r in its expansion must vanish for every u € SM. By
Lemma this gives that M satisfies the L3 condition and has constant scalar curvature, hence C(u) =
P(va (1), ¥4 (r)) = 7(~yu(r)) is constant on the domain of v,,. Another important corollary of the third Ledger
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condition is that M is a real analytic Riemannian manifold, therefore the functions §(ru) and 7°(ru)f(ru) can
be written as the sum of their Laurent series

O(ru) = Z ap(u)r®, 5 (ru)f(ru) = Z by, (u)r*
k=0

k=—2

for small values of r # 0. Substituting these Laurent series into and equating the coefficients of r*, we
obtain the following recursive equation for the coefficients a; assuming that we are given the coefficients by,

1
k+n+ 1)k +n)

Apt2 = ( (C’ak + bk).

This relation allows us to prove by an easy induction that if 756 is an even function, then 6 is even as well, i.e.,
asgk+1 = 0 for all natural number k. The base case a; = 0 is automatically fulfilled by @ Assume aop_1 = 0.

Then equation
1

2k +n)(2k +n—1)
completes the induction step and [I] <=-[2]is proved.

Condition [2| implies 3| in an obvious way, since for any v € S,(r), the total scalar curvature of a hemisphere
St (v) is equal to the integral fs+(v) 79 (w)f(w)w, which is exactly half the total scalar curvature of the sphere

(Cagp—1 +bop—1) =0

a2k+1 = (

Sp(r) if 756 is an even function. The converse follows from a classical result of harmonic analysis on
the sphere, as [3| means that the hemispherical transformation of the restriction of the function 756 onto any
sphere Sp(r) of small radius r is constant and this implies by (48, Prop. 3.4.11) that these restrictions are even
functions. O

Corollary 3.8. The scalar curvature function 7° of any geodesic sphere of small radius in a D’Atri space is an
even function.

Question 3.9. Assume that 7% is an even function for a Riemannian manifold. Does it follow that the manifold

is a D’Atri space?

3.3 3-dimensional D’Atri spaces and the total scalar curvature of tubes

In this section, we strengthen Theorem [3.7]in the 3-dimensional case. The distinguished role of dimension three
is due to the Gauss—Bonnet theorem, controlling the total scalar curvature of surfaces.

Theorem 3.10. For a 3-dimensional Riemannian manifold (M, (,)), the following conditions are equivalent:
1. M is a D’Atri space.
The total scalar curvature of any geodesic hemisphere is equal to 4.

The total scalar curvature of a tube of small radius about any regular curve is 0.

e

The total scalar curvature of a tube of small radius about any reqular curve depends only on the length of
the curve and the radius of the tube.
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Proof. Theorem implies (i4) = (7). The total scalar curvature of a geodesic sphere of small radius in M
is 87 by the Gauss—Bonnet theorem. If M is a D’Atri space, then by Theorem the total scalar curvature
of a geodesic hemisphere and its complementary hemisphere are equal, so they are both equal to 4w. Thus,
(1) = (i7) is proved.

To prove (i) == (iii), consider a tube T5(7y,7) of small radius r about a regular parameterized curve
v: [a,b] — M. We may assume without loss of generality that v is of unit speed. The union of the tube
To(7,7) and the hemispheres ST (—rv/(a)) and S*(r+/(b)) is the image of a piecewise smooth C'-immersion of
a “capsule” homeomorphic to a sphere into M so its total scalar curvature is 87 by the Gauss—Bonnet theorem.
On the other hand, assumption (i7) impies that the total scalar curvature of the union S*(—rv/(a))US™ (ry/(b))
is also 8, therefore the total scalar curvature of the tube 75 (7, r) must be 0. Conversely, assume that the total
scalar curvature of any tube vanishes. Then computing the total scalar curvature of the immersed capsule
constructed above we obtain that the sum of the total scalar curvatures of the geodesic hemisheres S*(—rv’'(a))
and ST(rv/(b)) equals 87. Let u € SM be an arbitrary unit vector and choose the regular curve v so that
—v'(a) = 4/(b) = u. Then ST (—rvy/(a)) = ST(rv/(b)) = ST(ru), therefore ST(ru) must have total scalar
curvature 47 for any small radius r. Thus, (i4) = (i7) is proved.

Condition (iv) is obviously weaker than (4i7). If condition (iv) holds, then there exists a function f: (0,ry) —
R such that the total scalar curvature of a tube of small radius r about any regular curve ~v: [a,b] — M of
length [, equals f(r)ly. Choosing an arbitrary smoothly closed regular curve v, the tubes of small radii about
~ are immersed tori, so their total scalar curvature vanish by the Gauss—Bonnet theorem. This means that the
function f must vanish around 0, hence (iv) = (#it). O

Theorem 3.11. Assume that the 3-dimensional Riemannian manifold (M, (,)) has the property that the total
scalar curvature of a cylinder of small radius r about any geodesic segment v depends only on the radius r and
the length of ~y.

1. Then there is a number a € R and a smooth function b: SM — R such that for any geodesic curve vy
with initial velocity v,,(0) = u € SM, we have

K(v(t)) = at® + b(u)t + K (v(0)), (10)
where K (v(t)) is the sectional curvature in the direction of the normal plane v(t) C Ty, )M of yu at
Yu(t)-

2. If we assume also that M is complete and the sectional curvature of M is bounded, (e.g., if M is compact,
or homogeneous), then M is a D’Atri space.

Proof. The initial terms of the power expansion of the total scalar curvature T (r) of a tube of small radius
r about a unit speed curve 7: [a,b] — M were computed explicitely by L. Gheysens and L. Vanhecke (38,
Thm. 5.1) in any n-dimensional Riemannian manifold M. Their formula has the form

T, (r) = cn_gr"_4/ {(n—3)(n—2)+ A(n)r* + B(n)r* + O(r%)}t,

where ¢,,_o is the volume of the unit sphere in the (n — 1)-dimensional Euclidean space,

n—3

Aln) = C6(n—1)

{(n =47+ (n+2)p1}(v(¢)),
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1 n? —9n + 2 n? +3n+ 17 (n+1(n+2)
B(n) = { 2 2 (n+1)n+2) 0o
() = o {pr + T | 2R
(n—3)(n—4) (n+6)(n—3) 11n? — 27n + 142
- A7 ——— A
20 ! 40 put 120 n
(n—4)(n+1) n? + 21n — 46 n®+3n—58 ,
TTPH T 10 Z pij R Tﬂu
©,j>2
n? +21n + 194 (n+1)(n+2)
- Tvnpll T35 Z Rm;
1,j>2
n? + 3n + 62 (n+1 n+2 3n+8
D DY T > Rl + 7%/'7
180 ;
1>2 i,5,k>2
n? +3n+ 14 n?+3n+ 14
N R A P L))
6 12
and the tensor coordinates are taken with respect to an orthonormal frame Ey =~/ Es, ..., E, along ~.

In particular, ¢; = 27, A(3) = 0, and using the identity ||R||? = 4]|p||> — 72, valid in any 3-dimensional
Riemannian manifold, a straightforward computation shows that

BE) = < {Vhr — 2Vhiput + Vo7 — 4V 10100 — 201 H (1),

In the special case when + is a geodesic curve, all the terms containing the acceleration 7" disappear, thus, for
the total scalar curvature T (r) of a cylinder of small radius about a geodesic segment v: [a,b] — M lying in a
3-dimensional manifold M, we have

T,(r) = 27 / b {{Vhr —29hon} () + 007 1

This formula implies that if the total scalar curvature of a cylinder depends only on the radius and the length of
the axis of the cylinder, then the coefficient & = {V};7—2V3,p11 }(7(t)) of r®/6 must be a constant independent
of the geodesic v and the parameter ¢t. Set a = a/4.

Now let vy, (u € SM) be an arbitrary unit speed geodesic in M, and let Ey; = v/, Es, E5 be a parallel
orthonormal frame along 7y, 04(t) C T, )M the plane spanned by E;(t) and E;(t). Then the sectional
curvature in the direction of the normal plane v = 053 can be expressed as

1
5T 0% — p(E1, E).

K(v) = K(o23) = (K(012) + K(023) + K(031)) — (K(012) + K(031)) = 5

Differentiating this equation twice with respect to the curve parameter, and using the fact that the vector field
E, =+, is parallel along ~,, we obtain

= 2a.

N |

1
K" = (5747 = Vol B0 =

Thus K (v(t)) must be a polynomial function of ¢ of degree at most 2 with leading term at?. In particular,
holds with a suitably chosen coefficient b(u). This proves (7).
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To prove (i%), assume M has bounded sectional curvature. Then for any choice of v, K (v(t)) is a bounded
polynomial function defined on the whole real line, hence it is constant. Consequently, it has vanishing derivative

& xcwte = (3% - Vap(Br ) ) =0

Evaluating this equation at ¢ = 0, we obtain %VUT — Vup(u,u) = 0 for any u € SM and by Lemma we
conclude that M satisfies the Ledger condition Ls. H. Pedersen and P. Tod (49) proved that 3-dimensional
Riemannian manifolds satisfying the third Ledger condition are D’Atri spaces, so M is a D’Atri space. O

Although Theorem [3.11] does not allow us to conclude that M is D’Atri when the that M has bounded
sectional curvature is not valid, however we can still infer some useful facts about M in case the sectional
curvature is not assumed to be bounded as in Theorem ,JFact

Theorem 3.12. Let M be a three dimensional manifold such that for any geodesic v : R — M and any t € R,
we have that the sectional curvature of the plane {¥'(t)}* grows quadratic-ally as a function of t. Then V*R
can be expressed using R, VR by a polynomial formula that holds globally over M.

Proof. . Twill write (z17223742576) as a shorthand for V2R(z1, x2, 3, 74, T5, T ), and will write (21 2220324257627)
as a shorthand for V3R(zy, s, 23,24, T5, T6, T7). If p,q,7 is any orthonormal basis of tangents of manifold
M , then I write {p}* as a shorthand for the string of characters qrqr. For example (pp{p}*) will mean
V2R(p,p,q,7,q,7).

Now we introduce a notation ~ with a possibly ambiguous meaning, but hopefully the meaning will be
become clearer as one goes through the details of the proof. If a,b are linear combination of components V2R
tensor , I will write a ~ b as a shorthand for this meta-statement: ”We know how to express the difference b —a
as a polynomial function of the components of R in a way that is globally valid over M” If ¢,d are quantities
derived from the V3R tensor, I will write ¢ ~ d as a shorthand for this meta-statement: ”We know how to
express the difference d — ¢ as a polynomial function of components of R, VR, in a way that is globally valid
over M”. For example

Remark 3.13. Note that using the Ricci identities we get that:V2R, V3R are ~ -symmetric in their leftmost
two,three arguments respectively.

Let M be a 3 dimensional Riemannian manifold such that there exists L such that for every orthonomral
frame u, v, w of tangents at any point we have

(wufu}t) = L (11)

Let m € M be arbitrary, fix an orthonomral basis z,y, z of T,, M .Let a,b € R be arbitrary. gives us

. b b .
that the algebraic curvature tensor defined by (g1, ¢2,43,q4) — MZi%Ziiw ‘giibﬂ; ,q1, 92, g3, q4) has sectional
ax+by+z

curvature equal to L on the plane {|a:r+by+z| }+. Since az — x,bz —y € {%}l, thus:

axr+by+z ar+by+z
lax + by + 2| |ax + by + 2|

L(laz — a?|bz — y|* = [(az — x) o (bz — )]*)

,az — x,bz —y,bz —y,az —x) =

(

Thus:
(ax + by + z,ax + by + z,az — x,bz — y,bz — y,az — ) = L(a® + b*> + 1)? (12)
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The strategy now is to try to express all components of the level V2R in terms of components of the form
(d,e,{f}*), where d,e, f € {x,y,2}. A long computation by polarization of along with using Bianchi
identities shows that this strategy is successful and gives the identities below:

(zrzayz) ~ (zy{z}t) (13)
(v2myze) ~ % — 1l(w(=)) + (2 {u)) 14

(

(yzayyz) =~ (ya{y}t) — (yx{z}*) (
(ezzayz) ~ —(zyla}) (16

(y{z} ") + (y{a} ™) + (z2{y}") + (@2{y} ") = 0 (

Observe that , , , , will hold for any orthonomal basis and so also hold no matter how the
symbols z,y, z are permuted.

Fact 3.14. (zyy{z}*) ~ L (zza{y}*)
Proof. Differentiate in y direction then Remark to get:
(yaaazyz) = (yey{e}t) =~ (zyy{z}) (18)
By Remark and symmetries of algebraic curvature tensors we have:
(yraxzzyz) ~ —(zyzzyrz) (19)

Interchange the symbols z, z in , then differentiate in direction x to get:
1 i 1
(zyzayaz) = — 2 [(zyy{e}~ + (zez{y})7] (20)

Combine 7 7 to get (zyy{z}+) =~ i{(zyy{z}*+ + (zzx{y})*] which gives (zyy{z}+) ~ §(zzz{y}").
O

Fact 3.15. (zyz{z}+) ~0

Proof. Differentiate in direction z then use Remark along with symmetries of algebraic curvature
tensors to get:
(zzy{z}t) = (zzz22y2) ~ —(T20Y222) (21)

Permute the symbols z,yz in cyclically (i.e. © — y+— z — x), then differentiate in direction z to get:
(wzayzzr) = (zzy{2}t)) — (z2y{y} ) (22)

Combine , to get
(zay{z}t) = (w2y{y}t) — (w2y{z}") (23)

holds for all orthonormal x, ¥, z, in particular it still holds even when the symbols y, z are interchanged.
Thus, interchange the symbols y, z in and then use Remark to get:

(zzy{a}h) ~ (wzy{a}t) — (z2y{y}) (24)
Add , to get that (zzxy{z}t) = 0.
O
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Fact 3.16. (zzz{y}t) ~ %(OCQSHU{ZJ}L)

Proof. differentiate in direction of y, then apply Remark followed by symmetries of algebraic curvature
tensors to get:

(yya{y}*) — (yya{z}") =~ (yyzeyyz) ~ (zyyayyz) ~ (zyyyzey) (25)
Interchange the symbols z,y in , then differentiate in direction of z to get:
(zyyyzry) ~ —(zzz{y})* (26)
Set u to be y in 7 then differentiate in direction x and apply Remark to get:
(yya{y}) =0 (27)
Combine (25)), (26)), to get
(yya{a}) = (z2{y}") (28)

Combine Fact , and Remark to get (zzz{y}* ~ §(zaz{y}t) O

Fact 3.17. (zaz{y}*) ~ 0
Proof. Differentiate in direction x and apply Remark to get
(yya{z}T) + (zyy{e}) ™ + (zza{y} ) + (zzz{y}) " ~ 0 (29)

Since Fact holds for all orthonormal z,y, z thus the occurrence of the symbols z,y, z can be permuted to
give

1
(el 1) = 5 (ra{z}) (30)
Combine , Fact Fact to get
(zza{z})t = —5(zwa{y}™) (31)

Since will hold for orthonormal x,y, z, thus it will still hold even when the symbols y, z are interchanged.
Hence, we get

(zza{y})* ~ —b(zza{z}") (32)
Combine , to get (zzx{y}t)~0 N
Note that setting u to be x in , then differentiate in direction x to get
(zzax{z}t) ~0 (33)
Combine ,Fact [3.14 Fact [3.15 Fact [3.16] Fact [3.17] and all their permutations to get that
(qde{f}*) =0 (34)

for all q,d, e, f
that are members of our orthonomral basis z,y, z. Since all components of V2R can be expressed using

components in the form (de{f}*) for some d, e, f € {z,y, 2} as shown by , 7 , . Thus, diffrenta-
tion shows that all components of V3R can be expressed using components of the form (gde{f}*) for some
q,d,e, f € {x,y,2z}. Finally, combine the previous statment with to get that V3R may be expressed using
R, VR by a polynomial formula. O
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4 Chapter 4: Connections with Prescribed Curvature tensor and
higher covariant derivatives at a point

It is well known that the pullback of an analytic Riemannian metric along normal coordinates about a point p can
be expressed as a power series in terms of the covariant derivatives of the curvature tensor at p, which will satisfy
some algebraic conditions (symmetry relations, Bianchi and Ricci identities, etc). It is natural to ask whether
for a given sequence of multilinear maps defined on the tangent space T,M of a manifold M at p € M, which
satisfy the algebraic conditions just mentioned, there exists a Riemannian metric in a neighborhood of p for
which the sequence of covariant derivatives of the curvature tensor at p are equal to the sequence of multilinear
maps we started with. The answer is yes (provided some not so strict inequalites are met), due to a theorem
by Kowalski and Belger (50). This theorem can be interpreted intuitively so that all the algebraic identities one
can prove for a generic analytic Riemannian metric follow from the symmetries of the curvature tensor and the
Bianchi and Ricci identities.

One can repeat the same discussion for general analytic connections which are not necessarily Levi-Clivitia
connections of a Riemannian metric. Indeed, one can derive power series expansions for the Christoffel symbols
of a connections in terms of the curvature and torsion of the connection and their derivatives at a point. The
main theorem of this chapter, Theorem[[.30, is the analogue of the theorem of Kowalski and Belger for arbitrary
connections.

To formulate the results of this chapter in a neat way, a new algebraic structure called Curvature-Torsion
algebra, or CT algebra for short, is introduced. The CT algebra of a connection at a point encodes the local
behaviour of the connection in the same way as the Lie algebra of a Lie group encodes the local behaviour of the
group around its identity. This principle will be justified by the theorems of this chapter.

The methods of this chapter will also lead to a generalization of the Hausdor{f-Campbell formula (Theo-
rem and Corollary , and will lead to a sufficient condition for a connection to be normal-analytic
(i.e. admit an analytic atlas consisting of normal coordinates) by bounding the growth of the derivatives of its
curvature and torsion tensors (Theorem .

4.1 Preliminaries

We shall consider arrays of symbols which will often have repeated entries. To reduce the length of expres-
sions, we shall identify these finite sequences of symbols with elements of the free semigroup generated by the
symbols and write them in a multiplicative form using exponents. For example, we shall write the sequence
(@, u,u, u,u, z,2,y,u) also as (au*z?yu), or (avuzzyu), or (auudxr®yu), ete.

Let A, B be finite dimensional R-vector spaces, f: Ay — B be a smooth function defined on an open subset
Ay of A. Then for any po € Ao,z € A we denote the derivative of f in direction of x by 0. f(po), i.e.,
O f(po) = %f(po + tx)‘t:O' This gives us another smooth function O, f: Ag — B. For any natural number k,

we also consider a k-linear map 9% f|,,: A¥ — B given by

OF flpo (1,29, - .., Tk) = Oy Dy - - - Oy f(10)-

A% flp, is interpreted to be f(po). By Clairout’s theorem, OF f|,, is a symmetric multilinear map. If f: Ay — B
happens to be analytic, then by equipping A, B with any two norms one gets that there exists § > 0 such that

Bs(po) C Ao, .

limsupy, _, |akf|po|

7% 26
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and for all p € Bs(po), we have

1 1
;k—a flpo(® = P00 — P05 -0 — Do) ;kf ¥ Flpo (2 — p0)").

Let g: By — C' be another smooth function, where By is some open subset of B containing f(Ag). Then higher
order derivatives of the composition g o f are expressed by Faa di Bruno’s formula (51])

ak(g o f)|po (xlvx?v cee ,l'k) = Z alp‘g‘f(Po)(a‘Slﬂpo (‘rs))SeP ’ (35)
Pelly,

where Iy, is the set of partitions of the set [k] = {1,2,...,k}; for a subset S C [k] consisting of the elements
i1 < --- <1, xg denotes the list (z,,...,z; ), and for a partition P = {Sy,...,Snm} € i, (a‘slﬂpo(xs))sep
unambiguously (due to symmetry of 8|S|f|p0) stands for the list

(alsl‘ﬂpo ($S1)v Tt 8‘Sm|f|po (xsm))'

Let (M,V) be a smooth boundaryless manifold equipped with a not necessarily torsion free connection. We
have C>(M)-multilinear maps R: X(M)3 — X(M), T: X(M)? — X(M) denoting the associated curvature and
torsion of the tensors of V. These tensors are given by
R(X,Y,Z2) =VxVyZ -VyVxZ -V xyZ,
T(X,Y)=VxY -VyX — [X,Y].
Let v be a geodesic in (M,V) and J be a vector field along v. We say that J is a Jacobi field along ~ if it
satisfies the differential equation

V2J + R(J,Y . +)+ V(T(J,7)) = 0.

The motivation for calling such a vector field a Jacobi field is given in Proposition |{.160. By the theory of
linear ordinary differential equations, there exists a unique Jacobi field J along v with any initial conditions for
J(0) and DJ(0).

Let mq be any point in M. Let ¢ be any restriction of exp,,, such that ¢ is diffeomorphism between an open
subset containing the origin of T, M and an open subset of M. Conszder the function F?: dom(¢) x (T, M)? —

Ty M given by
Fo(z,y,2) = (To9) " ((V go B (6())),

where for a € T,,,M, E¢ is the vector field over im(¢) that’s given by ES(m) = [Ty-1(m¢)(a) for any m €
Im(¢). Clearly F? is smooth, and it is bilinear over R in its last two arguments. Throughout this chapter, we
refer to F® as the Christoffel tensor.

Fact 4.1 (First Bianchi Identity). For any Xo, X1, X2 € X(M), we have

D IR(Xi, X1, Xigo) + VT(Xi, Xig1, Xiga) + T(Xi, T(Xit1, Xig2))] = 0.
€23

Fact 4.2 (Second Bianchi Identity). For any Xo, X1, Xo, W € X(M) we have

Z [VR(Xi, Xiy1, Xigo, W) + R(T(Xi41, Xiy2), Xi, W) = 0.
1€23
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Fact 4.3 (Ricci Identity). For any smooth (k,1)-tensor field w: X(M)* — X(M) and for any vector fields
A,B, X1, Xs,..., X € X(M), we have

V2w(A, B, X1, Xa,..., X)) — V?w(B, A, X1, Xo,..., X})
k
= R(A, B,w(X1,Xs,..., Xi)) — Y_w(R(A, B)' (X1, Xa,..., X)) —
=1

— Vw(T(A, B), X1, X, ..., Xp).

Where R(A, B)" (X1, Xa, ..., Xk) means (X1,...,X;-1, R(A, B, X;), Xit1, .-, Xk).

The proofs of Fact and Fact can be found in (52). Proof of Fact s a straightforward application
of the definitions.

4.2 Curvature-Torsion Algebras
Now we introduce a new algebraic concept that will help us formulate Theorem [{.36

Definition 4.4 (Curvature-Torsion algebras). Let A be a vector space, and let { RF: AM3 — A} {T%: A2 — A}
be sequences of multi-linear maps satisfying the following 5 properties: a -
(1) For every natural number k, T* is skew-symmetric in the rightmost two arguments, R* is skew symmetric

in 2nd and 3rd arguments counted from the right.

(2) For every natural number k and for every g, 21, a2, u1, us, ..., ur € A, we have

Z [Rk(u[k}»xi» Tit1, Tiva) + TkJrl(u[k]v Ti, Tig1, Tita)]
1€7ZL3

+ 30 T ug, s, TV Nuse, i1, wig2)) = 0.
€73 SC[k]

Where S¢ = [k] \ S is the complement of S in [k].
(3) For every natural number k and for every xg, x1, x2, u1, us, . . ., ug, w € A, we have

DR upgg, wi, v e, w) + Y[R us, T (use, w41, 2i42), w)] = 0.
i€Z3 SClk]

(4) For any natural numbers k, r and any vectors a, b, z,y, z, ui, ug, ..., U, U1,02,...,0; € A, we have

Rk+r+2 (u[r} ,a, b, V[k]»L5 Y, Z) - Rk+r+2(

= Z (RS(Us,a,b,RSCHk(“Sc,U[k],I»%Z))
SClr]

Ulr], ba a, Vi), L, Y, Z)

k+3 ,
_ Z RISIHE(ug, RIS N (uge, a,b) (v, 2,9, 2))

i=1

- R‘S‘+k+l(u57T‘SC|(uS‘:a a, b)7v[k]7x7y? Z)) :
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(5) For any natural numbers k, r and for any vectors a, b, z,y, u1,us, ..., U, V1,02,...,05 € A, we have
Tk+T+2 (u[r]u a,b, Ulk] T, y) - Tk+r+2 (u[r] b, a, Ulk], T, y)

= Z <RS(us,a,b,TSc|+k(u5c,v[k],x,y))
SCIr]
k42
= T (ug, RIS N(uge, a,b) (v, 2, )

=1

— T‘S‘+k+1(US7 T‘SC| (uscv a, b)7 ’U[k’] ) y)> ’

Then we call the algebraic structure (A, {RF: AM3 — A} {TF: A2 — A} ) a Curvature-Torsion
algebra, or shortly a CT algebra. a B

Definition 4.5. Let A be the CT algebra described in Definition [f:4f A CT monomial in d variables is a
function from A? to A that is defined by composing a finite number of the operations of the CT algebra 4. A
CT polynomial is a linear combination of C'T monomials.

For example,
R2 (x’ T2 (x? :1:, RO (x? y’ Z)’ TO (y3 Z))’ R3 (y’ y’ y? x? y’ Z)? y’ Z)

is a CT monomial, and
R(z,y,y) + T°(T°(x,y), T°(y, 2))

is a CT polynomial in the variables x,y,z € A.
We also introduce the concept of a CT tensor which will be used later on in the chapter.

Definition 4.6. Let a,c be positive integers and b,d be natural numbers. A k-CT tensor from A® x R to
A¢ x R? is a k-multilinear w: (A x R®)* — A¢ x R? such that the first ¢ components of w could be expressed
using the natural operations of the CT algebra A and the rightmost d components only depend on the real
parts of the inputs.

For example, the multilinear map which sends ((x1,71, $1), (X2, 72, 82), (x3,73,83)) to:
(2T (21, w2, 23) + TR (23,21, 22) + s3T° (w1, m2) — BT (T° (w1, w3), T2), s27173)

is a 3-CT tensor from (A x R?)3 to A x R.

Remark 4.7. Let (M, V) be a boundaryless manifold equipped with a connection and mg be a point in it.
Tt follows that T,,, M equipped with the multilinear maps {VkR|mO (T M)FH3 — TmOM}k>O,

{VFT |y s (Tg M)F2 — TmoM}k>o is a CT algebra. This follows from differentiating Facts and
[:3 as many times as necessary. -

Now we prove an algebraic lemma which will be crucial to proving Theorem [[.50

Lemma 4.8. Let A be a vector space over the field of real numbers, and k be a positive integer such that k > 2.
Let R: A*2 5 A T: A*2 5 A be multilinear maps satisfying the following properties:

(L1) R(uy,...,up—1,2,9,2) is a symmetric function of the arguments uy,...,up—1; T(u1,...,up, x,y) is a
symmetric function of the arguments uq, ..., ug.
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(L2) R(uy,...,up—1,2,9,2) and T(u,...,u,z,y) are skew symmetric functions of the arguments x and y.

(B1) For every xzg, 1,22, U1, Us, ..., ug—1 € A, we have
E [R(u1,uz, . Uk—1, T4, Tiy1, Tiva) + T(ur, ug, -« o, uk—1, i, Tit1, Tip2)] = 0.
i€Z3
(B2) For every xg,x1,Z2,U1, U, ..., Uk—2,w € A, we have
E R(uy,ug, ..., Up—2, T, Tit1, Tip2, w) = 0.
1E€ZL3

(C1) For every u,v,w € A, we have
E(k + 2)R(uF~twuw) + k(k — 1) R(u*2wouu) + kR(uF~towu)+
+ER(uF vuw) + k(k + 1)T(w*twou) + (k 4+ 1)T(uFvw) = 0.

Then both R and T are zero.

Proof. Plug u = v into (C1) and use skew symmetry assumption (L2) to get R(u*~'wuu) = 1 T(uFwu). Polarize
this equation by replacing u by au + bx, where x € A and a,b € R, and equating the coefficients of a*b. Using
also the symmetry condition (L1), we obtain

(k — 1) R(u*22zwun) + R(u*wru) + R(u*wur)
1 (36)
= T(u*tzwu) + kT(u we).
The last term in the right hand side and the middle term in the left hand side are skew symmetric in w, x, so
symmetrization of in w, z cancels them and gives
(k — DR(u*2zwuu) + (k — 1) R(u* 2wruu)+

+ R( Flwuz) + R(u*zuw) = T(wF Lzwu) + T(uF " wzu).
Rewrite the above equation noting that (B2) and (L2) give us

(B2) L2) k—1

R(ufF2wrun) = — R ?2uwu) — R(uF2uwru) €2 R(u*2rwun) + R(u*tzwu).
What we get is
2(k — D) R(u*2zwuu) + (R(u*~twuz) + R(u*tzwu) + R(u*~tuzw))+
+(k — 2)R(u*tzwu) + 2R(u* rruw) = T(ufzwu) + T(u* Twau).
Next add T'(u*~twuzr) + T(v*~tzwu) + T(u*~luzw) and apply (B1) and (L2) to get
2(k — DR(u*2zwuu) + (k — 2) R(u* ' zwu) + 2R(u*truw) = 2T (u*Lzwu) + T(u*zw).
Hence we have

(k—2)
2

(k — DR(u*2zwuu) = R(uf"'wzu) + R(u*tuzw) + T(u*Lzwu) + ;T(u Tw).
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Substitute the last equation in and use skew symmetry to get

%R(ukilwxu) + (R(u" tuzw) + R(u* twuz) + R(u*tzwu))+

1 1
+T(u* rrwu) + §T(ukxw) = T(u*Lzwu) + ET(ukwx).

Adding T'(u*~tuzw) + T (uv*~twuz) + T(u*~Lzwu) to both sides and applying (B1), (L1) gives

k42

2

R 'wzu) = T(u*zwu) + T (v wuz) + (]1f - ;) T (v wz).

From the above equation we get

2

Ru* 1z z9u) = )

2—k
T(ur Yooz u) + T Lo uay) + %T(kalm)] (37)

for every x1,z9,u € A. Next we polarize equation by replacing u by au + bw and studying coefficient of
a®~1b of the resulting polynomials to get (using (L1))

(k — 1) R(u* 2wz zou) + R(u* 1 z120w) = k‘i—l—Z [(k: — 1)T(uk*2wx2m1u) + T(u* L apz w)+

+ (k — )T (u*2wriuzy) + T(uFtoiwas)+ (38)

+ (2 ; k)T(uk_lwxlxg) .

Substituting v in place of 1 and u in place of 25 in above equation gives
(k — 1) R(u*2wouu) + R(u*tvuw)
= ki—|—2 {(k — DT (u*2wuvu) + T(uFow) + T (uF~ owu)+ (39)
@T(uk_lwvu) .
Substitute v for 1, w for x5 in equation to get

R(u*tvwu) = % {T(uk Lwou) + T (uF~ touw) + %T(u vw)} (40)

Multiply equation by k and substitute it in LHS of (C1), substitute (after multiplying it by k) in
LHS of (C1) as well to get (after some algebraic manipulations, and usage of (L1), (L2))

1
R(u*twuw) = T(u*twuv) + ET(ukwv). (41)

Interchange v, w in then combine it with to get

k—2 i k

k4
RE— D) W T a )

T(uk—lwvu) + mT(uk—lku)_

R(uF"2wvuu) =
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Replace w by v1, and v by v in above equation to get
R(uk_%lvguu) = akT(ukvgvl) + BkT(uk_lulvgu) + 'ykT(uk_lvgvlu), (42)

which holds for every u,v1,vy € A, where ay, B, V% are defined by

k—2 k kE+4

TRk Dk +2) P = k-Dk+2) T k-Dkr2)

Now we consider two cases, whether kK = 2 or k > 3.
Case 1 (k = 2): Using , in case k = 2 we get

1 1
R(uxizou) = §T(ux2x1u) + ET(uxluxg), (43)

R(z1z2uu) = %T(ULU1$2U) + %T(uxgxlu). (44)
Add equations , and use (L1),(L2) for simplifying RHS, and use (B2) followed by (L2) for LHS to get:
R(zoziuu) = 2T (uxoziu). (45)

Interchange x1, x5 in above equation, and then combine the resulting equation with to get:
T(uzyzou) = T (uromiu). (46)

The above equation, combined with equation and (L2) gives R(uzjzou) = 0 for every u,x1,z2 € A. Hence
R is skew symmetric in the leftmost and rightmost arguments. Apply skew symmetry in leftmost,rightmost
arguments of R along with (L2) on equation to get:

R(uxiuxe) = 2T (uxoumy). (47)
Interchange x1, x5 in above equation and apply (L2) to get:

R(uuxexi) = 2T (uxiz2u). (48)
By skew symmetry of R in leftmost, rightmost arguments we also have

R(uzoxiu) = 0. (49)
Add equations @,, and apply (B1) on LHS to get:
—T(uzquze) — T(uuzoxy) — T (uzexiu) = 2T (uxsuxy) + 2T (uxiT2U).
Rearrange terms in above equation along with using (L2) to get:
T(uuzexy) = T(uxeziu) — T(uzi22U).

Finally combine above equation with equation to get T'(uuzaxy) = 0 for all zq,2z9,u € A. Hence T is
skew symmetric in its two leftmost arguments. We also know 7T is symmetric in its two leftmost arguments by
(L1), hence T is the zero tensor. T' = 0 combined with equation gives that R is skew symmetric in its two
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rightmost arguments. The skew symmetry of R in its two rightmost argument, combined with (B1), (L2) and
T = 0 gives that R = 0. So we are done if case 2 is true.

Case 2 (k > 3): Polarize equation by replacing u by au + bz and looking for the coefficient of a*~'b.
Using (L1) we obtain

(k — 2)R(viu* 3 zvpun) + R(viu " 2vezu) + R(viuf~2vpuz) =

ko, T (u*Lzvovy) + Bil(k — DT (uF~2zv1v0u) + T(u*Loyvez)|+
Y[(k = )T (u*2zvoviu) + T(uF~toguy z)]. (50)

Symmetrize above equation in the wvo,x arguments. The terms R(U1uk_202xu) and T(uk_lvlvgx) are
skew symmetric in vy,x and so vanish after symmetrization. By (B1), followed by (L2), we have (k —
2) R(viuFBvgzun) = (k — 2)R(viu*~2zvou) + (k — 2) R(viuF~3zvouu). Substitute RHS of previous equation in
place of the (k — 2) R(viu*3vozuu) term in LHS of equation resulting from symmetrization to get

2(k — 2) R(viuf 3zvguu) + R(viuf"2vpuz) 4+ (k — 2) R(v1u " 2zvou)+
+R(v1u* 2 zuvy) = ko (T(u*zvavy) + T(u* Lvgzvy)] + (k — 1) B [T (u*2zviv0u) + T(u*~ 2vov i zu)]+
+vk[2(k = DT (u* 2 zvaviu) + T(u*vgviz) + T(u*Lazvivy)].

By (B1), we can replace R(v;u*~2vouz) in above equation by —[R(viu*~2zvou)+R(viuF~2uzve)+T (viubF ~2vouz)+
T (viuF~22v9u) + T'(v1u*~2urvy)]. Rearrange terms in the resulting equation and simplify using (L1), (L2) ap-
plied to R to get

k—
(k — 2)R(viuf 3 rvguu) = T3R(v1uk72v2:cu) + R(viuf " 2uzvy))+

(k—=1)Bk —1

(k=18 +1
( 2

5 VT (uF =201 zv9u) +

)T (uF 20 v2u) 4 (
1
(k — Dy T (u*2vpzviu) + iT(ukfllevg)—i—

ko —
(%)(T(uk_lvngl) — T(u* tzvvs)).
The above equation gives a formula for (k — 2) R(viu*~3zvouu), so substitute this formula in equation (50). In
the LHS of resulting equation, apply (B1) on the terms R(viu*~2R(viuF~2uzve) + R(viuF~2vquz). Simplify
equation (use (L1),(L2)) and definitions of ag, Bk, vk to get

2 k—2

R(uF~2v1vpzu) = — T(u*Yavivy) + T (uF Yo zvs)+

(k—1)(k+2) (k—1)(k+2)
7¥T(uk*1fugzv1) + LT(UIC72JJ’U1’U2U) - LT(uk*%lvzxu).
(k—1)(k+2) k+2 k+2
Make the substitution (vq,ve, z) — (w,x1,x2) to get
) 2 . k-2

R(uF 2wz wou) = —

(k—1)(k+2)
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) 2
T wwaw) + g T mwe) — 5 T waies).

2
(k- 1)(k+2)
Last equation gives a formula for R(u*~2wz129u), so substitute this formula in equation and manipulate

using (L1),(L2) to get that
R(u* 1z 20w) = 0.

Finally polarize above equation by replacing u by Zf;ll Aiu; (where A\, Mg, ..., A\x—1 are arbitrary real numbers
and uj,usg, ..., ur—1 are arbitrary members of A) and look for cofficent A1, g, ..., A\x—1 to get using (L1) that
(k= 1D'R(uy,ug,...,up—1,21,22,w) =0
for all uq,us,...,uk—1,21,22,w € A. Hence R is zero tensor. Now that we know R = 0, (Cl) could be

manipulated (use (L2)) to give
ET (u*  wuv) = T(u* T uvw). (51)

Interchange v, w in previous equation, multiply by —1 and use (L2) to get
ET (v~ towu) = T(uF~Luvw). (52)
From (B1), and the vanishing of R we know that
ET (u* tuvw) + kT (u* towu) + KT (v wuv) = 0.

Substitute , into above equation to get (k4 2)T(u*~luvw) = 0. Polarize the last equation by replacing

u by Zle Aiu; (where A1, Ag, ..., A\, are arbitrary real numbers and wuq,us, ..., u, are arbitrary members of
A) and look for the coefficent of A\jAg--- A, to get using (L1) that (k4 2)k!T (u1,uz, ..., uk, v,w) = 0. As the
previous equation holds for all uy,us, ..., ug, v, w € A, we get that T'= 0, and we’re done with case 2. O]

Let’s introduce further examples and definitions about of CT algebras.

Definition 4.9 (CT Sub-algebras). : Let (A, {R": A¥3 — A}, {TF: A%+2 — A}, _ ) bea CT algebra. A

CT sub-algebra S of A is a linear subspace of A such that R¥(z1, 2o, ..., Tk, Y1, Y2, Y3), TF(x1, 22, . .., Tk, Y1, Y2) €
S for every x1,xa, ..., %k, Y1, Y2,ys € 5, and every k > 0.

Definition 4.10 (CT Ideals). : Let (A, {RF: A% — A} {TF: A2 - A}, ) be a CT algebra. A

CT ideal I of A is a linear subspace of A such that for every & > 0 we have: R¥(xy,x0,..., 28, y1,y2,y3) € I
whenever at least one of z1, 2o, . . ., Tk, Y1, Y2, y3 belongs to I, and we have T*(x1, z,. .., 2, y1,y2) € I whenever
at least one of x1,xs,...,xk, y1,y2 belongs to I.

Definition 4.11 (Quotient of CT algebras). : Let (A, {R": A3 — A} {TF: AF+2 - A} ) be a CT
algebra. Let I be a CT ideal of A, then we get a natural CT algebra structure on A/I given by:

Rk(l‘l +I,$2+I,~--,$k+l7yl +I7y2+lay3+l) :Rk($17$27-~-a$k7y1ay23y3)+I

Tk(xl +I7x2+-[7"'axk+I7y1+11y2+1) :Tk($1>$2a-~-7$k7y171/2)+I
One can check easily that the axioms of Deﬁm’tion still hold for A/I.
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Definition 4.12 (CT homomorphisms). :
Let (A, {RF: AFF8 - A} {Tk:Ak+2*>A}k>O)7(A*’{R§:A*kJrSHA*}k {Tf:A*’““%A*}

>0’ k>0
be two CT algebras. A linear map f : A — A, is said to be a CT homomorphism iff:

f(Tk(xhan’ s 7xkay17y2)) = Tf(f(l‘l),f(.ﬁz), .- '7f($7€)a f(y1>7f<y2))

f(Rk(I1,$27 s axkaylay%yi’))) = Rf(f($1)7 f(x2)7 .- "f(xk)>f(y1)7f(y2)7f(y3))

for every x1,xa,..., %k, Y1,Y2,ys € A. One checks easily that Ker(f) is a CT ideal of A, and that Im(f) is a
CT subalgebra of A,. Furthermore, it is easily seen that the composition of two CT homomorphisms is again
a CT homomorphism.

Definition 4.13 (Direct sum of two CT algebras). :
Let (A1, {R}: Ab+3 Al}kzo’ {1} Ak+2 Al}kzo)’ (Az, {RS: ASTS — A2}k20’ {13 A2 — A2}k20)
be two CT algebras. Then we can form the direct sum CT algebra A; @ Ay whose operations are defined by:

Tk(((aia bi))ie[k]v (w1,91), (22,92)) = (Tf((ai)ie[k]a $17$2)7T§((bi)ie[1@],yhyz))

Rk(((ai7 bi))ie[k]7 (xla yl)a (.TQ, y2)7 (l'?,, y?))) = (le((az)ze[k] y L1, T2, x3)7 Rg((bl)ZE[k]a Y1, Y2, y3))

One easily checks that the azioms of Definition [].4 still hold for Ay & As. Next we give some examples of
CT algebras.

Remark 4.14. Let (M, V) be a manifold equipped with a connection, and let v : C — M be a smooth map
between manifolds. Denote the set of smooth vector fields along v : ¢ — M by X(y : C — M). Then we
naturally have a CT algebra structure (X(7y: C — M), {V¥R}i>0, {V*T}i>0). (Recall that if A, B,C are any
smooth vector fields along v, then T'(A, B), R(A, B, C) are also smooth vector fields along «). If the map = is
taken to be the identity map id : M — M, then one naturally gets a CT algebra structure on X(M). If the
map - is taken to be the inclusion i : {mg} — M for some point my € M, then one gets Remark again.

Remark 4.15. The previous remark will give a finite dimensional CT algebra if S is the one point manifold.
Here is another way to get a finite dimensional CT algebra. Let V' be any finite dimensional vector space over
R. Let V be any R- bilinear map on Endg(V), next we equip Endg(V') with a CT algebra structure by stealing
the formulas for curvature, torsion tensors when written using a connection on a manifold, and then replacing
each occurence of the symbol of the connection by our bilinear map V, and replacing each occurrence of the
lie bracket symbol of vector fields by the endormorphism commutator operation of Endg(V'). For example, for
any endormorphisms A, B,C of V, R(A, B, C) will be defined as V4VpC — VpVAC — V4 5 C .

4.3 Power series for a connection in normal coordinates

Let (M,V) be a smooth boundaryless manifold equipped with a connection (not necessarily torsion free), and
let mg be a point in M. By inverse function theorem, one can restrict the exponential map at mqg to get a
diffeomorphism exp,,, between an open conver subset of T, M around the origin and an open subset of M
around mg. Let u be arbitrary member of dom(exp,,, ), and let v,w be arbitrary members of T, M. Choose
€ > 0 sufficently small and consider the smooth function T': | — €, €[x] — €,€[x[0,1] = M defined by T'(r, s, t) :=
XDy, (t(u + 10 + sw)). In this section, we denote EZP™0 simply by E., for every z € Ty M.

Clearly, T is a 2-parameter variation through geodesics. Consider the geodesic v: [0,1] — M given by
~(t) :=T(0,0,t). Consider the smooth vector fields H, J, X along v that are given by

H(t) := 0i1(0,0,1), J(t) :=8:1(0,0,¢), X(t) = V20,1(0,0,1).
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Proposition 4.16. The vector fields H,J satisfy the following differential equations:

V?H + R(H,v',v") + V(T(H,v")) =0,
VI + R(J,%.7)+ V(T(J,+)) =0

subject to initial conditions H(0) = 0,VH(0) = v,J(0) =0,VJ(0) = w.

Proof. We prove only the differential equation and the initial conditions for H. A similar argument will work

for J as well.
V3V381F = V3(V163F — T((’)lF, 83F)) = V3V183F — Vg(T(alr, 83F)) =

V1V305T — R(OT, 85T, 05T) — VT (95T, 01T, 85T) — T(V301T, 95T) — T(01T, V305T).

After noting that V3095’ = 0 (as I is a variation through geodesics) and rearranging the above equation, we get
V3V30iT' + R(O1T', 03T, O5T") + T (V3ohI', 05T) + VT'(0sT, 01T, 05T") = 0.
Compose the above equation with 4: [0,1] —] — €, e[x] — €, €[x[0, 1] that is given by i(t) := (0,0,t) to get
V2H + R(H,~',~' )+ V(T(H,v')) = 0.
I'(r,s,0) is constant at mg for all r, s. Hence, it follows that H(0) = 0. Next we have
VH(0) =V30:'(0,0,0) = V195I'(0,0,0) — T(0:T(0,0,0), 93T°(0, 0, 0)).

As T'(r,s,0) is constant at mg, and as 93I'(r,s,0) = u + rv + sw for all r,s, it follows that V195I'(0,0,0) =
4| _o(u+rv+ sw) =v. Furthermore, 9;1'(0,0,0) = H(0) = 0, thus T'(,1'(0,0,0),95'(0,0,0)) = 0, hence we
get

VH0)=v—-0=w. O

Remark 4.17. Proposition can also be used to give us that for every z € Tp,,, M we have [E, oy (I is given
by t — t) is the unique Jacobi field along v with initial value 0 and initial derivative z.

Definition 4.18. Define the sequence of CT polynomials {hk: T M X Ty M — TmoM}]~C>0 recursively as
follows h°(p,q) = 0,h'(p,q) = q for all p,q € T,,, M, and

k

k ] i —1i
hk+2(paq) :_Z <Z>VZR|m0(pz7hk (pv(I)ypvp)
i=0
k+1

k+1\ o i —i
- Z < Z )v T|m0(p 7hk+1 (pa Q)7p)

i=0
for every natural k, and every p,q € Tp,,, M.

Remark 4.19. For every p,q € T, M, k > 1 and real number )\, we have h*(\p, q) = \*"1h*(p, q).

Remark 4.20. Note that differentiating the differential equation satisfied by H in Proposition [{.16]k times, gives
us a recurrence relation for computing V*+2H(0) in terms of VOH(0), VIH(0),..., VFT1H(0). We leave it to
the reader to check that this recurrence relation gives us that V¥H(0) = h¥(u,v) for every natural number k.
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Proposition 4.21. For every x,y € T, M, and every natural k, we have

1
Vi, Eylmo = mhkﬂ(x,y)-
Proof. From definition of H, it follows that H = [E, oy (Where I: [0,1] — R is given by I(t) = ¢). Differentiate
k+1 times to get VEHU(H) = VFTL(IE, 0) = (k+1)V*(E, o) + IVF (B, 09) = (k+ 1)V, E, +IViE,.

hF1 (u,v)

Finally evaluate last equation at t = 0 and apply Remark [4.20|to get that V%u Eylme = —% T The previous
equality will hold for any u € dom(expy,,),v € T, M. However, by Remark we could get that equality
holds for all u,v € T,,,M by scaling the u— argument of the equality appropriately. O

Proposition 4.22. The vector field X satisfies the following differential equation:

V2X 4 R(X,7,7') + V(T(X,7))
VR(Y,J,7',H)+ R(VJ,y',H) +2R(J,+',VH) + VR(J, H,~',7')
+R(H,VJ +T(J,7),7") + R(H,y,VJ +T(J,7))+
VAT(J,y', H,y')+ VT (VI +T(J,7), H,~')+
VT, H,VJ+T(J,~"))+
VT(J,VH,~)+T(R(J,y,H),y)+T(VH,VJ+T(J,7)) =0
subject to the inital conditions X (0) =0,VX(0) =0

Proof. From the proof of Proposition we have the following equation:
V3V30iT + R(O.T, 05T, 05T) + T(V3di T, 1) + VT(95T, T, sT) = 0.
Apply the differentiation operator Vs to the previous equation to get
VoV3V3Oi I + VR(0o, 1T, 05T, 0sT") + R(V201 T, 95T, 0sT)
+R(81F, VQ@;;F, 83F) + R(@lF, 6;;1“, Vg@gl“) + VT(82F, Vg@lr, 83F)+
+T(VoV30iT, 5T) 4+ T (V301 T, VosT) 4 V2T (02T, 05T, 04T, 05T+ (53)
)

+VT(V283F7 orT, 831—‘) + VT(@;;P, Voo T, 05+
+VT(03T,0:T,V205T") = 0.

+

We also have the following formulae for VoV30,T', VoV3V301 ', Vo031 respectively:
VoV30iI' = V3Va0i I + R(agr, 83F, 81F), (54)
VaV3sV3oh I = V3VaV3i T + R(0:T, 05T, Vo T') =

Vg(Vng@lr + R(agr, 83F, 81F>) + R(82F, 83F, V381F>

VaVaVadiT + VR(O5T, 95T, 85T, OiT) + R(V5,T, 95T, O0T)
+2R(0.T, 05T, V301 T),
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V05T = V30,1 + T(8,T, 9sT). (56)

Substitute the formulae from equations ,, above for VoV30.1, VoV3V30: T, V03T into LHS of
equation , evaluate the resulting equation at (0,0,t) for any ¢ € [0, 1] and the differential equation follows.
By definition of T', one sees easily that O;' = m3F, oI, (Where w3 € C°°(] — €, ¢[x],€[x][0,1]) is given by
m3(r,s,t) =t). Apply Va to get that

VQ31F = 7T3V2(EU o F) (57)

Evaluate previous equation at (0,0,0) to get that X(0) = 0. Apply V3 to to get that
V3VooiI' = Vo(E, o) + m3V3(Va(E, o T)).
Evaluating the above equation at (0,0,0) gives that VX (0) = 0 as
Va(E, 0T)|(0,0,0) = Va,r(0,0,0)Ev = VoE, = 0.
O

Note that by differentiating the differential equation of Proposition [£22] k times, one gets a recurrence
relation for computing V*t2X(0) from V°X(0), V1X(0),...,V**1X(0). This recursion gives that V*X(0) is
a CT polynomial in u,v,w for every k > 0.

As €xp,,, is a diffeomorphism, one can get a smooth function o : [0,1] — TpyM such that Ey ) (y(t)) =
Vi, E,] ov(t), for every t € [0,1]. We wish to show that a(0),a’(0),a”(0),... are all CT polynomials in the
variables u,v, w.

By , and by 01" = w3 £, o " we get

V281F = Wg[vaE‘v} ol
FEvaluate above equation at (0,0,t) for any t € [0,1] to get
X =1?Vg,E)oy=1E,y.

Where 1 € C*>([0,1]) is given by I(t) := t. Differentiate X = I?E,~y for k + 2 times (Where k is any natural
number), then evalute at t =0 to get

VEF2X(0) = (k +2)(k + 1) D*(Ea)lo- (58)

By induction, we have that for every natural number k we have
b ~ (v
DF(E,v) = ; (J[V};u}j’a(w]y.
Where [V%uanfi)]’y is defined as the vector field along v given by
t = [Vig, Eqoe—i p]7(1).

Evaluate previous equation at t = 0 and rearrange terms to get
kg ‘
a10) = V4 (Enlo = Y- (4) 75, Eusolmo)
i=1
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Hence, by @ and Proposition applied to above equation, we get

VE+2 X (0) Mk Rt (u, a0 (0))
(k+1)(k+2)_z(i> i+ 1 '

a®(0) =
i=1

The recursion above gives that all of a(*) (0) is a CT polynomial in u,v,w for all natural numbers k. A moment
of thought gives that a*) (0) is a degree k+ 2 homogeneous polynomial in the variable (u,v,w) as well. So get a
sequence of homogeneous C'T' polynomials {qk: (Trny M)3 — TmoM},c>0 such that qx is homogeneous with degree
k, qo,q1 are zero polynomials, and for every k > 2 we have qx(u,v,w) matches a(k”)(O) as a CT polynomial
in u,v,w. A moment of thought shows that one can get a sequence {ni}; o such that for every k we have that
N s a k-CT tensor from (TpyM)? to Ty M and ng(x,z, ..., x) = qr(z) for every x € (T,,, M)3. Replacing ny
by it’s symmetrization if necessary, we may assume without loss of generality that n is symmetric for every k
as well.

4.4 The Analytic Case

Definition 4.23. Let (M, V) be a manifold equipped with a connection. (M, V) is said to be tame iff any of
the following two equivalent conditions holds:

1) For every Riemannian metric g on M and for every my € M there exists an open set U around m; and
C, L > 0 such that for every m € U we have |V*T)|,,|, |V*R|,,| < Ck!LF for every natural k.

2) There exists a Riemannian metric g on M such that for every m; € M there exists an open set U around
my and C, L > 0 such that for every m € U we have |V*T|,,|, |V*R|| < CK!L* for every natural k.

Theorem 4.24. Let (M,V,mg) be a pointed tame manifold with connection, then one can choose normal
coordinates ¢ (i.e. a diffeomorphism between an open subset containing the origin of T, M and an open subset
of M containing mg) such that F'® is analytic, and such that 0*F?|y is a k-CT tensor for every k > 0.

Proof. In this proof, we only care to verify convergence and so do not care to prove the sharpest bounds in our
inequalities. We break the proof into several steps.

Step 1: By tameness, get some Riemannian metric g on M, some open set U containing mg, some A, \g
such that for every m in U, and every natural k we have |V*T(m)|, [V*R(m)| < Ak!\E. Choose r; > 0 small
enough so that Ba,, (0) C dom(expym,), €xpm,(Bar, (0)) C U, and eowgﬁ (0): Bar, (0) = expm,(Bar, (0)) is
diffeomorphism. Define €zp,,, to be expp,|Bar, (0). I will denote Eq "™ simply by F, for any a € Ty, M.

Step 2: Define T to be expn,, (B, (0)). By compactness of T, we may get positive real numbers Ly, Lo, L3
such that for every m € T', y1,y2 € Ty, M, we have

IVE,, Fy, (m)| < La|yi|yz],
Ls|yi| < |Fy, (m)] < Lyl

Set L4, Ls to be
Ly = max{|VF, VF, Fy(m)| :m € T,y1,92,y3 € Tng M, |y1], |y2l, lys] <71},

L5 = max{|va2Fy1(m)| tme T7y17y2 € TmoM7 ‘y1|7 |y2‘ < rl}'

Step 3: Fix a basis 21, 22, ..., 2z, of Ty, M. For all x € dom(exp,,,), let v, : [0,1] — M be the geodesic given
by 7. (t) = exp,, (txr). Let Q1,Q2,...,Qy be vector fields locally defined over Im(exp,, ) such that for every
i € [n] we have
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a) Ql(mo) = Zi,
b) for every € dom(exp,,,), we have Q; oy, is parallel along ~,.
Let m € Im(exp,,,) we have that {Q;(m)} ;e[ is a basis for T}, M. Hence the matrix [g(Q;(m), Q;(m))]

has an inverse which we denote by [d; ;(m)]

i.j€(n]
i.j€[n]’
By compactness, we define © as the maximum of |Q;(m)|,|d; j(m)| as m ranges over T', and 14, j range over

[n]

Step 4: Choose A > 0 large enough so that A\g < A and % + é < % Define ¢ by

L1+L2}

o =14 2\L;n%0° max {Ll, L

Choose 7 > 0 small enough so that
2
r<max{r;,1}, AL;r <2719 and  2rAL; max{16, fg +1} <2710
3

Set €xp,,, to be exp,,,|B,(0). Let u,v,w € B,(0) be arbitrary. Now we are in a setting which is a special case
of that of Section 4, so retain all notation, definitions, propositions of Section 4.
Step 5: We prove the following

Claim 4.25. Let 0 be any Jacobi field along v such that 6(0) = 0, then for every t € [0,1] and natural number

k we have
Ly + Lor

| k
)\Ll’r’ }k’()\Lﬂ") .

The proof is by induction on k. Use Remark of section 4 to prove the base case. Prove the induction
step by differentiating the Jacobi equation V20 + R(0,7,7') + V(T(0,7")) = 0 k times. Make V**20 term
the subject, then apply the triangle inequality followed by induction hypothesis. The inequality below will be
helpful in proving the induction step

TF6(t)] < De<o>|max{L1,

1| < Lalu| < Ly (59)
Step 6: Introduce the following definition.

Definition 4.26. Let n: X(M)! — X(M) be C>°(M)-multilinear, we say 1 is of type L with constant C, where
C, L are non-negative reals iff for every natural k, and every m € U we have |V¥n(m)| < Ck!L*. We adopt
similar definitions for smooth vector fields along v and for smooth scalar fields on [0, 1].

Claim 4.27. Let a > 0. Let B: X(M)" — X(M) be C>®(M)-multilinear of type a\ with constant C, and
S1,82,...,5; be smooth vector fields along v be of type aALir with constants C1,Cs, ..., C; respectively. Then
B(S1,8,...,8)) is of type 2a\Lir with constant 2'CC1Cy - -- C).

Proof. Apply the triangle inequality on the equation

E k
T (b bi,..b )V%B((v’)b(’,vblsl,v%sg,...,Vbzsl).
(bg,b1,e-es by)ENitL, 0,01,...,01

bo+by+--+b =k

Hint: Use inequality along with the combinatorial inequality

k+1
#{(bo,bl,...,bl)eNl+1:bo+b1+--~+bl:k}:( ;r )gQ’f”. O
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Step 7: Using Proposition .22} we know that X satisfies the differential equation of the form
VEX + R(X,7,7) + V(T(X,7)) + 5 =0,

where S is VR(v',J,7',H) + R(VJ,~',H) + .... Note that H,J are type ALyr by step 5. Applying findings
of step 6, one can see after some computations that S is type 8A\Lir. So one can get some constant Cpyg > 0
such that |D*S| < Cook!(8AL17)¥k. Tedious computations on the formula of S show that one can get Cpo
so that it is independent of w,v,w. (To get independency, we recall that |ul,|v|,|w| < 7). Set Ay to be
max{Ls, Lg)figﬁf, (8)\%%)2} We bound the growth rate of the derivatives of X by arguing inductively as in step
5 to get that X is of type 8ALir with constant As. The base of the induction step will be proven using the
equation X = 2|V, E,] o~ of Section 4.

Step 8: We begin with proving the following calculus fact:

Fact 4.28. Let g1, g2 € C*([0,1]) be such that g1 = lga, where [ is the linear function given by l(t) =1t). It is
also given that g1 is of type L with constant C' for some L < % Then go is of type 2L with constant 2LC.

Proof. The bound we have on the growth of derivatives of g; allows us to represent g; by its Taylor series,
B . . . (1) ' . .
and so by g1 = lg2 we get a convergent power series expansion for gs in terms of {g; ’(0)};>¢. Differentiating
this power series as many times as we wish and bounding it appropriately we find the rate of growth of the
derivatives of gs. O

The next thing to do is to prove the “manifold-analouge” of the above fact:

Claim 4.29. Let V,W be any two vector fields along v such that V. = IW, and such that V is type Ly with
constant Cy for some Lo < %, then W is type 2Ly with constant 2Lyn?©3Cy

Proof. Use the vector fields @1, @2, ..., Q, introduced in step 3, to get a parallel frame Q1 07v,@207,...,Qn0Y
along 7. Hence V = >0  a,Q; 0y, W = Y | b;Q; o~y for some ay,as,...,an,b1,ba, ..., b, € C([0,1]). It
follows from V = [W that a; = lb;. By hypothesis of the claim we have a bound on the growth rate of the
derivatives of V', which gives us a bound on the growth rates of the derivatives of a;’s. Now use the above fact
to get a bound on the growth rate of the derivatives of the b;’s, which in turn will give a bound on the growth
rate of the derivatives of W. O

Step 9: We prove the following claim:

Claim 4.30. For every z € T,y M, we have that ||V E.| |l = [VF(E. 0 9) ()| < o|z|k!(2ALy7)* for every
t € 10,1] and every natural k.

Proof. Remark of Section 4 tells us that for any tangent z € T,,,, M, we have that [E, o~ is a Jacobi field
along « with initial value 0 and initial derivative z. Hence, by step 5 we have that [F, o~ is of type AL;r with

constant |z| max {Ll, Ll%ﬁ,’”} As ALir < % , we may apply claim of step 8 to bound the growth rate of the

derivatives of E, oy and we will be done. (Hint: r < 1.) O
Step 10: Next we know that X = [2E,7y (see section 4). By step 7, we know that X is type 8L;r with
constant As. As AL < 27100 we may apply claim of step 8 twice to get that F, 7 is type 32AL,r with constant

2(16AL1rn%03)2 Ay. To reduce length of expressions, I will refer to 2(16AL1rn%203)2 A5 by Ci5 from now on.
Step 11: Now we are in a position to bound the derivatives of a. We prove the claim below:
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Claim 4.31. For every natural k, and every t € [0, 1], we have

la® (1) < A3k'(2)\L1rmaX{16 L1k,

where As is defined to be 25;5.
Proof. By induction on k. Base (k = 0):then we have by choice of Ls and by step 10 that
Lsla(t)| < [Eaw (v(1)] < c1s.
This gives us that |a(t)] < 2= < A;
Induction step: For any ¢ € [0, 1] and for any natrual k, we have
E ok , kL 4
Vil = 3 () 75, Bavs @l = Bano 000 + 3 (475, Eavcoolho
i=0 i=1

Hence

k
k 1
|Eqr i (Y(0)] = IVF*(Ea)|e = > (Z> Vi, Eat-o)llyw],

i=1

k
) K\
o 0O < 9Bl + 3 ()7, ol

310 ()] < |Eawr (i (1(1)] < 15kl (32ALar)* + Z ( )Ula(’“ YO Lr,

i=1

la®) (#)] < CLl;k: (32\L17)* + Z ( );m(k_@ ()]i!(2AL17)'.
The last inequality gives an upper bound on |a®)(#)| using |a(9 ()], @™ (t)|,..., |a*=D(t)|. This will allow
us to use the induction hypothesis to get a bound on |a¥)(¢)| and complete the induction step. O

Step 12: By step 11 and choice of r, we know that for every natural k and ¢t € [0,1] we have |= o )(t | <
A3(2ALyrmaz{16, 22 Z + 1})F < A3271%% By Taylor’s theorem, this gives that for all

o~ ¥ (0) o= )*)
—_— — @ Nk (U, v, w
(Tuexpmo) 1[VEwEv|ﬁm0 (u)] = Oé(l) = Z il = Z A )
k=0 =

7 a(k)(o)
- k!

Uk((% v, w)k)
k!

‘ g A32710]€'

Hence, for all u,v,w € B,(0), we have

i ﬂk((% v, w)k

S
(Tuexp,)” Ve, Bvlezp,, ] = T

k=0
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nk((u,v,w)k) —10k

Set ¢ to be €xp,,,| Bz (0) for example, and we are done because by previous equation we have OFF?|y equals
N, which is a k-CT tensor. O

Now let (M, V,mgp) be a pointed tame manifold equipped with connection. Using Theorem choose a
restriction ¢ of exp,,, such that dom(¢) is an open ball Bs,(0) in T;,, M, such that ¢ : dom(p) — Im(d) is
diffeomorphism, F? is analytic, and 0¥ F¢|y is k-CT tensor for every k > 0 . Consider the operation * defined
on some suitably small open set of (T,,,M)? containing the origin given by

THY — ¢’1(exp¢(x) (1), (60)
where ¢ denotes the parallel transport of y along v, : [0,1] — M given by v, (t) = ¢(tz).

Theorem 4.32. The operation * in is analytic, and for every k > 0, 8k(*)|(0)0) is a k-CT tensor.

Proof. We break the proof in to several steps. Let’s introduce a useful definition: Let f be a smooth map from
some open subset of (T}, M)® x R® containing the origin to (Ty,,M)¢ x R%. We say f is a "CT-map” iff 9" f|o
is k-CT tensor for every k > 0.
Step 1: Use to show that for any two CT maps f, g such that f(0) = 0 we have that gf is a CT map.
Step 2: We prove the following claim: Let g: (T, M)* = (TrmoM)® be a CT map and let G be its flow,
then G is CT map

Proof. As G is the flow of g, one can
Step 3: We prove the following claim:

Claim 4.33. Let H be a CT map from an open subset of (Tyn,M)? x R that contains the origin to Ty, M. It
is also given that:

1) for every t € [0,1]: (O, Omy, t) € dom(H), H(Opmg, Omgst) = Oy

2)For any x,y € Ty M,s,t € R such that (x,y, st), (z, sy,t) € dom(H) we have H(x,y, st) = H(z, sy,t)

For any ¢ €]0,1], let Ac: (TyM)? — (T1nyM)? x R be the smooth map given by (z,y) — (z,%,¢). Then
HA; is a CT map.

Proof. Let ¢ €]0,1] be arbitrary, by condition 2 of the hypothesis of the claim we have that HA1, HA. locally
agree at the origin. Hence for any natural number k, we have

OF(HAY)|o = OF(HAL)|o-

Evaluate previous equation at (x1,%1), (¥2,¥2), - -, (Tx, yx) that are some arbitrary members of (T},,M)? then
expand RHS using to get

8k(HA1)|0((I17y1)3 (I23y2)7 EER) (Ikayk)) = 6kH|(O,O,c)[(xia %70)}26[/6]

Set 1 to be (0,0, 1), T; to be (z;,0,0) and 7; to be (0,y;,0). Expand RHS of above equation to get

1
OF(HAD (21,1, (w2, 92), - (ko Uk)) = ﬁakaO,O,c)[(Ti)ieS%(E)ieS}-
SCIk)

Apply lim._,o+ to above equation and use the observation (which will be explained later) that
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1 1 dl _ _
lim a Hl OOP)[(xZ)ZGSC (yl)ZGS] |S|| dc R ‘c 00 Hl(O,O,c)[(mi)iGS%(yi)iGS]a

c—0+ C‘Sl

to get:

1 ddl
3k(HA1)|0((l”1,y1)a($27y2), Ik,yk Z |S’|'d 15T |c 06 |(0,0,c)[(71)z‘esc7(%)ies}
SC[k]

ak(HA1)|0((x17y1)’ ('r27y2)7 mkayk Z | 8k+|S| ‘ [( )lESa (Ti)ies"’ (E)zeS}
SClk]

The last equation shows how to express 9% (HA1)|o using the derivatives of H at the origin which are CT
tensors as H is a CT map. So all derivatives of HA; at the origin are CT tensors. Now we are done except
that we have to show that

1 1 d*l
lim ——0" H] 00c)[(wz)z€SC (Ti)ies] = |S|'d =081 |e= 0a Hj OOc)[(Iz)zESC (Wi)ies)-

c—0+ C‘S|

as promised earlier. The above equation would follow from Taylor’s theorem mean value theorem if we can
show that for every j < |S| we have

d? __ __
wk:a[@klﬂ(op,c)[(%‘)ie:?c, (yi)iGSH =0.

Equivalently, we need to see that for every j < |S| we have
ak+jH|0[(T)ie[j]v (T)iese (Ui)ies] = 0. (61)

Consider L : (Tyn,)?> x R — (T, )? given by L(z,y,t) = (x,ty). Notice that by condition 2 of the claim we have
that H, HA1 L locally agree at the origin, hence

"I Hlo[(Diepy), (T)iese, Gi)ies] = 0 (HAL)|o[(Diey), (F)iese, (7)ies]-

RHS of the aobve equation can be seen to be 0 by applying on HA{L as the composition of HA; and
L. O

Step 4: Consider CT mpas Ly: (T, M)? — (TyM)3, Lo: TyyuM — (Tp, M)?3 given by Li(z,y,2) =
(y,0,0), Ly(x) = (0, —x, —x) respectively. Clearly L; + LoF? will be an analytic CT map from an open subset
of Ty M)3 to (Tpn, M)3.Let F. be flow of Ly + Lo F® . Hence by step 2, F, is an analytic CT map from an open
subset of (T, )2 xR to (T,,, M)3. Consider an analytic CT map Geo from a suitable open subset of (T,,,, M)? xR
to Tyny M given by Geo(z,y,t) = m Fi(z,y,y,t) (LHS is defined whenever RHS is, and 71 : (T, M)? — Tppy M
is 1st natural projection). Geo arose from F) which is a flow to some other map, and so a solution to a certain
ODE. One can verify that Geo satisfies the same ODE as the ODE of the geodesic equation ,in the coordinates
@, starting at ¢(z) with velocity D¢|,y, and then it will follow that for every (z,y,t) € dom(Geo) we have

Geo(z,y,t) = ¢~ [expy(z) (tDd|oy)]-

Set geo to be Geoo Ay (A is defined like in claim of step 3). Apply claim of step 3, to get that geo is an analytic
CT map.
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Step 5: The idea of step 5 is similar to that of step 4, so I write less details. By solving the parallel transport
ODE in coordinates of ¢ (like how the geodesic equation ODE in coordinates of ¢ was considered in step 4),
one can get an analytic CT map Para from an open subset of (T,,,M)? x R to T,, M such that:

1) dom(Para) = {(x,y,t)|z, tx € dom(¢)}

2) For any = € dom(¢), if v,: ] — |i70|’ ﬁc—("[% M denotes the geodesic given by 7,(7) = ¢(7x) and W denotes
the unique parallel vector field along ~, such that W (0) = y, then W(t) = D¢|i, Para(z,y,t). By using claim
of step 3, one can get that we have a CT map para from an open subset of (T),,M)*> — T,,,M gievn by
para(z,y) = Para(x,y,1).

Step 6: Consider a CT map para from an open subset of (Ty,,M)? to Ty,,M)? given by para(x,y) =
(z,para(z,y)). Now we get that * is a CT map as it’s the composition of CT maps (x = geo o para), and we're

done. O

Now, we use the previous theorems as machinery to prove a century old result(53)) (54) (53)) (56).

Corollary 4.34 (Hausdorff-Campbell-Baker Formula). In a Lie group, pullback of multiplication using suffi-
ciently small normal coordinates around the origin is analytic and could be expressed as an infinite series using
the group’s Lie bracket.

Proof. Let G be a Lie group. Equip it with the unique connection V that makes left invariant vector fields
as parallel vector fields. One verifies that for this choice of connection we have V¥R, V1T vanish for all
k > 0. This gives us that (G, V) is tame. Take mg of Theorem to be the identity of G. One verifies that
* described in Theorem [£.32] will coincide with the pull back of group operation along sufficiently small normal
coordinates (which will be ¢ as in proof of Theorem . Hence, by Taylor’s theorem * could be expressed as
an infinite sum of CT polynomials. However, CT polynomials in the setting of this corollary are nothing but
Lie polynomials because T, is the additive inverse of the group’s Lie bracket and V¥ R|., VE¥1T|, vanish for
all k > 0. O

Theorem 4.35. If (M, V) is tame, then it is normal-analytic.

Proof. Our goal is to equip M with an analytic atlas consisting of normal coordinates, such that the Cristoffel
symbols are analytic. Retain the setting of the proof of the previous theorem. Then ¢ is a restriciton of exp,,
to an open set around the origin such that ¢: dom¢) — Im(¢) is diffeomorphism and such that the Cristoffel
tensor F®: dom(¢) x (TpyM)? — TpnyM is analytic. Let m be arbitrary in Im(¢). On some sufficiently small
open U set around the origin 0,,, of T;, M, we have for all y € U0 that

¢~ expm(y) = geo(¢™ ' (m), [Dolg-1(m)) " (1))-

geo is analytic as shown in proof of previous theorem, hence RHS depends analytically on y. Thus,
¢~ texp,, |UM : UM — T, M is an analytic map. To summarize what we have so far: For every p € M,
we get a normal coordinates diffeomorphism ¢, between an open set of T}, M around the origin, and an open
subset of M around p such that F%»: dom(¢,) x (T,M)* — T, M is analytic, and for every q € Im(¢,) we get
an open set UF around the origin of 7, M such that ¢, 1equ|U5 : U — T, M is analytic.By inverse function
theorem and restricting U} to a smaller open subset if necessary, we may also assume WLOG that escpq|U5 is
a diffeomorphism between U and an open subset of M around g.

We take our atlas to be the family {¢,: dom(é,) — Im(¢p)}pers. Clearly, the cristoffel symbols are analytic
with respect to our member of our atlas. Next we show that the transition maps are analytic by showing that
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they are locally analytic. Let x be any member of dom(q’);;(bpl). Set m to be ¢, (¢). By definition we have
that the maps below are analytic:
¢y texpy |UDL : U — T, M

by, expm |UR?: UP2 — T, M

Now note that on a sufficiently small open subset around x, we have that ¢;21¢p1 equals ((b;Qlexpm\Uﬁf ) o
(¢p, expy |ULL) ™", where the latter is a composition of analytic functions so it is analytic. O

4.5 Connection with a prescribed CT Algebra

We prove our main theorem in this section

Theorem 4.36. Let (A, {R]’c AR A}k>0, {Tk AF+2 .A}k>0 ) be a finite dimensional CT algebra. As-

sume that there exists a norm on A and C,L > 0 such that |Tk} |Rk| < CK\L* for every natural number k.
Then there exists a pointed manifold (M, mg) equipped with a connection V such that T,,,M = A.

Proof. Section 4 gives us a formula for the Christoffel symbols in normal coordinates centered at mg using
{VkR(mO)}k>0 and {V*T(mq }k>0 We "steal” this formula and replace each occurrence of V*R(mg) in the

formula by R*, and each occurence of VFT(mg) by T*. This will give us a connection V on a small ball Bs(0)
centered around the origin of A (small ball to ensure that the infinite sum in the formula converges). More
precisely, let g, be the CT polynomial produced from taking the formula of g5 of section 4 and replacing each
occurrence of V¥ R(mg) by R and each occurence of V*T(mg) by T*. Finally, we define V by requiring that
for any u € Bs(0),v,w € A we have : Vz0|, = Y jey W (Where for any a € A, @ denotes the smooth
vector field over B;(0) that sends each point to a.)

Set the triplet (M, V,mq) to be (Bs(0),V,0) The only remaining thing is to verify that Tj,, M = A. First
note that for any u € Bs(0) we have that ~, : [0,1] — Bs(0) given by 7, (t) = tu is geodesic in (Bs(0), V).
That’s because for any ¢t € [0, 1] we have

Vule = Vil = 0.

In the above equation, we have that V|, = 0 because by def of V we have that Vi, is an infinite sum
of CT polynomials evaluated at (tu,u,u). By skew symmetry, a CT polynomial vanishes when evaluated at
(tu,u,u). This observation about geodesics of (Bs(0), V) gives that expy: Bs(0) — Bs(0) is just the identity
map.

As expy is diffeomorphism with convex domain, so we are in a similar position as that of section 4. Retain
all notation, definitions, propositions of section 4. For any ¢ € [0, 1] we have

a(t) = (Truezpo) ™ [V By Evleap ()] = Vabltu

iq (tu, v, w) _itk 2 G (u, v, w)
k - k! .

k=2

Differentiating the above power series for o we get that o(*)(0) = Gpyo(u,v,w) for every natural k. However,
by section 4 we also know that a*)(0) = qgyo(u, v, w) for every natural k. Hence,

Grq2 (u’ v, w) = Qk+2(u7 v, w)

for every natural k and every u € Bs(0),v,w € A. By scaling the u-argument of the previous equation
appropriately, we get that g,, = gi for every natural k. Finally an induction argument on k£ with the help of
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Lemma applied on previous statement will give that V¥ R(0) = RF, VF¥T(0) = T* for all natural numbers
k. O

4.6 CT Algebras in the Riemannian Case

Definition 4.37. Let (A, {R": AF3 — A}k>0, {Th: AFT2 - A}k>0) be a CT algebra such that T* is zero for
all k, A is equipped with an inner product o such that for every natural k, and every uq,ug, ..., us, T,y € A we
have that the endomorphism of the inner product space (A, o) given by z — Rk(u[k] , &, Yy, z) is skew symmetric.

Then the structure (A, {Rk: AkE3 ,A}k>07 {Tk: A2 Aiso, o) is said to be a Riemannian curvature

torsion algebra, abbreviated as “RCT algebra”.

Fact 4.38. Let (M, g,mq) be a pointed Riemannian manifold and let V be it’s Levi-Civita connection. Then
TroM is an RCT algebra.

Proof. Easy verification by differentiating the symmetries of the Riemann curvature tensor sufficiently many
times.

Fact 4.39 (Semisimplicity of RCT algebras). Let (A, {Rk: AFE3 .A}k>0 ,0) be an RCT algebra and let I be
an ideal of A, then I+ is also an ideal of A. Thus, A= 1@ I+ splits as a direct sum of two RCT algebras.

Proof. We prove by induction on k that for all & > 0 we have RF(zy,...,22,21,p,¢,7) € I+ whenever at
least one of xy, ..., T2, 21,p,q,r belongs to I+. Equivalently, it suffices to show that for all & > 0, we have
RF(xy, ..., 29,71,p,q,7) 05 = 0 whenever s € I and whenever at least one of xy,...,z2,21,p,q,r belongs to
I+. We consider five cases below.

Case 1 (p € I'') : By symmetries of algebraic curvature tensors we have R* (Tky- .., X2, 21,p,q,7) 0 8 equals
—RF(xy, ..., 29,71,7,5,q) o p which equals 0 because p € I+, R¥(xy, ..., x2,21,7,5,q) €I (as s € [ and I is an
ideal of A).

Case 2 (¢ € I'') : By skew symmetry we have R*(xy, ..., 72,21, p, q,7)0s equals —R*(xy, ..., x2, 21, q,p,7)0s

which equals 0 by case 1.
Case 3 (r € I') : By Second Bianchi symmetry (i.e. axiom (3) of Definition of algebraic curvature
tensors we have:

Rk(xky ... 7$2;$17p7qar) 0S5 = _Rk<xka e X2,T1, T, P, q) s — Rk(‘rlw .. 7$27x1aq7r7p) oS (62)

The RHS of vanishes by cases 1,2, and so its LHS vanishes as well.
Case 4 (v, € I't) : By first Bianchi symmetry (i.e. axiom (2) of Definition of algebraic curvature
tensors we have:

Rk(xk,...,xg,xl,p,q,r) 0s= —Rk($k,...7$2,p,q,$1,’l") 08— Rk(xk,...,xg,q,xl,pm) 0s (63)

The RHS of vanishes by cases 1,2, thus LHS of vanishesas well.

Case 5 (z; € It for some i > 2): This is the case where we need to use the induction hypothesis. By
axiom (4) of Deﬁnitionwe may keep interchanging the position of z; step by step until it becomes the fourth
rightmost argument of R*, then we may apply case 4 and the induction hypothesis to finish the argument. We
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illustrate this idea explicitly below in case ¢ = 2 as an example. In the equation below, (u1,us,...,ur—2) is
defined to be (xg,..., x4, 23).

Rk(xka <., T3,T2,21,P, 4, T) = +Rk(xk7 s 71.371.17:527177(]770)
= Z (Rls<u57x27x17RSCl(uSC7paq7r))
SC[k—2]

3
- 3 s, R s 1) (1))
i=1

The R* term in above equation belongs to I by case 4, and the sum that ranges over all subsets of [k — 2]
in above equation also belongs to I+ by induction hypothesis. Thus, R*(zg,...,z3, 22, 21,p,¢,7) € I+ and we

are done.
O

A kind of a converse of to Fact .38 is stated in the theorem below:

Theorem 4.40 (Kowalski-Belger). Let (A, {Rk}k>0 ) {Tk}k>0,0) be a finite dimensional RCT Algebra of a

finite radius of convergence (i.e. satisfies hypothesis of Theorem then there exists a pointed Riemannian
manifold (M, g, mg) such that:

(Tono M, {V* Rl }kzo AV T g }k20 19(mo)) = (A, {Rk}kzo ’ {Tk}kzo »°)

Proof. This was proven by Kowalski and Belger (50). O

Now we wish to answer a natural question: Given an algebraic curvature tensor, can one extend it to an
RCT algebra? Theorem of this sections says yes, and proves a stronger statement. First, let’s recall a
lemma due to Gilkey (57]).

Lemma 4.41 (Gilkey). Let A be a finite dimensional vector space over the real numbers, and let T be a (k+4,0)
tensor on V (k > 0) such that
1) T is an algebraic curvature tensor in its rightmost four arguments.
2) T is symmetric in its leftmost k arguments
3) Ziezg T(urus - .. Up—12;T;41Ti40yz) = 0, for every uy,us, ..., up—1 € A,and for every xo,x1,x2,y,2 € A
Then T is the zero tensor if and only if T(u¥,v,u,u,v) =0 for all u,v € A.

Proof. Similar to the proof of lemma 2 of (57)). O

Theorem 4.42. Let (A,0) be any finite dimensional inner product space and let {Mk s AR A}k>0 be a
sequence of multilinear maps that are skew symmetric in the rightmost first and second argument, and skew
symmetric in the rightmost third and fourth arqument. It is also given that for every k > 0,z € A we
have that M*(x*y xxys) is symmetric in arguments yi,yo. Then there exists a unique RCT algebra struc-
ture (A, {Rk}kzo , {Tk}kzo ,0) on (A, o) such that for every

k>0,z,y € A we have:RF(xFyzxy) = M*(xFyzay) (64)
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Proof. Lemma combined with induction on k will give us uniqueness, so we focus on existence. Since we
wish to have an RCT algebra structure, set all the T%(s) to be zero. Next, we construct the sequence {Rj}, <,

recursively.Let k& > 0 be arbitrary, suppose we already constructed R?, R', ..., R¥~! and wish to construct RF
so that the symmetries of the RCT algebra (i.e. the Ricci identities), and so that holds. Put a Riemannian
metric on a sufficiently small (to ensure positive definiteness) open ball centered at origin of (A, o)) defined by

+ -1 a Z CL(U w)
ZZ HL).’ : (65)

where p!(v,w) is defined recursively as follows: p°(v,w) = 0,p'(v,w) = w, and for every I € {0,1,...,k + 1},
we set

-1
l o ,
P = = 3 () w0

— \J

J
(In the above equation, M7 (v/zvv) is the unique member of A such that M7 (v/zvv) oy = M7 (vizvvy) for all
y € A) . The next step is to note that the exponential map, expg, of the metric ¢ is just the identity map.
This can be proven by showing (using the skew symmetries of the tensors {M k}k>0) that linear curves of the
form ¢ — tu, for any u € A, are critical points of the energy functional under proper variations and so they are

geodesics.
It is well known that the power series expansion of exp§g|t, (w,w) has the form below

k+4 i—1 i a
ex : g (’va)) 1—2 o) k+3 66
pO.g'tU w, ’U) Z Z a' Z . (Z)' )t + (t ) ( )

=2 a=1

Where ¢! (v, w) is defined recursively as follows: ¢°(v,w) = 0, ¢*(v,w) = w, and for every [ € {0,1,...,k+1}:
ey NI —
¢ (v,w) = — Z (]) VIR|o(v?,p' I (v, w), v,v)
§=0

Replace v by tv in , then compare the resulting power series to that of along with using the fact
that the expy = id to get that for every i € {2,3,...,k + 4} and for every v, w € A we have

le ()op(uw Zg' ") (o.0)

The above equation (ranging over all i € {2,3,... k + 4}) along with Lemma gives glo = o and
V/R|o = R’ for all j € {0,1,2,...,k — 1} by induction on j. Set R* to be V¥R|y and we're done.

O

As an application of the methods of this chapter we prove the three dimensional case of a result due to
DeTurck and Kazdan(5S).

Theorem 4.43. Let (M,g) be a Riemannian 3-manifold with the property that Vp(X,X,X) = 0 for all X
(Where p is the Ricci tensor of (M,g)), then (M,g) is tame and sp admits an analytic atlas consisting of
normal coordinates by Theorem [{.35
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Proof. To reduce the length of notation, we write (A1, A2, A3, P, Q) as a short hand for V3p(A;, As, A3, P, Q).
For any vector fields Aj, As, A, P,Q and By, Ba, Bs, X,Y we write (A1, A2, A3, P,Q) = (B, Bs, B3, X,Y) iff
the difference:

(A1, As, A3, P,Q) — (By, B, B3, X,Y)

can be expressed naturally using the vector fields Ay, As, A3, P,Q, B1, Bo, B3, X, Y and using a finitely many
applications of R, VR, V2R. It is clear that ~ gives an equivalence relation that respects addition and multi-
plication by scalars. Differentiating the identity Vp(X, X, X) = 0 twice gives the identity (4, B, X, X, X) =0
for all A, B, X. Polarizing the X variable of the previous equation gives us the cyclic identity below:

(A,B,X,Y,Z)+ (A,B,Y, Z,X)+ (A, B, Z,X,Y) ~ 0

The Ricci identity also gives us (4, B,C, X,Y) is symmetric in the A, B, C' arguments with respect to ~. By
symmetries of the Ricci tensor, we also know that (A, B,C, X,Y) is symmetric in its two rightmost arguments.
Next we use these identities to make the manipulations below:

(AaBachvy) %—(A,B,X,Y’,C)—(A,B,Y,C,X) %—(A,X,37KC)—(A,K37C,X)%

(A, X,Y,C,B)]|+ (A, X,C,B,Y)]+ [(A4,Y,C,X,B)+ (A,Y, X, B,C)] =
[(A,Y,X,B,C)+ (A, C,X,B,)Y)]+[(A,C)Y,X,B)+ (AY,X,B,C)] =
2(A,Y,X,B,C)+ (A,C, X,B,Y)+ (A,C,Y,X,B) ~ 2(A, Y, X,B,C) — (A,C,B,Y, X)) =
2(A,Y,X,B,C)— (A, B,C, X,Y)
Thus, (4,B,C, X,Y) ~ 2(A,X,Y,B,C) — (A, B,C, X,Y)). This gives that
(A,B,C,X,Y) ~ (A, X,Y,B,C) (67)

@ gives that (U,U,U, X,Y) = (U, X,Y,U,U) = (X,Y,U,U,U) = 0. Thus, (U,U,U,X,Y) = 0. Polarize this
identity in the U variable and use the symmetry of (—, —, —, —, —) in the leftmost three variables to get that
(U1,Uz,U3, X,Y) ~ 0. Thus V3p can be expressed by a formula using R, VR that holds on all the manifold.
Since in dimension three R can be recovered from the Ricci tensor p, thus it follows that V3R can be expressed
polynomially using R, VR that holds on all the manifolds. Differentiating this polynomial sufficiently many
times will give an exponential bound on the growth rate of V¥R as k grows that will allow to prove (M, g) is
tame. O

Fact 4.44. Let (M,g) be a Riemannian manifold that satisfies hypothesis of Theorem then M s tame
and so admits an analytic atlas consisting of normal coordinates by Theorem [[.55

Proof. Theorem shows us that V3R can be expressed polynomially using R, VR. Differentiating this
polynomial sufficiently many times will give an exponential bound on the growth rate of V¥R as k grows that
will allow to prove (M, g) is tame . O

Motivated by the proofs of Theorem [3:12] and Theorem [:43] we introduce a special class called of CT
algebras called the ” Algebraic CT algebras”. The definition might not state all details explicitly, but this okay
for two reasons. Firstly, this defintion will not be used in any of the results of this thesis but will only be used
to discuss some conjectures in the last section ”Future Research”. Secondly, I am not sure yet if this is the
”right” notion of what counts as an algebraic CT algebra.
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Definition 4.45. Let (A, {RF: A" — A}k>0, {TF: AFT2 - A}k>0) be a CT algebra. We say it is al-
gebraic iff there exists a sufficiently large natural number N such that RN, T can be ”expressed” using
RV, RY R?,... RN=1 10 7' ..., TN—1 Furthermore, all formal derivatives (see example below to know what

I mean by all formal derivatives) of this ”expression” remain valid.
For example, let’s say (A, {RF: A¥3 — A}, _ 'is a CT algebra with the property that 72 = 0, and

RQ(xla (172,.’,5'3,1'47275) = 7R0(1‘17l‘2,R0($3,x47$5)) + 2TO(R1(:L.17:L.271.57$4)7$3) (68)

for all 1, xs, x3, x4, x5 € A. For this setup to yield an algebraic CT algebra, we also need to require that all
formal derivatives of the previous two equations remain valid in A. This will give us that we need A to have the
property that T% = 0 for all k > 2. Furthermore, we will need A to satisfy the relations resulting from formally
differentiating with respect to uq, and formally with respect to uy,us, and formally with respect
to uy, ug, uz etc etc. Thus we will need A to satisfy the relation below for all uy, us, ..., Uy, 1, X2, T3, Tq, T5 € A:

2 E S Se|+1
RT+ (U[r],$1,$2,$3,$4,$5) =7 R‘ |(7.LS,1'1,(E2,R| I+ (USC,$3,$4,CL'5))+

SCr]
+2 > TV (ug, R (uge, 21, 22, 25, 24), 23)
SCr]
Thus, a CT algebra A that satisfies the above equation for all uy,us, ..., u,, X1, T2, 23, T4, x5 € A and satisfies

Tk =0 for all k> 2 would be an example of an algebraic CT algebra.
One sees easily that Lie algebras, Lie Triple systems are algebraic CT algebras. Theorem and Theo-
rem give us that their respective manifolds posses algebraic CT algebras.
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5 Future Research

In this section we pause some problems motivated by the results of the previous chapters:

1. Theorem [£.30] is a local analogue of Theorem [I.6] Thus, it’s natural to ask if there exists a global
analogue of Theorem We introduce some definitions to formulate a conjectural global analouge of
Theorem E.36]

Definition 5.1 (Maximal Manifold). . Let (M,V) be a connected tame n-dimensional boundaryless
manifold equipped with a connection (Recall Definition . We say (M,V) is maximal iff for every
tame connected n-dimensional boundaryless manifold (M, V) such that M is an open submanifold of M
and such that the inclusion map i : (M,V) — (M, V) is a connection preserving map, we must have
M=M

Now we are are ready to formulate a conjectural global analogue of Theorem

Conjecture 5.2. Let (A, {Rk: AFE3 A}k>0, {Tk: Akt2 A}k>0) be a finite dimensional CT alge-

bra. Assume that there exists a norm on A and C, L > 0 such that |T’“| , |Rk| < CE!L* for every natural
number k. Then there exists a pointed simply connected manifold (M, mg) equipped with a connection
V such that (M,V) is tame and maximal, and such that T,,(M,V) = A. Furthermore, the triplet
(M,V,myg) is unique up to isomorphisms.

I already made considerable progress to prove the above conjecture, but a complete proof is not ready
yet. I would like to discuss below some of the consequences of Truth of the above conjecture. Given a CT
algebra A, I use the notation Max(A) to denote the manifold whose existence is guranteed by the truth
of the above conjecture.

Conjecture 5.3. Assume the truth of conjecture 1 above. Let A be an algebraic CT algebra. Then
Maz(A) is geodesic-ally complete.

The truths of Conjecture along with Conjecture [5.2] and its Riemannian analogue can be used to
deduce the following well known facts as special cases:

(a) For every positive integer n, there exists a simply connected geodesically complete riemannian man-
ifold H™ of constant curvature —1. This can proven assuming the truths of Conjecture [5.3] com-
bined with Conjecture and its Riemannian analogue along with taking our RCT algebra to be R™
equipped with euclidean dot product, and setting R" to be given by R%(z,y,2) = —[(yo2)z — (z02)y]
and setting R* to be zero for every k > 1.

(b) Theorem follows taking our CT algebra to be g to get a simply connected geodesically manifold
(M, V) whose connection has a parallel Torsion tensor and everywhere vanishing curvature. Next
use Theorem [L.7) to get tat (M, V) is actually the Lie group we are looking for.

(c) By assuming the truths of Conjecture along with Conjecture and its Riemannian analogue
then applying them to the case where we take our CT algebra is any Lie triple system, we get

Theorem [L.101

The truths of Conjecture [5.3]and Conjecture may also be used to give a version of De Rham decompo-
sition theorem formulated using CT algebras as follows: Let A;, A5 be two finite dimensional CT algebras
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with finite radii of convergence. It follows A; @& A will also be a finite dimensional CT algebra with
a finite radius of convergence. It might be possible to use the CT correspondence theorems to get that
Maxz(A1 & As) 2 Max(A;) X Maz(As).

. Theorem m gives us that in dimension 3, manifolds satisfying condition must have algebraic CT

algebras. I used a computer search to check whether four dimensional RCT algerbas satisfying are
algebraic or not, and the answer seems to be not. A very long computation by hand, assuming no errors
were made, also gives that the condition and all of its formal derivatives do not force the RCT algebra
to be algebraic when the dimension is at least 4.

Question 5.4. Do the conditions ,@) and all of its formal derivatives force the RCT algebra to be
algebraic in the four dimensional case ?

. Theorem tells us that the geodesic tube property forces the RCT algebra to be algebraic by showing

that V3R can be expressed using R, VR. This was first noticed via a computer search. Interestingly,
the computer search also revealed that there will be some nonlinear constraints relating VR, R together,
however the number of constraints is not enough to force VR to be expressible using R. Differentiating
these constraints will give further constraints relating R, VR, V?R. This time the number of constraints
might be sufficiently large to force V2R to be expressible using R, VR which will be a stronger state-
ment than Theorem [3.12] This might allow for a classification of the RCT algebras of Theorem [3.12
and will probably give a classification of simply connected complete 3-manifolds satisfying hypothesis of
Theorem The challenge with this approach is to find a way to shorten the long computations.

. Theorem deduces that M has to be a D’Atri space under the additional assumption that M has

bounded sectional curvature. The proof uses the power series expansion of the scalar curvature of a tube
of small radius r truncated until the r* term. One might go further in the power expansion until the
r% term to deduce further constraints on the RCT algebra T,M that can aid in the classification of the
possible isomorphism classes of the RCT algebra T}, M, which will probably lead to the classifcation of the
possible isomorphism classes of M. Once again, the challenge is to deal with the long formulas obtained
from the 7% term.

54



CEU eTD Collection

References

(1]
2]

M. Postnikov, “Lie groups and lie algebras. lectures in geometry. semester v,” 1986.

J. E. Humphreys, Introduction to Lie algebras and representation theory, vol. 9. Springer Science &
Business Media, 2012.

J. M. Lee, “Smooth manifolds,” in Introduction to smooth manifolds, pp. 1-31, Springer, 2013.

N. Hicks, “A theorem on affine connexions,” Illinois Journal of Mathematics, vol. 3, no. 2, pp. 242—
254, 1959.

S. Helgason, Differential geometry, Lie groups, and symmetric spaces. Academic press, 1979.
O. Loos, Symmetric spaces: General theory, vol. 1. WA Benjamin, 1969.

N. Jacobson, “Lie and jordan triple systems,” in Nathan Jacobson Collected Mathematical Papers,
pp- 17-38, Springer, 1989.

H. Twiss, “Symmetric spaces and cartan’s classification,” 2020.

E. Cartan, “Sur une classe remarquable d’espaces de riemann,” Bulletin de la Société mathématique
de France, vol. 54, pp. 214-264, 1926.

E. Cartan, “Sur une classe remarquable d’espaces de riemann. ii,” Bulletin de la Société Mathématique
de France, vol. 55, pp. 114-134, 1927.

P. Kreyssig, “An introduction to harmonic manifolds and the lichnerowicz conjecture,” arXiv preprint
arXw:1007.0477, 2010.

O. Kowalski, “Spaces with volume-preserving symmetries and related classes of riemannian mani-
folds,” Rend. Sem. Mat. Univ. Politec. Torino, Fascicolo Speciale, pp. 131-158, 1983.

A. L. Besse, Manifolds all of whose geodesics are closed, vol. 93. Springer Science & Business Media,
1978.

O. Kowalski, “The second mean-value operator on riemannian manifolds,” in Proceedings of the
CSSR-GDR-Polish conference on differential geometry and its applications, Nove Mesto, pp. 33—45,
1980.

H. S. Ruse, A. G. Walker, and T. J. Willmore, Harmonic spaces, vol. 8. Edizioni cremonese, 1961.

Z. 1. Szabé, “The lichnerowicz conjecture on harmonic manifolds,” Journal of Differential Geometry,
vol. 31, no. 1, pp. 1-28, 1990.

E. Damek and F. Ricci, “A class of nonsymmetric harmonic riemannian spaces,” arXiv preprint
math/9207213, 1992.

J. Heber, “On harmonic and asymptotically harmonic homogeneous spaces,” Geometric & Functional
Analysis GAFA, vol. 16, no. 4, pp. 869-890, 2006.

95



CEU eTD Collection

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]
[28]

[29]
[30]

[31]

[32]

[33]

[34]
[35]
[36]
[37]

Y. Nikolayevsky, “Two theorems on harmonic manifolds,” Commentarii Mathematici Helvetict,
vol. 80, no. 1, pp. 29-50, 2005.

J. D’Atri and H. Nickerson, “Divergence-preserving geodesic symmetries,” Journal of Differential
Geometry, vol. 3, no. 3-4, pp. 467-476, 1969.

J. D’atri and H. Nickerson, “Geodesic symmetries in spaces with special curvature tensors,” Journal
of Differential Geometry, vol. 9, no. 2, pp. 251-262, 1974.

O. Kowalski, “Spaces with volume-preserving symmetries and related classes of Riemannian mani-
folds,” No. Special Issue, pp. 131-158 (1984), 1983. Conference on differential geometry on homoge-
neous spaces (Turin, 1983).

T. Arias-Marco, “The classification of 4-dimensional homogeneous d’atri spaces revisited,” Differential
Geometry and its Applications, vol. 25, no. 1, pp. 29-34, 2007.

T. Arias-Marco and O. Kowalski, “Classification of 4-dimensional homogeneous d’atri spaces,”
Czechoslovak Mathematical Journal, vol. 58, no. 1, pp. 203-239, 2008.

T. Tao, “Notes on the nash embedding theorem,” URI:  hitps://terrytao. wordpress.
com/2016/05/11 /notes-on-the-nash-embeddingtheorem, 2016.

J. Nash, “The imbedding problem for riemannian manifolds,” Annals of mathematics, pp. 20-63,
1956.

P. Petersen, Riemannian geometry, vol. 171. Springer, 2006.

J. M. Lee, Riemannian manifolds: an introduction to curvature, vol. 176. Springer Science & Business
Media, 2006.

K. Sekigawa, “On some 3-dimensional curvature homogeneous spaces.,” 1977.

I. M. Singer, “Infinitesimally homogeneous spaces,” Communications on Pure and Applied Mathe-
matics, vol. 13, no. 4, pp. 685-697, 1960.

L. Nicolodi and F. Tricerri, “On two theorems of im singer about homogenous spaces,” Annals of
Global Analysis and Geometry, vol. 8, no. 2, pp. 193-209, 1990.

B. Csikés and M. Horvath, “Harmonic manifolds and tubes,” The Journal of Geometric Analysis,
vol. 28, no. 4, pp. 3458-3476, 2018.

B. Csikés, A. Elnashar, and M. Horvéath, “D’atri spaces and the total scalar curvature of hemispheres,
tubes and cylinders,” Revista Matemdtica Complutense, pp. 1-12, 2022.

A. Gray, Tubes, vol. 221. Springer Science & Business Media, 2003.
M. W. Hirsch, Differential topology, vol. 33. Springer Science & Business Media, 2012.
V. Guillemin and A. Pollack, Differential topology, vol. 370. American Mathematical Soc., 2010.

M. P. Do Carmo and J. Flaherty Francis, Riemannian geometry, vol. 6. Springer, 1992.

56



CEU eTD Collection

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

L. Gheysens and L. Vanhecke, “Total scalar curvature of tubes about curves,” Math. Nachr., vol. 103,
pp. 177-197, 1981.

H. Hotelling, “Tubes and Spheres in n-Spaces, and a Class of Statistical Problems,” Amer. J. Math.,
vol. 61, no. 2, pp. 440-460, 1939.

A. Gray and L. Vanhecke, “The volumes of tubes about curves in a Riemannian manifold,” Proc.
London Math. Soc. (3), vol. 44, no. 2, pp. 215-243, 1982.

B. Csikés and M. Horvath, “Harmonic manifolds and the volume of tubes about curves,” J. Lond.
Math. Soc. (2), vol. 94, no. 1, pp. 141-160, 2016.

B. Csikés and M. Horvath, “Harmonic manifolds and tubes,” J. Geom. Anal., vol. 28, no. 4, pp. 3458—
3476, 2018.

E. Abbena, A. Gray, and L. Vanhecke, “Steiner’s formula for the volume of a parallel hypersurface in
a Riemannian manifold,” Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), vol. 8 no. 3, pp. 473-493, 1981.

J. Heber, “On harmonic and asymptotically harmonic homogeneous spaces,” Geom. Funct. Anal.,
vol. 16, no. 4, pp. 869-890, 2006.

P. Giinther and F. Priifer, “Mean value operators, differential operators and D’Atri spaces,” Annals
of Global Analysis and Geometry, vol. 17, no. 2, pp. 113-127, 1999.

B.-Y. Chen and L. Vanhecke, “Differential geometry of geodesic spheres,” J. Reine Angew. Math.,
vol. 325, pp. 28-67, 1981.

Z.1. Szabd, “Spectral theory for operator families on Riemannian manifolds,” in Differential geometry:
Riemannian geometry (Los Angeles, CA, 1990), vol. 54 of Proc. Sympos. Pure Math., pp. 615665,
Amer. Math. Soc., Providence, RI, 1993.

H. Groemer, Geometric applications of Fourier series and spherical harmonics, vol. 61 of Encyclopedia
of Mathematics and its Applications. Cambridge University Press, Cambridge, 1996.

H. Pedersen and P. Tod, “The Ledger curvature conditions and D’Atri geometry,” Differential Geom.
Appl., vol. 11, no. 2, pp. 155-162, 1999.

0. Kowalski and M. Belger, “Riemannian metrics with the prescribed curvature tensor and all its
covariant derivatives at one point,” Mathematische Nachrichten, vol. 168, no. 1, pp. 209-225, 1994.

M. Hardy, “Combinatorics of partial derivatives,” arXiv preprint math/0601149, 2006.
A. L. Besse, Finstein manifolds. Springer Science & Business Media, 2007.

J. E. Campbell, “On a law of combination of operators (second paper),” Proceedings of the London
Mathematical Society, vol. 1, no. 1, pp. 14-32, 1897.

H. Poincare, “Comptes-rendus de ’académie des sciences,” 1889.

H. F. Baker, “Alternants and continuous groups,” Proceedings of the London Mathematical Society,
vol. 2, no. 1, pp. 24-47, 1905.

o7



CEU eTD Collection

[56] W. Rossmann, Lie groups: an introduction through linear groups, vol. 5. Oxford University Press on
Demand, 2006.

[57] P. B. Gilkey, “Manifolds whose higher odd order curvature operators have constant eigenvalues at
the basepoint,” The Journal of Geometric Analysis, vol. 2, no. 2, pp. 151-156, 1992.

[58] D. M. DeTurck and J. L. Kazdan, “Some regularity theorems in riemannian geometry,” in Annales
scientifiques de ’Ecole Normale Supérieure, vol. 14, pp. 249-260, 1981.

o8



	By
	Abstract
	Acknowledgments
	Introduction:
	Chapter 2: Background Material on Tubes
	Chapter 3: Manifolds Possessing The Tube Property
	Notations
	D'Atri spaces and the total scalar curvature of hemispheres
	3-dimensional D'Atri spaces and the total scalar curvature of tubes

	Chapter 4: Connections with Prescribed Curvature tensor and higher covariant derivatives at a point 
	Preliminaries
	Curvature-Torsion Algebras
	Power series for a connection in normal coordinates
	The Analytic Case
	Connection with a prescribed CT Algebra
	CT Algebras in the Riemannian Case

	Future Research 

