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ABSTRACT

The slow diffusion of innovation is a key puzzle in development economics and
other disciplines as well. Various theories suggest factors like heterogeneity of
agents, tendency to social learning, geographical distance, and network structure
as influential. This study introduces a game-theoretic model where heterogeneous
agents acquire information either directly or from peers, where distance impact
both the cost and effectiveness of information acquisition. The model predicts that
a unique chain equilibrium exists under certain conditions. In addition, the model
can be used to justify the rationality of social learning and hierarchy formation and

slow pace of innovation diffusion.



CEU eTD Collection

ACKNOWLEDGEMENTS

I would like to express my deepest gratitude to my advisor, Professor Mats Koster, for
his invaluable guidance, support, and encouragement throughout this research. While his
insights and advice have greatly shaped this work, any errors or shortcomings are entirely

my own.

I would also like to extend my heartfelt thanks to Professor Tomy Lee for his invalu-
able assistance in helping me to think simply and concisely. His insightful suggestions
have been instrumental in refining my ideas. I am deeply grateful for his support and

mentorship.

My heartfelt appreciation goes to my family and friends, particularly Shirin, for their
unwavering support and patience throughout my academic journey. Their love and en-

couragement have been my constant source of strength.

Thank you all for your contributions to this work.

i



Contents

(1__Introduction|

7 T; Review!

3 Model

[3.2  Model Interpretation| . . . . . . . ... ... 0o
[3.2.1 Inability to Utilize] . . . . . . . . .. ... ... ...
[3.2.2  Utility Misperception| . . . . . . . . ... ...

4 __Benchmark Modell

Tt e W W

CEU eTD Collection

[> Free Riding and Coordination Problem|

[>.1 Homogeneous Agents| . . . . . . . . .. ... ... ... ...
[5.1.1 More than T'wo Homogeneous Agents| . . . . . . . ..
[>.2  Heterogeneous Agents| . . . . ... ... ... ... .....

6 C mation Probl [Bend K Model

[6.1 Severity of Free Riding Problem| . . . . . . ... ... .. ..

[r Random Heterogeneity|

[7.1 Slow Information Diffusionl . . . . . . . . . . ... ... ...
[7.2 Skewed Distribution] . . . .. . .. .. ... ... ... ...
8 Conclusions|

il

O © © v o O

10
10
12
14

14
17

18
19
20

23



CEU eTD Collection

List of Figures

(1 Average utility and individuals utility| . . . . . . . . ... L. 10
[2 Probability of search and failure to collect information| . . . . . . .. .. 14
3 Average utility and individuals utility (N pairs of homogeneous agents)| . 17
M Welfare Effects of Free Riding (N =100) . . . . . . ... ... ... ... 17
[>  Distribution of Agents’ distances on (0, 1| interval (Normal distribution)[. 18
6 Expected Utility of Agents as a Function of Distance (Normal distribution)| 19
(7 Percentage of agents that learned about the innovation at each time inter- |

val (Normal distribution)|. . . . . . . . . ... ... L 20
8 Distribution of Agents’ distances on (0, 1] interval (Chi Squared distribution)| 21
[9 Expected Utility of Agents as a Function of Distance (Chi Squared distri- |

bution)|. . . . . .. 22
(10 Comparing innovation diffusion pace for Normal and Chi-squared distri- |

bution (y-axis is percentage of agents which learned about the information)| 23

v



CEU eTD Collection

1 Introduction

The reason behind slow innovation diffusion has been a key question for a long time in
economics and other disciplines (Young, 2009). In development economics, specifically,
poor rates of technology adoption is one of the central puzzles. While it is plausible
to assume technology advancements in developed countries ease the process of techno-
logical progress in developing countries, the realized pace of progress is not as expected
(Verhoogen, 2023). Nonetheless, the puzzling nature of slow innovation diffusion is not
limited to developing economies and the same delays have been observed in agricultural
communities in the United States in early twentieth century (Munshi, 2007; Ryan and
Gross, 1943)).

Numerous theories have been proposed by economists and researchers of other fields
as explanations for the observed delays (Young, 2009). Despite the differences, there
are some common parts in all the theories. Heterogeneity of individuals, social learning,
geographical distance and network structure can be named as the popular themes that
researchers have used to model the diffusion phenomena (Baptista, 2000; Bisztray et al.,
2018; Munshi, 2007 [Young, 2009)).

I developed a simple and therefore tractable game-theoretic model to explain the
innovation diffusion phenomena among heterogeneous agents. The model can be extended
in various ways. But even in its simple form, the model can be employed to explain various
phenomena, such as rationality of social learning and hierarchy formation and slow pace
of innovation diffusion. One advantage of the model is that it allows for the strategic
interaction of agents, which compared to widely-used contagion models, makes it more

interesting from an economic perspective.

The model consist of heterogeneous agents which are able to acquire information from
an information source (first-hand information) or learn from their peers (second-hand
information). The source of heterogeneity is the agents’ distance from the information
source. I used distance as a proxy for all sources of heterogeneity, such as education
level, TFP of firms, firms’ size, physical distance, mental capacity of the individual and
innovativeness of the individuals. In other words, I assumed all relevant characteristics
of agents can be projected into the distance. Heterogeneity of agents, or distance, affects
utility funtions through two channels: First, it defines the cost (disutility) that agents
should bear to reach the information source; Second, the ability of agents to comprehend
the information decreases as they get further away from the information source. That is,

distance reduces the ability of agents to use the information.

To allow social learning, I assume agents can interact with other agents and acquire

second-hand information from their peers. That is, if an agent’s neighbor has acquired
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information or adopted a technology, the other agents can get the information from her.
One advantage of getting second-hand information is the lower search cost of information
acquisition. At the same time the transferable information depends on the distance
between peers. That is, as agents get further away from each other, the efficiency of

information sharing decrease.

I use Nash equilibrium solution concept to solve the game and prove that in the
benchmark model a unique Nash equilibrium exist in which information flows through a
chain of agents. Under different specifications, multiple Nash equilibria emerge. When-
ever multiple Nash equilibria exist, I use risk-dominance refinement (Harsanyi and Selten,

1988)) to select among the Nash equilibria.

In section [2] I review relevant literature on information diffusion. In section [3, I
introduce the model itself in details. In section [d] T analyze a benchmark model in which
the information flow through a unique Nash equilibrium. In section [5 I introduce a
specification in which coordination problem arise. In section [0, I analyze some other
specifications and compare the results with the benchmark model. In section [7] I assume
that agents’ distance comes from a random distribution and analyze its implications for
the speed of innovation diffusion. Finally, in section [§] I review the implications of the

model, caveats of the model, and possible direction of future extensions.

2 Literature Review

The diffusion of innovations has attracted the attention of researchers from various
disciplines. Namely because of the long time it takes for an innovation to be accepted.
One of the widely cited studies that considered the speed of innovation diffusion is Ryan
and Gross (1943), who quantitatively studied the adoption of hybrid seed corn among
Iowa farmers. They found that interpersonal relationships played an important role in

adoption and documented an S-shaped curve for the rate of adoption.

Still, the puzzling nature of innovation diffusion is a central area of research. Young
(2009)| reviewed theoretical models of innovation diffusion and categorised them into three

broad classes: contagion models, social influence models and social learning models.

One branch that has been widely used by researchers in all fields is contagion models.
In contagion models, innovation diffuses through exposure to adopters. In other words,
innovation spreads like a virus. Despite the random nature of these models, economists
have studied them extensively because of their wide acceptance in other disciplines, com-

paring the predictions of these models with social learning models [Young (2009),

Young (2009), after mentioning the caveats of contagion and social influence models,
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mention social learning models as "the most plausible from an economic point of view
because it has a solid decision-theoretic foundation”. [Bikhchandani et al. (2021)| has

reviewed the progress of the social learning literature by economists.

To the best of my knowledge, the model developed in this thesis differs from famous
innovation diffusion models in the literature because it allows for strategic interactions

between agents, heterogeneity of agents, and allows agents to form a network]]

Throughout the paper I use risk-dominance refinement of introduced by |[Harsanyi
and Selten (1988). Although Harsanyi and Selten (1988), who first introduced payoff
dominance and risk dominance, favoured the payoff dominance notation over the risk
dominance notation, the risk dominance notation attracted the attention of game theo-
rists in the early 1990s. For example, [Myerson (1991)| proposed a theoretical evolutionary
justification for risk dominance and payoff dominance. An example of experimental re-
search supporting the risk-dominance notation is the work of [Straub (1995), in which
he conducted several experiments to test whether the predicted strategies could be seen
in the laboratory. [Straub (1995)/s results shows that in most situations participants’

strategies were consistent with the predictions.

3 Model

In this section, first I discuss the model and then discuss the possible interpretation
of the model.

3.1 Setup

There is a information source and a set of heterogeneous agents N which play a
static complete information game. Each agent i € AN has a d; € (0,1] distance from
the information source. Agents can acquire first-hand information, by attaching to the

information source, or they can get the second-hand information through other players.

Thus, the action set of agent agent i is {F, {S;}jen ,,,, Z}, where F refers to getting

i
first-hand information, {S;},en (i refers to getting second-hand information from agent

j € {k|k € N,k # i}, and finally, Z refers to getting no information.

The utility function of getting first-hand information for agent ¢ will be, which depends
on d;:
U =fi=0—d)*1—d,. (1)

'However, the literature on social learning is vast and complex, and I admit that I haven’t reviewed
many such models.
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For simplicity, I normalize I, the value of information to 1. Note that F' in superscript

of utility function in refers to first-hand information, or direct linkage to the source.

Agent’s 7 utility of getting second-hand information from agent j, which has acquired
I; € ]0,1) information, depends on d; ; = |d; —d;| which is the absolute distance between

the agents:
Ufj = Sij = (]. — di,j) * Ij — d@j, (2)

Finally, the utility of getting no information is always zero for the agents:

)

I use the Nash equilibrium solution concept the risk-dominance refinement (Harsanyi

and Selten, 1988)) when there exist several Nash equilibria.

3.2 Model Interpretation

In this section, I discuss the interpretation of different parts of the model: Information

source, distance, and the utility functions.

The information source in the model is a source which holds a positive value informa-
tion, or innovation, for all the agents. It can be interpreted as a beneficial management
practice that increases efficiency, a new technology that reduce the costs, or an infor-
mation source which allow workers to update their beliefs about their outside options.
Distance is a measure which suppose to proxy all possible search barriers and qualities of
the agent, such as access to market, the socio-economic background of manager/worker,

or the productivity of firms.

For the interpretation of the utility functions, I discuss two intuition that I had for

developing this mode]E].

3.2.1 Inability to Utilize

In the first approach, the discount factor of the information value can be interpreted
as the inability of agents to utilize/comprehend the information. That is, the further the
agent becomes from the information source, she becomes less confident of her ability to
use the information. An example for this, might be an immigrant who does not search
for the information because of her lack of institutional knowledge, language barriers or

social capital that prevent her from comprehending or using the information effectively.

In this thesis, and for the sake of simplicity, I use the interpretation in section That is, I
assume the utility functions are the true utilities that agents get.

4
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For the first-hand information we have:
UF =1 —d)*I—d,.

In which the first term, (1 — d;) % I, is the true utility of getting information after taking
into account the ability of agent to comprehend or utilize the information, and the second

term, —d;, is the cost (dis-utility) of reaching to the source or search cost.

The interpretation becomes much simpler this way: As agent get further away from

the information source, her ability to comprehend /utilize the information decrease.

The same logic can be used to interpret the utility of second-hand information:

US = (1 — di,j) * Ij — di,j'

/L’j -

When d; < d;, if agent i believe agent j has acquired the information, the utility of
getting second-hand information from agent j will be:

US = (1= (di — dj)) x (1 — dj) — (d; — dj).

ij =

Using the same logic, the more distant the agents become from their peers their ability
to comprehend or utilize the information decrease. That is, the agent utility of using her
peer’s information decrease because of two reasons: First, her peer have some distance
from the information source, so he is not fully comprehended the information. Second,
since the agent is far from her peer, she won’t be able to utilize the information held by

her peer.

3.2.2 Utility Misperception

In the second approach, the discount factor of the information value can be interpreted

as the perceived value of the information.

Again, for the first-hand information we have:
UF = (1 —d)«I—d,.

That means, as agents get further away from the information source, in addition to the
increase in search cost, their misperception of the value of information increase at the
same time. That is, although the ultimate utility of information or technology is fixed for
all agents, as agents get more distant from the information source, their misperceptions

might prevent them from searching for the information.
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The same logic can be used to interpret the utility of second-hand information.:

17]

Same as before, when d; < d;, if agent ¢ believe agent j has acquired the information,
the utility of getting second-hand information from agent j will be:

US; = (1= (d: = dy)) + (1 — &) — (d: — ).

,L’]

Using the same logic, the more distant the agents become from their peers, their error
about the value of their peer’s information or technology increase. That is, an agent might
believe information or technology that her peer is using is not valuable for two reasons:
First, her peer have some distance from the information source, so the information held
by him is not so valuable. In other words, the technology held by him might not be an
advanced technology. Second, since the agent is far from her peer, she has misperception

about the value of information held by her peer.

4 Benchmark Model

In the benchmark model, I assume there are |[N/| = N > 4 agents which are located

on the (0,1] interval such that the distance between any two neighbours is +. In other

~-
words, {d1,da, ..., dn} = {#, %, ..., 1}. I start with identifying the equilibrium and then

discuss the results.

4.1 Equilibrium of the Benchmark

I prove a unique Nash equilibrium exist in which, except the first agent, who gets
the first-hand information, all the other agents get second-hand information from their
neighbour who has a lower distance to the information source. Thus, in equilibrium, a

chain will form that leads to the information flow across all agents.

Proposition 1 (Chain equilibrium). For any 4 < N, there exist a unique Nash equilib-
rium in which player 1 gets first-hand information and any player 2 < 1 gets second-hand

information from player i — 1.
I first prove lemmas [I}{3] and then prove proposition [I] using lemmas

Lemma 1 (Acquisition Direction). Consider player i. Suppose except i, strategy of the
rest of players is fixed and for each agent, the fized strategy maximize the utility of agents.

Then, for agent i, getting second-hand information through agent i — 1 strictly dominates
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getting second-hand information any agent i < j.

Proof. The utility of getting second-hand information for agent ¢ from any other agent £

18:

For any ¢ < k, max [, < max[; ;. That means, the maximum possible value for [ is
smaller than maximum possible value of I;_;. Thus, for agent i, getting second-hand
information from agent ¢ — 1 strictly dominates getting second-hand information from

any agent i < k. [

Lemma 2 (Length of Steps). Consider player i. Suppose that except agents i, any agent
7 < i has acquired second-hand information through agent j — 1 and agent 1 gets first-
hand information from the information source. Then, for agent i, getting second-hand
information through agent © — 1 strictly dominates getting second-hand information from

any agent j <1 — 1.

Proof. Assuming each agent j < i acquired information through j — 1, agent’s ¢ utility

of getting second hand information from any agent : —m, m € {1,2,i— 1}, is:

S m 1i—m m
co=1-=)*x(1-—= - —.
Uy = (1= 2 (1— o) = &
The derivative of Ufm with respect to m is:
oug, -1 1, m 1 1, 1
— = —x(1-=)""-(1-=)*x(1—=)""xln(l- =) — =
o~ v U I-F)*A=-5) " *inll- %) -+
1., —1 m 1 1
=1-=)""*x|—-1-=)n(l— =) — =
(- [ - (0= - )] - ¢
1., 1
=(1-=)""*xA—-—.
I-F) A==

Because 24 < 0 and 0 < %,

om

A= lim Al,—1 <0.

= e Al

Thus, it can be argued that for any N € N and m € {1,2,...,i— 1}, Ufm is decreasing
in m and its maximum value occurs at m = 1. That said, if agent ¢« knows that any agent
J < @ will acquire information through agent j — 1, its best response will be to get the

second-hand information through agent ¢ — 1 and no other agent. O
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Lemma 3 (Domination of Outside Option). Consider player i. Assuming that agent
any agent j < i has acquired the second-hand information from agent 7 — 1. Then, for
agent i, getting second-hand information through agent i — 1 always dominates getting no

information when 4 < N.

Proof. Under the mentioned setups, the utility of getting second-hand information from

agent ¢ — 1 is:

and for any 4 < N:

Using lemmas [TH3] proof of proposition [I] will be straight forward:

Proof. Through lemmall] agent 1 never gets the second-hand information from any agent
1 < j. In addition, when 4 < N, getting no information is dominated by getting first-hand
information from the source. So, it can be said that agent 1 always gets the first-hand

information from the source.

Using lemma [I| and the fact that Uf < UQS:I (lemma , it can be argued that agent
2 strictly prefers getting second-hand information from agent 1, and from lemma (3] it is

known that Sy ; strictly dominates Zs.

Since agent 1 get the first-hand information and agent 2 gets the second-hand infor-
mation from agent 1, using lemmas it can be easily proven that the best response of
any agent 3 < 7 is to acquire information from agent j — 1. That means, for 4 < N, any
agent j # 1 prefers to get second-hand information from agent j — 1 rather than getting

no information or getting information through any other agents. O

4.2 Discussion

In section I examined the benchmark model and proved that the game has a
unique Nash equilibrium in which the information diffuses through a chain. In the chain
equilibrium, each agent acquire the information in the most efficient way and thus, the
equilibrium is also Pareto efficient. In this section I discuss the implication of the bench-

mark model from the social welfare point of view.
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4.2.1 Rationality of Social Learning

lemma [2| has one interesting implication which is rationality of social learning. As

it has already proven, % < 0 in lemma [2[ which implies agents will be better off by
learning from their neighbours even if there was no search cost to bear. That means,
learning from the neighbours increase the value of acquired information. In other words,

under the assumptions of the model social learning and hierarchy formation are rationale.

4.2.2 Slow Information Diffusion

Although the game that I discussed is a static game and there exist no time, if one
assume that the flow of information through the chain takes time, the model also explain
the reason behind the slow process of innovation diffusion across communities. That
means, since agents prefers to get the information through their neighbours instead of
reaching to the information source themselves, the process of innovation diffusion gets

slowexﬂ I discuss this feature in section [7] from a different perspective.

4.2.3 Social Welfare

In this section, I discuss the implications of the model from social welfare perspective.

For any 4 < N, the average utility in such a network will be:

YU L (- g)

N N
N i

:__1_‘_21':1(1_%)

N N

. (1*%)*[1*(11%)’“1]
_ 1-(1-x)
N7 N

-1 1 1
= —4+(1-=)*x[1—-(1-=)V!
=) = (1= )]
-1 1 1
= 1— — — (1= =)V

2 1
=1—- = —(1=-2)N

N ( N)’

and
]\}1_{1})0 N = —N—(l—N) =1—e " ~0.63

'If one assume agents have full present bias and the payoff of information is a one time lump-sum,
the same equilibrium can be gained in a dynamic game
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N o
Considering the fact that Z:TIU is increasing in N, I argue the maximum of average

utility for the benchmark model is 1 — 1 ~ 0.63.

In figure [T} the average utility of agents and individual utility of agents are illustrated.
It can be seen from figure [la|that the convergence speed of average social welfare is high.
The individual utility of agents, when N = 100 can be seen in the figure It can be
seen that even the utility of the farthest agent is considerable compared to her distance

from the information source.

1.00 1.00

0.75 0.75

0.50 0.50

Average Utility
Utility

0.25 0.25

0.00 0.00
0 50 100 150 200 0 25 50 75 100

Number of Agents Agents' Number

(a) Average Welfare as a Function of N (b) Individual Utilities when N = 100

Figure 1: Average utility and individuals utility

5 Free Riding and Coordination Problem

In this section, I analyze setups in which coordination problem can arise as a result of

free riding opportunity. I use the risk-dominance refinement to choose between multiple

equilibrium.

In section I assume the agents are homogeneous and in second section [5.2] I

assume agents are heterogeneous.

5.1 Homogeneous Agents

Assume there exist two agents with equal distances: d; = dy = d. Similar to section
, each agent has three actions {F, S, Z}. Thus, the normal form game can be written in

the following form:

F S 7
Flfflfis] [0
S|s f]0,0]00
Z0,f]0,0]00

In which f =1—2d and s =1 —d. Clearly, f < s and f < 0 for d € (3, 1]. That means,

10
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it d € (%, 1], the Z strictly dominates F' and the game can be reduced to:

S Z
S 10,0
Z 10,0

0,0
0,0

) )

in which any action leads to a Nash equilibrium. Since this case is not interesting, I
ignore this case for now and assume d < 0.5. When d < 0.5, 0 < f and thus F strictly

dominates Z. Therefore, the game can be reduced to:

F S
Flffl s
S|s,f]0,0

The above game has two pure strategy Nash equilibria: {5, F'} and {F, S}. In the mixed
strategy Nash equilibrium, probability of getting first-hand information (F') is:

1—2d d
f: =1

P=5 =714 1-d

It can be easily proven that the mixed strategy Nash equilibrium risk dominates the
pure strategy Nash equilibria using the algorithm introduced in [Harsanyi and Selten
(1988). According to |Harsanyi and Selten (1988), if one define u; and v; as deviation
losses of player ¢ from the strong equilibrium points in a 2 x 2 game, the mixed strategy

Nash equilibrium will be the risk-dominant strategy if ujus = vyvs.

To prove whether the mixed strategy Nash equilibrium in the above mentioned game

risk dominates other strategies, one should calculate u; and v;.

U \Y

ay1,b11 | a12,b12

U
V | aa, ba1 | ass, bag

Note that as opposed to the original example used in Harsanyi and Selten (1988)|, this
game is an asymmetric coordination game and thus the strong equilibrium points of the
game are {U,V} and {V,U}. That means, the definitions of w; and v; change for our
case:

.
u1:a12—a22:f

Up =big — by =s—f

v =ag —a;; =5—f

\712:1721—522 :f

11
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Using the above definitions, one can easily prove:
UiUz = V1V2

Hence, the mixed strategy Nash equilibrium is the risk-dominant strategy in the new

setting.

To conclude, in this section I proved that if one assume that |N| =2 and d; = dy =
d < 0.5, in the risk dominant strategy each player get the first-hand information with
probability p = %1. Considering the interesting properties of this equilibrium, from
now on, for the homogeneous agents I only examine the mixed strategy Nash equilibrium
which is the risk-dominant strategy of the game. In section [5.1.1] I study a case which

2< N

5.1.1 More than Two Homogeneous Agents

One question that might arise is the effect of number of homogeneous agents on the
probability of getting first-hand information in the mix strategy Nash equilibrium. That
means, assume there exist 2 < N agents with a fixed distance from information source
d. The mix strategy equilibrium is a symmetric equilibrium in which the probability of
getting first-hand information is the same for any agent, and agents choose their peers

with a equal probability.

I assume each agent get the first-hand information with probability p, and connect to
one of her peers to get the second-hand information with probability %. Each agent,

when deciding about her mix strategy would solve the below equality by choosing a proper

p:

Lo p)=pr B0

: o1 @2 N.p)

In which Q(1, N, p) is the probability that other agents might have the information. In
other words, if player 1 decide to get second-hand information, the probability that other
agents have the information is Q(1, N,p). When N =2, Q(1, N,p) = zﬂ because except
agent 2, there exist no other agent who agent 1 can his information through it. To give

an example, assume N = 3:

LQ(m, N, p) can be defined for m € {k|k € N,k < N}

12
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If one fix f while increasing N, it can be easily argued that the difference between
Q(1,N,p) and Q(2, N,p) should decrease. However, Q(2, N,p) is always smaller than
Q(1,N,p). In other words, assuming £(1,2, N,p) = Q(1, N,p) — Q(2, N,p) it can be
argued that[T}

£(1,2,N,p) >0
85(1727 N7p)
ON

825(17 27 N? p)
ON?

<0

>0

Using the above conditions, one can re-write the equality:

L qung)=py B0

[Q(L va) - €<17 27 va)}

The above equality can be written in another form. Using the fact that Q(N—1, N, p) = p:

(N-2)1-p)x= (N=3)(1-p)'p
N -1 Z(N_2_Z')!<N_1)i—1 (3)

L Quip=p+
1

Although I couldn’t analytically solve the above inequality for a p, some interesting results

can be derived from it. Specifically, one can argue:

f f
N—D-pH+f '~

That is, lower band and upper band of p have analytical solutions. The exact solutions
of [3] and failure to collect information?| can be seen in figure In the next sections,

whenever it is needed, I used numerical methods to find the solution for p.

1% > 0 doesn’t affect the proof
2The probability of failure to collect information is 1 — (p + (1 — p) * Q(1, N, p))

13
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1.00 1.00

0.75 0.75 f/s ratio

0.6
0.65
- 07
— 075
— 0.8
~— 0.85

fls ratio
06
0.65
- 07
— 075
— 08
— 0.85
0.9
0.95
0.99

0.50 0.50

0.9
S 0.95

Probablity of Search

0.25

Probablity of Getting No Information

0.00 0.00
0 10 20 30 40 50 0 10 20 30 40 50
Number of Agents Number of Agents
(a) Probability of search (b) Probability of failure

Figure 2: Probability of search and failure to collect information

5.2 Heterogeneous Agents

%. Similar to section , each agent has three

actions {F, S, Z}. Thus, the normal form game can be written in the following form:

In this section, I assume d; < dy =

F S Z
J1. fo f1,82,1 /1,0
s12, /o | 0,0 0,0
0, fo 0,0 0,0

—

N w»n ™

b

In which:

f1 =1-2d; y  S12 = (1 - d1,2)(1 - d2) - d1,2
f2 =1-—2d, y  S21 = (1 - d2,1)(1 - d1) - d2,1

If s;0 < f1 in the above game, there exist no coordination problem and NE of the
game is {F,S}. However, if fi < s;12 there exist two pure strategy Nash equilibria
and one mixed strategy Nash equilibrium. Nonetheless, it can be proved that whenever
dy < dy = %, the risk-dominant strategy is {F, S.

That means, if an agent has advantage over the other agent, despite the existence of

coordination problem, the risk-dominant strategy is a pure strategy Nash equilibrium.

6 Coordination Problem and Benchmark Model

(%]

In this section, I assume that [N| = 2N, N — oo, and at each d; = %=, i €

{1,...,2N}, there exist two agents. After finding the equilibrium of the game, I compare

T didn’t proved it analytically, but using numerical methods it can be verified that w,us # v1v2 and
strategy {F, S} risk-dominates other strategies.
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the average social utility with results of benchmark model.

Let’s consider the action set of agents at d = % Player 1, located at d; = %, has

2N + 1 actions: {F, {Sk}ke/\/_{l}az} and Player 2, located at dy = %, has the same
number of actions. Action set and utility payoffs for player 1 and 2 can be seen in the

table:

F S1 S5 Son Z
F J1. fo f1,521 f1, 823 J1, 5228 f1,0
So 51,2, fo 0,0 §1,27 §2,3 o 512, 822N 0,0
S3 513, f2 513,521 51,3, 52,3 o 51,3, 822N 513,0
Son 512N, fo 512N, 521 512N, 523 T 512N, 522N 512n,0
Z 0, fo 0,0 0,323 ce 0, 890N 0,0

In the above table 3; ; indicates that the payoff of player ¢ depends on the information

held by agent j. That means:

8ij= (1 —dij)l; — d;

Since I; < 1, one can argue that for any j € {j|j € N,j ¢ {1,2}}, $1;, <1—2d;; <
1-— % = f1. On the other hand, it is obvious that 0 < f;. That means, for player 1 and
2, pure strategy F' strictly dominates strategy Z and any strategy S; if 3 < j. Thus, the

game can be written in the following form:

F Sy

F | fi,fe | f1,821
S2 51,27f2 070

And because both player have distance d; = % from the information source, the game

can be simplified even further:

F S
FI\ff]fs
Sls, f1]0,0

The above game is the one that has been examined in section 77, and its risk-dominant

equilibrium is:

Using the exact reasoning for removing dominated strategies, one can argue that for

agents 3 and 4 the game will be:

15
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F S1 S5 S
F| fs,fa | f3:8120 | [f3,842 | f3,543
S 53.1, Ja 531,541 | 831,541 | 53.1, 541
So 532, fa 532,541 | 532,541 | 532,541
Sy 83,47f4 §3,4, =§4,1 534, 54,1 0,0

As opposed to the game that I discussed in section 4, coordination problem makes players
3 and 4 uncertain whether player 1 and 2 aquired the information or not. The probability
that agents 1 and 2 fail to acquire information is p(S;)? = ﬁ

that I'll make to proceed is the risk-neutrality of the agentsﬂ Using the risk-neutrality

One assumption

assumption, one can argue:

_N2—2N_l
a N2 N
_N-3
N
Since
2 2
— _1____
fi=fi= (- 2) - =
4 ) N -3
=1—-—=<53; = —,

it can be argued that F' is strictly dominated by S; and Sy. Although I couldn’t complete
the proof analytically, numerical results support existence of unique chain equilibrium
for the new specification. However, in the new specification the chain equilibrium exist
when 7 < NE| That means, lemma and proposition |1| hold for the new specification
whenever 7 < N.

Because the free riding problem is not severe in this specification, the average expected
social welfare and expected utility of individuals won’t be affected by much as it can be

seen through

1One should note that risk aversion and risk dominance are two separated notions (Straub, 1995).
2 tested the uniqueness of equilibrium for 7 < N < 2000
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Figure 3: Average utility and individuals utility (/N pairs of homogeneous agents)

6.1 Severity of Free Riding Problem

In this section, I vary the distance of first pair of agents from the information and

analyze its effect from a social welfare perspective. That means, I assume the distance of

first pair of agents, which I call them leaders, is ¢, and the difference between each two

neighbours is . Note that as ¢ gets larger, the severity of free riding problem increases

for the first pair of agents, and it affect the average social welfare. In figure 4| the average

social welfare of the specification in this section is compared with the benchmark model.

Inefficiency for Society

1.00 1.00
0.75 = 0.75
f=4
()
g
S
0.50 > 0.50
2
0
L
=
Q
0.25 £ 025
0.00 0.00
0.0 0.1 0.2 0.3 0.4 0.5 0 25 50 75 100
Leader's Distance Agents' Number
(a) Aggregate Loss as a Function of ¢ (b) Individual Loss (¢ = 0.25)

Figure 4: Welfare Effects of Free Riding (N = 100)

As it can be seen through figure [4] as leaders get more distant from the information

source, the loss in aggregate welfare gets larger.

!Numerical results support the existence of unique chain equilibrium for large N. For example, for

N =100 and ¢ < 0.47, the unique chain equilibrium exist
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7 Random Heterogeneity

In this section, I assume that agent’s distances comes from a random distribution. I

assume the underlying distribution of agents’ distances is a normal distributiorﬂ

I first generate 1000 random variables from a standard normal distribution and after
re-scaling the random numbers to fit into (0, 1] interval, I round them to the second

decimal. The distribution of agents on (0, 1] interval can be seen through figure

30
> 20
(&)
[
)
>
O
o
L
10

0 1 NIl 1 i1 II

0.00 0.25 0.50 0.75 1.00

Distance

Figure 5: Distribution of Agents’ distances on (0, 1] interval (Normal distribution)

As it can be seen through figure [5, there may exist numerous homogeneous agents at

each point on (0, 1] interval. For the homogeneous agents I numerically solve the below

equation to find the proper ;[ﬂ:
N -p) (V-3 —p)Tp
QULNp) =p+ 5 Z(N—2—i)!(N—1)i—1

1

'One major caveat to this section is that I didn’t do any analytical or numerical prove that the
equilibrium will be a chain equilibrium. I only assume that a chain equilibrium exist
2The equation has been discussed in section
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The individuals’ expected utility and average social welfare is presented in figure [6]

It can be seen that the average social welfare has decreased], but the loss is not so high?

1.00

0.75

Legend

— Average Social Welfare
Counterfactual No Free Riding
=— Individuals' Expected Utility

0.50

Utility

0.25

0.00
0.00 0.25 0.50 0.75 1.00

Distance

Figure 6: Expected Utility of Agents as a Function of Distance (Normal distribution)

7.1 Slow Information Diffusion

If one assume that information sharing between homogeneous agents occurs instantly
and information diffusion through any other link take 1 period, the diffusion curve will
be as[7l As it can be seen, the shape will be S-shaped curve which is what is expected
to see for the pace of innovation diffusion. However, the result is not satisfying because
of two reasons. First, [ haven’t prove that the equilibrium will be a chain equilibrium.
Second, the original game is a static game which time has not been incorporated in
agents’ utilities. That means, if agents knew that they will learn about the information

by a delay, they should’ve incorporate this into their utility function.

'In the benchmark model the average social welfare was 0.63
2Note that the loss depends on the generated random values. To calculate the expected utilities, one
should do Monte Carlo simulation.
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Figure 7: Percentage of agents that learned about the innovation at each time interval
(Normal distribution)

7.2 Skewed Distribution

In this section, I assume that agent’s distances comes from a y% random distribution.

I assume the underlying distribution of agents’ distances is a x3 E|

I first generate 1000 random variables from a x? distribution and after re-scaling the
random numbers to fit into (0, 1] interval, I round them to the second decimal. The

distribution of agents on (0, 1] interval can be seen through figure

ISimilar to section |7, one major caveat to this section is that I didn’t do any analytical or numerical
prove that the equilibrium will be a chain equilibrium. I only assume that a chain equilibrium exist
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Figure 8: Distribution of Agents’ distances on (0, 1] interval (Chi Squared distribution)

As it can be seen through figure [§] there may exist numerous homogeneous agents at

each point on (0, 1] interval. For the homogeneous agents I numerically solve the below

equation to find the proper gﬂz

(N—-2)(1—p) = (N—=3)(1-p)'p
QULN.p) =p+ 5" Z:(N—z—z')!(N—w—l

The individuals’ expected utility and average social welfare is presented in figure [0}

It can be seen that the average social welfare has decreasedEI, but the loss is not so highﬂ

'The equation has been discussed in section
2In the benchmark model the average social welfare was 0.63
3Note that the loss depends on the generated random values. To calculate the expected utilities, one

should do Monte Carlo simulation.
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Figure 9: Expected Utility of Agents as a Function of Distance (Chi Squared distribution)

Using the same assumptions as in [7.1] the diffusion curve will be as As it can be

seen, the pace of innovation diffusion is slower compared to the normal distribution in

figure [7]
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Figure 10: Comparing innovation diffusion pace for Normal and Chi-squared distribution
(y-axis is percentage of agents which learned about the information)

8 Conclusions

To study the innovation diffusion process, I developed a static game-theoretic model
with heterogeneous agents. The model justifies the rationality of social learning and
hierarchy formation. That means, the model predicts the most efficient way for innovation
diffusion is through learning from neighbours and a chain equilibrium. Although the
model does not incorporate time in utility functions of agents, under some assumptions

the model can be used to justify the slow process of innovation diffusion.

The model predicts existence of free riding and coordination problem in the innovation
diffusion process. Although the effect of coordination failure might be negligible or even
positive for society, free riding might cause a significant negative effect on welfare of
society under some specifications. For example, if one assume the underlying distribution
of agents’ heterogeneity is a skewed distribution, the negative effect of free riding becomes

significant.

Although I could analytically prove the existence of unique chain equilibrium for basic
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model in section [ the results presented in sections [6] through [7] should be approached
with some skepticism||

Simplicity of the model allow for extension in several ways. One possible extension to
the model can be incorporating time into utility functions of agents to study the effects
on the speed of diffusion. Another possible extension might be adding a fixed loss of

information through acquisition of information through peers.

'Specifically, for section EI I only assumed that the chain equilibrium exist and it is the unique
equilibrium of the game
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